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The Scientific Subroutine Package (SSP) is a collection of
121 FORTRAN subroutines divided, for the sake of presen-
tation, into three groups: statistics, matrix manipulation,
and other mathematics. It is a collection of input/output-
free computational building blocks that can be combined
with a user's input, output, or computational routines to
meet his needs. The package can be applied to the solution
of many problems in industry, science, and engineering.
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INTRODUCTION

The IBM 1130 Scientific Subroutine Package makes
available a mathematical and statistical subroutine
library. The user may supplement or modify the
collection to meet his needs. This library includes
a wide variety of subroutines to perform the func-
tions listed below, but is not intended to be exhaus-
tive in terms of either functions performed or
methods used.

AREAS OF APPLICATION

Individual subroutines, or a combination of them,
can be used to carry out the listed functions in the
following areas:

Statistics

Analysis of variance (factorial design)
Correlation analysis
Multiple linear regression
Polynomial regression
Canonical correlation
Factor analysis (principal components,
varimax)
Discriminant analysis (many groups)
Time series analysis

 Data screening and analysis
Nonparametric tests
Random number generation (uniform, normal)

Matrix Manipulation

o Inversion

e Eigenvalues and eigenvectors (real symmetric
case)

e Simultaneous linear algebraic equations

e Transpositions

® Matrix arithmetic (addition, product, etc.)

® Partitioning

e Tabulation and sorting of rows or columns

e Elementary operations on rows or columns

Other Mathematical Areas

e Integration of given or tabulated functions

o Integration of first-order differential
equations

o Fourier analysis of given or tabulated functions

e Bessel and modified Bessel function evaluation

e Gamma function evaluation

e Legendre function evaluation

e Elliptic, exponential, sine, cosine, Fresnel
integrals

o Finding real roots of a given function

e Finding real and complex roots of a real poly-

nomial
o Polynomial arithmetic (addition, division, etc.)
e Polynomial evaluation, integration, differen-
tiation

CHARACTERISTICS

Some of the characteristics of the Scientific Subrou~
tine Package are:

e All subroutines are free of input/output state-
ments,

o Subroutines do not contain fixed maximum di-
mensions for the data arrays named in their
calling sequences.

e All subroutines are written in 1130 FORTRAN,

e Many matrix manipulation subroutines handle
symmetric and diagonal matrices (stored in
economical, compressed formats) as well as
general matrices. This can result in consid-
erable saving in data storage for large arrays.

e The use of the more complex subroutines (or
groups of them) is illustrated in the program
documentation by sample main programs with
input/output.

e All subroutines are documented uniformly.

Introduction 1
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DESIGN PHILOSOPHY

CHOICE OF ALGORITHMS

The algorithms in SSP have been chosen after con-
sidering questions of storage, accuracy, and past
experience with the algorithm, Conservation of
storage has been the primary criterion except in
those situations where other considerations out-
weighed that of storage. As a result, many com-
promises have been made both with respect to level
of sophistication and execution time. One such com-
promise is the use of the Runge-Kutta integration
technique rather than predictor-corrector methods.
A departure from the primary criterion of storage
is illustrated by the algorithm for matrix inversion.
If only row pivoting had been used, the subroutine
would not have required working storage and would
have needed fewer FORTRAN statements for imple-
mentation, However, pivoting on both rows and
columns was chosen because of the accuracy require-
ment for matrix inversion in statistical operations.

PROGRAMMING

The subroutines in SSP have been programmed in
1130 FORTRAN. Many of the larger functions such
as those in statistics have been programmed as a
series or sequence of subroutines.

An example of the use of sequences of subroutines
is the statistical function called factor analysis.
Factor analysis is a method of analyzing the inter-
correlations within a set of variables. It determines
whether the variance in the original set of variables
can be accounted for adequately by a smaller num-
ber of basic categories; namely, factors. In the
Scientific Subroutine Package, factor analysis is
normally performed by calling the following five
subroutines in sequence:

1. CORRE - to find means, standard deviations,
and correlation matrix

2. EIGEN - to compute eigenvalues and associ-
ated eigenvectors of the correlation matrix

3. TRACE - to select the eigenvalues that are
greater than or equal to the control value specified
by the user

4, LOAD - to compute a factor matrix

5. VARMX - to perform varimax rotation of the
factor matrix

The multiple use of subroutines is illustrated by
the fact that subroutine CORRE is also utilized in
the multiple linear regression and canonical corre-
lation. Subroutine EIGEN is used in canonical cor-
relation as a third level subroutine.

=

i
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OVERALL RULES OF USAGE

GENERAL RULES

All subroutines in the Scientific Subroutine Package
(SSP) are entered by means of the standard FORTRAN
CALL statement. These subroutines are purely
computational in nature and do not contain any refer-
ences to input/output devices. The user must there-
fore furnish, as part of his program, whatever input/
output and other operations are necessary for the
total solution of his problem. In addition, the user
must define by DIMENSION statements all matrices
to be operated on by SSP subroutines as well as those
matrices utilized in his program. The subroutines
contained in SSP are no different from any user-
supplied subroutine. All of the normal rules of
FORTRAN concerning subroutines must, therefore,
be adhered to with the exception that the dimensioned
areas in the SSP subroutine are not required to be
the same as those in the calling program.

The CALL statement transfers control to the sub-
routine and replaces the dummy variables in that
subroutine with the value of the actual arguments
that appear in the CALL statement if the argument is
a constant or a variable;” When the argument is an
array or function subprogram name, the address of
the array or subprogram is transmitted to the called
subroutine.

The arguments in a CALL statement must agree
in order, number, and type with the corresponding
arguments in the subroutine. A number may be
passed to a subroutine either as a variable name in
the argument list or as a constant in the argument
list. For example, if the programmer wishes to add
matrix AR1 to matrix AR2 in order to form matrix
AR3 using the SSP subroutine GMADD and if AR1 and
AR2 are both matrices with ten rows and twenty col-
umns, either of the two following methods could be
used:

Method 1 .

CALL GMADD(AR1, AR2, AR3, 10, 20)

Method 2 .
N = 10
M = 20

CALL GMADD(ARL, AR2, AR3,N, M)

.

Many of the subroutines in SSP require the name
of a user function subprogram or a FORTRAN-
supplied function name as part of the argument list

in the CALL statement. If the user's program con-
tains such a CALL, the function name appearing in
the argument list must also appear in an EXTERNAL
statement at the beginning of that program.

For example, the SSP subroutine RK2 integrates
a function furnished by the user. It is therefore
necessary for the user to program the function and
give the name of the function to RK2 as a parameter
in the CALL statement. If the user wished to inte-
grate the function gy - 3.0x + 2,0Y, his main pro-
gram might look like:

EXTERNAL DERY

CALL RK2(DERY, .....)

RETURN
END

His function subprogram could be:
FUNCTION DERY (X, Y)

DERY=3.0*X+2,0*Y
RETURN
END

The user's main program gives the name of the
programmed function to RK2 by including that name
in the CALL statement and in an EXTERNAL state-
ment. RK2, in turn, goes to the function DERY
each time it requires a value for the derivative. The
subroutine RK2 is not modified by the programmer.
The dummy function name FUN in subroutine RK2is,
in effect, replaced by the name appearing in the
user's CALL statement during execution of the sub-
routine.

MATRIX OPERATIONS

Special consideration must be given to the subrou-
tines that perform matrix operations. These sub-
routines have two characteristics that affect the
format of the data in storage--variable dimension-
ing and data storage compression.

Variable Dimensioning

Those subroutines that deal with matrices can oper-
ate on any size array limited, in most cases, only

by the available core storage and numerical analysis
considerations., The subroutines do not contain fixed
maximum dimensions for data arrays named in their
calling sequence. The variable dimension capability

Overall Rules of Usage 3
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has been implemented in SSP by using a vector stor-
age approach. Under this approach, each column of
a matrix is immediately followed in storage by the
next column., Vector storage and two-dimensional
storage result in the same layout of data in core, so
long as the number of rows and columns in the ma-
trix are the same as those in the user's dimension
statement. If, however, the matrix is smaller than
the dimensioned area, the two forms of storage are
not compatible.

Consider the layout of data storage when operat-
ing on a 5 by 5 array of numbers in an area dimen-
sioned as 10 by 10. If the programmer has been
using double subscripted variables in the normal
FORTRAN sense, the 25 elements of data will ap-
pear as shown in Figure 1. FORTRAN stores double
subscripted data by column based on the column
length specified in the DIMENSION statement. Thus,
in the example, sequential core locations would con-
tain data elements 1 to 5, five blank locations, data
elements 6 to 10, five blank locations, etc. The
matrix subroutines take a vector approach in storing
arrays by column, which means that they assume the
data is stored as shown in Figure 2.

Tl @ ® an ae @

2l @ m ay an @

Sl ® an as @

1@ @ ay 4 @9
Row Z (5) (10) (15) (20) (25)

7

8

9

10

Figure 1. Double subscripted data storage
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Figure 2. Vector storage

As has been stated previously, for the case where
the dimensioned area is the same as the matrix size,
the two approaches will have the same data storage
layout and the user can proceed in a regular double
subscripted fashion. If, however, he is operating in
a mode where the dimensioned area is larger than
the arrays and if he wishes to use the SSP subrou-
tines, he must be certain that his data is stored in
the vector fashion illustrated by Figure 2. A sub-
routine called ARRAY is available in SSP to change
from one form of storage to the other. In addition,
a subroutine called LOC is available to assist in
referencing elements in an array stored in the vec-
tor fashion.

Storage Compression

Many subroutines in SSP can operate on compressed
forms of matrices, as well as the normal form.
Using this capability, which is called ''storage
mode", considerable savings in data storage can be
obtained for special forms of large arrays. The
three modes of storage are termed general, sym-
metric, and diagonal. In this context, general mode
is one in which all elements of the matrix are in
storage. Symmetric mode is one in which only the
upper triangular portion of the matrix is retained
columnwise in sequential locations in storage. (The
assumption is made that the corresponding elements
in the lower triangle have the same value.) Diagonal
mode is one in which only the diagonal elements of
the matrix are retained in sequential locations in
storage. (The off-diagonal elements are assumed to
be zero.) This capability has been implemented us-
ing the vector storage approach. To illustrate the
effect of the storage mode capability, refer to Fig-
ure 3. A symmetric matrix is shown in Figure 3A.
If this array is to be manipulated using the SSP ma-
trix subroutines with storage mode capability, then
the array may be stored as shown in Figure 3B.
This is the upper triangular portion of the array and
corresponds to a storage mode code of 1. Symmetric
matrices of order N may be stored in a vector only
N*(N+1)/2 locations rather than N*N locations. For
larger matrices, this will be a saving of almost one
half,

The effect of storage mode when dealing with
diagonal matrices is even more pronounced. Diago-
nal matrices of order N may be stored in a vector
only N locations long. Figure 3C shows a 3 by 3
diagonal matrix. If this array is to be manipulated
using the SSP matrix subroutines with storage mode
capability, then only the diagonal elements of the
array need be stored. This is shown in Figure 3D
and corresponds to a storage mode code of 2.

General matrices of order N by M require a vec-
tor N*M long and use a storage mode code of 0.

Ex.1042 / Page 8 of 196
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1 2 3
1 } Column 1
2 4 5 2
4 Column 2
3 5 6 3
5 Column 3
A 6
B
1 0 0
1 > Column 1
0 2 0
2 } Column 2
0 0 3 3 } Column 3
C
D

Figure 3. Storage mode

Thus, if the programmer wishes to use SSP subrou-
tines on matrix A, which is general, matrix B,
which is symmetric, and matrix C, which is diago-
nal, and all matrices are 10 by 10 or smaller, the
dimension statement in his program could be:

DIMENSION A(100), B(55), C(10)

Matrix Element References

Subroutine LOC in the Scientific Subroutine Package
may be used to reference elements within a matrix
that is stored in a vector fashion and may involve
storage mode compression. The calling sequence
for LOC is:

CALL LOC (1, J, IJ, N, M, MS)

The capabilities of subroutine LOC are as follows:
If reference is required to the element at row I and
column J of matrix A whose dimensions are N by M
and if the storage mode code is MS, then a CALL to
the LOC subroutine as shown above will result in the

computation of the subscript IJ such that A(IJ) is the
desired element. The parameters represented by I,
J, N, M, MS can either be integer variables or inte-
ger constants, The parameter represented by IJ is
an integer variable. Note that the user must dimen-
sion the array A as a single subscripted variable to
meet the restrictions of some FORTRAN systems.
To illustrate the use of LOC: If reference is re-
quired to the element at row 2, column 2 of the 3 by
3 symmetric matrix illustrated in Figure 3A and
stored as shown in Figure 3B (storage mode code 1),
the sequence might be:

CALL LOC (2, 2, 1J, 3, 3, 1)

The value of IJ computed by LOC would be 3; mean-
ing that the proper element is the third element in
the specially stored symmetric matrix (Figure 3B).
If the storage mode code is for a symmetric matrix
where only the upper triangular portion is retained
in storage and if I and J refer to an element in the
lower triangular portion, IJ will contain the sub-
script for the corresponding element in the retained
upper triangle, Thus if the user wanted the element
in row 3, column 1 of the matrix shown in Figure 3A
and the array was stored as in Figure 3B, the state-
ment:

CALL LOC (3, 1, 1J, 3, 3, 1)

would result in IJ having the value of 4; that is, the
fourth element in Figure 3B. If a matrix is stored
as shown in Figure 3D (storage mode 2) and LOC is
used to compute the subscript for an off~diagonal
element (I not equal to J), the result in IJ will be
zero, This is due to the fact that the element does
not exist in storage. In this situation, the user must
not utilize IJ as a subscript. Following is an illus-
tration of how to take care of this condition and also
handle the case where the current storage mode is
unknown.

If the user wishes to set a variable X equal to the
element in the third row and fourth column of a 10 by
10 array named A for either a symmetric, diagonal,
or general matrix, the required program can be
implemented for any storage mode MS as follows:

CALL LOC (3, 4, IJ, 10, 10, MS)
X = 0.0
IF(13)20, 30, 20

20 X = A(LJ)

Overall Rules of Usage 5
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MS is assumed to have been set at 0, 1, or 2 at
some earlier point in the program. This sequence
would then set the proper value for X given any
storage mode that might be encountered. The sec-
ond and third statements take care of the off-diagonal
condition for a matrix with a storage mode of 2.,

As a special case, LOC can be used to compute
the total length of an array in storage with a state-
ment such as:

CALL LOC (N, M, 1J, N, M, MS)

For example, if the user has a 3 by 3 matrix whose
storage mode is 1 (Figure 3B), the statement:

CALL LOC (8, 3, 1J, 3, 3, 1)

will result in IJ being set to 6. This is not only the
proper subscript to reference element 3, 3 but is
also the actual length of the vector in storage.

The information contained in the fifth parameter
(number of columns) in the calling sequence for LOC
is not actually used in the calculations performed by
LOC. It has been included in the calling sequence
in case the user wishes to expand LOC to cover
other forms of data storage.

]
)
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PROGRAM MODIFICATION

OPTIMIZATION OF TIME

The subroutines in SSP are designed to conserve
storage. If the user wishes to exchange space for
time, there are several ways in which SSP may be
modified to effect this end. For example, many of
the subroutines in SSP make use of LOC subroutine
to handle vector storage and storage mode referenc-
ing. The execution time of these subroutines can be
substantially reduced by implementing LOC in As~
sembler Language. (The distributed version of

LOC is implemented in FORTRAN.) Another ap-
proach is to incorporate the function of LOC within
each subroutine and thus avoid the "setup' costs of
repeated calls to LOC. This has the effect of reduc-
ing execution time but at some cost in subroutine
storage and in the ease with which other modes of
storage such as triangular matrix storage or stor-
age by row rather than by column can be imple-
mented, Figure 4 shows how matrix addition and
the LOC capabilities can be implemented within the
same subroutine.

In the mathematical area, the user may find it
desirable to implement entirely different algorithms
for integration. The use of techniques that auto-
matically adjust the integration interval depending
on the rate of change of the function will often have
the effect of reducing total execution time.

EXTENDED PRECISION

The accuracy of the computations in many of the
SSP subroutines is highly dependent upon the num-
ber of significant digits available for arithmetic
operations. Matrix inversion, integration, and
many of the statistical subroutines fall into this
category. All of the subroutines will compile cor-
rectly for extended precision by placing the *EX-
TENDED PRECISION control card at the appropriate
place in the deck. Note that 1130 FORTRAN does
not allow the intermixing of regular and extended
precision in the same program,

fne caa

con

Ll

con

SUBRCUTINE MACX{BsBeRyNyMeMSA,PSE)
DIMENSION All)eB{1),R(1)

TEST FCR SAM: STORAGE WCDE
IF{MSA-MSB)} 3051Ce30
COMPUTE VECTOR LENGTH

ND=Nek

IFIMSA-1) 24422423
ND=(NO#KN)/2

€0 TC 24

ND=N

ACO MATRICES CF SAME STORAGE MODE

CO 25 I=1.ND
R{I)=ALI)+B(1}
RETURN

GET STORAGE MCDE CF GUTPUT MATRIX

MTEST=HSA®NMSB
HSR=0

IFIMTEST} 35,35,22
P#SR=1

DO 60 J=1,M

CO 60 I=1.N
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KX==1
¥S=MSR
60 TC &5
LIR=1IR

LCCATE ELEMENT IN MATRIX &
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GO TO 65
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IF(IJA) 46,48,46
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BEL=0.0

IF{IJB) 55,60,55
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RUIJRI=AEL4BEL
RETURN

IN LINE LOC

IFIFS-1) 70,75,9C
IR=Ne{J-1)+]

GE TC 95

IFLI-J) 20,85,85
IR=1+(Je-J)/2
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Figure 4. Inline LOC
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FORMAT OF THE DOCUMENTATION

The major portion of this manual consists of the
documentation for the individual subroutines and the
sample programs.

SUBROUTINE DESCRIPTIONS

A guide to the subroutines, designed to aid in locat-
ing any particular subroutine, is given in the pages
that follow. Each of the subroutine descriptions
contains a program listing and, in some cases, a
mathematical description. If there are restrictions
on the ranges of values that the parameters may
take, these are included under the remarks section
of each subroutine description. References to books
and periodicals will be found under the method sec-
tion of the description. The mathematical descrip-
tion pages do not, in most cases, indicate the
derivation of the mathematics. They are intended to
indicate what mathematical operations are actually
being performed in the subroutines. Some of the
major statistical functions are performed by a se~
quence of SSP subroutines. An abstract describing
this sequence will be found just before the descrip-
tion of the first subroutine that is specific to this
function.

SAMPLE PROGRAM DESCRIPTIONS

The sample program listings are given in Appendix
D. They are immediately preceded by a guide to
aid in locating the sample program calling a particu-
lar SSP subroutine or (where applicable) typical
user~written subroutine. Each sample program
consists of a detailed description including informa-
tion on the problem, the program, input, output,
program modification, operating instructions, error
messages, and machine listings of the programs,
input data and output results. Timings for these
programs is given in Appendix C. The sample pro-
grams have been chosen to (1) illustrate a sequence
of SSP subroutines, (2) illustrate the use of a2 com-
plex subroutine, or (3) show the way in which one
member of a large set of related subroutines might
be used.

As part of the development of the sample pro-
grams, some special sample subroutines have been

implemented that may prove useful to the program-
mer. These include:

HIST - Print a histogram of frequencies

MATIN - Read an input matrix into storage in
vector form for use by SSP matrix sub-
routines

PLOT - Plot several variables versus a base
variable

MXOUT - Print a matrix stored in the SSP vector
format

Listings of the above subroutines are included in the
sample program documentation in this manual.

“The sample programs all require 8K words of
core for execution and several of them require (in
addition) the overlay capabilities of the Disk Monitor.

MACHINE CONFIGURATION

The machine configuration necessary to run SSP/1130
is dependent upon the use that is to be made of the
package. All of the subroutines are 1/0 free, com-
pile to less than 1500 words of core, and are, there-
fore, configuration independent, However, many of
the routines are intended to be used in conjunction
with other subroutines or to solve problems using
large arrays of data., For this reason, many of the
subroutines are not useful with less than 8K words

of core.

The following items should be taken into consider-
ation when deciding upon the applicability of this
package to a particular machine configuration:

1. The size of problem which may be executed on
a given 1130 depends upon the number of subroutines
used, the size of the compiled subroutines, the size
of the compiled main program, the size of the con-
trol program, and the data storage requirements.

2. SSP/1130 programs will be distributed in card
form only.

3. Several of the sample problems require 8K
words of core and the use of the Disk Monitor, and
the remaining sample problems require 8K words of
core.

It is possible to estimate program sizes by using
the manual Core Requirements for 1130 FORTRAN
(C20-1641) in conjunction with the core size listing
found in Appendix A.

L
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GUIDE TO SUBROUTINES

(TM Page Page
STATISTICS Analysis of Variance
Data Screening AVDAT --data storage allocation 34
TALLY--totals, means, standard 13 AVCAL--Z and A operation 35
deviations, minimums, and
maximums MEANQ--mean square operation 36
BOUND--selection of observations within 14 Discriminant Analysis
bounds
DMATX--means and dispersion matrix 38
SUBST --subset selection from observation 15
matrix DISCR --discriminant functions 39
ABSNT --detection of missing data 16 Factor Analysis
TAB1--tabulation of data (1 variable) 16 TRACE--cumulative percentage of 41
eigenvalues
TAB2--tabulation of data (2 variables) 18
LOAD--factor loading 42
SUBMX--build subset matrix 20
VARMX--varimax rotation 43
Elementary Statistics
Time Series
{'W“‘ MOMEN--first four moments 20
. AUTO--autocovariances 46
TTSTT --tests on population means 21
CROSS--crosscovariances 47
Correlation
SMO--application of filter coefficients 48
CORRE--means, standard deviations, and 23 (weights)
correlations
EXSMO--~triple exponential smoothing 49
Multiple Linear Regression
Nonparametric Statistics
ORDER--rearrangement of inter- 25 9
correlations CHISQ-- X" test for a contingency table 50
MULTR--multiple regression and 26 UTEST--Mann-Whitney U-test 52
correlation
TWOAV--Friedman two-way analysis of 53
Polynomial Regression variance
GDATA--data generation 28 QTEST --Cochran Q-test 54
Canonical Correlation SRANK--Spearman rank correlation 55
CANOR--canonical correlation 30 KRANK--Kendall rank correlation 56
NROOT --eigenvalues and eigenvectors of 32 WTEST--Kendall coefficient of 58
(ﬂ"‘ a special nonsymmetric matrix concordance

Guide to Subroutines 9
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RANK--rank observations

TIE--calculation of ties in ranked
observations

Page
59

59

Page

Random Number Generators ,ﬁ@
RANDU--uniform random numbers 60 =
GAUSS--normal random numbers 60
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Page Page

MATHEMATICS OPERATIONS CINT -~interchange two columns 74
Special Matrix Operations RSUM--sum the rows of a matrix 74
MINV--matrix inversion 61
CSUM--sum the columns of a matrix 75
EIGEN --eigenvalues and eigenvectors of a 62
real, symmetric matrix RTAB--tabulate the rows of a matrix 75
Matrices CTAB--tabulate the columns of a matrix 76
GMADD--add two general matrices 64 RSRT --sort matrix rows 77
GMSUB--subtract two general matrices 64 CSRT--sort matrix columns 78
GMPRD--product of two general matrices 65 RCUT --partition row-wise 79
GMTRA --transpose of a general matrix 65 CCUT --partition column-wise 79
GTPRD--transpose product of two general 66 RTIE--adjoin two matrices row-wise 80
matrices
CTIE--adjoin two matrices column-wise 80
MADD--add two matrices 66
MCPY--matrix copy 81
MSUB--subtract two matrices 67
XCPY --copy submatrix from given matrix 81
MPRD--matrix product (row into column) 67
RCPY--copy row of matrix into vector 82
MTRA --transpose a matrix 68
CCPY~~-copy column of matrix into vector 82
TPRD--transpose product 68
DCPY--copy diagonal of matrix into vector 83
MATA-~transpose product of matrix by 69
itself SCLA-~-matrix clear and add scalr 83
SADD--add scalr to matrix 69 DCLA--replace diagonal with scalr 84
SSUB--subtract scalr from a matrix 70 MSTR--storage conversion 84
SMPY --matrix multiplied by a scalr 70 MFUN--matrix transformation by a 85
function
SDIV--matrix divided by a scalr 71
RECP--reciprocal function for MFUN 85
RADD--add row of one matrix to row of 71
another matrix LOC--location in compressed-stored 86
matrix
CADD--add column of one matrix to col- 72
umn of another matrix ARRAY--vector storage-double dimen- 86
sioned storage conversion
SRMA --scalr multiply row and add to 72 Integration and Differentiation
another row
QSF--integral of equidistantly tabulated
SCMA --scalr multiply column and add to 73 function by Simpson's Rule 87
another column QATR--integral of given function by
trapezoidal rule using Romberg's 88
RINT -~interchange two rows 73 extrapolation method

Guide to Subroutines 11
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Ordinary Differential Equations

RK1--integral of first-order differential
equation by Runge-Kutta method

RK2--tabulated integral of first-order
differential equation by Runge-Kutta
method

RKGS--solution of a system of first-order
differential equations with given
initial values by the Runge-Kutta
method

Fourier Analysis

FORIF --Fourier analysis of a given func-
tion

FORIT --Fourier analysis of a tabulated
function

Special Operations and Functions

GAMMA --gamma function
LEP--Legendre polynomial

BESJr—J Bessel function

BESY--Y Bessel function

BESI--I Bessel function

BESK--K Bessel function

CEL1--elliptic integral of the first kind
CEL2--elliptic integral of the second kind
EXPI--exponential integral

SICI--sine cosine integral

CS--Fresnel integrals

Linear Equations

SIMQ--solution of simultaneous linear,
algebraic equations

12

Page
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91

92

95

96

97

98

99

Nonlinear Equations

RTWI--refine estimate of root by
Wegstein's iteration

RTMI--determine root within a range by
Mueller's iteration

RTNI--refine estimate of root by
Newton's iteration

Roots of Polynomial

POLRT-~real and complex roots of a real
polynomial

Polynomial Operations

PADD--add two polynomials

PADDM--multiply polynomial by constant
and add to another polynomial

PCLA--replace one polynomial by another

PSUB--subtract one polynomial from
another

PMPY --multiply two polynomials
PDIV--divide one polynomial by another

PQSD--quadratic synthetic division of a
polynomial

PVAL--value of a polynomial

PVSUB--substitute variable of polynomial
by another polynomial

PCLD--complete linear synthetic division

PILD--evaluate polynomial and its first
derivative

PDER--derivative of a polynomial
PINT --integral of a polynomial

PGCD--greatest common divisor of two
polynomials

PNORM--normalize coefficient vector of
polynomial
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SUBROUTINE LISTINGS AND WRITEUPS

The following pages give the subroutine listings.
Wherever necessary, additional explanatory matter
on the routine, or a discussion of the underlying
mathematics has been included.

Statistics ~ Data Screening

TALLY

Purpose:
Calculate total, mean, standard deviation, mini-
mum, maximum for each variable in a set (or a
subset) of observations.

Usage:
CALL TALLY(A, S, TOTAL,AVER, SD, VMIN,
VMAX, NO, NV)

Description of parameters:

A - Observation matrix, NO by NV

S - Input vector indicating subset of A.
Only those observations with a non-
zero S(J) are considered. Vector
length is NO.

TOTAL - Output vector of totals of each vari-
able. Vector length is NV.

AVER - Output vector of averages of each
variable, Vector length is NV,

sD - Output vector of standard deviations
of each variable. Vector length is
NV.

VMIN - Output vector of minima of each

variable, Vector length is NV.
VMAX - Output vector of maxima of each
variable, Vector length is NV.

NO - Number of observations.
NV - Number of variables for each obser-
vation.
Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
All observations corresponding to a non-zero
element in S vector are analyzed for each vari-
able in matrix A, Totals are accumulated and
minimum and maximum values are found. Fol-
lowing this, means and standard deviations are
calculated. The divisor for standard deviation
is one less than the number of observations

used.
SUBROUTINE TALLY(A,S,TOTALyAVER,SDsVMIN,VFAX NG NV} TALLY 1
DIMENSION At1)oSLL)oTOTALILIJAVERLEL),SOULY,WNINIL),VMAX(L) TALLY 2
[ CLEAR OUTPUY VECTORS AND INITIALIZE VMIN,VMAX TALLY 3
B0 1 Kel,NV TALLY &
TOTAL(K)=0.0 TALLY &
AVER(K)30,0 TALLY 6
SO(KI=0.0 TAtly 7
VMIN(K}=1.0E38 TALLY &
1 VMAX(K)a-1.0E38 TALIY 9
c TEST SUBSET VECTGR TALLY IN
SCNT=0.0 TALLY 11
00 7 Js1,NQ TALLY 12
13=J-NO TALLY 13
TFESEIN) 24742 TALLY &
2 SCNTaSCNT+1.0 TALLY 15
c CALCULATE TOTAL, MINIMA, MAXINA TALLY 14
DD & 1=1,NV TALLY 17
[J=1J+NO TALLY 14
TOFALLI1aTOTAL(L} ¢ATTJ) VALLY 19
TFEACTII-VHINTIDNE 3,404 TaLLY 20
3 VMIN(I¥=A11J) TALLY 21
4 [FLALEJI-VRMAXLTI 6,645 TALLY 22
5 VMAX(I}eAL1S) TALLY 23
6 SDUII=SDIIIsALTIJN *ALTNY TALLY 74
7 CONTINUE TALLY 25
c CALCULATE MEAYS ANO STANDARD DEVIATIONS TALLY 26
8 I=1,NV TALLY 27
AVER (1) =TOTAL( 1)/ SCNT TALLY 28
8 SD(E)=SQRT(ARS{ISOLII-TOVALL{II*TOTALEI)ZSENT)/(SCNT-1.00)) TALLY 29
RETURN TALLY 30
END TALLY 31

Statistics — Data Screening 13
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BOUND NO - Number of observations

NV - Number of variables for each obser-
Purpose: vation
Select from a set (or a subset) of observations -
the number of observations under, between and Remarks: -
over two given bounds for each variable. None.
Usage: Subroutines and function subprograms required:
CALL BOUND (A, S, BLO, BHI, UNDER, BETW, None.
OVER, NO, NV)
' Method:
Description of parameters: Each row (observation) of matrix A with corre-
A - Observation matrix, NO by NV sponding non-zero element in S vector is tested.
5 - Vector indicating subset of A. Only Observations are compared with specified lower
those observations with a non-zero and upper variable bounds and a count is kept in
S(J) are considered. Vector length vectors under, between, and over,
is NO.
BLO - Input vector of lower bounds on all SUBROUTINE BOUNDI Ay S4BLO, BHI JUNDER +BETH.OVER, NO,NY ROUND 1
. DIMENSION Al1),8( li.BLO(lloIHHIHWDFNll.!E'\l(ll-ﬂVFMH BOUND 2
variables. Vector length is NV. © g SLEAR UTRUT VECTORS. oo 3
BHI - Input vector of upper bounds on all ‘,‘Z?S':.t'.‘lé‘fa" i
variables, Vector le.ng'th is NV, ¢ ! Z:‘Eégi:’gﬁgsn vecron EEEEE é
UNDER - Output vector indicating, for each Hegwo AOUND 19
variable, number of observations €, po SOjPARE DBSER/ATIONS MLTH ROUNOS aaug 13
under lower bounds., Vector length TIATTI1-8L0(113 5,303 B0UND 13
is NV' ¢ 3 IFIA:J:‘J)-EHIIIH 4rée6 ;gl‘-::g ::
BETW - Output vector indicating, for each LR N e 12
variable, number of observations 6 gSE:uanEnu»l o. ;ng ;;
’ T CONTINUE . AOUND 23
equal to or between lower and upper 3 conTinue sgmn 24
bounds. Vector length is NV. £no souND 26
OVER -~ Output vector indicating, for each .
variable, number of observations ) N
over upper bounds. Vector length
is NV.

14
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SUBST S - Output vector indicating, for each obser-
vation, whether or not proposition B is

Purpose: satisfied. If it is, S() is non-zero. If it
Derive a subset vector indicating which observa- is not, S(I) is zero. Vector length is NO,
tions in a set have satisfied certain conditions on NO - Number of observations.
the variables. NV - Number of variables,

NC - Number of basic conditions to be satisfied.

Usage:

CALL SUBST (A, G, R, B, §,NO,NV,NC) Subroutines and function subprograms required;
Parameter B must be defined by an external B The name of actual subroutine supplied by
statement in the calling program, the user may be different (e.g., BOOL),
but subroutine SUBST always calls it as B,
Description of parameters: In order for subroutine SUBST to do this,
A - Observation matrix, NO by NV the name of the user-supplied subroutine
C - Input matrix, 3 by NC, of conditions to be must be defined by an EXTERNAL state-
considered. The first element of each ment in the calling program. The name
column of C represents the number of the must also be listed in the "CALL SUBST"
variable (column of the matrix A) to be statement. (See usage above.)
tested, the second element of each column
is a relational code as follows: Method:
1. for less than The following is done for each observation.
2. for less than or equal to Condition matrix is analyzed to determine which
3. for equal to variables are to be examined. Intermediate
4. for not equal to vector R is formed. The Boolean expression
5. for greater than or equal to (in subroutine B) is then evaluated to derive the
6. for greater than element in subset vector S corresponding to the
The third element of each column is a observation.
quantity to be used for comparison with
the observation values. For example, the SUBROUT INE SUBSTEALC,R 84S NOSNVNC) sussT 1
following column in C: Ba5 i el Rt fuesr 3
2. o Supst
ot 8 Jsl,NC SuRsT 6
5, C e | T Sunsr
92. 5 [4 leolin:A'E ELEMENT IN OBSERVATION MATRIX AND RELATIONAL CODE §5:§= ]:
causes the second variable to be tested Eéfé;i’.’.‘” Egagi E%
for greater than or equal to 92.5. © parim  veCTOR Sunsr 15
R - Working vector used to store intermediate LSeiy gt Shesr 17
results of above tests on a single observa- S ke 512:3 Egég :ZE
tion. I condition is satisfied, R(l) is set s i) svest 1
to 1. If it is not, R(J) is set to 0. Vector JRIE Smsr 34
length is NC, Tt THA Sumsr 26
B - Name of subroutine to be supplied by the s 2

user. It consists of a Boolean expression
linking the intermediate values stored in
vector R. The Boolean operators are
vkt for tand', '+ for 'or'. Example:
SUBROUTINE BOOL (R, T)
DIMENSION R(3)
T=R(1)*R(2)+R(3))
RETURN
END
The above expression is tested for
R(1).AND. (R(2). OR.R(3))

Statistics — Data Screening 15
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ABSNT

Purpose:
Test missing or zero values for each observa-
tion in matrix A,

Usage:
CALL ABSNT (A, S,NO,NV)

Description of parameters:
A - Observation matrix, NO by NV.
S - Output vector of length NO indicating the
following codes for each observation:
1 There is not a missing or zero
value.
0 At least one value is missing or
Zero.
NO - Number of observations.
NV - Number of variables for each observa-
tion,

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
A test is made for each row (observation) of the
matrix A, If there is not a missing or zero
value, 1 is placed in S(J). If at least one value
is missing or zero, 0 is placed in S(J).

SUHRDUT ENE ABSNTL 2453 NI NV) ABSNT
VIMENSTON AT104SE1) AASNT
on 20 J=1,N0 AUSNT
1d=d-N1) AHSNT
5t41=1.0 ABSNY
o0 10 [=1,8V ABSNT
=140 ARSATe
IFLALIS)) 10,5,1) ABSNT
5 StJgrao ARSNT 9@
6n 10 20 ARSNT 1r

BuT s wN -

10 CONTINUE ABSNT 11
20 CONTINUF ABSNT 12
RE THUAN ABSNT 13
END ABSNT 14

16

TAB1

This subroutine tabulates for a selected variable in
an observation matrix, the frequencies and percent
frequencies over class intervals. Interval size is
computed as follows:

UBOg - UBO,

k= UBO, - 2 @

where UBO1 = given lower bound

g
o

given number of intervals

g
o

given upper bound

If UBOI = UBOjg, the subroutine finds and uses the
minimum and maximum values of the variable,

A table lookup is used to obtain the frequency
of the i-th class interval for the variable, where
i=1, 2, ..., UBOZ. Then, each frequency is
divided by the number of observations, n, to obtain
the percent frequency:

100F,
i

P, =— 2)

In addition, the following statistics are calculated
for the variable:

™z

Total: T = X.. ()

1 Y

e
Il

where j = selected variable

Mean: X =— @

Xij) /o ®

Subroutine TABL

Purpose:
Tabulate for one variable in an observation ma-
trix (or a matrix subset), the frequency and
percent frequency over given class intervals,
In addition, calculate for the same variable the
total, average, standard deviation, minimum,
and maximum.

/‘M‘

el

%
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Usage:

CALL TAB1 (A, S, NOVAR, UBO, FREQ, PCT,

~

STATS, NO, NV)

Description of parameters:

A
S

NOVAR
UBO

FREQ
PCT

STATS

NO
NV

Remarks:
None.

Observation matrix, NO by NV.
Input vector giving subset of A.
Only those observations with a cor-
responding non-zero S(J) are consid-
ered. Vector length is NO. .

The variable to be tabulated.

Input vector giving lower limit,
number of intervals and upper limit
of variable to be tabulated in UBO(1),
UBO(2) and UBO(3) respectively. If
lower limit is equal to upper limit,
the program uses the minimum and
maximum values of the variable.
Number of intervals, UBO(2), must
include two cells for values under
and above limits. Vector length

is 3.

Output vector of frequencies. Vec-
tor length is UBO(2).

Output vector of relative frequen-
cies. Vector length is UBO(2).
Output vector of summary statistics,
i.e., total, average, standard devi-
ation, minimum and maximum.
Vector length is 5.

Number of observations.

Number of variables for each ob-
servation.

Subroutines and function subprograms required:

None.

Method:
The interval size is calculated from the given
information or optionally from the minimum
and maximum values for variable NOVAR. The
frequencies and percent frequencies are then
calculated along with summary statistics. The
divisor for standard deviation is one less than

10
15
20
25
30

-
-

&
s

» >
3 &

w

o
-

the number of observations used.

SUBROUT INE TABL(AsSsNOVAR »UBOsFREQIPCT s STATSsNOONV)
DIMENSION A(1)5S(14UB0(3)¢FREQ(1)sPCT (1) 9STATSIS)
DIMENSION WBO(31
00 5 I=1,3
WBOIT1suBO( L)
CALCULATE MIN AND MAX
VMIN®140E38
VMAX=~140E38
1JsNO® [NOVAR=1)
00 30 J=1,4NO
1Je1der
IF(S(J)) 10530,10
IF(ACIJ)=VMIN) 15420520
VMINEACT D)
IF(A1J)=VMAX) 30430423
VMAXaA( 1)
CONTINUE
STATSI4)=VMIN
STATS(5)syMAX
DETERMINE LIMITS
IF(UBOI1)=UBO(3)) 405354+40
UBO{1)ayMIN
UBO (3] myMAX
INN=URO(2)
CLEAR OUTPUT AREAS
DO 45 I=1,INN
FREQ(1}=040
PCT(]12040
DO 50 [21,3
STATS (112040
CALCULATE INTERVAL S12€
SINT=ABS ((URD(31=UBG(1)}/(UBO(2)=240)1
TEST SUBSET VECTOR
SCNTe0+0
1J=NONOVAR=1)
00 75 Js1sNO
1J=lg+1
TF(S(J)) 5547555
SCNT=SCNT+140
DEVELOP TOTAL AND FREQUENCIES
STATS{1)=STATS{1)4A(1J)
STATS(2)«STATS(314A(1J1%ALLS)
TEMPaUBO(11=SINT
INTXa [NN=1
00 60 I=1sINTX
TEMP=TEMP+SINT
IF(ALTJ)=TEMP) 70560560
CONTINUE
IF(ACTJ)=TEMP) 75465065
FREQUINNI=FREQ(INN)+100
G0 TO 7%
FRFQIIIwFREQ(I1+140
CONTINUE
CALCULATE RELATIVE FREQUENCIES
0O BO Ix1sINN
PCT{T)=FREQITI*#10040/5CNT
CALCULATE MEAN AND STANDARD DEVIATION
IF(SCNT=1,01 85,85.90
STATS(212040
STATS(3)2040
GO T0 95
STATS(2)=STATS(1) /SCNT

STATS(3)aSORT(ABS({STATS(3)=STATS(1)#STATS{1)/SCNT1/(SCNT=140111

0O 100 fel,3
UBO(T)=WBO(T)
RETURN

END

Statistics — Data Screening 17
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TAB2

This subroutine performs a two-way classification of
the frequency, percent frequency, and other statis-
ties over given class intervals, for two selected
variables in an observation matrix.

Interval size for each variable is computed as
follows:

UBO,. - UBO..
S S )
] UBOZj -2
where UBOlj = given lower bound
UBOZj = given number of intervals
UBO3]. = given upper bound

1,2

i

If UBO¢; = UBOg;, the subroutine finds and uses the
minimum and maximum values of the jth variable,

A frequency tabulation is then made for each pair
of observations in.a two-way table as shown in
Figure 5.

Symbols 2 and < in Figure 5 indicate that a count
is classified into a particular interval if the data
point is greater than or equal to the lower limit of
that -interval but less than the upper limit of the
same interval,

Then, each entry in the frequency matrix, Fy;, is
divided by the number of observations, N, to obtain
the percent frequency:

100F

ij
Py

2

where i = 1, 2, ..., UBO21

i=1,2 ..., UBO,,
As data are classified into the frequency matrix, the
following intermediate results are accumulated for
each class interval of both variables:

1, Number of data points, n

n
2. Sum of data points, Y X,
i=1
n
s 2
3. Sum of data points squared, Y, X
i=1

From these, the following statistics are calculated
for each class interval:

18

Xi
Mean: X = i=1

Me

[

@

=]

Standard deviation:

él:x' _(ii Xi) %

s = i=1 = @)

Lol )

Frequency matrix

Fi1 | Foo
lower <
bound
Fo1
b4
2
E <
s
>
: 3
&
upper
bound 2
AN
< S < >
lower upper
bound bound

Second variable

Figure 5. Fréquency matrix
Subroutine TAB2

Purpose:
Perform a two-way classification for two vari-
ables in an observation matrix (or a matrix sub-
set) of the frequency, percent frequency, and
other statistics over given class intervals,

Usage:
CALL TAB2 (A, S,NOV,UBO, FREQ, PCT,
STAT1,STAT2,NO,NV)

Description of parameters
A - Observation matrix, NO by NV

S - Input vector giving subset of A.
Only those observations with a cor-
responding non-zero S(J) are con-
sidered. Vector length is NO.

NOvV - Variables to be cross-tabulated.

NOV(1) is variable 1, NOV(2) is
variable 2. Vector length is 2.
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UBO - 3 by 2 matri.x glving lOWeI' ]_imit’ SUBROUTINE TAB2(A»SeNOVIUROIFREQ1PCToSTATLISTATZINOSNY) TAB2 1

3 ‘g;:ggf;gns::‘%z;?lll-NOV(Zl-UBO[!-ZI;?REO”)-DCT‘]]vSYAYl()!D TABZ 2
number of intervals, and upper ggueusm; WBO (342} 'Yigi -«u:
. o, s 5 t=143
limit of both variables to be tabu- o8 J-}:Z ‘ TAe2 mos
T+J)=UBO(sJ}
lated (first column for variable 1, ¢ . oEEmuINe Liutrs Taaz a
. aly TAB2 MOS5
second column for variable 2). If 10 SRiUROTLa[)-U8013+11140120440 482 0
lower limit is equal to upper limit Toenos (gVi11=1) a5
. N DO 35 J=1,
for variable 1, the program uses the ;:;;JJ})""" Jaez 10
.. . t 5435415 TAB.
minimum and maximum values on 16 IEIAU=vuin) 20125025 ;:s; ;i
: . n A2 14
each variable. Number of intervals 23 IEiALLyIovuAX) 35135430 Tie2 13
must include two cells for under and > R0L1et s avHIN e b
. . URO (341 }mVMAX TAB2 MO8
40 CONTINU
above hmlts_‘ ; . in th € s po SALCULATE INTERVAL Szt Tags 20
FREQ - Output l'n.atl'lX 0 requenCIes m t e ¢ 50 SINT{ I)IAl;Sl (UBO(341)=UBO(1+1))/{UBO(2+1)=2,0)) ;::5 gé
two-way classification. Order of i,.;gts:glgv;:’”' AReAS Tasz 23
. s NT2u .
matrix is INT1 by INT2, where INT1 INTTa T T2 I
is the number of intervals of vari FReaiiiaia Taer 1
IS — =04 TAB2 28
55 PCT(1)=0.0 TAB2 29
able 1 and INT2 is the number of in- AT Tamz 30
tervals of variable 2. INT1 and 0 sty Ther 33
aps s DO 65 I=14INTZ
INT2 must be specified in the second e smrzinisgo Taes 3
spe Py - TAB2 36
SCNT=0.0
position of respective column of UBO ::f:‘:::"* Taez 37
matrix. . lJ-NK‘)G(N(z)\-I?U-U ;::g 33
. 1JX=NO* (NOY b=
PCT - Output matrix of percent frequen- 053 .{-z.:éz n TaBs o
. Jnlye TAB2
cies, same order as FREQ. el ;352 b
.. P - . B2 45
STAT1 - Output matrix summarizing totals, ™ :‘:é,ggg{;;"mmus”ms TABz 48
means, and standard deviations for et TABZ 48
each class interval of variable 1. . Eﬁ?;;ﬂf:?éiﬁi'x"éélu.u Thes o
.. ONT INUE TABZ 52
Order of matrix is 3 by ]NTl.. o L a8z 5
STAT2 - Same as STAT1 but over variable 2. STATLIIYYI=STATLUIYY ) *ACL) 1482 55
Order of matrix is 3 by INT2, Toatyyay TSTATHIYYILLO Thes
NO - Number of observations. iR n
=t
- i - TEMD22T) .
NV Number of variables for each obser TeunzaTewszSINTIZ) Taez e
vation, i) e o
90 IJFsINTI®(IX=1)+]1Y TAB2 66
FREQ(IJF)=FREQ(IJFI+140 TAB2 67
IXe3#(Ix=11+1 TAB2 68
Remarks: STAT2(IXIRSTATZ(1X)SALLIX) TAB2 49
- X+ B2 70
N0ne. SY:V?[IX)-S'ATZIIX)§1-0 TABZ T1
;?A:g’lti)-STATEHX)‘AlIJX)'A(IJK) 1::5 ;g
95 CONTINUE TAB2 74
. . < CALCULATE PERCENT FREQUENCIES TAB2 75
Subroutines and function subprograms required: 00 106 1a1sINTT TABZ 76
100 PCTII1)=FREC(1)#10040/SCNT tABZ2 77
None 4 x :AI{CULATE TOTALSs MEANSs STANDARD DEVIATIONS TAB2 T8
. Yo TAB. T
?gvlzg l;l-lNTl YAE§ GZ
-IXY# TAag2 81
18D=IXY+} . ) TASZ 82
TEMDIaSTAT Xy
Method: S;uu;énn(%xi-i) ;::i :2
. . F{TEMP1=1,0) 1204105+110 T
Interval sizes for both variables are calculated 108 égi;é IR * Thez &2
. . TAB2 BT
. from the given mform?.tlon or optionally from 119 STATILLSR) 250RT 14851 (STATI1SD)-SUMSSUM/TFHET 1/ (TEMPI~1001 ) Taez e
the minimum and maximum values. The fre- 120 conTinve Tasz 30
quency and percent frequency matrices are Totaxs T Thas s
s 1SD=IXX+1
developed. Matrices STAT1 and STAT2 sum- R i a4
. s - = AB2 96
marizing totals, means, and standard deviations 12s LELTEMP2100) 14041254130 Tz 97
are then calculated, The divisor for standard 130 STATS (1201 =SORT (ABS ( (STATZ (1501 =SUMPSUM/ TEMPZ) /(TEMPZ=1401 1) Thes 109
deviation is one less than the number of obser- 135 STATZUIXK)SSUM/TENRZ 1z 101
. . : D0 150 =
vations used in each class interval, 50 126 hnies Tabs w13
150 URDI(TsJ)=WROITsJ) TABZ M12
RETURN TAB2 103
END TABZ 104
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SUBMX

Purpose:
Based on vector S derived from subroutine

SUBST

or ABSNT, this subroutine copies from

a larger matrix of observation data a subset

matrix

of those observations which have satis-

fied certain condition. This subroutine is nor-
mally used prior to statistical analyses (e.g.,
multiple regression, factor analysis).

Usage:
CALL SUBMX (A, D, S,NO,NV,N)

Description of parameters:

A -
D -
S -

NO -

Remarks:

Matrix
A,

Input matrix of observations, NO by NV.
Output matrix of observations, N by NV,
Input vector of length NO containing the
codes derived from subroutine SUBST
or ABSNT.

Number of observations.

Number of variables.

Output variable containing the number of
non-zero codes in vector S.

D can be in the same location as niatrix

Subroutines and function subprograms required:
None.

Method:

tion is copied from the input matrix to the output

SUMRIUTINE SURMX (A,DySyNIT NV, NY SURMX
OIMENSTON ACLY4DLLY,SE1Y SURMX

L=0
LL=
00
Do

TFESEIN) 150 15, 10 SURMX

If S() c
matrix.

20 JslyNV
15 121,50

10 LL=tiel

ofL

Li=AlL)

15 CUNTINUF
20 CONTINUF
COUNT NON=ZFR) COOES [N VFCTIR S SIRMX 13

¢

20

N
n

30 1=1,10

ontains a non-zero code, I-th observa-

SUBMX
SUBMX
SURMK
SUBMX
SUP X

P

SUBMX 9
SURMX 10
SURMX 11
SUBMX 12

SURMX 14
SURMX 15

[HISULNY a0, 30, 25 SURMX 16
25 NeN#1
30 CONTINDF

REY,
END

uaN

SUBMX |7
SURMX 19
SURMX 19
SURMX 20

Statistics - Elementary

MOMEN

This subroutine computes four moments for grouped
data Fy, Fg, oo, Fyon equal class intervals. The
number of class intervals is computed as follows:

n = (UBO, - U1301)/U1302

where U‘BO1

1)

given lower bound
given class interval

given upper bound

and the total frequency as follows:

)

where Fi = frequency count in i-th interval.

Then, the following are computed:

First Moment (Mean):

n
i=1

F, [UBo1 + (i-0.5) UBOz]

ANS1 =

T

| j~th Moment (Variance):

n

. _ J
R [UBOl + (1-0.5) UBO, ANSl]
=l

@)

)

T

These moments are biased and not corrected for

grouping
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Subroutine MOMEN

Purpose:

To find the first four moments for grouped data

on equal class intervals.

Usage:
CALL MOMEN (F, UBO,NOP, ANS)

Description of Parameters:

F - Grouped data (frequencies). Given as a

vector of length (UBO(3)-UBO(1))/
UBO(2)

UBO - 3 cell vector, UBO(1) is lower bound
and UBO(3) upper bound on data.
UBO(2) is class interval. Note that
UBO(3) must be greater than UBO(1).

NOP - Option parameter. I NOP = 1,
ANS(1) = MEAN. If NOP = 2,

ANS(2) = second moment. If NOP = 3,

ANS(3) = third moment., If NOP = 4,
ANS(4) = fourth moment. If NOP = 5§
all four moments are filled in.

ANS - Output vector of length 4 into which
moments are put.

Remarks:

2

Note that the first moment is not central but the

value of the mean itself. The mean is always
calculated. Moments are biased and not cor-
rected for grouping.

Subroutines and function subprograms required:
None.

Method:

Refer to M. G. Kendall, 'The Advanced Theory
of Statistics', V.1, Hafner Publishing Company,

1958, Chapter 3.

SUBROUT INE MOMEN [F»UBOsNOP s ANS) MOMEN 1
DIMENSION F(1)sUBD(3)4ANSIA) MOMENMO 1

0O 100 i=l.4 MOMEN 3

100 ANS(1)=040 HOMEN 4
4 CALCULATE THE NUMBER OF CLASS INTERVALS MUMEN 5
N={UBO131=UBO(111/UBO(214045 MOMENMOZ
CALCULATE TOTAL FREGUENCY MOMEN 7

20.0 “NMEN 8

00 115 [=1,N uOMEN 3

110 T=TeFL1) MOMFN 11
LFINOP=5) 130, 127, LIS MOMEN 11

L5 NOP=5 MOMFN 12
120 Juwp=y MaMEN 13
60 1N 150 MONFN 14

130 Juup=2 MOMEN 15

3 FIRST MOMENT MOMFN 14
150 DO 160 [=1,N MNMFN § T

= MANEN 1R

160 ANS(1)=ANSTLISF [1)9{UARTLI${FT=9.5)8URNL2)) MIMEN 19
ANSEII=ANSILI/T MOMEN 20

G TN (359,200,250, 303,200}, NIP MOMFN 21

c SFCINID MOMFENT MNMEN 22
230 D0 210 1=1,N MOMEN 23
Fr=1 MOMEN 24

210 ANSE21=ANS{Z)#F (I IS (UANTL I+ IFI-TF.51SURN(21=ANS(1})ex2 MNMEN 25
ANS(21=ANSI2)/T MOMFN 26

GU T 1257,350), Juwp MOMEN 27

C THIQN 40OMINT MOMEN 28
250 B0 240 1=14N MNMFN 77
Fl=1 MOMFN 3N

240 ANSTIISANSEIN#F LT IS {URDELI#tFI=0,5)% )82 -ANS( L) 1ee} MOMFN 31
ANSI3)=ANS(3)/T MOMFN 37

G T 430043500, JuNe MOMEN 13

c FOURTH MOMENT MOMFN 34
3NN 3G [=llN MOMEN 35
Fi=t RIHEN 34

10 ARS[4) =ANST4) ¢F (T IS LUANLII#{FTI=T.5) IR 2 ) -ANSE L} ) s es MOMIN 37
ANS{4)=ANS(G) /T MOMEN 38

350 RFTURN MNMFN 39
£ MOMEN 40

TTSTT

This subroutine computes certain t-statistics on the
means of populations under various hypotheses.

The sa@ple means of Al, A2, cees ANA and B,,
By, «..; Byp are normally found by the following
formulas:

NA NB
DI PR
_i=1 - _ i=1
A ==Na "} B = B 1)

and the corresponding sample variances by:

NA 9 NB _2
PR > ®-B
2_i=1 2_i=1

SAT=—xx -1 » SB-Txp o1 @

upand 2 stand respectively for population mean and
variance in the following hypotheses:
Hypothesis: ug = A; A = a given value (Option 1):

LetB = estimate ofup and set NA =1 (A is stored
in location A).

The subroutine computes:

ANS = E__'__é_ \) NB (t-statistic) 3)
SB
NDF = NB -1 (degrees of freedom) (4)

2

2
Hypothesis: Mo = Bpi UA = VB (Option 2);

The subroutine computes:

B-A
ANS = == - =

~A FNB

(t-statistic) (5)

NDF = NA + NB - 2 (degrees of freedom) (6)

2 2
_ | @MA-1)sA"+ NB -1)SB
where S \/ NA T NB -2 (7
Hypothesis: 4, = 2 «2 \option 3).
yp N LN (Option 3):

The subroutine computes:

B -
ANS =

A
| sa? s8®
NA NB

(t-statistic) ®)

Statistics — Elementary 21
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- NA ' NB

T () " +(ﬂ3_2_ 2/ B+ 1)
NA W ) NB

(degrees of freedom)

-2

Note: The program returns a rounded NDF, not a
truncated NDF.

Hypothesis: y o = up (n0 assumption onvz) (Option 4):

The subroutine computes:

ANS=-D—' NB

D (t-statistic) (10)

NDF = NB -1 (degrees of freedom) (11)

where D=B - A 12)

NB _2
2 B-4-D)
i=1

SD = B -1 (13)

NA = NB

Subroutine TTSTT

Purpose:
To find certain T -statistics on the means of

populations.

Usage:
CALL TTSTT (A,NA, B,NB,NOP, NDF, ANS)

Description of parameters:

A - Input vector of length NA containing
data.
NA - Number of observations in A.
B - Input vector of length NB containing
data.
NB - Number of observations in B.
NOP - Options for various hypotheses:
NOP=1--- That population mean of
B = given value A,
(Set NA=1,)
NOP=2--- That population mean of
B = population mean of A,
given that the variance of
B = the variance of A,

22

NOP=3--- That population mean of
B = population mean of A,
given that the variance of
B is not equal to the vari-
ance of A.

NOP=4--- That population mean of
B = population mean of A,
given no information about
variances of A and B.
(Set NA=NB.)

NDF - Output variable containing degrees of
freedom associated with T -statistic
calculated.

ANS - T-statistic for given hypothesis.

Remarks:
NA and NB must be greater than 1, except that
NA=1 in option 1, NA and NB must be the same
in option 4. I NOP is other than 1, 2, 3 or 4,
degrees of freedom and T -statistic will not be
calculated. NDF and ANS will be set to zero.

Subroutines and function subprograms required:
None.

Method:
Refer to Ostle, Bernard, 'Statistics in Research’,
Iowa State College Press, 1954, Chapter 5.

SUBROUTINE TTSTT {A¢NA,B,NB,NOP,NDF,ANS) TISTT
OIMENSION ALL),8(1) TISYY 2

4 INITIALIZATION TIsTT 3
NDF=0 TISTT 4
ANS=0.0 TISIT S

c CALCULATE THE MEAN OF A TISTT A
AMEAN=0 .0 ISty 7

on 117 I=t,NA TISIT 8

110 AMEANZAMEANSALT) TISTE 9
FNASNA TISTE 10
AMEAN=AMEAN/FNA TISTT 11

4 CALCULATE THE MEAN OF B TISTY 12
115 AMEAN=0.0 TISTT 13
N 120 1=1,N8 TISIT 14

120 AMEAN=BMEAN®B( ) TTSTT 15
FNB=NB TISTT 14
AMEANSIMEAN/ENB TISTT 17
1E(NDP-4) 122, 130, 200 TISTY 18

122 1FiNUP-1) 200, 135, 125 TTISTT 10
3 CALCULATE THE VAWTANCE OF 4 TISTT 20
125 SA2=0.0 TISTT 2t
DO 13D 1=1,NA TISIY 22

130 SA23SA2¢(A(1)-ANE aNI#*2 TISTY 23
$A2:542/(FNA=1.0) TISTT 24

[4 CALCULATE THE VARIANCE OF R TISTY 25
135 SP2=0.0 TISTT 25
DO 140 T=1,NB TISTT 57

140 SH2=SH2+LBIT)-HME AN ) ##2 TISTT 28
Sh2=5h7/(FNB-1.0] YISTT 29
GITO (150,160,170, NOP TISTT 39

4 OPTLON 1 TsTT 3L
150 ANS={ (BMEAN-ANEAY)/SQRTISAZ) 18SIRTIFNA) TISTT 32
NNF=NB=1 TISTY 33

Gu TO 200 TISTT 34

4 WPIION 2 TISTT 35
160 NUF =NASNA=2 TISTT 36
FNDF=NOF TISTY 37
STSIRTILIFNA-1.0) €SAZ+ LENO=L.7) #SHZ}/FNDF) TISTT 38
ANSE((BMEAN-AMFAV)/S)®01.n/SIKTEL.O/FNA1LOZENRYY TISTY 39

Gu T 200 TISTT 40

c WPTION 3 TTSTY 41
170 ANS= (4 4EAN=-AMEAN) /SIRT(SA2/FNASSR2/FNA) TISTY 42
A1=(SA) FENACSRD /- Nis)ee) TISTT 43
A7=USA2/ENANSOI /I FNASL.L0) e(SHI/FNRISO2/LFNR L0} TISTT 44
NUFsA1/A2=2.040.5 TISTY 45

G ¥a 00 TISTT 44

4 UPTION 4 TISTT 47
180 50=1.9 TISTT 48
1= AUEAN=-AMF AN TISTT 49

N1 190 131,N8 TISTT 50

190 SH=S0eiRLT)=AL1)-N)es) TISTY 51
50=SaRTISO/ (FNA=1.01) TISTY 52
ANSZUN/SOISSURT (7 NB) TTSTT 53

NGF =N=] TISTT Se
FLLITR O TISTY &5
TISTT 56
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Statistics - Correlation

CORRE

This subroutine calculates means, standard devia-
tions, sums of cross-products of deviations from
means, and product moment correlation coefficients
from input data Xjj, wherei=1, 2, ..., n implies
observations and j =1, 2, ..., m implies variables.

The following equations are used to calculate
these statistics:

Sums of cross-products of deviations:

n
S = 3 (xij - 'rj) (xik - Tk) -
=1

n
(xik - Tk) I
1

X..-T
Z ( ij J)
where j= 1, 2, ..., m;k=1, 2, .,,, m

M-

i=1

0]

I
n

T, = — 2)

(These temporary means T; are subtracted
from the data in equation (1) to obtain compu~
tational accuracy.)

2 %y

Means: X, = £ . @)
j n

where j=1, 2, ..., m

Correlation coefficients:

T

S,
k

'k =_._]——_ (4)
J S.. S

ii kk
where j=1, 2, ..., m;jk=1, 2, ..., m
Standard deviations:

S..
s Vi )
J n-1

where j=1, 2, ..., m

Subroutine CORRE

Purpose:
Compute means, standard deviations, sums of
cross-products of deviations, and correlation

coefficients.
Usage:
CALL CORRE (N, M, I0, X, XBAR, STD, RX, R,
B,D,T)
Description of parameters:
N - Number of observations.
M - Number of variables.
10 - Option code for input data.

0 If data are o be read in from
input device in the special sub-
routine named data, (See
"subroutines and function sub-
programs required" below. )

1 If all data are already in core.

X - If I0=0, the value of X is 0.0.
If I0=1, X is the input matrix (N by
M) containing data.

XBAR - Output vector of length M containing

means.

STD - Output vector of length M containing
standard deviations,

RX - Output matrix (M by M) containing

sums of cross-products of deviations
from means.

R - Output matrix (only upper triangular
portion of the symmetric matrix of
M by M) containing correlation coef-
ficients., (Storage mode of 1)

B - Output vector of length M containing
the diagonal of the matrix of sums of
cross-products of deviations from

means.
D -~ Working vector of length M.
T - Working vector of length M.
Remarks:
None.

Subroutines and function subprograms required:
DATA(M,D) - This subroutine must be pro-
vided by the user.

(1) X I0=0, this subroutine is
expected to furnish an ob-
servation in vector D from
an external input device.

Statistics — Correlation 23
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Ann

an

(2) I IO=1, this subroutine is
not used by CORRE but
must exist in job deck, If
user has not supplied a
subroutine named DATA,
the following is suggested.

SUBROUTINE DATA

RETURN
END
Method:
Product-moment correlation coefficients are
computed.
SUBROUTINE CORRE (NsMs 101X sXBARsSTDsRXsRsB¢DsT?} CCRRE 1
DIMENSION X(1)9XBAR(1)oSTO(LIsRXE1IoR{1I4BI119DI1)HT(L) CCRRE 2
INITIALIZATION CCRRE 3
DO 100 J=leM CCRRE &
B(J}1%040 CORRE &
160 T(J)=0.0 CCRRE 6
K= (MEM+M} /2 CORRE 7
B0 102 =l CCRRE 8
102 R{1)1 =040 CORRE 9
FNan CCRRE 10
L=0 CCRRE 11
IFCI0) 108y 1274 105 CCRRE 12
DATA ARE ALREADY IN CORE CCRRE 13
105 DO 108 J=l.™ CCRRE 14
DO 107 I=1.N CCRRE 15
L=L+1 CCRRE 16
107 Tt aTtyrex(L) CORRE 17
XBAR(J) =T (J) CCRRE 18
108 T()=TUI /PN CCRRE 19
DO 115 IaliN CCRRE 20
Jk=0 CORRE 21
La1=N CCRRE 22
00 110 JelsM CCRRE 23
LaL+N CCRRE 24
DL =X(L)=T(S) CCRRE 25
110 8(J1=B(N) 401 CORRE 26
BO 115 Jwl.M CORRE 27
00 113 ke12J CCRRE 28
JK=JK CCRRE 29
115 num-wuu«nu)-n(u CCRRE 30
G0 T0 205 CCRRE 31
READ OBSERVATIONS AND CALCULATE TEMPORARY CCRRE 32
MEANS FROM THESE DATA IN T(J) CCRRE 33
127 1F(N=M) 130, 1304 135 CORRE 34
130 kK=N CCRRE 35
60 To 137 CCRRE, 36
135 KxeM CCRRE 37
137 DO 140 I=14KK CORRE 38
CALL DATA (MsD) CCRRE 39
DO 140 JalsM CCRRE 40
T =T{I1+D1J) CCRRE 41
=L+ CCRRE 42
140 RX{L)=D(J) CCRRE 43
FRKZKK CCRRE 44
N0 150 JelsM CCRRE 45
XBAR( 1 =T(J) CORRE 46
150 T{J)aT{J)/FrK CORRE 47
CALCULATE SUMS OF CROSS-PRODUCTS OF DEVIATIONS CCRRE 48
FROM TEMPORARY MFANS FOR M OBSERVATIONS CCRRE 49
L=0 CCRRE 50
00 180 Iw1sKK cunnsnoe
K0 CORRE 52
DO 170 yalM CORRE 53
Let+l CCRRE 54
170 D(JYSRX(L)=T(J) CCRRE 55
DO 180 JslsM CCRRE 56
B(JY=B(JI+D(J) CCRRE 57
00 18 CORRE 58
JKa K41 CORRE 59
180 REJKIR{IKI+D{JI#DIK) CCRRE 60
IF(N=KK) 205+ 205+ 185 CORRE 61
READ THE REST OF OBSERVATIONS ONE AT A TIMEs SUM CORRE 62
THE OBSERVATION, AND CALCULATE SUMS OF CROSS= CORRE 63
PRODUCTS OF DEVIATIONS FROM TEMPORARY MEANS CORRE 64
185 KKeN=KK CCRRE 65
DO 200 aleKk CORRE 66
JK=0 CCRRE 67
CALL DATA 4M-D) CCRRE 68
00 190 Jmi CCRRE 69
XBAR(JIAXBARE 914D (1) CCRRE 70
REII DS =T(J] CCRRE 71
190 B{JI=BLII+DIJ} CCRRE 72
DO 200 JalyM CORRE 73
DO 200 x=lyy CCRRE 74
JKn K] CORRE 75
200 RUJUKI=R{JKISN{J)I#D{K} CCRRE 76
CALCULATE MEANS CCRRE 77
205 JK=0 CCRRE 78
DO 210 Jmlsm CCRRE 79
XBAR( J}=XBAR(J) /FN CCRRE 80
ADJUST SUMS OF CROSS=PRODUCTS OF DEVIATIONS CCRRE 81
FROM TEMPORARY MEANS CCRRE 82
DC 210 Keley CCRRE 83
JK=JKe1 CCRRE 84
210 RUJKI=R{JK)=B(J}#B(K)/FN CCRRE 85
CALCULATE CORRELATION COEFFICIENTS CCRRE 86
JK=0 CCRRE 87
D0 220 JeloM CCRRE 88
JKmIkes CCRRE 89
220 STD(J)e SORT!( ABS(RtJK))} CCRRE $0
DO 230 JsleM CCRRE 91
DO 230 KaJsM CCRRE 92
JKE S+ (KEKaK) /2 CCRRE 93
LaM#*(J=1)+K CCRRE 94
RX{LY=R{JK) CORRE
LeMs (K=11+0 CCRRE 96
24

RX{L)=R(JK) CORRE 97

IF(STDIJI #STN(K)) 22542220225 CCRREMO1
222 RUJKI =040 CORREMO2
GO TO 23N CCRREMO3
225 RUJKYISREJK}/Z{STDL LI #STD(XK) ) CCRREMO4
230 CONTINUE CCRREMOS
CALCULATE STANDARD DEVIATIONS CCRRE 99
FN=SORT [FN=140} CCRRE100
00 240 JsliM CCRRE101
CCRRE102

1=5TDLII /FN
20 svné;” THE DIAGONAL OF THE MATRIX OF SUMS OF CROSS=PRODUCTS OF ggsﬁg}gi
. _DEVIATIONS FROW MEANS. coRe Lo
o CCRRE106
o0 230, 11w CORRE1QT
" CCRRE108
250 B{1)=RK(L) corre10e
RE TURN CoRRF110

Statistics ~ Multiple Linear Regression

In the Scientific Subroutine Package, multiple linear
regression is normally performed by calling four
subroutines in sequence.

1. CORRE - to find means, standard deviations,
and correlation matrix

2. ORDER - to choose a dependent variable and
a subset of independent variables from a larger set
of variables

3. MINV - to invert the correlation matrix of the
subset selected by ORDER

4., MULTR - to compute the regression coeffi-
cients, bO, bl, b2, ..., b and various confidence
measures

The subroutine CORRE works in either of two
ways: (1) it expects all observations in core, or
(2) it triggers a user-provided input subroutine,
DATA, to read one observation at a time into a work
area. In either case, the user must provide a sub-
routine named DATA (see "'Subroutines Required' in
the description of subroutine CORRE).

m’
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ORDER

Purpose:

Construct from a larger matrix of correlation
coefficients a subset matrix of intercorrelations
among independent variables and a vector of
intercorrelations of independent variables with
dependent variable. This subroutine is normal-
1y used in the performance of multiple and poly-
nomial regression analyses.

Usage:

CALL ORDER (M, R, NDEP, K, ISAVE, RX, RY)

Description of paramebersé

M - Number of variables and order of
matrix R.
R - Input matrix containing correlation

coefficients, This subroutine ex-
pects only upper triangular portion
of the symmetric matrix to be stored
(by column) inR. (Storage mode of 1.)

NDEP - The subscript number of the depend-
ent variable.

K - Number of independent variables to
be included in the forthcoming re-
gression.

ISAVE - Input vector of length K+1 containing,

in ascending order, the subscript
numbers of K independent variables
to be included in the forthcoming re-
gression.

Upon returning to the calling rou-
tine, this vector contains, in addi-
tion, the subscript number of the
dependent variable in K+ 1 position.

RX - Output matrix (K by K) containing
intercorrelations among independent
variables to be used in forthcoming
regression,

RY ~- Output vector of length K containing
intercorrelations of independent
variables with dependent variables.

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
From the subscript numbers of the variables to
be included in the forthcoming regression, the
subroutine constructs the matrix RX and the

vector RY.

SUBROUTINE ORDER (MR, NDEP,K, ISAVE,RX,RY) ORCER L
NIMENSTON ROLD,ISAVELL) JRXI1),RYLL) NROER 2

4 COPY INTERCORIELATIONS NF INDEPENDFNT VARTABLES ORDER 3
[ WITH DEPENOENT VARIARLE ORDER 4
MM=0 0/NER

DO 130 J=1,K ORDER &
12=15aVFLJ} ORDER 7
TF{NDEP-L2) 122, 123, 123 ORDER 7

122 L=NDEPS(LISL2=L2Y /2 ORODER @
GO TO 125 ORDER 1N

123 L=L2+(NDEP®NDEP-NDEP) /2 ORDER 11
125 RY(JI=R(L) ORDER 12

[ COPY A SUBSET MATRIX NF [NTFRCORRELATIONS AMING ORDER 13
4 TINDEPENDENT VARTAWLES OROFR 14
0N 137 1=1,K DRDER 1S
L1=1SAVELT) ORDER 15
IFIL1-L2)Y 127, 129, 128 NRDER 17

127 L=LLe(L2%L2-1 2072 ORDER 18
60 10 129 ORCER |9

128 LaL2e(LIsLI=-L1}/2 ORPER 20
129 MM=4Mel NRNDER 21
130 RX{MM)=RIL} NRVER 22

[4 PLACE THE SUBSCRIPT NUMRER NF THE DEPENDFNT NRDFF 23
4 VARTARLE IN ISAVE(K+1) ORDER 24
TSAVE(K#1)=NDEP ARDER 75
RFTURN ORDER 24

END NROFR 27

Statistics — Multiple Linear Regression 25
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MULTR

This subroutine performs a multiple regression
analysis for a dependent variable and a set of inde-
pendent variables.

Beta weights are calculated using the following
equation:

_ -1
8= 20 Ty Ty @

e
[

where ri = intercorrelation of ith independent
Y variable with dependent variable

rij = the inverse of infercorrelation r 3

i,j=1, 2, ..., kimply independent
variables

Ty and T 1 are input to this subroutine.

Then, the regression coefficients are calculated as
follows:

b, = 8.2 @)

where sy = standard deviation of dependent variable

2]
It

standard deviation of jth independent
variable

1, 2, ...,k

—
1

sy and Sj are input to this subroutine.

The intercept is found by the following equation:

k
b, =Y - b, . X, 3
0 Z i i @
=1
where Y = mean of dependent variable

mean of jth independent variable

Il

TRl

and ij are input to this subroutine.

Multiple correlation coefficient, R, is found first
by calculating the coefficient of determination by the
following equation:

k

2 _

R* = Z ﬁiriy , )
i=1

26

and taking the square root of R2:

R=\/I%2_ ) ™

The sum of squares attributable to the regression is
found by:

SSAR = RZ . D (6)
yy
where D__ = sum of squares of deviations from
mean for dependent variable -

Dyy is input to this subroutine.

The sum of squares of deviations from the regres-
sion is obtained by:

SSDR = D__ - SSAR (7
Yy

Then, the F-value for the analysis of variance is
calculated as follows: '

SSAR/k _ SSAR(n-k-1) 8
SSDR/(n-k-1) ~ _ SSDR(K) @)

F =

Certain other statistics are calculated as follows:

Variance and standard error of estimate:

o _ SSDR ) ™
y.12,..k n-k-1 ' -

where n = number of observations

2
50.12...k = f Sy.12.. .k (10

Standard deviations of regression coefficients:

(11)

where D,, = sum of squares of deviations from mean
B for ! independent variable. Dyj is in-
put to this subroutine.
j=1,2, «us, k

Computed t:

P
A @2)
Sb
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Subroutine MULTR

Purpose:
Perform a multiple linear regression analysis
for a dependent variable and a set of independent
variables. This subroutine is normally used in
the performance of multiple and polynomial re-
gression analyses.

Usage:
CALL MULTR (N, K, XBAR, STD, D, RX, RY,
ISAVE, B, SB, T, ANS)

Description of parameters:

N - Number of observations.

K - Number of independent variables in
this regression,

XBAR - Input vector of length M containing
means of all variables. M is num-
ber of variables in observations.

STD -~ Input vector of length M containing
standard deviations of all variables.

D - Input vector of length M containing

" the diagonal of the matrix of sums of
cross-products of deviations from
means for all variables,

RX - Input matrix (K by K) containing the
inverse of intercorrelations among
independent variables.

RY - Input vector of length K containing
intercorrelations of independent vari-
ables with dependent variable.

ISAVE - Input vector of length K+1 containing
subscripts of independent variables in
ascending order. The subscript of the
dependent variable is stored in the
last, K+1, position.

B - Output vector of length K containing
regression coefficients,

SB - Output vector of length K containing
standard deviations of regression co-
efficients.

T - Output vector of length K containing
T-values.

ANS - Output vector of length 10 containing
the following information:

ANS(1) Intercept

ANS(2) Multiple correlation coeffi-
cient

ANS(3) Standard error of estimate

ANS(4) Sum of squares attributable
to regression (SSAR)

ANS(5)

ANS()
ANS(T)

ANS(8)

ANS(9)
ANS(10)

Remarks:
N must be greater than K+1.

Degrees of freedom associ-
ated with SSAR

Mean square of SSAR

Sum of squares of deviations
from regression (SSDR)
Degrees of freedom associ-
ated with SSDR

Mean square of SSDR
F-value

Subroutines and function subprograms required:

None,

Method:
The Gauss-Jordan method is used in the solution
of the normal equations. Refer to W. W. Cooley
and P, R, Lohnes, 'Multivariate Procedures
for the Behavioral Sciences!, John Wiley and
Sons, 1962, Chapter 3, and B. Ostle, 'Statistics
in Research', The Iowa State College Press,

190
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122

1954, Chapter 8.

SUBROUTINE MULTR (NsK+XBARsSTOsDWRXsRY s [SAVEsBsSBs T oANS) MULTR 1
OIMENSION XBAR(I1sSTD(1)+D{1)eRX(TIsRY(1)s1SAVE(L1+8(11+58(1)s  MULTR 2
1 TI1)oANSL10) MULTRMOL
MM=K el MULTR
BETA WEIGHTS MULTR 5
DO 100 Jelsk MULTR o
B{J120.0 MULTR 7
0O 110 J=21.K MULTR 8
Lleke(a-1) MULTR 9§
00 110 I=1,K MULTR 10
Latiel SULTR 1L
BLJ)aBLJV4RY(IDeX(L) MULTR 12
AM=D.0 MULTR 1)
8020.0 wULTR 14
L1=[SAVE(4w) MyLTR 15
COEFFICTENT OF DETERMINATION MULTR 14
B0 120 Ta1,K MULTR 17
RM=RMeBL1IORY (LY MULTR 18
REGRESSTON COEFFICIENTS MULTR 19
L=1SAVELL) MuLTR 20
BE1IBOII&ISTOLLL I/STOLY) MuLTR 21
INTERCEPT MyLTR 22
80=00¢H11)*XBAR(L ) NULTR 23
80=XB8AR(L1)-B0 MULTR 24
SUM OF SQUARES ATTRIRUTARLE TO REGRFSSINN TR 29
SSAR=RYSDILL) MULTR 26
MULTIPLE CORRELATION COCFFICIENT MULTR 27
KMz SORT( AWS(RMI ) wyLTR 28
SUM MF SQUARES NF DEVEIATINNS FROM REGRESSINN “p TR 29
SSOR=D(L1)-55AR “uLTR 30
VARTANCE OF ESTIMATE uhLTR 1
FN=N=K=1 TR 32
5Ya§SSDR/EN LT 33
STANDARD DEVIATIONS NF REGRESSION CNFFFICTENTS 4ULTR 4
3N 130 J=1.K MULTR 35
LisKe(J=11ey MULTR s
L=ISAVELS) HyLTe 37
SBLJI= SQRT( ABSL(RXILYII/DILIIESY)) MULTR 3R
COMPUTED T-VALUES MULTR 19
TLI =RLII /591D uyLTe &0
STANDARD ERROR OF ESVIMATE MULTR 41
SY= SQRT( ABS(SY)) “LTR 42
F VALUE TR &3
FK=K aLTR 44
SSARM=SSAR/FK MULTH 68
SSORM=SSOR/FN MULTR Gh
F25SARM/SSDRM wyLTe 47
ANSTL) =80 MULTR 49
ANS{2)3RM Uy TR 49
aNSL31=SY wyLTR SN
ANS(4)=5SAR TR 51
ANS(5)=FK MULTR 52
ANS(6) =SSARM MyLTR 53
= SULTR S6
ANSI#)=FN LTE 55
ANS[9)=SSDRY TR Sk
ANS 1)) =F wiLte 57
RETURN MuLTR 53
£ND MyLTR &0
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Statistics - Polynomial Regression GDATA

Polynomial regression is a statistical technique for This subroutine generates independent variables up Ma@)
finding the coefficients, by, by, b2, rees bm, in the to the mth power (the highest degree polynomial i
functional relationship of the form: specified) and calculates means, standard deviations,

sums of cross-products of deviations from means,

g = bo + b1 X+ bz X2 PR bmxm and product moment correlation coefficients.

X;q denotes the ith case of the independent variable;

between a dependent variable y and a single inde- :
pendent variable x, Xip denotes the ith case of the dependent variable,

In the Scientific Subroutine Package, polynomial
regression is normally performed by calling the fol-
lowing four subroutines in sequence:;

1. GDATA - to generate the powers of the inde-
pendent variable and find means, standard deviations,
and correlation matrix

where i=1, 2, ..., D

n - number of cases (observations)

2. ORDER - to choose a dependent variable and p=m+1
subset of independent variables from a larger set of _ . cos
variables m = highest degree polynomial specified
3. MINV - to invert the correlation coefficient
matrix The subroutine GDATA generates powers of the
4., MULTR - to compute the regression coeffi- independent variable as follows:
cients, by, by, bg, «e4, bm, and various confidence
measures X, =X.. *°X,
The special subroutine PLOT may be used to plot i2 i1 i1
Y values and Y estimates. X =X *°X 1
i3 “i2 il @
. m
Xa=%g X :
im~ X,m-1 1
where i and m are as defined as above.
Then, the following are calculated:
Means:
n
X..
1]
—_— i= 1 e
xj =— 2)
where j=1, 2, ..., P

28
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Sums of cross-products of deviations from means:

Pk Zn: (Xij - ij) (Xik - ’_<1<) -

i=1
3)
n _ n _
5 (575) E(w %)
i=1 i=1
n
where j=1, 2, ..., p; k=1, 2, ..., P.
Correlation coefficients:
T 4)

D..
I
ij
YPu Py

wherei=1, 2, ..., p;j=1, 2, ..., D.

Standard deviations:

D..
s, =L” )
J n-1

where j=1, 2, ..., P

Subroutine GDATA

Purpose:
Generate independent variables up to the Mth
power (the highest degree polynomial specified)
and compute means, standard deviations, and
correlation coefficients., This subroutine is
normally called before subroutines ORDER,
MINV and MULTR in the performance of a poly-
nomial regression.

Usage:
CALL GDATA (N,M, X,XBAR, STD, D, SUMSQ)

Description of parameters:

N - Number of observations.

M - The highest degree polynomial to be
fitted.

X - Input matrix (N by M+1). When the

subroutine is called, data for the in-
dependent variable are stored in the
first column of matrix X, and data
for the dependent variable are stored
in the last column of the matrix.
Upon returning to the calling rou-
tine, generated powers of the inde-

[4 GENERATE INDE2ENDENT VARTABLES

1AR7STO0I) = SORTA ARSADILIYY
4

190 OCLY=D(LI/(STOIT)I $STN(J))
¢

pendent variable are stored in
columns 2 through M.

XBAR - Output vector of length M+ 1 contain-
ing means of independent and de-
pendent variables.

STD - Output vector of length M+ 1 contain-
ing standard deviations of independ-
ent and dependent variables.

D ~ Output matrix (only upper triangular
portion of the symmetric matrix of
M+1 by M+1) containing correlation
coefficients, (Storage Mode of 1.)

SUMSQ - Output vector of length M+ 1 contain-
ing sums of products of deviations
from means of independent and de-
pendent variables.

Remarks:
N must be greater than M+ 1.
If M is equal to 5 or greater, single precision
may not be sufficient to give satisfactory com-
putational results.

Subroutines and function subprograms required:
None.

Method:
Refer to B. Ostle, 'Statistics in Research’,
The Iowa State College Press, 1954, Chapter 6.

SUBROUTINE GDATA (NeMyXsXBARSTDeNs SUMSQ)
DIMENSTON Xt1),X34R(11,ST0011,0011,SUMSQL1)

IE IM-1 ) 105,105,90
90 L1=9

0N 190 T=2M

LlxLien

00 100 J=1,N

L=t 1+d

KsL-N
100 XtL)=XtKI®X{J)

CALCULATE MEAYS

105 MMzl

[

DTS F=1,4M
XA&H (11=0.0
D2 LI0 J=1,N
LsLel
110 XBARTI)=XBAR(II+X(L)
115 XBARUTI=XBARIII/OF
00130 121,49
130 SIDI[1=0.0
CALCULATF SUMS 0OF CRASS~PRIIYCTS 7 DEVIATINNS
La{{MMe [ )omuu} /2

L=
0 170 gaiyuw
L23N$(J-1) ek
T2=£{L2)-XHAR(J)
STO(J}=STDII)eT2
on oare I=l.d
L1=N®(I=11 4K
TI=X(L11-XBAR(T)

LsLel
176 DLLI=D(L)#TE8T2
1)

NLTR gel e
o7 (=149

LaLel
178 DELY=NLL ) =STRETI ST /0
t=0

DI 1AD [=1,4M
L=Lel
SMSHET =il

CALCULATE [ARXTLATLON CORFFICTIENTS

L=0
DN 19n gzt e
[NT L ET )

CALCULATE STAVIAZ) DEVIATE MG
AF=SQRTINF=1.7)
LR It
200 STDETI=STHIV/OF
RETURK
£ND 5OATA &N
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Statistics - Canonical Correlation

In the Scientific Subroutine Package, canonical cor-
relation analysis is normally performed by calling
the following five subroutines:

1. CORRE - to compute means, standard devia-
tions, and correlation matrix

2. MINV - to invert a part of the correlation
matrix

3. EIGEN - to compute eigenvalues and eigen-
vectors

4. NROOT - to compute eigenvalues and eigen-
veeltors of real nonsymmetric matrix of the form
B™A

5. CANOR - to compute canonical correlations
and coefficients

The subroutine CORRE works in either of two
ways: (1) it expects all observations in core, or
(2) it triggers a user-provided input subroutine,
DATA, to read one observation at a time into a work
area. In either case, the user must provide a sub-
routine named DATA (see "'Subroutines Required' in
the description of subroutine CORRE).

30

CANOR

This subroutine performs a canonical correlation M,%)

analysis between two sets of variables. :
The matrix of intercorrelations, R, is partitioned

into four submatrices:

Rll R12

R = R R 1)

21 22

R11 = intercorrelations among p variables in the
first set (that is, left-hand variables)

R12 = intercorrelations between the variables in
the first and second sets

R21 = the transpose of R12

R_, = intercorrelations among q variables in the

22 second set (that is, right-hand variables)

The equation:

1R-1R R R

- _ _ 9
22 721 711 712 Al 0 @)

is then solved for all values of x, eigenvalues, in the ™
following matrix operation: . -

-1
T= Ry By @
A=R,T @)

The subroutine NROOT calculates eigenvalues
(r;) with associated eigenvectors of RE% A,
wherei=1, 2, ..., q.

For each subscripti=1, 2, ..., q, the following
statistics are calculated:

Canonical correlation:

CANR = ‘/g (5)

where A= ith eigenvalue

Chi~square:
X2 = - [0-0.5 @ + q + 1)) logh (6)
. e
where n = number of observations ™
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q

A= I @-));
j=1( N

Degrees of freedom for X 2:
oF = [p-a-1)] [a-a-); @

ith set of right-hand coefficients:

by = Vig ®)

where vki = eigenvector associated with A i

k=1,2,...,49;

ith set of left-hand coefficients:

a
> kP
=1

3 =7 CANR ®

-1

where ‘{tjk} = T= Rll Rl2

j 1,2, ..., p

Subroutine CANOR

Purpose:
Compute the canonical correlations between two
sets of variables, CANOR is normally preceded
by a call to subroutine CORRE.

Usage:
CALL CANOR (N,MP, MQ, RR, ROOTS, WLAM,
CANR, CHISQ, NDF, COEFR, COEFL, R)

Description of parameters:

N - Number of observations.

MP - Number of left hand variables.

MQ - Number of right hand variables.

RR ~ Input matrix (only upper triangular
portion of the symmetric matrix of
M by M, where M = MP + MQ) con-
taining correlation coefficients.
(Storage mode of 1.)

ROOTS - Output vector of length MQ contain-
ing eigenvalues computed in the
NROOT subroutine.

WLAM - Output vector of length MQ contain-
ing lambda.

CANR - Output vector of length MQ contain-
ing canonical correlations.

CHISQ - Output vector of length MQ contain-
ing the values of chi-squares.

NDF -~ Output vector of length MQ contain-
ing the degrees of freedom associ-
ated with chi-squares.

COEFR - Output matrix (MQ by MQ) contain~
ing MQ sets of right hand coefficients
columnwise,

COEFL - Output matrix (MP by MQ) contain-
ing MQ sets of left hand coefficients
columnwise,

R - Work matrix (M by M).

Remarks:
The number of left hand variables (MP) should
be greater than or equal to the number of right
hand variables (MQ). The values of canonical
correlation, lambda, chi-square, degrees of
freedom, and canonical coefficients are com-
puted only for those eigenvalues in roots which
are greater than zero.

Subroutines and function subprograms required:

MINV
NROOT (which, in turn, calls the subroutine
EIGEN.)

Method:

Refer to W, W. Cooley and P. R. Lohnes,
'Multivariate Procedures for the Behavioral
Sciences!, John Wiley and Sons, 1962, Chapter
3.
SUBRIUTINE CANOR [Ny MP MO RRRANTS, NLAM,CANR,CHISQ,NDF, COFFR, CANDR
1 EFL,R) ANOR
DIMENSINN RRL1),200TSELY o WLAMIL) ¢ CANREL},CHISULTDoNIF (LY, COEFREL I, CANOR 3
]

1

’

C 3

COEFLIT) 4RELY CANOR 4
PARTITINN INTERCORRFLATIONS AMONG LEFT HAND VACTABLFS, BETWEEN CANOR 6
s
i
A
9

4
c LEET AND RIGHT HAND VARIABLES, AND AMONG RIGMT HAND VARTABLES. CANOR
M=MPeM) CANDK
Ni=) CANOR
[N oS I=1,~ CANUGR
DO 105 JsiyM CaNDR 10
TFEI=4) 182, 103, 103 canne 11
192 Leleted-41/2 CaNOR 12
GO T 104 CANPR 13
103 L=detiel-14/2 CANNP 14
104 Ni=viel CaNOP 15
135 KINLI=RR{L) CANOR 1A
L=MP CANNP {7
0N 108 y=2,40 CANDR 19
Ni=Me -1} CANOR 19
O 10R I=1,wp CANOR 20
LaL+l CANOR 21
wl=Nlet CANOR 72
108 R{LI=R(NL) canur >3
N2=uPel CaNnR 26
L=0 CANfIR 25
00 110 J=NZ,M CANDR 24
NL=Ne (=11 CaNnr 27
N0 E10 t=1,40 CANDR 24
t=Le¢] CANOR 29
Ni=NLe] CANDR 3
119 COFFLILI=R(N1) canne 31
L=n CANNR 37
DN 120 J=N2,» CANDR 33
NE=UE[J-1) oMp CANOR 34
N0 120 (=N24H CaNPR 4
L=L+1l CANNR 34
NI=Nl+L CANDR 37
120 COEFRILI=RINLY CANDX 19
c SOLVE THE CANINICAL EQUATION CANOR 30
L=NPeups CANNOR &0
K=LeNP CANNR &}
CALL HINV (RoHPLITTLRILI,RIKD) CAND® 42
C CALCULATE T = INVERSE OF R11 ® |2 CANOR &3
00 140 [=1,47 CANOR 44
N2=0 CANNR 45
00 130 J=l,HO CANDR 44
Nl=l-Mp CANNR &7
RODTS(II=0.0 CAMNR 4R
DO 130 K=]1,MP CANNR 49
NL=NL+4P TANDR 89
N2=N2+1 canes st
130 ROOTS(J)=ROOTSLIN sRINLISCOFFLINZ} CANDR 57
L=1-Hp CAMDR 53
DO 140 J=1,M0 canne s4
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s

a0

o

140

4

s

180

190
200

~
°

LaLonp
RIL)=ROOTS(J)
CALCULATE 4 = R21 ¢ T
L=MPeMQ
N3aL+l
00 160 J=l,¥Q
N1=0
0N 160 f=1,4Q
N2=MP(J-1)
SUM=0.0
00 150 Kel,KP
NLeNisl
N2=N2eL
SUM=SUMSCOEFL INT) SRIN2)
LaLel
RIL)=SUM
CALCULATE EIGENVALUES WITH ASSOCIATED FIGENVECTORS OF THE
INVERSE OF R22 * A
Latsl
CALL NROOT {MO,R(N3),COEFRyRODTS,RILIY
FOR EACH VALUE OF I = 14 2y +ecr MO, CALCULATE THE FOLLOWING
STATISTICS
DO 210 [=1,MQ
TEST WHETHER EIGENVALUE 1S GREATER THAN ZERO
TF(ROOTS(IY) 220, 220, 165
CANONTCAL CORIELATION
CANR(I1= SQRT(RUITSII)Y
CHI-SQUARE
WLAM(T)=1.0
60 170 J=1,MQ
WLAMUTI=WLAMITI®( 1.0-RADTSEIN)

FHQ=MQ
BAT = WLAM(I)
CHISQUI) = =IFN=) . 58(FMP+FNQ+1,0) )ALOG(BATY
DEGREES OF FREFDON FOR CHI-SQUARE
Ni=1-1
NOF(1)=(MP=N1) #(4Q=-N1}
H SET OF RIGHT WAND CNEFFICIENTS
N1=MQe{I-1)
N2=MQetI-1)eL-1
00 180 J=1,MQ
Nl=Nlel
N2=N2+L
COEFRINL)=R(N2)
I-TH SET OF LFFT HAND COEFFICIENTS
00 200 J=1,mP
Nl=J=-np
NZ=MQe(1-1}
KeMPe(1-1144
COEFL{KI=0.0
DB 190 Jy=1,MQ
NL=N1 NP
N2aNZe
COEFLIK}=COEFL(K) #RINI)*COEFR(NZ)
COEFL(K)}=COFFLK) /CANRL )
CONT INUE

1-7

220 RETURN

32

CANOR
CANGR
CANOR
CANGR
CANDR
CANOR
CANOR
CANDR
CANOR
CANGR
CANOR
CANOR
CANOR
CANOR
CANOR
CANOR
CANOR
CANGR
CANOR
CANOR
CANNR
CANOR
CANOR
CANOR
CANOR
CANMR
CANOR
CANOR
CANOR
CANDR
CANOR
CANOR
CANDR
canNoR
CAaNOR
CANOR
CANNR
CANDR
CANOR
CANDR
CANOR
CANDR
CANDR
CANOR
CANOR

55
56
57
58
59
60
6t
62
L3}
b
65
66
67
68
69
i
71
7
1£)
74
75
%
i
78
79
an
a1
82
a1
as
a5
a6
87
LL]
a9
90
al
92
9
9%
95
%
97
98
99

CANOR100
CANORTO1
CANDR10Z
CANOR103
CANCR N
CANORLNS
CANOR104
CANORLNT
CANNP | 08
CANNRIN9
CANORLLD
CANBRILL
CANCRE 12
CANDRI1I
CANORI14

NROOT
This subroutine calculates the eigenvalues, A i and M

the matrix of eigenvectors, V, of a real square non-
symmetric matrix of the special form B™"A, where
both B and A are real symmetric matrices and B is
positive-definite. This subroutine is normally
called by the subroutine CANOR in performing a
canonical correlation analysis. The computational
steps are as follows.

A symmetric matrix (storage mode 1) is formed
by using the upper triangle elements of the square
matrix B. Then, the eigenvalues, hi’ and the ma-
trix of eigenvectors, H, of the symmetric matrix
are calculated by the subroutine EIGEN, <

The reciprocal of square root of each eigenvalue
is formed as follows:

M, =——— (1)

wherei=1, 2, ..., m
m = order of matrix B

The matrix B~Y/2 is formed by multiplying the
j column vector of H by u i where j=1, 2, ..., m,
The symmetric matrix S = (B-1/2) AB-1/2 ig
formed in the following two matrix multiplications: 7y

Q=@ yra @

S = QB'l/ 2 (3)
and eigenvalues,\; , and the matrix of eigenvectors,
M, of S are calculated by the subroutine EIGEN.

The matrix W = B~1/2M is formed, and the vec-
tors in W are normalized to form the matrix of
eigenvectors, V, by the following equation:

Wi'
—— )

Vi
1 . [ sumv,

where i=12, ..., m
j=1,2, ..., m -
m
SUMV, = W,
j Z i ®)
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Subroutine NROOT

Purpose:
Compute eigenvalues and eigenvectors of a real
nonsymmetric matrix of the form B-inverse
times A. This subroutine is normally called by
subroutine CANOR in performing a canonical
correlation analysis.

Usage:
CALL NROOT (M, A, B, XL, X)

Description of parameters:

M - Order of square matrices A, B, and X,

A - Input matrix (M by M).

B - Input matrix (M by M).

XL = Output vector of length M containing
eigenvalues of B-inverse times A.

X - Output matrix (M by M) containing eigen-
vectors columnwise.

Remarks:
None.

Subroutines and function subprograms required:
EIGEN

Method:
Refer to W, W. Cooley and P, R. Lohnes,
'Multivariate Procedures for the Behavioral
Sciences!, John Wiley and Sons, 1962, Chapter

3.
SURRDUT INE NROODT {MyAsBoXLsX) NROOT 1
DIMENSTON ALTD4B(1HIXLELY(X(1D NROOT 2
c COMPUTE EIGENVALUES AND EIGENVECTORS OF 8 NROAT 3
K=l NROOT &
DO 100 J=2.M NROOT 5
Lem¥ta=1) NROOT 6
00 100 1=1,4 NRODT 7
LsL+1 NROOT 8
K=K+l NROOT 9
100 BIK)=RIL) NRDOT 10
4 THE MATRIX B [S A REAL SYMMETRIC MATRIX, NROOT 11
My = NRONT 12
CALL EIGEN (A,X,9,4V] NROOT 13
c FORM RECIPROCALS OF SQUARE ROOT OF EIGENVALUES. THE RESULTS NRQOOT 14
c ARE PREMULTTPLTED HY THF ASSOCIATED EIGENVECTORS. NROOT 15
L=0 NRODT 16
00 119 J=1,4 NROOT 17
L=Led NROOT 18

140

170
175

XLEJI=1407 SORTL ABS(A(L}))

=0

DO 115 J=l4M
00 115 I=14M
K=K+l
BIKI=X(KIOXLLYY

FORM [B*#{=1/2))PRIME & A & (B#s(=1/2})

00 120 I=14M
N2=0

DD 120 J=14M
Ni=M&{1-1)
L=Met)=1)e]

1
XCLI=X(L) ¢RINTI#A (N2
L=0
B0 130 J=l4M
00 130 1=1,4
Ni=[-M
N2=ve(J-1)
L=L+1
A11)120.0
00 130G K=14M
Ni=Nled
N2=N2+1
AILY=A(LI +XINT)#B (N2)

COMPUTE EIGENY ALUFS AND EIGENVFCTORS NF A&

CALL EIGEN 1AXs¥oMV)

1=0
00 140 I=1,M
L=L+l
ALL{T)I=A(LY
COMPUTE THE N)RMALIZFD FIGFNVECTORS
D0 150 [=14M
N2=0
00 150 Jsl,M

00 150 K=lyH
NE=NLew

N2=N2+1

ATLI=ALL) «RINL) #X (N2}
L=0

K=0

0N 180 J=1,M
SUMV=0.0

DN 170 Ie1,M

L=L+)

SUMY=S JuVeA(L )AL L}
SUMV= SORTISUMY)
DI} 180 I=1.M

K+l
XIK)=ATK)/SUMY
RETURN
END

NROOY 19
NROOT 20
NROQT 21
NROOT 22
NRODY 23
NROOT 24
NROOT 25
NROQT 26
NROOT 27
NROOT 28
NROOT 29
NROOT 30
NROOT 31
NRONT 32
NRDOT 33
NRODT 34
NROOY 35
NRONT, 36
NROOT 37
NRDOT 38
NROOT 39
NROOT 40
NROOT 41
NROOT 42
NROOT 43
NRONT 44
NROOT 45
NROOT 46
NROOT 47
NRODT 48
NROOT 49
NROOT 50
NRONT 53
NRONY 52
NRONT 53
NROOT 54
NROOT 865
NROOT 56
NROOT 57
NROOT 53
NRANT 59
NRUOT 60
NROOY 61
NROOY 62
NROOT A3
NROOT 64
NROOT 65
NRODY 66
NRAOT 67
NROOT 68
NROOT 69
NRONT 71
NROOT 71
NRONT 72
NROAT 73
NROOT 74
NRONT 75
NROOT 76
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Statistics ~ Analysis of Variance

In the Scientific Subroutine Package, analysis of
variance is normally performed by calling the fol-
lowing three subroutines in sequence:

1. AVDAT - to place data in properly distributed
positions of storage

2. AVCAL - to apply the operators sigma and
delta in order to compute deviates for analysis of
variance

3. MEANQ -to pool the deviates and compute
sums of squares, degrees of freedom, and mean
squares

AVDAT

This subroutine places data for analysis of variance
in properly distributed positions of storage.

The size of data array X, required for an
analysis of variance problem, is calculated as
follows:

k
n= IO (L, +1) 1)
=1

where Li = number of levels of ith factor
k = number of factors

The input data placed in the lower part of the ar-
ray X are moved temporarily to the upper part of the
array. From there, the data are redistributed ac-
cording to the equation (4) below. Prior to that,
multipliers, s., to be used in finding proper posi-
tions of storage, are calculated as follows:

s; = 1 @)
j-1
s, = I (L+1) ®)
S 1
where J = 2, 3, ..., k

Then, a position for each data point is calcu~
lated by the following equation:

k
§ = KOUNT_ + s, * (KOUNT, -1 4
1 E i i~V @

=2
th

where KOUNT,; = value of j
to be stored.

subscript of the data

The subroutine increments the value(s) of subscript(s)
after each data point is stored.

34

Subroutine AVDAT

Purpose:
Place data for analysis of variance in properly
distributed positions of storage. This subrou-
tine is normally followed by calls to AVCAL and
MEANQ subroutines in the performance of
analysis of variance for a complete factorial
design.

Usage:
CALL AVDAT (K,LEVEL, N, X, L, ISTEP,
KOUNT)

Description of parameters:
K ~ Number of variables (factors)
K must be greater than 1.

LEVEL - Input vector of length K containing
levels (categories) within each vari-
able.

N - Total number of data points read in.

X - When the subroutine is called, this
vector contains data in locations
X(1) through X(N). Upon returning
to the calling routine, the vector
contains the data in properly redis-
tributed locations of vector X. The
length of vector X is calculated by
(1) adding one to each level of vari-
able and (2) obtaining the cumulative
product of all levels. (The length of
X = (LEVEL(1)+ 1)*(LEVEL(2) + 1)*
.o ¥(LEVEL(K) + 1).)

L - Output variable containing the posi-
tion in vector X where the last input
data is stored.

ISTEP ~ Output vector of length K containing
control steps which are used to lo-
cate data in proper positions of vec-
tor X.

KOUNT - Working vector of length K.

Remarks:
Input data must be arranged in the following
manner. Consider the 3-variable analysis of
variance design, where one variable has 3 levels
and the other two variables have 2 levels. The
data may be represented in the form X(1,J, K),
1=1,2,3 J=1,2 K=1,2. In arranging data,
the inner subscript, namely I, changes first.
When I=3, the next inner subscript, J, changes
and so on until I=3, J=2, and K=2.
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Subroutines and function subprograms required:
None.

Method:
The method is based on the technique discussed
by H. D. Hartley in 'Mathematical Methods for
Digital Computers', edited by A. Ralston and
H, Wilf, John Wiley and Sons, 1962, Chapter

20,
SURRGUTINE AVDAT (K,LEVEL yNeXyLy FSTEP KOUNT) AVDAT 1
OIMENSION LEVEL{L).X(1},ISTEPIL)KOUNTIL) AvVDAT 2
4 CALCULATE TOTAL DATA AREA REQUIRED AVDAT 3
MeLEVFL{L)¢1 AVDAT &
D0 105 1=2,K AVDAT 5
105 MaMO{LEVEL{IMs1) AVDAT &
c MOVE DATA TO THE UPPER PART OF THE ARRAY X avpar 7
c FOR THE PURPOSE OF REARRANGEMENT AVDAT &
NiaMel AVDAT 9
N2uNe] AVDAT 10
00 107 §314N AVDAT 11
Nl=N1-1 AVDAT 12
N2aN2-1 avoat 13
107 X(N1I=XIN2} AVDAY 14
c CALCULATE MULT IPLIFRS TO BE USED IN FINDING STORAGE LUCATINNS AVDAT 15
¢ FOR INPUT DATA AVDAT 16
ISTEP{1)al AVDAT 17
DO 110 =2,k AVDAT 18
110 ISYEP(1I=ISTEP{I- 1) ®(LEVELII-10+1) AVDAT 19
00 115 AVDAT 20
115 KOUNTI1)=L AVDAT 21
4 PLACE DATA [N PRIPER LNCATIONS AVDAT 22
NleNI-1 AVDAT 23
00 135 =1,N AVDAT 26
L=KOUNT (1) AVDAT 275
O 120 Jo2.K avpar 26
120 L=LeISTEPLJISIKQINTLII-1) AvDAT 27
1 AVDAT 28
XILY=X(NLY AVDAT 29
00136 J=l.K AVDAT 30
1F (KOUNTCJ)-LEVEL (J11 124, 1250 124 AVDAT 31
124 KOUNT(J)=KOUNTEY) o1 AVDAT 372
50 TD 135 AVDAT 33
125 KOUNTE3N o1 AVDAT 34
130 CONTINDE AVOAT 35
135 CONTINUF AVOAT 36
R{TURN AVDAT 37
£ND AVDAT 3R

AVCAL

This subroutine performs the calculus for the gen-
eral k-factor experiment: operator Z and operator
A. An example is presented in terms of k=3 to il-
lustrate these operators.

Let X denote the experimental reading from
the a2 level of factor A, the bth level of factor B,
and the ¢ level of factor C. The symbols A, B,
and C will also denote the number of levels for each
factor sothata=1, 2, ..., A;b=1, 2, ..., B;
ande=1, 2, ..., C.

With regard to the first factor A,

operator 2 = sumoveralllevelsa=1, 2, ...,
a A, holding the other subscripts at
constant levels, and

operator % = multiply all items by A and sub-
tract the result of g from all

items

In mathematical notations, these operators are de-
fined as follows:

A
Z Xabe = X.bc = Z *abe @
a a=1
% Zbe= 2 Xabe ~ Fibe @)

The operators = and A will be applied sequentially
with regard to all factors A, B, and C. Upon the
completion of these operators, the storage array X
contains deviates to be used for analysis of variance
components in the subroutine MEANQ.

Subroutine AVCAL

Purpose:
Perform the calculus of a factorial experiment
using operator sigma and operator delta. This
subroutine is preceded by subroutine ADVAT
and followed by subroutine MEANQ in the per-
formance of analysis of variance for a complete
factorial design.

Statistics — Analysis of Variance 35
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Usage:
CALL AVCAL (K, LEVEL, X, L, ISTEP, LASTS)

Description of parameters:
K Number of variables (factors).
K must be greater than 1.

LEVEL - Input vector of length K containing
levels (categories) within each vari-
able,

X - Input vector containing data. Data

have been placed in vector X by sub-
routine AVDAT, The length of X is
(LEVEL(L)+ 1)*(LEVEL(2)+ 1)*...
*(LEVEL(K) + 1),

L - The position in vector X where the
last input data is located. L has
been calculated by subroutine
AVDAT,.

ISTEP - Input vector of length K containing
storage control steps which have
been calculated by subroutine
AVDAT,

LASTS - Working vector of length K.

Remarks:

This subroutine must follow subroutine AVDAT.

Subroutines and function subprograms required:
None.

Method:
The method is based on the technique discussed
by H. O. Hartley in 'Mathematical Methods for
Digital Computers', edited by A. Ralston and
H. Wilf, John Wiley and Sons, 1962, Chapter 20.

SURRUUTINE AVCAL (K LEVFL1XsLyISTEP,LASTS) aveaL
DIMENSTON LEVEL (L) XU1)oISTEPLT,LASTSIL) AVCAL

[4 CALCULATE THE LAST DATA PASITION OF EACH FACTNS AvVCAL
LASTS(1)=L+] AVCAL

DO 145 f22,X AVCAL

145 LASTSCII=LASTSUI- 11¢ISTEPLT} AVCAL
[3 PERFURM CAtCULUS DF OPFRATION AVCAL
150 DO 175 [=1,K AVCAL
L=1 Aveal

LL=1 avear |
SUM=0,9 avrar i
NN=LEVEL(T) AVCAL
FN=YN aveaL 13
INCRE=ISTERP(T) AVCAL 14
LAST=LASTSII) AVCAL 15

[4 SIAMA DPERATIIN AVEAL

155 D0 160 J=1,NN avcaL 17
AVCAL 18

aveat 19
avcaL 20

e R P

S

SUMsSUMeX(L)
160 L=LeINCRE
2ELIESUM
[4 DELTA DPERATIIN AvcaL 2y
D165 J=L,NN AVCAL 22

XTLLY=FNOX(LL)-SIW avecal
aveaL 24

SUM=0,9 aveal 25
1FIL-LASTY 1670 175, 175 AVCAL 26
167 TFIL-LASTeINCRE) 168, 169, LT3 aveat
16H L=L¢INCRE AVCAL
LL=LLOINCRE Aveal 23
G T 185 avrat 3r
177 L=LeINCRE#1-LAST aveat 31
LLZLL#INGRES1-LAST Aveat
50 TN 156 avear 33
175 CONTINUE avcal
RETURN AVC AL

ENT AVCAL 36

36

MEANQ

This subroutine performs the mean square operation
for the general k-factor experiment in the following
two steps:

1. Square each value of deviates for analysis of
variance stored in the array X (the result of the
operators T and A applied in the subroutine
AVCAI).

2. Add the squared value into summation
storage. In a three-factor experiment, for ex-
ample, the squared value is added into one of seven
storages (7 = 2% - 1) as shown in the first column of
Table 1. The symbols A, B, and C in the first col-
umn denote factor A, factor B, and factor C.

After the mean square operation is completed for
all values in the storage array X, the subroutine
forms sums of squares of analysis of variance by
dividing the totals of squared values by proper divi-
sors. These divisors for the three-factor experi-
ment mentioned above are shown in the second
column of Table 1, The symbols A, B, and C in the
second column denote the number of levels for each
factor.

The subroutine, then, forms mean squares by
dividing sums of squares by degrees of freedom.
The third column of the summary table shows the
degrees of freedom, The symbols A, B, and C de-
note the number of levels for each factor.

Table 1. Table Showing Summation Storages,
Divisors to Form Sum of Squares, and
Degrees of Freedom (Subroutine MEANQ)

Designation of Store Divisor Required to Degrees of Freedom
and of Quantity Con~ Form Sum of Squares Required to Form
tained in it of Analysis of Variance Mean Squares
(A)? ABC'A (A-1)
(B)2 ABC'B (B-1)
(AB)2 ABC-AB (A-1) (B-1)
(©) ABC-C (C-1)
(AC)2 ABC-AC (A=1) (C-1)
(BO)2 ABC*BC (B-1) (C-1)
(ABC)2 ABC- ABC (A=1) (B-1) (C-1)

Subroutine MEANQ

Purpose:
Compute sum of squares, degrees of freedom,
and mean square using the mean square opera-
tor. This subroutine normally follows calls to
AVDAT and AVCAL subroutines in the perform-
ance of analysis of variance for a complete fac-
torial design.

Usage:
CALL MEANQ (K, LEVEL,X, GMEAN, SUMSQ,
NDF,SMEAN, MSTEP, KOUNT, LASTS)
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Description of parameters:

K

LEVEL

GMEAN

SUMSQ

NDF

SMEAN

MSTEP
KOUNT
LASTS

Remarks:
This subroutine must follow subroutine AVCAL.

None.,

Method:
The method is based on the technique discussed
by H. O. Hartley in 'Mathematical Methods for
Digital Computers’, edited by A. Ralston and

H. Wilf, John Wiley and Sons, 1962, Chapter 20.

=
3

190
200

210
220

240
250
260

Number of variables (factors).

K must be greater than 1,

Input vector of length K containing
levels (categories) within each vari-
able.

Input vector containing the result of
the sigma and delta operators. The
length of X is (LEVEL(L)+ 1)*
(LEVEL(2)+ 1)*... *(LEVEL(K) + 1).
Output variable containing grand
mean,

Qutput vector containing sums of
squares, The length of SUMSQ is 2
to the K" power minus one,
(2**K)-1.

Output vector containing degrees of
freedom. The length of NDF is 2 to
the Kth power minus one, (2**K)-1,
Output vector containing mean
squares. The length of SMEAN is 2
to the K** power minus one, (2**K)-1.
Working vector of length K.
Working vector of length K.
Working vector of length K.

.~ Subroutines and function subprograms required:

SUBROUTINE MEANG (KsLEVE! .X1GMEAN sSUMSQ#NDF s SMEAN s MSTEP s KOUNT » MEANG 1
LASTS) MEANG 2

DIMENSION LEVEL[13sX(1)2SUMSQ(L)oNDF (1) ,SMEAN(L) JMSTER(L) s MEANG 3
1 KOUNT [1)+LASTS(1) MEANG 4
CALCULATE TOTAL NUMBER OF DATA MEANG S
N=LEVEL{1) MEANG &
00 150 1=2.k MEANO 7
NoN®LEVEL(T) MEANQ B
SET UP CONTROL FOR MEAN SQUARE OPERATOR MEANQ §
LASTS(1)=LEVEL{1) MEANC 10
0O 178 1824k MEANG 11
LASTS(I}=LEVELII) +1 MEANQ 12
NN=1 MEANG 13
CLEAR THE AREA TO STORE SUMS OF SQUARES MEANQ 14
Li=(2eek)=1 MEANG 15
MSTEP{1)=l MEANO 16
DO 180 [=2yK MEANO 17
MSTEP([)=MSTEP(I=1)%2 MEANQ 18
DO 185 [=lell MEANQ 19
SUMSQ11=040 MEANG 20
PERFORM MEAN SQUARE OPERATOR MEANG 21

DO 190 I=1eK MEANG 22
KOUNT(1)=0 MEANG 23
L=0 MEANQ 24
DO 260 l=14K MEANQ 25
IF(KOUNT(T)=LASTS(1)) 2104 2504 210 MEANQ 26
IF(L) 2204 2204 240 MEANQ 27
KOUNT (1) aKOUNTLT)+1 MEANC 28
TF(XOUNT{T)=LEVEL(I)) 230, 230, 250 MEANG 29
L=L+MSTER(T) MEANG 30
GO TO 260 MEANG 31
IF{XOUNT(1)=LEVELIT)) 230y 260 230 MEANQ 32
KOUNT (1) =0 MEANC 33
CONTINUE MEANG 34
IF(L) 285, 28RSy 270 MEANG 35
SUMSQIL )Y =SUMSQIL) +X [NN) #X LNN) MEANQ 36
NNaNN+1 MEANQ 37
GO TO 200 MEANQ 38
CALCULATE THE GRAND MEAN MEANG 39
FNaN MEANQ 40
GMEANaX (NN} /FN MEANC 41

CALCULATE FIRST DIVISOR REQUIRED TO FORM SUM OF SQUARES AND MEANG 42
DIVISORs WHICH 1S EQUAL TO DEGREES OF FREEDOMs REQUIRED TO FORMMEANGC 43

< MEAN SOUARES MEANG 44

DO 310 [=24K MEANO 45
310 WSTEP(1}=0 MEANG 46
NN=6 MEANG 47
MSTEP (1121 MEANG 48
320 WD1=1 MEANQ 49
Npzal MEANC 50
DO 340 I=1.K MEANG 51
IF(MSTEP(1)) 3304 340s 330 MEANG 52
330 ND1=NDI¥LEVEL{I) MEANQ 53
NO2=NDZ2#{LFVELIF}=1) MEANO 54
340 CONTINUE MEANQ 55
FN1akD1 MEANGMO1
FNLaFN#FN] MEANQMO2
FN2=ND2 MEANQ 57
NN=NN+1 MEANQ 58
SUMSO(NN) = SUMSQINN] /FNY MEANC 59
NDFINN) aND2 MEANG 60
SMEAN(NN1sSUMSQ (NN} /FN2 MEANQ 61
IFINN=LL) 345+ 370, 370 MEANQ 62
345 N0 360 314X MEANQ 63
IFIMSTER (1) 347y 3504 347 MEANG 64
347 VSTEO(1)=0 MEANC 65
GO TO 360 MEANQ 66
350 MSTEP(])a=] MEANQ 67
G0 10 320 MEANG 68
360 CONTINUE MEANO 69
370 RETURN MEANC 70
END MEANG 71

Statistics - Discriminant Analysis

In the Scientific Subroutine Package, discriminant
analysis is normally performed by calling the follow-
ing three subroutines in sequence:

1. DMATX - to compute means of variables in
each group and a pooled dispersion
matrix

2. MINV - to invert the pooled dispersion matrix

3. DISCR - to compute coefficients of discrimi-

nant functions and evaluate the func-
tions for each observation (individual)

Statistics — Discriminant Analysis 37
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DMATX

This subroutine calculates means of variables in ’
each group and a pooled dispersion matrix for the
set of groups in a discriminant analysis.

For each group k=1, 2, ..., g, the subroutine
calculates means and sums of cross-products of
deviations from means as follows:

Means:

M

ijk
z = i=1 1
T ()
where n = sample size in the kth group
j=1, 2, ..., mare variables

Sum of cross-products of deviations from means:

K _ -
S = {Sjl} = 2y R Ky mRg) @

where j

]

1,2, ..., m
£=12 ...,m

The pooled dispersion matrix is calculated as fol-
lows:

g
2 5%
D= __!Sff.l;..__....__.... (53)

g
2 k8
k=1

where g = number of groups

Subroutine DMATX

Purpose:
Compute means of variables in each group and a
pooled dispersion matrix for all the groups.
Normally this subroutine is used in the perform-
ance of discriminant analysis.

Usage:
CALL DMATX (K,M,N,X,XBAR, D, CMEAN)

Description of parameters:
K - Number of groups.

38

M - Number of variables (must be the
same for all groups).

N - Input vector of length K containing
sample sizes of groups.

X ~ Input vector containing data in the

manner equivalent to a 3-dimensional
FORTRAN array, X(1,1,1),
X(2,1,1), X(@3,1,1), etc. The first
subscript is case number, the sec-
ond subscript is variable number
and the third subscript is group
number. The length of vector X is
equal to the total number of data
points, T*M, where T = N(1)+ N(2)+
.o s +N(K).

XBAR - Output matrix (M by K) containing
means of variables in K groups.

D - Output matrix (M by M) containing
pooled dispersion,

CMEAN - Working vector of length M.

Remarks:
The number of variables must be greater than
or equal to the number of groups.

Subroutines and function subprograms required:
None.

Method;
Refer to 'BMD Computer Programs Manual’,
edited by W, J. Dixon, UCLA, 1964, and T. W.
Anderson, 'Introduction to Multivariate Statis-
tical Analysis', John Wiley and Sons, 1958,
Section 6.6-6. 8.

SUBROUTINE DMATX (KoMyNyXXBARD,CHEAN) OMATX L
DIMENSION N{1) X0 1) o XBARCE} DI 1)CHEANILY DMATX 2
MMeMoN DMATX 3
00 100 [=l4MM DMATX &
100 0(11=0.0 DMATX 5
CALCULATE MEANS DMATX &
N4z=0 omarx 7
L=0 oMATX 8
LN=0) OMATX 9
00 160 NG=I,K OMATX 10
N1=NING) omMATX 11
FN=NL DuaTX 12
DO 130 =N DMATX 13
LM=pMe] DMATX 14
XBAR(LM) 0.0 DMATX 15
DO 120 I=1,NL OMATX 16
Lelel DMATX 17

OMATX 18
oMATX 19
DMATX 20
OMATX 21
OMATX 22
oMATX 23
OMATX 24
DMATX 25
NZ=LMEANS S DMATX 26
CMEAN(J) =XILL)-X3 AR(N2) DMATX 27
LL=0 ONATK 29
00 150 Jxl,M OMATX 29
DO 150 JJy=l.# DMATX 30

120 XBARCLMI=XBARILM) #X (L)
130 XBAR(LM)=XBARILM) /FN
CALCULATE SUMS OF CROSS-PRNDUCTS OF DEVIATIONS
LMEANSLM-M
N 150 [=1,N1
LL=N4el-N1
ND 140 JaloM
LLsLLeNL

14¢

s

Li=tlel OwATX 31
150 DILLI=DILLISCHFAN [JIRCMEANLIJY DMATX 32
160 NesNo+N1OM DMATX 33

CALCULATE THE PGOLEO OISPERSION MATRIX DMATX 34

LLe-K OMATX 35

DO 170 I=1,K DMATX 36
170 LLsLLeNTT) OMATX 37
FNeLL DMATX 38
DO 180 fslyMM OMATX 39
1RO D{TY=DIT1/FN OMATX 40
RETURN DMATX &1
END DMATX 42
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DISCR

This subroutine performs a discriminant analysis by
calculating a set of linear functions that serve as
indices for classifying an individual into one of K
groups.

For all groups combined, the following are ob-
tained:

Common means:

g
2 " N
)'ZJ =E‘g—_ )
PO
k=1

where g = number of groups

j=1, 2, ..., mare variables

sample size in the Kt group

WF

ijk = mean of jth variable in K group

Generalized Mahalanobis D statistics, V:

m m g
V= ZZ dij E n ®ik - Xp) & - Xj)
i=1 j=1 k=1 @)
where d,, = the inverse element of the pooled dis-

persion matrix D

V can be used as chi-square (under assumption of
normality) with m(g-1) degrees of freedom to test
the hypothesis that the mean values are the same in
all the g groups for these m variables.

For each discriminant function kx =1, 2, ..., g,
the following statistics are calculated:

Coefficients:
Coin = Z i Fix @)
=1

where i =1, 2, ..., m

k

I

kx

Constant:
m m
o] = =1/2 X., X
o = V23 Y i1 %k X “)
=1 1=1
th . th .
For each i case in each k" group, the following

calculations are performed:
Discriminant functions:
m
f =
o = 20 SikSik * Cokn ®)
=1
where kx=1, 2, ..., g

Probability associated with largest discriminant
function:

P = L ®)

L g (fk* - fL)
% ¢
kx=1

where fL = the value of the largest discriminant
function

L = the subscript of the largest discrimi-
nant function

Subroutine DISCR

Purpose:
Compute a set of linear functions which serve as
indices for classifying an individual into one of
several groups. Normally this subroutine is
used in the performance of discriminant analy-

sis.
Usage:
CALL DISCR (K, M, N, X, XBAR, D, CMEAN, V,
C,P,1G)
Description of parameters:
K - Number of groups. K must be
greater than 1.
M ~ Number of variables.
N - Input vector of length K containing
sample sizes of groups.
X ~ Input vector containing data in the

manner equivalentto a 3-dimensional
FORTRAN array, X(1,1,1),
X(2,1,1), X(3,1,1), etc. The first
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subscript is case number, the sec-
ond subscript is variable number
and the third subscript is group
number. The length of vector X is
equal to the total number of data

points, T*M, where T = N(1)+ N(2)+

oo o T N(K).
XBAR -

Input matrix (M by K) containing

means of M variables in K groups.

CMEAN -
common means.

Input matrix (M by M) containing the
inverse of pooled dispersion matrix.
Output vector of length M containing

Output variable containing general-
ized Mahalanobis D-square.
Output matrix (M+1 by K) containing

the coefficients of discriminant

functions.

The first position of

each column (function) contains the
value of the constant for that func-

tion.

Output vector containing the proba-

bility associated with the largest
discriminant functions of all cases

in all groups.

Calculated results

are stored in the manner equivalent
to a 2-dimensional area (the first
subscript is case number, and the
second subscript is group number).
Vector P has length equal to the

total number of cases, T (T = N(1)+

N(2) +...+N(K)).

LG - Output vector containing the sub-
scripts of the largest discriminant
functions stored in vector P, The
length of vector LG is the same as
the length of vector P.

Remarks:

The number of variables must be greater than

or equal to the number of groups.

Subroutines and function subprograms required:

None.

Method:
Refer to 'BMD Computer Programs Manual',
edited by W, J. Dixon, UCLA, 1964, and T, W.
Anderson, 'Introduction to Multivariate Statis~
tical Analysis'!, John Wiley and Sons, 1958,

°

3

SUBRUUTENE DISCR (KyMyNyXyXBAR,DyCHEAN,ViCyPyLG)

DIMENSTON NIRJoX{ 10, XBARILIoDEL) sCMEANCE)SC UL 4PELI,LGLL)

CALCULATE COMYON MEANS

N1=N(1)

D0 100 132K
NLsNLeN{T)
FNT=NL

DO 110 I=l,%
PLIY¥=N(T)

DO 130 I=l,M
CHEAN( [ )20
Nisi-H

00 120 J21,K
NE=NLeM

120 CMEAN{I)=CMEANIT) #P1J) XBARINL)

40

DISCR 1
DISCR 2
oIscr 3
OISCR %
DISCR 5
DISCR 6
DISCR T
DISCR 8
arsce 9
DISCR 10
DISCR 11
ISCR 12
0ISCR 13
DISCR 14
OISCR 15

on

180

200

210
220

260
270

CMEANL L) =CMEANTT) /FN) DESCR 18
CALCULATE GENERALIZED MAMALANOBIS D SGUARE orsce 17
Le0 N1SCR 1A
DO 140 I=14K DISCR 19
00 140 J=1,M DISCR 29
LeL+l piscr 21
CIL)=XBAR{L)-CHEAN[JY pisce 22 o
v=0.0 DISCR 23 ‘53\
L=0 OISCR 24
00 160 J=14M DISCR 25
00 160 t=ln OISCR 26
NL=[-H DISCR 27
N2=J-M DIsCR 28
SUM=0.0 nIsce 29
00 150 [J=1,% DISCR 30
NlaNLen DIscR 31
NZ2=N2ed DISCR 32
SUM=SUMAP(TJISCINLISCINZ} DISCR 33
L=L+ 0ISCR 34
VaVeD(LISSUM DISCR 35
CALCULATE THE COEFFICIENTS OF DISCRIMINANT FUNCTIONS OISCR 36
N2=0 DISCR 37
00 190 KA=1,K DISCR 38
00 170 Ix1,M DISCR 39
N2aN2+L O1SCR 47
PLI)=XBAR(N2) DISCR ol
(Qe{Mel)s(KA=1}+1 o1SCP 42
SUM=0,0 nIsce 43
D0 180 J=1,M DISCR 44
Nl=J~ DISCR 45
DO 180 L=1,M DISCR 4
NL=NLeN DISCR 47
SUMaSUMSDINLI*PIJ)#PIL) DISCR 4R
CLIQ)=={SUN/2.0} OISCR 49
0N 190 I=l,M DISCR 50
N1si-¥ OISCR 51
1Q=10¢1 DISCR &2
€{1Q1=0.0 DISCR 53
00 190 J=1,M DISCR 54
NisNLeM DISCR 55
CE1Q)=CIIQI4DINLI *P(J) DISCR 56
FOR EACH CASE IN EACH GROUP, CALCULATE.. nIsce §7
DISCRIMINANT FUNCTIONS NISCR 54
LBASE=0 DISCR 59
NL=0 n1sCR 6D
00 270 KG=1,K ofsce 61
NNaN(KG) DIscR 62
D0 260 I=14NN nIsce 63
L= 1-NN+LBASE DISCR 64
B0 200 J=l.,M DISCR 45
L=LeNN nISCR 86
DLdIaxIL) DISCR &7
N2=0 DISCR 68
00 220 KA=l.K DISCR 69
N2=N2e L otscR 70
SUM=C(NZ) DISCR Tt
DO 210 JeleW DISCR 72
N2aN2+1 DIsCR 73
SUM=SUM+C IN2160(J ) DISCR T4
XBARIKA)SSUM oIsce 75
THE LARGEST DI SCRIMINANT FUNCTION DISCR 76
= oIsce 77
SUM=XRARIL) DISCR 78
D0 240 Ja2,K oIscr 79
IF(SUM-XBAR(JI) 230, 240, 240 01SCR An
L=y DISCR A1
SUM=XBAR(JY oIsce 82
CONT INUE nrsce 83
PROBABILITY ASSOCIATED WITH THE LARGEST NISCRIMINANT FUNCTION OISCR 44 4
PL=DLO 01SCR AS :
00 250 J=14K DISCR 86 T~
PL=PL+ EXP(XBAR(J)=SUM) OISCR 87
N1=NL+L DiIsCR A8
LGINL) =L DISCR A9
PINLI=1.0/PL 215CP 90
LBASE=LAASECNNEN DISCR 91
RETURN DIsCR 92
END DIscR 93
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Statistics - Factor Analysis

Factor analysis is a method of analyzing the inter-
correlations within a set of variables. It determines
whether the variance in the original set of variables
can be accounted for adequately by a smaller number
of basic categories, namely factors.

In the Scientific Subroutine Package, factor
analysis is normally performed by calling the fol-
lowing five subroutines in sequence:

1. CORRE - to find means, standard deviations,

and correlation matrix

2. EIGEN - to compute eigenvalues and associ-

ated eigenvectors of the correlation
matrix

3. TRACE - to select the eigenvalues that are

greater than or equal to the control
value specified by the user

4. LOAD - to compute a factor matrix

5. VARMX - to perform varimax rotation of the

factor matrix

The subroutine CORRE works in either of two
ways: (1) it expects all observations in core, or
(2) it triggers a user-provided input subroutine,
DATA, to read one observation at a time into a work
area. In either case, the user must provide a sub-
routine named DATA (see ''Subroutines Required" in
the description of subroutine CORRE),

TRACE

This subroutine finds k, the number of eigenvalues

that are greater than or equal to the value of a speci-

fied constant. The given eigenvalues A 1 A 91 cees

A m must be arranged in descending order.
Cumulative percentage for these k eigenvalues

are:

j
d, = A (1)
1TY o

i=1

where j = 1,2, ..., k

m = number of eigenvalues (or variables)

k

IA

m

Subroutine TRACE

Purpose:
Compute cumulative percentage of eigenvalues
greater than or equal to a constant specified by
the user. This subroutine normally occurs in a
sequence of calls to subroutines CORRE, EIGEN,
TRACE, LOAD, and VARMX in the performance
of a factor analysis.

Usage:
CALL TRACE (M, R,CON, K, D)

Description of parameters:

M - Number of variables.

R - Input matrix (symmetric and stored in
compressed form with only upper tri-
angle by column in core) containing
eigenvalues in diagonal. Eigenvalues
are arranged in descending order. The
order of matrix R is M by M. Only
M* (M+1)/2 elements are in storage.
(Storage mode of 1.)

CON - A constant used to decide how many
eigenvalues to retain, Cumulative
percentage of eigenvalues which are
greater than or equal to this value is
calculated,

K - Output variable containing the number
of eigenvalues greater than or equal to
CON. (K is the number of factors.)

D - Output vector of length M containing
cumulative percentage of eigenvalues
which are greater than or equal to CON.
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Remarks:
None.

Subroutines and function subprograms required:

None.

Method:

Each eigenvalue greater than or equal to CON is
divided by M and the result is added to the pre-
vious total to obtain the cumulative percentage

for each eigenvalue.

SUBROUTINE TRACE (MsR,CON¢K,D)
DIMENSION RI11,4BL1}
FMsN

L=0
DD 100 I=l.M
aLe

100 DEII=R(L)

TEST WHETHER 1-TH EIGENVALUE 1S GREATER
THAN OR EQUAL TO THE CONSTANT
DO LLO T=1,M
TFLDII)-CONY 120, 105, 105
105 Kek+l
110 DUTI=0tT)/FN
< COMPUTE CUMULATIVE PERCENTAGE OF EIGENVALUES
120 00 130 1s2K
130 D{1)=D{I)+D(I-1)
RETURN
ENO

ea

42

TRACE
TRACE
TRACE
TRACE
TRACE
TRACE
TRACF
TRACE
TRACE
TRACF 10
TRACE 11
TRACE 12
TRACF 13
TRACE 14
TRACE 15
TRACF 16
TRACE 17
TRACE 18
TRACE 19

P LI I

LOAD

This subroutine calculates the coefficients of each
factor by multiplying the elements of each normal- i
ized eigenvector by the square root of the corre-

sponding eigenvalue.

RN

@

where i= 1, 2, ..., m are variables

j=1, 2, ..., k are eigenvalues retained
(see the subroutine TRACE)

k<m

Subroutine LOAD

Purpose:

Compute a factor matrix (loading) from eigen-
values and associated eigenvectors. This sub-~
routine normally occurs in a sequence of calls
to subroutines CORRE, EIGEN, TRACE, LOAD,
and VARMX in the performance of a factor

analysis.
Usage:
CALL LOAD (M, K,R, V) Y
Description of parameters:
M - Number of variables.
K - Number of factors.
R - A matrix (symmetric and stored in com-
pressed form with only upper triangle by
column in core) containing eigenvalues in
diagonal. Eigenvalues are arranged in
descending order, andfirstKeigenvalues
are used by this subroutine. The order
of matrix R is M by M. Only M*(M+1)/2
elements are in storage. (Storage mode
of 1,)
V - When this subroutine is called, matrix V
(M by M) contains eigenvectors column-
wise, Upon returning to the calling pro- N
gram, matrix V contains a factor matrix
(M by K).
Remarks: :
None.

Subroutines and function subprograms required:

None.
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Method:

Normalized eigenvectors are converted to the
factor pattern by multiplying the elements of
each vector by the square root of the corre-
sponding eigenvalue,

SUBROUTINE LDAD [ MeK4RoV) Lnan

DN
L0
Ja=
oo

Jd=d

150 5Q=

00 160

160 V(L
RET

END

ENSTON REL),VE1) Lnan

1

2

3

0 s
160 J=14K LoaD S
Jed Loap 4

SQRT(REJIND tosp 7

121, Loap &
Q

"

ot
1aSQev(L) Lnan
URN

VARMX

This subroutine performs orthogonal rotations on a
m by k factor matrix such that:

mb 26 (26 -

J 1

is a maximum, where i = 1, 2, ..., mare variables,
i=1,2, ..., kare factors, a;; is the loading for
the itP variable on the jth factor, and hiz is the com-
munality of the itP variable defined below.

Communalities:

2 2

b= 20 Ay @
=1

wherei=1,2, ..., m

Normalized factor matrix;

2
bij = aij/ hi (3)

where i = 1,2, ..., m

1

I= 1,2, ...,k

Variance for factor matrix:

SR R AORCRIN

)
“)
where ¢ = 1, 2, ... (iteration cycle)
Convergence test:
=7
- <
If Vc Vc_1 <10 (5)

four successive times, the program stops rota-
tion and performs the equation (28). Otherwise,
the program repeats rotation of factors until the
convergence test is satisfied.

Rotation of two factors:
The subroutine rotates two normalized factors
(bsj) at a time. 1 with 2, 1 with3, ..., 1 with k,

2 with 3, ..., 2withk, ..., k-1 with k. This
constitutes one iteration cycle,
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Assume that x and y are factors to be rotated,
where x is the lower-numbered or left-hand factor,
the following notation for rotating these two factors
is used:

- _ F -
1N XN
Xy Yy X Y
ot cos¢  -sine]_ e
oL [si.u¢ cosd>]— . ©)
X ¥y X Y
m “m m m

where x; and y; are presently available normalized
loadings and X; and Y;, the desired normalized
loadings, are functions of ¢, the angle of rotation.
The computational steps are as follows:

A, Calculation of NUM and DEN:

>
]

PIRR AN IR A
i
B=2 Exi yi
i
c=3 [erme-wemy] o

i

[(xi + yi)' (%, - ) - 2%; Yi]

o
Il

LD DR ANCESARE A
i

NUM

]

D - 2AB/m
DEN = C -4[(A+ B) A-B)] /m
B. Comparison of NUM and DEN:
The following four cases may arise:
NUM < DEN, go to Bl below.

NUM > DEN, go to B2 below.

44

(NUM + DEN) > ¢*, go to B3 below.
(NUM + DEN) < ¢, skip to the next rotation. )
* ¢ is a small tolerance factor.
Bl: tan46 = |NUM|/|DEN | (®)
If tan46 < € and

(i) DEN is positive, skip to the next
rotation.

(ii) DEN is negative, set cos¢ =
sin¢ = (1/2)/2 and go to E below. .

If tan 40 2 e, cdlculate:

cos40=1/V1+ta.n240 ©)

sin4f = tan4@ - cos4é (10)
and go to C below.
B2: ctn46 = |NUM|/|DEN| (11)

¥ ctn40 < €, set cos46 = 0and
sind® = 1. Go to C below.

If ctndf 2 e, calculate: ""'i”\
sindf = 1/V1+ ctn® 48 (12)
cos4 @ = ctndf - sindd (13)
and go to C below,
B3: Setcos4f = sin4d = (+/2)/2 and go
to C below.
Determining cos 6 and siné:
cos28 = +/(L + cos46)/2 14)
sin28 = sin46/2cos28 (15) >
cosf = /(I + cos20)/2 (16)
sinf® = sin26/2cosé (17)
Determining cos ¢ and sin¢:
D1: If DEN is positive, set
cos¢ = cosé asy

Ex.1042 / Page 48 of 196
Cisco Systems, Inc.



(M‘\

sin¢ = sin g
and go to (D2) below.

If DEN is negative, calculate

(19) Subroutine VARMX

Purpose:
Perform orthogonal rotations of a factor matrix.
This subroutine normally occurs in a sequence

Vv VE 20 of calls to subroutines CORRE, EIGEN, TRACE,
cos ¢ = 7 cosf + 2 siné 0 LOAD, VARMX in the performance of a factor
analysis.
sin¢ = i—2—co:-:~li - ——Zsino (21)
2 2
Usage:
and go to (D2) below. CALL VARMX (M, K,A,NC,TV,H,F,D)
D2: If NUM is positive, set Description of parameters:
M - Number of variables and number of rows
coso = |cos ¢| (22) of matrix A.
; K - Number of factors.
sin¢ = |sin4>| (23) A - Input is the original factor matrix, and
output is the rotated factor matrix. The
and go to (E) below. order of matrix A is M by K,
NC - Output variable containing the number of
If NUM is negative, set iteration cycles performed.
TV - Output vector containing the variance of
cosd = |cos® | (24) the factor matrix for each iteration cy-
cle. The variance prior to the first
sing = -l sine| (25) iteration cycle is also calculated. This
means that NC + 1 variances are stored
E. Rotation: in vector TV, Maximum number of
iteration cycles allowed in this subrou-
X, = x cos ¢ + A sin¢ (26) tine is 50. Therefore, the length of
vector TV is 51.
Y, = x, siné + y; cos ¢ @7 H - Ou.tp‘ut vector of Ier.xg"th M containing the
i i original communalities,
F - Output vector of length M containing the
wherei=1, 2, ..., m final communalities.
D - Output vector of length M containing the
After one cycle of k(k - 1)/2 rotations is completed, differences between the original and
the subroutine goes back to calculate the variance final communalities.
for the factor matrix (equation 4).
s as Remarks:
Denormalization: If variance computed after each iteration cycle
aij = bij . hi (28) does not increase for four successive times,
the subroutine stops rotation.
where i =1, 2, ..., m
Subroutines and function subprograms required:
j=1,2, ...,k None.
Check on communalities:
k Method:
Final communalities fz - 3_2_ (29) Kaiser's varimax rotation as described in
14 4 'Computer Program for Varimax Rotation in
=1 Factor Analysis' by the same author, Educa-
Difference di _ hiz _ fiz (30) ;;r;z’ﬂ ;:fi;s;{ggg{ogmal Measurement, Vol,

wherei=1, 2, ..., m
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o

SUBROUTINE VARMX (MyKyAyNCsTVyH, FyD)

DIMENSION A{1},TVI{I) HULD,F{1),001)
INITIALIZAFION

EPS=0.00116

TVLT=0.0

LLek-1

NV=l

NC=0

FN=M

FENsFNSFN

CONS=0,7071066
CALCULATE DRI3INAL COMMUNALITIES

110 HEE)=H{T)ealL)*ALL)
4

CALCULATE NORMALIZED FACTOR MATRIX
00 120 fal,M

115 H{I)e SQRT(H(T}}

on 129 J4=1,%
L=M*(J=1)4+1

120 AtL)=, uu/mn

6o 10
cALcuLArE VARI ANCE FOR FACTOR WATRIX

14
130 NV=NVeL

TVLT=TVINV-1}

132 TVINVI=0,0

UD 150 Jul,K
AA=0,0
88=9.0
LR=4#L4-11
00 140 Is1,M
L=LBet
CC=afLieae}
AAzAASCL

140 88=BB+CCHCC
150 TVINVI=TVINV) + (FN#BB-AA®AA) /FFN

IFINV=51) 160, 430, 430
PERFORM CONVERGENCE TEST

160 IF({TVINY)-TVLT)-(1.E-7)) 170, 170, 190
170 NC=NC+1

IFINC~3) 190, 190, 430
ROTATION OF T40 FACTORS CONTINUES UP TOD
THE STATEMENT 120,

190 DO 420 J=l.LL

LizN*(J~1)
It=4el

CALCULATE NUM AND DEN
N0 420 Klall,K
L2=M*(K1~1)
AAs0.0
BB20.0
€C=0.0
DD=0.0
00 230 [=1yM
L3sL1el
La=L2¢41
U={AIL3}#A(LG) IS ALLI~ALLS}Y
T=A(L3)#A(LS)
ToT+T
CC=CLelusTI*(U-T)
nuramz.anunr

230 an- sor

*BB/FY

B cC- IAA'AA-BB.BE)IﬁN
COMPARISON NF NUM AND DEN

IF{T~B) 280, 240, 320

240 IFI(IOB) EPS} 42, 250, 2

50
+ DEN IS 3REATER THAN 7R EQUAL TD THE
TOLERANCE FACTOR

<
250 COS4T=CONS

SINGVSCONS
GO TO 350
NUM 1S LESS T4AN DFN

4
280 -TANGF= 4BSITI/ A3SIRY

IFLTANGT=EPS) 303, 290

90
290 C0S4T=1.0/ SQRT(1. OGTANAYOYAN‘U

SIN4T=TANATHCOSGT
GO TO 350

300 1F(B8) 310, 420, 420
310 SINP=CONS

CNSP=CONS
GO TD 400
NUM 1S GREATER THAN DEN

c
320 CTN4T= ABSIT/B)

[F(CTNGT-EPS) 347, 330, 330

330 SINGT=1,0/ SOQRT(L.0+CTN4TSCTNGT}

COS4T=CTNGTESINGT
GG TO 350

340 €NS4T=0.0

SIN&T=1.0
DEVERMINE CNS THETA AND SIN THETA

c
350 CDS2T= SQRTI(1.0¢COS4T)/2.0)

SIN2T=SINGT/{2.06C0OS2T)

355 COST= SORTI(1.042052T1/2.00

SINToSIN2T/12.0820ST}
DETERMINE COS PHI AND SIN PHT
1F(R) 370, 370, 360

360 COSP=CNST

SINP=SINT
60 TO 380

370 COSP=CONS*COST+CINSSSINT
375 SINP= ABSICONSSCIST-CANS#SINT)
380 IF(T) 390, 390, 400

Pa- s IND
L 390 SI“FEI!;L'&N ROYATION
400 DO 410 I=xl.N

L3aL1el

Le=L2
AA=ALL3I}SCOSPALL &) $SINP
A(L4)=—AIL3) ¢SIN? sAlL4)SCOSP

410 AlL3)=AA
420 CONTINUE

<

Q 130
DENORMALTZE VARINAX LOADINGS

430 00 €40 Is1yM

440 ATLI~ALL)®HIT)
4

HECK ON COMMINALITIES
NC=NV=1

00 .
450 N(u-HlncN(ll

470 I=1,H
FIII*0.0
DO 460 Jul,K
LaMel)-13+1

460 FIV=FLIDEATLI®ALL)
470 DITV=HITI-FLI)

46

END

VARNX
VARMX
VARNX
VARMX
VARMX
VARNX
VARMX
VARMX
VARMX
VARNX 10
VARMX 11
VARMX 12
VARMK 13
VARMX 14
VARMX 15
VARMX 16
VARNX 17
VARNX 18
VARMX 19
VARNX 20
VARMX 21
VARMX 22
VARMX 23
VARMX 24
VARNX 25
VARMX 26
VARMX 27
vaRMx 28
VAR®X 29
vaRMx 30
VARMX 31
VARMX 32
VARMX 33
VARMX 34
VARMX 35
VARMX 36
VARMX 37
VARMX 38
VARMX 39
VARMX 40
VARMX 41
VARMX 42
VARMX 43
VARMX 44
VARMX 45
VARMX 46
VARMX 47
VARNX 48
VARMX 49
VARMX 50
VARMX 51
VARMX 52
VARMX 53
VARMX 54
VARMX. 55
VARMX 56
VARMX 57
VARMX 58
VARMX 59
VARMX 60
VARMX 61
VARMX 62
VARMX 63
VARMX 64
VARMX 65
VARMX 66
VARMX 67
VARMX 63
VARMX 69
VARMX 70
VARMX 71
VARMX T2
VARMX T3
VARNX 74
VARMX 75
varux 76
VARMX 77
VARNX 78
VARNX 79
VARMX A0
VARMX BY
VARNX A2
VARNMX A3
VARMX 84
VARMX AS
VARNX 86
VARMX AT
VARMX AR
VARMX B9
VARMX 90
VARMK 91
VaRuX 92
VARMX 93
VARMX 9%
VARMX 95
VARMX 96
VARMX 97
VARNX 98
VARMX 99
VARMX100
VARMXEO1
VARMX102
VARMX103
VARMX104
VARMX10S
VARMX106

OB AL W~

VARMX107
VARMX] 08
VARMX109
VARMX110
VARMX111
VARMX112
VARMX113
VARMX116
VARMXLLS
VARMX116
VARMX11T
VARMX119
VARMX119
VARMX120
VARMX121
VARMXL22
VARMX123
VARMX124
VARMX] 25
VARMX126
VARMX]12T
VARMX128
VARMX129
VARMX130
VARMX131
VARNX132
varMx1ad

Statistics -~ Time Series

AUTO -

This subroutine calculates the autocovariances for
lags 0, 1, 2, ..., (L-1), given a time series of
observations Al, Ag, eeus A.n and a number L.

1 n-j+1
= 2 : - - AVER) (1 e
R, n-j+1 (Ai AVER) (Ai-r-j-l ) @
i=
1 n
where AVER = ey Z Ai
i=1
n = number of observations in time
series A.
j=1, 2,3, ..., L represent time lags
0,1, 2, ..., (L-1).
Subroutine AUTO
Purpose: o
To find autocovariances of series A for lags 0 to R
L-1,
Usage:

CALL AUTO (A, N, L, R)

Description of parameters:

A - Input vector of length N containing the
time series whose autocovariance is de-
sired.

N - Length of the vector A.

L - Autocovariance is calculated for lags of 0,
1, 2,..., L-1.

R - Output vector of length L containing auto-
covariances of series A.

Remarks:
The length of R is different from the length of A.
N must be greater than L. Otherwise, R(l) is
set to zero and this routine exits.

Subroutines and function subprograms required:
None.

Method:
The method described by R. B, Blackman and
J, W, Tukey in The Measurement of Power
Spectra, Dover Publications, Inc., New York, ”m”)
1959,
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SUBROUTINE AUTO (AsNeLeR) AUTo 1 CROSS
DIMENSION A{1)eRI(1) AUTO 2 —
CALCULATE AVERAGE OF TIME SERIES A :3;3 2
AVER®0e0 s ry
so FE1NLT 801301200 T s This subroutine calculates the crosscovariances of
100 56 110 ta1eM ugg nb series B lagging and leading A, given two time
110 AVER=AVER4A(I) :
AVERSAVER/FN :S;g ; s?rles Al’ AZ’ tee An and B]_v Bz, seey Bn and
CALCULATE AUTOCOVARIANCES AUTO 11 glven a number L.
DO 130 J=lsl AUTO 12
NJsN=J+1 AUTO 13
SUM=0.0 Au;g :4;
DO 120 I=1sNJ AU
120 ;d;:;d;ilulI~AVERN1AUJ)-AVEM :3‘7‘8 M(lJ: (a) B lags A:
FNJ=NJ AUTO 18
130 R{J}aSUM/FNJS :3;3 Mg:
:.5;“" AuTO 21 n-j+1
2
R; = —— A; = AVE Bipi_1 -
e (Aj - AVERA) (Bj+j-1 - AVERB)
i=
(1)
(b) B leads A:
: 2
n-j+1 @)
1
Sj = a1 z (Ai+j-1 - AVERA) (Bj - AVERB)
i=1
1 &
where AVERA = = z A,
n 1
i=1
1 n
AVERB = — Z B,
n i

i
1
g

n = number of observations in each
series.

j=1, 2, ..., L represent time lags
(or leads) of 0, 1, 2, ..., (L-1).

Subroutine CROSS

Purpose:
To find the crosscovariances of series A with
series B (which leads and lags A).

Usage:
CALL CROSS (A,B,N, L, R, S)

Description of parameters:

A - Input vector of length N containing first
time series.

B - Input vector of length N containing second
time series.

N - Length of series A and B.

L - Crosscovariance is calculated for lags and
leadsof 0, 1, 2,..., L-1.
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R - Output vector of length L containing cross- SMO
covariances of A with B, where B lags A. T
S =~ Output vector of length L containing cross-  This subroutine calculates the smoothed or filtered -
covariances of A with B, where B leads A.  series, given a time series Ay, Ag, ..., Ap, a se- \
lection integer L, and a weighting series Wy, Wy,

W
cees Wope
Remarks:
N must be greater than L, I not, R(l) and S(1)
are set to zero and this routine exits. R, = 2 : A o W, e}
1 p )
. . . =1
Subroutines and function subprograms required: 1
None. .
where p=j L - L+ k
k=i-IL+1
Method:
The method is described by R, B, Blackman i= ILto IH
and J, W, Tukey in The Measurement of Power
Spectra, Dover Publications, Inc., New York, L(m-1)
1959. IL=———+1 @)
SUBROUTINE CROSS (AsBaNsLsRIS) CROSS 1
DIMENSION A(11+8(1)sR(1)4S(1) CrROsS 2 L(m-l)
< FN.:AL:ULHE AVERAGES OF SERIES A AND 8 c:ass 3 IH=n- ——= (3)
RVERA=0.0 cross 5 2
AVERB=0.0 CROSS &
1F(N=L150+50+100 CROSSMOL
50 R(1)=0.0 CROSSMO2 : s .
stidenio crossuo L = a given selection integer. Forexample,
. > . . th :
102 5§=§§3~ T CRossHos L = 4 applies weights to every 4*" item
e bl o of the time series.
AVERB=AVERB/FN CROSS 11
C CALCULATE CROSSCOVARTANCES OF SERIES A AND B CROSS 14
NO 130 Joleb CROSS 15 s
it Saoss 18 m = number of weights, Must be an odd
?,‘,;”ig%:g,hm §§g§§ 1 integer. (If m is an even integer, any )
SUMRESUMR+ (AL 1) =AVERA) # (911 =AVERB) Eagiin& fraction resulting from the calculation S
120 é;:jf;‘SJUMSHA(IJ)-AVFHAIGKB(H-AVERBI g:gg:r«g; L m 1)
130 5021 -Soma N Crosans of —(———2 in (2) and (3) above will be
CROSS 26
END CROSS 27 truncated.

n = number of items in the time series.

From IL to IH elements of the vector R are filled
with the smoothed series and other elements with
Zeros.

Subroutine SMO

Purpose:
To smooth or filter series A by weights W,

Usage:
CALL SMO (A,N,W,M, L,R) 3

Description of parameters:
A - Input vector of length N containing time
series data.
N - Length of series A.
W - Input vector of length M containing weights.

48
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M - Number of items in weight vector. M
must be an odd integer. (I M is an even
integer, any fraction resulting from the
calculation of (L*(M-1))/2 in (1) and (2)
below will be truncated. )

L - Selection integer. For example, L=12
means that weights are applied to every
120 item of A, L=1 applies weights to
successive items of A, For monthly data,
L=12 gives year-to-year averages and
L=1 gives month-to-month averages.

R - Output vector of length N, From IL to IH
elements of the vector R are filled with the
smoothed series and other elements with
zero, where

IL= (L*M-1))/2+1 vevavinnes (1)
TH=N-(L*(M-1))/2 ¢eevueeses (2)

Remarks:
N must be greater than or equal to the product of
L*M.

Subroutines and function subprograms required:
None.

Method:
Refer to the article '"FORTRAN Subroutines for
Time Series Analysis', by J. R, Healy and B. P,
Bogert, Communications of ACM, V.6, No. 1,
Jan., 1963.

SUBROUT INE SHO {4 \NeWe™yLoR) SMo 1
OIMENSION A11)1,Wt 1) RULY SN 2

[4 INITIALLIZATION SMO 3
DO - 110 Iat,N SHO -

110 R(11=0.0 sM0. S
ILs(LetM-1117242 SM0 6
[HeN-(L*tM=1))/2 SM0 7

(4 SMOOTH SERTES A BY WEIGHTS W SMO B
00 120 I=iLyIH SKMO 9
Kal-lLel S0 10

D0 120 J4=1,M SK0 11
IPatysL)-Lex S0 12

120 RUIVREIIALIPISN(J) sk0 13
RETURN SMO 14

END sM0 15

EXSMO

This subroutine calculates a smoothed series 51,
Sz, cees SNX’ given time series Xl, X2, ooy XNX
and a smoothing constant «. Also, at the end of the
computation, the coefficients A, B, and C are given
for the expression A + B(T) + C(T)2/2. This ex-~
pression can be used to find estimates of the smoothed
series a given number of time periods, T, ahead.

The subroutine has the following two stages for
i=1, 2, ..., NX, starting with A, B, and C either
given by the user or provided automatically by the
subroutine (see below).

(a) Find 8; for one period ahead
S, = A+ B+ .5C @)

(b) Update coefficients A, B, and C

A=X+ @-a) ®, - %) @)

B=B+C-L15(d) @-0) 6, -X) @)
3

C=C-(a)-X) 4)

where @ = smoothing constant specified by the user
0.0 < @ <1,0).

If coefficients A, B, and C are not all zero (0.0),
take given values as initial values, However, if
A =B = C= 0.0, generate initial values of A, B,
and C as follows:

C =X -2%,+ X, (5)
B = X, -X, -1.5C | )
A =X -B-0.5C )

Subroutine EXSMO

Purpose:
To find the triple exponential smoothed series S
of the given series X.

Usage:
CALL EXSMO (X,NX,AL,A,B,C,S)

Description of parameters:
X - Input vector of length NX containing
time series data which is to be ex-
ponentially smoothed.

Statistics — Time Series 49
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The number of elements in X,
Smoothing constant alpha. AL must
be greater than zero and less than
one.

Coefficients of the prediction equa-

tion where S is predicted T periods

hence by
A + B*T + C*T*T/2.

As input: If A=B=C=0, program
will provide initial values.
Ifatleastone ofA,B,C is
not zero, program will
take given values as initial
values.

As output: A, B,C, containlatest, up-
dated coefficients of pre-
diction.

Output vector of length NX contain-

ing triple exponentially smoothed

time series.

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
Refer to R. G. Brown, 'Smoothing, Forecasting
and Prediction of Discrete Time Series',
Prentice-Hall, N.J., 1963, pp. 140 to 144,

SUBROUTINE EXSMO (XsNXsALsA+B4CsS)
DIMENSION X{13sS(1)
4 IF AsB=Ce040s GENERATE INITIAL VALUES OF As By AND C
IFIA) 140v 110+ 140
110 IF(B) 140y 120¢ 140
120 IF(C) 240+ 130s 140 EXSMO &
130 Llel
L2=2
L3e3
CoXiL1)=240%X{LZI+AIL3)
BexXiL2}=X(L1)=1e50C
AsX1L1)=B=0¢59C
BEele0=AL
BECUB=BESBE*BE
ALCUBSAL®AL®AL
c DO THE FOLLOWING FOR [=1 TO NX
DO 150 l=1sNx
< FIND S(1) FOR ONE PERIOD AHEAD
S11sA+B+0454C
c UPDATE COEFFICIENTS As Bs AND C
DIFaStI)=x(1)
A=X{11+BECUB®DIF
D=B+C=1a5%ALRAL#(240=AL) #DIF
150 CaC-ALCUBSDIF ExXSMO 21
RETURN EXSMO 22
END EXSMO 23

EXSMOMO2
EXSMOMO3
EXSMUMOS
EXSMOMOS
EXSMOMO6
EXSMO 10
ExsMo 11
EXSMU 12

14

&

EXSMO 17
EXSMO 18
EXSMO 19
EXSMO 20

50

Statistics - Nonparametric

CHISQ

This subroutine calculates degrees of freedom and
chi-gquare for a given contingency table A of ob-
served frequencies with n rows (conditions) and m
columns (groups). The degrees of freedom are:

df. = @-1) (m-1) )

If one or more cells have an expected value of less
than 1, chi-square is computed and the error code
is set to 1. *

The following totals are computed:

m
T, = Z Aij;i= 1, 2, ..., n (row totals)  (2)
=1
n
T, = s i= ‘e
j Z Aij,] 1, 2, , m (column totals)
i=1 3)
n
GT = 3 1, (grand total) @
i=1
Chi-square is obtained for two cases:
(a) for 2 x 2 table:
Ar1hgs ~Ap Ay ar )2
a 9T "2
x =
A
Byt A g+ ApdA 1+ Ag HA g+ Ag))
(5)
(b) for other contingency tables: X
2
A.-~-E
2 ( ij ij}
X = E, ) .
i=1 j=1 J
TiTj
where Ei' =—GT
i=1,2,...,n
i=1,2,....m :
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Subroutine CHISQ

Purpose:

Compute chi-square from a contingency table.

Usage:

CALL CHISQ(A, N, M, CS, NDF, IERR, TR, TC)

Description of parameters:

A

N

M

CSs
NDF
IERR

TR
TC

Remarks:

Input matrix, N by M, containing con-
tingency table.

Number of rows in A.

Number of columns in A,

Chi-square (output).

Number of degrees of freedom (output).
Error code (output):

0 - Normal case.

1 - Expected value less than 1.0
in one or more cells,

3 - Number of degrees of freedom
is zero.

Work vector of length N.
Work vector of length M.

Chi-square is set to zero if either N or M is one
(error code 3).

Subroutines and function subprograms required:

None.

Method:

Described in S. Siegel, '"Nonparametric Statis-
tics for the Behavioral Sciences', McGraw-Hill,
New York, 1956, Chapter 6 and Chapter 8.

SUBROUTINE CHISOUAMNIMICSINDF o+ IERRITRITC) CHlsa 1
OIMENSION AL1}sTRI1)ITCI2) cWise 2
RMen®) Cniso 3
1ERR=D CHISG 4«
CS=0.0 CHise 5
FIND DEGREES OF FREECOM CHISQ 6
NDF®(N=1)®(H=1) cHisa 7
IFINDF) 545110 CHisa 8

3 1ERR=3 CHISO 9
RETURN cnisuw 10
COMPYTE TOTALS OF ROWS CHisG 25

10 DO 90 I=laN CHISQMOY
TRi1)=0e0 cHise 27
lJ=l=N CHISQ 28

00 90 JelsM cHise 29
1Js1JeN CHISG 30

90 TRUII#TRIT)*AL1I) CHISG 31
COMPUTE TOTALS OF COLUMNS Cise 32

1J=0 CHiSQ 33

00 100 JeleM CHISG 34
TCiJ1=0e0 CHISG 35

DO 100 IslsN CHISO 36
1d=lJel CHISa 37

100 TCIJIeTCIII*AL L) CHisQ 38
< COMPUTE GRAND TOTAL CH1sa 39
GT=040 CHISQ %0

00 110 lsleN CHISQ 61
110 GTeGTeTRIL) CHISQ 62
3 COMPUTE CWI SGUARE FOR 2 BY 2 TABLE (SPECIAL CASE) CHISU @3
IF(NM=6) 13001204130 CHISQ w6

120 L1=1 CHI5QNOe
L2s2 CH15QM05
L3e3 CH1SGMO6
Lans CHISGMOT
CS=GT®(ABS(AILLISAILGI=ALL21#AIL3) 1=GT/2401€082/(TCILLIOTCIL2) CHISQMOB
1eTRILLITRIL2Y) CHISGMOS
RETURN CHISY &7

1€1€=1,0) 135 140¢ 140

CSeCS*LALIJI=EI*tALINI=EN/E

COMPUTE CHI SQUARE FOR OTHER CONTINGENCY TABLES CHISO 48

CHISQ 49
CHlsQ 50
CHISO 51
CHISO 82
CHisQ 53
CHISQMO2
CHISQM03
CHISO B4
CH1SQ 5%
CHISQ 56
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UTEST

This subroutine tests whether two independent groups
are from the same population by means of the Mann-
Whitney U-test, given an input vector A with smaller
group preceding larger group. The scores for both
groups are ranked together in ascending order. Tied
observations are assigned the average of the tied
ranks.

The sum of ranks in the larger group, R2, is cal-
culated. The U statistic is then computed as follows:

n, (n2 + 1)
U = n; n, +——2 - R2 1)
where n, = number of cases in smaller group
n, = number of cases in larger group
= - 1
8] n, n, U
ifU'< U, setU = U 2)

A correction factor for ties is obtained:

t3 -t
T=3 @
where t = number of observations tied for a given
rank

The standard deviation is computed for two cases:

(a) fT=0

B o, n, (n1+n2+ 1) .
s = B 4

(b) E£T>0

B nl n, N3 -N )
- J(N(N—l)) ( 12 )

where N = total number of cases (n1 + n

5)
The significance of U is then tested:

_U-X
Z=— 6)

n.n

172

where X = mean =

Z is set to zero if n, is less than 20.

52

Subroutine UTEST

Purpose:
Test whether two independent groups are from
the same population by means of Mann-Whitney
U-test.

Usage:
CALL UTEST(A,R,N1,N2,U, Z)

Description of parameters:

A - Input vector of cases consisting of two
independent groups. Smaller group pre-
cedes larger group. Length is N1+N2,

R - Output vector of ranks. Smallest value
is ranked 1, largest is ranked N. Ties
are assigned average of tied ranks.
Length is N1+N2.

N1 - Number of cases in smaller group.

N2 - Number of cases in larger group.

U - Statistic used to test homogeneity of the
two groups (output).

Z - Measure of significance of U in terms of

normal distribution (output).

Remarks:
Z is set to zero if N2 is less than 20,

Subroutines and function subprograms required:
RANK
TIE

Method:
Described in S. Siegel, 'Nonparametric Statis-
tics for the Behavioral Sciences', McGraw-Hill,
New York, 1956, Chapter 6.

SUBKOUTINE UTFST{A,RNLoNZ,UsZ) UTEST

1

DIMENSICN A{1)4RL1) UTEST 2

c RANK SCORES FROM BOTH GROUP TOGETHER IN ASCENDING ORDER, ANO  UTEST 3
4 ASSIGN TIED CASERVATIONS AVERAGE OF TIFD RANKS UTEST &
NxNL1#N2 UTEST 5

CALL RANK{AJR4N} UTEST &

120.0 UTEST 7

3 SUM RANKS IN LARGFR GRAUP UTEST 8
R220,0 UTEST 9
NPaNLe1 UTEST 10

B0 L0 [=NP,N UTEST 11

10 R2=R2+R{1Y UTEST 12

4 CALCULATE U UTEST 13
FNX=N]ON2 UTEST L&

FNan UTEST 15
FN22N2 UTEST 16
UP=FNX4FN2% ([FN2+1.00/2.01-R2 UTEST 17
U=FNX-UP UTEST 18
TFLUP-U) 20430432 UTFST 19

20 UsUP UYEST 20

c TEST FOR N2 LESS THAN 20 UTFST 21

30 IFIN2-20) 80440440
c COMPUTE STANDARD DEVIATION 3
40 K¥=] UTEST 24
CALL TEE(RyNyKT,TS)
[F{TS} 50,60,50
50 SaSORTL(FNX/{FNO{FN=1,0)))8{ (LI FNOFNOFN-FN}/12,03=TS))
G0 To 70 UTEST 2a
60 S=SQRTIFNX®(FN+1.01/12.0)
c COMPUTE 2
70 2={U-FNX*0.5]1/S
80 RETURN
END UTEST 33
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TWOAV SUBROUTINE TWOAV (AR eNeMyWyXR,NDF 4 NR) THOAV }

DIMENSION AfL11,R1 1)W1} THDAY 2
c DETERMINE WHETHER DATA 1S RANKED ('H?’AA“JI :
IFINR-1) 10, 30, 10 W
ThiS Sub]’.‘Outine determmes the Friedman tWO-Way g ::N:IEAD':A:{: EACH GROUP AND ASSIGN TIED NBSERVATINNS AVERARE i:lg’s: {5;
. s . s :. LO DO 20 I=1,N WOAV
analysis of variance statistic, given a matrix A with aei-n noay 2
n rows (groups) and m columns (cases). Data in o ts gt THoay to
each group is ranked from 1 to m. Tied observations B A A e 1o Ty 12
s B0 20 J=1.M THOAV 16
are assigned the average of the tied ranks. e Tuosy 15
WaMeJ
The sum of ranks is calculated: 20 RUiKr (1) Taay 17
30 NM=NeY Twoav 19
DD 32 [=1,NM TWOAV 20
R = TWOAV 21
[ * “(’2‘:(‘:&1!'5 SUM OF SQUARES (F SUMS OF RANKS r:n:v 5?.
R, = A (1) > e >’ Tunay pe
j i o o
=1 . e
%0 ATsamTieRTeRt TwoAv o1
. . . . 4 CALCULATE FRIZDMAN TEST VALUE, XR TWOAY 31
Friedman's statistic is then computed: Ehee (Ko 1) Tuosy 37
XR={12.0/(FMSFNM) ) SRTSQ~3,N*FNM TWNAV &
14 FIND DEGRFES IF FRFEQOY THNAV 135
NDF=M=-1 THNAV 36
2 12 o 2 e AN
v s
X =———— (R,) - 3n(m+ 1) (2)
r nm(m+1l) j

=1
The degrees of freedom are:

df=m-1 (3)

Subroutine TWOAV

Purpose:
Test whether a number of samples are from the
same population by the Friedman two-way
analysis of variance test.

Usage:
CALL TWOAV(A,R,N, M, W, XR, NDF, NR)

Description of parameters:
A - Input matrix, N by M, of original data.
R - Output matrix, N by M, of ranked data.
N - Number of groups.
M - Number of cases in each group.
w ~ Work area of length 2*M.
XR - Friedman statistic (output).
NDF - Number of degrees of freedom (output).
NR - Code: 0 for unranked data in A; 1 for

ranked data in A (input).

Remarks:
None.

Subroutines and function subprograms required:
Rank.,

Method:
Described in S, Siegel, 'Nonparametric Statis-
tics for the Behavioral Sciences', McGraw-Hill,
New York, 1956, Chapter 7.
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QTEST

This subroutine determines the Cochran Q-test
statistic, given a matrix A of dichotomous data with
n rows (sets) and m columns (groups).

Row and column totals are calculated:

Aij (row totals) 1)

'_'r'
]
. ME

[
-y

J
wherei= 1,2, ..., n

n
Gj = E Aij (column totals) )

i=1
where j= 1,2, ..., m

The Cochran Q statistic is computed:;

m 9 m 2
m-1) |m G, - G,
-1 Jm 37 & - [ 2.
j=1 j=1
Q= Jn n : @)
2
DO IED IR
i=1 i=1
The degrees of freedom are:
df=m-1 )

Subroutine QTEST

Purpose:
Test whether three or more matched groups of
dichotomous data differ significantly by the
Cochran Q-test.

Usage:
CALL QTEST(A, N, M, Q,NDF)

Description of parameters:

A - Input matrix, N by M, of dichotomous
data (0 and 1).

N - Number of sets in each group.

M - Number of groups.

Q - Cochran Q statistic (output).

NDF - Number of degrees of freedom (output).

Remarks:
M must be three or greater.

54

Subroutines and function subprograms required:
None.

Method:
Described in S. Siegel, 'Nonparametric Statis-
tics for the Behavioral Sciences', McGraw~Hill,
New York, 1956, Chapter 7.

SUBROUT INE QVEST( AsN,MeQyNDF) QTEST 1
DIMENSION A(1) QUEST 2

[4 COMPUTE SUM OF SQUARES OF ROW TOTALS, R$SQ, AND GRAND TNTAL 0OF QTEST 13
c ALL ELEMENTS, GD OTEST &
RSQ=0.0 QTEST 5
GD=0.0 QTEST &

00 20 t=1,N QTESY 7
TR=0.0 QTESY 8
1=1-N QTEST 9

DO 10 J2l4M QTEST 10
Las1Jen QTEST 11

10 TR=TR+A(1J) QUEST 12
GD=GO¢TR QTEST 11

20 RSQ=RSQ4TReTR QTEST 14

c CONPUTE SUM OF SQUARES DF COLUMN TOTALS, CSQ QTEST 13
€5Q=0.0 QTEST 16

14=0 QFEST 17

B0 40 J=l,M QTESY 18
TC=0.0 QFEST 19

00 30 I=1,N ATEST 20
1aeiJel QTEST 21

30 TCeTCeALLJ) QTEST 22

40 C5QCSQeTCeTC QTFST 23

c COMPUTE COCHRAN Q TEST VALUE QTESY 28
FMaM QTEST 25
Qu{FM=1.0)%(FMOC5 Q-GD*GD) /| FM*GO-RSQ) QTEST 26

[4 FIND OEGREES OF FREEODM QTESF 27
NOF=M-1 QTEST 28
RETURN QTEST 29

END QTEST 30

=

‘D
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SRANK

This subroutine measures the correlation between
two variables by means of the Spearman rank
correlation coefficient, given two vectors of n
observations for the variables.

The observations on each variable are ranked
from 1 to n. Tied observations are assigned the
average of the tied ranks.

The sum of squares of rank differences is calcu-
lated:

n 2
D=3 @-38) )
i=1

where Ai = first ranked vector
Bi = second ranked vector
n = number of ranks

A correction factor for ties is obtained:
3
t -1
Ty = Z 12
3
t -t
Ty = E 12

where t = number of observations tied for a given
rank

over variable A

@)

over variable B

The Spearman rank correlation coefficient is then
computed for the following two cases:

(a) if Ta and Tb are zero,
_ 6D
T, = 1- 3 (3)
n -n

M) if Ta and/or Tb are not zero,

_X+Y-D

I @
2 \/XY
n3 -n
where X = T Ta (5)
n3 -n
Y=—p—-Ty (6)

The statistic used to measure the significance of rg is:

t = rs _n_-zz_ (7)
1 -
s
The degrees of freedom are:
df. = n-2 (8)

Subroutine SRANK

Purpose:
Test correlation between two variables by means
of Spearman rank correlation coefficient.

Usage:
CALL SRANK(A, B, R, N, RS, T,NDF, NR)

Description of parameters:

A ~ Input vector of N observations for first
variable.

B - Input vector of N observations for sec-
ond variable.

R - Output vector for ranked data, length is

2*N. Smallest observation is ranked 1,
largest is ranked N, Ties are assigned
average of tied ranks.

N - Number of observations.

RS -~ Spearman rank correlation coefficient
(output).

T - Test of significance of RS (output).

NDF - Number of degrees of freedom (output).
NR - Code: 0 for unranked data in A and B;
1 for ranked data in A and B (input).

Remarks:
T is set to zero if N is less than ten.

Subroutines and function subprograms required:
RANK
TIE

Method:
Described in S, Siegel, 'Nonparametric Statis-
tics for the Behavioral Sciences', McGraw-Hill,
New York, 1956, Chapter 9.

SUBKOUTINE SRANK{A#BsRyNIRSsTINDF +NR) SRANK L
DIMENSION A{1)+811)sRE1} SRANK 2

O=N SRANKMOL
FANN=D#O#D=D SRANKMO2

< DETERMINE WHETHER DATA IS RANKED SRARK &
IFINR=1) 8§ 10v S SRANK
RANK DATA IN A AND B VECTORS AND ASSIGN TIED OBSERVATIONS SRANK
AVERAGE OF TIED RANKS SRANK

5 CALL RANK (AsReN) SRANK.

An
®~wow
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55
57

70

ec

CALL RANK {BsR(N+1}sN}
GO TO &0
MOVE RANKED DATA 7O R VECTOR

0O 30 I=1sN
Jal4N
RtJI=BLI)
COMPUTE SUM OF SQUARES OF RANK DIFFERENCES
Da0e0
DO 50 I=1sN
JrleN
0=D+(REII=REJIIRIRITI~RIJII
COMPUTE TIED SCORE INDEX
KTal
CALL TIE (ReNIKToTSA?
CALL TIE (RIN+1)sNIKT4TSB)
COMPUTE SPEARMAN RANK CORRELATION COEFFICIENT
IF(TSA} 60155,60
IF(TSB) €045760
RS=140=6+0#D/FNNN
Ge TO 70
X=FNNN/12¢0=TSA
YsX+T5A-TS8
RSE (X+Y=D)/(240#(SARTIX*Y 1)
COMPUTE T AND DEGREES OF FREEDOM IF N 15 1J OR LARGER
12040
1FIN=10) BC+75475
T=RS#SART{FLOAT (N=21/{1+0=R5*RS1)
NDF fi=2
RETURN
END

KRANK

The subroutine computes the Kendall rank correla-
tion coefficient, given two vectors of n observations
for two variables, A and B. The observations on

each variable are ranked from 1 to n.

tions are assigned the average of the tied ranks.

Ranks are

sorted in sequence of variable A.

A correction factor for ties is obtained:

T = Z t—(fz_—l) for variable A

_ t-1) .
Tb = Z — for variable B

Tied observa-

M)

where t = number of observations tied for a given

rank

The Kendall rank correlation coefficient is then
computed for the following two cases:

(a) if Ta and Tb are zero,

—_5
1
20 n-1)

number of ranks

@)

total score calculated for ranks in vari-

able B as follows:
turn, add 1 for each larger rank to its
right, subtract 1 for each smaller rank
to its right.

®) if Ta and/or T, are not zero,

T =

b

S

J-;—n (@-1) - T, J%n(n—l) -,

selecting each rank in

@

The standard deviation is calculated:

2(2n+5)

*“ Yon@m-1) @
The significance of 7 can be measured by:

- 5
z == (5)
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Subroutine KRANK

Purpose:

Test correlation between two variables by means
of Kendall rank correlation coefficient.

Usage:

CALL KRANK(A, B, R, N, TAU, SD, Z, NR)

Description of parameters:

R - Output vector of ranked data of length
2*%N. Smallest observation is ranked 1,
largest is ranked N, Ties are assigned
average of tied ranks.

N - Number of observations.

TAU - Kendall rank correlation coefficient
(output).

SD - Standard deviation (output).

Z - Test of significance of TAU in terms of
normal distribution (output).

NR - Code: 0 for unranked data in A and B;
1 for ranked data in A and B (input).

Remarks:

A -
variable.
]3 -
ond variable.

SD and Z are set to zero if N is less than ten.

Subroutines and function subprograms required:

RANK
TIE

Method:
Described in S. Siegel, 'Nonparametric Statis-

aa

ano

w

10
20

I
&

»
B

tics for the Behavioral Sciences', McGraw-Hill,

New York, 1956, Chapter 9.

SUBROUTINE KRANK( AyRyR,NeTAUSD,Z¢NRY
DIMENSTGN A11)¢B111,R11Y
5D29.0
1=0.0
FNaN
FNL=N®{N-1)
DETERMINE WHETHER DATA IS RANKED
{FINR=1} S5y 10y
K DATA IN & AND B VECTORS AND ASSIGN TIED OBSERVATLONS
AVERAGE OF TICD RANKS
CALL RANK {A,R.N}
CALL RANK (B,RIN¢1),N}
GO TN 40
MOVE RANKED DATA TO R VECTOR
00 20 [=1,N
RUI)I=A(T)
B0 30 i=1,N
J=leN
REJI =BT
SORT RANK VECTOR R IN SEQUENCE OF VARIABLE A
1SORT=0
00 50 f=2,N
TFIRIEI-RIE-11) 45,50,5%0
ISORT=1SORT+1
RSAVE=R{L)
REDI=REI=-11
R{L-1)aRSAVE
12=14N
SAVER=R(12)
RET2)=R(12-1)
RUI2-1)=SAVER
CONTINUE

“IFUISNRT) 40455,40
COMPUTE S ON VARIABLE B, STARTING WITH THE FIRST RANK, ADD 1
YO S FNR EACH LARGER RANK TG ITS RIGHT AND SUBTRACT 1 FOR EACH

SMALLER RANK, REPEAT FOR ALL RANKS.

KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK

KRANK
KRANK
XRANK

Input vector of N observations for first

Input vector of N observations for sec-

55 $20,0 KRANK 37
NMaN-1 KRANK 38
00. 60 1=1,NM KRANK 39
JaNeD KRANK 40
00 60 LeboN KRANK 41
KaNsL KRANK 42
TFLRIKI-RIJI) 5646057 KRANK 43

§6 $=5-1.0 KRANK 44
GO TO 60 KRANK 45

57 S=sel.0 KRANK 46

60" CONTINUE KRARK 47

COMPUTE TIED SCORE INDEX FOR BATH VARLABLES KRANK 88
KY=2 KRANK 49
CALL TIE(R,N,XT,T4a} KRANK S0
CALL TLE(RIN®1) 4N (KT4TR) KRANK 51

COMPUTE TaU XRANK 57
1E(TA) 70,65,70 KRANK 53

65 IFLTR) 70467,70 KRANK 54

67 TAU=S/(0.5*FNL) KRANK 5§
G0 TO 80 KRANK 56

70 TAU=S/{(SQRT(0,S¥FNI-TA}) *{SQRTIOL5FNL=TB))) KRANK 57

COMPUTE STANDARD DEVIATION AND Z IF N IS 10 DR LARGER KRANK 58

80 IFIN-10) 90,85, KRANK 59

RS SD={SQRTL{2.08(FY+FN+5.011/(9,08FNLI)) KRANK 60
2aTAU/SD KRANK A1

90 RETURN KRANK 62
END KRANK 63
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WTEST

This subroutine computes the Kendall coefficient of
concordance, given a matrix A of n rows (variables)
and m columns (cases). The observations on all
variables are ranked from 1 to m. Tied observa-
tions are assigned the average of the tied ranks.

A correction factor for ties is obtained:

n
T = -t @
T
where t = number of observations tied for a given

rank
Sums of ranks are calculated:
Y. = R, 2
J E ij @
i=1
wherej=1,2,..., m
From these, the mean of sums of ranks is found:
m
>
]
=1
m

R= ®)

The sum of squares of deviations is derived;
— =2
=Y, o-R @
=1

The Kendall coefficient of concordance is then
computed:

W= > (5)

3
12

5h (m -m)-nT

For m larger than 7, chi-square is:
2
X% =nm-1)w ()
The degrees of freedom are:

df. =n-1 )

Subroutine WTEST

Purpose:
Test degree of association among a number of
variables by the Kendall coefficient of concord-
ance,

58

Usage:
CALL WTEST (A, R, N, M, WA, W, CS, NDF, NR)

Description of parameters:
- Input matrix, N by M, of original data.
R - Output matrix, N by M, of ranked data.
Smallest value is ranked 1; largest is
ranked N. Ties are assigned average
of tied ranks.
-~ Number of variables.
- Number of cases.
A - Work area vector of length 2*M.
- Kendall coefficient of concordance
(output).
CS - Chi-square (output).

#2522

NDF - Number of degrees of freedom (output).

NR - Code: 0for unranked data in A; 1 for
ranked data in A (input).

Remarks:
Chi-square is set to zero if M is 7 or smaller.

Subroutines and function subprograms required:
RANK
TIE

Method:
Described in S. Siegel, 'Nonparametric Statis-

tics for the Behavioral Sciences', McGraw-Hill,

New York, 1956, Chapter 9.

SUBROUTINE WTFST [A,RyNy M WA, W.CSoNDF,NR) WTEST 1
DIMENSICN ACL).RE1) HA(L) WIEST 2

Fhon WTEST 3

ENSN urzv “

c DETERMINE WHETHER DATA 1S RANKCO WIFST 5
[4 RANK OATA FOR ALL VARTABLES ASSIGNING TIFD NRSFRVATIINS Avsnmﬂnv I3
c OF TIED RANKS AND COMPUTE CORRECTION ENR TIFD SCORES 7
10,0 feer

KTel WTEST 9

00 20 1=1,N WTEST [0
tysi-N WTFST 11

IXsty WTEST 12
IFINR-1) 5,25 WTEST 13

200 3 Jul.M WTEST 14
14=14eN ; WTEST 15
KaMey WTEST 14

3 WAIKI=AL1J} WTEST 17

GO 10 15 WIEST 18

5 D0 10 J=14M HYFST 19
14=1JeN WIFST 20

10 WALII=AL1) WTEST 21
CALL RANK(WA WA{NS1),4) WTEST 27

15 CALL TIE{WAIMe1)y M\KT,T1) MTEST 23
TaTeTl WIEST 24

00 20 Jsi,M WTEST 25
1K=IKeN WIFST 26

IWame WIFST 27

20 RUIK)SWALIW) WTEST 28

c CALCULATE VECTOR NF SUMS OF RANKS WTEST 29
1R=0 WTEST 30

00 40 J=1,M NTEST 31
WALJ}=0.0 WTEST 32

00 40 Isi,N WTEST 33
1Re[Re1 WTEST 34

40 MALJ)=HALJIOR(IRY WTEST 35

3 COMPUTE MEAN JF SUMS NF RANKS WIEST 6
SM=0,.0 WIEST 37

0O S0 Jal,m WTEST 38

50 SM=SMewA(J) WIEST 39
SHaSH/FM HTEST 40

3 CONPUTE SUN OF SQUARES OF DEVIATIONS NTEST &1
520 WTEST &2

0o en IeloN WTEST 43

50 S=se WALyl vn-uu.n SMY WTEST 46

4 COMPUTE WTEST 45
ussuumnsmqn-mom FMI/12.0)=FNOT) WTEST 86

4 COMPUTE DEGREFS OF FREFOOM AND CHI-SQUARE IF M IS NVER 7 WTEST 47
€$=0,0 WTFST 48

NDF =0 WTEST 49
TF(N=T} T0,70,68 WTEST 50

65 CS=FNS(FN-1.0)0W WTEST S1
NDF=m-1 WYEST 5.

70 RETURN WTEST 53
ENnD WTEST 54
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RANK

Purpose:
Rank a vector of values.

Usage:
CALL RANK(A, R,N)

Description of parameters:

A - Input vector of N values.

R - Output vector of length N. Smallest value
is ranked 1; largest is ranked N. Ties are
assigned average of tied ranks.

N - Number of values.

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
Vector is searched for successively larger ele-
ments. If ties occur, they are located and their
rank value computed. For example, if two
values are tied for sixth rank, they are assigned
a rank of 6.5 (=(6+17)/2).

SUBROUTINE RANX(AsRIN) RANX 1
OIMENSION A(1)sR(1) RANK 2

< INITIALIZATION RANK k)
D0 10 1=1sN RANK 4

10 Ril)w040 RANK s

c FIND RANK OF DATA RANK &
DO 100 Is1sN RANK 7

4 TEST WHETHER DATA POINT 1S ALREADY RANKED RANK 8
IFIR(1)) 20, 20 100 RANK 9

¢ DATA POINT TO BE RANKED RANK 10
20 SMALL=0.0 RANK 11
EQUAL#0,0 RANK 12
XuA(D) RANK 13

0O 30 JelsN RANK 14
IF(AtJI=X) 30+ 40+ 50 RANK 18

¢ COUNT NUMBER OF DATA POINTS WHICH ARE SMALLER RARK 16
30 SMALL=SMALL#140 RANK 17
G0 TC 50 - RANK 18

< COUNT NUMBER OF DATA POINTS WHICH ARE EQUAL RANK 19
40 EQUAL=EQUAL+1a0 RANX 20
RiJ)n=l,0 RANK 21

50 CONTINVE RANK 22

< TEST FOR TIE RANK 23
1FLEQUAL=1,0) 604 60y 70 RANK 24

< STORE RANX OF DATA POINT WHERE NO TIE RANK 28
60 RII)mSMALL+1.0 RANK 26
G0 T0 100 RANK 27

[ CALCULATE RANK OF TIED DATA POINTS RANK 28
70 P=SMALL+[EQUAL+140) /240 RANK MO1

DO 90 JelsN RANK 30
IF(RLJI+1400 904 80 90 RANK 31

90 R(J) =P RANK 32

90 CONTINUE RANK 33
100 CONTINUE RANK 34
RETURN RANK 3%

END RANK 38

TIE

Purpose:

Calculate correction factor due to ties.

Usage:
CALL TIE(R, N, KT, T)

Description of parameters:

R - Input vector of ranks of length N contain-

ing values 1 to N.

T=SUM(CT**3-CT)/12
T=SUM(CT*(CT-1)/2)

N -~ Number of ranked values.
KT - Input code for calculation of correction
factor:
1 Solve equation 1.
2 Solve equation 2.
T - Correction factor (output):
Equation 1
Equation 2
where CT is the number of observations
tied for a given rank.
Remarks:
None.

Subroutines and function subprograms required:

None.

Method:

Vector is searched for successively larger
ranks. Ties are counted and correction factor 1

or 2 summed.

SUBROUTINE TIE(R, NyKT,T)
NIMENSION R{1)
[4 INITIALIZATIIN
720.0
¥a0.0

-
o
H

c FIND NEXT LARSEST WANK
DD 30 1=i,N
TE(RE1)=Y} 30,130, 10
10 TF(RIT)=X) 20410, 30
70 x=RUI)
INDaINDeL
30 CONTENUE
[4 1F ALL RANKS 4AVE OEEN TESTED, RFTURN
IFLIND) 90,90,40

CT=0.0
< COUNT TIES
DO 60 I=1.N
VE(RITI=X) 60,50, 60
50 CY=CTeL.0
60 CONTINUF
[4 CALCULATE CORRECTINN FACTOR
IE(CT) 70,5,70
70 IF(KT=1) 75,80,75
75 T=TeLTSICT-1,1/2.0
GO TO S
TaTe(CTOCTSCT-CTI /12,0
Gh TN S
90 RETURN
END

3
e

TIE 1
TIE 2
TIE 3
TIE .
TLE 5
TIE 6
TIE 7
TIF A/
TIE 9
TIE 10
TiE 1
TIE 12
TIE 13
TIE 14
TIE 15
TE 16
TLE 17
TIE 18
TIFE 19
T 20
TiE 21
vIg 22
TIE 23
TIE 24
TIE 25
TIE 26
TIE 27
TIE 23
TE 29
TIE 30
TIE k)
TiE 32
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Statistics - Random Number Generators

RANDU

Purpose;
Computes uniformly distributed random floating
point numbers between 0 and 1, 0 and integers in
the range 0 to 2**¥15,

Usage:
CALL RANDU (X, IY, YFL)

Description of parameters:

IX - For the first entry this must contain
any odd positive integer less than
32,768. After the first entry, IX
should be the previous value of IY com-
puted by this subroutine.

IY - A resultant integer random number re-
quired for the next entry to this subrou-
tine. The range of this number is from
zero to 2**15,

YFL - The resultant uniformly distributed,
floating point, random number in the
range 0 to 1. 0.

Remarks:
This subroutine is specific to the IBM 1130.
This subroutine should not repeat its cycle in
less than 2 to the 13th entries.
Note: If random bits are needed, the high
order bits of IY should be chosen.

Subroutines and function subprograms required:
None.

Method: .
Power residue method discussed in IBM manual
Random Number Generation and Testing (C20-
8011).

SUBROUT INE RANDUL IX,1¥,YFLY RANDU
[Y=1x*#899 RAND!
TFIY154646 RANDU
5 1Y=1v+32767¢1 RANDU
6 YFL=1Y RANDY
YFLIYFL/32767. RANDY
RETURN RANDY
END RANDU

BN wN

60

GAUSS

This subroutine computes a normally distributed
random number with a given mean and standard de-
viation,

An approximation to normally distributed random
numbers Y can be found from a sequence of uniform
random numbers* using the formula:

K
5%

yail o

VK/12

where X. is a uniformly distributed random number,
0< Xi <1

K is the number of values Xi to be used
Y approaches a true normal distribution asympototi-
cally as K approaches infinity. For this subroutine,

K was chosen as 12 to reduce execution time. Equa-
tion (1) thus becomes:

12
Y = Z Xi -6.0
i=1
The adjustment for the required mean and standard
deviation is then
Y'=Y*S + AM (2)

where Y!' is the required normally distributed ran-
dom number

S isthe required standard deviation

AM is the required mean

* R. W. Hamming, Numerical Methods for
Scientists and Engineers, McGraw-Hill, N.Y.,
1962, pages 34 and 389.

)

)
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Subroutine GAUSS

Purpose:

Computes a normally distributed random num-
ber with a given mean and standard deviation.

Usage:

CALL GAUSS(IX, S, AM, V)

Description of parameters:

IX must contain an odd positive integer
less than 32,768. Thereafter it will
contain a uniformly distributed integer
random number generated by the subrou-
tine for use on the next entry to the sub-
routine. .

The desired standard deviation of the
normal distribution.

The desired mean of the normal distri-
bution.

The value of the computed normal random
variable.

X -

Remarks:

This subroutine uses RANDU which is machine
specific.

Subroutines and function subprograms required:

SUBROUTINE GAUSSE IX,5,4M,V) GAUSS 1
£z0.0 Gauss 2
DO SO I=1,12 GAUSS 3
CALL RANDU(IX, 1YY} GAUSS 4
Ix=s1Y GAUSS S
Azaey GAUSS &
VElA-6.0)95¢aM GAISS T
RETURN GAUSS B
END GAUSS 9

RANDU

Method:

Uses 12 uniform random numbers to compute
normal random numbers by central limit theorem.
The result is then adjusted to match the given
mean and standard deviation. The uniform ran-
dom numbers computed within the subroutine
are found by the power residue method.

Mathematics - Special Matrix Operations

MINV

Purpose:

Invert a matrix.

Usage:

CALL MINV(A, N, D, L, M)

Description of parameters:

A - Input matrix, destroyed in computation
and replaced by resultant inverse.

~ Order of matrix A.

- Resultant determinant.

Work vector of length N.

- Work vector of length N.

il w4
1

Remarks:

Matrix A must be a general matrix.

Subroutines and function subprograms required:

None.

Method:

nn

10
15

-3

W oW ow
> w o

&
> &

»
>

The standard Gauss-Jordan method is used.
The determinant is also calculated. A determi-
nant with absolute value less than 10**(-20)
indicates singularity. The user may wish to
change this.

SUBROUT INE MINV(A+NeDsLsM) MINV 1
DIMENSION A(1)sL(1)sM(1) MINV 2

SEARCH FOR LARGEST ELEMENT MINV 3
D=140 MINY &
NK==N MIRV 5
00 80 K=luN MINV 6
NKaNK+N MINV 7
LiK) =K MINV 8
M{K) =K MINV 9
KK SNK+K MINV 10
BIGA=A(KK} MINV 11
00 20 J=KsN MINV 12
T2ZeN®(J=1) MINV 13
DO 20 I=KWN MINV 14
1Ja12+41 MINV 1%
IF( ABSIBIGA)= ABS(ALIJ))) 15520420 MINV 16
BIGA=ALL) MINV 17
LiKial MINV 18
MiKInd MINV 19
CONTINUE MINV 20

INTERCHANGE ROWS MINY 21
JaL(x) MINV 22
IF(JmK) 35435425 MINV 23
Klsk=N MINV 26
DO 30 f=lsN MINV 25
KI=KI+N MINV 26
HOLD==A(KT) MINV 27
JTaK 1=K+ MINV 28
A(KI}=A(JT) MINV 29
ALJT) =HOLD MINV 30

INTERCHANGE COLUMNS MINV 31
1=M1K) MINV 32
1F(1=K) 45445,38 MINV 33
JPaNe(1-1) MINV 34
00 40 J=14N MINV 35
JKaNK+J MINV 36
JTadped MINV 37
HOLD==A(JK} MINV 38
Atxi=ALJL) MINV 39
AtJ1) =HOLD MINV 40

DIVIDE COLUMN BY MINUS PIVOT (VALUE OF PIVOT ELEMENT I§ MINV 61

CONTAINED IN BIGA) MINV 62
IF(ABSIBIGA) =14E~20146146348 MINV MO3
0=20,0 MINV b4
RETURN MINV &5
DO 55 f=1sN MINV 46
1F(1=K) 50455480 MIRV 47
IX=NK+1 MINY 48
ALIK}@ALIK}/{=BIGA} MINV 49
CONTINUE MINV 50

REDUCE MATRIX MINY 51
0O 65 11sN MINV 52
IRaNK+1 MINV 83

Statistics — Random Number Generators 61
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HOLDA (1K)
1Jn1=N

IF(1=K} 60965960
1FLJ=K) 62465162
KJelJmlok
A(1J)=HOLD*AIKJI+ALTS)
CONTINUE

DIVIDE ROW BY PIVOT
KJak=N
DO 75 J=1sN
KJ=K J#N
TF{J=K) 70475270
AlKRJ)®sA(KJ)/BIGA
CONT INVE

PRODUCT OF PIVOTS
D=D#BIGA

REPLACE PIVOT BY RECIPROCAL
A{KK)=140/BIGA
CONTINUE

FINAL ROW AND COLUMN INTERCHANGE
X=N
Km{Kal)
IFIK) 15001504108
TsLiK)
TF(I=-K} 12041205108
JOosN®(K=1)
JReN# (=)
00 110 J=1lsN
JK=JO+J

AfJK)m=A(Jl)

AtJI) =HOLD

JEM(K}

IF{J=K} 10041004125
K1=K=N

00 130 ts1.N

AIKT) s=A(J1)
ALJI) m=HOLD
G0 TO 100
RETURN

END

MINV MO1

MINV
MINV
MINV
MINV
MINV

EIGEN

This subroutine computes the eigenvalues and eigen- mm'
vectors of a real symmetric matrix. -
Given a symmetric matrix A of order N, eigen-
values are to be developed in the diagonal elements
of the matrix. A matrix of eigenvectors R is also
to be generated.
An identity matrix is used as a first approxima-
tion of R.
The initial off-diagonal norm is computed;

1/2
2
PR @
i<k
vr = initial norm
A = input matrix (symmetric)

This norm is divided by N at each stage to produce
the threshold.

The final norm is computed:

VI X 10"6

TN @

)

This final norm is set sufficiently small that the re-
quirement that any off-diagonal element A;,, shall be
smaller than v in absolule magnitude defines the
convergence of the process.

An indicator is initialized. This indicator is
later used to determine whether any off-diagonal
elements have been found that are greater than the
present threshold.

Each off-diagonal element is selected in turn and
a transformation is performed to annihilate the off-
diagonal (pivotal) element as shown by the following
equations:

A= -A1m (3)
=124, -A ) (4) ’
w = sign (u) A (5) s
22, w2
sin @ = = ©)

Vaa+ Vi-of
cos ® = V1 - sin” © (7) -
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@®

©)

= - i 10
B Ril cos © Rim sin© 10)
= i 1
Rim Ril sin® + Rim cos © (11)
= 12
R, =B (12)
2 2
All = Aﬂcos o + Ammsm e
(13)
—ZA1 sin® cos O
m
- .2 29
Amm = A11 sin“© + Amm cos
(14)
+ 2A, sin©cosO
1m
Alm = (A11 - Amm) sin © cos ©
(15)

+ O - sin" 6
Al (COS s ¢ )

The above calculations are repeated until all of the
pivotal elements are less than the threshold.

Subroutine EIGEN

Purpose:
Compute eigenvalues and eigenvectors of a real
symmetric matrix.

Usage:
CALL EIGEN{A, R, N, MV)

Description of parameters:

A - Original matrix (symmetric), destroyed
in computation. Resultant eigenvalues
are developed in diagonal of matrix A in
descending order.

Resultant matrix of eigenvectors (stored
columnwise, in same sequence as eigen~
values).

Order of matrices A and R.

Input code:

0 Compute eigenvalues and eigen-

vectors.

1 Compute eigenvalues only (R
need not be dimensioned but
must still appear in calling se-
quence).

MV -

Remarks:
Original matrix A must be real symmetric
(storage mode=1), Matrix A cannot be in the
same location as matrix R.

Subroutines and function subprograms required:
None.

Method:
Diagonalization method originated by Jacobi and
adapted by von Neumann for large computers as
found in 'Mathematical Methods for Digital
Computers', edited by A. Ralston and H. 8. Wilf
John Wiley and Sons, New York, 1962, Chapter
7.

20 CONTINUE
c COMPUTE INITIAL AND FINAL NNRMS [ANARM AND ANORMX)
25 ANORM20.0
B0 35 Tal,N
00 35 J=l,N
IF(1=J) 30,35,30

SUBROUTINE EIGENIAsRyNoMY) EIGEN 1
DIMENSION A1) ,RE1) EIGEN 2

3 GENERAFE [DENT ITY WATRIX EIGEN 3
IF (V=11 10,425,013 EIGEN 4
10 Tos-N FIGEN 5
00 20 J=1.,N EIGEN &
10<1Qe4 EIGEN 7

00 20 lal,N EIGEN A
13=10¢1 FIGEN 9
R(11)=0,0 EIGEN 10
IFI1-0) 20415470 E1GEN 11

15 RE1JI21.0 FIGFN 12
13

14

15

14

17

18

30 Iasfelded-31/2 FIGFN 19
ANORM=ANDRM+AL LA} $ALTA) EIGEN 20

35 CONTINUE EIGEN 21
IF[ANDRM} 165,165 ,40 FIGFN 72

40 ANORM=1.414#SQRT( ANORM) €IGFN 23
ANRMXs ANORM® 1, 0E- 6/FLOAT (NI FIGEN 26

4 INITIALIZE IN)ICATNRS AND COMPUTE THRESHOLD, THR FIGEN 25
18D=0 FIGEN 75
THR=ANORM EIGFN 27

45 THR=THR/FLOATIN) FIGFN 28
50 L=l E1GFN 79
55 MxLel £IGEN 30
CONPUTE SIN avD COS EIGEN 31

60 MO={MOM-H)/2 EIGEN 32
Lo=(LeL-11/2 FIGEN 33
LHsLsMQ FIGEN 34
62 [FL ARS(ALLMI}=T4R) 130,65,65 EIGEN 35
65 IND=1 EIGEN 36
LizLeLg ETGEN 37
NN=HeN] EIGFN 39
X=0,5¢ LALLLI-A{MM) ) EIGEN 39
68 Ys-A(LMI/ SORTUACLMISATLM) +X#X} EIGEN 4n
TELX) 70,75,75 EIGEN 41

70 va-y EIGEN 42
75 SINXaY/ SQRTI2.08 {1.0¢1 SQRT(1,0-Y#Y)))) EIGEN 43
SINX2aS INX®S INX EIGEN 44

78 COSXs SQRTCL.0-SINX2) FIGEN 45

CUSX2=COSX$COSX

46
SINCS =SINX#COSX EIGEN 47
4 ROTATE L AND ¥ COLUMNS EIGEN 43
[LQ=NS [L-1) EIGFN 49
IMQaN®(M-1} EIGEN 50
DO 125 fal,N EIGEN 51
fos(1el-1172 EIGEN 52
IFL1=L) BO,115,80 €1GEN 53
80 IF(I-M} 85,115,% EIGEN 54
85 [M=1emMy ELLEN A%
GO 10 95 EIGEN S6
90 IM=MelQ EIGFN 57
95 IFL{I1-L) 130,105+t 05 FIGEN 58
100 IL=1+LQ EIGEN 59
60 10 110 EIGEN 60
105 ILaL+lQ EIGEN A1
110 X=A(TL)#COSX-ALT¥1OSINX EIGFN 62
ACIMI=ALTL }#SINXe ALIN)®COSX EIGFN 63
AC[L)=x EIGEN 64
115 IFL4V-11 120,125,120 E1GEN 65
120 ILR=ILQe] EIGFN Ak
1MR=1MQel ETGEN A7
X=R{ILRIOCASX-R(IMR 1SS INX EIGEN A
RETMR) =R{TLR)#SINX 4RI TMRT*COSK EIGEN 69
RUILR) =X FIGEN 0
125 CONTINUE EIGEN 71
X=2,004(LMI*SINCS EIGEN 72
YEAILL)®COSA24A (M) 6STNX2-X IGEN 73
X=ALLL)OSTNX20A (M) ®COSX?+X EIGEN T4
ATLM) S CATLL)I-AUM}I#SINCS+ALLY)I & LCOSXZ-SINX2) EIGFN 75
AfLL)=Y EIGEN 76
AlNNYex EIGEN 77
[4 TESTS FOR COMPLETION FIGEN 78
[3 TEST FNR M = LAST COLUMN EIGEN 79
130 [F(M=N) 135,140,135 EIGEN AN
135 M=me] EIGFN A1
GO 10 40 EIGEN A?
TEST FOR L = SECOND FAOM LAST COLUMN EIGEN 83
140 IFIL-IN-1)} 145,150,145 FIGFN A4
145 LeLel EIGEN AS
G0 TO 55 EIGEN 86
150 EECIND-11 160,155,160 FIGFN 87
155 {aDv0 EIGEN AR
60 TO 5 ETGEN .89
OMPARE THRESYOLD WITH FINAL NORN E1GEN 99
160 TFETHR-ANRMX) 165,165,45 EIGEN 91
SORT EIGENVALJES AND EIGFNVECTORS EIGEN 92
165 1Q=-N EIGEN 93
00 185 11, EIGEN 94
10=10eN EIGEN 95
LLstetiel-11/2 EIGEN 94
Jo=Ne(1-20 EIGFN 97
00 185 Jul.N EIGEN 9A
Ja=JQN EIGFN 99
HMu el Je3=0)/2 EIGENLNY
IF(ALLLI-ALUMI) 170,165,195 E16FNINT
170 X=ALLL) EIGENLN2
AtLLI=ACNNM) FIGEN1NY
ANMY =X EIGFNLO4
[FIMV=11 175,185,175 EIGENINS
175 00 180 Kel,N E1GENTNA
/=10 ;
s SHERLIRS
X=R{ILRY ELIGENLD9
RUILR)=R{IMR) ETGENITO
180 RUIMR)=X EIGFNLLL
185 CONTINUE EIGFENLL?
RETURN EIGFNIL13
END EIGENLLS
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Mathematics - Matrices

GMADD
Purpose:
Add two general matrices to form resultant

general matrix,

Usage:
CALL GMADD(A, B,R,N, M)

Description of parameters:

A - Name of first input matrix,

B - Name of second input matrix.

R - Name of output matrix.

N - Number of rows in A, B, R.

M - Number of columns in A, B, R.
Remarks:

All matrices must be storedas general matrices.

Subroutines and function subprograms required:
None.

Method:
Addition is performed element by element.

SUBROUT INE GMADDE A¢R Ry Ny M) GMADD
DIMENSION A(LI4BLII,R(1D GMADD 2
[4 CALCULATE NUMIER DF ELEMENTS GMADD 3
NM=NSM GMADD 4
[4 ADD MATRICES GMADD S
0D 10 [=21,NM GMADD 6
10 RUT)=ACLIeBIT) GMADD T
RE TURN GMADD A
END GMADD 9

64

GMSUB
Purpose: %
Subtract one general matrix from another to )

form resultant matrix.

Usage:
CALL GMSUB(A, B, R, N, M)

Description of parameters:

A - Name of first input matrix.

B - Name of second input matrix. ‘

R - Name of output matrix.

N - Number of rows in A, B,R.

M - Number of columns in A, B, R. 2
Remarks:

All matrices must be storedas general matrices.

Subroutines and function subprograms required:
None.

Method:
Matrix B elements are subtracted from corre-
sponding matrix A elements.

SUBROUT INE GMSURI AsB 4R Ny Y} GusuB 1
DIMENSION AC11,8111,R(1) GMSUR 2
CALCULATE NUMBER OF ELEMENTS GMSUR 3
NMaNeM GMSUA 4
SUBTRACT MATRICES GYSUB S M@,’
DO 10 [=lyNM GMSUR & R
10 RUII=ACE)=BII) GMSUR 7 .
RETURN GMSUR A
?

END GHMSUR
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GMPRD

Purpose:
Multiply two general matrices to form a result-
ant general matrix.

Usage:
CALL GMPRD(A,B,R,N,M, L)

Description of parameters:
A - Name of first input matrix.

B - Name of second input matrix.
R - Name of output matrix.
N - Number of rows in A.
M - Number of columns in A and rows in B.
L - Number of columns in B.
Remarks:

All matrices must be stored as general matrices.
Matrix R cannot be in the same location as ma-
trix A.

Matrix R cannot be in the same location as ma-
trix B.

Number of columns of matrix A must be equal to
the number of rows of matrix B.

Subroutines and function subprograms required:
None.

Method:
The M by L matrix B is premultiplied by the N
by M matrix A and the result is stored in the N
by L matrix R.

31oxUUT INE GMPRDI Ay ByReNy ML) GMPRD I
DIMENSION ACL)4BCLIWRILD GMPRD 2
1R=0 GMPRD 3
1K=-M GMPRD &
D0 10 Ksl,lL GMPRD 5
IK=1KeM GMPRO 6
00 10 y=1,N GMPRD 7
[R=IR+1 GMPRD A
J1sJ-N GMPRD 9
1B 1K GMPRD 10
ROIR}=0 GHMPRD 11
00 10 [=1,N GMPRD 12
JladlaN GMPRR 13
iB=18+1 GMPRD 14
10 RUIRIZRUIR}#ALII) #BLIR) GMPRD 15
RETURN GMPRD 16
END GMPRD 17

GMTRA

Purpose:
Transpose a general matrix.

Usage:
CALL GMTRA(A,R,N, M)

Description of parameters:
A - Name of matrix to be transposed.
R - Name of resultant matrix.
N - Number of rows of A and columns of R.
M - Number of columns of A and rows of R.

Remarks:
Matrix R cannot be in the same location as ma-
trix A.
Matrices A and R must be stored as general
matrices.

Subroutines and function subprograms required:

None.
Method:
Transpose N by M matrix A to form M by N
matrix R,
SUBRDUT INE GNTRAL AsReNy N} GMYRA 1
DIMENSION At1).RU1) GMTRA 2
IR=0 GMTRA 3
00 10 [=14N GMTRA &
1d=1-N GMTRA &
00 10 J=l/M GATRA &
1Js1JeN GMTRA 7
iR=IRs1 GMTRA 8
10 RUIR)=ALIJ) GMTRA 9
RETURN GMTRA 10
END GMTRA 11
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GTPRD MADD

Purpose:
Purpose: Add two matrices element by element to form ™
Premultiply a general matrix by the transpose of resultant matrix.
another general matrix.
Usage:
Usage: CALL MADD(A, B, R,N, M, MSA, MSB)
CALL GTPRD(A, B,R,N, M, L)) Description of parameters:
A - Name of input matrix.
Description of parameters: B - Name of input matrix.
A - Name of first input matrix. R - Name of output matrix.
- Name of second input matrix. N ~ Number of rows in A, B,R.
- Name of output matrix. M - Number of columns in A, B,R.
Number of rows in A and B, MSA - One digit number for storage mode of

FrZzZ9w
1

~ Number of columns in A and rows in R. matrix A:
- Number of columns in B and R. 0 - General.
1 - Symmetric.
Remarks: 2 - Diagonal.
Matrix R cannot be in the same location as ma- MSB - Same as MSA except for matrix B.
trix A. Remarks
Matrix R cannot be in the same location as ma- None.
trix B. :
All matrices must be stored as general matrices. Subroutines and function subprograms required:
LOC
Subroutines and function subprograms required: Method:
None. Storage mode of output matrix is first deter-
Method mined. Addition of corresponding elements is
* Maieix ¢ of A is not actually calculated then performed.
Inatrufi ralnspos;e : 1St n_° :c tykc c la ed. The following table shows the storage mode of .Y
.s ead, elements o n}a Tix A are 1a e.an ?0 u.mn— the output matrix for all combinations of input —
wise rather than rowwise for postmultiplication: matrices:
by matrix B. A B R
General General General
SUBRCUT INE GTPRDLA,BsReNsMsL) GTPRD | .
DIMENSION ATL)(BOITLRID) ene 3 General Symmetric  General
310 Ketot Grond 5 General Diagonal General
GTPRD 6 -
TheTken . grom 1 Symmetric General General
DO 10 J=1, - . .
lo=tk sreao o Symmetric Symmetric = Symmetric
R Srord 12 Symmetric Diagonal Symmetric
=1Je GTPI 3 .
taetot Srend 1a Diagonal General General
10 RUIRY=RUIRILA{1I) #B(1B) g;::g :2 Di 1 S tri S metric
RETuRN STPRD 16 iagonal ymmetric ym
Diagonal Diagonal Diagonal
SUBROWTINE MADDIA ¢ByReNyMoMSA,MSBI MADD 1
DIMENSION AL1}4BULIJRIL) MADD ?
DETERMINE STORAGE RODE DF NUTPUT MATRIX MNADD 3
IF{MSA-MSB) T7,5.7 MADD 4
5 CALL LOCININ,NMsN¢MyNSA) MADD 5
G0 TO L00 MADD L)
T MTEST=MSA®MSB MADD 7
MSR=0 MADD R
IFIMYEST) 20,20,10 MADD 9
10 MSR=] NADD 10
20 IF{MTEST-2) 35,35,30 MADD 11}
30 MSR=2 “aADD 12
c LOCATE ELEMENTS AND PERFORM ADDITION MADD 13
35 DD 90 J=l.M MAOD 14
DO 90 IsluN MADD 15
CALL LOCE1yds IRy NyHe¥SR) MADO 16
TFUIIR) 40,9040 MADD 17
40 CALL LOCET4Je1JAINeM,NSAD MADD 18
AEL=20.0 MADD 19
T1H(14A) 50,60,50 MaDD 20
S0 AEL=Al1JA) MADD 21
60 CALL LOCUIsJs 148y NoMyMSB) MADD 22
BFL=0.0 MADD 23
1#{138) 70,80,70 MADD 24
70 BFL=B(IJB) MADD 25
80 RUIJR)I=AEL+BEL MADD 26
90 CONTINUE MADD 27
RETURN MADD 28
ADD MATRICES FOR DTHER CASES MADD 29
B e RaDo 31 =
RETURN MABD 32
END MADN 33
66
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MSUB

Purpose:
Subtract two matrices element by element to
form resultant matrix.

Usage:
CALL MSUB(A, B, R, N, M, MSA, MSB)

Description of parameters:
- Name of input matrix.
- Name of input matrix.
- Name of output matrix,
Number of rows in A, B,R.
~ Number of columns in A, B,R.
SA - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.
MSB - Same as MSA except for matrix B.

Remarks:
None.

2RZEW>
]

Subroutines and function subprograms required:
LOC

Method:
Structure of output matrix is first determined.
Subtraction of matrix B elements from corre-
sponding matrix A elements is then performed.
The following table shows the storage mode of
the output matrix for all combinations of input

matrices:
A B R
General General General
General Symmetric General
General Diagonal General
Symmetric General General
Symmetric Symmetric Symmetric
Symmetric Diagonal Symmetric
Diagonal General General
Diagonal Symmetric Symmetric
Diagonal Diagonal Diagonal
SUBROUTINE MSUB(A 28R NosMyNSA,MSB) MSUB 1
DIMENSEIGN AL1),BI1)4RELD MSUB 2
UVETERMINE STORAGE MODE OF DUTPUT MATRIX nsus 3
IF{MSA-MSBI T45,7 MSUB L
5 CALL LOCINMoNMN N MSAY MSUR 5
GO YO L0O HSUB 1]
7 MTESTaMSASNSR HsuUs 7
R MSUR A
IFIMTESTY 20,20,10 LI 9
10 MSR=] NSUR 10
20 IFIMTEST~2) 35,35.30 MSUB 11
30 MSR=2 usug 12
[4 LOCATE ELEMENTS AND PERFORM SUBTRACTION MSUR 13
35 00 90 JsloM HSUR 14
DO S0 [=1,N usun 1S
CALL LOCKleJy TJRs NoMyHSRY MSUB 16
IFITJR) 40,990,440 MSUB 1T
40 CALL L0C{T+J41J4, N4M4,H54) MsSup 1A
AEL=0.9 MSUR 19
IFL1Ja) 57,60,50 Msug 20
50 AEL=A(1JA} MSUR 21
60 CALL LOC{1+J,1J8,NsM,458) MSUB 22
BEL=0.0 MSUR 23
IFUIJR) T0+80,70 NSUB 24
70 BEL=B(1J8B) HSua 25
80 RITJRI=AEL-BEL MSUR 25
90 CONTINUE MSUB 27
RETURN mSus 28
4 SUBTRACT MATRICES FOR NTHER CASES MSUB 29
100 DO 110 Isl,NM MSUB 30
100 RUII=ACTI-BLI) MSUR 31
RETURN MSUB 32
END MsuR 33

MPRD

Purpose:
Multiply two matrices to form a resultant ma-
trix.

Usage:
CALL MPRD(A, B,R,N, M, MSA, MSB, L)

Description of parameters:
A -~ Name of first input matrix,
B - Name of second input matrix,
R - Name of output matrix.
N - Number of rows in A and R.
M - Number of columns in A and rows in B.
MSA - One digit number for storage mode of
matrix A:
0 - General,
1 - Symmetric.

2 - Diagonal,
MSB - Same as MSA except for matrix B,
L - Number of columns in B and R.

Remarks:
Matrix R cannot be in the same location as ma-
trices A or B.
Number of columns of matrix A must be equal to
number of rows of matrix B.

Subroutines and function subprograms required:
LOC

Method:
The M by L matrix B is premultiplied by the N
by M matrix A and the result is stored in the N
by L matrix R. This is a row into column
product.
The following table shows the storage mode of
the output matrix for all combinations of input

matrices:
A B R
General General General
General Symmetric General
General Diagonal General
Symmetric General General
Symmetric Symmetric General
Symmetric Diagonal General
Diagonal General General
Diagonal Symmetric General
Diagonal Diagonal Diagonal
SUBROUTINE MPRDIA B oRyNyMyMSA NS, L) RPRO 1
DIMENSTION AC1),8(1),R01) “ean ?
14 SPECIAL CASE FOR DIAGONAL BY DIAGONAL MPRD 3
MS=MSAS10+MSB MPRD -
IFIMS-22) 30.,10,30 MPRD s
10 DO 20 Ie=l,N MPRO 6
20 RITI=AL1)#BIT} MPRD 7
RETURN HPROD R
14 ALL OTHER CASES HPRD 9
30 IR=1 HPRO 10
00 90 Kel,L MPRO 11
00 90 Jal,N MPRD 12
RUIR) =0 MPRD 13
DO 80 IwleM MPRD 14
IFIMS) 40¢60,40 MPRD 15
40 CALL LOCTJsT TA,N,M,MSA) MPRO 16
CALL LOCTLoKoIBsMoL MSRY MPRD 17
IFLIA) 50,80,50 MPRD 1A
50 IFtIB) 70,80,70 MPRD 19
60 [A=N*[[~-1)4) ¥PRD 20
IBsNS{X~1)e1 MPRD 21
70 REIRI=R(IRI¢A{TAL*B(IB) MPRD 22
80 CONTINUE MPRD 23
90 ;R;:’::‘l MPRD 24
E
o weab 36
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MTRA

Purpose:
Transpose a matrix.

Usage:
CALL MTRA(A, R, N, M, MS)

Description of parameters:

A -~ Name of matrix to be transposed.

R - Name of output matrix.

N - Number of rows of A and columns of R,
M - Number of columns of A and rows of R.

MS - One digit number for storage mode of
matrix A (and R):

0 - General.
1 - Symmetric.
2 - Diagonal.
Remarks:
Matrix R cannot be in the same location as ma-
trix A.

Subroutines and function subprograms required:
MCPY

Method:
Transpose N by M matrix A to form M by N
matrix R by moving each row of A into the cor-
responding column of R. I matrix A is sym-
metric or diagonal, matrix R is the same as A,

SURROUT INE MTRALA ,R,N, HyHS) MTRA 1
UIMENSION ATL)4RO1D MTRA 2

4 IF MS IS 1 OR 2, COPY & MTRA 3
IF(9S) 10,20410 MTRA 4
10 CALL MCPY{AJR Ny¥, MSH MTRA 5§
TURN HTRA 4
TRANSPOSE GENERAL MATRIX HYRA 7

20 tR=9 MYRA A
00 30 I=1,N MTRA 9
1J=1-N MTRA 10
0N 30 Jsl,M MIRA 11
[Ja1deN MIRA 12
ATRA 13

MTRA 14

IR=IR+1
30 RUIRI=ACIS)
RETURN

END

68

TPRD

Purpose:
Transpose a matrix and postmultiply by another
to form a resultant matrix.

Usage:
CALL TPRD(A, B,R,N, M, MSA, MSB, L))

Description of parameters:
A -~ Name of first input matrix.
B -~ Name of second input matrix.
R - Name of output matrix.
N -~ Number of rows in A and B.
M - Number of columns in A and rows in R.
MSA - One digit number for storage mode of
matrix A:
0 - General,
1 - Symmetric.
2 - Diagonal.
MSB - Same as MSA except for matrix B.
L ~ Number of columns in B and R.

Remarks:
Matrix R cannot be in the same location as ma~
trices A or B.

Subroutines and function subprograms required:
LOC

Method:
Matrix transpose of A is not actually calculated.
Instead, elements in matrix A are taken column-
wise rather than rowwise for multiplication by
matrix B.
The following table shows the storage mode of
the output matrix for all combinations of input

matrices:
A B R
General General General
General Symmetric General
General Diagonal General
Symmetric General General
Symmetric Symmetric General
Symmetric Diagonal General
Diagonal General General
Diagonal Symmetric General
Diagonal Diagonal Diagonal
SUBROUT INE TPRD{AByRyNyMyMSA,MSB,L) TPRD 1
DIMENSTON AL11,B01).RI1) TPRD 2
< SPECTAL CASE FOR DIAGONAL 3Y DIAGONAL TPRD 3
MS=MSA%[0+MSB TPRD 4
IF (M§=22) 30,10,30 TPRO 5
10 DN 20 IslyN TPRD 6
20 RII=zALT)*B(1) TPRD 7
RETURN TPRD L]
[+ MULTIPLY TRANSPOSE NF A BY B TPRD 9
30 IR=1 TPRD 10
DN 90 K=1,L TPRND 11
B0 90 J=l.M TPRD 12
RIIR)=0.0 TPRND 13
0D 80 [al.N TPRD 14
TFIMS) 40,60,40 TPRD 15
40 CALL LACIEyJoTAN M MSA) TPRD 16
CALL LDCUT4KyT8,N,LsMSB) Teen 17
[Fl1A) 50,80,50 ¥eRn I8
50 IFL(B} 70,80,70 TPRD 19
60 lAaN®( -1)e] TPRD 20
IB=N®(K-1)el TPRD 21
70 RUIR)=R({IR}*A{TA) #B( 1B} YPRD 22
80 CONTINUF TPRN 23
90 IRa[R+1 TPRD 24
RETURN TPRD 25
END TPRD 26

fon
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MATA

P Purpose:
Premultiply a matrix by its transpose to form a

symmetric matrix.

Usage:

CALL MATA(A, R, N, M, MS)

Description of parameters:

A
R
N
M

MS

Remarks:
Matrix R cannot be in the same location as ma-

trix A.

Name of input matrix.

Name of output matrix.

Number of rows in A,

Number of columns in A, Also number
of rows and number of columns of R.
One digit number for storage mode of
matrix A:

0 - General.
1 - Symmetric.
2 - Diagonal.

Matrix R is always a symmetric matrix with a
storage mode=1.

Subroutines and function subprograms required:

LOoC

Method:

Calculation of (A transpose A) results in a
symmetric matrix regardless of the storage
mode of the input matrix. The elements of
matrix A are not changed.

SUHOUTINE MATA(A yR N, 4,48 ) HATA
DIMENSTON ALL)yRET) MATA
N0 A0 KelyM

KX=[KeK=K) /2
on 60 J=1

<
=
2
=
LDNG AP w N~

LF(J=K) 10,10,60 MATA
10 [ReJokx MATA
RITR}=0 MATA
B0 60 [=14N MAT A
IF(4S) 20,40,20 MATA 10
20 CALL LOCEI T8, 4445} MATA 11
CALL LUCUT, Ke1B N HyuSH HATA 12
TFL1A) 30,6030 MATA 13
30 IF(IB) 50460,50 MATA 1e

40 TA=NS{J-1)4] MATA 1S
IBaNS(K-1]+1 MATA 16
50 R(IRIaRTIRI+ALIA} #ALTRY MATA 17

60 CONTINUE

RETURN
END

SADD

Purpose:
Add a scalar to each element of a matrix to
form a resultant matrix.

Usage:
CALL SADD(A, C, R, N, M, MS)

Description of parameters:
- Name of input matrix.
- Scalar,
- Name of output matrix.
Number of rows in matrix A and R.
~ Number of columns in matrix A and R.
S - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetrie.
2 - Diagonal.

2=2zZmab
1

Remarks:;
None.

Subroutines and function subprograms required:
LoC

Method:
Scalar is added to each element of matrix.

SUBROUTINE SACDIA 4CoRyNyMMS) SADD 1
OIMENSION A(1),Rt 1) sapp 2
COMPUTE VECTOR LENGTH, [T saB0 3

CALL LOCINsMa 1T, yM MS) SADD &

[4 ADD SCALAR sapD S
001 I=1,17 SADD &

1 RULI=A[THeC SanD 7
RETURN SADD A

END saph 9
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SSUB

Purpose:

Subtract a scalar from each element of a matrix

to form a resultant matrix.

Usage:
CALL SSUB(A, C,R, N, M, MS)

Description of parameters:
-~ Name of input matrix.
- Scalar,
- Name of output matrix.
Number of rows in matrix A and R.
- Number of columns in matrix A and R.
S - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 - Diagonal.

22290k
1

Remarks:
None.

Subroutines and function subprograms required:

LOC

Method:
Scalar is subtracted from each element of ma-
trix.
SUBROUTINE SSUBIACoRIN,M,MS] SSuR
DIMENSION At1},RI1} s5u8

c COMPUTE VECTOR LENGTH, IT ssus
CALL LOC(NoMyTToN M NS} SSus

c SUBTRACT SCALAR ssua
DO 1 fal,yIT SSUA
RUIV=ALI)=C SSuR
RETURN SSuB
ENO ssua

70

LD NP L wN—

SMPY

Purpose: -

Multiply each element of a matrix by a scalar to
form a resultant matrix.

Usage:
CALL SMPY(A, C,R, N, M, MS)

Description of parameters:
- Name of input matrix.
- Secalar.
- Name of output matrix.
Number of rows in matrix A and R.
- Number of columns in matrix A and R.
S -~ One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 - Diagonal.

22zma>
]

Remarks:
None.

Subroutines and function subprograms required:

[y

LOC
Method:
Scalar is multiplied by each element of matrix.
SUBRDUTINE SMPY (4 yC 4R Ny My MS} SMPY 1 -~
DINENSION A€1)},Rt1) SHPY 2
4 COMPUTE VECTUR LENGTHy IT SMPY 3
CALL LOCINGM,IT Y M,H45) SHpY 4
4 MULTIPLY BY SCALAR SHPY s
DO 1 I=1.0T SMPY 6
1 R{T)=ALI)oC supy 7
RETURN SMPY A
END SMpY 9
»
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SDIV

Purpose:
Divide each element of a matrix by a scalar to
form a resultant matrix.

Usage:
CALL SDIV(A, C,R, N, M, MS)

Description of parameters:
- Name of input matrix,
~ Scalar.
- Name of output matrix.
Number of rows in matrix A and R.
- Number of columns in matrix A and R.
S - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 ~ Diagonal.

2zzwar
]

Remarks:
If scalar is zero, division is performed only
once to cause floating-point overflow condition.

Subroutines and function subprograms required:

LOC
Method:

Each element of matrix is divided by scalar.
SUBROUTINE SDIV(A,CoR¢N,M,NS) sniv 1
OIMENSION Al1)4RE1) sorv 2

COMPUTE VECTOR LENGTH, IT snIv 3
CALL LOCINyMoTToN MyNS) SDIv -
OIVIDE BY SCALAR {IF SCALAR IS 2ERO, OIVIDE ONLY ONCE) Spiv. 5
IFIC) 24142 sniv 6

L 17=1 SDIV T
20C 3 Isl,IT SO1V 8
3 RU=A(T)/C sotv 9
RETURN $DIv 10
END sniv 11

RADD

Purpose:
Add row of one matrix to row of another matrix.

Usage:
CALL RADD(A, IRA, R, IRR, N, M, MS, L)

Description of parameters:
A - Name of input matrix.
IRA - Row in matrix A to be added to row IRR
of matrix R,
R - Name of output matrix.
IRR - Row in matrix R where summation is
developed.
N - Number of rows in A.
M - Number of columns in A and R.
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

L Number of rows in R.

Remarks:
Matrix R must be a general matrix.
Matrix R cannot be in the same location as
matrix A unless A is general.

Subroutines and function subprograms required:
LOC

Method:
Each element of row IRA of matrix A is added
to corresponding element of row IRR of matrix

R.
SUBROUTINE RADD(A  IRA,Ry IRR N, My NS,L) RADD 1
DIMENSION AC1),RU1) RADD 2
IR={RR-L RADD 3
00 2 J=l N RADD &
IR=IRSL RADD S
c LOCATE INPUT ELEMENT FOR ANY MATRIX STORAGF KODE RADD 6
CALL LOCIIRAyJoTA,NyM,MS) RADD T
TEST FOR ZERO ELEMENT IN DIAGONAL MATRIX RADD 8
TFLIA) 14251 RADD 9
4 ADD ELEMENTS RADD 1D
1 RUIRI=R{IR)*AL1A) RAODD 1t
2 CONTINUE RADD 12
RETURN RADD 13
END RADD 14
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CADD

Purpose:

Add column of one matrix to column of another
matrix.

Usage:

CALL CADD(A,ICA,R,ICR, N, M, MS, L)

Description of parameters:

A - Name of input matrix.
ICA - Column in matrix A to be added to col-
umn ICR of R.
R - Name of output matrix.
ICR - Column in matrix R where summation
is developed.
N ~ Number of rows in A and R.
M -~ Number of columns in A,
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.
L - Number of columns in R.
Remarks:

Matrix R must be a general matrix.
Matrix R cannot be in the same location as ma-
trix A unless A is general.

Subroutines and function subprograms required:

LOC

Method:

72

Each element of column ICA of matrix A is
added to corresponding element of column ICR
of matrix R.

SUAROUTINE CADDIA,I1CA Ry ICReNs Mo MSsL)
DIMENSION A{L},Ri1}
caon

TR=N#([CR-1)
00 2 1=1,N CADD
IR=1R¢1 €400

€A00

LOCATE INPUT ELEMENT FMR ANY MATRIX STORAGF MODE

CALL LOC{I,ICA,TA/N,M,MS)
TEST FOR ZERO ELEMENT [N OTAGONAL MATRIX €aon

aBNPWMEwN—

IFLIAY 1e241
ADD ELEMENTS CADD 10
1 RUIRI=RIIRY#ALTAY €apD 11
2 CONTINUE cADD 12
RETURN €ADD 13
CADD 14

END

SRMA

Purp

0Se:

Multiply row of matrix by a scalar and add to
another row of the same matrix.

Usage:

CALL SRMA(A, C,N, M, LA, LB)

Description of parameters:

- Name of matrix.

- Scalar.

- Number of rows in A.

Number of columns in A,

- Row in A to be multiplied by scalar.

- Row in A to which product is added.

If 0 is specified, product replaces ele-
ments in row LA.

Epezo»
|

Remarks:

Matrix A must be a general matrix.

Subroutines and function subprograms required:

None.

Method:

-

Each element of row LA is multiplied by scalar
C and the product is added to the corresponding
element of row LB. Row LA remains unaffected

by the operation.

If parameter LB contains zero, multiplication
by the scalar is performed and the product re-
places elements in row LA,

SUBROUTINE SRMA(A (CoNyMyLA(LBY
DIMENSION Af1)
LaJeLA-N SRMA
LBJeLB=-N
B 3 J=l.m

LOCATE ELEMENT IN BOTH ROWS
LAJ=LASSN
LBJYSLBIN

CHECK LB FOR ZFRN
IFILB) 1421

1F NOT, MULTIPLY BY CONSTANT AND ADD YO OTHER ROW SRMA 11
AILBJ)=AILASIOCOA (LB SRMA 12
G0 7O 3 SRMA 13

OTHERWISE, MULTIPLY ROW BY CONSTANT SRMA 14
AlLAJ) =ALLAY)SC SRMA 15
CONT INUE SRMA 16
RETURN SRMA 17

SRMA 13

END
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SCMA RINT

Purpose:

Purpose:
Interchange two rows of a matrix.

Multiply column of,matrix by a scalar and add to
another column of the same matrix.
Usage:
Usage: CALL RINT(A,N, M, LA, LB)
CALL SCMA(A, C,N, LA, LB)
Description of parameters:

Description of parameters: A - Name of matrix.
A - Name of matrix. N - Number of rows in A.
C - Scalar, M -~ Number of columns in A,
N - Number of rows in A. LA - Row to be interchanged with row LB.

LA - Column in A to be multiplied by scalar. LB - Row to be interchanged with row LA,

LB - Column in A to which product is added.

If 0 is specified, product replaces ele- Remarks:
ments in LA. Matrix A must be a general matrix,

Subroutines and function subprograms required:

Remarks:
Matrix A must be a general matrix. None.
Subroutines and function subprograms required: Method:
None. Each element of row LA is interchanged with
corresponding element of row LB.
Method:
Each element of column LA is multiplied by DINERsioN a( 1y b
scalar C and the product is added to the corre- VPP a3
sponding element of column LB. Column LA ¢ COCATE ELEMENTS TN AOTH ROws M
JeLAJN
remains unaffected by the operation. L T E;’IEE E
If parameter LB contains zero, multiplication L estion a1
by the sealar is performed and the product re- ? EEES:L’“" A
RINT 14

places elements in LA,

SUBRUUTINE SCHA(ALCINsLAILRY scha
OIMENSTON ALY scuA 2

[4 LOCATE STARTING POINT DF AnTH CULUMNS scra 3
[LA=N#{LA-1) SCMA &
[LBxN*(LB-1} SCMA 5

00 3 [=1,N SCMA L)
fLa=1Las) scuA 7
ILR=ILA+] SCMA 8

4 CHECK L8 FOR 7ERD SCma 9
IFELBE 1s 241 SeMa 10

c 1F NOT MULTIPLY BY CONSTANT AND ADD TN SECOND COLUMN SCHA 11
1 AUILB)=ACILAISCOACILAY scMA 12

Gh TD 3 Scwa 13

c OTHERWISEs MULTIPLY COLUMN RY CUNSTANT SCRA 14
2 ALILA)=ALILAYSC SCMA 15

3 CONTINIE SCua 16
RETURN scua 17

END SCMA 18
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CINT

Purpose:
Interchange two columns of a matrix,

Usage:
CALL CINT(A,N, LA, LB)

Description of parameters:
A - Name of matrix.
N - Number of rows in A.
LA - Column to be interchanged with column

LB.
LB - Column to be interchanged with column
LA.

Remarks:
Matrix A must be a general matrix.

Subroutines and function subprograms required:
None.

Method:
Each element of column LA is interchanged with
corresponding element of column LB.

SUBROUTINE CINT(a,NsLA,LB) CINT 1
DIMENSEON Af1) CINT 2

3 LOCATE STARTING POINT OF BATH COLUMNS CINT 3
ILASNS (LA-1) CINT 4
ILB=Ne(LB-1) CINT 5

B0 3 I=1.N CINT &
JLAz[LAeL CINT T
ILB=tLB+L CINT &

[4 [NTERCHANGE ELEMENTS CINT 9
SAvE=ALILA) CINT 10
AtILAY=ALILB) CINT 11

3 ALTLB) =SAVE CINT 12
RETURN CINT 13

END CINT  t&

74

RSUM

Purpose:
Sum elements of each row to form column vec-
tor.

Usage:
CALL RSUM (A, R, N, M, MS)

Description of parameters:
A - Name of input matrix.
R - Name of vector of length N.
N - Number of rows in A.
M - Number of columns in A.
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
Vector R cannot be in the same location as ma-
trix A unless A is general.

Subroutines and function subprograms required:
LOC

Method:
Elements are summed across each row into a
corresponding element of output column vector

R.
SUBRGUTINE RSUMIA 4R Ny MS) RSUN ;
DIMENSION A(L).RULD RSUM
00 3 121N RSUK 3
< CLEAR QUTPUT LOCATION RSUM &
RI11=0,0 ASUM 5
DO 3 Jai,M RSUM b
c LOCATE ELEMENT FOR ANY MATRIX STORAGE MONE RSUM 7
CALL LOCET dsl0eNyHoNS) RSUM 8
c VEST FNR ZFRO ELEMENT IN DIAGNNAL “ATRIX RSUM 9
IFLEIJ) 24302 RSUM L0
4 ACCUMULATE IN OUTPUT VECTNR RSUM 11
2 RUNI=RUTI*ALTS) RSUN 12
3 CONTINUE ARSUM 13
RETURN RSUM 14
END RSUN 15
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CSUM
Purpose;
Sum elements of each column to form row vec-

tor.

Usage:
CALL CSUM(A, R,N, M, MS)

Description of parameters:

A - Name of input matrix.
R - Name of vector of length M.
N ~ Number of rows in A.

M - Number of columns in A.
MS - One digit number for storage mode of

matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
Vector R cannot be in the same location as ma-
trix A unless A is general.

Subroutines and function subprograms required:
LOC

Method:
Elements are summed down each column into a
corresponding element of output row vector R.

SUBROUTINE CSUMTA oR N, MyNS) csus 1
OIMENSION AT11.RI1D CcSum 2

D0 3 Jsl4N CSUN 3

c CLEAR OQUTPUT LOCATION CSUM &
R{J)=0.0 5

00 3 I[sleN csum 6

4 LOCATE ELEMENT FOR ANY MATRIX STORAGE KODE csum 7
CALL LOCIT,JdoldoNoM,MS) csum A

[3 TEST FOR ZERO ELENENT IN DIAGONAL MATRIX csum 9
IF(IS) 243,22 csum 10
ACCUNULATE [N OUTPUT VECTOR csum 11

2 REJI=R{JV$ALII) csum 12
3 CONTINUE CSuM 13
RETURN CSUN 14
END CSUM 1S

RTAB

The function of this subroutine is graphically dis-
played by Figure 6 (see description under '"Method").

M
N Matrix A N | |vector B
2222 Rowl ===z B(I)
M
E:‘:ROWI:::‘_: «— S(J)
L Matrix R L+l Vector S
- — S(L+1)
Figure 6. Row tabulation
Subroutine RTAB
Purpose:
Tabulate rows of a matrix to form a summary
matrix.
Usage:

CALL RTAB(A, B,R, S, N, M, MS, L)

Description of parameters:

A - Name of input matrix.

B - Name of input vector of length N contain-
ing key.

R - Name of output matrix containing sum-

mary of row data. It is initially set to
zero by this subroutine.
Name of output vector of length L+1 con-
taining counts.
- Number of rows in A.
Number of columns in A and R.
- Number of rows in R.
S - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

n
[}

2rg2
1

Remarks:
Matrix R is always a general matrix.
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Subroutines and function subprograms required:
LOC
RADD

Method:
Rows of data in matrix A are tabulated using the
key contained in vector B. The floating point
number in B(I) is truncated to form J. The ith
row of A is added to the JtB row of R, element
by element, and one is added to S(J). If J is not
between one and L, one is added to S(L+1).
This procedure is repeated for every element in
vector B. Upon completion, the output matrix
R contains a summary of row data as specified
by vector B. Each element in vector S contains
a count of the number of rows of A used to form
the corresponding row of R. Element S(L+1)
contains a count of the number of rows of A not
included in R as a result of J being less than one
or greater than L.

SUBROUT INE RTABLA B4Ry SyNeMyMS, L) RTAR 1
OIMENSTON A{115BL1),REL),St1} RTAB 2

4 CLEAR OUTPUT AREAS RTAR 3
CALL LOCIMyLy 1T44,L40) RTAB &

DO 10 FR=1,IT RTAH &

10 RIIR)=0,0 RTAR &

00 20 1SalsL RTAB 7

20 $115)=0.0 RTA3 B
S(L¥11=0.0 RTAR 9

00 60 I=l4N RTAR 1D

4 TEST FOR THE CEY OUTSIDE THE RANGE RYAB 11
IFL8(11) 50,50,3) RTAR 12

30 E=L RTAR 13
IF{RLII~E} 40Q,40,50 RTAR 14

40 JRIBLTY RTAR 15

[4 ADD ROW OF A T0 ROW NF R AND 1 TO COUNT _TAR 16
CALL RADDUA¢TsReSRoNsMyMSHL) RTAB 17
STJRI=SIJRI+1.0 RTAR 18

GO TO 60 - RTAB 19

50 StL+11=S(Le+1)+1.) RTAR 20
60 CONTINUE RTAR 21

RE TURN RTAR 22
END RTAR 23
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CTAB

The function of this subroutine is graphically dis-
played by Figure 7 (see description under '"Method").

column 1 column J
M L
TT T
i H
!
U 1
1 }
N : : Matrix A —— N| Matrix R i
: | : }
" !
H 1
1! '
B(1) () S(L+1)
4 \J
{ HH ] L R
M L+l
Vector B Vector $

Figure 7. Column tabulation

Subroutine CTAB
Purpose:
Tabulate columns of a matrix to form a sum-

mary matrix.

Usage:
CALL CTAB(A, B,R, S, N, M, MS, L)

Description of parameters:

A - Name of input matrix.
B - Name of input vector of length M contain-
ing key.

- Name of output matrix containing sum-
mary of column data., It is initially set
to zero by this subroutine.
Name of output vector of length L+1 con-
taining counts.
- Number of rows in A and R.
Number of columns in A,
- Number of columns in R.
S - One digit number for storage mode of
matrix A:

0 - General.

1 - Symmetric.

2 - Diagonal.

w»n
1

BErg=z
1

Remarks:
Matrix R is always a general matrix.

Subroutines and function subprograms required;
LOC
CADD

o
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B

Method:

o

Columns of data in matrix A are tabulated using
the key contained in vector B. The floating-
point number in B(I) is truncated to form J. The
1*h column of A is added to the Jt column of
matrix R and one is added to S(J). If the value
of J is not between one and M, one is added to
S(L+1). Upon completion, the output matrix R
contains a summary of column data as specified
by vector B. Each element in vector S contains
a count of the number of columns of A used to
form R. Element S(L+1) contains the number of
columns of A not included in R as a result of J
being less than one or greater than L.

SUBROUT INE CTABIA B4R, SeNsMaMS,L) CraB 1
JIMENSION AlLBeBL1),RITI,SI1D crag 2
CLEAR QUTPUT AREAS cras 3

CALL LOCUN,Ls1T,%,L,0} CTaR &
DO 10 (R={,T crap s
10 R{IR}=0.0 c€rag 5
00 20 IS=1,L crag 7
20 S{15)=0.0 craa 8
SII.‘IIIO.O cvap 9
00 60 1=1, cvas 10
TEST Fuu THE CEY NUTSIOE THE RANGE cran 11
TF(BII)} 50,50430 cras 12

30 E=L CTaB 13
TFIBL1)~E) 40,40,50 CTAB 14
40 JR=B(1) CTAB 15
ADD COLUNN OF A TO COLUMN NF R AND 1 TO COUNT CTAB 16

CALL CACD{AsToRyIRINgMoMSLE Crag 17
suav-suanl. cras 14

GO T0 & cras 19
50 SILOHSSILOI)'I.J crag 20
60 CONTINUE - cras 21
RETURN €rag 22
END CTaR 23

RSRT
Purpose:

Sort rows of a matrix.

Usage: .

CALL RSRT(A, B, R, N, M, MS)

Description of parameters:

A - Name of input matrix to be sorted.
B - Name of input vector which contains
sorting key.
R -~ Name of sorted output matrix.
N - Number of rows in'A and R and length
of B,
M - Number of columns in A and R.
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 -~ Diagonal.
Remarks:

Matrix R cannot be in the same location as ma-
trix A.

Matrix R is always a general matrix. .

N must be greater than 1. This routine sorts
into ascending order. Sorting into descending
order requires changing card RSRT 013 to read
IF(R(I-1)-R(D)) 30, 40, 40

Subroutines and function subprograms required:

LOC

Method:

nAn

nn

an

Ao Ao

°

~
°

w
3

S
o

60

10
A0

Rows of input matrix A are sorted to form out-
put matrix R. The sorted row sequence is de-
termined by the values of elements in column
vector B. The lowest valued element in B will
cause the corresponding row of A to be placed
in the first row of R. The highest valued ele-
ment of B will cause the corresponding row of
A to be placed in the last row of R. If duplicate
values exist in B, the corresponding rows of A
are moved to R in the same order as in A.

SUBROUTINE RSRT(AsBsRsNsMsMS) RSRT 1
DIMENSION Al1}48(1)sR(1) RSRT 2
MOVE SCRYING KEY VECTOR TO FIRST COLUMN OF OUTPUT MATRIX RSRT 3
AND BUILD ORIGINAL SEQUENCE LIST IN SECOND COLUMN RSRT 4
00 10 TeleN RSRT 8
R{IN=B(1) RSRT 6
12e1eN RSRT 7
R{12) st RSRT 8
SORT ELEMENTS IN SORTING KEY VFCTOR (ORIGINAL SEQUENCE LIST  RSRT 9
1S RESEQUENCED ACCORDINGLY? RSRT 10
+ RSRT MO1
1SORT=0 RSRT
LaL=1 RSRY MO2
00 40 1e2sL RSRT MO3
KFH[H-R(I-IH 30140440 RSRT 13
ISORT= RSRT M4
RSAVE-MH RSRT 18
REIVeR(]1=1) RSRT 16
R(I=1)eRSAVE RSRT 17
12148 RSRT 18
SAVER=R(12) RSRT 19
RI12)sR(12=1) RSRT 20
Ruz-n-sAvER RSRT 21
CONTINU RSRT 22
anscnn 20550420 RSRT 23
MOVE ROWS FROM MATRIX A TO MATRIX R {NUMBER W s!cnun COLUMN  RSRT 24
OF R REPRESENTS ROW NUMBER OF MATRIX A TO BE M RSRT 25
DO 80 Is1,N RSRT 28
GET ROW NUMBER IN MATRIX A RSRT 27
12¢ 14N RSRY 28
INSR{12) RSRT 29
1R=1=N RSRY 30
DO 80 JxlM RSRT 31
LO{A\‘! ELEMENT IN OUTPUT MATRIX RSRT 32
1R IR+N RSRT 33
LOCATE ELEMENT IN INPUT MATRIX RSRT 34
CALL LOC(INGJsTAsRIMIMS) RSRT 38
TEST FOR 2ERO ELEMENT [N DIAGONAL MATRIX RSRT 38
IFLIA) 60470460 RSRT 37
MOVE ELEMENT TO QUTPUT MATRIX RSRT 38
RIIRIWA(LIA} RSRT 39
G0 TO 80 RSRT 40
R{IR}=0 RSRT &1
CONTINUE RSRT 42
RETURN RSRT 43
END RSRT 48
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CSRT Method:
Columns of input matrix A are sorted to form

Purpé)::t. columns of a matrix output matrix R. The sorted column sequence ﬂm\)
: is determined by the values of elements in row -
Usage: vector B. The lowest valued element in B will
CALL CSRT(A, B,R,N, M, MS) cause the corresponding column of A to be

placed in the first column of R. The highest
valued element of B will cause the correspond-
ing row of A to be placed in the last column of
R. If duplicate values exist in B, the corre-

Description of parameters:
A - Name of input matrix to be sorted.
B - Name of input vector which contains

sorting key.
R - Name of sorted output matrix. sponding columns of A are moved to R in the
N - Number of rows in A and R. same order as in A.
M - Number of columns in A and R and
length of B. é?ﬂ:ﬁ?léﬁﬂff‘:fé?i?:::?:“‘“; xSt Row oF ouTeuT NETRIX E.f.sg :
4 M RT TOR T PUT MA 3
MS - One digit number for storage mode of 3 ” ;ﬁ‘ésui?m'gﬁxEil.fiimuzucs |l.xsv N sgcogg ROW ! E::; ;
- S
matrix A: e gggf s
0 - General, 10 TKeloaR &Rt s
s c SORT ELEMENTS IN SORTING KEY VECTOR {ORIGINAL SEQUENCE LIST CSRT 10
1- Symmetnc. c l§ RESEQUENCED ACCORDINGLY!) :::; ml)i
LaM+.
2 - Diagonal. = e AT
1P=1 CSRT 13
1QeN+1 CSRT  1a
N0 50 Je2.L CSRT MO3
IFIR{IQ)=R{IB)) 30440040 CSAT 16
30 ISORT=1 CSRT MO4
RSAVE=R({1Q) CSRT 18
R{IQ)=R{IP) CSRT 19
o E
Remarks: H:lEf!?::?;Pol) gs:z gg
. 3 RUIP+1)aSAVER S|
Matrix R cannot be in the same location as ma- 40 th=iped SR 2
i 2
trix A, * fg’:gggl 20460520 g::; :$
Matrix R is always a general matrix. £ oo ORI AR ST I T S B
ry . Quel
. 1 1 sorts 0O 70 Julsm CSRT 31
N must be greater than 1. This routine sort 870 B
3 s . . s 10= 104N SRT 32
into ascending order. Sorting into descending |, SET COLUMM NUMBER IN MATRIX A comr 33 -
order requires changing card CSRT 016 to read ¢ MR SRT 2 ‘
IF(R(IP)-R(IQ)) 30, 40, 40 - AL UCCPY (AL INARIRY N sHaVS) CiRT 30
S & n
Subroutines and function subprograms required: END CRT 41
LOC
CCPY
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RCUT

Purpose:
Partition a matrix between specified rows to
form two resultant matrices.

Usage:
CALL RCUT (A, L, R, S, N, M, MS)

Description of parameters:

A - Name of input matrix.
L. - Row of A above which partitioning takes
place.

R -~ Name of matrix to be formed from upper
portion of A.
S - Name of matrix to be formed from lower
portion of A.
N - Number of rows in A.
M - Number of columns in A,
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
Matrix R cannot be in same location as matrixA.
Matrix S cannot be in same location as matrix A.
Matrix R cannot be in same location as matrix S.
Matrix R and matrix S are always general ma-
trices.

Subroutines and function subprograms required:
LOoC

Method;
Elements of matrix A above row L are moved to
form matrix R of L-1 rows and M columns.
Elements of matrix A in row L and below are
moved to form matrix S of N-L+1 rows and M

columns.
SUBROUTINE RCUTTA 4LyRySoNeMyNS) RCUT 1
DIMENSION Af1)4RT1D,S(1) RCUT 2
1R=0 RCUT 3
15=0 RCUT .
00 70 J=1,M RCUT S
DO T0 I=1,N RCUT [
c ., FIND LOCATION IN GUTPUT MATRIX AND SET T0O ZERO RCUT T
IFLI-L} 20,10,10 RCUT 8
10 iS=1S+) RCUT 9
S11S)=0.0 RCUT 1IN
6D YO 30 « RCUT 1
20 IR=IRel RCUT 12
RIIR)=0,.0 RCUT 13
14 LOCATE ELEMENT FOR ANY MATRIX STORAGE MODE RCUT 14
30 CALL LOCITsdelJdeN oM NS) . RCUT 15
c TEST FOR ZERD ELENENT IN DIAGONAL MATRIX RCUT 16
IFLTJ1 40470440 RCUT 17
c DETERMINE WHETHER ABOVE.OR BELOW L RCUT 18
40 IFtI-L) 60,50,50 RCUT 19
S0 SUISI=AUIS) RCUT 20
G0 TO TO RCUT 21
60 RUIRI=ALI) RCUT 22
T0 CONTINUE RCUT 23
RETURN RCUT 24
END RCUT 25

ccur

Purpose:
Partition a matrix between specified columns to
form two resultant matrices.

Usage:
CALL CCUT (A, L, R, S,N, M, MS)

Description of parameters:
A - Name of input matrix.
L - Column of A to the left of which partition-
ing takes place.

R - Name of matrix to be formed from left
portion of A,
S - Name of matrix to be formed from right

portion of A,

N - Number of rows in A,
M - Number of columns in A,
MS - One digit number for storage mode of
matrix A:
0 - General.

1 - Symmetric.
2 - Diagonal.

Remarks:
Matrix R cannot be in same location as matrix A.
Matrix S cannot be in same location as matrix A.
Matrix R cannot be in same location as matrix S.
Matrix R and matrix S are always general ma-
trices.

Subroutines and function subprograms required;
LOC

Method:
Elements of matrix A to the left of column L are
moved to form matrix R of N rows and L-1 col-
umns. Elements of matrix A in column L and to
the right of L are moved to form matrix S of N
rows and M-L+ 1 columns.

SUBROUTTNE CCUT{A 4L R sSsNyMyNS) ceur 1
DIMENSION AUL),RE1),501) ceur 2

IR=0 ccur 3

15=0 cour &

00 70 Jul,M ceur 5

00 70 I=14N ccut 6

c FIND LOCATION IN OUTPUT MATRIX aND SET TN ZERD ceur 7
1FLJ=L) 20,10,10 ccur 8
10-IS=(S+1 ccur °
SUIS)=0.0 ccur 18

60 TO 30 ccut 1

20 IR=1R41 ccur t
RUIR)=0.0 ccur 13

4 LOCATE ELEMENT FUR ANY MATRIX STORAGF MODE [ T)
30 CALL LOCIHodeldeN M, uS) ccur 15

4 TEST FOR ZERO ELEMENT IN DIAGONAL MATRIX ccur e
IFLLS) 40,70,40 ccur 1r

4 DETERMINE WHETHER RIGHT NR LEFT OF L ceur 18
40 IF(J-L) 60,50,50 CCuT 19
50 SUIS)=AC1N) ccur 2

G0 Y0 70 ceur 21
60 RUIRIwALTID coory 22
70 CONTINUE ceur 23
RETURN ceur 24
END ceur 25
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RTIE

Purpose:

Adjoin two matrices with same column dimen-
sion to form one resultant matrix. (See Method.)

Usage:

CALL RTIE(A,B,R,N, M, MSA, MSB, L)

Description of parameters:

»

B -
R -
N -
M -

MSA -

MSB -
1, -

Remarks:

Matrix R cannot be in the same location as ma-

Name of first input matrix.

Name of second input matrix.

Name of output matrix.

Number of rows in A,

Number of columns in A, B, R.

One digit number for storage mode of
matrix A:

0 - General.
1 - Symmetric.
2 - Diagonal.

Same as MSA except for matrix B.
Number of rows in B.

trices A or B.

Matrix R is always a general matrix.
Matrix A must have the same number of columns
as matrix B.

Subroutines and function subprograms required:

LOC

Method:

Matrix B is attached to the bottom of matrix A.
The resultant matrix R contains N+ L rows and

M columns.
SUBROUTINE RTTEIA +B,RyNyMeMSAMSBIL) RTIE
DINENSION AL1)4B(114R(1} /TiE
NNy RTIE
1R=0 RTIF
NXSNN RTIE
MSX=MSA RTIF
00 9 JaloM RTIE
DO 8 Il=1,2 RTIF
B0 7 [=14NN RTIE
IR=IR+1 RYIE
R(IR}=0.0 RTIE
c LOCATE ELEMENT FOR ANY MATRIX STORAGE MODE RTIF
CALL LOCHIoJo[JpNNyMNSX) RTIE
[4 TEST FUR ZERD ELEMENT IN DIAGONAL MATRIX RTIE
TFLLII) 247 ATIE
c MOVE EtENENY TO MATRIX R RTIF
2 GO TOU3,4).101 RYLE
3 RUIR)=ALLD) RTIE
GO 1D 7 RTIE
4 RUIRI=BLTISY RYIE
T CONTINUE RTIE
[+ REPEAT AROVE FOR MATRIX B RYIE
NSX=MSB L3413
8 NN=L RYIF
c RESET FOP NEXT COLUMN RTIF
MSX=MSA RYIE
9 NNsNX RYIE
RETURN RYIF
FND RTIE

VBN NN~

CTIE

Purpose:

Adjoin two matrices with same row dimension to

form one resultant matrix, (See Method.)

Usage:

CALL CTIE(A, B,R,N, M, MSA, MSB, L)

Description of parameters:

SA -

2RZEW >

MSB -
L -

Remarks:

Name of first input matrix,

Name of second input matrix.

Name of output matrix,

Number of rows in A, B,R.

Number of columns in A.

One digit number for storage mode of
matrix A:

0 - General.
1 - Symmetric,
. 2 - Diagonal.

Same as MSA except for matrix B.
Number of columns in B.

Matrix R cannot be in the same location as ma-
trices A or B.

Matrix R is always a general matrix.

Matrix A must have the same number of rows
as matrix B.

Subroutines and function subprograms required:

LOoC

Method:

Matrix B is attached to the right of matrix A,
The resultant matrix R contains N rows and
M+ L columns.

SUBROUTINE CTIEIA,B,R/NeM,MSAINSBIL) cree
DINENSIGN ALLI,BLLI,RIL) crIf
MM CTIE
1R=0 cTIE
MSX=MSA CTIE
DO 6 Ju=l2 CTIE
B0 5 Ja1,MM 340
B3 5 [a1,N crIe
IRsIR+L cTIE
RIIRI=0.0 CTIE
LOCATE ELEMENT FOR ANY MATRIX STORAGE MODE CTIE
CALL LOCUTydy LayN oMMy MSX) CTIE
TEST FOR ZERO ELEMENT IN DIAGONAL MATRIX CYIE
[FU1J) 2,5,2 crie
MOVE ELEMENT TO MATRIX R CTIE

2 GO TO(3,4) 044 CTE
3 ROIR)=AL1S} CTIE
0 10 5 cTIE

& RUIRI=RUIJ) CTIF
5 CONTINUE CTIE
c REPEAT ABOVE FOR MATRIX B crie
HSX=HSB (4433
HMaL criE
6 CONTINUE CTIE
RETURN cTiE
END CTiE
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MCPY

Purpose:
Copy entire matrix.

Usage:
CALL MCPY (A,R,N, M, MS)

Description of parameters:

A - Name of input matrix.

R - Name of output matrix,

N - Number of rows in A or R.

M - Number of columns in A or R.

MS - One digit number for storage mode of
matrix A (and R):

0 - General.
1 - Symmetric.
2 - Diagonal.
Remarks:
None.

Subroutines and function subprograms required:
LOC

Method:
Each element of matrix A is moved to the cor-
responding element of matrix R.

SUBROUT INE HCPY (A 4R yNy M NS) ucey 1
DIMENSION A(1)4Rt1) Heey 2

c COMPUTE VECTOR LENGTH, IT MCPY 3
CALL LOCIN/ My IT 4N, 445 ) “cey 4

[ COPY MATRIX “cey s
00 b f=1,17 HCPY' A

1 R{LY=ALLY MCPY 7

RE tURN MCPY, A

END ucpy 9

XCPY

Purpose:
Copy a portion of a matrix.

Usage:
CALL XCPY(A, R, L, K,NR, MR, NA, MA, MS)

Description of parameters:

A - Name of input matrix.

R - Name of output matrix.

L - Row of A where first element of R can be
found.

K - Column of A where first element of R
can be found.

NR - Number of rows to be copied into R.

MR - Number of columns to be copied into R.
NA - Number of rows in A.
MA - Number of columns in A.
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
Matrix R cannot be in the same location as ma-
trix A.
Matrix R is always a general matrix.

Subroutines and function subprograms required:
LOC

Method:
Matrix R is formed by copying a portion of ma-
trix A. This is done by extracting NR rows and
MR columns of matrix A, starting with element
at row L, column K.

SUBRDUTINE XCPY(A 4R, Lo KeNR,UR N, HE, M) xcoy 1
DIMENSION ATL},R(L) xcey 2

c INTTIALEZE xeey 3
tR=0 Xcey 4
L2=L#NR-1 xtey s
K2aKeMR~1 XCPY 6

DN 5 JaK,K2 xcey 7

on 5 IaL,12 xcry 8
IR=[Re] xcpy @
RIIR)=0.0 XcPy 1N

[ LOCATE ELEMENT FOR ANY MATRIX STORAGE MODE xCPY 11
CALL LNCIL4J,TA,NA MA, HS) XCPY 12

3 TEST FUP ZERD ELEMENT IN DIAGUNAL MATRIX xcey 13
TE(TA) 445,4 XCPY 14

4 RUIR)=ACIA} XCPY 15

5 CONT INUE XCPY 16
RETURN xcey 17

END XCPY 18
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RCPY CCPY

Purpose: Purpose:
Copy specified row of a matrix into a vector. Copy specified column of a matrix into a vector.
Usage: Usage:
CALL RCPY (A, L, R, N, M, MS) CALL CCPY(A, L,R,N, M, MS)
Description of parameters: Description of parameters:
A - Name of input matrix. A - Name of input matrix.
L - Row of A to be moved to R. L - Column of A to be moved to R. ,
R - Name of output vector of length M. R - Name of output vector of length N. ;
N -~ Number of rows in A, N - Number of rows in A.
M - Number of columns in A, M - Number of columns in A,
MS - One digit number for storage mode of MS - One digit number for storage mode of N
matrix A: matrix A;
0 - General. 0 - General,
1 - Symmetric. 1 - Symmetric.
2 - Diagonal. 2 - Diagonal.
Remarks: Remarks:
None. None.
Subroutines and function subprograms required: Subroutines and function subprograms required:
LOC LOC
Method: Method:
Elements of row L are moved to corresponding Elements of column L are moved to correspond-
positions of vector R. ing positions of vector R. -
T A A T A h
14 o I!.Dé:;éIELCNEHT FOR ANY MATRIX STORAGE MODE :‘é:; 2 c o I’.ﬂl!:;E"ELENENl :OI :MV MATRIX STORAGE MODE gg:; ;
¢ CTESTROR PERD FLEMENT IN DIAGONAL MATRIX Rery 6 ¢ CMhTronima HENN v onacous waraix A
c 'F'kﬂés'éféim TOR :E:; :’c c L :::e%iﬁé;é-‘lem Tow gg:; :
1 RUSI=A(LY) RCPY 9 CCcPY 10
2 Ri4120,0 A IR ccor 11
3 Cowrie acey 12 RETURN AR
END RCPY 14 END

82
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DCPY SCLA

Purpose: Purpose:
Copy diagonal elements of a matrix into a vec- Set each element of a matrix equal to a given
tor. scalar.
Usage: Usage:
CALL DCPY (A, R, N, MS) CALL SCLA (A, C,N, M, MS)
Description of parameters: Description of parameters;
A - Name of input matrix, A - Name of input matrix.
R - Name of output vector of length N, C - Scalar.
N - Number of rows and columns in matrix A, N - Number of rows in matrix A,
MS - One digit number for storage mode of M -~ Number of columns in matrix A.
matrix A; MS - One digit number for storage mode of
0 - General. matrix A:
1 - Symmetric. 0 - General.
2 - Diagonal. 1 - Symmetric.
2 - Diagonal.
Remarks:
Input matrix must be a square matrix. Remarks:
None.
Subroutines and function subprograms required:
L.OC Subroutines and function subprograms required:
LOC
Method:
Elements on diagonal of matrix are moved to Method:
corresponding positions of vector R. Each element of matrix A is replaced by Scalar
SUBROUT INE OCPY{A ,R¢NsMS) neePY 1 C.
DIMENSION Atl),R11) ncey 2
e Eogninnusuuu ELEKENT FOR ANY MATRIX STORAGE NODE gg:; 2 ﬂ::g:é:E‘fcll;AlA.L.H'N.ls) zét: ;
CALL LOCTJdedslJsN,HsNS) ocey 5 4 COMPUTE. VECTOR LENGTH, IV scLa 3
s ne A SO BB 1o vecro Comme o egdETe @
oo Sy o Ve Y Scia 7
8
9
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DCLA

Purpose:
Set each diagonal element of a matrix equal to a
scalar.

Usage:
CALL DCLA (A,C,N, MS)

Description of parameters:

A - Name of input matrix.
C - Scalar.
N - Number of rows and columns in matrixA,
MS - One digit number for storage mode of
matrix A:
0 - General.

1 - Symmetric.
2 - Diagonal.

Remarks:
Input matrix must be a square matrix.

Subroutines and function subprograms required:
LOC

Method:
Each element on diagonal of matrix is replaced
by scalar C.

SUBROUTINE DCLAIA 4CyN,MS) nCLA 1
DINENSION AL1) oCLA 2
DO 3 I=1,N ocLa 3
LOCATE DIAGONAL ELEMENT FOR ANY MATRIX STORAGE MODE DCLA 4
CALL LOCEI,I¢TDsN,NyMSH ocLA s
REPLACE DIAGONAL ELEMENTS OCLA &

3 AtID)eC ocLa 7
RETURN DCLA 8
END pcLa 9

84

MSTR

Purpose:
Change

Usage:

storage mode of a2 matrix,

CALL MSTR(A, R, N, MSA, MSR)

Description
A -
R -
N -
MSA -

MSR -

Remarks:

of parameters:
Name of input matrix.
Name of output matrix.
Number of rows and columns in A and R.
One digit number for storage mode of
matrix A:
0 - General,
1 - Symmetric. <
2 - Diagonal.
Same as MSA except for matrix R.

Matrix R cannot be in the same location as ma-

trix A,

Matrix A must be a square matrix.

Subroutines and function subprograms required:
LOC
Method:
Matrix A is restructured to form matrix R.
MSA MSR
0 0  Matrix A is moved to matrix R.
0 1 The upper triangle elements of a )
general matrix are used to form )
a symmetric matrix.
0 2  The diagonal elements of a gener-
al matrix are used to form a di-
agonal matrix.
1 0 A symmetric matrix is expanded
to form a general matrix,
1 1 Matrix A is moved to matrix R.
1 2 The diagonal elements of a sym-
metric matrix are used to form a
diagonal matrix.
2 0 A diagonal matrix is expanded by
inserting missing zero elements
to form a general matrix.
2 1 A diagonal matrix is expanded by
inserting missing zero elements
to form a symmetric matrix. -
2 2  Matrix A is moved to matrix R.
SUBROUTINE MSTRIAJRsN,MSA,MSR) MSTR 1 -
DIMENSION AC1)4RI1) MSTR ? =
DO 20 Ial,N MSTR 3
DO 20 Jsl4N MSTR 4
c IF R IS GENERAL, FORM ELEMENT MSTR 5
IFIMSR) 5,10,5 MSTR 6
c If IN LOWER TRIANGLE OF SYMMETRIC DR DIAGONAL R, BYPASS MSTR T
5 IFII-J) 10+10.,20 NSTR fa
10 CALL LOCII4JeTRININ,NSR) MSTR 9
c IF IN UPPER AND OFF DIAGONAL OF DIAGONAL R, BYPASS MSTR 10
IFLIR) 20420415 MSTR I}
c OTHERWISE, FORIM RUL4J) MSTR 12
15 RUIR}=0.0 MSTR 13
CALL LOCIToJeTAgNyNyMSA) MSTR 14
c IF THERE IS NO AlT,J), LEAVE RU1,4) AT 0.0 MSTR 15
16 RUIRYsa TAr netR 17
20 CONTINUE :2;: :: m

RETURN
END
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MFUN

Purpose:

Apply a function to each element of a matrix to
form a resultant matrix.

Usage:

CALL MFUN (A,F,R,N, M, MS)

An external statement must precede call state-
ment in order to identify parameter F as the
name of a function.

Description of parameters:

= >

=27
1

Remarks:

Name of input matrix.
Name of FORTRAN-furnished or user
function subprogram.
Name of output matrix.
Number of rows in matrix A and R.
Number of columns in matrix A and R.
One digit number for storage mode of
matrix A (and R):

0 - General.

1 - Symmetric.

2 - Diagonal.

Precision is dependent upon precision of func-
tion used.

Subroutines and function subprograms required:

LOC

F (see Description of Parameters)

Method:

Function F is applied to each element of matrix A

to form matrix R.

RFTURN
END

SURROUT INE NFUNTA oF JR,NyMyHS) MEUN 1
DIMENSION ACL)4RI1Y WEUN 2
COMPUTE VECTOR LENGTH, IV WFUN 3
CALL LBCINGMy 1T o MyHS) MEUN 4
BUILD MATRIX 2 FOR ANY STNRAGE -4ODE MEUN 5

00 S I=1,IT MFUN L]
B=A(l) MEUN 7
5 R(T)=FEA) MEUN &
°

a4

H
5
H

Function RECP

Purpose:

Calculate reciprocal of an element. This is a
FORTRAN function subprogram which may be
used as an argument by subroutine MFUN.

Usage:
RECP(E)

Description of parameters:
E - Matrix element.

Remarks:

Reciprocal of zero is taken to be 1, 0E38.

Subroutines and function subprograms required;

None.

Method:

Reciprocal of element E is placed in RECP,

FUNCTION RECPLE)
BIG=1.0E38

c TEST ELEMFNT ZODR ZFWO
TFIE} 1421

8
[+ 1F NON-ZERD, CALCULATE RECIPROCAL RECP

RECP=1.0/E
RETURN

2€R0, SET £QUAL TO INFINITY RECP

(L2
2 RECP3SIGN(BIGE)
RETURN
END

»
m
2
°
e L L
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LOC

Purpose:

Compute a vector subscript for an element in a
matrix of specified storage mode,

Usage:

CALL LOC (,J, IR, N, M, MS)

Description of parameters:

- Row number of element.
- Column number of element.
~ Resultant vector subscript.
Number of rows in matrix.
- Number of columns in matrix.
S - One digit number for storage mode of
matrix:
0 - General.
1 - Symmetric.
2 - Diagonal.

Tk
1

Remarks:

None.

Subroutines and function subprograms required:

None.

Method:

MS=0 Subscript is computed for a matrix with
N*M elements in storage (general ma-
trix).

MS=1 Subscript is computed for a matrix with
N*(N+1)/2 in storage (upper triangle of
symmetric matrix). If element is in
lower triangular portion, subsecript is
corresponding element in upper tri-
angle.

MS=2  Subscript is computed for a matrix with
N elements in storage (diagonal ele-
ments of diagonal matrix). If element
is not on diagonal (and therefore not in
storage), IR is set to zero.

SUBROUTINE LOCIT, 3y [R N M HS) Loc
1xaf

1

?

3
IF{MS-1) 10,20,30 Lnc “
10 IRXsN&{Jx-1)¢1X Loc s
GO 10 38 3

b4

a

20 IFUIX-JX) 22424424 Lne

22 IRXa[X#{IX$IX=IX) /2 Loc
0 T 36

24 IRX=JXe{IXOIX-1X) /2 Lac 10
60 10 de

30 [RX=0 woc  t2

IFCIX=-UX) 36432436 Lo 13

32 IRX=1X Lac 14
36 [RwIRX e s

RETURN Lo 16
END Lnc 17

ARRAY

Purpose:

Convert data array from single to double dimen-
sion or vice versa, This subroutine is used to
link the user program which has double dimen-
sion arrays and the SSP subroutines which oper-
ate on arrays of data in a vector fashion.

Usage:

CALL ARRAY (MODE,1,J,N, M, S, D)

Description of parameters:

MODE - Code indicating type of conversion:

1 - From single to double dimen-
sion.

2 - From double to single dimen-
sion,

- Number of rows in actual data matrix.

Number of columns in actual data ma-

trix,

- Number of rows specified for the ma-

trix D in dimension statement.

Number of columns specified for the

matrix D in dimension statement,

] - If MODE=1, this vector contains, as
input, a data matrix of size I by J in
consecutive locations columnwise.

If MODE=2, it contains a data matrix
of the same size as output. The
length of vector S is IJ, where IJ=1*J.

D - If MODE=1, this matrix (N by M)
contains, as output, a data matrix of
size I by J in first I rows and J col-
umns. If MODE=2, it contains a data
matrix of the same size as input.

[
]

2 2
[

Remarks:

Vector S can be in the same location as matrix
D. Vector S is referred as a matrix in other
SSP routines, since it contains a data matrix.
This subroutine converts only general data ma-
trices (storage mode of 0).

Subroutines and function subroutines required:

None.

Method:

Refer to the discussion on variable data size in
the section describing overall rules for usage in
this manual.
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SUBROUT INE ARRAY [MODEsIsJeNs4sSs0) ARRAY

DIMENSION S(1),Dt1} ARRAY

NIeN-T ARRAY

[4 TEST TYPE 0F ONVERSION ARRAY

IF{MODE-1} 10C, 100, 120 ARRAY

[4 CONVERT EROM S INGLE TO OOUSLE DIMENSION ARRAY

100 1JalsJel ARRAY

NMsN®J+1 ARRAY

00 110 K=1,4 ARRAY

NM=NM-N1 ARRAY 10

0O 110 t=1,1 ARRAY 11

1Ja13-1 ARRAY 12

NM=AM-1 ARRAY 13

110 DINMI=S(1J)
60 TO 140

< CONVERT FROM DOURLE TO SINGLE DIMFNSION ARRAY 16

129 1420 ARRAY 17

NMz0 ARRAY 18

N0 130 K=1,J ARRAY 19

00 125 L=1,1 ARRAY 20

T4slael ARRAY 21

NMaNMe L ARRAY 27

12% $11J1=00M) ARRAY 23

130 NM=NM+NT ARRAY 24

140 RETURN ARRAY 75
ARRAY 26

CRNTAewN~

ARRAY 14
ARRAY 15

Mathematics — Integration and Differentiation

QSF

This subroutine performs the integration of an
equidistantly tabulated function by Simpson's rule,
To compute the vector of integral values:

X,
2 =z2(x)= [ y(x)dx
1 b i=1,2,...,n)

with X, =a +(i-1) h

for a table of function values y; (i = 1,2,...,0),
given at equidistant points xj =a + (i-1) h
i=1,2,...,n), Simpson's rule together with
Newton's 3/8 rule or a combination of these two
rules is used. Local truncation error is of the
order h5 in all cases with more than three points
in the given table. Only z2 has a truncation error
of the order h4 if there are only three points in the
given table, No action takes place if the table
consists of less than three sample points.

The function is assumed continuous and differen-
tiable (three or four times, depending on the rule
used).

Formulas used in this subroutine (zj are integral
values, yj function values) are:

zj Zj—l +% (1.25 yj_1 +Zyj 0.25 yj+1) (1)
h
2, =z,  +o (W, ,+4y. . +y.) (Simpson's .(2)
j=2 3 7j-2 V-1 7j rule)

3

z.=2z, . +—h(y, ,+3y. . +3y, . +y. 3

i T3 g O T T Y)Y @)
(Newton's 3/8 rule)

h
zj = zj-5 3 (yj_5 +3.875 yj_4 + 2,625 yj_3

+2.,625y, _+3.875y, _+y.
V-2 V-1 yJ) @

[combination of (2) and (3)]

‘Sometimes formula (2) is used in the following form:

h
2= 2 T3 03T A5y Y500 ®)

Local truncation errors of formulas (1)...(4) are,
respectively:
Y

1.4
Ri=gah v (&) (Gelxyox])

I
Ry=-55P v """ (k) (kpelx_5 %D

__3.,5
R3=-g 0y (k) (egelx,_p %))

Ry=- g ¥ (6 (Egel¥ g x])
However, these truncation errors may accumulate.

For reference see:

(1) F.B. Hildebrand, Introduction to Numerical
Analysis. McGraw-Hill, New York/
Toronto/London, 1956, pp. 71-76,

(2) R. Zurmiihl, Praktische Mathematik fiir
Ingenieure und Physiker. Springer, Berlin/
Gottingen/Heidelberg, 1963, pp. 214-221.

Subroutine QSF

Purpose:
To compute the vector of integral values for a .
given equidistant table of function values.

Usage:
CALL QSFH,Y,Z,NDIM)

Description of parameters:

H - The increment of argument values,

Y - The input vector of function values.

Z - The resulting vector of integral values,

Z may be identical to Y,

NDIM - The dimension of vectors Y and Z.
Remarks:

No action in case NDIM less then 3,

Subroutines and function subprograms required:
None

Method:
Beginning with Z(1) = 0, evaluation of vector Z is
done by means of Simpson's rule together with
Newton's 3/8 rule or a combination of these two
rules. Truncation error is of order H**5 (that is,
fourth-order method), Only in case NDIM=3
truncation error of Z(2) is of order H**4,
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SUBROUTINE QSF{HsYsZsNDIM} WSF MO}
DIMENSION Y(l)e2(1) QSF MO2
HT=433333330H GSF M03
L=l OSF  MO&
L2e2 USF MOS
L3=3 GSF  MO6
La=o QsF Mo7
L5=5 QsF M08
k&= QSF M09
IFINDIM=51748s1 QSF  M10
NDIM IS GREATER THAN 5. PREPARATIONS OF INTEGRATION LOGP QSF M1l
1 SUMleY{L21+YiL2) QSF M12
SUM}aSUML+SUML USF M13
SUMLaHT#(Y (L1)ASUML+Y{L)) QSF  Ml6
AUXJeYILGI+YILG) QSF  MI5
AUX1=AUX14AUX1 QsF M16
AUX1=SUML+HT®(Y(L3 1+AUXI+Y(L51) QSF M17
AUX2=HT® (Y{L1)#34B75% (YIL2)+Y(LEI)+22625%(YILI)4YILLII+YILE)) QSF M18
SUMZEY(LSI+YILS) OSF M19
SUM2ESUM2+SUM2 QSF M20
SUMZEAUX2=HT R (Y {LG6)+SUM2HY (L6)) OSF M2l
ZtL11x0, usF M22
AUX=Y(L3)+YIL3) QsF  M23
AUX=AUX+AUX QSF  M24
ZIL21aSUM2=HT#(Y{L2)+AUX+YILG}} QSF M25
Z(L3)=5UMl QSF M26
ZILs)=SUM2 OSF m27
IFINDIM=6150502 OSF  M28
INTEGRATION LOOP QWSF M29
2 DO & 1=s74NDIMy2 @SF  M30
SuMl=AuXl QSF M3l
SUM2eAUX2 QSF M32
AUX1®Y(I=1)+Y(]=1) GsF M33
AUX1=AUX1+AUX1 QSF M34
AUX1aSUML+HT®(Y{ =21 +AUX1+YL 1)) QSF M35
2i1=2)=5uM1 QSF M36
IFCI=NDIMI34646 QSF  M37
3 AUXZaY(I)evil) QSF  M38
AUX28AUX2+AUX2 WSF M39
AUX2eSUM24HT# (Y I~1) +AUX24Y( 141D} USF M40
4 Zi1-1)asum2 USF Mol
5 ZINDIM=1)=2AUXL USF M2
Z(NDIM) =AUX2 USF M43
RETURN USF Mo
& Z(NDIM=1)sSUMZ QSF Me5
2(NDIM) =AUKY OSF Mab
RETURN QSF M47
END OF INTEGRATION LOOP QSF Mo
7 IFINDIM=311241108 QSF  Ma9
NDIM 15 EQUAL TO 4 OR QSF M50
b SuMZ= 1.125-nrolnn|on|.zlovll.znvll.z»ovrL:wvlL;nvlleov(L«H QSF  M51
SUMl=Y(L2I+YI(L2) QSF M52
SUM]1=5UM1+5UM] QSF  M53
SUMLaHT#(Y(L1I+SUMI+Y(L3)) GsF M54
2(L11=04 uSF M35
AUX1=Y{LII+YIL3) 2SF MS6
AUXisAUX1+AUX] uSF M57
ZAL2)aSUM2-HT#(Y(L2) +AUX1+Y(L4D) USF M58
IFINDIM=5110+9+9 USF M59
9 AUX1=YILA)+YILG) JSF M60
AUX1=AUX1+AUX1 ISF N6l
Z(LS)=SUML+HT®{Y (L3 ¢AUX1+YIL5)} ISF M62
10 2iL3)=5UmMl uSF  Me3
Z(Lb)yaSUM2 USF  Me4
RETURN ISF M6S
NDIM IS EQUAL TO 3 USF Mo
11 SUML=HT®(1a258Y(L1I4Y(L2Z)+Y(L2)=225%YIL3}) uSF  Me7
SUM2=YIL2)4Y(L2} OSF  Mbd
SUM2=5UM2+SUM2 SF  M69
ZAL3)=HTR (Y IL1}4SUM2+Y(LI]} usF  M70
2(L1)=0e usfF mM71
2{L2)=5UM1 uSF  M72
12 RETURN usF M73
END uSF M7

This subroutine performs the integration of a given
function by the trapezoidal rule together with
Romberg's extrapolation method in order to compute

an approximation for:
b

y= ] f®& 1)

Successively dividing the interval [ a,b ]into 2!
equidistant subintervals (i = 0,1,2,.;,) and using
the following notations:

_b-a - _
R R R R

(k =0,1,2,...,2)

the trapezoidal rule gives approximations T,,j to the
integral value y:

21
1
To,i=hy kz=:0 fi’k-?(f(a)+f(b)) 2

88

Then the following can be written:

T Z S

2
0,i I‘_lorl

with unknown coefficients Co, 2y which do not
depend on i. Thus there is a truncation error of
the order h12 .

Knowing two successive approximations, To,j
and Tp, j4+1, an extrapolated value can be generated:

T -T
_ 0,i+l 0,1
Tii~ o, i1 21 @

This is a better approximation to y because:

)
_ _1 2 2r 2r
Tyi7Y 02 g Z'hoy Thy)
. 2.2 2 .
Noting that 2 hi+1 - hi = 0 and setting:

[y

Cior™ 2. @ 2% . ¢

0,2r
T. . becomes:
1,i
=)
2r
Ty,i7y+ 2 Cy,2r Bis1
r=2

This gives a truncation error of the order h‘il+1'

Knowing To, j42 also, T1, i+1 can be generated
(formula 3), and:

T -T
1,i+1 1,1
T, .,=T, . ey —— 4
2,1 1, i+l 24_1 @
Thus:
©
-y 2 c
i e 2,2r
1 4 2r,
with 02'21‘-24—_—1 @ -27)c o

with a truncation error of the order h?+2. Observe
that the order of truncation error increases by 2 at
each new extrapolation step.

The subroutine uses the scheme shown in the
figure below for computation of T-values and
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g""

generates the upward diagonal in the one-dimen-
sional storage array AUX, using the general
formula:

+Tk-1, j+1 -Tk—l,j

T, .=T . (k+j=i,
k k-1,j+
2] ) 22k~1 (5)
j= i~-1,i-2,...,2,1,0)
and storing:

T . into AUX (i+l)
0,i

T 1oy 00 AVX ()
Ty o t0 AUX ()
Truncation error | O(h?) | o) | O(h') [ O(hD). ..
step length
h It o 1 2 3
i 1
b-a 0 To,o] ;1,01 ;2,0] T3,0
b-a .
2 ! To,IJ] TI,IJ]/T'Z,J
b-a :
4 2 To,Z}I Tl,2
v 4
b-a
8 3 To,3[

Computation of T-values (QATR)

The procedure stops if the difference between two
successive values of AUX (1) is less than a given
tolerance, or if the values of AUX (1) start oscillat-
ing, thus showing the influence of rounding errors.

Subroutine QATR

Purpose:
To compute an approximation for integral
(FCTX), summed over X from XL to XU),

Usage:
CALL QATR(XL,XU,EPS,NDIM, FCT, Y, IER,
AUX) Parameter FCT required an EXTERNAL
statement,

Description of parameters:

XL - The lower bound of the interval,
XU - The upper bound of the interval.
EPS - The upper bound of the absolute error,

NDIM - The dimension of the auxiliary storage
array AUX, NDIM-1 is the maximal
number of bisections of the interval
XL, XU).

FCT - The name of the external function sub-
program used,

Y - The resulting approximation for the
integral value.

IER - A resulting error parameter,

AUX - An auxiliary storage array with
dimension NDIM,

Remarks:

Error parameter IER is coded in the following
form:

IER=0 - It was possible to reach the required
accuracy, No error,

IER=1 - It is impossible to reach the required
accuracy because of rounding errors,

IER=2 - It was impossible to check accuracy

because NDIM is less than 5, or the
required accuracy could not be reached
within NDIM-1 steps, NDIM should be
increased,

Subroutines and function subprograms required:

The external function subprogram FCT(X) must
be coded by the user. Its argument X should not
be destroyed.

Method:

Evaluation of Y is done by means of the trape-
zoidal rule in connection with Romberg's
principle. On return Y contains the best possible
approximation of the integral value and vector
AUX the upward diagonal of the Romberg scheme,
Components AUX(I) (=1, 2,..., IEND, with
IEND less than or equal to NDIM) become ap-
proximation to the integral value with decreasing
accuracy by multiplication by (XU-XL),

For reference see:

1,

N e

Filippi, Das Verfahren von Romberg-Stiefel- Bauer
als Spezialfall des Aligemeinen Prinzips von
Richardson, Mathematik-Technik-Wirtschaft,
Vol, 11, Iss, 2 (1964), pp. 49-54,

. Bauer, Algorithm 60, CACM, Vol, 4, Iss. 6

(1961), pp. 255.

SUBROUTINE QATR(XLXUsEPSeNDIMFCT Y e IERVAUX) QATR i
DIMENSION AUXI(1) QATR 2
PREPARATIONS OF ROMAERG-LOOP QATR 3
AUX (1)@ (FCTIXLI+FCTIXUD S QATR &
Haxy=xL, OATR 8
IF(NDIM=1184841 OATR 6
IF(H1291042 QATR 7
NDIM 1§ GREATER THAN 1 AND W IS NOT EQUAL TO 04 OATR 8
HHeH QATR 9
E*FP5/ABS (H) QATR 10
DELT2=0, QATR 11
Pule QATR 12

JJul

00 7 1=24NDIM CATR 14
Y=AUX(1) QATR 1%
DELTI=DELT2Z QATR 16
HO=HH QATR 17
HH= o S #HH QATR 18
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DO 3 Jaledd QATR 22
SMuSM4FCT (X} QATR 23
3 XeXoHD QATR 24
AUX(T)maSOAUX(1=1)+PRSH QATR 25
A NEW ACPROXIMATION OF INTEGRAL VALUE 15 COMPUTED BY MEANS OF QATR 26
TRAPE201DAL RULEs 0ATR 27
START OF ROMBERGS EXTRAPOLATION METHOD. GATR 28
Qs1e GATR 29
Jiet=1 QATR 30
0O 4 J=1sJl QATR 31
1lel=y QATR 32
Qu0+Q QATR 33
0=0+Q QATR 34
4 AUX{TTI®AUXITI+1) 4 LAURETT+1I=AUX(IT))/10=10) QATR 35
END_OF ROMBERG=STEP . QATR 36
DELT2=ABS (Y=AUX(1)) a:;: ;:
IF(1=B]70505 Q
5 IFIDELT2=E)10s1046 GATR 39
6 IF{DELT2-DELT1) 7411411 OATR 40
LN NNTNN] QATR 41
8 IERs2 QATR 42
9 YsH#AUX(1) QATR 43
RETURN GATR 44
10 1ERs0 QATR 48
0 10 9 QATR 46
11 IER=1 GATR 7
YoH#Y QATR 48
RETURN QATR 49
END GATR 50

Mathematics - Ordinary Differential Equations

RK1

This subroutine integrates a given function using the
Runge-Kutta technique and produces the final com-
puted value of the integral.

The ordinary differential equation:

L= twy) ®

with initial condition y(xg) = y, is solved numeri-
cally using a fourth-order Runge-Kutta integration
process. This is a single-step method in which the
value of y at x = x, is used to compute y,, 1 =
¥(xn+1) and earlier values yy,_j, ¥, _o, etc., are not
used,

The relevant formulae are:

Yy

o1 = Yot 1/6 [ko + 2k + 2k, + kg ] ()

where we define, for step size h

=
I

0 hi (xn ’ yn)

"
]

hfc + /2, y_+ k/2) "

e
1

BE(x + b/2, y + k /2)

[
[
I

= hi(x, + h, y, + ko)

Subroutine RK1

Purpose:
Integrates a first order differential equation
DY/DX=FUN(X, Y) up to a specified final value.

Usage:
CALL RK1(FUN, HI, X1, YI, XF, YF, ANSX,
ANSY,IER)

920

Description of parameters:
FUN - User-supplied function subprogram
with arguments X,Y which gives
DY/DX.

HI = The step size.
X1 - Initial value of X,
YI - Initial value of Y where YI=Y(XI).
XF - Final value of X,
YF ~ Final value of Y.
ANSX - Resultant final value of X.
ANSY - Resultant final value of Y.
Either ANSX will equal XF or ANSY
will equal YF depending on which is
reached first,
1IER ~ Error code:
IER=0 No error.
IER=1 Step size is zero.
Remarks:

If XI is greater than XF, ANSX=XI and
ANSY=YI.

If H is zero, IER is set to one, ANSX is set to
X1, and ANSY is set to zero.

Subroutines and function subprograms required:
FUN is a two argument function subprogram
furnished by the user: DY/DX=FUN X, Y).
Calling program must have FORTRAN external
statement containing names of function subpro-
grams listed in call to RK1,

Method:
Uses fourth-order Runge-Kutta integration proc-
ess on a recursive basis as shown in F. B.
Hildebrand, 'Introduction to Numerical Analy-
gis', McGraw-Hill, 1956. Process is termi-
nated and final value adjusted when either XF or
YF is reached.

SUBHOUTINE RKLIFUNJHI s XT oY1 4XF,YF  ANSX,ANSY,TER} RK 1 1

[4 TF XF IS LESS THAN DR EQUAL TO XL, RETURN XI,Yl 85 &NSWER RK) 2

IFUXF-X1) L1e10012 aKL 1

11 ANSXsXI R 4

ANSYaYL RKIL 5

RF TURN : RKE 5

[3 TEST INTERVAL VALUE RK] 7

12 Manl 'Kt a

1F(HIY 16,16,20 RK1 9

14 lER=] RK1 10

ANSXeX1 RK1 11

ANSY=0.0 /K112

RETURN RKL 13

16 Ha=Hl RK1 s

4 SET XNwENITIAL XoYN=INITIAL Y . "KL 1§

20 xN=XI RKL 16

YNeYI RK1 134

4 INTEGRATE UNE TIME STEP aKL 18

HNEW=H RKL 19

JunPel R 'Kl 20

GU TO 170 RK1 21

25 ANL=XX RK1 22
YNL=YY Rkl 23 -

3 COMPARE XN1 (sX(Ne11) TN X FINAL AND ARANCH ACCORDINGLY RK1 74

IF{XNI-XF150530440 \ ekt 29

4 XNL=XF, RETURY (XF,YNI) AS ANSWER Pkl 26

10 ANSX=XF RKL 27

ANSYeYNL RK1 28

GO TO 160, RK1 29

4 XNl GREATER T4AN XF, SET NEW STEP SIZE AND INTFGRATE ONF STEP RKL 30

< RETURN RESULTS OF INTEGRATION AS ANSWER akt 3t

40 HNEWSXF-XN RK1 32

JuNPe2 LLTI 5}

GO 10 170 RK1 14

45 ANSX=XX /KL 38

ANSY=YY PKL 38

60 10 160 RKI 37

4 ANL LESS THAN X FINAL, CHECK IF [YN,YNL) SPAN Y FINAL RK1 38

50 TFLOYNI-YFIIYF-YN)160,70,111 RKE 30
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c YN1 AND YN DO NOT SPAN YF, SET (XN,YN) AS (XN1,¥YN1) AND RFPFAT RX1 4N L.
50 YNsYAL o Subroutine RK2

010 170 e
14 EITHER YN NR YNI =YF. CIHMECK WHICH AND SFT PRNOPFR [X,Y) AS ANSWFRK] 46
0 IF - N R @ -
:ﬂ :n;‘v’r::"vnao 100, RO n:: :Z Purpose.
S0 e e0 N Integrates a first-order differential equation
e 252;&:::0 o DY/DX=FUN(X, Y) and produces a table of inte-
@
3 110 00 ;':O:E?l:n SPAN YF, TRY TN FIND X VALUF ASSOCTATFD WiTw vF :ES E% grated values.
19 INTERPOLATE T3 FIND NEW TIMFE STEP AND INTFIRATE ONF STEP oKl 54
TRY TEN INTERPNLATIONS AT MNSY ::: ;:
:nig:glvr—m 3/ 0 NI=YN1) & (XNL-XN) L er Usage:
115 Ewexk Rkl 59 CALL RK2(FUN, H, X1, YLK, N, VEC)
- RKY 0
'NE:O:;AHE COMPUTED ¥ VALUE WITH YF AND HRANCH l:l :l
IF{YNEW=YF 120,150,130 RK1 62 . .
120 m'c:::ucs. YF IS BETWEEN YNEW AND YNI ::} :: Descrlptlon of parameters:
Y E‘;{ E; FUN ~ User-supplied function subprogram
s m:&:g:“- YF 15 BETWFEN YN aND NEW :EE a with arguments X, Y which gives DY/DX.
XN1=XNI 3
140 CﬂNlEl’NU: ) xs anoues ::: ;‘l’ H - Step size.
RETURN [ XNEWYF ANSWI
¢ 150 AN:X-!;{EV ::: ;g X1 ~ Initial value of X.
ANSY=YI
Le0 RN a0 , EE; zg YI - Initial value of Y where YI=Y(XI).
TL=HNEASFUNTXN, YN . s
1?=:ne:053=(:nmz.vmru:.oy Rkt 77 K - The interval at which computed values
T3=HNEWSFUNEXN#H2 \YN¢T2/2.00 RKL hi
T4=HNEWSFUNE XNSHNEW, YN4T3) /KL 79 are to be stored.
VV:YN‘I'le.D.TZOZ.D"JbY&lIb.D ::: :?
DN e A1 8l N - The number of values to be stored.
£no KL VEC - The resultant vector of length N in
which computed values of Y are to be
stored.
Remarks:
None.
RK2 Subroutines and function subprograms required:

FUN - User-supplied function subprogram for
DY/DX.

Calling program must have FORTRAN EXTER-

NAL statement containing names of function

subprograms listed in call to RK2.

This subroutine integrates a given function using the
Runge-Kutta technique and produces tabulated values
of the computed integral.

The ordinary differential equation:

dy Method:
ax - ey @ Fourth-order Runge~Kutta integration on a re-

cursive basis as shown in F. B. Hildebrand,
'Introduction to Numerical Analysis', McGraw-

with initial condition y(xg) = ¥, is solved numeri-
Hill, New York, 1956,

cally using a fourth-order Runge-Kutta integration
process. This is a single-step method in which the

value of y at x = X is used to compute yp, 1 = STAENS IO veC, 1y KT vEe) oo
. H2=4/2, 2K2 1

y(xr:i +1) and earlier values y,, ;. ¥,_o, etc., are not - m2 e
use . o 2 l:qu RK2 L
Tenobontxr) P

The relevant formulae are: T2=HOFUNIX#H2,¥oT 172.) RK2  a
T3sHOFUNIX+#H2,YeT 2/2,) RK2 10

TAsHOFUNIX+H,Y+T3) RK2 11

Y= YO{TL472.6T242,¢T34T41/6, RK2 t2?

v =y +1/6[k, + 2k + 2k, + k] ) L xexan - a2 13
n+1 n 0 1 2 3 ? R e 1s

END ak? 16

where we define, for step size h

~
I

0 hf(xn’ yn)

=
1]

hf(xn+ h/2, vt k0/2) .
3)

e
1]

hf(xn + h/2, Yt k1/2)

P
i

hi(x + b, v, + k)
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RKGS
This subroutine uses the Runge-Kutta method for
the solution of initial-value problems.

The purpose of the Runge-Kutta method is to ob-
tain an approximate solution of a system of first-
order ordinary differential equations with given
initial values. It is a fourth-order integration pro-
cedure which is stable and self-starting; that is,
only the functional values at a single previous point
are required to obtain the functional values ahead.
For this reason it is easy to change the step size h
at any step in the calculations. On the other hand,
each Runge-Kutta step requires the evaluation of the
right-hand side of the system four times, which is
a great disadvantage compared with other methods
of the same order of accuracy, especially predictor-
corrector methods. Another disadvantage of the
method is that neither the truncation errors nor
estimates of them are obtained in the calculation
procedure. Therefore, control of accuracy and
adjustment of the step size h is done by comparison
of the results due to double and single step size 2h
and h.

Given the system of first-order ordinary differ-
ential equations:

dyl
1= =
e R AAR PUREELR A
dy
NA .S TS AR
2 dx I MR *n
d
y! =—yl—‘=f & ¥, y,)
n dx n £l 1’ 2! A n
and the initial values:
v, &) = 1,0 Vo) = Vo, 00 v v, &) = Y, 0
and using the following vector notations:
v, ) f,(x,7) Y1 o
)
Y(x) = 5:2(X) » F(x, Y) = fz‘f"Y) s Y, = 3:2’0
L] L] L]
yn(X) fn(X,Y) Yn 0

where Y, F and Yg are column vectors, the given
problem appears as follows:

dy
t ==t = i =
Y F(x, Y) with Yx ) = ¥,

92

With respect to storage requirements and com-
pensation of accumulated roundoff errors, Gill's
modification of the classical Runge-Kutta formulas
is preferred. Thus, starting at xg with Y(xg) = Yo
and vector Q0 = 0, the resulting vector Y4=Y(xg+h)
is computed by the following formulas:

',Y1=Y +1K -2Q

K, =hF@; Yo o F3 & - 29y

- 1 - 1
Ql—Q0+3[2(K1 ZQO)] 2 &
K, =hF(x L2 Y);Y =Y +(l= l)(K -Q
2 0o 2’1 2 1 2\ e 1)

1
Q=9 +3[a ’\E)(Kz -l -a '\J%’Kz
(1)

h 1
K3=hF(xO+—, Y2) ;Y3 —Y2+ 1+ E)(KS-Q2)

_ 1 1
Qy =Q, +3 [(1 43Ky - Q) ] - (L +[PK,

1
K4=hF(x0+h, Y3) ;Y4 —Y3+'€(K4— 2Q3)

1 1
Q=Qy+3 (5K, - 2] - 3K,

where K1, Ko, K3, K4, Y1, Yo, Y3, Y4, Q1, Qo,
Q3, Q4 are all column vectors with n components.

If the procedure were carried out with infinite
precision (that is, no rounding errors), vector Q4
defined above would be zero. In practice this is not
true, and Q4 represents approximately three times
the roundoff error in Y4 accumulated during one step.
To compensate for this accumulated roundoff, Q4

is used as Qg for the next step. Also (xg +h) and Yy
serve as xq and Y respectively at the next step.

For initial control of accuracy, an approximation
for Y(xqg + 2h) called Y(2) (xo + 2h) is computedusing
the step size 2h, and then an approximation called
¥(1) (xo + 2h), using two times the step size h. From
these two approximations, a test value & for ac-
curacy is generated in the following way:

1 & 1 2

where the coefficients aj are error-weights specified
in the input of the procedure.

Test value 6 is an approximate measure for the
local truncation error at point xo+2h. If § is greater
than a given tolerance €9, increment h is halved and
the procedure starts again at the point xq. If§is
less than €9, the results Y(1) (xo+h) and Y(1) (x0+2h)
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are assumed to be correct. They are then handed,
together with xp + h and x¢ + 2h and the derivatives
at these points -- that is, the values of F[xo +h,
Y(1) (xg+h)] and F[x¢+2h, Y(1) (xo+2h)] respective-
ly -- to a user-supplied output subroutine.

If & is less than €1 = €9/50, the next step is
carried out with the doubled increment. However,
care is taken in the procedure that the increment
never becomes greater than the increment h specified
as an input parameter, and further that all points
X, * jh (where j =1, 2, ...) which are situated
between the lower and upper bound of the integration
interval are included in the output. Finally, the
increment of the last step of the procedure is chosen
in such a way that the upper bound of the integration
interval is reached exactly.

The entire input of the procedure is:

1. Lower and upper bound of the integration
interval, initial increment of the independent vari-
able, upper bound €32 of the local truncation error,

2. Initial values of the dependent variables and
weights for the local truncation errors in each com-
ponent of the dependent variables.

3. The number of differential equations in the
system.

4. As external subroutine subprograms, the
computation of the right-hand side of the system of
differential equations; for flexibility in output, an
output subroutine,

5. An auxiliary storage array named AUX with
8 rows and n columns.

Output is done in the following way. If a set of
approximations to the dependent variables Y(x) is
found to be of sufficient accuracy, it is handed --
together with x, the derivative F[x, Y(x)], the
number of bisections of the initial increment, the
number of differential equations, the lower and upper
bound of the interval, the initial step size, error
bound €2, and a parameter for terminating subroutine
RKGS -- to the output subroutine, Because
of this output subroutine, the user has the opportu-
nity to choose his own output format, to handle the
output values as he wants, to change the upper error
bound, and to terminate subroutine RKGS
at any output point. In particular, the user is able
to drop the output of some intermediate points,
printing only the result values at the special points
X9 +nh(n=0, 1, 2, ...). The user may also
perform intermediate computation using the integra-
tion results before continuing the process.

For better understanding of the flowchart and of
the FORTRAN program, the following figure shows
the allocation of special intermediate result vectors
within the storage array AUX,

For reference see A. Ralston/H.S. Wilf, Mathe-
matical Methods for Digital Computers , Wiley,
New York/London, 1960, pp. 110-120.

AUX

function vector Y(x) 1. row (AUX (1) in flowchart)

derivative vector F(x, Y(x)) 2. row (AUX (2) in flowchart)

vector of accumulated roundoff | 3.
at point x

row (AUX (3) in flowchart)

function vector Y(x+2h) for 4,
testing purposes

row (AUX (4) in flowchart)

function vector Y(x+h) 5. row (AUX (5) in flowchart)

vector of accumulated roundoff | 6.
at point x +h

row (AUX (6) in flowchart)

derivative vector F(x+h, Y(x+h))| 7. row (AUX (7) in flowchart)

vector of error weights 8.
multiplied by 1/15

row (AUX (8) in flowchart)

Storage allocation in auxiliary storage array AUX (RKGS)

Subroutine RKGS

Purpose:
To solve a system of first-order ordinary differ-
ential equations with given initial values.

Usage:
CALL RKGS(PRMT, Y,DERY,NDIM,IHLF,FCT,
OUTP,AUX) Parameters FCT and OUTP require
an external statement,

Description of parameters:

PRMT . An input and output vector with
dimension greater than or equal
to 5, which specifies the para-
meters of the interval and of
accuracy and which serves for
communication between the output
subroutine (furnished by the user)
and subroutine RKGS, Except for
PRMT(5), the components are not
destroyed by subroutine RKGS and
they are:
Lower bound of the interval (input),
Upper bound of the interval (input),
Initial increment of the independent
variable (input).
Upper error bound (input), If
absolute error is greater than
PRMT4), the increment gets halved,
If the increment is less than PRMT(3)

PRMT(1) -
PRMT(2) -
PRMT(@3) -

PRMT(@) -

and absolute error less than PRMT(4)/50,

the increment gets doubled. The user
may change PRMT(4) in his output
subroutine.

Mathematics — Fourier Analysis 93
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PRMT(5) - No input parameter, Subroutine Remarks:

RKGS initializes PRMT(5)=0. If the The procedure terminates and returns to the

user wants to terminate subroutine calling program, if m
RKGS at any output point, he. must 1, More than 10 bisections of the initial increment

change PRMT(5) to nonzero in sub- are necessary to get satisfactory accuracy

routine OUTP, Further components {error message IHLF=11),

of vector PRMT can be made avail- 2. The initial increment is equal to 0 or has the

able if its dimension is defined . wrong sign (error messages IHLF=12 or IHLF=13).
greater than 5. However subroutine 3. The integration interval is exhausted,

RKGS does not require this. Never- 4, Subroutine OUTP has changed PRMT(5) to non-

theless, they may be useful for

handling result values to the main zero.

program (calling RKGS) which are Subroutines and function subprograms required:

obtained by special manipulations The external subroutines FCT (X, Y, DERY) and

with output data in subroutine OUTP, OUTP(X,Y, DERY, HLF,NDIM, PRMT) must be
Y - Input vector of initial values furnished by the user,

(destroyed). On return, Y is the Method:

resultant vector of dependent vari- Evaluation is done by means of fourth-order

ables computed at intermediate Runge-Kutta formulae using the modification due

points X, to Gill. Accuracy is tested comparing the results
DERY - Input vector of error weights of the procedure with the increment,

(destroyed), The sum of its compo- Subroutine RKGS automatically adjusts the

nents must equal 1, On return,
DERY is the vector of derivatives
of function values Y at points X.

increment during the whole computation by
halving or doubling. If more than 10 bisections
of the increment are necessary to get satisfac-

NDIM ~ An input value which specifies the tory accuracy, the subroutine returns with error
number of equations in the system, message IHLF=11 to the main program.
IHLF - An output value which specifies the To get full flexibility in output, an output
number of bisections of the initial subroutine must be furnished by the user. -

increment, When IHLF is greater
than 10, subroutine RKGS exits to
the main program with error mes-
sage IHLF=11, Other error mes-

sages are:
IHLF=12; PRMT(3)=0 or

PRMT(1)=PRMT(2) SUBROUTINE RKGS(PRMT +YsDERY sNDIMs IHLF s FCT1OUTP 1AUX) RKGS )

. OIMENSION Y(1)eDERY(1)sAUX(8s1laAla)sBla)eCia) yPRMTIS) RKGS MO

THLF=13; SIGN(PRMT(3)) is not 00 1 1e1eNDIN RKGS 3

1 AUX(8s1)me0666666T*DERY(T) ::g: ;

equal to SIGN(PRMT(2)-PRMT Arupephat (21 RGeS

1)). PRuT(5)a0s Axes s

CALL FCTUX,YsDERY) RKGS 9

- RKGS 10

FCT The name of the external subroutine ¢ e res L Rkes 10

used, This subroutine computes the €, PREPARATIONS FOR RUNGE-KUTTA METHOD Rxgs 12

right-hand side, DERY, of the sys- Anioes e 18

t 4 Al4)ee16866667 RKGS 16

em for given values X and Y, Its B(11e24 RKgs 17

. Bl2y=l,

parameter list must be X, Y, DERY. HERS mes 1o

i aes RKGS 21

Subroutine FCT should not destroy g;;;__;,zgm REGS 22

X and Y. it Rxes 26

INGE~KUTTA STEP RKGS 2%

OUTP - The name of the external output sub- ¢ 33‘:‘?5;33?"“ FIRsT RNeEK axcs 26

. . Aux{lslley(l}

routine used, Its parameter list AUX(201)=0ERY L1) Rgs 26
must be X, ¥, DERY, IHLF, NDIM, 3 Auxigat)en. RXGS 21 e

= RKGS 132

PRMT, None of these parameters Tu;;‘:-l Rees 33

s ISTEP=O

(except, if necessary, PRMT{), c STARTOF A RUNGE-KUTTA STEP Rkce 36

PRMT(5),...) should be changed by 4 LFLOKHoXENDY OHI 4643 EEEE Eg

subroutine OUTP' If PRMT(S) iS < ¢ :E:g;;ING OF INITIAL VALUES OF THIS STEP RKGS 40

. 7 CALL OUTP{XsYDERY,IRECINDIMaPRMT) RKGS 41

changed to nonzero, subroutine . 'x:é::r«:(nuo.a.m ::2: ::

s s o RKGS

RKGS is terminated, ¢ BT Hitaosr mosce-surrs Lo e
AUX - An auxiliary storage array with 8 10 e Ao o N

BJ=BLY) RKGS 48

rows and NDIM columns, cJuCtd) RKGS 49

50 11 I=14NDIM RKGS 50
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R1aH#DFRY (1} RKGS 51

R2=AJ¥(R1=BJPAUXI6e 1)) RKGS 52
YUI)mY(1]4R2 RKAS A3
R29R24R24R2 RKGS 34

11 AUX{601)=AUX(611)+R2=CISRY RKGS 55
IF(J=411201541% RKGS 36

12 JeJsl RKGS 57
1F(J=3)13,14413 RKGS 58

13 XeXé,58H RKGS 59
14 CALL FCT(XsYeDERY) RKGS 60
60TO 10 RKGS 61

3 END OF INNERMOST RUNGE=KUTTA LOOP RKGS 62
3 TEST OF ACCURACY RKGS 63
15 1FLITEST) 16916920 RKGS 64

< IN CASE ITFST=0 THERE IS NO POSSIBILITY FOR TESTING OF ACCURACY  RKGS 65
16 DO 17 Isl)NDIM RKGS 66
17 AUX(4sTaYl) RKGS 67
1TEST=1 RKGS 68
1STEP=ISTEP$ISTEP=2 RKGS 69

18 IHLFSIHLF41 RKGS 70
XeXoH RKGS 71
HeoSaH RKGS 72

00 19 Il NDIM RKGS 73

Y1 mAUX(241) RKGS 74

DERY (1) =AUX(241) RKGS 75

19 AUX(61)=AUX(201) RKGS 76
6010 9 RKGS 77

< IN CASE JTESTs1 TESTING OF ACCURACY IS POSSIBLE RKGS 78
20 IMODmISTEP/2Z RKGS 79
IF{ISTEP=IMOD=1MOD) 21423421 RKGS RO

21 CALL FCT(XsYsDERY) RKGS 81
DO 22 [s1sNDIW RKGS 82
AUX{Sel)eY(1) RKGS 83

22 AUX{Ts1}eDERY(I) RKGS 84
GOTO 9§ RKGS 8%

< COMPUTATION OF TEST VALUE DELT RKGS 86
23 DELT=0¢ RKGS 87
D0 26 1s1.NDIM RKGS 88

24 DELT=DELT+AUX(8+1)®ABS(AUX(4s1)=Y (1)} RKGS 89
1F (DELT=PRYT (41128428428 RKGS 90

< ERROR 1§ YOO GREAT RKGS 91
25 IFUINLF=10)26+36036 RKGS 92
26 DO 27 I=1sNDIM RKGS 93
27 AUX[431)=AUX(841) RKGS 94
ISTEPa1STEP+1STER=4 RKGS 95
XeX=t RKGS 96
1END=0 RKGS 97

GOTO 18 RKGS 98

< RESULT VALUES ARE GOOD . RKGS 99
28 CALL FCT(XsYeDERY) RKGS 100
00 29 1x1sNDIM RKGS 101
AUX(1s1)mY(D) RKGS 102

AUX (2471 =DERY (1) RKGS 103

AUX (3411 ®AUX(60T) RKGS 104

Y1 aAUX(SeT) RXGS 105

29 DERY(I)oAUX{TeI} RKGS 106
CALL OUTP(X=H1YsDERY ¢ IHLF sNDIMsPRMT) RKGS 107
TF(PRMT (51140930140 RKGS 108

30 DO 31 I=14ADIM RXGS 109
Y{I}aaUX{1sl) RXGS 110

31 DERY(]}eAUXt2+1} RKGS 111
TREC=THLF RKGS 112
IF{1END) 92432439 RKGS 113

3 INCREMENT GETS DOUBLED RKGS 116
32 INLF=lHLF=1 RKGS 115
1STEPISTER/2 RKGS 116
HuH+H RKGS 117
TFIIHLF) 6432439 RKGS 118

33 IMOD=1STER/2 RKGS 119
1F ([STEP=TMOD=140D) 44344 RKGS 120

34 IF({DELT=s02¢PRUT (411354354 RKGS 121
35 IHLFaIMLF=1 RKGS 122
1STEP=1STEP/2 RKGS 123

el RKGS 124

GOTO & RKGS 125

< RETURNS TO CALLING PROGRAM RKGS 126
36 IMLF=11 RKGS 127
CALL FCT(XsYDERY) RKGS 128

GOTO 39 RKGS 129

37 IHLF=12 RKGS 130
GOTO 39 RKGS 131

28 IHLFel3 RKGS 132
39 CALL OUTP(X4Y+DERYsIHLF sNDIMsPRMT] RKGS 133
40 RETURN RKGS 134
END RKGS 138

Mathematics - Fourier Analysis

FORIF

This subroutine produces the Fourier coefficients

for a given periodic function.

Given: 1. A function f(x) for values of x between

Oand 2 7

2. N - the spacing desired such that the
interval is 2x/(2N+ 1)

3. M - the desired order of the Fourier
coefficients, 0 < M < N.

The coefficients of the Fourier series that approxi-
mate the given function are calculated as follows:

¢ = c°s(§N£+Ll') @

s 27
5 = =in(5t) @
U2 =0
Ul =0
cC =1
S =0
J =1

The following recursive sequence is used to compute
Ug: Uy, and Uy:

_ 2mw
U = f(2N+1)+ 2CU, -7, @)
U =4
U =T

for values of m = 2N, 2N-1, ..., 1

The coefficients are then:

A=2

7= mT (T + ¢ Y -U,) )

2
By= met 50y ©)

The values of C and S are updated to:

Q CIC—SIS

§=20C

1S+ SIC

o]

Q

J is stepped by 1 and the sequence starting at equa-
tion (3) is now repeated until M+ 1 pairs of coeffi-
cients have been computed.

Subroutine FORIF

Purpose:
Fourier analysis of a given periodic function in
the range 0-2r.
Computes the coefficients of the desired number
of terms in the Fourier series F(X)= A(0)+
SUM(A(K)COS KX+ B(K)SIN KX) where K=1, 2,
+ ., M to approximate the computed values of a
given function subprogram,
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Usage:
CALL FORIF(FUN,N, M, A, B, IER)

Description of parameters:
FUN - Name of function subprogram to be used
for computing data points.
N - Defines the interval such that 2N+1
points are taken over the interval
(0,27). The spacing is thus 2x/(2N+1).
M - The maximum order of the harmonics
to be fitted.
A - Resultant vector of Fourier cosine co-
efficients of length M+1; i.e., AO’ cees
AM'
B - Resultant vector of Fourier sine coef-
ficients of length M+1; i.e., BO' ooy
Bpte
IER - Resultant error code where:
IER=0 No error.
IER=1 N not greater than or
equal to M.
IER=2 M less than 0.

Remarks:
M must be greater than or equal to zero.
N must be greater than or equal to M,
The first element in vector B is zero in all
cases.

Subroutines and function subprograms required:
FUN - Name of user function subprogram used
for computing data points.

Calling program must have FORTRAN EXTER-
NAL statement containing names of function
subprograms listed in call to FORIF.

Method:
Uses recursive technique described in A. Ralston,
H. Wilf, 'Mathematical Methods for Digital Com-
puters', John Wiley and Sons, New York, 1960,
Chapter 24. The method of indexing through the
procedure has been modified to simplify the
computation.

SUBRGUTINE FORIF(FUNNyMoAsB,TERD FORIF 1
DIMENSION Al11,8(1) FORIF 2

4 CHECK FOR PARANETER ERRORS FORIF 3
1€R=0 FORIF &

20 [FIM)} 30,4040 FORIF S
30 1ERa2 FORIF 6
RETURN FORIF 7
40 IF(M=-M) 60,60,50 FORIF A
S0 1ER=1 FORIF @
RETURN FORIF 10

c COMPUTE AND PRESET CONSTANTS FORIF 11
60 AN=N FORTF 12
COEFe2.0/12.0%AN+1.0) FORIF 13
CONST23,141593¢CIEF FORIF 14
S1=SINICONST) FORIF 1S
C1=COS{CONST) FORIF 16
C=1.0 FaRIF 17
$=0.0 FORIF 18
J=1 FORIF 19
FUNZ=FUNLO,0) FORIF 20
70 UZ=0.0 FORIF 21
U120,.0 FORIF 22
Al=geN FORIF 23

4 FORM FOURTER COEFFICIENTS RECURSIVELY FORIF 24
75 X=AISCONST FORIF 25
UO=FUNI X) ¢2,08CoI P-U2 FORIF 25
u2eul FORIF 27
utauo FORIF 28
Al=Al-1.0 FORIF 29
IFLAT) BO,R0,T7S FORIF 30

80 A[J)=COEFS(FUNZeCOUL-U2) FORIF 31

96

B1IVeCOEFSOUL FORTE 32

1F{J=-{Ms1}) 90,130,100 FORIF 33
90 QsCleC-S)108 FORIF 34
S=CleSeSieC FORIF 35
C=Q FORLF 38
J=Jel FORIE 37 Z
G0 YO 10 FORIF 38 o
100 AllleA(1)e0.5 FORIF 39 !
RETURN FORIE 40
END FORTF A}

This subroutine produces the Fourier coefficients of
a tabulated function.

Given: 1. Tabulated values of a function £(x) for x .
between 0 and 2« in steps of 2x/(2N+1)

2. N such that there are 2N+1 tabulated
data points: 2K#x/2N+1, K= 0, 1, 2,
cees 2N

3. M - the desired order of the Fourier
coefficients where 0 < M <N

The coefficients of the Fourier series which approxi-
mate the given function are calculated as follows:

Cy = cos (21?1:1) Q)

§; = sin (2131) @

U, = 0 %
U =0

c =1

S =0

I =1

The following recursive sequence is used to compute
U,, U,, and UZ:

o Y
Uy = 1 (gmy)*20 T, -, ®
U, = U,

U =Y ,

for values of m = 2N, 2N-1, ..,, 1
The coefficients are then:

2
Ay = e (f(0)+CU1—U2> 4)
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2
By a1 5y ®)

The values of C and S are updated to:

Q Cl C-Sl S

S = C1S+SIC

C=Q

J is stepped by 1 and the sequence starting at equa-
tion (3) is now repeated until M+ 1 pairs of coeffi-
cients have been computed.

Subroutine FORIT

Purpose:

Fourier analysis of a periodically tabulated

function.

Computes the coefficients of the desired number

of terms in the Fourier series F(X)= A(0)+

SUM(A(K)COS KX+B(K)SIN KX) where K=1, 2,
.., M to approximate a given set of periodically

tabulated values of a function.

Usage:
CALL FORIT(FNT, N, M, A, B, IER)

Description of parameters:

FNT - Vector of tabulated function values of
length 2N+1,

N - Defines the interval such that 2N+ 1
points are taken over the interval
(0,27). The spacing is thus 2x/(2N+1).

M - Maximum order of harmonics to be
fitted.

- Resultant vector of Fourier cosine co-

efficients of length M+1; i.e., AO’ cees
AM.

B - Resultant vector of Fourier sine coef-
ficients of length M+1; i.e., BO’ ey

IER - Resultant error code where:

IER=0 No error.

IER=1 N not greater or equal to
M.

IER=2 M less than 0.

Remarks:
M must be greater than or equal to zero.
N must be greater than or equal to M.
The first element of vector B is zero in all
cases.

Subroutines and function subprograms required:
None.

Method:
Uses recursive technique described in
A. Ralston, H. Wilf, 'Mathematical Methods
for Digital Computers', John Wiley and Sons,
New York, 1960, Chapter 24. The method of
indexing through the procedure has been modi-
fied to simplify the computation.

SUBROUFINE FORITUFNT \NyMyA,B,TER} FORIT

1

OIMENSION AT1),BELIFNT(1} FORIT 2

[4 CHECK FOR PARAMETER ERRORS FORIT 3
1ER=0 FORIT &

20 IF(M) 30,40,40 FORIT 5
30 1€R=2 FORIT 6
RETURN FORIY 7

40 TFI4=-N] 60,60,50 FORIT 8
50 [ER=1 FORIT 9
RE TURN FORIT 10

14 COMPUTE AND PIESET CONSTANTS FORIT 11
60 AN=N FORIT 12
COEF=2.0/(2.08aNs 1.0} FORIT 13
CONST=3.141593¢CDFF FORIT 14
S1=SINICONST} FORIT 1S
C1=COS(CONST) FORIT 16
C=t.0 FORIT 17
$20.0 FORIT 18
J=1 FORIT 19
FNTZZENT(1) FORTT 20

70 U2=0.0 FORIT 21
u1=0.0 FORIT 22
1=2eN41 FORET 23

4 FORM FOURTER CNEFFICIENTS RECURSIVELY FORIT 24
75 UO=FNT(1)¢2.0%CeJ1-U2 FORIT 25
uzaul | EORIT 26
ul=uo FORIT 27
1=1-1 FORIT 28
1FUI-1) 80,80,75 FORIT 29

80 AfJ)=COLF*{FNT L4 2UL-U2) FORIT 30
B(J)=COEFeSsU] FORTT 31
TFLJ~(M+11) 90,130,100 FORIT 32

90 Q=Cl¢C-S1es FORIT 33
S=C1%S+518C FORIT 34
c=b FORIT 35
J=Jel FORIT 36

60 1A 70 FORIT 37
100 AlE)=A(11%0.5 FORET 38
RETURN FORTT 39
END FORIT 40

Mathematics - Special Operations and Functions

GAMMA
This subroutine computes the value of the gamma
function for a given argument x.

Calculation of the Gamma Function. I (x) is de-
fined for x >0 by:

o9

I (x) = f et g @

0
This function satisfies the recurrence relation:
rE = (x-1) - T =-1) 2
which defines T (x) for any x not a negative integer.
Note that when x is a positive integer I' (x) = (x-1)!

To compute I' (x) for x > 1, apply the recurrence (2),
r times until 1< x-r = y <2, Thus, forx>1

I' ()= (x-1) (x-2) ... x-T) T'(y) (3)
I'(y) is computed from the following formula:
@)=~ 1- 0.57710166(y-1) + 0.98585399(y-1)2

- 0.87642182(y-1)3 + 0.83282120(y-1)*
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- 0.56847200(y-1)° + 0.25482049(y-1)°

- 0.05149930(y-1)" @

For x <1, the recurrence (2) is taken in the direc-
tion of decreasing n, giving

- )
T @) = X(xt+1) (x+2) ... X+r-1) ®)

where 1<x+r=y<2,

As before, T (y) is computed using equation (4).
Subroutine GAMMA

Purpose:
Computes the gamma function for a given argu-
ment,

Usage:
CALL GAMMA (XX, GX,IER)

Description of parameters:
XX ~ The argument for the gamma function.
GX - The resultant gamma function value.
IER - Resultant error code where:
IER=0 No error,
IER=1 XX is within. 000001 of be-
ing a negative integer.
IER=2 XX is greater than 34.5
GX is set to 1. 0E38

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
The recursion relation and polynomial approxi-
mation by C. Hastings, Jr., 'Approximations
for Digital Computers', Princeton University
Press, 1955.

SUBROUTINE GAMMA (XX sGXo+ IER) GAMMA 1
IF(XX=36,5160604 GAMMAMO1
4 IER»2 GAMMAMO2
GXm1,E38 GAMMAMO3
RETURN GAMMAMO4
& XaxX GAMMAMOS
ERR=1,0E=6 GAMMA 3
1ER=0 GAMMA &
GX2140 GAMMA 5
1FIX=240150480115 GANMA &
10 1F(X=2,011104110+18 GAMMA T
18 XsX=140 GAMMA @
GX=GX#X GAMMA 9
G0 T0 10 GAMMA 10
50 1F{X=140160+120+110 GAMMA 11
< SEE IF X 1S NEAR NEGATIVE INTEGER OR ZERO GAMMA 12
60 1F(X=ERR)62+6280 GAMMA 13
62 k=X GAMMA 14
YeFLOAT (K)=X GAMMA 15
IF{ABS(Y)=ERR1 1309130464 GAMMA 16
64 1F{140-Y=ERR1130+130170 GAMMA 17
¢ X NOT NEAR A NEGATIVE INTEGER OR 2ERO GAMMA 18
70 IF(X=140180+80+110 ::::: ;:
X=GX/X
8 2-»1.0 GAMMA 21
G0 10 70 GAKMA 22
110 Yex=1.0 GAMMA 23
GYS1e0¢Y#{=0¢STT10174Y#{+0,98585560+Y% (~0.8764218+Y#(+048328212+  GAMMA 24
1Y8{=0456847294Y#(4042548205+Y#{~0,03149930)1111)} GAMMA 25
GXaGX#GY GAMMA 26
GAMMA 27

120 RETURN

98

130 IERs}
RE TURN
END

LEP

This subroutine computes the values of the

Legendre polynomials for a given argument x
and orders zero up to N, The Legendre poly-
nomial Py, (x) satisfies the recurrence equation

GAMMA 28
GAMMA 29
GAMMA 30

P . (x)=(2n+1).x. 1:'n x)-n- P, (x))/(n+1)

n+l

with starting values Pgy(x) =1, P; (x) =x.

For reasons of economy and numerical stability

the recurrence equation is used in the form:

Pn +1(x) =X . Pn(x) - Pn-l(x) +X . Pn(x)

- (x - P (x)- P x)/(n+1)

For large values of n the last term is negligible,

giving the approximation:

Pn+1 x)=2.x - Pn(x) - Pn-l (x)

This form shows that roundoff errors grow at worst
linearly, assuming that the argument x is absolutely

less than one.

If ep+y is the error in Pp4p (x) due to a single

rounding error e in Py(x), the approximation is

e =2xX.¢€ -e
n+r+l n+r n+r-1

with initial conditions e, = e, ey_3 = 0. The solution

of this difference equation has its maximum for

|x| =1:

en_1=0, e =e Ienﬂi =2e, ...

=(r +1)e

e
O]

The order is assumed to be zero for negative

values of N.
Subroutine LEP

Purpose:

Compute the values of the Legendre polynomials
P(N,X) for argument value X and orders 0 to N,

Usage:
CALL LEP(Y,X,N)

Description of parameters:

Y - Result vector of dimension N+1 containing

the values of Legendre polynomials of

order 0 to N for given argument X, Values

are ordered from low to high order.
X - Argument of Legendre polynomial,
N - Order of Legendre polynomial.
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Remarks: BESJ
N less than 0 is treated as if N were 0,
o~ This subroutine computes the J Bessel function for a
Subroutines and function subprograms required:

given argument and integer order by using the re-
None, currence relationship:

Method:
Evaluation is based on the recurrence equation F ®+F _(x)= (_21) F_(x) )
for Legendre polynomials P(N,X); n+1 n-1 X n
P(N+1,X)=2¥X*P(N, X)- P(N-1,X)- (X*P (N, X)- h ired s
P(N-1,X))/(N+1), where the first term in The desired Bessel function is:
brackets is the order, and the second is the
argument, F &)
Starting values are P(0,X)=1, P(l,X)=X. Ip® = =5 @
s & ; where
[4 TEST OF ORDER LEP MOL
it s
i, e " =
i AR M e ©
IFIN=111s143 LEP 9
38l e m=1

& YiI+11G=Y(1=1) =(GeY(I=1}}/FLOATII}¢G tg: ::
gﬁgunn [T

M is initialized at MO'

Mo is the greater of MA and M‘B where:

MA = [x+6] if x< 5and MA = [1.4x+60/x ] if

(ﬂb\ x 2 5.
My = [n+x/4+2]

F F eesy Fo, F., F_is evaluated using
M_ £ M_3y ] 2, 17
eqiation (1) with F),; = 0 and F‘l)w_l = 10730,

a and J (x) are then computed using equations (3)
and (2) respectively.

The computation is repeated for M+3.

The values of Jn(x) for M and M+ 3 are compared:

<8
I {3y - I ) I

: Jn(x)M+ 3
this value is accepted as J, (x); if not, the computa-
tion is repeated by adding 3 to M and using this as a
new value for M. If M reaches MMAX before the
desired accuracy is obtained, execution is termi-
nated. MMAX is defined as:

2
[20 + 10x —-’-‘3—] for x <15

Myax = @)
(90 + x/2] for x > 15

3
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3 RESJ 28
Subroutine BESJ o0 mmoareep LMCE RN BESS 29

t00 DO 190 M=MZERO,MMAX,3 BESJS 30
c SET FIM),FIM-1] :E:j ';;
FM1=1.0E-28
Purpose: ) ) enne.o e -y
Compute the J Bessel function for a given argu- Lo [FiHmIni21s21 120,110,120 Egz‘i t
ment and order. 120 35:[" 130 sssj 13
0 oo k=1uk2 Eggé Ei‘:
e
Usage: :tK:ZT'FLﬂAIINK”FH[IX—FH :22‘.') r.:
FM=FM) N
CALL BESJ(X, N, BJ, D, IER) i
140 BJ=BMK
150 Jr=-gv BFSJ 47
Description of parameters: 160 KL Pis ALPHASBHKSS aess
BMK32, ¢FML/X-FM . RESJ S50
X - The argument of the J Bessel function 170 LEiu1180: 170,180 Eggi g%
deSired. 180 AL:HA:ALPNA&BHK ESJ
. ?‘F‘(‘:;gl“l;:?:l’ﬂ(»vl‘ABS(D'EJl)2’1’7.)00.!?0 ::zj ::
N -~ The order of the J Bessel function de- 190 8PREV=gy RS s
sired. i
BJ - The resultant J Bessel function.
D ~ Required accuracy.
IER - Resultant error code where:
IER=0 No error.
IER=1 N is negative.
IER=2 X is negative or zero.
IER=3 Required accuracy not
obtained.
IER=4 Range of N compared to X
not correct. (See Re-
marks.)
Remarks:
N must be greater than or equal to zero, but it
must be less than
20+ 10¥X-X** 2/3 for X less than or equal to M
15;
90+X/2 for X greater than 15,
Subroutines and function subprograms required:
None.
Method:
Recurrence relation technique described by
H. Goldstein and R. M. Thaler, 'Recurrence
Techniques for the Calculation of Bessel Func-
tions', M.T.A.C., V.13, pp.102-108 and
1. A, Stegun and M. Abramowitz, 'Generation
of Bessel Functions on High Speed Computers®,
M.T.A.C., V.11, 1957, pp.255-257,
SUBROUTINE BESJIX +NsBJ,Dy [ER) BESY 1
s, BESJ 2 -
IFIN)10+20,20 RESS 3
10 lERa] RESJ 4
RETURN AFESY s
20 IF(X)30,30,31 BESY 6
30 IER=2 RESJ 7
RE TURN RESJ A
31 IF(X-15.132,32,3% BESY 9 -
32 NTEST=20.410.4X-X#% 2/3 BESJ 1
GO 10 36 BESJ 11
364 NTEST=90.4X/2. BESJ 12
36 IFIN-NTEST)40,38,38 BESY 13
38 1ER34 BESJ 14
RETURN BESJS 5
40 I1ER=0 RESJ 16
NisN+l BESJ 17
BPREV=.0 BESJ 18
COMPUTE STARTING VALUE OF M RESJ 19
1F{X=5.150,60,60 BESJ 20
50 MAzX+h, RESS 21
G0 10 TO BESJ 22
60 MA=l.4€X+60,/X :gzj ;2
70 MBaN#IFIX(X) /442
TF a-am180,90,97 Bess 78 -_
80 MZERD=MB AFSJ 27
100
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BESY

This subroutine computes the Y Bessel function for a
given argument x and order n, The recurrence re-

lation:

2n
Yn+ l(x) = (

X

is used for this evaluation.

For x >4

Y, (x) =

‘/—Wz PO(x) sin (x—

+ Qo(x) cos (x—%)

Y, &)

‘/_’% —Pl(x) cos(

+ Ql(x) sin (x --41)

) - Yyl =Yg

i)

4

Py), Qy(), P,(x), and Q, (x) are:

2o

S

ol

0.3989422793

+0. 00017343001:4

+0. 00001735651;8

= ~0.124669441

~-0.000086 97911:4

-0. 00001420781‘.8

0.3989422819
-0.0002232030t*

-0.0000200920t8'

+

+

@)

@)

X - —

i)

®3)

0. 00175306201:2

0. 00004876 131:6

0. 0000037()431;10

@)

0. 0004564324t2

0. 000034246 81:6

0. 0000032312t10

®)

2
0. 0029218256t
0. 0000580759t

0.0000042414¢10
6)

1 Q (il'>= 0.0374008364 - O. 0006390400t2
1\t
tVar 4 6
+0.0001064741t" - 0.0000398708t
8 10
+0.0000162200t - 0.0000036594t
(0
where t =§-
For x< 4
15 2m
2 m/ x 1
Tw=2 3 0™(%)
° 2 2 mn?
m=0
(8)
b4
[logﬁ + Y - Hm]
where
o1
= = >1 = i =
H Zrlfm_l 0 ifm=0 9)

and ¥ = Euler's constant = 0, 5772156649

16 2m-1
2 2 m+1l/x
LA R R (z)
m=1

1

X 1
m! (m-1)! [1°g 2t Y CHL Y Zm]

(10)

Subroutine BESY
Purpose:
Compute the Y Bessel function for a given argu-

ment and order.

Usage:
CALL BESY(X, N, BY, IER)

Description of parameters:

X - The argument of the Y Bessel function
desired.

N - The order of the Y Bessel function de-
sired.
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BY - The resultant Y Bessel function.
IER - Resultant error code where:

IER=0 No error.

IER=1 N is negative.

IER=2 X is negative or zero.
IER=-3 BY is greater than 10**36.

Remarks:

Very small values of X may cause the range of
the library function ALOG to be exceeded. For
N >30 and X <5, this condition may occur.

X must be greater than zero.

N must be greater than or equal to zero.

Subroutines and function subprograms required:

None.

Method:

Recurrence relation and polynomial approxima-

tion technique as described by A.J. M. Hitchcock,

'Polynomial Approximations to Bessel Functions

of Order Zero and One and to Related Functions’,
M.T.A.C., V.11, 1957, pp.86-88, and

G.N, Watson, 'A Treatise on the Theory of

Bessel Functions', Cambridge University Press,

1958 p. 62.

SURROUTINE BESY(XsNsBY+1ER)
4 CHFCK FOR ERRORS I[N N AND X
IFINI1AN410410
10 IERsO
IFIX}190+190+20
BRANCH IF X LESS THAN OR EGUAL &4
20 IF(X=4s0140440430
COMPUTE YO AND Y1 FOR X GREATER THAN &

PO={{'{ (=40000037063%T2+,0000173565)%T2~,00004876131#T2

1 4000173631 #T2-¢001753062) 272443989423

00=({((+00000323124T2~,0000142078)#T2+,000034246314T2
1

~a0000R62791)#T244N0N4564324 ) #T2=,01246694

~e000223202)#T2+4002921826)#T2+,3989423
#({{{=+00000365944T724,00001622)#T2-,00003987C8}#T2

1 +,0001064741)872=,0006390400)#T2+,03740084

A®2,0/5GRT(X)

BeA#T)

CeX=478839R2

YOmA#PO#SIN(C)+R*00*COSICH

Y1m=A®D]1#COS{CI+R*OISINIC)

G0 TO 90

COMPUTE YO AND Y1 FOR X LESS THAN OR EQUAL TO 4

40 XX®K/74

X22XX*XX

T=ALOG(XX ) +45772157

PO 70 L=1s15

1F(L=1130+60+50
50 SuMESUM+14/FLOATIL=1)
60 FLwL

TS=TaSuM

TERM= (TERM® (=X2 ) /FL#%2)#{1a=1e/(FL*TS))
70 YO=YO+TERM

TFRM = XX#{T=05)

SuM=0.

Y1aTERM

DO RO L=2s16

SUMESUM+1 s /FLOATIL=1)

™
TERMs (TERM# (=X2) /(FLI®FL) I#((TS=e5/FL)/iTS+,5/FL1)}
B0 Y1sY14TERM

P129.6366198

YORPI2#Y0

Yl==P]2/X4P122Y1

102

S({((+00000462414#T2=,0000200920)%72+,0000580759)%T2

100
110

CHECK 1F ONLY YO OR Y1 IS DESIRED BESY 79
IFIN=1}1100+100+130 BESY 80
RETURN FITHER YO OR Y1 AS RFGUIRFD BESY 81
IF(N)11001204110 BESY 82
Byavl BESY 83 %
GO TO 170 BESY 86 3
av=vo BESY 85
GO TO 170 BESY 86
PERFORM RECURRFNCF OPFRATIONS TO FIND YN(X) BESY 87
YAeYO BESY 88
YBaYl BESY 89
Kel BESY 90
T2FLOAT{2%K) /X BESY 91
YCoTeYBaYA BESY 92
IF(ABS(YC)=140836114811454161 BESY MO1
IER=3 BESY M02
RETURN BESY M03
Kekel BESY MO4
IF{K=-N115C1160+150 BESY 94
AsYR BESY 95
YB=YC BESY 96
GO TO 140 BESY 97
BY=YC BESY 98
RETURN BESY 99
1ER=] BESY 100 ¥
RETURN BESY 101
1ER=2 BESY 102
RETURN BESY 103
END BESY 104
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BESI

This subroutine computes the I Bessel function for a
given argument x and order n.

Forx<12o0r<n

n 2s

30
X 1 X n!
L& = (—2') nl E (E) sl(n+s)! @
8=0
For x >12 and >n
X 30 -m 1
Ix)= (8x) el
n py mz=:o m!
m
I ((21{—1)2 - 4n2) @)
K=1

Subroutine BESI

Purpose:
Compute the I Bessel function for a given argu-
ment and order.

Usage:
CALL BESI{X, N, BL IER)

Description of parameters:

X - The argument of the I Bessel function
desired.
N - The order of the I Bessel function de-
sired.
BI - The resultant I Bessel function.
IER - Resultant error code where:
IER=0 No error.
IER=1 N is negative.
IER=2 X is negative.
IER=3 BI is less than 1. 0E-36,
and is set to zero.
IER=4 X is greater than 60 and
and greater than N.
Remarks:

X and N must be greater than zero.

Subroutines and function subprograms required:
None.

Method:
Computes the Ith Bessel function using series
or asymptotic approximations depending on the
range of the arguments.

SURROUTINE RESI(XsNe BIs+IER) BESI 1

< CHECK FOR ERRORS IN N AND X AND EXIT IF ANY ARE PRESENT BES! 2
IER=0 BEST 3
Bl=1l.s0 BESI 4

IFIN 180418410 BES] 5

10 IF(X1160920,20 BES1 L]
15 IF(X)160017+20 BES? 7
17 RETURN BES! 8

c DEFINE TOLERANCE BES! 9
20 TOL=1.E=5 BES! 10

c IF ARGUMENT GT 12 AND GT N+ USE ASYMPTOTIC FORM BESI 11
IF(X=124)40+40430 BESI 12

30 IFiX~FLOAT(N)160,40s110 BES! 13

< COMPUTE FIRST TERM OF SERIES AND SET INITIAL VALUE OF THE SUM BESI 16
40 XX3X/24 BES! 18
50 TERM=1.0 BESI MOl
IF(N) 70570438 BEST MOZ

55 DO 60 leleN BES1 MO3

b BEST MO4
IF{ABSITERM)=1,E=36)56+60+60 BES] MOS

56 1 BEST M06
B120.0 BESI MO7

RETU BES! MO8

80 TERM=TERMeXX/F[ BESI M09

70 Bl=TERM BES1 Ml0
XXSXX#RX 8ESI 23

< COMPYUTE TERMS+STOPPING WHEN ABSITERM) LE ABS(SUM OF TERMS) BESI M1l
< TIMES TOLERANCE BESI M12
90 kel,1000 BESI M13

IF (ABS(TERM)=ABSIB18TOL) 11005100480 BESI 27

R0 FK=K®(N+K] BES! 28
TERMa TERM# { XX /FK)} BESI 29

90 BI=BI+TERM BES! 30

< RETURN BT AS ANSWER 8Esl 31
100 RETU BESI 32

X GT 12 AND X GT N+ SO USE ASYMPTOTIC APPROXIMATION BEs! 33

110 FN=4sN#N BES! 34
1F(X= 60401115+1114111 BEST M14

111 lER=4 BES M15
RETURN BESI M16

115 XX=1./(Re%X} BESI ™17
TERMs=1, BESI 3¢
BI=1, BESI 237

DO 130 X=21430 BEST 38
IF(ARS(TERM)=ABSITOL®AT) 116041404120 BESI 39

120 FKe{2#K=1}ns2 BESI 40
TERMaTERM#XX# (FK=FN) /FLOAT (K} BESI &l

130 BI=BI+TERM BES! 62

< SIGNIFICANCE LOST AFTER 30 TER]MS,TRY SERIES BES1 M1B
GO TO 40 BESI M19

140 P183,141592653 BESI 43
B1=BI®EXPIX)/SORT(24#P1%X) RES1 44

6o To 100 BESI 45

180 IER=1 BESI 66
G0 TO 100 BESI 47

160 IER=2 BES! 48
GO TO 100 BESI 49

END BES1 30
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BESK

This subroutine computes the K Bessel function for a
given argument x and order n.
The recurrence relation:

K, 02K @K _@® M

is used for this evaluation.
The initial values K and K, are found as follows:

For x >1
Kyx) = e ,/5’;— G,x) @)
K () = e \/Ext G, (x) ®)

where x = 1/tfort <1

N (7
Go(t)\/z = 1.2533141373

+0,0881112782¢

-0.1566641816t
L. 0. 09139095461:3
4 5

+0.1344596228t - 0, 2299850328t

+ 0.3792409730t6 -0. 52472773311:7

+0.557536836Tt> - 0.4262632912t"
+0.2184518096t™° - 0. 0668097672t
+0.0091893830t 12

4)

Gl(l-)\/% = 1.2533141373 + 0.4699927013t

-0.1468582957t>  + 0.1280426636t°

-0. 1736431637t4 + 0. 28476181491:5

+ 0, 6283380681t7
9

-0. 4:594342117t6

8

-0.6632295430t + 0,5050238576t

10 11

-0.2581303765t"  + 0. 0788000118t

-0. 0108241'775’5:1'2

5)
Forx<1

Y = Euler's constant = 0.5772156649 6)

104

2s 1

6
Ko(x) = - (7 + log%) + Sgl (%) (51)2

(7
[HS - (v + 1083 )]

where

S.1
HS:Z? (8)

(&)
[%Jr 5 - (7+log§-Hs)]
Subroutine BESK
Purpose:
Compute the K Bessel function for a given argu-

ment and order.

Usage:
CALL BESK(X, N, BK, IER)

Description of parameters:

X - The argument of the K Bessel function
desired.
N - The order of the K Bessel function de-
sired,
BK - The resultant K Bessel function.
IER - Resultant error code where:
IER=0 No error.
IER=1 N is negative,

IER=2 X is zero or negative.

IER=3 X is greater than 60.
Machine range exceeded.

IER=4 BK is greater than

1. E386.

Remarks:
N must be greater than or equal to zero.

Subroutines and function subprograms required:
None.

Method:
Computes zero-order and first-order Bessel
functions using series approximations and then
computes N order function using recurrence
relation.
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Recurrence relation and polynomial approxima-
tion technique as described by A.dJ, M. Hitchcock,
"Polynomial Approximations to Bessel Functions
of Order Zero and One and to Related Functions!,
M.T.A.C., V.11, 1957, pp.86-88, and

G.N, Watson, 'A Treatise on the Theory of
Bessel Functions', Cambridge University Press,
1958, p. 62,

SUBROUTINE BESK(XsNeBKsIER) BESK 1
DIMENSTON T(12) BESK 2
AK=40 BESK 3
IFINI10+11,11 BESK &

10 1ER=1 BESK 5
RETURN BESK 6

11 IF(X)12+12420 BESK 7
12 1ER=2 BESK 8
RETU BESK 9

20 IFiX= 6040122422521 BESK MOl
21 1ER=3 BESK MOZ
RETURN BESK M03

22 {ERw BESK MO4
IF(X=14136136125 BESK 11

25 AREXP(=X) BESK 12
Bele/x BESK 13
CxSGRT(B) BESK 14
T(11a8 BESK 15
DO 26 Lw2s12 BESK 16
26 TiLisT(L=1)%B BESK 17
TF(N=~1127+29927 BESK 18
COMPUTE KO USING POLYNOMIAL APPROXIMATION BESK 19

27 GO=A®(1425331414=¢15666418%T(1)+,088111278%T(2)=40913909544T(3)  BESK 20
2401344596247 (4)=04229985038T(5)+4379240974T (61=452672773#T(T) BESK 21
34455753684#T(8)=0426263294T19)1+421845181¢T(10)=0066809767%T(11)  BESK 22
4+4009189383#T(12))¥C BESK 23
IF (N1 20428429 BESK 26

28 BK=GO BESK 25
RETURN BESK 26
COMPUTE K1 USING POLYNOMIAL APPROXIMATION BESK 27

29 GleA®(142333161+4469992708T(11=416685830%T(2)++12806266%T(3) BESK 28
224173663168T(4)+4284761818T(5)-,45943421%T(6)+46283380T#T(7) BESK 29
3~066322954%T(8)+4450502386%T(9)=425813038%T(101+.078800012#T(11)  BESK 30
4=4010R241778T(12) 1#C BESK 31
1F(N=1)20930031 BESK 32

30 BK=Gl BESK 33
RETURN BESK 34
FROM KO1K1 COMPUTE KN USING RECURRENCE RELATION BESX 35

31 00 3% Jw2,N BESK 36
GJe2a# (FLOAT(J1=14]1#G1/X+GO BESK 37
IF1GJ~140F36133433,32 BESK MOS

32 1ER=4 BESK MO&
GO TO 34 BESK MO7

33 GOeG1 BESK M08
33 GleGJ BESK 139
34 BK=GJ BESK MO§
RETURN BESK 41
36 B=x/2. BESK 42
A=e87721966+AL0G(B) BESK 43
] BESK 44
IF(N=1137543+37 BESK 45
COMPUTE KO USING SERIES EXPANSION BESK 46

37 GOs=A BESK 47
x2J%1, BESK 48
FACT=1,4 BESK 49
HJ=e0 BESK 50
DO 40 J=1s6 BESK 51
RJ=1a/FLOAT(Y) BESK 52
X2Jax2J%C BESK 53
FACT=FACT#RJ*RJ BESK 54
HJ=HJ+RJ BESK 55
40 GO=GO+X2J#FACT# (HI=A} BESK 56
IFIN143142543 BESK 57
42 BK=GO BESK 58
RETURN BESK 59
COMPUTE K1 USING SERIES EXPANSION BESK 60

43 X2Je8 BESK 61
FACT=14 BESK 62
Hisl, BESK 63
Gl=la/X4X2J% (o 54+A=HI) BESK 66
DO 50 Ju2,8 BESK 65
X2JeX2JeC BESK 66
RJe14/FLOATIJ) BESK 67
FACT=FACT#RJ#RJ BESK 68
HIZHI4RY BESK 69
50 G1=G1+X2JWFACT# {45+ (A=HI)#FLOAT(J)) BESK 70
IF(N=1)31+52431 BESK 71

52 BK=Gl BESK T2
RETURN BESK 73
BESK 74

CEL1

This subroutine computes the complete elliptic inte-
gral of the first kind, This is defined as:
LS /2
Kk) =
N
0 1-k™ sin"t

_4a 0<k<1

An equivalent definition is:

K(k) = f ax

0 V(1+x2) (1+ki x2)

where k. is the complementary modulus:
K+ k=1, 0<kPcl
c c=

The subroutine CELI1 calculates K (k) for given
modulus k.

The calculation of RES = K (k) is based on the
process of the Arithmetic-Geometric Mean.

Starting with the pair of numbers:

a0=1, g0=kc

the sequences of numbers (a.n), (gn) are generated
using the definition:

=1
a = 2 (aIl—].+ gn-l)’ g

n n a1'1-1 g

n-1

This iterative process is stopped at the nth step,
when ayy = gN-

If D is the number of decimal digits in the man-
tissa of floating-point numbers, then the equality

= gy must be interpreted as | a,; - is less
:ll':]anal\?- 107D, ' N gNI

Since the sequences (a._ ), (g ) converge quadrati-
cally to the same limit (Arithmetico-Geometrical
mean) the test for the end of iteration may be re-
placed by comparing 'aN-l - 8N-1 | against
ay-1 - 10"D/2, thus saving one calculation of the
geometrical mean.

The value of K (k) = ——

2ay

Purpose:
Calculate complete elliptic integral of first kind.

Usage:
CALL CELI1 (RES, AK, IER)
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Description of parameters:

RES -~ Result value.
AK - Modulus (input).
IER -~ Resultant error code where:
IER=0 No error.
IER=1 AK not in range -1 to +1.

Remarks:

For AK=+1, -1 the result is set to 1. E38.
For modulus AK and complementary modulus
CK, equation AK*AK+CK*CK=1. 0 is used,
AK must be in the range -1 to +1.

Subroutines and function subprograms required:

None.

Method:

Landen's transformation is used for calculation.
Reference:

R. Bulirsch, 'Numerical Calculation of Elliptic
Integrals and Elliptic Functions', Handbook
Series Special Functions, Numerische Mathe-
matik Vol., 7, 1965, pp. 78-90.

SUBROUTINE CEL1{RESs+AKsIER) CELL

1ERe
TEST MODULUS CELL
GEOm=] o=AK#AK CEL1

1

1
2
3
a
IF{GEOI 14293 CEL1 2
17
8

1ER=1 CEL1

RETURN
SET RESULT VALUE =OFLOW CELY
2 RESII-E!! CEL1 9

3 GEO-SORHGEO) CELL 11

AR

le CELl 12

4 AART=ARI CELL 13
TEST=AARI#1,E=4 CELL 14
ARIsGECQ+ART CELY 18
TEST OF ACCURACY CELY 18
IF(AARI~GEO=TEST) 64845 CELL 17

5 GEO=SGRT{AARI#GEO) CELL 18
ARIn0.5#AR] CELl 19

6 RES®34141%93 /ARI CELLl 21
RETURN

106

CEL2
This subroutine computes the generalized complete "™

elliptic integral of the second kind., Thisis definedas

A+ (g-A)sm t dt.

Q 1-K s1n2t

Equivalent is the definition:

1r/2
cel 2 (k; A,B) =
0

® 2
cel 2 (k; A,B) = f At Bx dx,

0 (1+x2) (1+x2)(1+kzx2)

where kc is the complementary modulus:

k2+ k2 =1, 0<k2<1
c c =

The subroutine CELI2 calculates cel 2 (k; A, B)
for given modulus k, and constants A, B.

The calculation of RES = cel 2 (k, A, B) is based
on the process of the Arithmetic~-Geometric Mean.

Starting with the pair of numbers:

a =1,g0=k

0 c i

the sequences of numbers (an), (g,) are generated
using for definition:

a

n - (an—l * g11-1)’ B ™ ZV n-1 En-l

This iteration process is stopped at the nth step,
when ay = gy.

Further needed are the sequences

(Ai)’ ®) defined by means of:

A =A,BO=B

0
An = Bn—l/ an-l * An-l
Bn =2 (Bn—l ML An—l)

If D is the number of decimal digits in the man-
tissa of floating-point numbers, the iteration proc-
ess is stopped as soon as (ay_j - 8y-1) 18 less than

ay_y - 107072,

Since (ap), (gy,) converge quadratically to the
gsame limit (Arithmetico-Geometrical mean) this e\
implies that (ay - g) is less than a . 10-D, -
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(.W\

4

. AN+1

ay

The value of cel 2 (k; A, B) =

NE]

Subroutine CEL2

Purpose:
Computes the generalized complete elliptic inte-
gral of second kind.

Usage:
CALL CEL2(RES, AK, A, B, IER)

Description of parameters:
RES -~ Result value.

AK - Modulus (input).
A - Constant term in numerator.
B - Factor of quadratic term in numerator,

IER - Resultant error code where:
IER=0 No error.
IER=1 AK not in range -1 to +1.

Remarks:
For AK = +1, -1, the result value is set to 1. E38
if B is positive, to -1, E38 if B is negative.
Special cases are:
K(K) obtained with A= 1, B= 1.
E(K) obtained with A = 1, B = CK*CK where CK
is complementary modulus.
B(K) obtained with A =1, B = 0.,
D(K) obtained with A = 0, B= 1
where K, E, B, D define special cases of the
generalized complete elliptic integral of second
kind in the usual notation, and the argument K of
these functions means the modulus.

Subroutines and function subprograms required:
None.

Method:
Definition:
RES= integral((A+ B*T*T)/ (SQRT ((1+ T*T y*
(1+ (CK*T)**2))*¥(1+ T*T)) summed over T from 0
to infinity).
Evaluation:
Landen's transformation is used for calculation.
Reference:
R. Bulirsch, 'Numerical Calculation of Elliptic
Integrals and Elliptic Functions!, Handbook
Series Special Functions, Numerische Mathe-
matik Vol. 7, 1965, pp. 78-90.

UBROUTINE CEL2(RESsAK+A»BAIER) ceLz 1
?ER'O ' 2 CEL2 2
TEST MODULUS CEL2 3
GEO®1emAK#AK CEL2 &
IF{GEQIL1v246 CEL2 3

1 I1ERel CEL2 &
RETURN CEL2 ?
SEY RESULT VALUE ® OVERFLOW CEL2 8

2 IF(B13+544 Egt: x:
RESe=

* REroans® ceLz 11

ceLz 12

4 RESw1.E38
RETURN

CEL2Z 13

5 RESsA CELZ 14
RE TUR| CEL2 18
c COMPUTE INTEGRAL cEL2 16
6 GEO=SGRTIGEO) CEL2 17
ARIal, CEL2 18
AAmA CEL2 19
ANeA+S CEL2 20
WeB CEL2 21

7 WeW+AARGED CEL2 22
Dide CEL2 23
AAsAN CEL2 24
AARTeARY CEL2 23
ART=GEO+ARI CEL2 26
ANsW/ART+AN CEL2 27

3 TEST OF ACCURACY CEL2 28
1F{AART=GEG=1+E=4#AART19+9+8 CEL2 29

8 GEOmSGRT{GEO#AARI) CEL2 30
GEORGEO+GED CEL2 31
60 T0 7 CEL2 32
9 RESw,7353982 #AN/ARD CEL2 33
RETURN CEL2 34
END CEL2 3%
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EXPI

This subroutine computes the exponential integral in
the range from -4 to infinity.

For positive x, the exponential integral is defined
as:

w0

E x) = f etat, x>0
1 —t

X

This function, Ej(xX), may be analytically con-
tinued throughout the complex plane, and defines a
multivalued complex function. However, for any
given real argument, this extended multivalued func-
tion has a unique real part. The subroutine EXPI
computes this unique real number for x > -4, x # 0.

For negative x, the real part of the extended ex-
ponential integral function is equal to -E; (%),

where
0
-t
Ei(y) = - fg dt, y >0
t
-y

( f denotes Cauchy principal value.)

For x = 0, a singularity of the function, the pro-
gram returns 1.0 x 10",

No action is taken in case of an argument less
than -4.

Polynomial approximations which are close to
Chebyshev approximations over their respective
ranges are used for calculation.

1. Approximation in the range x = 4.

A polynomial approximation is obtained by
means of truncation of the Expansion of Ej () in
terms of shifted Chebyshev Polynomials T *

-x ©
e 4
E;® == z : An Tn*<?) , for4 =< x<w

n=0

*Luke/Wimp, "Jacobi Polynomial expansion of a
generalized hypergeometric function over a semi-
infinite ray", Math, Comp., Vol. 17, 1963, Iss.
84, p. 400.

The coefficients A, are given in the article by
Luke/Wimp., *

Using only nine terms of the above infinite
series results in a truncation error e (x) with:

-x *® -X -8
e A e «0.82 10
<= <=
X Z M X

v=9

€ (x)

Transformation of the shifted Chebyshev poly-
nominals to ordinary polynomials finally leads to the
approximation:

<]
v
EXPI(x) = e <i) E a, (%) forxz 4
v=0

X

The coefficients of this approximation given
to eight signification digits are:

8y = 0.24999 999

a1 = -0,06249 8588

a, = 0.03120 8561

ag = -0.02295 1979
a, = 0.02041 2099

a, = -0.01755 5779

ag = 0.01172 3273

a, = -0.00493 62007
a8 = 0.00094 42761 4

2. Approximation in the range | x| s 4.

A polynomial approximation is obtained by
means of telescoping of the Taylor series of the
function:

X

-t
f (it_'Q dt = -Inx - C - E, (x),
0

where C = 0.57721 56649 is Euler's constant.
This results in the approximation:

14 v
EXPI(x) = -In| x| + Z bvx
v=0
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with a truncation error E absolutely less than Subroutines and function subprograms required:

3x 10-8, None.
[ The coefficients of this approximation given to
b eight significant digits are: Method:
Definition:
b0 = -0.57721 566 RES= integral(EXP(-T)/T, summed over T from
X to infinity).
b1 = 1.00000 00 Evaluation:
Two different polynomial approximations are
b2 = -0.25000 000 used for X greater than 4 and for ABS(X) equal
or less than 4.
" by = 0.05555 5520 Reference:
Luke and Wimp, 'Jacobi Polynomial Expansions
b y = -0.01041 6662 of a Generalized Hypergeometric Function over
- a Semi-Infinite Range', Mathematical Tables
b5 = 0.00166 66906 and Other Aids to Computation, Vol. 17, 1963,
Issue 84, pp. 395-404,
b6 = =0,00023 14839 2
b, = 0.00002 83375 90 ¢ CTEer'or nange e te gl
7 ::?;Elu ) 10,10,29 e .
10 IFIXOb:l 55:30:33 ;::{ :u
bs = _0. 00000 30996 040 [ 20 Aar,::t.;t[‘:”" 1S GREATER THAN & ;::: :
;“EiggéféﬁggéﬁﬁEééé?‘.’;égZSQS_T:Z?;:’.’.?Z?S??S%l!ﬁ:ﬁi:ﬁﬁliiil?.’ Hi I
b, = 0.00000 03072 6221 JEAmmIm e el 11
9 c ARGUMENT 1S A3SOLUTELY LESS OR EQUAL 4 EXPL 12
30 IF(X) 40,50,40 EXPL 13
OORES==ALOGLABS (X1 ={ ({{{({L{(({{.10317602E~11%X~.15798675E-10) X+ EXPI 14
b, = -0.00000 00276 35830 2130960400314 33 3833 TR0 1o eSS eme IS oot et BT 13
3;2:3::&6&2!'l—.OSSSSSEZU)'Xo.ZSI‘X-l.OI‘K’.SY?ZI’&G EXPL "
50 RES=1.£38 :::: :g
bll = 0.00000 00021 91569 9 c “'::guusm IS LESS THAN -4, :::: 5'.'
55 I ::Illu Exer 22
™ b, = -0.00000 00001 68265 92 & G
b13 = 0,00000 00000 15798 675
b14 = ~0,00000 00000 01031 7602

Subroutine EXPI

Purpose:
Computes the exponential integral in the range
-4 to infinity.

Usage:
CALL EXPI(RES, X, IER)

Description of parameters:
RES - Result value.

. X - Argument of exponential integral.
IER - Resultant error code where:

IER=0 No error.
IER=1 X less than -4.

Remarks:
For X = 0 the result value is set to 1, E38.
fm For X less than -4 calculation is bypassed.

The argument remains unchanged.
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SICI

This subroutine computes the sine and cosine inte-
grals. These integrals are defined as:

Sin) @ x>0

Si(x) = T

8 ey X

and

X
ciw = f 2O, x>0
. o0

The subroutine SICI calculates both 8i (x) and
Ci (x) for a given argument x. Two different ap-
proximations are used for the ranges [x|< 4 and
4 <|x|<w. Negative values of the argument x are
handled by means of the following symmetries:

8i(x) = -m- 8 (x)
Real part of

Ci(=x) = Ci(x), x > 0 (see discussion of EXPI).

For x = 0, a singularity of Ci(x), the routine re-
turns -1, 0 x 1038,

Polynomial approximations that are close to
Chebyshev approximations over their respective

ranges are used for calculation.

1. Approximation in the range |x|> 4.

The sine and cosine integrals are closely re-
lated to the confluent hypergeometric function:

Yx) = -ix ¥ (1, 1; -ix).

We have:

Si(x) + 1CL() = 2+ de w (L, i -ix).

Setting:

o0
X W (l, 1; ix) = Z A, + iBn)T: (—i—)
=0

*Luke/Wimp, "Jacobi Polynomial expansion of a
generalized hypergeometric function over a semi-
infinite ray', Math, Comp. Vol. 17, 1963, Iss. 84,
p. 402.

110

we get the expansions:

e A «cosx B .sinx ’”%\
g - 3 (D 2 e )
n=0

0 Bn-cosx An. sin x 4
ciey = 3o (2 Tn(;)

n=0

in terms of shifted Chebyshev polynomials T: .
The coefficients A and B, are given in the

article by Luke/Wimp, * s
Using only ten terms of the above infinite

series results in a truncation error E (x) with:

8

E(x)] < -;{1--2.3 . 10°

Transformation of the shifted Chebyshev poly-
nomials to ordinary polynomials finally leads to the
approximations:

Si(x) = —(—i—) ¢« (cosx e« V(X) + sinx« U (x))

Ci(x) = (i—) s (sinx « V(x) - cosx+ U (x)), o
where 4
10 4 n
V (x) = Z a_ . <—x—)
n=0

9 A\ P
U (x) = an.(x-—)
n=0

The coefficients of these expansions given to
eight significant digits are:

0.25000 000

0

bO = 0,00000 00002 58398 86 .
a, = -0. 00000 06646 4406

b1 = 0.06250 0111

a, = -0.03122 4178

b2 = -0.00001 13495 79 m
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a = ~0.00037 64000 3 0 (_l)n &0
Ci (x) -C-In (X) = TSy
b, = -0.02314 6168 ; 2N - (2o
3 n=1
This results in the approximation:

a4 = 0.02601 2930
b, = -0.00333 25186
4 Ci(x) = C+ In|x| —xz.an(xz)n
a5 = -0,00794 55563
b, = 0.04987 7159 with a truncation error E absolutely less than x2-
5.6 ¢ 107
ag = -0.04400 4155 The coefficients of these approximations
iven to eight significant decimal digits are:
by = -0.07261 6418 & 1ght sign gl
C = 0.57721 566
a7 = 0.07902 0335
a = 1,00000 00
b,7 = 0.05515 0700 0
b = 0,24999 999
a8 = -0,06537 2834 0
a = =0,05555 5547
b8 = -0.02279 1426 1
b = =-0,01041 6642
a9 = 0,02819 1786 1
a, = 0.00166 66582
b9 = 0,00404 80690 2
b = 0,00023 14630 3
a;, = -0.00510 86993 2
a3 = =0.00002 83414 60
b3 = -0,00000 30952 207
2. Approximation in the range |x|< 4. a, = 0.00000 03056 1233
A polynomial approximation for Si (x) is ob- b4 = 0.00000 00269 45842
tained by means of telescoping of the Taylor series:
a.5 = -0,00000 00022 23263 3
X
. _ _T sint - .
si) = -5+ [ Tt by 0.00000 00001 38698 51
0 a, = -0.00000 00000 09794 2154

Subroutine SICI

I

Z _1x 1" "
n+1) « @oFD)! Purpose:

Computes the sine and cosine integral.
This results in the approximation: Usage:
CALL SICI(SI, CI, X)

. T 2 v
SiE) = -5+ % . Z a,x) Description of parameters:
n=0 SI - The resultant value SI(X).
Cl - The resultant value CI(X).
with a_trugmation error E absolutely less than [X] e X - The argument of SI(X) and CI(X).
1.4+ 1077,
Similarly an approximation for Ci (x) is ob- Remarks:
tained by means of telescoping of the Taylor series: The argument value remains unchanged.
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Subroutines and function subprograms required:
None.

Method:

Definition:

SI(X)=integral (SIN(T)/T, summed over T from
infinity to X).

CIX)=integral (COS(T)/T, summed over T from
infinity to X).

Evaluation:

Reduction of range using symmetry.

Different approximations are used for ABS(X)

greater than 4 and for ABS(X) less than 4.

Reference:

Luke and Wimp, 'Polynomial Approximations to

Integral Transforms', Mathematical Tables and

Other Aids to Computation, Vol. 15, 1961,

Issue 74, pp. 174-178,

SUBROUTINE SICIIST4ClyX) stcr 1

4 TEST ARGUMENT RANGE sict 2
222851X) . sicr 3
1€(Z-4.) 10,10,5 S1ct 4

3 2 TS NOT GREATER THAN & st s
10 v=702 stcr 4
SI=-1.5707963¢ X+ ({111.97942154F-11%Y-.22232633F-B) #¥+.30561733¢- 551([ 7

1) #Y=.28341460E-4) #Y 4. 16666582F-2) #Y~, 5555556 TF 1) #¥+1,) e o8

© TEST FOR LOGARITHMIC SINGULARITY SICI a
TFLZ} 30,20,30 Sict 10

20 Cl=-1.E38 SICr 1L
RETURN sict 12
300C1=0,57721566¢ALIGIZ) ~Yo{ [{({-.13869851F-9#Y¢,269458426-T) 0y~ stcr 13
1.309522076~514Y+, 23146303E-310Y-,10416642E-119Y¢,24999999) ster 18

40 RETURN SICt 1S

[4 1 IS GREATER THAN 4. sict 16
50 SI=SIN(Z) sict 17
¥=C0$t2) sIct 18

= sict 19

0U 111 L1(1(.40480590E-2#2-.022T9F4261#2+.0551507001 62~ 072616418} #7SICE 20
19,049877159)1#2~.33325186E-2197-.023146168)#2~.11349579E-4) %7 ster 2t
29.0625000 11)%Z+.25839886F-9 sict 22
OVE{{tt(111{-.0051086993%Z+.029191785)12-.0651726834) ¢Z+. 0190203351 051CH 23
12-.0440041551#2-, 10T94555631#7+.026012930) €7-, 37640003E-3 ) &7 24
2-.031224178)#2-.56464476E -6 32+, 25000000 sxm 25
Cl=Za(STov=Y*y) ster 26
SL=-Z{SI*UsLYRV} stct 27

c TEST FOR NEGAT IVE ARGUMENT SIct 28
TF(X) 60,40, Sicl 29

3 X ¥S LESS THAY -4 stct 30
60 S1=-3.1415927-51 ster a1
RETURN ster 32

sict 33
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cs

This subroutine computes the Fresnel integrals for ’m”}
a given value of the argument x. The Fresnel inte-

grals are defined as:

- LX cos(t
C(X)_\lz_rs \/_t_ at

and

S{x) = l—x sint) dt.

The subroutine CS calculates both C(x) and S(x)
for a given argument x.

In case of a negative argument x the absolute
value of x is taken as argument for C and for S.

Polynomial approximations that are close to
Chebyshev approximations over their respective
ranges are used for calculation.

1. Approximation in the ra.ngel x|> 4.

The Fresnel integrals C(x) and S(x) are close-
ly related to the confluent hypergeometric function:

Y(x)=\/xi¢;,—; )—x1¢(1,2,X1)

We have: -
1 1 ,4 .
Cix) =5+ \/: =, (sin (x) Re (Y) - cos (x) Im (Y))
87
1 _ 1 |4 .
S(x) = 5 - = qf5 (cos(x) Re(Y)+ sin(x) Im (Y))
\' 8

The expansions of real part Re (Y) and com-
plex part Im (Y) in terms of shifted Chebyshev poly-
nomials Tn* over the range 4 < x<  are easily
obtained using the method of computation described
by Luke/Wimp. *

By means of truncation of the infinite series:

Re (Y (x)) = E A TN (é) i
: v=0
-2 x(4
Im(¥ @) = § B,T*(3
v=0

*Luke/Wimp, "Jacobi Polynomial expansion of a
generalized hypergeometric function over a semi-
infinite ray", Math. Comp., Vol. 17, 1963, Iss. N
84, pp. 395-404. .
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beyond the eighth and ninth term respectively we get
approximations with errors E,(x) and Eg4(x) where

(ﬁ both errors are absolutely less than:
€= @ 1341078
Transformation of the shifted Chebyshev poly-
nomials to ordinary polynomials finally leads fo the
approximations:
C(x) = %-4— E(sin (x) * P(x) + cos(x) » QX))
Sx) = %+‘/7§— (-cos (x) * P (x) + sin(x)* QX))
where
7
PR =y a (%)V
0
am = 5 o, (2)-
m 0
The coefficients a, and b, are given to eight
significant decimal digits:
ao = 0.19947 115
b0 = -0,00000 00044 44090 9
al = -0,00000 12079 984
bl = =0.02493 3215
a2 = -0,00931 49105
b2 = -0.00001 60642 81
a3 = -0,00040 27145 0
b3 = 0.00597 21508
a4 = 0.00742 82459
b4 = -0,00030 95341 2
as = =-0,00727 16901
F b5 = =0.00679 28011

0.00340 14090

6

b6 = 0.00797 09430
a, = ~0.00066 33925 6
b7 = -0.00416 92894
b8 = 0.00087 68258

2. Approximation in the range 05 x S 4.

Approximations for C(x) and S(x) in the range
0= x< 4 were obtained by means of telescoping of
the respective Taylor series expansions:

(_1)v x2v
(4v+1) @v) !

C(x)=\/%-\/—£. §
v=0

©
o -y 2 Ve
v=0

This leads finally to the following approxima-

(_l)v x‘av

@3 v DT

tions:

6
C(x) =\’ X Z C e (xz)V
v=0

5
S(x) = x& Z dv (1'(2)V ,

v=0

with respective errors E (x) and E4 (x), where

-8

'Ec(x) <\x ¢ 2.6 10

<x\x + 350108

Eg ()

The coefficients ¢_ and % are given below to
eight significant decimal digits:

c, = 0,79788 455

0

d0 = 0,26596 149
¢ = ~-0.07978 8405
dl = =-0,01899 7110
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c, = 0.00369 38586

2

d2 = 0.00060 43537 1

Cy = -0.00008 52246 22

d3 = -0.00001 05258 53

e, = 0.00000 11605 284

d4 = 0.00000 01122 5331

C5 = -0.00000 00101 40729

d'5 = ~-0,00000 00006 67774 47
Co = 0,00000 00000 50998 348

Subroutine CS

Purpose:
Computes the Fresnel integrals.

Usage:
CALL CS (C, 8,X)

Description of parameters:
C - The resultant value C(X).
S - The resultant value S(X).
X - The argument of Fresnel integrals.
If X is negative, the absolute value is
used,

Remarks:
The argument value X remains unchanged.

Subroutines and function subprograms required:
None.

Method:

Definition:

C(X)=integral (COS(T)/SQRT (2*PI*T) summed
over T from 0 to X).

S(X)=integral (SIN(T)/SQRT (2*PI*T) summed
over T from 0 to X).

Evaluation:

Using different approximations for X less than

4 and X greater than 4.

Reference:

'Computation of Fresnel Integrals' by Boersma,

Mathematical Tables and Other Aids to Compu-

tation, Vol. 14, 1960, No. 72, p. 380.
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SUBROUTINE CSIC,S+X)
2=4ABSIX)
2 IF(2-82) 343,46
X IS-NOT GREATER THAN &
3 C=SORTI2)
SezeC

1a292

CaC®{({(((.50998348E~10%2~.10140T29E-T Y€+, 116052B4E~5) 07
1 -. 182 +. 38! *2-.07 182+,797884551

SES®I((ll-266TTT44TE~942+.11225331E=~6)%2-.10525853E~4) %2
1 +.60635371E~3) 42, 189971 10E-1)92+.26596149)

RETURN

2 IS GREATER FHAN 4

4 0=COS{ZY

SaSINIZ)

I8, 72

Ax{(((({(.87682533E~307~.41692094E~2192+,T79709430€-21%12~

1.67928011F~2)82~, 30953412E-3)92¢,59721508E-2)82~. 16064281 E~4} 47~

2.024933215) 87,44 640909E~8
Bl 11=-.663392566-302¢,34014090E-2)192Z-.72716901E=2)02+

1.74202459€-2)02-, 402714 50€~3)%2~.93140105E~2) 82, 1207998¢E-5} 02+

2.1994711
Z=SQRTI2)
C=,5¢Z¢{DsA¢508)
S=.5¢l8(SeA-DeB)}
RETURN
END
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Mathematics - Linear qula.tiOHS [3 “-?i:?cn FOR MAXINUM COEFFICLENT IN COLUMN st 13

SIRG 14
IF{ABSIBIGAY-ABSt A(TIS}V) 20,30,30 SIMQ 15
20 e:i:’:l (8] SIMG 16
- StMO 17

30 CONT INUE
SIMQ 4 YES‘;I FOR PIVOT LESS THAN TOLERANCE (SINGULAR MATRIX! :::g }g
IF(ABSIHIGAI-TOL) 35,35,40 StMg 20
35 :;;:’un Stwg 21
Mpose: [4 o 11 INTERCHANGE RIWS IF NECESSARY :;:g ;;

. . . . Rl =JeN® (J-2)
Obtain solution of a set of simultaneous linear Lrepary e
. - M 26
equations, AX=B. atlotr Hir
SAVE=AITL) SINQ 29
AtT1)=A(12) SIMg 30
At Xle’$AVE SIMQ 3}
Usage: < “DIVIDE EQUATIIN BY LEADIRG COEFFICIENT SimQ 32
S0 ;l‘bé:;:(ul‘::;ﬂfﬁl SiMQ 33
CALL SIMQ(A, B, N, KS) BUTMAX) =B(J) HH
BUJI=SAVE/RIGA SINQ 36
< ELIMINATE NEXT VARIABLE SIMQ 37
. . IF(JI=-N) 55,70,55 StmQ 38
Description of parameters: 55 losensia-l) Hiv
. . . B0 65 IX=JY,N SINO 40
A - Matrix of coefficients stored columnwise. B sto w1
These are destroyed in the computation. Txxans (kb etx HIn I
. s . 23
The size of matrix A is N by N. &0 Egiu::;:”un—u«lumluln HIT I
. . L X)=BLIX)=(BLI) *ACLIXI))
B - Vector of original constants (length N). © e welAEX ShLuTION Hit
. A wN=- SIMQ 49
These are replaced by final solution 0 80 el Ny S0 sn
ae11=3 » Stmg  s1
values, vector X. A e 23
. . 1C=t . SIMQ  Sa
N - Number of equations and variables. gﬁ:;:i-;dif-uumuu o 5
N must be greater than 1. a0 1eafes) stk 37
Py RETURN

KS - Output digit: e R

0 For a normal solution.
1 For a singular setof equations.

Remarks:
Matrix A must be general.
If matrix is singular, solution values are mean-
ingless.
An alternative solution may be obtained by using
matrix inversion (MINV) and matrix product
(GMPRD).

Subroutines and function subprograms required:
None.

Method:
Method of solution is by elimination using larg-
est pivotal divisor. Each stage of elimination
consists of interchanging rows when necessary
to avoid division by zero or small elements.
The forward solution to obtain variable N is
done in N stages. The back solution for the
other variables is calculated by successive sub-
stitutions. Final solution values are developed
in vector B, with variable 1 in B(1), variable 2
in B(2),........, variable N in B(N).
If no pivot can be found exceeding a tolerance of
0.0, the matrix is considered singular and KS
is set to 1. This tolerance can be modified by
replacing the first statement.

SUBROUTINE SIMQIA 4B,NsKS) SIMQ 1
DIMENSTON A(1),8t 1) StM0 2
4 FORWARD SOLUTION StMo 3
TOL=0.0 SO &
KSan siMQ 5
J493-N STM0 6
00 65 J=14N stHe 7
J¥sgel SiMg &
JIsggenet s[MQ 9@
BIGAaO SiMg 10
17=93-4 Sig 11
00 30 [=dyN siMe 12
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Mathematics - Roots of Nonlinear Equations
RTWI

This subroutine refines the initial guess xo of a
root of the general nonlinear equation x = f(x).
Wegstein's iteration scheme is used in order to get
accelerated convergence in case of a function f (x),
which has at least continuous first derivative in the
range in which iteration moves.

Following Figure 8, set Xl = yO = f(xo) and yl =
f(x l).

Refinement of x; is done by determination of the
intersection of the linear function y = x and the
secant through the points (x o ¥ 0) and (xl, yl), thus
getting:

1~ %o
=x_ +
o -y
o- o
17N
a.ndy2=f(x2)

The next step is done by starting at (x 2 y2) and
setting:
X_ -~ X

2 1
= 4 —_—
TR -
e i
X9~ Vg
vy = fxg)
YP y=f(x) y=x
vy = flx) g— —— —
]
[}
]
2l V) SRR I/, X
) [
11
Yo = flxg) §— — — — g — —jjm = — — o
1 H 1
! I |
1 | 1
1 [ |
| | ]
é POy y ¢ P
1Yy X3%2 %0
Figure 8. Wegstein's iterative method

Itcanbe seen that this determines the intersec-
tion between y = x and the secant through the points
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(x1, y1) and (x2, y2). Therefore Wegstein's itera-
tion scheme is often called the secant modification
of the normal iteration scheme X f(xi).

Repeating these steps, the result is the iteration
scheme:

*i-17Y5-1
%Y
Vi T Iy
Each step requires one evaluation of f(x).

This iterative procedure is terminated if the
following two conditions are satisfied:

8y £ and 2 S10.¢
X -X
il i
X i Ixi+1| >1
with 5 = Fin
X, x| )
I i+l i if lxi+1l 1, (2)
X, y.
itl - i+l
X i 4l Z1
5, = Tivl
lxi+1—yi+ if 1%, $1

and tolerance € given by input.

The procedure described above may not cenverge
within a specified number of iteration steps. Rea-
sons for this behavior, which is indicated by an
error message may be:

1. Too few iteration steps are specified.

2. The initial guess x( is too far away from any
root.

3. The tolerance € is too small with respect to
roundoff errors.

4. The root to be determined is of multiplicity
greater than one.

Furthermore, the procedure fails if at any iteration
step the denorfiinator of equation (1) becomes zero.
This is also indicated by an error message. This
failure may have two reasons:

1. The secant has the slope 1, either exactly or
due to roundoff errors. In both cases it is probable
that there is at least one point £ in the range in
which iteration moves with ¢/( £)=1.

2. xi=xi-1andx{ # yi = {(xi). This case is
possible due to roundoff errors or to a very steep
slope of the secant.
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Subroutine RTWI

Purpose:
To solve general nonlinear equations of the form
X=FCT(X) by means of Wegstein's iteration
method.

Usage:
CALL RTWI X,VAL,FCT,XST, EPS,IEND, IER)
Parameter FCT requires an EXTERNAL state-
ment,

Description of parameters:

X - Resultant root of equation X=FCTX).

VAL - Resultant value of X-FCT(X) at rootX,

FCT - Name of the external function sub-
program used.

XST - Input value which specifies the initial
guess of the root X,

EPS - Input value which specifies the upper
bound of the error of result X,

IEND - Maximum number of iteration steps
specified.

IER - Resultant error parameter coded as
follows:

IER=0 - no error

IER=1 - no convergence after IEND
iteration steps

IER=2 -~ at some iteration step the
denominator of iteration
formula was equal to zero

Remarks:
The procedure is bypassed and gives the error
message IER=2 if at any iteration steps the
denominator of the iteration formula is equal to
zero, That means that there is at least one point
in the range in which iteration moves with the
derivative of FCT(X) equal to 1,

Subroutines and function subprograms required:
The external function subprogram FCT(X) must
be furnished by the user.

Method:
Solution of equation X=FCT(X) is done by means
of Wegstein's iteration method, which starts at
the initial guess XST of a root X, One iteration
step requires one evaluation of FCT(X), For
test on satisfactory accuracy see formula (2) of
mathematical description.

For reference, see:

1. G, N, Lance, Numerical Methods for High
Speed Computers, Iliffe, London, 1960,
pp. 134-138,

2, J, Wegstein, "Algorithm 2," CACM, Vol, 3,
Iss. 2 (1960), pp. 74.

3. H.C. Thacher, "Algorithm 15,'" CACM, Vol.
3, Iss. 8 (1960), pp. 475.

4. J.G. Herriot, "Algorithm 26," CACM, Vol.
3, Iss. 11 (1960), pp. 603.

SUBROUTINE RTWI(XsVALsFCToXST4EPS+IEND+ IER) RTHI 3

< PREPARE 1TERATION RIWL 2

ER=0 RTWI 3

TOL=XST RTIWI 4

x=FCTTOL) RTWI 8

A=x=xsT RTWI 6

B=-4 RTWI 7

ToLeX RTWI 8

VAL=X=FCT(TOL} RTWI 9

< START ITERATION LOOP RTWI 10

00 & 1=1sIEND RTWD 11

IF(VALI L9701 RTWI 12

< EQUATION 1S NOT SATISFIED 8Y X RTWI 13

1 B=B/VAL=1. RTWI 14

IF(B12+842 RTWI 15

< 1TERATION 1§ POSSIBLE RTWI 16

2 A=a/ RTWI 17

Xexea RTWI 18

BaVAL RTWI 19

TOLeX RTWI 20

VAL=X=FCT(TOL) RTWI 21

< TEST ON SATISFACTORY ACCURACY RTWI 22

TOL=EPS RTWI 23

D=ABS (X) RTWI 24

IF(D=14)844+3 RTW! 23

3 TOL=TOL#D RTWI 26

4 1F(ABS(A)=TOL)S 1546 RTWD 27

5 IFLABS(VAL)=10.%TOL)Ts746 RTWI 28

& CONTINVE RTWI 29

< END OF ITERATION LOOP RTWI 30

< NO CONVERGENCE AFTER TEND ITERATION STEPS. ERROR RETURN. RTWI 31

1ERw1 RTWI 32

7 RETURN RTWI 33

c ERROR RETURN IN CASE OF ZERO DIVISOR RTWI 34

8 IERe2 RTWI 35

RETURN RTWI 36

END RTWI 37
RTMI

This subroutine determines a root of the general
nonlinear equation f(x) = 0 in the range of x from
X1i up to Xri (xli, Xri given by input) by means of
Mueller's iteration scheme of successive bisection
and inverse parabolic interpolation. The procedure
assumes f(x]j) . f(xpj) £ 0.
Starting with x] = x]j and Xy = xpj and following
Fig. 9, one iteration step is described.
First, the middle of the interval Xy
computed:

. Xy is

1
== +
Xm 2 (x1 xr).

In case f(xy,) . i(x,) <0, Xy and x,. are interchanged
to ensure that f(x,,) - f(x;) > 0.

In case

2 f(xm) [f(xm)—f(x 1)] - f(xr) [f(xr) - f(x1>]go )
Xp is replaced by x,, and the bisection step is re-
peated. If, after a specified number of successive
bisections, inequality (1) is still satisfied, the
procedure is bypassed and an error message is
given.

In Fig. 9, the second bisection step leads to a
configuration which does not satisfy inequality (1).
Thus by inverse parabolic interpolation:

X=X
Ax =f(x.) —————
U fx)-fx)
f(x)-21fx_)H(x,)
141 r m 1 9
Cm) Teoe ) toe 3T Teee)fxy)f @
and x =

- A
x1 X

and x is sure to be situated between X and xm
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4 / inverse quadratic
/ parabola
/

/

fxy) (2. step) - — — — — — — —
y=H(x)

ooy (4. step) g—— = —— 2 L

1
|
|
v oxy X, (4. step) Ly (4. step)

x Xy (2. step)

f(x‘) -

Figure 9. Mueller's iterative method

Now, for the next iteration step, x becomes X
and xy, becomes x,. if f(x) - f(x]) > 0, or x becomes
xp if £(x) . f(xl) < 0.

Convergence is either quadratic or linear if the
multiplicity of the root to be determined is equal to
one or greater than one respectively, and if £(x) can
be differentiated continuously at least twice in the
range Xy + - Xpj- Each iteration step requires two
evaluations of f(x).

This iterative procedure is terminated if either
the two conditions (checked in bisection loop)

1, - x < €. max (1, lxrl)

| <
1
lf(xr) - f(xl)lg 100 - € @

and
or the two conditions (checked after inverse para-
bolic interpolation)

laxl < €. max (1, [xl)

and
[t ) < 100 .€

(©)

are satisfied, where tolerance € is given by input.

The procedure described above may not converge
within a specified number of iteration steps followed
by the same number of successive bisections. Rea-
sons for this behaviour, which is indicated by an
error message, may be:

1. Too few iteration steps are specified.

2. The initial interval xj;--- Xyj is too long.

3. The tolerance € is too small with respect to
roundoff errors.

Furthermore, the procedure is bypassed, also
giving an error message, if the basic assumption
f(x)3) - f(xp)) $0 is not satisfied.

For reference see G. K. Kristiansen, 'Zero of
Arbitrary Function”, BIT, vol. 3 (1963), pp. 205-
206.
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Subroutine RTMI

Purpose: m

To solve general nonlinear equations of the form
FCT(X)=0 by means of Mueller's iteration method,

Usage:
CALL RTMI(X, F, FCT,XLI, XRI, EPS, IEND, IER)
Parameter FCT requires an EXTERNAL state-
ment,

Description of parameters:

X - Resultant root of equation FCTX)=0. *
F - Resultant function value at root X,
FCT - Name of the external function sub-
program used, i
XLI - Input value which specifies the initial
left bound of the root X.
XRI - Input value which specifies the initial
right bound of the root X,
EPS - Input value which specifies the upper
bound of the error of result X,
IEND - Maximum number of iteration steps
specified.
IER - Resultant error parameter coded as
follows:

IER=0 - no error
IER=1 - no convergence after IEND
iteration steps followed by
IEND successive steps of
bisection M’\
IER=2 - basic assumption FCT(XLI)
*FCTXRI) less than or
equal to zero is not satis-
fied

Remarks:
The procedure assumes that function values at
initial bounds XLI and XRI have not the same sign.
If this basic assumption is not satisfied by input
values XLI and XRI, the procedure is bypassed
and gives the error message IER=2,

Subroutines and function subprograms required:
The external function subprogram FCT(X) must
be furnished by the user, -

Method:
Solution of equation FCT(X)=0 is done by means
of Mueller's iteration method of successive
bisections and inverse parabolic interpolation,
which starts at the initial bounds XLI and XRI,
Convergence is quadratic if the derivative of
FCT(X) at root X is not equal to zero. One
iteration step requires two evaluations of FCT(X).
For test on satisfactory accuracy see formulae ™
(3, 4) of mathematical description.
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SUBROUTINE RTMI(XsFsFCToXL1sXRIJEPSIENDsIER) RTMI 1

< PREPARE 1TERATION RTMI 2

1ER=0 RTMI 3

XLaxLt RTMI &

XReXR1 RTMI 5

X=Xl RTML 6

TOL=X RTML 7

FaFCT(TOL) RTMI 8

IFIFY1v1601 RTMI 9

1 FL=F RTMI 10

X=XR RTMI 11

TOL=X RTMI 12

FRECT(TOL) RTMI 13

IF(FI291642 RTM[ 16

2 FRaf RTMI 15

IFISIGN(2asFLI+SIGN{1e2FR) 12543425 RTML 16

4 BASIC ASSUMPTION FL#FR LESS THAN O IS SATISFIED. RTMI 17

4 GENERATE TOLERANCE FOR FUNCTION VALUESs RTMI 18

3 I=0 RTMI 19

TOLFa1004%EPS RTMI 20

4 START ITERATION LOOP RIMI 21

4 Ielsl RIMI 22

< STARY BISECTION LOOP RTMI 23

DO 13 K=14+IEND RIMI 24

Xa¢5% (XL+XR) RIMI 25

ToL=x RTMI 26

FaFCT(TOLS RTML 27

IF(F)541645 RTMI 28

5 IF(SIGN{14sF)+SIGN(2asFR)) 70647 RTMI 29

< INTERCHANGE XL AND XR IN ORDER TO GET THE SAME SIGN IN F AND FR  RTMI 30

6 TOL=XL RTMI 31

XLeXR RTMI 32

XR=TOL RTMI 33

TOL=FL RTMI 34

FLeFR RTMI 35

FRaTOL RTML 36

7 TOL=F-FL RIMI 37

AsFeTOL RTMI 38

AspsA RTMI 39

IF(A=FR# (FR=FL}184949 RTMI 40

8 IF(I=1ENDI17+17+9 RTMI 41

9 XRmX RTMI 42

FRaF RIMI 43

< TEST ON SATISFACTORY ACCURACY IN BISECTION LOOP RTMI 44

TOL=EPS RTML 45

AaABS(XR) RTMI 46

IF{A=14)11411410 RTMI 47

10 TOLSTOL*A RTMI 48

11 IF(ABS{XReXL}=TOL)12412413 RTMI 49

12 IF(ABS{FR=FL)=TOLF)14s14313 RTMI 50

13 CONTINUE RIMI 51

4 END OF AISECTION LOOP RIMI 52

[3 NO CONVERGENCE AFTER IEND ITERATION STE®S FOLLOWED BY I1END RTMI 53

4 SUCCESSIVE STEPS OF BISECTION OR STEADILY INCREASING FUNCTION RTMI 54

3 VALUES AT RIGHT BOUNDSe ERROR RETURNe RTMI S5

ER=1 RTMI 86

14 IF(ABSIFRI=ARSIFL) 116116115 RTMI 57

15 x=XL RTML 58

FaFL RTMI 59

16 RETURN RTMI 60

< COMPUTATION OF ITERATED X=VALUE BY INVERSE PARABOLIC INTERPOLATIONRTMI 61

17 AsFR=F RTMI 62

DX® (XeXL ) #FL®(1o+F#{A=TOL) /LA [FR=FL1}1/TOL RTML 63

=X RTML 64

FM=F RTMI 65

XeXL=DX RTMI 66

TOL=X RTMI 67

FFCT{TOL) RTMI 68

IF(F118416518 RTML 69

< TEST ON SATISFACTORY ACCURACY IN ITERATION LOOP RIMI 70

18 TOL=EPS RTMI 71

AsABS(X) RTMI 72

1F{A=14)20420419 RTMI 72

19 ToLaTOL*A RTMI T4

20 IF(ABSIDX}=TOL)21421+22 RTMI 75

21 IF(ABS(F1=TOLF)16416+22 RTMI 76

< PREPARATION OF NEXT BISECTION LOOP RTML 77

22 TFISIGN{1esFI+SIGNI1asFL} 124923124 RTMI 78

2 = RTMI 79

FRaF RTMI 80

GO TO & RTMI 81

26 XLsX RTMI 82

FLeF RTMI 83

XR®XM RTML B4

FR®FM RTMI 85

GO TO & RTMI 86

4 END OF ITERATION LOOP RTMI 87

< ERROR RETURN [N CASE OF WRONG INPUT DATA RTMI 88

2% [ER=2 RTMI 89

RETURN RTMI 90

ENO RTMI 91
RTNI

This subroutine refines the initial guess x; of a
root of the general nonlinear equation f(x) = 0.
Newton's iteration scheme is used in the following
form:

f(xi)
X., =X

5T R i=0,1,2,..)) 1)
i

Convergence is quadratic or linear if the multiplicity
of the root to be determined is equal to one or
greater than one respectively, and if f(x) can be
differentiated continuously at least twice in the
range in which iteration moves. Each iteration

step requires one evaluation of f(x) and one evalua-
tion of f' (x).

This iterative procedure is terminated if the
following two conditions are satisfied:

< L
5 Seand [f(xi+1)| £100-¢

with in case of|x,

1+1| > 1

2

|xi+1 ‘xil in case of|xi+1|é 1

and tolerance € given by input.

The procedure described above may not converge
within a specified number of iteration steps. Rea-
sons for this behaviour, which is indicated by an
error message, may be: )

1. Too few iteration steps are specified.

2. The initial guess x( is too far away from any
root.

3. The tolerance € is too small with respect to
roundoff errors.

4. The root to be determined is of multiplicity
greater than one.

Furthermore, the procedure fails and is by-
passed if at any iteration step the derivative f(xj)
becomes zero. This is also indicated by an error
message.

For reference see:

(1) F. B. Hildebrand, Introduction to Numerical
Analysis, McGraw-Hill, New York/Toronto/
London, 1956, pp. 447 - 450.

(2) R. Zurmuhl, Praktische Mathematik fiir
Ingenieure und Physiker, Springer, Berlin/
Gottingen/Heidelberg, 1963, pp. 12 - 17.

Subroutine RTNI

Purpose:
To solve general nonlinear equations of the form
FX)=0 by means of Newton's iteration method.

Usage:
CALLRTNI (X, F, DERF, FCT, XST, EPS, IEND,
IER) Parameter FCT requires an EXTERNAL
statement

Description of parameters:

X - Resultant root of equation F(X)=0,

F - Resultant function value at root X,

DERF - Resultant value of derivative at root X,

FCT - Name of the external subroutine used.
It computes for given argument X the
function value F and derivative DERF,
Its parameter list must be X, F, DERF,

XST - [Input value which specifies the initial
guess of the root X,

EPS - Input value which specifies the upper

bound of the error of result X,
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An

IEND - Maximum number of iteration steps
specified.

Resultant error parameter coded as
follows:
IER=0 -
IER=1 -

IER -

no error
no convergence after IEND
iteration steps

at some iteration step
derivative DERF was equal
to zero

IER=2 -~

Remarks:
The procedure is bypassed and gives the error
message IER=2 if at any iteration step the
derivative of F(X) is equal to 0, Possibly the
procedure would be successful if it were started
again with another initial guess XST,

Subroutines and function subprograms required:
The external subroutine FCTX, F, DERF) must
be furnished by the user,

Method:
Solution of the equation F(X)=0 is obtained by
means of Newton's iteration method, which starts
at the initial guess XST of a root X,* Convergence
is quadratic if the derivative of F(X) at root X is
not equal to zero. One iteration step requires
one evaluation of F (X) and one evaluation of the
derivative of F(X), For tests on satisfactory
accuracy see formula (2) of the mathematical
description,

SUBROUTINE RTNI(XsF4DERFyFCToXSTHEPSs IENDYIER)
PREPARE 1TERATION

1ER=Q

X=XST

ToL=x

CALL FCT(TOL «F 4DERF)

TOLF=1004*EPS

START ITERATION LOOP

DO & I=1+1END

IFLFI1e701

EQUATION 1S NOT SATISFIED BY X RTNI 11

1 IF(DERF}24Rs2 RTNI 12
ITERATION IS POSSIBLE RINI 13

2 DX=F/DERF RINI 14
X»X=DX RINI 18
ToL=X RINI 16
CALL FCT(TOL+F 4DERF) RTINI 17
TEST ON SATISFACTORY ACCURACY RTNI 18
TOL=EPS RINI 19
AsABS(X) RTNI 20
IF(A=14)4s493 RINI 21

3 TOL=TOL*A RTINI 22
4 IF(ABS(DX)=TOL15+546 RINI 23
5 IF(ABSIF}=TOLFI71746 RINI 24
& CONTINUE RINI 28
END OF ITERATION LOOP RINI 26
NO CONVERGENCE AFTER IEND ITERATION STEPSe ERROR RETURNe RINI 27
1ER=1 RINI 28

7 RETURN RINI 29
ERROR RETURN IN CASE OF ZERO DIVISOR RIN] 30

8 IER=2 RIND 31
RETURN RTNT 32
RINI 33

END

Mathematics - Roots of Polynomial

POLRT

This subroutine computes the real and complex roots
of a real polynomial.

- 120

Given a polynomial

N
n
f(z) = Y a z 1)
n=0
let
Z = X + iY be a starting value for a root of i(z).
Then:

7" = (x+ i7", (@)

Define X, as real terms of expanded equation (2).

Define Y, as imaginary terms of expanded equa-
tion (2).

Then for: .
n=20

X =1.0

0

Y =0.0

o

n >0

Xn =X Xn—l - Yo Yn—l &)

Yn =X Yn-l +Y - Xn—l (4)

Let U be the real terms of (1).
V be the imaginary terms of (1).

Then:
N
U= Z a2 (5) -
n=0 -
N
V=Y a Y (6)
n=0
or
N
U=a + Z a X (7
n=1
N
V= 2 a Y, (8)
n=1
N ~
U _
e Z n Xn—l a, (9)
n=1
N
au _
v Z nYn-l a (10)
n=1

Note that equations (3), (4), (7), (8), (9), and (10)
can be performed iteratively for n = 1 to N by saving
Xn_landYn_l. _
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Using the Newton-Raphson method for computing
AX, AY, we have:

2 2
au U au au
= vz - U< = < 11
axX = |Vay - Usx ox) *tlay) | Y
2 2
U dU au au
=-luse + v ) G ~ 12
aY Uay * Vax ) \ox) * \oy) | P
a after applying the Cauchy-Riemann equations.
Thus, for the next iteration:
X'= X + AX
Y'=Y + AY
Subroutine POLRT
Purpose:
Computes the real and complex roots of a real
polynomial,
Usage:
CALL POLRT(XCOF, COF, M, ROOTR, ROOTI,
IER)
Description of parameters:
XCOF - Vector of M+1 coefficients of the
fﬂ“ polynomial ordered from smallest

to largest power.
COF - Working vector of length M+1.
M - Order of polynomial.
ROOTR - Resultant vector of length M contain-
ing real roots of the polynomial,
ROOTI - Resultant vector of length M contain-
ing the corresponding imaginary
roots of the polynomial.
IER - Error code where:
IER=0  No error.
IER=1 M less than one.
IER=2 M greater than 36.
IER=3  Unable to determine
root with 500 iterations
on 5 starting values.
. IER=4  High order coefficient is
Zero.

Remarks:
Limited to 36th order polynomial or less.
Floating-point overflow may occur for high
order polynomials but will not affect the accu-
racy of the results.

Subroutines and function subprograms required:

(w»\ None.

Method:
Newton-Raphson iterative technique. The final
iterations on each root are performed using the
original polynomial rather than the reduced
polynomial to avoid accumulated errors in the

s

50

w
)

59
60

110
115

120

122
125

165
150
155

160

reduced polynomial.

SUBROUTINE POLRT{XCCF sCOF sMsROOTRSROOT I+ IER) POLRT 1
DIMENSION XCOF(1)9COF (1) sROOTR{1}3ROOTIIL) POLRT 2
IF1Te0 POLRT 3
Ne=M POLRT &
1ER=Q POLRT 5
1FUXCOFtN+11) 10025510 POLRT 6
IFIN) 15515432 POLRT 7

SET ERROR CODE TO 1 POLRT 8
1ER®] POLRT 9
RETURN POLRT 10

SET ERROR CODE TO & POLRT 11
1ER=6 POLRT 12
GO to 20 POLRT 13

SET ERROR CODE TO 2 POLRT 14
1ER=2 POLRY 15
60 10 2 POLRT 16
IFIN=36) 35935430 POLRT 17
NX=N POLRT 18
NXX®N+1 POLRT 19
N2=1 POLRT 20
KJ1l = N+l POLRT 21
00 «0 L=1sKJ1 POLRT 22
MT=KJl=L+1 POLRT 23
COF [MT) =XCOF (L) POLRT 26

SET INITIAL VALUES POLRT 25
X0* 400500101 POLRT 26
Y0#0,01000101 POLRT 27

ZERG INITIAL VALVE COUNTER POLRT 28
IN=0 POLRT 29
Xex0 POLRT 30

INCREMENT INITIAL VALUES AND COUNTER POLRT 31
X0e=1040#Y0 POLRT 32
Y0e-=10,0%% POLRT 33

SET X AND Y TO CURRENT VALUE POLRT 34
X=X0 POLRT 35
YsYO POLRT 36
IN=INeL POLRT 37
G0 10 59 POLRT 28
1F1T=1 POLRT 39
XPReX POLRT 40
YPRaY POLRT 41

EVALUATE POLYNOMIAL AND DERIVATIVES POLRT 42
1CT=0 POLRT #3
UX=040 POLRT 44
UY=0,0 POLRT 45
V 3040 POLRT 46
YTe040 POLRT 47
XTgie0 POLRT 48
U=COF (N+1) POLRT 4%
IFLU) 650130465 POLRT 80
00 70 I=1eN POLRT 51
L sN=1+) POLRT 82
XT2exexTeveyy POLRT 53
YT2exeyTeyexT POLRT 54
UsUSCOFIL 1exT2 POLRT 83
VaveCOF (L 1eYT2 POLRT 56
Flsl POLRT 57
UX=UX+F [®XTeCOF (L | POLRT 8¢
UYeUY=F [#YTeCOFIL ) POLRT 59
XTaxT2 POLRT 60
YTevT2 POLRT 61
SUMSQeUXeUXsUYSUY POLRT 62
IFISUMSQ) 753110475 POLRT 63
DX= (VSLY=USUX ) / SUMSQ POLRT 64
X=X+DX POLRT 65
DY==(USUY+VSUX) /SUMSQ POLRT 66
YaveDyY POLRT 67
IFL ABS(DY}+ ABSIDX)=140E=05) 100480480 POLRT 68

~STEP ITERATION COUNTER POLRT 69
1CT=1CT+1 POLRT 70
IFL1CT=5001 60485085 POLRT T1
IFUIFIT) 1004904100 POLRT 72
IFCIN=5) 50495495 POLRT 73

SCT ERROR CODE T0 3 POLRT 74
1ERw3 POLRT 75
GO T0 20 POLRT 76
0C 105 LeloAXx PULRT 77
MTakJl=l+l POLRT 78
TEMP=XCOF (VT POLRT 79
XCOF {MT ) =COF (L) POLRT 80
COF(LIwTEMD POLRT 81
ITEMPEN POLRT 82
NeNx POLRT 83
NX=TEMP POLRT 84
IFCIFIT) 1209555120 POLRT 85
IFCIFIT) 1154500115 POLRT 86
XsXPR POLRT 87
YaYPR POLRT 88
IF1T=0 POLRT 8¢
IFEx112201290122 POLRTMO)
IFLABS(YI=ABS(X)*140€=04113511250125 POLRTMOZ
ALPHAEX®X POLRT 91
SUMSQsXPXeYRY POLRT 92
NeN-2 POLRT 93
GO TO 140 POLRT 94
X2040 POLRT 95
NXeNX-1 POLRT 96
NXXuNXX=1 POLRT 97
Y2040 POLRT 98
SUMS32040 POLRT 59
ALPrHA=X POLRT100
Nen=) POLRT1AL
[SE3 POLRTMO3
L2e2 POLRTMOG
COF1L2)%COF (L2 ) +ALPHASCOF (L1} POLRTMOS
DO 150 La2sN POLRT103
COF (L+1)=COF {L+11+ALPHA®COF (L) =SUMSQOCOF (L=1) POLRT106
ROOTI(N2) =Y POLRT105
ROOTRINZ)xx POLRTIO6
N2eN2+] POLRT1O7
IFISUMSQ) 1604165+160 PULRT108
Yy PULRTI0Y
SUMSQ=040 POLRTIIY
GO 10 155 POLRTLIL
IF IR} 20020545 POLRTIL:
NO PULKTLLS
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Mathematics - Polynomial Operations

PADD

Purpose:
Add two polynomials.

Usage:
CALL PADD{Z,IDIMZ, X, IDIMX, Y, IDIMY)

Description of parameters:

Z - Vector of resultant coefficients,
ordered from smallest to largest
power.

IDIMZ - Dimension of Z (calculated).

X ~ Vector of coefficients for first poly-

nomial, ordered from smallest to
largest power.

IDIMX - Dimension of X (degree is IDIMX-1),

Y - Vector of coefficients for second
polynomial, ordered from smallest
to largest power.

IDIMY - Dimension of Y (degree is IDIMY-1).

Remarks:
Vector Z may be in same location as either vec-
tor X or vector Y only if the dimension of that
vector is not less than the other input vector.
The resultant polynomial may have trailing zero
coefficients.

Subroutines and function subprograms required:
None.

Method:
Dimension of resultant vector IDIMZ is calcu-
lated as the larger of the two input vector dimen-
sions. Corresponding coefficients are then
added to form Z.

SURRGUT INE PADD(Z , IDIMZyX 4 10TMX, Y, IDINY) PADD 1
DIMENSION Z{114Xt1),Y{1) paDD 2

[4 VEST OIMENSIONS GF SUMMANDS PaDD 3
NO{M=[DIMX PADD 4

1F (IDIMX-IDIMY) 10,20,20 PADD S

10 NDIM=IDINY PADD &
20 IF{NDIM} 90,90,32 PADD 7
30 00 80 [=1,NDIN PaAND A
IF{I-1DIMX} 40440460 PADD 9
40 IFLI-1DINY) 50,50,70 PADD 10
S0 ZUIY=x{lyev(l) Pa00 i1
G0 To 80 PADD 12
60 Z(1)avEn) PADD 13
PADD 14

70 Zt0rsxeny PADD 15
80 CONTINUE PADD 16
90 IDIMI=NDIN Papn 17
RETURN PAOD 18

END °agn 19

122

PADDM

Purpose:
Add coefficients of one polynomial to the product
of a factor by coefficients of another polynomial.

Usage:
CALL PADDM(Z, IDIMZ, X, IDIMX, FACT, Y,
IDIMY)

Description of parameters:

Z - Vector of resultant coefficients,
ordered from smallest to largest
power.

IDIMZ - Dimension of Z (calculated).

X - Vector of coefficients for first poly-

nomial, ordered from smallest to
largest power.

IDIMX - Dimension of X (degree is IDIMX-1),

FACT - Factor to be multiplied by vector Y.

Y - Vector of coefficients for second poly-
nomial, ordered from smallest to
largest power.

IDIMY - Dimension of Y (degree is IDIMY-1).

Remarks:

Vector Z may be in same location as either vec-

tor X or vector Y only if the dimension of that

vector is not less than the other input vector.

The resultant polynomial may have trailing zero

coefficients.

Subroutines and function subprograms required:

None.

Method:

Dimension of resultant vector IDIMZ is calcu-

lated as the larger of the two input vector dimen-

sions. Coefficient in vector X is then added to
coefficient in vector Y multiplied by factor to
form Z.
SUBROUT INE PADDKI Z,IDIMZ. X, INDINX,FACTY,IDIMY} PADDY I
OIMENSION ZU1)oXU1D,Y(1) PACOM 2
[ 4 TEST NDIMENSTIONS OF SUMMANDS PADDK 3
NDIM=1D IMX PADDM 4
IF{IDIMX=IDIMY) 10,20,20 PADDM S
10 NDIR=[DIMY PADDM 6
20 IFINDIM) $0+90+3) PADOM T
30 DD 80 I=1,NDIM PADDM 8
TF([=T0TMX} 40,40,60 PADDM 9
40 IF{I=-1DIMY) 50,50,70 PADDM 10
50 2011=FACTeY(IVext) PADDM 11
GDh T0 80 PADDM 12
60 ZU11=FACTSY(]) PADDM 13
G0 YO 80 PACOM 14
70 2tI)=xtil} PACDM 15
80 CONTINUE PADDN 16
90 IDIMZ=aNDIM PADDM 1T
RETURN PAOOM 18
END PADDN 19
PCLA
Purpose:
Move polynomial X to Y.
Usage:
CALL PCLA(Y, IDIMY, X, IDIMX)
Description of parameters:
Y - Vector of resultant coefficients,
ordered from smallest to largest

power.
IDIMY - Dimension of Y.

Ex.1042 / Page 126 of 196
Cisco Systems, Inc.



-

X - Vector of coefficients for polynomial,
ordered from smallest to largest

power.
IDIMX - Dimension of X.
Remarks:
None.

Subroutines and function subprograms required:

None.
Method:
IDIMY is replaced by IDIMX and vector X is
moved to Y,
SUBROUTINE PCLA (Y, IDINY,X,IDINX} pcLa 1
DIMENSION X(1).¥(1) pPCLA 2
IDIMY=1DIMX PCLA 3
(FLIDIMX) 30,30,10 pLA -
10 DO 20 I=1,IDIMX pCLA s
20 YUL)=X(1} pCLA [
30 RETURN PCLA 7
PCLA 8
PSUB
Purpose:

Subtract one polynomial from another.

Usage:
CALL PSUB{Z, IDIMZ, X, IDIMX, Y, IDIMY)

Description of parameters:

Z - Vector of resultant coefficients,
ordered from smallest to largest
power.

IDIMZ - Dimension of Z (calculated).

X - Vector of coefficients for first poly-

nomial, ordered from smallest to
largest power,

IDIMX - Dimension of X (degree is IDIMX-1).

Y - Vector of coefficients for second poly-
nomial, ordered from smallest to
largest power.

IDIMY - Dimension of Y (degree is IDIMY-1).

Remarks:
Vector Z may be in same location as either vec-
tor X or vector Y only if the dimension of that
vector is not less than the other input vector.
The resultant polynomial may have trailing zero
coefficients.

Subroutines and function subprograms required:
None.

Method:
Dimension of resultant vector IDIMZ is calcu-
lated as the larger of the two input vector dimen-
sions. Coefficients in vector Y are then
subtracted from corresponding coefficients in
vector X.

SUBROUTINE PSUB{Z¢1DINZX,1DIMXsY,10IMY} PsuB 1
OIMENSIGN 2(11exi1}o¥01) PSUB 2
TEST DIMENSIONS OF SUMMANDS PSUB 3
NOIM=1DINX PSUR &

1F (IDIMX-1DIMY) 10,20,20 PSUS 5
10 NOLM=1DENY psug &
20 IF INDIM} 90,90,30 PSUB T
30 DO 80 I=1,NDIM pSUS 8
1F (1-1DIMX) 40,4060 PSUB 9
40 1F LI-1DIMY) 50,504 70 psuUB 10
S0 Zt1hax(I)-Y(1) PSUB 11
T0 80 psuB 12

60 Z(1)a=v(I} psus 13
G0 TO 80 PSUB 14
70 2i1)axtDy PSUB 1S
80 CONTINUE PSUB 16
90 [DIMZ=NDIN psus 17
RETURN PSUB 18
END PSUB 19

PMPY
Purpose:

Multiply two polynomials.

Usage:
CALL PMPY(Z, IDIMZ, X, IDIMX, Y, IDIMY)

Description of parameters:

Z - Vector of resultant coefficients,
ordered from smallest to largest
power,

IDIMZ - Dimension of Z (calculated).

X - Vector of coefficients for first poly-

nomial, ordered from smallest to
largest power.

IDIMX - Dimension of X (degree is IDIMX-1).

Y - Vector of coefficients for second poly-
nomial, ordered from smallest to
largest power.

IDIMY - Dimension of Y (degree is IDIMY-1).

Remarks:
Z cannot be in the same location as X.
Z cannot be in the same location as Y.

Subroutines and function subprograms required:
None,

Method:
Dimension of Z is calculated as IDIMX+IDIMY-1.,
The coefficients of Z are calculated as sum of
products of coefficients of X and Y, whose ex-
ponents add up to the corresponding exponent of

Z.
SUBRCOUTINE PMPY(Z ,IDIMZ, X, 1DIMX, Y, 10INY) PHPY 1
OUMENSION ZUL)oXUD)o¥IL) PMPY 2
IFUIDIMX*IDINY119,10,20 PHPY 3
10 1D1Mz=0 pupy 4
60 10 50 eMPY S
20 IDIMZZIDIMX+IDINY~] ouPY &
DD 30 I=1,10142 pupY 7
30 2(1)=0, oMpy R
DO 40 !=1,1DiMxX pupY 9
DO 40 J=1,1DINY pMpY 10
+3-1 PHPY 11
40 ZIK}=X{118Y(JIe20K} PHpY 12
50 RETURN puey 13
END PMPY L4
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PDIV

Purpose:
Divide one polynomial by another.

Usage:

CALL PDIV(P, IDIMP, X, IDIMX, Y, IDIMY, TOL,

IER)

Description of parameters:

P - Resultant vector of integral part.

IDIMP - Dimension of P.

X - Vector of coefficients for dividend poly-

nomial, ordered from smallest to
largest power. It is replaced by re-

mainder after division.
IDIMX - Dimension of X.

Y - Vector of coefficients fordivisor poly-

nomial, ordered from smallest to

largest power.
IDIMY - Dimension of Y.

TOL - Tolerance value below which coeffi-
cients are eliminated during normali-
zation.

IER - Error code. 0 is normal, 1 is for
zero divisor.

Remarks:

The remainder R replaces X.
The divisor Y remains unchanged.
If dimension of Y exceeds dimension of X,

IDIMP is set to zero and calculation is bypassed.

Subroutines and function subprograms required:

PNORM

Method:

Polynomial X is divided by polynomial Y giving

integer part P and remainder R such that
X=P*Y +R.

Divisor Y and remainder vector get normalized.

SUBROUTINE POIVIP, IDIMP X, TDIMX, Y, IDIMY,TOL,JER}

1

DIMENSION P{L)oXE1b,Y(L} polV 2

CALL PNORM {Y,[DIMY,TOL} enIV 3

FFCIDINY) 50450410 POIV 4

10 IDIMP=[O[MX-T1DIMY ¢} PDIV 5

IF{IDINP) 20,30,50 POIV 6

[4 DEGREE OF DIVISOR WAS GREATER THAN DEGREF NF DIVIDEND POIV T

20 101MPa0 PDIV 8

30 [ER=0 POIV 9

40 RETURN POIV 10

[4 Y 1S ZERO POLYNOMIAL POIV 11

50 1ER=1 POIV 12

60 1O 40 PDIV 13

[3 START REQUCTIIN PDIV 14

60 10TMX=IDIMY=1 POIV 15

1=101Rp PDIV 16

70 11=1+1DIMX PDIV 17

PLIIZXCITI/YIIDINY) PDIV 18

c SUBTRACT MULTIPLE OF DIVISOR POlV 19

00 #0 K=1,IDIMX POIV 20

k=101 PDIV 21

XEJ1 XTIV =PLLI®YIKD POIV 22

80 CONTINUE PDIV 23

fei-1 POIV 26

IFL1) 90,90,70 POIV 25

[4 NORMALIZE REMA INDER POLYNOMIAL POIV 26

90 CALL PNDRMIX,IDIMX,¥OL) POIV 27

6o TO 3¢ POIV 28

END POIV 29
124

PQSD

Purpose:
Perform quadratic synthetic division.

Usage:

CALL PQSI{A, B, P, Q, X, IDIMX)

Description of parameters:

A - Coefficient of Z in remainder (calcu-
lated).

B - Constant term in remainder (calcu-
lated).

P - Coefficient of Z in quadratic poly-
nomial.

Q - Constant term in quadratic polynomial.

X - Coefficient vector for given polyno-

mial, ordered from smallest to

largest power.
IDIMX - Dimension of X,

Remarks:

Subroutines

None.

None.

Method:

The linear remainder A*Z+B.

and function subprograms required:

SUBROUTINF PQSDIA484P,0,X, IDINX)
DIMENSION x(1]

B=QeA+xid)
A=z

$=3-1
G0 0 1

3 RETURN

END

PVAL

Purpose:
Evaluate a polynomial for a given value of the

variable.

Usage:

CALL PVAL(RES, ARG, X, IDIMX)

Description of parameters:

RES - Resultant value of polynomial.
ARG - Given value of the variable,
X - Vector of coefficients, ordered from

smallest to largest power.

IDIMX - Dimension of X.

Remarks:

None.
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Subroutines and function subprograms required: DINENSION 20110 1 1o vl Ls o HBRRLIL D oiORRE LD sim 3
TEST OF DIMENS {ONS VSR 3
None. 1F LIDINX=1) 1433 oVSUA 4
1 IDIMZ=0 pVSUB S5
{M\ 2 RETURN PVSUA 6
| e eun o
A Met}lod: IF (IDIMYSIDIMX-IDIMY) 2,2.4 P:S:‘J‘! 9
s s . N 4 1wWl=l 5
Evaluation is done by means of nested multipli- T, veva 11
=24 PVSUR 12
cation. CALL pCLatwoRk s st ws suommze izt oVt 1
FACT=X(1} PYSUR 15
CALL PADDMIZ,101M2,2,IDIMZ FACT JWORKL,IWL) PVSUB 16
S CONTINNF PYSIR 1T
G0 10 2 PVSUR 18
R e e ma e 19
RES=0. PVAL 3
J=1DTHX PVAL 4
1 EFt4134342 , :::t 2
2 3Eji?EstARG‘lIJ BVAL H PC LD
60 TO 1 pvaL 4
3 RETURN pvar - 9
END PVAL 10
Purpose:
Shift of origin (complete linear synthetic
division).
PVSUB
Usage:
Purpose:
P . . . CALL PCLD(X, IDIMX, U)
Substitute variable of a polynomial by another
polynomial.

Description of parameters:
X -~ Vector of coefficients, ordered from

Usage: smallest to largest power. It is re-
C?)LL PVSUB(%, IDIMZ, X, IDIMX, Y, IDIMY, placed by vector of transformed co-
WORK1, WORK2) efficients.

. IDIMX - Dimension of X.
Description of parameters: . U - chift parameter.
Z - Vector of coefficients for resultant
polynomial, ordered from smallest Remarks:
to Iarge.st power. None.
(@w’\ IDIMZ - Dimension of Z.

X - Vector o'f coefficients for original Subroutines and function subprograms required:
polynomial, ordered from smallest None
to largest power.

IDIMX - Dimension of X. ) Method:

Y - Vector of coefficients for polynomial

D . dq £ iabl Coefficient vector X(I) of polynomial P(Z) is
which is subsntut;l or valrxa & transformed so that Q(Z)=FZ-U) where Q(Z)
ordered from smallest to largest denotes the polynomial with transformed coeffi-

power. R cient vector.
IDIMY - Dimension of Y.

WORK1 - Working storage array (same dimen-
sion as Z).

+ [OIMX, PCLD 1
WORK2 - Working storage array (samedimen- Simcnsion xi1 ! pap 2
k=1
sion as Z). I e rito 5
3 X{J=11=X(I=-10+UX () :Stl’)’ :
J=d-1
Remarks: oy 2 Pito 5
IF {IDIMX=K) 545, 1 :gtz :117
R R
None. S pCLD 12
Subroutines and function subprograms required:
PMPY PILD
PADDM —
PCLA Purpose:
Method Evaluate polynomial and its first derivative for
ethod:

i t.
Variable of polynomial X is substituted by poly- a given argumen

nomial Y to form polynomial Z. Dimension of
new polynomial is (IDIMX-1)*(IDIMY-1)+1.
ﬁm Subroutine requires two work areas.

Usage:
CALL PILD(POLY,DVAL, ARGUM, X, IDIMX)
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Description of parameters:

POLY - Value of polynomial.

DVAL - Derivative.

ARGUM - Argument.

X - Vector of coefficients for poly-
nomial, ordered from smallest to
largest power.

IDIMX - Dimension of X.

Remarks:

None.

Subroutines and function subprograms required:
PQSD

Method:
Evaluation is done by means of subroutine PQSD
(quadratic synthetic division).

SUBROUT INE PILD (POLY,DVAL ,ARGUM, X, IDIMX}
OIMENSION X{1)

P=ARGUM+ARGUM

O=-ARGUMSARGUM

CALL PQSD (DVALWPOLY,P,QsX,ININX}
POLY=ARGUM#DVAL#POLY

RETURN

END

A
=
E]

DN VSWN—

PDER

Purpose:
Find derivative of a polynomial.

Usage:
CALL PDER(Y, IDIMY, X, IDIMX)

Description of parameters:

Y - Vector of coefficients for derivative,
ordered from smallest to largest
power.

IDIMY - Dimension of Y (equal to IDIMX-1).

X - Vector of coefficients for original
polynomial, ordered from smallest to
largest power.

IDIMX -~ Dimension of X.

Remarks:

None.

Subroutines and function subprograms required:
None.

Method:
Dimension of Y is set at dimension of X less one.
Derivative is then calculated by multiplying co-
efficients by their respective exponents.

126

SUBROUT INE PDER{Y + [DINY,X, IDINX) POER 1
DIKENSION X{k), Y1) POER 2
3 TEST.OF DIKENS [ON POER 3
1F (IDINX-1) 3,341 PDER &
1 (DINY=[DINX-1 POER 5
EXPT=0,. POER &
00 2 I=1,10INY POER 7
EXPTaEXPT#L. POER 8
2 YUI)=XUIe1}*EXPT PDER 9
60 10 ¢ POER 10
3 IDIMY=O POER 11
4 RETURN POER 12
END POER 13
PINT
Purpose:

Find integral of a polynomial with constant of
integration equal to zero.

Usage:
CALL PINT(Y, IDIMY, X, IDIMX)

Description of parameters:

Y - Vector of coefficients for integral,
ordered from smallest to largest
power.

IDIMY - Dimension of Y (equal to IDIMX+1).

X - Vector of coefficients for original
polynomial, ordered from smallest to
largest power.

IDIMX - Dimension of X.

Remarks:

None.

Subroutines and function subprograms required:
None.

Method:
Dimension of Y is set at dimension of X plus
one, and the constant term is set to zero., Inte-
gral is then calculated by dividing coefficients
by their respective exponents.

SUBROUTINE PINTUY,[DIMY,X,[DI4X) PINT

1
DIMENSION XII1),Y(1) PINT 2
1OIMY=IDIMX+L PINT 3
Y(1)=0, PINT 4
IF{IDIMX) 14142 PINT 5
1 RETURN PINT 6
2 EXPT=l. PINT 7
D0 3 132,1DIMY PINT L]
YOO =X{1-1)/EXPT PINT 9
3 EXPT=EXPT¢l. PINT 17
60 10 1 PINT 11
END PINY 12
PGCD
Purpose:
Determine greatest common divisor of two poly-
nomials.,
Usage:
CALL PGCD(X, IDIMX, Y, IDIMY, WORK, EPS,
IER)
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Description of parameters:
X - Vector of coefficients for first poly-
ﬁ nomial, ordered from smallest to
) largest power.

IDIMX - Dimension of X.

Y - Vector of coefficients for second
polynomial, ordered from smallest to

‘largest power. This is replaced by
greatest common divisor.

IDIMY - Dimension of Y,

WORK - Working storage array.

EPS - Tolerance value below which coeffi-
cient is eliminated during normaliza-
tion.

IER - Resultant error code where:

IER=0 No error.
IER=1 X or Y is zero polyno-
mial,

Remarks:
IDIMX must be greater than IDIMY.
IDIMY=1 on return means X and Y are prime,
the GCD is a constant.

Subroutines and function subprograms required:
PDIV
PNORM

(4?”" Method:

Greatest common divisor of two polynomials X
and Y is determined by means of Euciidean algo-
rithm. Coefficient vectors Xand Y are destroyed
and greatest common divisor is generated in Y.

SUBROUTINE PGCD(X o TO1MX, Y, IDINY, WOAK EPS ¢ [ER)

OIMENSION X{1)¢Y( 1) ,WORK(L) P
OIMENSION REQJIRED FOR VECTOR NAMED WORK 1S IDIMX-IDIMY+]l PGCD
[

CALL PDIVIWORK,ND IMeX s IDIMX, Yy IDINY(EPS, TER)

IFLIER) 5,2.5
2 IFLIDIMX) 5,5,3 PGCD
c INTERCHANGE X AND Y PGED
3 00 & J=l.10INY PETO
WORK{1)=X{J} 856C0
X{J1=yi)) P6C0 20
4 Y(J)=WORKI 1) PGCO 11
NOIM=[DIMX PGLD 12
IDINX=1DIMY #GCN 13
1DIMY=sNDIM °6Ch 14
G0 TO 1 PGCD 15
S RETURN PGCO 16
PGCO 17
PNORM
Purpose:
) Normalize coefficient vector of a polynomial.
Usage:

CALL PNORM(X, IDIMX, EPS)

Description of parameters:
- X - Vector of original coefficients,
(ﬂ”"\ ordered from smallest to largest
power. It remains unchanged.

IDIMX - Dimension of X, I is replaced by
final dimension.

"EPS - Tolerance below which coefficient is
eliminated.

Remarks:
If all coefficients are less than EPS, result is a

zero polynomial with IDIMX=0 hut vector X re-
mains intact.

Subroutines and function subprograms required:
None.

Method:
Dimension of vector X is reduced by one for

each trailing coefficient with an absolute value
less than or equal to EPS,

PNORY

PG e W~

SUBROUT INE PNORA( X, [DIMX, EPS)

DIMENSION X(1) PNORM
1 IFLYDTMX) 45442 PNORH
2 IFLABSUXUININXII-ERS) 31346 PNORM
3 10IMX=1DINX=Y PNNRYU

GD TN PNORM
4 RETURN PNORM

END PNORM
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APPENDIX A: STORAGE REQUIREMENTS

The following table lists the number of characters
of storage required by each of the subroutines in the
Scientific Subroutine Package. The figures given
were obtained by using 1130 Monitor FORTRAN,
Version 2, Modification Level 1. Also noted are
the subroutines or function subprograms that are

called or are used by a given subroutine.

Name Function

STATISTICS
Data Screening
TALLY totals, means, standard

deviations, minimums,
maximums

BOUND
within bounds

SUBST subset selection from

observation matrix

(needs user's Boolean

subroutine)

ABSNT detection of missing

data

TAB1 tabulation of data (1

variable)

TAB2 tabulation of data (2

variables)

SUBMX build subset matrix

Elementary Statistics

MOMEN first four moments

TTSTT tests on population
means

Correlation

CORRE means, standard de-
viations, and correla-
tions (needs user's
subroutine to get data)

128

selection of observations

Storage
Required
(Words)

356

206

224

94

612

1140

134

404

538

1164

Name Function

Multiple Linear Regression

(Usually requires CORRE,
ORDER, MINV, MULTR
in sequence)

ORDER rearrangement of
intercorrelations
MULTR multiple regression

and correlation

Polynomial Regression

(Usually requires GDATA,
ORDER, MINV, MULTR
in sequence)

GDATA data generation

Canonical Correlation

(Usually requires CORRE,
CANOR, MINV, NROOT,
EIGEN in sequence)

CANOR canonical correlation
(CANOR calls MINV
and NROOT)

NROOT eigenvalues and

eigenvectors of a
special nonsymmetric
matrix (NROOT calls
EIGEN)

Analysis of Variance

(Usually requires AVDAT, AVCAL,
MEANQ in sequence)

AVDAT data storage allocation
AVCAL X and A operation
MEANQ mean square operation

Storage
Required
(Words)

206

518

668

1132

7562

326
268

560
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Gﬂk

Name Function

Discriminant Analysis

(Usually requires DMATX, MINV,
DISCR in sequence)

DMATX means and dispersion
matrix
DISCR discriminant functions

Factor Analysis

(Usually requires CORRE, EIGEN,
TRACE, LOAD, VARMX in sequence)

TRACE cumulative percentage
of eigenvalues

LOAD factor loading

VARMX varimax rotation

Time Series

AUTO autocovariances
CROSS crosscovariances
SMO application of filter
coefficients (weights)
EXSMO triple exponential

smoothing

Nonparametric Statistics

CHISQ
table

UTEST Mann-Whitney U-test
(UTEST calls RANK
and TIE)

TWOAV Friedman two-way
analysis of variance
(TWOAYV calls RANK)

QTEST Cochran Q-test

SRANK Spearman rank cor-

relation (SRANK calls
RANK and TIE)

2
x test for a contingency

Storage
Required
(Words)

422

980

98

1186

180

248

166

274

490

242

324

232

Storage

Required
Name Function (Words)
KRANK Kendall rank correla-
tion (KRANK calls
RANK and TIE) 524
WTEST Kendall coefficient of
concordance (WTEST
calls RANK and TIE) 498
RANK rank observations 216
TIE calculation of ties in
ranked observations 196
Random Number Generators
RANDU uniform random
numbers 52
GAUSS normal random num-
bers (GAUSS calls
RANDU) 68
MATHEMATICS
Special Matrix Operations
MINV matrix inversion 784
EIGEN eigenvalues and
eigenvectors of a
real, symmetric
matrix 1058
Matrices
SIMQ solution of simultaneous
linear, algebraic equations 540
GMADD add two general matrices 52
GMSUB subtract two general
matrices 52
GMPRD product of two general
matrices 156
GMTRA transpose of a general
matrix 88
GTPRD transpose product of
two general matrices 152
MADD add two matrices (calls
LOC) 226
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Name

MSUB

MPRD

MTRA

TPRD

MATA

SADD

SSUB

SMPY

SDIV

RADD

CADD

SRMA

SCMA

RINT

CINT

RSUM

CSUM

130

Function

subtract two matrices
(calls LOC)

matrix product (row
into column) (calls LOC)

transpose a matrix
(calls MCPY)

transpose product
(calls LOC)

transpose product of
matrix by itself (calls
LOC)

add scalar to matrix
(calls LOC)

subtract scalar from a
matrix (calls LOC)

matrix multiplied by a
scalar (calls LOC)

matrix divided by a
scalar (calls LOC)

add row of one matrix
to row of another
maftrix (calls LOC)

add column of one
matrix to column of
another matrix (calls
LOC)

scalar multiply row
and add to another row

scalar multiply column

and add to another column

interchange two rows
interchange two columns

sum the rows of a matrix
(calls LLOC)

sum the columns of a
matrix (calls LOC)

Storage
Required
(Words)

226

230

108

230

194

56

56

56

66

90

92

108

110
94

96

98

98

Name

RTAB

CTAB

RSRT

CSRT

RCUT

CCUT

RTIE

CTIE

MCPY
XCPY

RCPY

CCPY

DCPY

SCLA

DCLA

MSTR

MFUN

RECP

Function

tabulate the rows of a

matrix (calls LOC, RADD)

tabulate the columns of
a matrix (calls LOC,
CADD)

sort matrix rows (calls
LOC)

sort matrix columns
(calls LOC and CCPY)

partition row-wise
(calls LOC)

partition column-wise
(calls LOC)

adjoin two matrices
row-wise (calls LOC)

adjoin two matrices
column-wise (calls
LOC)

matrix copy (calls LOC)

copy submatrix from
given matrix (calls LOC)

copy row of matrix into
vector (calls LOC)

copy column of matrix
into vector (calls LOC)

copy diagonal of matrix
into vector (calls LOC)

matrix clear and add
scalar (calls LOC)

replace diagonal with
scalar (calls LOC)

storage conversion
(calls LOC)

matrix transformation
by a function

reciprocal function for
MFUN

Storage
Required
(Words)

198

198

308

306

162

162

178

166

52

128

78

78

58

52

50

66

44
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Storage Storage

Required Required
Name Function (Words) Name Function (Words)
LOC location in compressed- BESI 1 Bessel function 414
stored matrix 108
BESK K Bessel function 844
ARRAY vector storage--double
dimensioned conversion 198 CEL1 elliptic integral of the
first kind 126
Integration and Differentiation
CEL2 elliptic integral of the
QSF integral of tabulated second kind 200
function 806
EXPI exponential integral 262
QATR integral of given function
by trapezoidal rule. SICI sine cosine integral 366
386
CS Fresnel integrals 310
Ordinary Differential Equations
RK1 integral of first-order
differential equation by
Runge-Kutta method (needs
user function subprogram) 468
RK2 tabulated integral of first- Roots of Nonlinear Functions
order differential equation
by Runge-Kutta method RTWI refine estimate of root of
(needs user function sub- Wegstein's iteration (needs
program) 210 user function subprogram) 208
RKGS solution of a system of RTMI determine root within a
first-order differential range by Mueller's
equations by Runge-Kutta iteration (needs user
method (uses given initial function subprogram) 536
values)
1174 RTNI refine estimate of root by
Newton's iteration (needs
Fourier Analysis user function subprogram) 172
FORIF Fourier analysis of a
given functioi (needs user Roots of Polynomial
function subprogram) 292 POLRT real and complex roots
FORIT Fourier analysis of a of polynomial 820
tabulated function 284

Polynomial Operations

Special Operations and Mathematical Functions

PADD add two polynomials 110
GAMMA gamma function 260

PADDM multiply polynomial by
LEP Legendre polynomial 132 constant and add to

another polynomial 118

BESJ J Bessel function 448

PCLA replace one polynomial
BESY Y Bessel function 704 by another 48
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Name

PSUB

PMPY

PDIV

PQSD

PVAL

PVSUB

132

Function

subtract one polynomial
from another

multiply two polynomials

divide one polynomial by
another (calls PNORM)

quadratic synthetic divi-
sion of a polynomial

value of a polynomial

substitute variable of
polynomial by another
polynomial (calls PMPY,
PADDM, PCLA)

Storage
Required
(Words)

112

142

198

78

54

132

Name

PCLD

PILD

PDER

PINT

PGCD

PNORM

Storage

Required

Function (Words) m
complete linear division 74
evaluate polynomial and
its first derivative (calls
PQSD) 56
derivative of a polynomial 88 N
integral of a polynomial 88
greatest common divisor
of two polynomials (calls
PDIV and PNORM) 108
normalize coefficient 48

vector of polynomial
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APPENDIX B: ACCURACY OF SUBROUTINES

The subroutines in SSP can be broken down into
three major categories from the standpoint of accu-
racy. They are: subroutines having little or no
affect on accuracy; subroutines whose accuracy is
dependent on the characteristics of the input data;
and subroutines in which definite statements on ac-
curacy can be made.

SUBROUTINES HAVING LITTLE OR NO AFFECT
ON ACCURACY

The following subroutines do not materially affect
the accuracy of the results, either because of the
simple nature of the computation or because they do
not modify the data:

TALLY totals, means, standard deviations,
minimums, and maximums

BOUND selection of observations within bounds

SUBST subset selection from observation
matrix

ABSNT detection of missing data

TAB1 tabulation of data (1 variable)

TAB2 tabulation of data (2 variables)

SUBMX build subset matrix

MOMEN first four moments

TTSTT tests on population means

ORDER rearrangement of intercorrelations

AVDAT data storage allocation

TRACE cumulative percentage of eigenvalues

CHISQ x 2 test for a contingency table

UTEST Mann-Whitney U-test

TWOAV Friedman two-way analysis of variance

QTEST Cochran Q-test

SRANK Spearman rank correlation

KRANK Kendall rank correlation

WTEST Kendall coefficient of concordance

RANK rank observations

TIE calculation of ties in ranked observations

RANDU uniform random numbers

GAUSS normal random numbers

GMADD
GMSUB
GMPRD
GMTRA
GTPRD

MADD
MSUB
MPRD
MTRA
TPRD
MATA
SADD
SSUB
SMPY
SDIV
RADD

CADD

SRMA

SCMA

RINT
CINT
RSUM
CsSUM
RTAB
CTAB
RSRT
CSRT
RCUT
CCcuT
RTIE
CTIE
MCPY
XCPY
RCPY
CCPY
DCPY
SCLA
DCLA

add two general matrices
subtract two general matrices
product of two general matrices
transpose of a general matrix

transpose product of two general
matrices

add two matrices

subtract two matrices

matrix product (row into column)
transpose a matrix

transpose a product

transpose product of matrix by itself
add scalar to matrix

subtract scalar from a matrix
matrix multiplied by a scalar

matrix divided by a scalar

add row of one matrix to row of an-
other matrix

add column of one matrix to column of
another matrix

scalar multiply row and add to another
row

scalar multiply column and add to an-
other column

interchange two rows

interchange two columns

sum the rows of a matrix

sum the columns of a matrix
tabulate the rows of a matrix
tabulate the columns of a matrix
sort matrix rows

sort matrix columns

partition row-wise

partition column-wise

adjoin two matrices row-wise
adjoin two matrices column-wise
matrix copy

copy submatrix from given matrix
copy row of matrix into vector
copy column of matrix into vector
copy diagonal of matrix into vector
matrix clear and add scalar

replace diagonal with scalar
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MSTR storage conversion

MFUN matrix transformation by a function

RECP reciprocal function for MFUN

LOC location in compressed-stored matrix

CONVT single precision, double precision
conversion

ARRAY vector storage--double dimensioned
conversion

PADD add two polynomials

PADDM multiply polynomial by constant and
add to another polynomial

PCLA replace one polynomial by another

PSUB subtract one polynomial from another

PMPY multiply two polynomials

PDIV divide one polynomial by another

PQSD quadratic synthetic division of a
polynomial

PVAL value of a polynomial

PVSUB substitute variable of polynomial by
another polynomial

PCLD complete linear division

PILD evaluate polynomial and its first
derivative

PDER derivative of a polynomial

PINT integral of a polynomial

PGCD greatest common divisor of two
polynomials

PNORM normalize coefficient vector of

polynomial

SUBROUTINES WHOSE ACCURACY IS DATA
DEPENDENT

The accuracy of the following subroutines cannot be
predicted because it is dependent on the character-
istics of the input data and on the size of the prob-
lem. The programmer using these subroutines
must be aware of the limitations dictated by numer-
ical analyses considerations. It cannot be assumed
that the results are accurate simply because sub-
routine execution is completed. Subroutines in this
category are:

CORRE means, standard deviations, and
correlations

MULTR multiple regression and correlation

GDATA data generation

CANOR canonical correlation

NROOT eigenvalues and eigenvectors of a
special nonsymmetric matrix

134

AVCAL
MEANQ
DMATX
DISCR
LOAD
VARMX
AUTO
CROSS
SMO

EXSMO
MINV
EIGEN

QSF

QATR

RK1

RK2

RKGS

FORIF

FORIT
RTWI

RTMI

RTNI

POLRT

Z and A operation

mean square operation

means and dispersion matrix %
discriminant functions

factor loading

varimax rotation

autocovariances

crosscovariances

application of filter coefficients
(weights)

triple exponential smoothing
matrix inversion

eigenvalues and eigenvectors of a
real, symmetric matrix

solution of simultaneous linear, alge-
braic equations

integral of tabulated function by
Simpson's Rule

integral of given function by
trapezoidal rule

integral of first-order differential
equation by Runge-Kutta method

tabulated integral of first-order differ-
ential equation by Runge-Kutta method

solution of a system of first-order N
differential equations by Runge-Kutta -
method

Fourier analysis of a given function

Fourier analysis of a tabulated function

refine estimate of root by Wegstein's
iteration

determine root within a range by
Mueller's iteration

refine estimate of root by Newton's
iteration

real and complex roots of polynomial
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SUBROUTINES WITH DEFINITE ACCURACY CHARACTERISTICS

This table was developed by comparing floating-point results from the subroutines

with the tables given in Abramowitz and Stegun*.

gave results in fixed-point form.
are given in terms of number of decimal places (d.p.) which agreed, rather than
number of significant digits (s.d.) which agree. In compiling maximum differences,

the maximum was taken over the set of points indicated in the table.

difference was normally much smaller.

In certain cases the reference table
In these cases the maximum differences below

The average

The notation x = a (b) ¢ implies thata, a+ b, a+ 2b, ...., c were the arguments
(x) used.
Maximum
Difference
s.d.=significant
Allowable Range Checked digits
Parameter with d.p.=decimal
Name Functions Remarks Range references* places
GAMMA I'(x) (gamma) x£34.5, and x x=.1(1)3 2 in 6th s.d.
not within 10-6
of zero or a x=1(1) 34 1 in 6th s.d.
negative integer
LEP Py(x) -14x£1 x=0(.2)1 3 in 6th s.d.
(Legendre) n=2,3
n2o0 n=9, 10 1 in 5th s.d.
BESJ JIn(x) (Bessel) (The accuracy x>0; n>0 x=1(1) 17 8 in 6th s.d.
Factor, D, used n=40,1, 2
in the program when x £15; 2/3
was 1079.) n<20 + 10x~X n=3(1)9 1 in 5th s.d.
x=1(1)n-2
when x >15,
n<90 + x/2 n=3(1)9 1 in 5th d.p.
x=n-1(1)20
x=1,2,5,10,50 3 in 6th s.d.
n = 10 (10) 50%*
BESY Yn(x) (Bessel) nao x=1(1) 17 9 in 6th s.d.
x>0 n=20,1, 2
n=3(1)9 1in 5th s.d.
x=1(1)n-2
n=3(1)9 1 in 5th d.p.
x=n-1(1) 20
x=1,2,5,10,50 3 in 5th s.d.
n = 10 (10) 50%*
BESI In(x) (Bessel) (Table values x>0 x=1(1) 20 8 in 7th s.d.
are e~XIy(x). 0£nL 30 n=0,1
maximum _ s
difference is x:g(l) 20 6 in 7th s.d.
for these n=
values) x=1(1) 20 1 in 5th s.d.
e n=3(1)9
(Table values x=1,2,5,10 8 in 7th s.d.
are In(x)) n = 10, 20, 30**
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Subroutines with Definite Accuracy Characteristics (continued)

Maximum b
Difference
s.d.=significant
Allowable Range Checked digits
Parameter with d.p.=decimal
Name Functions Remarks Range references* places
BESK Kp(x) (Bessel)  (Table values x>0 x=1(1) 20 8 in Tth s.d.
are e* Ky (x). n2o0 n=0,1
These were
used for maxi- x=5(1) 20 9 in 7th s.d.
mum differ- n=2
ences)
x=1(1)20 1 in 5th s.d.
n=3(1)9
(Tabled values x=1,2,5,10,50 1 in 6th s.d
are Ky (%) n =10 (10) 50%*
CEL1 K (k) (Tabled values 1£kL1 m=0(1).9 1in 7th s.d.
(elliptic 1st are K(m);
integral) m= k
CEL2 (Generalized K(m) when ~1£k£1 m=0(.1).9 1in 7th s.d.
Integralof 2nd A =B =1
kind) E(m) when m=0(1).9 1 in 7th s.d.
A= 1,2
B =ck
e wherew=k? _
EXPI Exponential -Ei (—x) x> -4 x=-.5(.-5)-2  0in 7th s.d. Y
Integral when X<0 N
x=-2,5(-.5) -4 1in Tth s,d,***
Eq (x) when
x>0 x=.5(.5)2 2 in 7th s.d.
x=2.5(.5)4 6 in 5th s, d. ***
x=4.5(.5)8 3 in 7th s.d.***
SICI 5j (x) none x=1(1) 10 3 in 7th s.d.
(sine integral) x=10w 0 in 7th s.d.
SICI Ci(x) none x=1(1) 10 3 in Tth s.d.
(cosine x=10w 0 in 5th s.d.
integral)
CS Co(u) none X 1,.3,.6,.8 1 in 6th s.d.
(Fres:rllel) -
= x=1(1)5 2 in 7th s.d.
M=
_______ %
[of] Sg (u) none x=.1,.3,.6,.8 1 in 4th s.d.
(Fresnel) *
#=—21-1rx2 x=1(1)5 3 in Tth s.d.

*Handbook of Mathematical Functions, Abramowitz and Stegun, National Bureau of Standards publication.

**Results outside the range of the 1130 are set to zero or machine infinity, Results are subject to com-

patability of x and n.

***Tgbled results, used for maximum difference, were given for xein (-x) and xe*Eq (x)
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APPENDIX C: TIMING

1. Sample program SOLN was chosen to exem-

plify the overall timing of a problem. In all cases b. MINV - matrix inversion subroutine.
the 1442 Card Reader, Model 7, is used for input Matrix inversion, using subroutine MINV,
and all necessary subroutines are already on disk. is performed on five different sized ma-
(Core speed: 3.6us.) trices, with the following results in
a. Compile time, using a LIST ALL card execution time:
(gives a program listing of its 56 cards
and a memory map which includes vari- (1) The 10 x 10 matrix uses 4 seconds.
able allocations, statement allocations, (2) The 15 x 15 matrix uses 12 seconds.
features supported, called subprograms, (3) The 20 x 20 matrix uses 27 seconds.
integer constants, and core requirements), (4) The 30 x 30 matrix uses 1 minute
requires 1 minute 32 seconds on the 1132 28 seconds.
Printer. (Compile time, minus the LIST (5) The 40 x 40 matrix uses 3 minutes
ALL card, requires 36 seconds.) 27 seconds.
b. To store the program on disk takes 10
seconds.

c. After the XEQ control card is read, the
computer uses 17 seconds to locate the
necessary subprograms and the main
program, and to load them in core.

d. Execution time is four seconds. Output
printing time is 53 seconds on an 1132
Printer and 3 minutes 32 seconds on the
console typewriter.

2. To illustrate the computational time used by
an IBM 1130 computer, the following program was

SAMPLE PROBLEM TIMING

The table below gives sample problem times from
the reading of the XEQ card to the printing, on the
1132 Printer, of the last output line:

Problem Time

DASCR 2 min. 20 sec. (5 min. 30 sec. using the
console typewriter)

selected:
DIMENSION A(1600),L(40),M(40) ADSAM 1 min. 25 sec.
IX=3
2 PAUSE 1 ANOVA 55 sec.
DO 1 1=1,1600
CALL RANDU (IX,I1Y,Y) EXPON 1 min. 5 sec.
IX=1Y
1 ACI)=Y .
PAUSE 2 FACTO 1 min. 55 sec.
CALL MINV (A,10,D,L,M)
PAUSE 3 rEYr T MCANO 1 min, 55 sec.
CALL MINV (A,15,D,L,M)
PAUSE 4 MDISC 2 min, 12 sec.
CALL MINV (A,20,D,L,M)
PAUSE 5 POLRG 2 min. 53 sec.
CALL MINV (A,30,D,L,M)
PAUSE 6
CALL MINV (A,40,D,L,M QDINT 30 sec,
PAUSE 7
GO TO 2 REGRE 2 min. 25 sec.
END
RKINT 55 sec.
a. RANDU - random number generator sub-
routine. To generate 1600 numbers, SMPRT 30 sec.
using subroutine RANDU, execution time
is 5 seconds. SOLN 1 min, 15 sec.
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APPENDIX D: SAMPLE PROGRAMS

This appendix describes a set of sample programs
designed to illustrate typical applications of the
scientific subroutines. The sample programs also
make use of certain user-written special sample
subroutines. Such subroutines are, of course, to be
taken only as typical solutions to the problem under
consideration, each user being urged to tailor such
subroutines to his own specific requirements.

A "Guide to the Sample Programs' immediately
follows this introduction. The guide indicates the
location of the sample program (if any) calling a
particular subroutine of the SSP or referencing a
special sample subroutine. The SSP listings are not
repeated in this appendix; to locate such listings
refer to "Guide to Subroutines' in the introduction.

Listings of the special sample subroutines (HIST,
MATIN, PLOT, MXOUT, BOOL, DATA, and FUN)
are provided immediately following each sample
program. The subroutines DATA, MATIN, and
MXOUT are used with several sample programs,
and for purposes of clarity the listings of these spe-
cial user-written routines are repeated with each
sample program.

GUIDE TO THE SAMPLE PROGRAMS

Data Screening Page
DASCR--Sample Main Program 144

Tllustrates use of:

SUBST--subset selection from observation
matrix

TAB1--tabulation of data (1 variable)

LOC--location in compressed-stored
matrix

Special sample subroutines are:

BOOL--Boolean expression 145
HIST--histogram printing 145
MATIN--matrix input 145

Multiple Regression

REGRE--Sample Main Program 150

Ilustrates use of:

CORRE--means, standard deviations, and
correlations

ORDER--rearrangement of intercorrelations

138

Page
MINV--matrix inversion
MULTR--multiple regression
Special sample subroutine is:
DATA--sample data read 151
Polynomial Regression
POLRG--Sample Main Program 155 -

Ilustrates use of:
GDATA--data generation
ORDER--rearrangement of intercorrelations
MINV--matrix inversion

MULTR--multiple regression

Special sample subroutine is:

PLOT-~-output plot 156

Canonical Correlation

MCANO--Sample Main Program 159

Hlustrates use of:

CORRE--means, standard deviations, and
correlations

CANOR--canonical correlation
MINV--matrix inversion

NROOT --eigenvalues and eigenvectors of a
special, nonsymmetric matrix

EIGEN--eigenvalues and eigenvectors of a
symmetric matrix

Special sample subroutine is:

DATA--sample data read 160

Analysis of Variance

ANOVA--Sample Main Program 164

Illustrates use of:
AVDAT--data storage allocation
AVCAL-- Zand Aoperation

MEANQ--mean square operation
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Page

Discriminant Analysis

MDISC--Sample Main Program 168

Nlustrates use of:
DMATX--means and dispersion matrix
MINV--matrix inversion

DISCR--discriminant functions
Factor Analysis
FACTO--Sample Main Program 172

Nlustrates use of:

CORRE--means, standard deviations, and
correlations

EIGEN--eigenvalues and eigenvectors of a
real, symmetric matrix

TRACE--cumulative percentage of
eigenvalues

LOAD--factor loading

VARMX--varimax rotation

Special sample subroutine is:

DATA--sample data read 173

Triple Exponential Smoothing

EXPON--Sample Main Program 175

Nlustrates use of:

EXSMO--triple exponential smoothing
Matrix Addition
ADSAM--Sample Main Program 179

Tllustrates use of:
MADD--matrix add
LOC--location in compressed-stored
matrix
Special sample subroutines are:
MATIN-~-matrix input 179
MXOUT--matrix output 180

Numerical Quadrature Integration

QDINT--Sample Main Program 182

Page

Ilustrates use of:
QSF--numerical integration by
Simpson's rule
Runge-Kutta Integration

RKINT--Sample Main Program 184

Tlustrates use of:

RK2--Runge-Kutta integration

Special sample function is:

FUN--definition of differential equation 184

Real and Complex Roots of Polynomial

SMPRT--Sample Main Program 186

Ilustrates use of:

POLRT--redl and complex roots of
polynomial

Solution of Simultaneous Equations

SOLN--Sample Main Program 190

Ilustrates use of:
SIMQ--solution of simultaneous equations

LOC--location in compressed-stored
matrix

Special sample subroutines are:
MATIN--matrix input 190
MXOUT--matrix output 191

SAMPLE PROGRAM DESCRIPTION

The specific requirements for each sample program,
including problem description, subroutines, program
capacity, input, output, operating instructions, error
messages, program modifications, and timing, as
well as listings of data inputs and program results,
are given in the documentations of the individual
sample programs.

There are, however, several significant facts,
which apply to all these sample programs.

1. Data input to programs produced by 1130
FORTRAN is required to be right justified within a
field, even if the data includes decimal points. Only
leading blanks are permitted. -

2. All sample programs as distributed will run
on an 8K Model IIB with 1132 Printer and 1442 Card
Read Punch, Model 6 or 7. If the user has different
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card I/O devices, he must change the *IOCS card
and the first READ instruction of each sample pro-
gram to conform to his configuration.

3. All of the output format statements in the
sample main programs and the sample subroutines
specify the console typewriter as the output device.
However, the logical unit numbers for input and out-
put are optional. The first card of the sample prob-
lem data deck defines the input/output units for a
specific run, and is read from the principal card
reader by the sample main program. Format for
this card is as follows:

Column 2 contains the logical unit number for

output

Column 4 contains the logical unit number for

input

4, The IOCS card, included with each sample
main program, specifies three devices (CARD,
TYPEWRITER, 1132 PRINTER). The user should
include only those 1/0 devices employed by the pro-
gram, thus eliminating any unnecessary Monitor
subroutines.

5. Since core storage for the IBM 1130 Model II B
computer is 8K, only a limited number of the sample
programs have ample storage area for increases in
dimension statements. The majority of the programs
are now dimensioned so near maximum storage size
that any increases in the dimension would create
system overlays (SOCAL's) or would necessitate the
use of a LOCAL overlay area.

6. For each sample program given below, there
is a schematic diagram showing deck setup, This
schematic gives a general description of deck re-
quirements. Specific details pertaining to three
different situations should be understood. To fol-
low the discussion of the three cases for all sample
programs, consider Figure 10,

a, Initial run of a sample program under the
disk monitor system: All required moni-
tor control cards are distributed with
decks. K the deck setup given in Figure
10 is used, the final card of the routine
DASCR, the //XEQ card (which is a
monitor control card), should be taken
out of the routine DASCR and placed after
the *STORE card which has stored the
routine LOC on the disk. With this
change, DASCR will be compiled, stored
on disk (with all of its required routines),
and then will execute. After this initial
run is complete, the second case can be
considered (b, below),

b. After the initial run of a sample program
under the disk monitor system, following
runs can be made by using only the
//XEQ card and any required *LOCAL
cards, followed by data. This case
assumes that all routines are on the disk.

140

c. Running sample programs under Card
FORTRAN (1130-FO-001) (non-disk sys-
tem): All monitor control cards (see the
Application Directory) must now be re- ™
moved from decks. Using Figure 10, -
consider that the labeled decks refer to
object programs which were previously
compiled using Card FORTRAN (C26-
3629), With this consideration, noting
the binary loaders and library required
as stated under "Object Deck Loading
Procedures" in the 1130 Card/Paper
Tape Programming System Operator's
Guide, and with decks in Figure 10 order,
DASCR will run,

NOTE: Remarks in (a) above about changes in
placement of //XEQ cards pertain also to any
required *LOCAL cards, which must succeed the
//XEQ cards,

A fourth situation may also be considered. If the
user has all subroutines stored on the disk, and
none of the sample problems are on the disk, then
any individual sample problem will run as it was
distributed in card form.

A LOCAL card, following the XEQ Monitor con-
trol card, allows the user todesignateall subroutines
to be loaded into a LOCAL overlay area on call at
execution time. For the function of SOCAL and the ,%)
use of LOCAL, the reader is referred to IBM 1130
Disk Monitor System, Version 2, Programming and

Operator's Guide (C26-3717). The sample programs

employ the LOCAL facility.

DATA SCREENING
Problem Description

A set of observations is read along with information

on propositions to be satisfied and limits on a se-

lected variable. From this input a subset is obtained

and a histogram of frequency over given class inter-

vals is plotted for the selected variable. Total,

average, standard deviation, minimum, and maxi-

mum are calculated for the selected variable. This

procedure is repeated until all sets of input data -
have been processed.

Program .

Description

The data screening sample program consists of a
main routine, DASCR, and six subroutines:

SUBST

TAB1 are from the Scientific Subroutine "W
Package

LOC
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MATIN is a sample input routine
HIST is a sample program for plotting a
histogram
BOOL refer to subroutine SUBST
Capacity

The maximum size of matrix of observations has
been set at 1000 elements, the number of observa-
tions at 200, and the number of conditions at 21.
Therefore, if a problem satisfies the above condi-
tions, no modification to the sample program is
necessary. However, if the maximum sizes must
be increased, the dimension statements in the sample
main program must be modified to handle this par-
ticular problem. The general rules for program
modification are described later.

Input

One 1/0 Specification card defines input/output units
(see ""Sample Program Descriptions''.)

A parameter card with the following format must
precede each matrix of observations:

For Sample
Columns Contents Problem
1 -2 Blank
3 -6 Up to four digit identification
code (numeric only) 0001
7 - 10 Number of observations 0100
11 - 14 Number of variables 0004

Matrix of Observations

Each matrix of observations must be followed by a
card with a 9 punch in column 1.

The condition matrix and bounds data are pre-
ceded by a parameter card containing the number
of conditions and the variable to be selected for
analysis:

For Sample
Columns Contents Problem
1-2 Number of conditions 02
3-4 Variable to be selected 03
UBO Vector

A card with an asterisk in column 1 must follow the
UBO vector. A blank card after the last set of input
data terminates the run.

Data Cards

1. The observation matrix: Data cards have
seven fields of ten columns each, starting in column
one. The decimal point may appear anywhere in a
field or may be omitted, if the number is an integer.
However, all numbers must be right justified even if
the decimal point is punched. The number in each
field may be preceded by blanks. All values for an
observation are punched consecutively and may con-
tinue from card to card. However, a new observation
must start in the first field of the next card.

2. The condition matrix (see description in the
subroutine SUBST): Each ten-column field contains
a condition to be satisfied, The first two columns
contain the variable number (right justified), the
third column the relational code, and the last seven
columns of each field a floating-point number. There
may be as many as seven conditions per card and a
total of three cards or 21 conditions.

3. The UBO vector (see description in the sub-
routine TAB1): The UBO vector is punched in three
fields of ten columns each as a floating-point number.

Deck Setup

The deck setup is shown in Figure 10.

Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.
Cutput

Description

The output consists of the subset vector showing
which observations are rejected (zero) and accepted
(nonzero), summary statistics for the selected vari-
able, and a histogram of frequencies versus inter-
vals for that variable.

Sample

The output listing for the sample problem is shown in
Figure 11,

Program Modification

Noting that storage problems may result, as pre-
viously discussed in "Sample Program Description'’,
program capacity can be increased or decreased by
making changes to the DIMENSION statement. In
order to familiarize the user with the program modi-
fication, the following general rules are supplied in
terms of the sample problem:

1. Changes in the dimension statement of the
main program, DASCR.

a. The dimension of array A must be greater
than or equal to the number of elements in
the observation matrix. For the sample
problems the value is 400.
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b. The dimension of array C must be greater
than or equal to the number of conditions,
c times 3. For the sample problem this
product is 6 = 2 x 3.

c¢. The dimension of array S must be greater
than or equal to the number of observa-
tions, m. Since there are 100 observa-
tions in the sample problem the value of m
is 100.

d. The dimension of array R must be greater
than or equal to the number of conditions,
c. For the sample problem the value of
cis 2.

A = Marrix of observations Run
termination
C = Conditlon matrix

Data cards
for C

Parameter
card for C

Card with 9
in col. 1

Data cards
for A

Parameter
card for A

Blank card

Asterisk card

UBO data

Last problem 4

Figure 10. Deck setup (data screening)
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e. The dimensions of array FREQ and PCT
must be greater than or equal to the num- m,%
ber of intervals for the selected variable.
For the sample problem this value is 20.

2. Insert the dimension size for A in the third
argument of the CALL MATIN statement (following
statement 24).

3. Subroutine BOOL can be replaced if the user
wishes to use a different boolean expression (see
description in subroutine SUBST). The boolean ex-
pression provided in the sample program is for both
conditions to be satisfied:

4

T=R(1)*R(2)

Asterisk card

UBO data

Data cards
for C

Parameter
card for C

Card with 9
in col. 1

First problem

Data cards
for A

Parameter
card for A

1/0 Specification
card for A

Subroutines and main program
(including system control cards)
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DATA SCREENING PROBLEM 1 48 1.

1.
SUBSET VECTOR w1
51 0.0
@””“ 52 1.
53 le
. 1 1. 21
) 2 0.0 55 1.
: 1. 56 1.
4 L. 571 1.
5 le 58 la
s 1. ss 1.
7 1. 60 1.
s I &1 1.
s 1. & 1.
10 1. & 1.
n 1. 6 1.
12 0.0 e
13 1. &
1 1. 61 1.
15 0.0 oo
16 1. 69 1.
7 1. 0 1.
18 1. n o
19 1. 2 1.
20 1. L
21 1. ™ 1.
22 1. 3 1.
23 1. % 1
24 1. L
25 0.0 1 .0
26 1. 9 1.
a L a0 1.
28 1. 81 1.
29 1. 82 1.
30 1. 83 1.
31 1. 8 1.
2 1. 8 1.
33 1. % 1.
¥ 0.0 a1 0.0
3 1. 88 0.0
3% L. 8 1.
37 1. s0 1.
3/ L. s1 1.
3 1 92 1.
b 1. 93 1.
41 0.0 n 1
2 1 95 1.
43 1. s 1.
4 1. 7T 1.
45 1. 8 1.
4 1. 9 1.
a1 L. 100 1.
SUMMARY STATISTICS FOR VARIABLE 3
TOTAL = 14492.000 AVERAGE = 161.022 STANDARD DEVIATION = 19.329 MINIMUM = 114.000 MAXIMUM = 225.000

HISTGGRAMN 1
FREQUENCY 1 2 2 1 3 4 4 10 23 14 8 4 3 2 1 2 1 1 1 3

-
N
[ EEE R NN R EERNEERENNERRENENRY)

[ XX X ]

AR RN N N X N X )

I A X RN R ERRERERY XN
[ E R R XX N X J

LXK X
L XN ]
» e
*

"RWEWMO
»
»

* & o

L X X

o
-
[ ]
-]
[
[-]
-
-

INTERVAL 1 2 3 4 L]
CLASS

12 13 14 15 16 17 18 19 20

END OF CASE

Figure 11, Output listing
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Operati i
ting Instructions
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: FORT N Screemng is . ta SANPLE MAIN PROG.
t. program. s e ~ . nd_ : ExTeRNAL 300 RAM FOR DATA SCREENING -
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. requlred ' lng lnstmc— AR Aeattted 1 MENSION MUST BE & T
1 . Loglc 1 i : e ER OF ELEMENT o CRSERVATT P
nput, and . al unit 2 ‘ T oy i 1
, and logical unit 1 is is used for ¢ RO COhor o Tines el H
OF
used for output' c uln?:z[gg c(ﬁg?nplrluus Fois ;.ME GREATER THAN OR EQUAL TO THE 32252 ;
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g error condit. | DI"ENSIEN N NO I TonS UST ©BE GREATER THAN D‘su‘ s
sageS: lons Wlll resu1t inm 2 £ FsL?l‘]S}:‘h OR EQUAL TO THE 0232: ]ii
o5 DIMEN
1 R . D“‘E:s?g: gr INIERVALSS:g:SYHMS' oE GREATER THAN DAggR it
. eserved Storage a | : i FULL::?LEO;'PCYlZD) S e VaRLABLE UR EQUAL TO THE DAscz xLl;
DIMENSIONED AREA TO rea is too small for matri i 2 55““””ENSW e =
TRD{ O S LL Trix: 1o FORHAT(II;IE}N ] o S zg
. GO ON TO FOR I UT {; ;ggn‘r(//gsn I“HATA SCREENING PROBL s 2
FN A ENS IGNED AREA T L uist
2 N NE CASE Rt titewt EXECUT ION TERNXN#YDB SHALL FOR tnPUT M 3
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tha umber of data cards d 15 omnart 7/ ion BT e b T ’
t required by para oes not correspond t i it e T -
04F 1.0y 4
BER OF DATA CA meter card: INCORRECT NUO i Eg';,'::i‘.i?i"'“v e e
4H ¥
TERMINAT S FOR TRIX E M_ :z :g:::f(lé.FE.g‘:BStr VECTOR,//7) sasie 2:
ED. ' XECUTION 2 FDRHAH;;{!:{’?S\'SUN‘MV STATISTICS Fi giig: ;o )
Erl‘or ey LATION =-F10,3,2AL :'FID'B'ZX'QHA“RU&V:HMLE i il ’;
condltlon 1 au 22 FORMAT(212) X SrRINIHUR =07 Sondastich't .
contlnue Err N the computer r C Foun » IO.J.ZA.QNNAXIHDA _:éYgSZ?NUARD UEVIDASC: ii
. 1, REA,
continue. Er or condition 2, however, te it B :?:EZ?Z%E,::V s °
requires ’ o o DASCR 37
‘ aHOth es CALL MATINGICI i
ceeding cases. er run to process g it R £
suc_ 2 (IER=1) 40,30.35 e
::ll‘E_(nx. 1) lCIJD a3
ok
> RITE( 2 i
S - F
— . fEane +22)NCyNOVAR b
ple Main Program for Data ;Em;mm“” i -
Screening ) DAS -EAﬂlNVvl'IHuED(;hl;:Ll e
Purpose CR ::II.IEE?'UbSTlA'CyR BOOL ;3’: gtig: gl
: e 0 #SyNJs NV NC) :
i UASCR
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s transmi i ;
ltt | . I?JSLP\ ©
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put Card:
Column 2
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mn 4 MY -~ i : : 1
Logical unit : : : s 2
: number for i “ 2 ; 3
lnput' 5 65 192 R ;
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e A :
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HIST sZ 67 193 i: i:
65 :g iis 1 :
62 5
" g8 B s:
o
208 @ i ﬁ
PI A x4
Method: : : ; : gz
Deriv : : lgg u | |
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ain condition: R : : : ” 30
set, th s on the variables. F S b i : . }g ;;
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2
calculated. : : & : : A
3 H 162 1o :
a 68 152 1 ;
a8 70 159 ] :;
69 137 }: 2
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51 :
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62 7 163 12 52
29 72 191 o 53
19 68 168 10 54
46 63 158 16 55
37 66 139 18 56
N 68 156 10 37
64 67 183 12 58
57 67 141 13 59
32 68 157 17 60
29 70 183 15 61
53 72 164 18 62
47 12 156 18 63
56 73 160 16 64
61 74 169 12 65
21 68 161 10 66
25 76 178 11 67
23 72 187 16 68
29 68 186 16 69
19 70 159 14 70
42 70 184 10 n
56 62 159 12 72
63 70 177 12 73
31 71 161 9 74
41 66 158 10 75
33 69 188 16 7%
37 68 157 16 77
25 70 163 15 78
63 68 139 12 79
53 71 202 6 80
51 72 167 14 81
47 73 164 16 82
39 75 151 12 83
28 68 166 10 864
64 69 156 16 85
55 67 146 16 86
51 86 177 10 87
46 65 157 12 88
12 66 128 10 89
66 65 131 12 90
28 74 149 18 91
27 71 168 11 92
23 72 188 12 93
23 72 163 12 94
60 68 187 g 95
30 66 142 10 96
19 67 162 16 97
46 74 154 16 98
50 68 188 10 99
61 66 161 14 100
36 64 187 15 101
32 7 156 16 102
9 103
0203 104
12 65 46 8 105
120 0 210 106
A 107
108
USER-SUPPLIED SPECIAL SUBROUTINE ~ BOOL
THIS SPECIAL SUBROUTINE ILLUSTRATES AN EXTERNAL SUBROUTINE
CALLED BY SUBRGUFINE SUBST.
IF DIFFERENT PROPOSITIONS ARE USED FOR DIFFERENT PRGBLEMS IN
THE SAME RUN. DIFFERENT SUBROUTINES IH‘H APPROPRIATE PROPOSI-
TIONS MUST BE COMPILED UNDER DIFFERENT NAN IF SO, THESE
SUBRCUTINE NAMES MUST BE DEFINED BY AN EXTERNAL STATEMENT
APPEARING IN THE MAIN PROGRAM WHICH CALLS SUBST. THEN, FOR
EACH PROBLEM, SUBST 1S CALLED WITH A PRGPER SUBROUTINE NAWE
IN ITS ARGUMENT LIST.
SUBROUT INE BOOLI(RsT) sooL 1
OIMENSION Ri1} sooL 2
Ll 800L MO1
L222 BOJL M02
TaR{L1)#RIL2) 800L 03
RETURN BGOL 4
END BOOL 5
SUBROUTINE HIST
PURPOSE
PRINT A HISTOGRAM OF FREQUENCIES VERSUS INTERVALS
USAGE
CALL HISTINUoFREQ,IN)
DESCRIFIIBH OF PARANETERS
HISTOSRAM NUMBER (3 DIGITS MAXINUM)
FuEn - VECTOR OF FREQUENCIES
= NUKBER OF INTERVALS AND LENGTH OF FREG (MAX 1S 20)
NORMALLY, FREQU1} CONVAINS THE FREQUENCY SMALLER THAN
THE LONER BOUND AND FREQUIN) CONTAINS YHE FREGUENCY
LARGER THAN THE UPPER BOUND
REMARKS
FREQUENCIES NUST BE POSITIVE NUMBERS
SUBROUTINES AND FUNCTION SUBPROGRANS REQUIRED
NONE
KETHOD
THE LARGEST FREQUENCY IS DETERMINED AND SCALING IS USED
IF REQUIRED
SUBROUTINE HISTINUSFREQ, IN) HIST 1
DIMENSION JOUTI231,FRFQ(201 HIST 2
COMMON MX MY HIST 3
1 FORMAT(6H EACH 44 L.8H EQUALS ,12,TH POINTS,/) HIST &
2 FORMATI15,4X,200%X,41 HIST 5
3 FRYAT(//9H ENTERVAL»4X,19(12,3X),412) HIST 6
4 FORMATU///,4TX,11H HISTOGRAN ,13) HIST 7
5 EORMAT(//10H FREJUENCY,20151 HIST 8
6 FORAAT{6H CLASS) HIST 9
T FORMAT(L13H 1T 10
t ) HIST 1L
8 FORMATI2A1) HIST 12
READCMY 48) KyNOTH HIST 13
c PRINT TITLE AND FREQUENCY VECTOR HIST 14
WRITE(MX, 4] NU HIST 15
on 1 HIST 16
12 anuTil HIST 17
WRITECMX,SIEIOUTELY o 1=LyIN) HIST 18
WP ITELMX, 7) HIST 19

FIND LARGEST FREQUENCY HIST 20
FMAX=0.0 HIST 21
DO 20 I=1,IN HEST 22
IF(FREQ(I)-FNAX) 20,20415 HIST 23

15 FMAKaFREQ(E) HIST 24
20 CONTINUE HIST 25

SCALE IF NECESSARY HIST 26
JSCAL=] WIST 27
IF(FMAX=50.0) 40440,30 HIST 28

30 JSCAL=( FMAX+49.0) /50,0 HIST 29
MRITE{MX,11KsJSCAL HIST 30
CLEAR OUTAUT AREA TO BLANKS WIST 31

40 DO 50 I=t,IN HIST 32
50 JOUTLT)=NOTH HIST 33

LOCATE FREQUENCIES IN EACH INTERVAL HIST 34
MAX=FMAX/FLOAT(JS CAL) HIST 35
00 80 I=1,MAX HIST 36
X=MaX-{ [-1) HIST 37
DO 70 Jx1, HIST 38
IF (FREQLJ) /FLOATE JSCALI=X) T70,60,60 HIST 39

60 JOUT1J)=K HIST 40
70 CONTINUE HIST 41
1x=X*FLOATLISCALY HIST 42
PRINT LINE OF FREQUENCIES HIST 43

80 MRITE(MX, 211X, {JIUT(J)sJ=1,1IN) HIST 44

GENERATE CONSTANTS HIST 45
00 90 [=1,IN HIST 46

90 JOUTC(TI=l HIST 47

PRINT [NTERVAL NUMBERS HIST 48
WRITE(MX, 7} HIST 49
WRITE(MX,3)(JOUTEI) ,0=1,IN) HIST S0
WRITE(MX,6 HIST s1
RETURN HIST 52
END HIST 53
SUBROUTINE MATIN
PURPOSE

READS CONTROL CASD AND MATRIX DATA ELEMENTS FROM LOGICAL

UNIT 5
USAGE

CALL MATINCICODEoA.ISIZEy IROMs ICOL, I1Se IER)

CESCRIPTION OF PARARETERS
1CODE-UPGN REYURN, ICODE WILL CONTAIN FOUR DIGIT
IDENTIFICATION CODE FROM MATRIX PARAMETER CARD
A -DATA nn FOR INPUT MATRIX
151 EL BY USER FOR AREA A
IROW ~UPON RETURN, IRGN WILL CONTAIN RON DIMENSION FROM
MATRIX PARAMETER CAR

1COL -UPON RETURN, 1COL qu. CONTAIN COLUNN DIMENSION FROM
MATRIX PARANETER CAl

IS -~UPON RETURN, IS III.L CONTAIN STORAGE MODE CODE FROM
MATRIX PARAMETER CARD WHERE
1520 GENERAL MATRIX
1S=1 SYRMETRIC N‘IRII
1S=2 DIAGOMAL AT

IER  -UPON RETURN, IER Ill.l. CONTAIN AN ERROR CODE WHERE
IER=0  NO ERROR
1ER~1 ISIZE IS LESS THAN NUMBER OF ELENENTS IN

INPUT MATRIX
TER=2 INCORRECT NUKBER OF DATA CARDS
REMARKS

NONE
SUBROUTINES AND FUNCTION SUBPROGRANS REQUIRED

L1oc
ETHOD

SUBROUT INE ASSUNES THAT INPUT MATRIX CONSISTS OF PARAMEVER

CARD FOLLOMED BY DATA CARDS

PARAMETER CARD HAS THE FOLLOWING FORMAT

COL. 1- 2 BLANK
COL. 3 6 UP TO FOUR DIGIT lntunncnmu cope
COL. 7-10 NUMBER OF ROWS IN MATRI
COL.11-14 NUMBER OF COLUMNS IN uanx
COL.15-16 STORAGE MODE OF MATRIX KHERE
0 - GENERAL MATRIX
1 - SYMMETRIC MATRIX
2 - DIAGONAL MATRIX
DATA CARDS ARE ASSUMED TO HAVE SEVEN FIELDS OF TEN COLUMNS

EACH. DECIMAL POINT MAY APPEAR ANYWHERE IN A FIELD. 1IF NO

BECINAL POINT IS INCLUDED¢ IT 1S ASSUMED THAT THE DECIMAL

POINT IS AT THE END OF THE 10 COLUMN FIELD. NUMBER IN EACH

FIELD MAY BE PRECEDED 8Y BLANKS. DATA ELEMENTS MUST BE
PUKCHED BY RON. A ROM MAY CONTINUE FROM CARD TO CARD.
HOWEVER EACH NEW ROW MUST START IN THE FIRST FIELD OF THE
NEXT CARD. ONLY THE UPPER TRIANGULAR PORTION OF A SYMMETRIC
OR THE DIAGONAL ELERENTS OF A DIAGONAL MATRIX ARE CONVAINED
ON DATA CARDS. THE FIRST ELEMENT OF EACH NEW ROW WILL BE
THE DIAGONAL ELEMENT FOR A MATRIX WITH SYKMETRIC OR
DIAGONAL STORAGE MODE. COLUMNS T1-80 OF DATA CARDS MAY BE
USED FOR IDENTIFICATION, SEQUENCE NUMBERINGe ETC..
THE LAST DATA CARD FOR ANY MATRIX KUST BE FOLLONED BY A CARD
WITH A 9 PUNCH IN COLUNN 1.
SUMROUTINE MATINLICODE, A, 1SIZE,IROW,ICOL, IS, 1ER) mATIN |
DIMENSION A{1) MATIN 2
OIMENSTON CARD(8) warin 3
COMMON MX s MY MATIN &
L FORHAT(TF10.0) MATIN S
? FORMATUI6,286,12) MATIN 6
3 FORMATLIL) MATIN 7
1uc=7 MATIN 8
1ER=0 MATIN 9
READ( MY,2) LCODE, LROW, 1COL, IS MATIN 17
CALL LOC{IROW,[CILyICNT, IRONTCOL, IS) MATEN 11
TFCISIZE-TCNT 64747 waTIN 12
6 1ER=1 MATIN 13
T IF (ICNT)38,38,8 MATIN 14
8 1CoLF=icoL MATIN 15
IROCR=1 MATIN 16
COMPUTE NUMBER OF CARDS FOR THIS ROW MATIN 17
11 IRCDS=1ICOLT-1}/1DC#1 “ATIN 19
TELIS-1115,15,12 MATIN 19
12 1RCOS=Y uATIN 27
SET UP LOOP FIR NUMBER OF CARDS IN ROW MATIN 71
15 DO 31 K=1,IRCDS MATIN 22
READ(MY, 1) (CARD (1), I=1,1DC} WATIN 23

SKIP THROUGH DATA CARDS [F [NPUT AREA TOO SMALL MATIN 24

IF{IER}16,16,31 MATIN 25
16 L=0 MATIN 726

COMPUTE CNLUMN NUMBER FOR FIRST FIELD IN CURRENT CARD MATIN 27

JS=(K=1}91DC+1CAL-ICOLT+L MATIN 28
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JE=JS+1DC-1
IFLIS-1319,19,17
LT JF=)S

19 00 30 J=JS,JE
[F{J-1C0L120,20,31
20 CALL LOCUEROCR 4Js14,IRON,1COL, 1S}

LaL+l

30 At1J)=CARDIL}

31 CONTINUE
IROCR=IROCR+1
TF{IROW=IROCR) 33,35,35

35 IFL1S-1)37,36,36

36 ICOLT=ICOLT-1

37 60 1O 11

38 READ(HY,3)(CARD
IF(ICARD-9) 39,40, 39

39 I€ER=2

40 RETURN

SET UP LONP FIR DATA ELEMENTS WITHIN CARD

MATIN 29
MATIN 10
MATIN 31
MATIN 32
MATIN 33
MATIN 34
MATIN 35
MATIN 3%
MATIN 37
MATIN 38
MATIF 39
MATIN 40
MATIN 41
MATIN 42
MATIN 3

MATIN 48

MULTIPLE LINEAR REGRESSION

Problem Description

Multiple linear regression analysis is performed for
a set of independent variables and a dependent vari-

able.

Selection of different sets of independent vari-

ables and designation of a dependent variable can be

made as many times as desired.

The sample problem for multiple linear regression

consists of 30 observations with six variables as

presented in Table 2.

The first five variables are

independent variables, and the last variable is the
dependent variable. All five independent variables
are used to predict the dependent variable in the
first analysis, and only second, third, and fifth
variables are used to predict the dependent variable

in the second analysis.

Table 2, Sample Data for Multiple Linear Regression

“fariables

Observation X, X X3 Xs X5 Xe
1 29 289 216 85 14 1
2 30 391 244 92 16 2
3 30 424 246 90 18 2
4 30 313 239 91 10 0
5 35 243 275 95 30 2
6 35 365 219 95 21 2
7 43 396 267 100 39 3
8 43 356 274 79 19 2
9. 44 346 255 126 56 3
10 44 156 258 95 28 0
11 44 278 249 110 42 4
12 44 349 252 88 21 1
13 44 141 236 129 56 1
14 44 245 236 97 24 1
15 45 297 256 111 45 3
16 45 310 262 94 20 2
17 45 151 339 96 35 3
18 45 370 357 88 15 4
19 45 379 198 147 64 4
20 45 463 206 105 31 3
21 45 316 245 132 60 4
22 45 280 225 108 36 4
23 44 395 215 101 27 1
24 49 139 220 136 59 0
25 49 245 205 113 37 4
26 49 373 215 88 25 1
27 51 224 215 118 54 3
28 51 677 210 116 33 4
29 51 424 210 140 59 4
30 51 150 210 105 30 ]

Program

Description

The multiple linear regression sample program
consists of a main routine, REGRE, and five sub-

routines:
CORRE
ORDER
MINV
MULTR
DATA

Capacity

Subroutine Package

are from the Scientific

w

is a special input subroutine

The capacity of the sample program and the format
required for data input have been set up as follows:
1. Up to 21 variables, including both independent

and dependent variables.

2. Up to 99,999 observations, if observations are
read into the computer one at a time by the special
input subroutine named DATA. If all data are to be
stored in core prior to the calculation of correlation

coefficients, the limitation on the number of observa-

tions depends on the size of core storage available

for input data.

3. (12F6.0) format for input data cards.
Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample

program.

However, if there are more than 22

variables, dimension statements in the sample main
program must be modified to handle this particular

problem.

Similarly, if input data cards are pre-

pared using a different format, the input format in
the input subroutine, DATA, must be modified. The
general rules for program modification are described

later.

Input

One 1/0 Specification card defines input/output units
(see '"Sample Program Descriptions').

One control card is required for each problem

and is read by the main program, REGRE. This

card is prepared as follows:

For Sample
Columns Contents Problem
1-6 Problem number (may be SAMPLE Y

alphameric)
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For Sample

Columns Contents Problem
7 -11 Number of observations 00030

12 - 13  Number of variables 06

14 - 15 Number of selection cards 02

(see below)

Leading zeros are not required to be keypunched,
but all numbers must be right-justified, even if a
decimal point is included.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each row of data in Table 2 is
keypunched on a separate card using the format
(12F6.0). This format assumes twelve 6-column
fields per card.

If there are more than twelve variables in a
problem, each row of data is continued on the second

and third cards until the last data point is keypunched.

However, each row of data must begin on a new card.
Selection Card

The selection card is used to specify a dependent
variable and a set of independent variables in a
multiple linear regression analysis. Any variable
in the set of original variables can be designated as
a dependent variable, and any number of variables
can be specified as independent variables. Selection
of a dependent variable and a set of independent
variables can be performed over and over again using
the same set of original variables.

The selection card is prepared as follows:

For Sample
Problem
Selec- Selec-

Columns Contents tion 1 tion 2
1 -2 Option code for table of 01 01
residuals
00 if it is not desired
01 if it is desired
3 -4 Dependent variable desig- 06 06
nated for the forthcoming
regression
5 - 6 Number of independent 05 03

variables included in the
forthcoming regression

For Sample
Problem
Selec- Selec-
tion 1 tion 2

Columns Contents

5 -6 (the subscript numbers

(cont) of individual variables
are specified below)
7 -8 1st independent variable 01 02
included
9 - 10 2nd independent variable 02 03
included
11 - 12 3rd independent variable 03 05
included
13 - 14 4th independent variable 04
included
15 - 16 5th independent variable 05
included
ete.

The input format of (3612) is used for the selec-
tion card.

Deck Setup

Deck setup is shown in Figure 12,

The repetition of the data cards following a selec-
tion card is dependent upon the option code for the
table of residuals. If the table is required (option
01), the data must be repeated; if the table is not
required (option 00), card G immediately follows
card E.

Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Output

Description

The output of the sample program for multiple linear
regression includes:

1. Means

2. Standard deviations

3. Correlation coefficients between the independ-
ent variables and the dependent variable
Regression coefficients
Standard errors of regression coefficients
Computed t-values
Intercept
Multiple correlation coefficients

© 30wk
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1/0 Specification
Card

Selection
card

Selection
card

Control
card

First problem

Subroutines and main program
(including system control cards)

Figure 12. Deck setup (multiple linear regression)

148

Selection
cards

Selection
card

Control
card

Last
problem

Second problem
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9. Standard error of estimate

10. Analysis of variance for the multiple
regression

11. Table of residuals (optional)

Sample

The output listing for the sample problem is shown in
Figure 13.

Program Modification

Noting that storage problems may result, as pre-
viously discussed in "Sample Program Description",
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also be handled by providing
a specific format statement. In order to familiarize
the user with the program modification, the following
general rules are supplied in terms of the sample
problem:

1. Changes in the dimension statements of the
main program, REGRE:

a. The dimension of arrays XBAR, STD, D,
RY, ISAVE, B, SB, T, and W must be
greater than or equal to the number of
variables, m. Since there are six vari-
ables in the sample problem the value of
m is 6.

b. The dimension of array RX must be
greater than or equal to the product of
m x m. For the sample problem this
product is 36 = 6 x 6.

c¢. The dimension of array R must be greater
than or equal to (m + 1) m/2. For the
sample problem this number is 21 = (6+ 1)
6/2.

MULTIPLE REGRESSIONs»sssSANPLE

SELECTIONGsens 1

VARIABLE  MEAK  STANDARD CORRELATION
“or SEVIATION XSy
' [ERET sisairs o.z8022
2 seassss  1ewazeos 02189
3 2e10001 36403078 0.11900
4 103.cs687 17.83638 0.37822
s 38413333 15.97389 a.35412

oEPENDENT
s 226888 1earzss

1TERcesT ~6.07935

MULTIPLE CORRELATION 0.73875

STO. ERROR OF ESTIMATE 1005161

ANALYSIS OF VARIANCE FOR THE REGRESSION

SOUACE OF VARIATION DEGREES M o
OF FREEDGH  SOUARES
ATTRIBUTABLE TO REGRESSION 5 3132517
DEVIATION FROM REGRESSION i 26050240
roTaL 2 5Te06866
VULTIPLE REGRESSIONssss s SANPLE
SELECTI1OMa

TABLE OF

CASE NOW Y vALuE
1 100000
H 2200000
3 2400000
. 00
s 2100000
s 2000906
7 320000
e 2:00000
9 3400000
10 0200000
1 4:00000
12 1400009
1 1400000
1 1400000
15 3400000
16 2.00000
17 3200000
1 100
¥ 4200000
2 300000
2 200000
22 4200000
2 1100000
2 0200000
2 000000
26 14000
21 3400000
28 4000
29 4900002
30 000000

MULTIPLE REGRESSIONsss

SELECTIONawenr 2

VARIABLE  MEAN
0.
2 3leassss
3 26180001
s 34413333
oEpENDENT
. 2.26866
INTERCERT

MULTIPLE CORRELATION

STDs ERROR OF ESTIWATE

RESIDUALS.

Y ESTIMATE RESIDUAL
or 0.52910

2.25086
3:00259

0.04253
luses? 0545457

+eSAMPLE

STANDARD. CORRELATION
BEviATion xvs ¥
1160299 0w2189
3643070 0411300
1597389 Ba39412
101258

3453530

0073823

101281

ANALYSIS OF VARIANCE FOR TrE REGESSION

SOURCE OF VARIATIO

ATTRIBUTABLE TO REGRES:
DEVIATION FROM REGRESS|

TonaL

KULTIPLE REGRESSION. s
SELECTIONMwaes 2

TABLE OF RESIDUALS

case 0. v vaLuE
f
H
H
H
5
H
H
:
H
1
1
I
13
i
1
is
i
1
i
2
i
2z 4.00000
8 1150000
n 9100000
2 006ad
28 100000
i 3100000
20 2250000
& +80c00
% pess
Figure 13.

N DEGREES Suk OF
OF FREEOOW  SQUARES
ston 2 3119801
Ton 26 26167065
2 7.86060
osANPLE
Y ESTIMATE RESIDUAL.
039008 0.40131

1.8a362
19

~1:95800
1.36019 2.83900
1:79826
2:20582
sadizee
3.02877 07423
033331 =0.33331

Output listing

REGAESSION  $TO. ERROR  COMPUTED
COEFFICIENT  OF REGACOEFs 1 VALUE
0.01262 0.03630 0-3172
0.00738 0,00388 3.96505
0e01504 0400834 2036882
0400150 0.03678 0s06101
0s0e918 (RIS 118762

HEAN F vALE

SQuARES

6426503 566512

130389
REGRESSION  STO. EWROK  COMPUTED
COEFFICIENT  OF REGMCUEFs T VALUE
9200743 sa00172 wanrtes
001497 000551 2011893
0.05362 0.01250 26203

neAn F VALUE

SQUARES

10439867 10013718

1,02579
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2. Changes in-the input format statement of the
special input subroutine, DATA:
Only the format statement for input data may be
changed. Since sample data are either one-,
two-, or three-digit numbers, rather than using
six-column fields as in the sample problem,
each row of data may be keypunched in six 3-
column fields, and, if so, the format is changed
to (6F3.0).

The special input subroutine, DATA, is normally
written by the user to handle different formats
for different problems. The user may modify
this subroutine to perform testing of input data,
transformation of data, and so on.

Operating Instructions

The sample program for multiple linear regression
is a standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is used
for input, and logical unit 1 is used for output.

Error Messages

The following error conditions will result in
messages:

1. The number of selection cards is not speci-
fied on the control card: NUMBER OF SELECTIONS
NOT SPECIFIED. JOB TERMINATED.

2. The matrix of correlation coefficients is
singular: THE MATRIX IS SINGULAR. THIS SE-
LECTION IS SKIPPED.

Error condition 2 allows the computer run to con-
tinue; however, error condition 1 terminates execu-
tion of the job.

Sample Main Program for Multiple
Regression - REGRE

Purpose:
(1) Read the problem parameter card for a
multiple regression, (2) Read subset selection
cards, (3) Call the subroutines to calculate
means, standard deviations, simple and multiple
correlation coefficients, regression coefficients.
T-values, and analysis of variance for multiple
regression, and (4) Print the results.

Remarks:
The number of observations, N, must be greater
than M+1, where M is the number of variables.
If subset selection cards are not present, the
program can not perform multiple after return-
ing from subroutine MINV, the value of deter-
minant (DET) is tested to check whether the
correlation matrix is singular. If DET is com-
pared against a small constant, this test may
also be used to check near-singularity.

150

I/ O specifications
COMMON.
Input card:
Column 2 MX - Logical unit number for
output.
Column 4 MY - Logical unit number for
input.

transmitted to subroutines by

Subroutines and function subprograms required:

CORRE (which, in turn, calls the subroutine
named DATA)

ORDER

MINV

MULTR

Method:

Refer to B. Ostle, 'Statistics in Research’,
The Iowa State College Press', 1954, Chapter 8.

74 FOR
*10CSICARD TYPEWRITER1132 PRINTER)
®ONE WORD INTEGERS

<
<
3

4
<

An

XA tataks)

o

AnAnAnA

nn

SAMPLE MAIN PROGRAM FOR MULTIPLE REGRESSION - REGRE REGRE 1
THE FOLLOWING DIMENSIONS YUST BE GREATER THAN OR EQUAL TO THE REGRE 2
NUMBER OF VARIABLES»“s REGRE 3
DIMENSION XBAR(211eSTD{21)10D(211sRYI211 s ISAVEI21) 802100 REGREMOL
1SB(2112TE21) sw21) REGREMOZ
THE FOLLOWING DIMENSION MUST BE GREATER THAN Ok EQUAL TO THE  KEGKE 6
PRODUCT OF MM REGRE 7
DIMENSION RX(441) REGREMO3
THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO REGRE 9
(Me11oM/24 REGRE 10
DIMENSION R{231) REGREMO&
THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO 10s  REGRE 12
DIMENSION ANS(10} REGRE 13
COMMON MX sMY REGRE 14
READ(2+15)MX oMY REGRE 15
15 FORMAT(212) REGRE 16

1
1

1
1

3 FORMAT(//9H VARIABLE15Xs4HMEAN+6X s BHSTANDARD #6X +1 JHCORRELATION 94X oREGRE 20

& FORMAT(/316+6F14e5)

6 FORMAT(//7/10H lN'ERCEPY-l!xn‘lS.S//Z!N MULTIPLE CORRELATION

1 FORMAT(A&3sA2915+212) RE 17
18

REGH
2 FORMATI////25H MULTIPLE REGRESSIONsseoesaAGeA2//6Xs16HSELECTIONs o o0 «REGRE

112471 REGRE 19

110HREGRESSION+4X s 10HSTD. ERROR#5X+BHCOMPUTED/6H  NOo ¢ 18X+ 9MDEVIATREGRE 21
210Ns7Xs6HX VS Yo7XsLIHCOEFFICIENT »3X912HOF REGeCOEF+ 93X 7THT VALUEIREGRL 22
REGRE 23
5 FORMAT(//410M DEPENDENT) REGRE 2«
sF134REGRE 25
15//23H STDe ERROR OF ESTIMATEsF1345/ REGRE 26
7 FORMAT{//s21Xy39HANALYSIS OF VARlANCE FOR THE REGRESSION//5Xs19HSOREGRE 27
1URCE OF VARIATION7X»7HDEGREESs7Xs6HSUM OF s LOXs4HMEAN 113X ¢ THF VM.UREGHE 28
2E/30X+10HOF FREEDOMs&Xs THSQUARES » 9X s THSQUARES ) RE 29
8 FORMAT(/30H ATTRIBUTABLE TO REGRESSION v1693F1645/30m DEVIATION REGRE 30

1FROM REGRESSION +1602F1645) 3
9 FORMATI/S5Xs5HTOTAL+19Xs163F1605) ﬂEGRL 32
0 FORMAT(3612) REGRE 33
1 FORMAT(/+15X+18HTABLE GF RESIDUALS//9H CASE NOes5XsTHY vALchM-WREGk 36

1HY EsrlMATE.bx-auREsmuAu 3
2 FORMATII6+F15¢5+2F16e5 E 3

3 FORMAT(////53H NUMBER aF SELECTIONS NOT SPECIFIED. JOB TERMINA'(DR(GRL 37
REGRE 38

le)
4« FORMAT(//52H THE MATKIX 1S SINGULAR.

1 THIS SELECTION IS SKIPPEDs) REGRE 39
READ PROBLEM PARAMETER CARD REGRE 40
100 READ (MYsl) PRyPRLINSMINS REGRE &1
. +PROBLEM NUMBER (MAY BE ALPHAMERIC) REGRE 42
PROBLEM NUMBER (CONTINUED} REGHE &3
UMBER OF OBSERVATIONS REGRE 44
UMBER OF VARIABLES REGRE 45
«NUMBER OF SELFCTIONS REGRE 46
REGRL &7
REGRE 48
CALL CORRE (NsM»IOsX3XBARISTDSRXIRsD4B9T) REGRE 43
TEST NUMBER OF SELECTIONS REGRE 50
IFINS) 108+ 108+ 109 REGRL 51
108 WRITE (MX413) REGRE 52
GO TO 300
109 DO 200 I=1sNS
WRITE (MX+2) PRsPR1sI
READ SUBSET SELECTION CARD
READ (MY410)NRESINDEPsK s { ISAVE(J) vy=1eK}
NRESIeesssOPTION CODE FOR TASLE OF RESIDUALS REGRE 52
0 IF IT IS NOT DESIRED. REGKE 9%
1 IF IT IS DESIRED, REGRE oG
NDE! 2 +DEPENDENT VARTAHLE REORE 1
*NUMBER OF INDEPENDENT VARIABLES INCLUDED REGRE 62
essesA VECTOR CONTAINING THE INDEPENDENT VARIABLES REGRE 63
INCLUDED REGRL 64
CALL ORDER (MsReNDEP K +1SAVEsRXIRY} REGRE 6%
CALL MINV (RXsKsDET+BsT) REGRE 66
TEST SINGULARITY OF THE MATRIX INVERTED REGRE &7
IFIDET) 112+ 110s 112 REGRE 68
110 WRITE (MXsla} REGRE 69
G0 10 200 REGRE 70
112 CALL MULTR (NsKeXBARsSTDIDIRXsRY e ISAVE+BsSBsTANS] REGRE 71
PRINT MEANSs STANDARD DEVIATIONSs INTERCORRELATIONS BETwEEN REGRE 72
X AND Ye REGRESSION COEFFICIENTSs STANDARD DEVIATICNS OF REGRE 73
REGRESSION COEFFICIENTSs AND COMPUTED ToVALUES REGREL 74
MMuK+ REGRE 75
WRITE (MXe3) REGRL 76
DO 115 Jelsk REGRE 77
L= 1SAVE (J) RIGRL 79
115 WRITE (MXs4) LoXBARCL)SSTDILISRY(J)eBLII0SBLI) oTE) ReGRL 79
WRITE (MX45) REGRE 89
LEISAVE (MM} REGAE 81
WRITE (MXe6) LoXBARILIeSTOIL) REGRE 82
PRINT INTERCEPTs MULTIPLE CORRELATION COEFFICIENTs AND REGRe 83
STANDARD ERROR OF ESTIMATE REGRe b4
WRITE (MX+6) ANSI1)sANSI2)sANS(3) REGRE 85
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< PRINT ANALYSIS OF VARIANCE FOR THE REGRESSION
WRITE (MXs7)

SAMPLE INPUT SUBROUTINE - DAYA

L=ANS(81 PURPOSE
WRITE (MXe8) KsANS(4L) sANSI6) sANSI10) sLsANSI7) s ARS(3) READ AN UBSERVATION (M ODATA VALUES) FRON INPUT DEVICE.
Len=] THES SUBROUTINE 1S CALLED BY THE SUBROUTINE CORRE AND MUST

SUMBANS (&) $ANS (7} BE PROVIDED BY THE USER. IF SIZE AND LOCATION OF DATA
:s:::[;ﬁ.:;ou::: L2 FIELDS ARE DIFFERENT FROMW PROBLEM TO PROBLEM, THIS Su8-
4 . .
" A PRINT TancE of RESIDUALS ROUTINE MUST BE RECOWPILED WIYH A PROPER FORMAT STATEMENT.
120 WRITE(MXe2)PRsPRIs1T
WRITE (MXeil)
MME I SAVE (Ke] )
00 140 Il=lev
CALL DATA(Myu}

USAGE
CALL DATA (N,D)

CESCRIPTION OF PARAMETERS
M - THE NUMBER OF VARIABLES IN AN OBSERVATVION.

;g"':;:szl; . D —.OUTPUT VECTOR OF LENGTH M CONTAINING THE GBSERVATION
LaISAVE(J} ReGRE102
130 SUMESUMew (L) ®B¢J) REGRE13) REMARK S
RESI=w{MM =Sy REGRz 104 THE TYPE OF CONVERSION SPECIFIED IN THE FORMAT MUST BE
160 @RITE (MX912) Ilaswt¥¥Is5UveRES]T GR:105 EITHER F OR E.
200 CONTINUE REGRC 106
300 ::')0;.1 100 NiGNL1Z ! SMB::‘TEXNES AND FUNCTION SUBPROGRAMS REQUIRED
; REGRe 13y
END ArlKzicd
SUBROUTINE DATA (M,D) DATA 1
OIMENSION D(1) nATA 2
COMMON WX, MY DATA 3
1 FORMAT[12F6.0} DATA 4
(4 READ AN OBSERVATION FROM INPUT OEVICE. DaTa 5
12 " READ (MY,1) (D(I},[=1,M) DATA s
SAMPLED00300602 2 RETURN oata 7
29 289 21 8% 14 1 3 Eno oata 8
30 391 2584 92 16 2 3
30 424 246 90 18 2 5
30 313 239 91 10 o 6
35 243 21% 93 30 2 7
3s 368 219 9 21 2 8
43 396 267 100 39 3 9
43 336 274 b 19 2 ig
46 346 258 126 86 3
oL 0N %0 12 POLYNOMIAL REGRESSION
46 349 282 28 21 1 14
as 141 236 129 36 1 15
a4 245 236 97 24 1 16
a8 297 256 111 48 3 17 Problem Description
45 310 262 94 20 2 18
45 151 339 96 35 3 19
48 370 357 as 15 & 20
“5 379 198 147 64 & 21 . .
48 463 206 108 31 3 22 Powers of an independent variable are generated to
3] 316 248 132 60 4 23 N . . .
s 280 223 18 36 4 z calculate polynomials of successively increasing
4 139 zzo b 8 0 2 degrees. If there is no reduction in the residual
49 373 215 25 1 28 .
5o 2 s s 3 29 sum of squares between two successive degrees of
sl 677 210 6 2 L3 30 . .
3o 2o o s s 2 polynomials, the program terminates the problem
0106050102030405 33 i i 3
PR w1 ) 3 before completing the analysis for the highest degree
0 391 244 9. & 2 a5 : s
30 s26 246 90 18 2 36 polynomial specified.
30 313 239 91 10 0 37 . .
3 o2 s o %0 2 £ The sample problem for polynomial regression
3
43 396 267 100 39 3 40 i i 3
43 3% 267 100 39 3 w0 consists of 15 observations, as presented in Table 3.
a4 346 253 126 L) 3 42 3 s 1o >
@ohem oo on 2 b The highest degree polynomial specified for this
44 278 49 10 a2 & £2S .
a6 349 252 @8 21 1 45 problem is 4.
4a 161 236 129 56 1 46
o4 248 236 7 24 1 &7
45 297 256 111 &5 3 48
45 310 282 94 20 2 49
48 181 339 96 35 3 50
&5 370 357 las 15 4 5:
&8 379 198 41 &4 o 5 .
o5 a63 206 108 31 3 o Table 3. Sample Data for Polynomial Regression
4% 316 248 132 60 & B4
48 280 228 108 36 & 55
“s 298 215 101 27 1 56
49 139 220 136 59 0 37
49 245 205 113 a7 & 58
49 373 215 88 25 1 59
51 224 215 118 54 3 60 X Y
31 677 210 116 33 4 &1
51 w24 210 140 59 4 62
51 150 210 108 a0 0 :i
010603020308
29 289 216 85 14 1 65 1 10
30 391 246 92 16 H 66
30 a24 246 90 18 2 67 2 16
30 313 ;39 91 10 g ::
35 243 78 95 30
L1 365 219 )95 21 2 ;e 3 20
a3 1396 267 o 39 3
43 356 274 79 19 2 72 4 23
bb 46 258 126 55 3 73
44 156 258 9! 28 0 7% 5 25
as 278 249 110 42 4 15
L4 349 252 L.L] 21 1 16
as 161 236 129 56 1 7; 6 26
48 248 236 97 24 1 7
3 297 e 1l a3 » 7 30
4% 310 62 96 20 2
. 43 151 339 96 35 3 8l 8 36
“% 370 357 ag 15 £ B’;’
48 379 198 1a7 64 a I3
a5 463 206 108 31 3 13 9 48
as 316 245 132 &0 - 85
45 280 22% 108 36 L3 8.6, 10 62
a4 398 215 101 27 1 8
49 139 220 136 59 0 28 1 1 7 8
49 245 20; 113 7 4 E: 12
49 373 21 25 1 9
81 224 21s 118 54 3 91 94
51 677 210 116 33 4 92
51 424 210 140 59 “ Za 13 107
51 150 210 10% 30 o 4 14 118
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Program
Description

The polynomial regression sample program consists
of a main routine, POLRG, and five subroutines:

GDATA

ORDER are from the Scientific Subroutine

MINV Package

MULTR

PLOT is a special plot subroutine
Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to 50 observations

2. Up to 6th degree polynomials

3. (2F 6.0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than 60 ob-
servations or if greater than 7th degree polynomial
is desired, dimension statements in the sample
main program must be modified to handle this par-
ticular problem. Similarly, if input data cards are
prepared using a different format, the input format
in the sample main program must be modified. The
general rules for program modification are de-
scribed later.

Input

1/0 Specification Card

One control card is required for each problem and
is read by the main program, POLRG. This card
is prepared as follows:

For Sample
Columns Contents Problem
1-6 Problem number (may be
alphameric) SAMPLE
7 - 11 Number of observations 00015
12 - 13 Highest degree polynomial
to be fitted 04
152

For Sample

Columns Contents Problem
14 Option code for plotting Y
values and Y estimates: 1

0 if it is not desired
1 if it is desired

Leading zeros are not required to be keypunched;
but numbers must be right-justified in fields.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each pair of X and Y data in
Table 3 is keypunched in that order on a separate
card using the format (2F 6.0).

Plot Option Card

A card containing b12...9 (blank followed by num-
bers 1 through 9) in columns 1 to 10 is necessary
after each set of data if plotting is required (option
1). If plotting is not required (option 0), this card
must be omitted.

Deck Setup

Deck setup is shown in Figure 14,

Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Output

Description

The output of the sample program for polynomial
regression includes:

1. Regression coefficients for successive degree
polynomial ’

2. Analysis-of-variance table for successive
degree polynomial

3. Table of residuals for the final degree poly-
nomial (included with plot)

4. Plot of Y values and Y estimates (optional)

Sample

The output listing for the sample problem is shown
in Figure 15.
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Plot option

card
ya
Control
card Last
° problem
[

Plot option
card

Control

card
Second problem

Plot Option
Card

Control
Card

First problem

1/0O Specification
card

MULTR
MINV
Y A
( ORDER
— Subroutines and main program
GDATA (including system control cards)

PLOT

POLRG

Figure 14. Deck setup (polynomial regression)
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Program Modification

Noting that storage problems may result, as previ-
ously discussed in "Sample Program Description",
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also be handled by providing
a specific format statement. In order to familiarize
the user with the program modification, the follow-
ing general rules are supplied in terms of the sample
problem:

1. Changes in the dimension statements of the
main program, POLRG:

a. The dimension of array X must be greater
than or equal to the product of n (m + 1),
where n is the number of observations and
m is the highest degree polynomial to be
fitted. Since there are 15 observations
and the highest degree polynomial speci~
fied is 4, the product is 75 = 156 (4 + 1).

b. The dimension of array DI must be greater
than or equal to the product of m x m.

For the sample problem this product is
16 =4 x 4.

c. The dimension of array D must be greater
than or equal to (m +2) (m + 1)/2. For
the sample problem this number is
15 = (4 +2) 4 +1)/2.

d. The dimension of arrays B, E, SB, and T
must be greater than or equal to the high-
est degree polynomial to be fitted, m.

For the sample problem the value of m is
4.

e. The dimension of arrays XBAR, STD,
COE, SUMSQ and ISAVE must be greater
than or equal to (m + 1). For the sample
problem this value is 5 = (4 + 1).

f. The dimension of array P must be greater
than or equal to 3n. For the sample prob-
lem this value is 45 = 3(15). The array P
is used when a plot of Y values and Y
estimates is desired.
2. Changes in the input format statement of the

main program, POLRG: o

Only the format statement for input data may
be changed. Since sample data are either
one-, two-, or three-digit numbers, rather

than using six-column fields as in the sample -
problem, each row of data may be keypunched ..
in two 3-column fields, and if so the format
is changed to (2F 3. 0).

Figure 15. Output listing
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Operating Instructions

The sample program for polynomial regression is a
standard FORTRAN program. Special operating in-
structions are not required. Logical unit 2 is used

for input, and logical unit 1 is used for output.

Sample Main Program for Polynomial Regression -
POLRG

Purpose:
(1) Read the problem parameter card for a
polynomial regression, (2) Call subroutines to
perform the analysis, (3) Print the regression
coefficients and analysis of variance table for
polynomials of successively increasing degrees,
and (4) Optionally print the table of residuals
and a plot of Y values and Y estimates.

Remarks:
I/0 specifications transmitted to subroutines
by COMMON.
Input card:
Column 2 MX - Logical unit number for
output.
Column 4 MY - Logical unit number for
input.
The number of observations, N, must be
greater than M+1, where M is the highest de-
gree polynomial specified. If there is no re-
duction in the residual sum of squares between
two successive degrees of the polynomials, the
program terminates the problem before com-
pleting the analysis for the highest degree poly-
nomial specified.

Subroutines and function subprograms required:
GDATA

ORDER

MINV

MULTR

PLOT (A special PLOT subroutine provided
for the sample program.)

Method:

Refer to B. Ostle, 'Statistics in Research’,

The Iowa State College Press, 1954, chapter
6.

3

’
.

7 FOR
10CSICARD s TYPEWKITERS1132 PRINTER)

*ONE WORD INTEGERS

4 SAMPLE MAIN PROGRAM FOR POLYNOMJAL REGRESSION = PULRG POLRG 1
4 THE FOLLOWING OIMENSION MUST BE GREATER THAN OR EQUAL TO THE  POLRG 2
< PRODUCT UF N®(M+1)s WHERE N 15 THE NUMBER OF OBSERVATIONS AND POLRG 3
< M 1S THE MIGHEST DEGREE POLYNOMIAL SPECIFIEDs POLRG &
DIMENSION Xx(3501 POLRGMOL

< THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE  POLRG 6
< PRODUCT OF M#Ma OLRG 7
DIMENSIOK DI(36} POLRGMOZ

4 THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO POLRG 9
< (M+2101Me1) /24 POLRG 1G
OIMENSION DI281 POLRGMU3

4 THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO My  POLRG 12
DIMENSION BL6)+SBIEIaTI6)eELOD POLRGMU4

< THE FOLLOWING DIMENSICNS MUST BE GREATER THAN OR EQUAL TU POLRG 14
< (Mol POLRG 15
DIMENSION XBAR(T)sSTDI714COE(T}eSUMSGIT) v [SAVELT) POLRGMUS

< THE FOLLOWIN CIMENSION MUST BE GREATER THAN OR EGUAL TO 1d. PULRG 17
DIMENSION ANS(10) POLRG 18

4 THE FOLLOWING DIMENSION wiLL BE USED IF THE PLOT OF OBSERVED  PULRG 19
< DATA AND ESTIMATES 1S5 DESIREDe THE SIZE OF THE DIMENSIONs IN  POLRG 20
4 THIS CASEs MUST BE GREATER THAN OR EQUAL TO N®3s OTHERWISEs POLRG 21
< THE SIZE OF OIMENSION MAY BE SET TO 1 POLRG 22
OIMENSION P150} POLRGMO6
COMMON MxsMY POLRG 24

1 FORMAT(A4sA2s15012011) PULRG 25

2 FORMATI2F640) POLRG 26

3 FORMAT(////2TH POLYNOMIAL REGRESSION. A4sA2/) PULRG 27

% FURMAT(//23H NUMBER OF OBSERVATIONsI6. PULRG 23

5 FORMAT(//32n POLYNOVMIAL REGRESSION OF DEGREEs13) POLRG 29

6 FORMAT(//12H  INTERCEPT»F1545) POLRG 30

7 FORMAT(//26H  REGRESSION COLFFICIENTS/110F12e5)) OLRG 31

8 FORMAT(///24Xs26HANALYSIS UF VARIANCE FORs14919H DEGREE POLYNUGMIAPULRG 32

w/ PULRG 33

9 FORMAT(//745Xs19MSOURCE OF VARIATIUNs7TXs9HDEGREE UF s7Xe6HSUM OF v  PULKG 34
19X+ 4HMEAN 9 10A 9 1HF 49X s 20 IMPROVEMERT IN TERMS/33Xs THFREECOMsEXs PLlRe 35
27THSQUARES » 7X s 6HSTUARE s TX #5HVALUE 48X+ 17THOF SUM UF SQUARES) PULKG 36

10 FORMATI//20M DUE TU REGRESSIUNII2Xs164F1T454F1bs5sF13e50F20a5)  PULRG 37

11 FORMATI32H  DEVIATICA A30UT REGRESSIUN  +16+F17.54F 10,51 PLLRG 38

12 FORMAT(BR»5HTOTALS19Xsl68F1 7057717} PuLrG 39

13 FORMATU//1TH NG IYWRUVEMENTY PULRG 6y

16 FORMATU////27Xs18HTABLE OF RESIDUALS//15r OBSERVATIUN AJes5XeTwr VEGLRG &l
LALUE s TXaTHY VALUE#7Xo20HY SSTIMATE 07X sBRRESIOUAL/ ) PULRG «2

15 FORMAT(//43Xe160F1Ba5eF1ea5sF1Ta54F15051 PULRG &3

16 FORMAT(212) PULRS 64
READ (2116 1MX oMY PULRG 65

4 READ PRUBLEM PARAMLTER CARD POLRG ob
100 NEAD mv.n FROPRIIN SMINPLOT Pty 47

4 PROBLEN NUMBER (MAY HE ALPHAMERIC) PULKY 48
< PROBLEM NUMBER 1CONTINUED) PULRS 4y
14 NUMBER OF OBSERVATION: PILRG 54
< HIGMEST DEGREE POLYNOMIAL SPECIFIED PLLRG 51
14 nm.or.ownon CODE FOR PLOTTING POLRG 52
< £ PLOT IS NOT DESIRED. PULRG 53
< 1 IF PLOT 1S DESIRED. POLRG 54
< PRINT PROBLEM NUMBER AND Ne POLRG 55
WRITE (MXs3) PRsPR1 PULRG 56
WRITE (MXss) N POLRG 57

< READ INPUT DATA POLRG 5¢
LaNew FOLRG 59

00 110 IsieN PULRG 60
Jaiel POLRG 61

< X(1) 1S VTHE INDEPENDENT VARIABLEs AND X{J! 1S THE DEPENDENT POLRG 62
< VARIABLEs POLRG 63
110 READ " (MYs2) XUI)eXEd) PULRG 64
CALL GDATA (NsMsX+XBAR+STDID»SUMSQ} POLRG 5
MMaM+1 POLRG 66
SUM=0.0 POLRG 67
NT=N=1 POLRG 68

DO 200 I=lsM POLRG 69
1SAVEL 1l POLRG 7y

< FORM SUBSET OF CORRELATION COEFFICIENT MATRIX PULRG 71
~CALL ORDER {MMsDyMMs1sISAVESDIVE) POLRG 72
INVERT THE SUBMATRIX OF CORRELATION COEFFICIENTS POLRG 73

CALL MINV (DI+14DET4B+T)H POLRG T4

CALL MULTR (N+1sXBAReSTDsSUMSQD1sEsISAVESBeSBrT1ANS) POLRG 75

< PRINT THE RESULT OF CALCULATION PULRG 76
WRITE (MXsS) 1 PULRG 77
IF{ANSI71114041300130 POLRGMOT

130 SUMIPSANS(4)=SUM PULRGMOS
IF(SUMIP] 140 140+ 150 PULRG 79

140 WRITE(MXs13) PILRG 80
210 POLRG @81

150 WRITE(MXe6)ANS(1) PULRG 82
WRITE (MX47} (B(J)sd=1e]) POLRG 83
WRITE {MXs8) 1 POLRG 84
WRITE (MXs91} FOLRG 85
SUMsANS(4) POLRG 86
WRITE (MX3101 1sANS{&1eANS(6) sANS(10)sSUMIP PULRG 87
N1=ANS(8) PULRG 88
WRITE (MXe1l) nl-Ans(‘n.Anslv) PULRG 89
WRITE (MX912) NTaSUMSQUM POLRG 90

SAVE COEFFICIENTS Foﬂ (AL(ULA'IC\ OF Y ESTIMATES POLRG 91
COE(1)=ANS{1) POLRG 92

00 160 I3} POLRG 93

160 COE(J+11uBl) PULRG 94
LAs] PCLRG 95

200 CONTINUE POLRG 96

< TEST WHETHER PLOT ls DESIRED POLRG 97
210 lFmPLon 100, 100, P0LRG 98
LCULATE ES'I"A"ES PULRG 99

220 rwa-mu POLRGLO0
00 230 I=leN PULRGLOL
NP3I=NP3+1 POLRG102

- POLRGLU3

::Tnv COE(1) PULRG1O4

DO 230 J=1» PGLRG105
vmnal-vmnloxlL)ocoeuoxr PULRG106

230 LabeN POLRG107

< " COPY OBSERVED DATA PULRG1OY
N2oN POLRG109
Lanem POLRG110

0 1sleN POLRG11L
e PorRoL12
N2=N2+1 PULRG113

LeLel POLRG1 14

260 PIN2)exXIL) POLRG11S

c PRINT TABLE OF RESIDUALS PULKG116
WRITE (MXxe3) PR:PR1 PULRG1LT7
WRITE (MXe5) LA POLRG118
WRITE (MXs1é) POLRG119
NP2aN POLRG120
NP3eNeN POLRG121

00 250 [=1¢N POLKGI22
NPZaNP2el POLRG123
NPI=NP3e POLRG124
RESID=P(NP2}=P (NP3} POLRGI2S
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250 WRITE [MX915) 1sPil)sP(NPZI+PINPII4RESID

156

CALL PLOT {LAsPsN#33001) ::g::g:ig
G0 T0 100
END POLRG128
POLRG12Y
12 1
SAMPLE00015041 2
1 10 3
2 16 4
3 20 5
o 23 6
s 25 7
& 26 8
7 30 9
8 36 10
9 a8 11
10 62 12
78 13
12 9 14
13 107 15
14 118 16
15 127 17
123456789 18
SUBROUTINE PLOT
PURPOSE
PLOT SEVERAL CROSS~VARIABLES VERSUS A BASE VARIABLE
ISAGE
CALL PLOY (MOsAgMeMoNLoNS)
DESCRIPTION OF PARARETERS
NO - CHART NUMBER (3 DIGITS MAXINUN)
A~ MATREX OF OATA 7O BE PLOTTED. FIRST COLUNN REPRESENTS
BASE VARITABLE AND SUCCESSIVE COLUNNS ARE THE CROSS—
VARTASLES (RAXINKUM IS 9o
N = NUMBER OF RGNS IN MATRIX A
M - NURBER OF COLUKNNS IN MATRIX A (EQUAL TO THE TOTAL
HUMBER OF VARIABLES). MAXINUN IS 10.
NL - NUWBER OF LINES IN THE PLOT. IF O IS SPECIFIED, 50
LINES ARE USED.
- CODE FOR SORTING THE BASE VARIABLE DATA IN ASCENDING
GRDER
0 :l:l;n]ts IS NOT NECESSARY (ALREADY IN ASCENDING
DER) o
1 SORTING IS NECESSARY.
REMARKS
NONE
SUBROUTINES AND FUNCTION SUBPROGRAMS REGUIRED
NONE
SUSRDUTINE PLOTINUS A /Ny M, NL,NS) PLOT L
DIMENSTON OUT{10L1,YPRELL)VANGES ] ALL) PLOT 2
COMYON MK, MY pLOT 3
1 FORMAT (/7/,60X.TH CHART +13,//} pLoT a
2 FORMAT (1X,F11.4,5X,131A1) PLOT 5
3 FORMAT 12X} PLOT 6
5 FORYAT{1041) sLOT 7
7 FORYATL 16X: 12 1H, . por 8
1. . . . pLOT 9
B FORMAT (/749Xs11F 1041 PLOT 10
WLL=NL pLaT 11
IFENS) 16, 16, 1D PLOT 12
SOKT BASE VARIABLE DATA [N ASCENDING ORDER PLOT 13
10 00 15 [=1,N PLOT 14
00 14 J=1,N PLOT 15
TELALDI-ALI)) 14y B4y 11 PLOT 16
11 L=1-N pLOT 17
LL=J=-N PLOT 18
DO 12 K=l4M PLOT 19
L=L+N PLOT 20
LL=LL*Y PLOT 21
FxA(L) pLOT 22
AtLY=ALLLY sLOT 23
12 AtLL)=F PLOT 24
14 CONTINUE PLOT 25
15 CONTINUE PLOT 26
TEST NLL pLor 27
16 IFCNLLY 2D, 18, 20 PLOT 28
18 NLL=50 pLOT 2
PRINT TITLE eLOT 30
20 WRITE(4X,1INO eLOT
READ BLANK AND DIGITS FOR PRINTING pLOT 32
READI4Y,5) ALANK, {ANG(1),1=1,9) PLOT 33
FIND SCALE FUR BASE VARVAHLE PLOT 34
XSCAL= (A(NI=A{11) /{FLOATINLL-1)) PLOT 35
FIND SCALE F(R CROSS-VARTABLES PLOT 36
MizNel PLOY 37
M2=dwN PLOT 38
Y™l ACMLY PLRT 39
YUAK=YMIN PLOT 40
00 49 Jaul, M2 PLOT 41
TFLACII=YHIND 28, 26426 PLOT 42
26 IF(ALJI-YMAX) 40,40,30 PLOY 43
28 YMIN=A(4) PLOT 44
GO T9 40 PLOT 45
30 YMAX=A(J) PLOT 46
40 CONTINUE PLOT 47
YSCAL= { YMAX=YNIN} /100.0 PLOT 48
FIND BASE VARIABLE PRINT POSITION PLOT 49
AB=a(1} PLOY 50
L=l PLOT  S1
HYX = M-y PLOT 52
121 PLOT 53
45 Fal-1 PLOT 56
XPR=XB¢FEXSCAL PLOT 55
IFLALL)=XPR]) 50,50, 70 PLOT 56
FIND CROSS-VAR IABLES pLOT 57
50 DN 55 Ix=1,101 PLOT 58
55 OUT(IX)=BLANK PLOT 59
DO 60 J=l,MYX PLOT 60
LL=L+J*N PLOT 61
9= ({ALLLI-YMINI/ YSCAL}#1.0 PLOT 62
NUY (JPI=ANGI(J) PLOT 63
60 CONTINUE PLOT 64
PRINT LINE aN) CLEAR, OR SKiP PLOT 65
ARLTEINX, 2IXPRIIUTIIZY 12=1,101) PLOT 64
Letel pLOT 67
GD TN 30 PLOT 68
70 WRTTECHX, 3) PLOT 69

80 I=l+1 PLOT 70
TFOI-NLL) 45, 84,85 MOYT M

84 XPH=AIN) eLar 72
60 TO 50 PLOT 73

4 PRINT CROSS-VARTABLES NUMBERS eLOT 74
86 WRITE(MXsT) PLOT 75
YPRLI=YMIN PLaT 76

DN 90 KN=1,9 pLOYT 77

90 YPR(KN+1)=YPRIKNI +YSCAL*10.0 PLOYT 78
YPRI11}=YMAX PLOT 79
WRITE(MX,RYCYPREEP),IP=1, 110 PLOT 80
RETURN eLoT 91
END PLOT 82

CANONICAL CORRELATION

Problem Description

An analysis of the interrelations between two sets of
variables measured on the same subjects is per-
formed by this program. These variables are pre-
dictors in one set and criteria in the other set, but
it is irrelevant whether the variables in the first set
or in the second set are considered as the prediction
variables. The canonical correlation, which gives
the maximum correlation between linear functions of
the two sets of variables, is calculated. x2 is also
computed to test the significance of canonical corre-
lation.

The sample problem for canonical correlation
consists of four variables in the first set (left-hand
side) and three variables in the second set (right-
hand side) as presented in Table 4. These two sets
of measurements have been made on 23 subjects.

Table 4. Sample Data for Canonical Correlation

First set Second set
Chservation X X2 X3 X4 Y1 Yz Ya
1 191 155 65 19 179 145 70
2 195 149 70 20 201 152 69
3 181 148 71 19 185 149 75
4 183 153 82 18 188 149 86
5 176 144 67 18 171 142 71
6 208 157 81 22 192 152 77
7 189 150 75 21 190 149 72
8 197 159 90 20 189 152 82
9 188 152 76 19 197 159 84
10 192 150 78 20 187 151 72
11 179 158 99 18 186 148 89
12 183 147 65 18 174 147 70
13 174 150 71 19 185 152 65
14 190 159 91 19 195 157 99
15 188 151 98 20 187 158 87
16 163 137 59 18 l61 130 63
17 195 155 85 20 183 158 81
18 196 153 80 21 173 148 74
19 181 145 77 20 182 146 70
20 175 140 70 19 165 137 81
21 192 154 69 20 185 152 63
22 174 143 79 20 178 147 73
23 176 139 70 20 176 143 69 -
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Program
Description

The canonical correlation sample program consists
of a main routine, MCANO, and six subroutines:

CORRE

CANOR

are from the Scientific Subroutine

MIN
v Package

NROOT
EIGEN

DATA is a special input subroutine

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to 9 variables, including both the first set
of variables (that is, left-hand variables) and the
second set of variables (that is, right-hand varia-
bles). The number of variables in the first set must
be greater than or equal to the number of variables
in the second set.

2. Up to 99, 999 observations.

3. (12F 6.0) format for input data cards.

Therefore, if a problem satisfies the above con~
ditions it is not necessary to modify the sample pro-
gram. However, if there are more than 9 variables,
dimension statements in the sample main program
must be modified to handle the particular problem.
Similarly, if input data cards are prepared using a
different format, the input format in the input sub-
routine, DATA, must be modified. The general
rules for program modification are described later.

Input

I/0 Specification Card

One control card is required for each problem and
is read by the main program, MCANO. This card is
prepared as follows:

For Sample
Columns Contents Problem
1-6 Problem number (may be
alphameric) SAMPLE

For Sample
Columns Contents Problem
7 - 11 Number of observations 00023

12 - 13 Number of variables in the

first set (that is, left-hand

variables)* 04
14 - 15 Number of variables in the

second set (that is, right-

hand variables) 03

*The number of variables in the first set must be
greater than or equal to the number of variables
in the second set.

Leading zeros are not required to be keypunched;
but must be right-justified within fields.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each row of data in Table 4 is
keypunched on a separate card using the format
(12F 6.0). This format assumes twelve 6-column
fields per card.

Deck Setup
Deck setup is shown in Figure 16.
Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Cutput
Description

The output of the sample program for canonical
correlation includes:

1. Means

2, Standard deviations

3. Correlation coefficients

4. Eigenvalues and corresponding canonical
correlation

5. Lambda

6. Chi-square and degrees of freedom

7. Coefficients for left- and right-hand variables

Sample

The output listing for the sample problem is shown
in Figure 17 of this sample program.
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Control
card

Control
card

Second problem

Control

Card X
First problem

1/0 Specification
card

Subroutines and main program
(including system control cards)

Figure 16. Deck setup (canonical correlation)

Program Modification

Noting that storage problems may result, as previ-
ously described in ""Sample Program Descriptions",
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also behandled by providing
a specific format statement. In order to familiarize

158
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2. Changes in the input format statement of the
special input subroutine, DATA:

Only the format statement for input data may
be changed. For example, since sample data
are either two- or three-digit numbers, rath-
er than using six-column fields as in the
sample problem, each row of data may be
keypunched in seven 3-column fields, and if
so, the format would be changed to (7TF 3.0).
Note that the current input format statement
will allow a maximum of twelve variables
per card. The special input subroutine,
DATA, is normally written by the user to
handle different formats for different prob-
lems. The user may modify this subroutine
to perform testing of input data, transforma-
tion of data, and so on.

Operating Instructions

The sample program for canonical correlation is a
standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is used
for input, and logical unit 1 is used for output.

Figure 17. Output listing

Sample Main Program for Canonical Correlation -
the user with the program modification, the following MCANO
general rules are supplied in terms of the sample

problem: Purpose:
1. Changes in the dimension statements of the (1) Read the problem parameter card for a
main program, MCANO: canonical correlation, (2) Call two subroutines
a. The dimension of arrays XBAR, STD, to calculate simple correlations, canonical cor-
CANR, CHISQ, and NDF must be greater relations, chi-squares, degrees of freedom for
than or equal to the total number of vari- chi-squares, and coefficients for left and right
ables m (m =p +d, where p is the num- hand variables, namely canonical variates, and
ber of left~hand variables and q is the (3) Print the results.
number of right-hand variables). Since
there are seven variables, four on left Remarks:
and three on right, the value of m is 7. I/0 specifications transmitted to subroutines by
b. The dimension of array RX must be COMMON.
greater than or equal to the product of Input card:
m x m. For the sample problem this Column 2 MX - Logical unit number for
product is 49 =7 x 1. output.
c. The dimension of array R must be greater Column 4 MY - Logical unit number for
than or equal to (m + 1)m/2. For the input.
sample problem this number is The number of left-hand variables must be
28 = (1 + 1)7/2. greater than or equal to the number of right-
d. The dimension of array COEFL must be hand variables.
greater than or equal to the product of
pxd. For the sample problem this Subroutines and function subprograms required:
product is 12 =4 X 3. CORRE (which, in turn, calls the input
e. The dimension of array COEFR must be subroutine named DATA.)
greater than or equal to the product of CANOR (which, in turn, calls the subrou-
q xg. For the sample problem this tines MINV and NROOT. NROOT,
product is 9 = 3 x 3. in turn, calls the subroutine EIGEN.)
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: 163 137 %9 18 16l 130 63 18
Method: 195 155 &5 20 183 158 81 19

9 0 1 173 148 T4 20
Refer to W. W. Cooley and P. R. Lohnes, 1% 5 ¥R 1 e 10 21
. . . 175 140 70 19 185 137 8l 22
'Multivariate Procedures for the Behavioral 192 134 69 20 185 132 83 23 ’*“"q
. 1 . 174 143 79 20 178 147 73 24
Sciences', John Wiley and Sons, 1962, chapter 176 139 70 20 176 143 69 25 -
SANPLE INPUT SUBROUTINE - DATA
// EOR PURPOSE
®[{OCSICARD, TYPENRITER 1152 PRINTER) READ AN UBSERVATION (N DATA VALUES) FRON INPUT DEVICE.
*GNE WORD INTEGERS THIS SUBROUTINE IS CALLED BY THE SUBROUVINE CORRE AND MUST
[+ SAMPLE MAIN PRUGRAM FUR CANONICAL CORRELATION = MCANO MCANG 1 BE PROVIDED BY THE USER. IF SIZE AND LOCATION OF DATA
< THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO THE MCAND - 2 FIELDS ARE DIFFERENY FROM PROBLEN TO PROBLEN, THIS SUS-
4 TOTAL NUMBER OF VARTAGLES % [M=MP+MQ, WHERE MP IS THE NUMBER MCANG 3 ROUTINE MUST BE RECONPILED WITH A PROPER FORMAT SYATEMENT.
14 OF LEFT HAND VARIABLES, ANU MQ IS TVHE NUNMBEK UF RIGHT HAND MCAND &
(4 VakEABLES) . MCLNG 5 USAGE
LIMENSION XBAR(9)+STO(9)+CANRII} ,LHISQUI) SNDFIS) NCAND 6 CALL DATA {(MyD)
< THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE MCAND 7
4 PRODUCT OF M*M. MCAND 8 UESCRIPTIUN OF PARANETERS
DIMENSION RX(31) MCANG 9§ ~ THE NUMBER OF VARIABLES IN AN OBSERVATION. -
< THE FULLOWING CIMENSION MUST BE GREATER THAN OR EQuaL TO MCANO 10 D ~ OUTPUT VECTOR OF LENGTH M CONTAINING THE OBSERVATION *
< (M+1}8M/2,. MCAND 11 TA,
UIMENSIGN RL45) MCAND 12 5
C THE FOLLOWING CIMENSION MuST 3F GREATEK THAN OR EQUAL TG THE MCANG 13 REMARKS
4 PROGUCT UF MPaMQ. MCAND 1o THE TYPE OF CONVERSION SPECIFIED IN THE FORMAT NUST BE
UIMENSION COEFL(81) MCANOD L5 EITHER F OR E.
< THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE MLAND 16
4 PRUDUCT GF MQSMQ. MCAND 17 SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED °
UIMENSICN COEFRE25) MCANG 18 NONE =
COMMON MX MY MCANG 19
1 FORMAT{Aw,A2,15,212) HCAND 20
2 FORMATI//7//727TH CANONICAL CURRELATION«..ss9A%,A2//22H NO. OF DBSEMCANG 21
1nVATIONS,8Xy14/29H NO. OF LEFT HAND VARIABLES,IS5/30H NG. OF RIMCANG 22 . At
2GHT HAND VARIABLES,14/) MUANO 23 3‘,’5:22{32%?:? e [;u: ;
3 FORMATL//6H MEANS/{8F15.5)) MCANG 26 COMMON MX , MY DATA 3
4 FURMAT{//20H STANDARD DEVIATIONS/{8F15.5)) MCANU 25 | FORMAT(12F6.01 oata 4
5 FORMAT{//25H CORRELATION COEFFICIENES) MCANO 26 a 5
6 FORMAT(//4H ROW,13/(10F12.5)) MCANO 27 ¢ Ay AL R INPUT DEVICE. .
T FORMATI////12H  NUMBEK OF y 7Xy THLARGEST , TXy L3HCOKRESPUNDING y 31X 4 THHCANG 28 RETURN ' DaTA 7
1DEGREES/L3H EIGENVALYES5Xy LOHE IGENVALUE ¢ TX ¢ IHCANUNICAL 5 7X s 6HLAMBMCAND 25 END nNATA a
20A4 5Ky LOHCHI=SQUARE 4 TX 4 2HOF 74Xy THREMOVED » 7X s FHREMAINING s 7X» L LHCURRMCAND 30
3ELATIUN,32X, THFREEUCH/) MCAND 31
8 FORMATI/IT1F19.5sF1645,2F1445,5X415) MCANO 32
S FURMAY(///22H CANGNICAL CORRELATION,F12.5} MCAND 33
10 FORMAT(//39H COEFFICIENTS FOR LEFT HAND VARIABLES/(8FL5.5)) MCANU 34
11 FORMATI//40H COEFFICIENTS FOR RIGHT HAND VARIABLES/{8F15.5)) MCANG 35
12 FORMATL 12} MCANU 36
READL2, 12) WX+ HY HCaNG 37 ANALYSIS OF VARIANCE
c REAU PROBLEM PARAMETER CARD MCANU 38
1c0 REAn (MY, LIPRPRL, N MPy MQ MCAND 39
[4 8L NUMbER [MAY BE ALPHAMERIL) MCANU 40 . .
3 ROBLEM NUMBER ({CONTINUED) MCAND 41 Problem DeSCI’lpthn
C »«NUMBER UF ObSERVATIUNS MCAND 42
c «NUMBEK OF LEFT HAND VARIAGLES HCANU 43
< «NUABER OF RIGHT HAND VARIABLES MLANG 44
LTS LR TR Monea rIvibet An analysis of variance is performed for a factorial
M=MP+MQ MCANU 46
i0=0 MCAND 47 . 1
x=0. HCAND 48 design by use of three special operators suggested
¢ LAL;R?S:R:E}\NM'IE' XyXBARySTD4RX Ry CANR,CHISQ+COEFL) MCAND 49 b ng y 1 * h p p f g}%
NSy STANDARD DEVIATIONS, AND CORRELATION MCANU 50 i -
¢ COEFFICIENTS OF ALL VARIABLES MCANG 51 y H.O. Hart ey. The analySls 01 many other de i
WRITE (MXy3) (XBARLI}sI=1rM) MCAND 52 i i i i
PRt hoang 52 signs can be derived by reducing them first to fac- )
WRITE (MX,5) s : s N
D0 160 1= {,,. heAva 22 torial designs, and then pooling certain components
DO 150 J=1 MCANO 56 3 :
120 f";f.ﬁfi?' 120: 130 RCaND 37 of the analysis-of-variance table.
- MCANO 58
GO TO 140 MCANO 59 i - i i i
130 Caabinticiose Hcang 59 Consider a three-factor factorial experiment in
= MCANDG o1 i i i
BoConiuE Heans ol a randomized complete block design as present in
» [} wd=ly MCAND 63 3 i
. cutkt;.:?o:‘(G:;c:lsgga,:i:a.sm.c.\na.cmsa.uoi,cossa.coen.au HCANG 64 Table 5. In this experiment factor A has four levels,
3 IONICAL CORRELATIONS, LAMBOA, GHI-SQUARES MCAND 65 3
¢ DEGREES OF FREEDONS ’ ! HCANO 66 factors B and C have three levels, and the entire
WRITE (MX,7) HCAND 67 ’
Npeiog e noang 65 experiment is replicated twice. The replicates are
c TEST WHEVHER EIGENVALUE IS GREATER THAN ZEROQ MCANOD 70 i
IE(XBAR(I)) 165, 165, 17G nEANG 1) completely unrelated and do not constitute a factor.
165 MM=N1 MCAND 72
60 TO 17 MCANG T3
170 ::l:g lHX.G)Nl s XBARCI) yCANREL) oSTOU 1) CHISQUI) ¢ NDFC L} MCANO 74
= MCAND 75
€ rs o RINT CANONICAL COEFRICIENTS HCAND 76 Table 5. Sample Data for Analysis of Variance
MCANO 77
N2=0 MCAND 78
DO 200 I=LyM MCANO 79
WRITE INX.O)CAN&(” MCANO BO
B0 180 J=1, MCANQ 81 b b b
NLsNL+1 HCANO 82 Replicate 1 2 3
180 XBAR(J) =COEFLINL} MCAND 83
SSIIEo'“iw"“M“"'M'"" MCANUG 84 (Block) @ 3@ a3 a4} a; 3 a3 a4|a; 3 33 3,
90 J=1.,MQ MCANO 85
NZN2e1 HoaND oe c, 3 10 9 824 8 9 3|2 8 9 8
190 XBAR(J)=COEFRIN2) MCAND 87
WRITE (MXs11){XBAR(J},J=1,NQ) MCAND 88 -
200 CONTINOE Heano g8 feees c, 4 12 3 922 7 16 2[2 2 7 2
G0 10 100 MCANO 90
1 owe HCAND 91 c;3 § 10 5 823 9 17 3|2 8 6 3
*STORE NS UA MCANO
/7 XEQ MCANO
*®LOCALMCAND, CORRE+ CANOR c 2 14 9 13 |29 16 11 3 2 7 5 3 -
' »
12 1 e de 7 11 5 828 18 10 6(6 6 5 9
SAMPLEOG0230403 2 T2 2
19 188 & 19 179 148 10 3
198  1a9 70 20 201 182 69 I3 <, 9 10 27 828 16 11 7 {8 9 8 15
181 148 T 19 185 149 75 5
103 158 82 18 8 149 86 &
176 144 67 18 in 142 b2 T
208 187 al 22 192 152 had ]
189 150 bl 21 190 la9 12 9 *H O H rtl ”A l . f V " M th
197 189 90 20 189 152 82 10 .O. nalysi ria. i athe-
llg 182 76 ;9 :97 }5: (23 11 a ey’ y 50 ariance’” in ——
19 150 78 0 87 5. 12 12 3 ioi i
FEAEH I A A e S H matical Methods for Digital Computers, edited by
183 147 (3] 18 174 147 70 16 7] :
17¢ 180 31 1s 1as 152 a8 15 A. Ralston and H. Wilf, John Wiley and Sons, 1962,
190 159 91 19 195 157 99 18
188 151 98 20 187 138 87 17 Chapter 20.
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Nevertheless, for the purpose of this program, a
four-factor experiment (with factors A, B, C, and
R) is assumed. Thus, each element of the data in
Table 5 may be represented in the form:

Xaber where a=1,2,3,4
b=1,2,3
c=1,2,3
r=1,2

The general principle of the analysis-of-variance
procedure used in the program is to perform first a
formal factorial analysis and then pool certain com-
ponents in accordance with summary instructions
that specifically apply to the particular design. The
summary instructions for four differert designs are
presented in the output section.

Program
Description

The analysis-of-variance sample program consists
of a main routine, ANOVA, and three subroutines:

AVDAT
are from the Scientific
AVCAL Subroutine Package
MEANQ
Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:
1. Up to six-factor factorial experiment
2. Up to a total of 1600 data points. The total
number of core locations for data points in a pro-
blem is calculated as follows:

k
T= I (LEVEL, +1)
i=1 !
.th

number of levels of i~ factor
= number of factors
notation for repeated
products

3. (12F6.0) format for input data cards

Therefore, if a2 problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than six

where LEVEL;
k

i

1

factors or if the total number of data points is more
than 1800, dimension statements in the sample main
program must be modified. Similarly, if input data
cards are prepared using a different format, the
input format statement in the sample main program
must be modified. The general rules for program
modifications are described later.

Input
1/0 Specification Card
One control card is required for each problem and

is read by the main program, ANOVA. This card
is prepared as follows:

For Sample
Columns Contents Problem
1-6 Problem number (may be SAMPLE
alphameric)
7-8 Number of factors 04
9 -15 Blank

16 Label for the first factor A

Number of levels of the 0004
first factor

21 Label for the second factor B

Number of levels of the 0003
second factor

Number of levels of the 0003
third factor

31 Label for the fourth factor R

Number of levels of the 0002
fourth factor

66 Label for the eleventh
factor (if present)

67 - 70  Number of levels of the

eleventh factor

{ 26 Label for the 'third factor C

If there are more than eleven factors, continue
to the second card in the same manner.
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Columns Contents
Label for the twelfth factor

Number of levels for the twelfth factor

ete.
Leading zeros are not required to be keypunched.
Data Cards

Data are keypunched in the following order: Xi111°
X2111, X3111, X4111, X1211, X2211, X3211s---,

Control

Control
card

Control
card

1/0 Specification
card

Subroutines and main program
(including system control cards)

Figure 18. Deck setup (analysis of variance)

162

First problem

X4332. In other words, the innermost subscript is
changed first; namely, the first factor, and then
second, third, and fourth subscripts. In the sample
problem, the first subscript corresponds to factor A
and the second, third, and fourth subscripts to fac~
tors B, C, and R. Since the number of data fields
per cards is twelve, implied by the format (12¥6. 0),
eachrow in Table5 is keypunchedon a separate card.

Deck Setup
Deck setup is shown in Figure 18.
Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Last

card problem

Second problem
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Output
Description

The output of the sample analysis-of-variance pro-
gram includes the numbers of levels of factors as
input, the mean of all data, and the table of analysis
of variance. In order to complete the analysis of
variance properly, however, certain components in
the table may need to be pooled. This is accom-
plished by means of summary instructions that
specifically apply to the particular experiment as
presented in Table 6.

Table 6. Instructions to Summarize Components
of Analysis of Variance

Randomized
Single Classification | Two-way Classificati Block Split Plot
with Replicates with Cell Replicates | with Two Factors
{tnpun)
FactorNo. 1 {Groups = A Rows = A Factor 1 = A | Main treatment = A
2 |Rephicates = R Columns = B Factor2 = B [Subtreatment = B
3 Replicates = R Blocks = R | Blocks =R
{(Output)
Sums of squares A A A A
R B 8 [
AR A8 AB AB
R R
AR AR AR
BR B8R B8R
ABR AR ABR
Summary Emoe=R+(AR  [Emr=R+(AR) (Enor = (AR)(BR) | Eror = (BRI+(ABR)
instruction +BRI+ABR) +ABR)
Analysis of | Groups A ows A Factor 1 A Main treatment A
variance Error Columns B Factr 2 B Blocks R
Interaction AB Interaction AB | Emor (2) AR
Error Blocks R Sublreatment B
Error Ineraction  AB
Error &)

As mentioned earlier, the sample problem is a
randomized complete block design with three factors
replicated twice. Therefore, it is necessary to pool
certain components in the table of analysis of vari~
ance shown in Figure 19, Specifically, the compo-
nents AR, BR, ABR, CR, ACR, BCR, and ABCR
are combined into one value called the error term.
The result is indicated in Figure 19. Since these
data are purely hypothetical, interpretations of the
various effects are not made.

Sample

The output listing for the sample prob_lem is shown
in Figure 19.

ANALYSIS OF VARIANCEsssss SAMPLE

LEVELS OF FACTORS
A o

8 3
< 3
R 2
GRAND MEAN 9440277

SOURCE OF SUMS OF DEGKEES OF MEAN
VARTATION SQUARES FREEDOM SQUAKES

4 229404168
8 122069465
a8 1382.08349

16434722

’
s
ou
g
4

3
@
KeononmwrRronony

ABCR 151,02760 12458564

T0TAL 3233431661

Figure 19. Output listing

Program Modification

Noting that storage problems may result, as pre-
viously described in "Sample Program Description",
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also be handled by providing
a specific format statement. In order to familiarize
the user with the program modification the following
general rules are supplied in terms of the sample
problem:

1. Changes in the dimension statements of the
main program, ANOVA:

a. The dimension of array X must be greater
than or equal to the total number of data
points as calculated by the formula in the
program capacity section above. For the
sample problem the total number of data
points is 240 = (4+1)(3+1)(3+1)(2+1).

b. The dimension of arrays HEAD, LEVEL,
ISTEP, KOUNT, and LASTS must be
greater than or equal to the number of
factors, k. Since there are four factors in
the sample problem (4 = 3 original factors
+ 1 pseudo factor) the value of k is 4.

c. The dimension of arrays SUMSQ, NDF,
and SMEAN must be greater than or equal
to n = 2K-1, where k is the number of
factors. For the sample problem the
value of n is 15 = 24-1,

2. Change in the input format statement of the
main program, ANOVA:

Only the format statement for input data may

be changed. Since sample data are either

one- or two-digit numbers, rather than using
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six-column fields as in the sample problem,
each data may be keypunched in a two-column
field, and, if so, the format is changed to
(12F2.0). This format assumes twelve 2-
column fields per card, beginning in column 1.

Operating Instructions

The sample analysis-of-variance program is a
standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is
used for input, and logical unit 1 is used for output.

Sample Main Program for Analysis of
Variance - ANOVA

Purpose:
(1) Read the problem parameter card for analy~
sis of variance, (2) Call the subroutines for the
calculation of sums of squares, degrees of free-
dom and mean square, and (3) Print factor
levels, grand mean, and analysis of variance
table.

Remarks:
The program handles only complete factorial de-
signs. Therefore, other experimental design
must be reduced to this form prior to the use of
the program.
1/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
AVDAT
AVCAL
MEANQ

Method:
The method is based on the technique discussed
by H.O. Hartley in '""Mathematical Methods for
Digital Computers", edited by A. Ralston and
H. Wilf, John Wiley and Sons, 1962, Chapter 20.

OR
:{OzleARDOVYPEIRl7ERt1|32 PRINTER)
SONE WORD INTEGERS

< SAMPLE MAIN PROGRAM FOR ANALYS1S OF VARIANCE = ANOVA ANOVA |
[4 THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE  ANOVA 2
< CUMULATIVE PRUDUCT OF EACH FACTOR LEVEL PLUS ONE (LEVELII)+l) ANOVA 3
< FOR 1=1 TO X» WHERE K 1S THE NUMBER OF FACTORSes ANOVA &
DIMENSION Xx(1600} ANOVAMO2

C THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO THE ANOVA &
< NUMBER OF FACTORSes ANOVA 7
OIMENSION MEADI6) sLEVEL(6) s 1STEP(6)4KOUNTL6 1 3LASTS(6) ANOVA 8

[4 THE FOLLOWING DIMENSIONS MUST BE GREATER ThAN OR EQUAL TU 2 TO ANOVA 9
c THE K=TH POWER MINUS ls ((2%*K)=l)as ANOVA 10
DIMENSION SUMSQ(63)sNDF(63)»SMEANIS3) ANOVAMG L

[3 THE FOLLONING DIMENSION IS USED TO PRINT FACTOR LABELS IN ANOVA 12
c ANALYSIS OF VARIANCE TABLE ANO IS FIXED ANOVA 13
DIMENSION FMT(15) ANOVA 16

L FORMATEA4;82,12,4403Xs110A1,140/ (AL 14,41 414sA0¢14rALa14,40,14)) ANOVA 15

2 FORMAT(////26H ANALYSES OF VARIANCE..sssA4042//) ANUVA 16

3 FORMAT{//L18H LEVELS OF FACTORS/(3X/ALl,7Xy14)) ANOVA L7

4 FORMAT(////11H GRAND MEAN,F20.5////} ANOVA 18

5 FORMAT//LGH SOURCE OF,18X THSUMS OF 10X 410HDEGREES OF 19Xs4HMEAN/ ANOVA 19
110K VARIATION,18XsTHSQUARES,11Xs THFREEDGH, 10X+ THSQUARES/) ANUVA 20

6 FORMAT(2X,15A1,F2G.5,10X116,F20.5) ANGVA 21

7 FORMAT(/TH TUTAL110XsF2G.5,10Xs16) ANOVA 22

8 FORMATI12F6.0) ANGVA 23

9 FORMAT(212) ANQVA 24

C tesesvesetsraitrienns L T Y Y 7 W1 1
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READL2,9)MX, MY ANOVA 26

4 READ PROBLEM PARAMETER CARD ANOVA 27
100 READ (MYs1)PR,PRLyK+BLANK,{HEADII ), LEVELLT) 131,K) ANOVA 23
[ PR ROBLEM NUMBER (MAY BE ALPHAMERIC) ANOVA 29
c ROBLEM NUMBER (CONTINUED} ANOVA 30
[ UMBER OF FACTORS ANOVA 31
c LANK FIELD ANOVA 32
c HEAD. . FACTOR LABELS ANOVA 33
c LEVEL..LEVELS OF FACTORS ANOVA 34
c PRINT PROBLEM NUMBER AND LEVELS OF FACTORS ANOVA 35
WRITE (MX32)PR,PR1 ANOVA 36
WRETE {MX93) (HEADCI )2 LEVELLID,[=1,K) ANQVA 37
c CALCULATE TOTAL NUMBER OF DATA ELEMENTS ANDVA 38
N=LEVELUL) ANOVA 39
00 102 =2, ANOVA 40
102 N=NeLEVEL(I) ANOVA 41
[ READ ALL INPUT DATA ANOVA 42
HEAD (MY481(X(1)s1=1,N) ANOVA 43
CALL AVDAT (KyLEVEL NyX oLy ISTEP,KQUAT) ANOVA 44
CALL AVCAL (KsLEVEL yXsLyISTEP,LASTS) ANOVA 45
CALL MEANQ (KsLEVEL o X, GKEAN+SUMSQsNOF+SMEAN, ISTEP yKOUNT,LASTS) ANOVA 46
c PRINT GRAND MEAN ANDVA 47
WRITE (MXy4)GMEAN ANOVA 48
[ PRINT ANALYSIS OF VARIANCE TABLE ANOVA 49
WRITE (MX45) ANDVA 50
LLa(28%K) -1 ANOVA 51
{STEP(1)=1 ANOVA 52
00 105 1=2,K ANOVA 53
105 ISTEP(1)=C ANUYA D0
00 110 1=1,15 ANOVA 55
11G FMTLL) =BLANK ANOVA So
NN=D ANCVA 57
SuM=u.0 Anuva 33
12C NN=NNe ] ANLVA 59
L=0 ARDVA ol
D0 14C I=1,K ANUVA ol
FMT(1)=B8LANK ANUVA 62
AFCESTEPLIN) 130, 14C, 130 ANGVA o3
130 L=L+l ANGY~ 0%
FNT(L)=rcAl 1} ANCVA o3
140 CONTINUE MALVA 66
ARITE {MAy0) {FATLi} 121,15), SUNSUENN) o NUF (NK) 3 SMEANLNN) ANLVA o7
SUM=SUMeSUMS QI Niv) ANOVA 55
IFINN-LL) 145, 170, 170 ANCVA 69
145 00 160 I=1,K ANGVA 70
EFLISTEPLLI) 1474 150, 147 ANUVA 71
147 ISTEPLI1=D ANGVA 72
G0 T 160 ANGVA 73
150 (STERLII=] ANGVA Tu
60 TO 120 ANLVA 75
160 CONTINUEZ ANLVA To
170 N=N-1 AnGVA 17
WRITE (MK, T)Sddail ANLVA T8
60 To 13 ANLVA 73
=N ANLVA 50
17 oup
*STORE A4S UA an0va
/1 XEQ ANAVA
12 H
SAMPLEOS A000480003C0003R0002 2
10 8 24 8 9 3 2 8 9 8 3
6 12 3 9 22 716 2 2 2 7 2 4
s 10 s [} 23 ] 17 3 2 8 6 3 s
2 14 9 12 29 16 11 3 2 7 5 3 6
7 11 s 8 28 18 10 6 6 6 5 9 7
9 10 27 8 28 18 1 7 8 9 8 15 8

DISCRIMINANT ANALYSIS

Problem Description

A set of linear functions is calculated from data on
many groups for the purpose of classifying new
individuals into one of several groups. The classifi-
cation of an individual into a group is performed by
evaluating each of the calculated linear functions,
then finding the group for which the value is the
largest.

The sample problem for discriminant analysis
consists of four groups of observations as presented
in Table 7. The number of observations in the first
group is eight; the second group, seven; the third
group, seven; and the fourth group eight. The num-
ber of variables is six in all groups.

Program
Description

The discriminant analysis sample program consists
of a main routine, MDISC, and three subroutines:

DMATX

are from the Scientific
MINV Subroutine Package
DISCR

o~

4
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Table 7. Sample Data for Discriminant Analysis

Observation X, X, X, X, X X

Group 1 1 3 10 9 8| 24 8
2 4 12 3 8 22 7

3 9 3 2 8 9 8

4 16 2 2 2 7 2

5 5 10 5 8 23 9

6 17 3 2 8 6 3

7 2 10 9 8 29 16

8 7 10 5 8 28 18

Group 2 1 9 10 27 8 28 16
2 11 7 8 9 8 15

3 8 10 2 8 27 16

4 1 6 8 14 14 13

5 7 8 9 6 18 2

6 7 9 8 2 19 9

7 7 10 5 8 27 17

Group 3 1 3 11 9 15 20 10
2 9 4 10 7 9 9

3 4 13 10 7 21 15

4 8 5 16 16 16 7

5 6 9 10 5 23 11

] 8 10 5 8 27 16

7 17 3 2 7 6 3

Growp 4 1 3 10 8 8 23 8
2 4 12 3 8 23 7

3 9 3 2 8 21 7

4 15 2 2 2 7 2

5 9 10 26 8 27 16

] 8 9 2 8 26 16

7 7 8 6 9 18 2

8 7 10 5 8 26 16

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to four groups

2. Up to ten variables

3. Up to a total number of 100 observations in
all groups combined.

4. (12F6.0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than four
groups, more than ten variables, or more than 100
observations, dimension statements in the sample
main program must be modified to handle this par-
ticular problem. Similarly, if input data cards are
prepared using a different format, the input format
statement in the sample main program must be
modified. The general rules for program modifica-
tion are described later.

Input

1/0 Specification Card

One control card is required for each problem and is
read by the main program, MDISC. This card is

prepared as follows:

For Sample
Columns Contents Problem

1-6 Problem number (may be SAMPLE

alphameric)
7-8 Number of groups 04
9 - 10  Number of variables 06
11 - 15  Number of observations 00008

in first group

16 - 20  Number of observations 00007
in second group

21 - 25  Number of observations 00007
in third group

26 - 30  Number of observations 00008
in fourth group

65 - 70  Number of observations
in twelfth group (if
present)

If there are more than twelve groups in the prob-
lem, continue to the second card in the same

manner.
Columns Contents
1-5 Number of observations in thirteenth
group
6 - 10 Number of observations in fourteenth
group

Leading zeros are not required to be keypunched,
but numbers must be right-justified in fields.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each row of data in Table 7 is
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keypunched on a separate card using the format Output
(12F6.0). This format assumes twelve 6-column

fields per card. Description M
Deck Setup The output of the sample program for discriminant
analysis includes:
Deck setup is shown in Figure 20, 1. Means of variables in each group
2. Pooled dispersion matrix
Sample 3. Common means
4. Generalized Mahalanobis D-square
The listing of input cards for the sample problem is 5. Constant and coefficients of each discriminant
presented at the end of the sample main program. function
Data
cards
Control
card Last
problem
[ ]
L
.
Data
cards
Control
card
Second problem
Data
cards
Control
card
1/0 Specification First problem
card
DISCR
MINV
DMATX Subroutines and main program
(including system control cards)
MDISC

Figure 20, Deck setup (discriminant analysis)
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6. Probability associated with the largest dis- PISCRININAKT AUALYSLS1s o eSaHPLE
o . X wukses oF caoups
criminant function evaluated for each observation. b

A
UMBER OF VARIABLES 6
SAMPLE SI2ESes

croup

: :
3 T
Sample ‘ ’
The output listing for the sample problem is shown I
in Figure 21, 7487500 7450000 4262300 7425000 1850000 8487500
R A%~ S susries Teste zoaezme 1230
Program Modification SO LY e seosie s aneasst oaezss
Noting that storage problems may result, as pre- P 3% swsseo namw awarse 5125000
viously discussed in ""Sample Program Description',
! ! T
program capacity can be increased or decreased by "
making changes in dimensiOn Statements. mput ’H.é)!lu ~11.16208 “5421496 ~6409889 ~22478861 ~99560%1
data in a different format can also be handled by " s ansssoes seanz e
providing a specific format statement. In order to won 3
101 ! oroer s.z1a0s etz 3 sesest 1seseer suaeses
familiarize the user with the program modification, o s
the following general rules are supplied in terms Of ! ~6409R89 1491758 3492681 9483309 5462156 3483790
the sample problem: o
1. Changes in the dimension statements of the
main program, MDISC: 22,7481 22000987 teuzsest weziss  ez.Tasss 20010268

a. The dimension of array N must be greater .
than or equal to the number of groups, k. et ioweetst seases Bee souszes  zs.stess
Since there are four groups in the sample

COMNON WEANS
746866

problem the value of k is 4. . Tasssss Toassns T aesses eanm
b. The dimension of array CMEAN must be ctncensizeo wmacancais omscuste 12470067
greater than or equal to the number of
variables, m. Since there are six vari- OISCRIMINANT FUNCTION 1
. coustar » coereicients
ables in the sample problem the value of camarizs »
m is 6. OISCHIMINANT FUNCTION 2
c. The dimension of array XBAR must be CONSTANT « CORFFICIENTS
asiai00 o e aasan wocels desne oeomz -o.im
greater than or equal to the product of m —_—
IscRIxINANT FuNcTION >
times k. For the sample problem this Constant + coerrrcients
product is 24 = 6 X 4. =31.86626 2474008 2439585 =0.06456 2413259 042619 =0.+32718

d. The dimension of array C must be greater SISCRIMINANT FUNCTION &

CONSTANT ¢ COEFFICIENTS

than or equal to the product of (m+1)k. sowi02s anms 2w s R R ™)
For the sample problem this product is )
28 = (6+ 1)4- - EVALUATION OF CLASSIFECATION FUNCTIONS FOR EACH OBSERVATION
e. The dimension of array D must be greater k “*° PROBABILIYY ASSOCLATED witn Ussest
N it of m fimes m ovscparion (LRGBS ST R IS AT .
than or equal to the pros . 3 Giinees i
3 Heho i
For the sample problem this product is
36 =6 x6.
f. The dimension of arrays P and L.G must be . et N
greater than or equal to the total number : parens :
. . . : H1ES H
of observations in all groups combined, t.
. caoue 2
For the sample problem this total is Slemnsseani e
30=8+T7+17+8, ; il :
g. The dimension of array X must be greater 3 siadiat :
than or equal to the total number of data ’ s :
" X o
points that is equal to the product of t ooseparion LI AR Ty e
H Guteer H
H 0r56689 H
5 oesns 3
H 243006 H
e
PROSABILITY AssaCIATED wiH Lancest
ABSERATION  LARGEST 51 bR batasnt Eone 1o e o
3 SeSaey R
} eI i
: oresase i
s 0452173 2
: e :
$ et :
L] 0a27840 1

Figure 21. Output listing
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times m. For the sample this product
is 180 = 30 x 6.
2. Changes in the input format statement of the
main program, MDISC:

Only the format statement for input data may
be changed. Since sample data are either
one- or two-digit numbers, rather than using
six-column fields as in the sample problem,
each row of data may be keypunched in two-
column fields, and, if so, the format is
changed to (6F2.0). This format assumes
six 2-column fields per card, beginning in
column 1.

Operating Instructions

The sample program for discriminant analysis is a
standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is
used for input, and logical unit 1 is used for output.

Sample Main Program for Discriminant
Analysis - MDISC

Purpose:
(1) Read the problem parameter card and data
for discriminant analysis, (2) Call three sub-
routines to calculate variable means in each
group, pooled dispersion matrix, common means
of variables, generalized Mahalanobis D square,
coefficients of discriminant functions, and
probability associated with largest discriminant
function of each case in each group, and (3) Print
the results.

Remarks:
The number of variables must be greater than or
equal to the number of groups.
I/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
DMATX
MINV
DISCR

Method:
Refer to "BMD Computer Programs Manual',
edited by W.J. Dixon, UCLA, 1964, and
T.W. Anderson, "Introduction to Multivariate
Statistical Analysis', John Wiley and Sons,
1958, section 6.6-6.8.

/7 FOR

*I0CS{CARD, TYPEWRITER, 1132 PRINTER)

*ONE WORD INTEGERS

[4 SAMPLE MAIN PROGRAM FOR DISCRIMINANT ANALYSIS - MDISC MDISC L

< THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE  MDISC 2

c NUMBER OF GROUPS, K.. MDISC 3
DIMENSION Ni4) MDISC 4

4 THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TJ THE  MUISC 5

< WUMBER OF VARIABLES, M.. MDISC 6
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Ex.1042 / Page 172 of 196
Cisco Systems, Inc.

DIMENSION CMEANI 10) MDISC 7
[3 THE FOLLOWING DIMENSION MUST 9E GREATER THAN OR EQUAL TO THE  MDISC 8
3 ROOUCT OF M#K.. MDISC 9
DIMENSION XBAR(40) HOISC 10
3 THE FULLOWING DIMENSION MUST BE GREATER THAN OK EQUAL TO THE  MDISC 11 ;
3 PRODUCT OF (M#l)¥K,. MDISC L2 N
DIMENSION Cl44) MDISC 13 1
3 THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE  NDISC 14
c PRODUCT OF HoM.. MDISC 15
DIMENSIGN D(100) MDISC 16
c THE FULLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO THE MOISC 17
c TDYAL ur SAMPLE SIZES OF K GROUPS COMBINEDy T (T = NO1)eN{2)+..MDISC 18
c +N( MDISC 19
olnENsmN £0100) 41611000 MDISC 20
c FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE  MOISC 21
c mru. DATA POINTS NHICH IS EQUAL TD THE PRODUCT OF T#M.. MDISC 22
DIMENSIGN A(1000} MDISC 23
c cecceniantisetanrincaricasensaaresnssasassMDISC 24
1 FORMAT{ A4y A2, 212, 12157 (141571 MDISC 25
2 FORMATL//7/27TH DISCRIMINANT ANALYSIS+s...A%A2//719H  NUMBER OF GRMOISC 26
LOUPS s 7X113/22H  NUMBER OF VARIAGLES,IT/L7H  SAMPLE SIZES../12Xs MDISC 27
25HGRAUP) MD1SC 28
3 FORMATL12X,13+8X+14) MDISC 29
4 FORMAT(//2X) MDISC 30
5 FORMAT(12F6.0) MDISC 31 @
& FORMAT{//6H GROUP,13,TH MEANS/{8F15.5)) MDisL 32
7 FORMATL///25H PUJLED OISPERSION MATRIX) MDISC 33
8 FORMAT(/74H ROW,13/(BF15.5)) HDISC 34
9 FORMAT(////131 CUNHON MEANS/{8F15.5)) nmsc 35
10 FORMAT(////33H GENERALIZED MAHALANOBIS D-SQUARE,F15.5//) sC 36
11 FORMAT{//22H OISCRININANT FUNCTLON,I3//6Xs27HCONSTANT & coer—nnmsc 37
ICIENTS//FL4.5,TH & 4 TF14.5/422X1TF14.5)) 38
12 FORMAT(////6GH EVALUATION OF CLASSIFICATION FUNCTIONS FOR EACH nasnmsc 39 2
LERVATION) HDISC <0
13 FORMAT(//6H GROUP,I3/19X,2 THPROBABILITY ASSOCIATED WITH11X,THLARGMDISC el
LEST/13H  OBSERVATIGNs5X129HLARGEST DISCRIMINANT FUNCTIUN,8Xy1ZHFUNMDISC 42
2CTION NO.J HOISC 43
14 FORMAT(IT,20X,F8.5,20Xs16) MDISC 44
15 FORMATI212) MDISC 45
< sesesusassaseretiitecttasnennacserssassasasacsaasssaNOISC 46
¥ HDISC 47
3 4 PARAMETER CARD MDISC 48
100 AEADINV'I)FR'PII.K:N'(NII).IHI,KJ MDISC 49
3 PRUBLEM NUMBER (MAY BE ALPNAIERICI HDISC 50
c PRIBLEH NUNBER {CONTINU| KOISC 51
c NUMBER GF GROUI s HDISC 52
4 NUMBER OF VARIABLES MDISC 53
.€ VECTOR OF LENGTH K CUNTAINING SAMPLE SIZES MUISC 54
PRPRIGK M HOISC 55
00 11 K MDISC 56
110 WRITE (MXy3) I.NCI) MDISC 57
WRITE (MXy4) MDISC 58
READ DATA . MDISC 59
L=0 MDISC 60
nn 130 1=1,K HDISC ol
N1=N(1) MDISC o2
50 120 J=l, MOISC 63
READ (Hv.ﬁn lanANuJ).lJ 1o} NDISC 64
LeLel MDISC 65
N2sL=NL MDISC 66
00 120 IJ=1,M MDISC 67
N2aN2+N MDISC 68
120 XIN2)=CHEANLIS) MDISC 69
130 L=N2 NDISC 7O
CALL DMATX (KoMsN/X3XBARs Dy CNEAN) MOESC 71
c PRINT MEANS AND POOLED DISPERSION MATRIX MDISC T2
L=0 MDISC 73
D0 150 I=1,K MDISC 74
DO 140 J=1,M MOISC 75
Lab+l MDISC 76
140 CMEAN(J)=XBAR(L) RDISC 77
150 WRITE (MA,6) I.{CHEAN(J)sd=1,M) MDISC 78
WRITE {MX,7} HDESC 79
DO 170 I=1,M NDISC 80
L=1-M MDISC 81
DO 160 J=1.M MDISC 82
L=L+N HDISC 83
160 CMEAN(J)=0(L) MDISC 84
170 WRITE (MX,8) [,(CHEAN(J}sJ=LoN} MDISC 85
CALL HINV (DeM,DET,CHEAN,C) MDISC 86
CALL DISCR (KyMyN+X XBAR Dy CHEAN s Vs CyP o LG) MDISC 87
PRINT COMMON MEANS HDISC 88
WRETE(MX,9) (CHEANE T}, 1=14M) MDISC 89
PRINT GEN&RAUZ&D MAHALANOBIS D-SQUARE Mu1SC 90
WRITE (MXs10) MDISC 9t
PRINT causnurs AND COEFFICIENTS OF DESCRININANT FUNCTIONS HOLSC 92
Nl=1 D1SC 93
N2=M+1 MDISC 94
D0 180 1= MDISC 95
WRITE lMlel) [24CE) v I=N1,N2) NDISC 96
NL=NL+{ M+ MOISC 97
18C N2=N2+( M+ 1) MDISC 98
c PRINT EVALUAHUN OF CLASSIFICATION FUNCTIONS FO EACH MDISC 99
c OBSERVAT L0 HDISC100
WRITE (Nx.lz) MDISCLO1
N1=1 MDISCLO2
N2=N(1) MDISC103
00 210 I=1,K ROISC104
WRITE (MX¢13) I MDISCLOS
L= MO1SC106
DO 190 u=N1,N2 HDISC107
sL+l NOISCLO8
190 WRITE (MX¢14) LyPLydsLGIJ} HDISCL09
IFEI=K) 20C, 1CC, 1CO *
20C NL=NLeNCI) :3.‘22{}1’
N2=N2+N{1#1) HOISCL12
210 CONTINUE MDISCLL3
:LgP MOISCile
10 oup MDISC11S
*STORE us oA Mot >
/7 XEQ MOl
cwcALnoxsc.anmx.nmv.uxscn
12 1
SAMPLE040600008000070000700008 2
3 10 9 8 24 8 3
s 12 3 8 22 7 o
9 3 2 8 9 ] s
16 2 2 2 ? 2 s
s 10 5 8 23 9 7
17 3 2 8 6 3 8
2 10 9 8 29 16 9
710 5 8 28 18 10
° 10 27 [T ] 16 1
11 7 8 9 8 15 12 ’m”
8 10 2 a 27 18 13
1 6 N 14 s 13 14
7 ] 9 & 18 2 1%
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FACTOR ANALYSIS

Problem Description

A principal component solution and the varimax
rotation of the factor matrix are performed. Prin-
cipal component analysis is used to determine the
minimum number of independent dimensions needed
to account for most of the variance in the original
set of variables. The varimax rotation is used to
simplify columns (factors) rather than rows
(variables) of the factor matrix,

The sample problem for factor analysis consists
of 23 observations with nine variables as presented
in Table 8, In order to keep the number of inde-
pendent dimensions as small as possible, only those
eigenvalues (of correlation coefficients) greater than
or equal to 1,0 are retained in the analysis.

Table 8. Sample Data for Factor Analysis

Cbservation X, X2 Xs Xq X5 Xs X Xg Xg
1 7 7 9 7 15 36 60 15 24
2 13 18 25 15 13 35 61 18 30
3 9 18 24 23 12 43 62 14 31
4 7 13 25 36 11 12 63 26 32
5 6 8 20 7 15 46 18 28 15
6 0 12 3 11 10 42 27 12 17
7 7 6 11 7 15 35 60 20 25
8 16 19 25 16 13 30 64 20 30
9 9 22 26 24 13 40 66 15 32

10 8 15 26 30 13 10 66 25 34
11 8 10 20 8 17 40 20 30 18
12 9 12 28 11 8 45 30 15 19
13 11 17 21 30 19 45 60 17 30
14 9 16 26 27 14 31 59 19 17
15 10 15 24 18 12 29 48 18 26
16 11 11 30 19 19 26 57 20 30
17 16 9 16 20 18 31 60 21 17
18 9 8 19 14 1l6 33 67 9 19
19 7 18 22 9 15 37 62 11 20
20 8 11 23 18 9 36 61 22 24
21 6 6 27 23 7 40 55 24 31
22 10 9 26 26 10 37 57 27 29
23 8 10 26 15 11 42 59 20 28

Program
Description

The factor analysis sample program consists of a
main routine, FACTO, and six subroutines:

CORRE

EIGEN are from the Scientific Subroutine

TRACE Package

LOAD
VARMX

DATA is a special input subroutine

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:
| 1. Up to 29 variables

2. Up to 99,999 observations

3. (12F6. 0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than 30
variables, dimension statements in the sample main
program must be modified to handle this particular
problem. Similarly, if input data cards are pre-
pared using a different format, the input format
statement in the input subroutine, DATA, must be
modified. The general rules for program modifica-
tion are described later,

Input
1/0 Specification Card
One control card is required for each problem and

is read by the main program, FACTO. This card
is prepared as follows:

For
Sample

Columns Contents Problem

1-6 Problem number (may be SAMPLE

alphameric)

7 -11 Number of observations 00023
12 - 13  Number of variables 09
14 - 19 Value used to limit the 0001.0

number of eigenvalues of
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For Sample Data Cards
Columns Contents Problem Since input data are read into the computer one ‘
observation at a time, each row of data in Table 8 "?
is keypunched on a separate card using the format
14 - 19 correlation coefficients. (12F6.0). This format assumes twelve 6-column
(cont) Only those eigenvalues fields per card.
greater than or equal to If there are more than twelve variables in a
this value are retained in problem, each row of data is continued on the second
the analysis. (A decimal and third cards until the last data point is key-
point must be specified. ) punched. However, each row of data must begin on
a new card. s
Leading zeros are not required to be keypunched, Deck Setup
but numbers must be right-justified in fields. Deck setup is shown in Figure 22.
o
Data
cards
Control
card Last
problem
*
[ ]
Data
cards
Control
card Second problem
-
Data
cards
Control
card First problem
/0 Specification |
card
VARMX

LOAD

TRACE

EIGEN

CORRE

DATA

FACTO

Figure 22. Deck setup (factor analysis)
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Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Output
Description

The output of the sample program for factor analysis
includes:

1. Means
. Standard deviations
. Correlation coefficients
. Eigenvalues
. Cumulative percentage of eigenvalues
. Eigenvectors
. Factor matrix
. Variance of the factor matrix for each
iteration cycle

9. Rotated factor matrix

10, Check on communalities

0 -1 U W

Sample

The output listing for the sample problem is shown
in Figure 23.

Program Modification

Noting that storage problems may result, as pre-
viously described in '"Sample Program Description',
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also be handled by providing
a specific format statement. In order to familiarize
the user with the program modification, the following
general rules are supplied in terms of the sample
problem:

1, Changes in the dimension statements of the
main program, FACTO:

a., The dimension of arrays B, D, S, T, and
XBAR must be greater than or equal to
the number of variables, m. Since there
are nine variables in the sample problem
the value of m is 9.

The dimension of array V must be
greater than or equal to the product of m
times m, For the sample problem this
product is 81=9x 9,

The dimension of array R must be

greater than %
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38820
suoezor
Gz

~ovistns

e
izt

~g.20359

anserr
oue0sas
ou1z08e
outvni
0039228

0.20502
PRy

~oa15902

-a.0237%

00
arocay
ala3005
2260905

Figure 23. Output listing

5000y -

i2esevse

303780

T

-0.09100

~0.08308

~0.50368

-a.22999

1000030

aueszo

“on2saes

oezva1

~ou26e27

aresses

RN

eaaz008
Sezviny
ouzosor  ~0a12968
ontvazz  -0a320m
ousess 0,220
copl0 -a.00ers
~0ans20 w.258m0
100830 -3.20089
caus0es eooaus
G013 Gussi
o swazer
uamnsy  adazeses
01680 aerser
“0m300 Baagan

oraze

«eo00u0 19esense

e3e30)

feeres

sasvev0

-aus0set

astese

v

PN
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For the sample problem, this number is

_(9+1)9
45 = <

2. Changes in the input format statement of the
special input subroutine, DATA:

a. Only the format statement for input data
may be changed. Since sample data are
either one- or two-digit numbers, rather
than using six-column fields as in the
sample problem, each row of data may
be keypunched in two-column fields,
and, if so, the format is changed to
(9F2.0). This format assumes nine 2-
column fields per card, beginning in
column 1,

b. The special input subroutine, DATA,
is normally written by the user to
handle different formats for different
problems. The user may modify this
subroutine to perform testing of in-
put data, transformation of data,
and so on,

Operating Instructions

The sampleprogram for factor analysis is a standard
FORTRAN program,. Special operating instructions
are not required. Logical unit 2 is used for input,
and logical unit 1 is used for output.

Error Messages

If the number of factors to be rotated is one or zero,
the following message will be printed:
ONLY FACTOR RETAINED, NO ROTATION,
The program skips rotation and goes to the next
problem if it is present.

Sample Main Program for Factor Analysis - FACTO

Purpose:
(1). Read the problem parameter card, (2) Call
five subroutines to perform a principal com-
ponent solution and the varimax rotation of a
factor matrix, and (3) Print the results.

Remarks:
1/0 specifications transmitted to subroutines by
COMMON,
Input card:

Column 2 MX - Logical unit number for
output.

Column 4 MY - Logical unit number for
input.

172

Subroutines and function subprograms required:
(which, in turn, calls the subroutine named DATA.)

CORRE
EIGEN
TRACE
LOAD
VARMX

Method:
Refer to "BMD Computer Programs Manual",

edited by W. J. Dixon, UCLA, 1964,

{7 FOR
*10CSICARD, TYPEWRITER, 1132 PRINTER)

ANE NDRD mr E

8
4
3

An An

n

o

conmon

GERS

MPLE MAIN PROGRAM FOR FACTOR ANALYS1S = FAC
YNE FOLLOWING DIMENSIONS “UST BE GREATER 'nAN QR EQUAL TO THE
NUMBER OF VARIABLESs Meo

OIMENSION 8(29)+Di291,5(2919T125) 9 XBARI29}
THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE
PRODUCT OF M#M,,

OIMENSION Vvi8sl)
THE FOLLOWING DIMENSION MUST BE GREATER TMAN OR EQUAL TO
(Me11oM/ 200

DIMENSION Rt435)
THE FOLLOWING DIMENSIUN MUST B GREATER TMAN UR EQUAL TO Slse
DIMENSION TVi51)

COMMON MX+MY

FORMAT(////21H FACTOR ANALYSISeeseeAbsA2//3X912nNOe OF CASESaXs

116/3X916HNOs OF VARIABLES»I16/)

CPIBNEOOBuNO VP WN

T
Som~

°
o

104
110
120

1eC
150

FORMAT(//6H MEANS/(8F15¢51
FORMAT(//20M STANDARD DEVIATIONS/{8F15.5}1
FORMAT{//25H CORRELATION COEFFICIENTS}
FORMAT (//4H ROWeI3/t10F1245))
FORMAT(///12n EIGENVALUES/(10F1245))
FORMAT(//3TH CUMULATIVE PERCENTAGE OF EIGENVALUES/(10F124514
FORMAT(///13n E1GENVECTORS)
EORMAT (/71 VECTORM1%/(10F1205
'ORMAT(//7/16H FACTOR MATRIX (,ls 9H FACTORS})
FORMAT( //9H VawlaBLE,[3/110F12.5))
FORMAT(///10H ITERATIUNSTXs IHVARIANCES/8H
FORMAT( 10,F20.6)
FORMAT(/7/24H ROTATED FACTOR MATRIX (,13,9H FACTGRS})
FORMAT(//94 VARIABLE,[3/110F12.5)
FORMAT(///23H CHECK ON COMMUNALITIES//9H VARIABLE,TX,8HURIGINAL,
12X, 5HF INALy 10X s LOHDIFFERENCEY
FURMAT{ Io,3Fl8.5)
FURMAT{A%,A2,13412,F6.0)
FORMATI//5H ONLY12430H FACTOR RETAINED. NO ROTATIUN )}
FORMAT{212)
READ{Z,20) MX MY

READ PROBLEM PARAMETER CARD

CYCLED

READ (MY, 18)PR,PKL, NyM,CON
Pres «PROBLEM NUMBER {MAY BE ALPHAMERIC)
PRL. +PROBLEM NUMBER (CONTINUED)

NUMBER OF CASES

UMBER OF VARIABLES

CUNSTANT USED TO DECIOE HOW MANY EIGENVALUES
TO RETAIN

WRITE [MX,LIPRsPRLyN)M

10=0

cut

X=0.0

CALL CORRE (N/Ms[0) X1XBARY S VeRs D00y T}
PRINT MEANS

WRITE (MAs2) (XBAR(J),d=1,H)
PRINT STANUARD UEVIATIONS

WRITE (MA43DUS1d)rd=1r M)
PRINT CURRZLATION COEFFICIENTS

ARETE [MXy4)

DO 120 I=lsM

00 110 y=1,M

IF(1=J) 102y 104, 104

L=l+td*a-yis2

60 T3 110

L=geti=l-1)72

DI} =RIL)

WRITE (MX3501,(20{3)sd=1sM)

CALL EIGEN [KyVyMyMV)

CALL TRACE {MiRsCONyKeD)
PRINT EIGENVALUES

DO 130 I=14K

Lel+li®l-1)/2

SUI)=REL)

WRITE (MX46)8S(J),d=14K)
PREINT CUMULATIVE PERCENTAGE OF &IGENVALUES

WRITE (MK 7VIDEJ)gd=1,K)
PRINT EIGENVECTURS

WRITE {MX,8)

L=0

00 150 J=l,K

DO 140 I=l.M

Lak+l

DUII=VIL)

WRETE (MX49)4y(0(1)41=1,H)

CALL LOAD (MeKyRsV}
PRINT FACTOR MATRIX

WRITE (MX,10)K

00 180 I=1,M

DO 170 u=l.K

LEMs{I-L) el

0EII=VIL)

WRITE (MXs L1) I 0D€d)0d=L,K)

[F(x-1) 185, 185, 188

WRITE (MXy19)K

60 TO 100

CALL VARMX (M3K3VyNC,TV,8,T,0)

FACTO l
FACTO

FACTO 3
FACTOMOL
FACTO 5
FACTO &
FACTOMO2
FACTO 8
FACTU 9
FA(\‘ono)

-
>
an
b
<
-

FACTO .l!
FACTO 13

FACTO 70
FACTO 71

FACTQ 7o
FACTUY 79

FACTO 92

‘&

T
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4 PRINT VARIANCES FACTO 93

NV=NC+L FACTO 9%

WRITE {MXs14) ::?}3 32

00 190 [=1oNV

NC=1- FACTO 37
FACTU 98

190 WRITE lnx.umc.rv
[4 PRINT ROTATED Facma MATREX FACTU gz
WRITE (MXy14)K FACTOL

< FACTDLOL
B0 229 tel
Lame(a-1) o1 FALTOLG3
210 StJ)=ViL) FACTOL04
220 WRITE(MX¢13)141503) 9d=00K) FACTUL05
< PRINT CJMMUNALIT 1€S FACTOL06
WRETE (HX;160 FACTO107
00 230 f=1,M FACTO108
230 WRITE {MX,1701,8010,T(1),011) FAclulfg
FACTOL
220'0 1e0 FACTOLLL
74 ouP
#STORE WS UA FACTO
/7 XEQ FACTO
'LUL.ALFACFI].CUnREy:IGEN'IHACEyLOAD.VARN)(
12 1
SAMPLE00023090001 40 2
7 7 9 15 36 &0 15 26 3
13 $ 15 13 35 61 18 30 o
9 18 26 23 12 43 &2 la 31 5
7 13 25 3 11 12 83 26 32 6
6 8 20 15 46 18 28 15 7
10 12 30 11 10 e2 27 12 17 8
7 & 1 15 35 60 20 25 9
16 19 25 16 13 30 64 20 30 10
22 26 26 13 40 66 15 32
8 15 26 30 13 10 6 25 34 12
8 10 20 8 17 40 20 30 18 13
s 12 28 1 8 43 30 15 19 14
11 17 21 30 10 45 &0 17 30 15
9 16 26 21 14 31 8 19 17 16
10 15 26 18 12 29 48 18 26 17
1 11 30 19 19 26 57 20 30 18
16 s 16 20 18 31 &0 21 17 19
9 8 19 16 16 33 87 19 20
7 18 22 9 15 37 62 11 20 21
s 11 23 18 5 36 el 22 24 22
6 s 271 23 7 40 55 264 31 23
10 9 26 26 10 31 87 21 29 24
8 10 26 15 11 &2 59 20 28 25
SANPLE INPUT SUBROUTINE — DATA
PURPOSE
READ AN UBSERVATION (N DATA VALUES) FROM INPUT DEVICE.
THIS SUBROUTINE IS CALLED BY THE SUBROUTINE CORRE Auo ST
BE PROVIDED BY THE USER. IF SIZE AND LOCATION OF DATA
FIELDS ARE DIFFERENY FROM PROBLEN TD PROBLEM, THIS SUB-
ROUTINE WUST BE RECONPILED WITH A PROPER FORMAT STATEMENT.
USAGE
CALL DAYA {MsD)
nsscunmn OF PARAMETERS
NUMBER OF VARJABLES IN AN OBSERVATION.
°- umvm VECTOR OF LENGTH N CONTAINING THE OBSERVATION
DAT,
REMARKS
THE TYPE OF CONVERSION SPECIFIED IN TKE FORMAT NUST BE
EITHER F OR E.
SUBROUTINES AND FUNCTION SUBPROGRANS REQUIRED
NONE
SUBROUTINE DATA {4,0) 0ats 1
DIMENSION DI1) DATA ?
COMMON MX MY natA 3
1 FORMATL12F6.0) 2aTa &
c READ AN OBSFRVATION FROM [NPUT DEVICE. 2418 5
READ (MY, 1) DCI) ,I=1,M} Data 6
RE TURN OATA r
END nava A

TRIPLE EXPONENTIAL SMOOTHING

Problem Description

Given a time series X, a smoothing constant, and
three coefficients of the prediction equation, this
sample program finds the triple exponentially
smoothed series S of the time series X.

Program

Description

The sample program for triple exponential smoothing
consists of a main routine, EXPON, and one sub-

routine, EXSMO, from the Scientific Subroutine
Package.

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to 1000 data points in a given time series

2. (12F6.0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than 1000
data points, the dimension statement in the sample
main program must be modified to handle this par-
ticular problem. Similarly, if input data cards are
prepared using a different format, the input format
in the sample main program must be modified. The
general rules for program modification are de-
scribed later.

Input

1/0 Specification Card

One control card is required for each problem and
is read by the main program, EXPON, This card
is prepared as follows:

For
Sample
Columns Contents Problem
1-6 Problem number (may be SAMPLE
alphameric)
7 - 10 Number of data points in 0038
a given time series
11 - 15 Smoothing constant, 0.1
(0.0 < @ <1,0)
16 - 25  First coefficient (A) of 0.0
the prediction equation
26 - 35 Second coefficient (B) of 0.0
the prediction equation
36-45 Third coefficient (C) of 0.0

the prediction equation

Leading zeros are not required to be keypunched,
but numbers must be right-justified in fields.

Data Cards

Time series data are keypunched using the format
(12F6.0). This format assumes that each data point
is keypunched in a six~-column field and twelve fields
per card.
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Deck Setup . Program Modification

Deck setup is shown in Figure 24. Noting that storage problems may result, as pre- S
viously discussed in ""Sample Program Description" "
Sample program capacity can be increased or decreased by
making changes in the dimension statement. Input
The listing of input cards for the sample problem is data in a different format can also be handled by
presented at the end of the sample main program. providing a specific format statement. In order to
familiarize the user with the program modification,
Output the following general rules are supplied in terms of
- the sample problem; ¢
Description 1. Changes in the dimension statement of the
main program, EXPON:
The output of the sample program for triple exponen- The dimension of arrays X and S must be 4
tial smoothing includes: greater than or equal to the number of data points in
. 1. Original and updated coefficients time series, NX, Since there are 38 data points in
2, Time series as input and triple exponentially the sample problem, the value of NX is 38.
smoothed time series. 2. Changes in the input format statement of the
main program, EXPON:
Sample Only the format statement for input data may be
changed. Since sample data are three-digit num-
The output listing for the sample problem is shown bers, rather than using six-column fields as in the
in Figure 25, sample program, each data point may be keypunched

in a three-column field and 24 fields per card. If
so, the format is changed to (24F3.0).

Control

Last problem
card

.
®
L]
Data
cards
Control
card Second problem
Data
cards
kS
Control
card First problem

1/0 Specification
card

4

EXSMO

EXPON Subroutine and main program
(including system control cards)

Figure 24. Deck setup (triple exponential smoothing)
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TREIPLE EXPONENTIAL SMOOTHINGsess s SAMPLE

NUMBER OF DATA POINTS
SMOOTHING CONSTANT

COEFFICIENTS
ORIGINAL

UPDATED

INPUT DATA
430400006
426400006
422400006
419400006
414400006
413400006
412400006
409400006
411400006
417.00006
422400006
430400006
438400006
441400006
447400006
455400006
461400006
453,00006
448400006
449,00006
456400006
463400006
470400006
472400006
476400006
481400008
483400006
487400006
491400006
492400006
485400006
486400006
482400006
479400006

479400006
476400006
472400006
470400006

Figure 25. Output listing

38
0.100

000000

484480169

0400000

le71278

SMOOTHED DATA

Operating Instructions

The sample program for triple exponential smooth-
ing is a standard FORTRAN program. Special
operating instructions are not required, Logical
unit 2 is used for input, and logical unit 1 is used

for output.

{FORECAST)
430400006
426+00006
422400006
418400006
414429998
410423993
407408990
404466839
402422406
401425134
402464642
405.61696
41071617
417.47027
423499908
431418335
439443420
467487902
452421600
4564410571
455480731
458454632
463430535
469006439
474409521
47911016
484438598
4BRe94592
493450836
498405632
501466992
502412536
502464627
50116723

498492730
496484124
494400787
4904306413

0+00000

0404165

Sample Main Program for Triple Exponential

Smoothing - EXPON

Purpose:

(1) Read the problem parameter card and a time
series, (2) Call the subroutine EXSMO to smooth

the time series, and (3) Pr

Remarks:

int the result.

A smoothing constant specified in the problem
parameter card must be greater than zero but
less than one in order to obtain reasonable

results,

1/0 logical units determined by MX and MY,

respectively.

Subroutines and function subprograms required:

EXSMO.

Method:

Refer to R. G. Brown, "Smoothing, Forecasting

and Prediction of Discrete

Time Series",

Prentice-Hall, N. J., 1963, pp. 140 to 144,

/7 EOR
®1GCSICARD, TYPEWRITER, 1132 PRINTER)
*ONE WORD [INTEGERS

c

SAMPLE MAIN PROGRAM FOR TRIPLE EXPUNENTIAL SMOOTHING — EXPON  EXPUN
(4 THE FULLOMING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE EXPON

NUMBER OF DATA POINTS IN 4 GIVEN TIME SERIES.
OIMENSION X{1000},5{1000)
1 FORMAT(A45A2,144F5.0,3F10.0)
2 FORMAT(12F6.0}

EXPON
EXPON

3 FORMAT(////34H TRIPLE EXPONENTIAL SMOOTHING«e.s.3a4442//22H MNBEREKPON
3/3

1 OF DATA PGINTS,16/19H SMOOTHING CONSTANT,F9,
4 FORMAT(//13H COEFFICIENTS,9Xy1HA)14Xy1HBr 14X, 1HC)

L
2
3
4
EXPIJN 5
6
7
8
9

EXFON

S FORMAT{//9H GRIGINALF19.5¢2F15.5)

EXPON 10

© FORMAT(//8H UPDATEDSF20.5,2F15 .5/) EXPON L1
7 FORMAT{//27X,13HSNOOTHED DATA/TX, LOHINPUT DATA+12Xs10HIFORECAST)) EXPON 12
8 FORMAT(FL7.5,8XsF15.5) EXPON 13
9 FORMAT(212) EXPON 14
READ(24 91 MX 4 HY EXPON 15
c READ PROBLEM PARAMETER CARD EXPON 16
100 READ {MYy1) PhoPRI,NXyALyAsBeC EXPON 17
[ PRoeos sPRUBLEM NUMBER {MAY BE ALPHAMERIC) EXPON 18
< +PROBLEM NUNBER (CONTINUED] EXPON 19
c +«NUMBER OF DATA POINTS IN TIME SERIES EXPON 20
< ALesoso.SHODTHING CONSTANT EXPON 21
< n.d.c--.CDEFFtClENKS UF THE PREDICTION EQUATION EXPON 22
WRITE (MXy3) PR,PRL, EXPON 23
c PRINT URIGINAL coEf-Fl:lENrs EXPON 24
MRITE (MX,4) EXPON 25
WRIVE (MX15) A1BeC EXPON 26
READ TIKE SERIES DATA EXPON 27
READ (MY42) (X{E),I=L,NX)} EXPON 28
CALL EXSHD (X¢NX3AL 4A+BsCyS) EXPON 29
PRINT UPDATED coe#lusuvs EXPON 30
WRITE (MXy6) A4,8,C EXPON 31
PRINT INPUT AND SNOOTHED DATA EXPON 32
WRITE (MX,T) EXPON 33
200 E=1,NX EXPON 34
200 WRITE (MX,8) X{13,S(1} EXPAN 35
60 10 1c0 EXPUN 36
END EXPON 37
7/ oup
*STORE WS UA  EXPON
7/ XEQ EXPON
1
SAMPLE 38 0.1 040 . 0.0 2
430 426 422 Al9 414 A13 412 409  Al1 1T a22 430 3
430 441 44T 455 451 AS3 448 449  ASA 463 4TO  aT2 4
476 ABL 483 48T 491 492 483  4B6 482 4T9  AT9  4Ts s
472 A7 s

MATRIX ADDITION

Problem Description

An input matrix is added to another input matrix to

form a resultant matrix. Each

Appendix D — S

set of input matrices

ample Programs 175

Ex.1042 / Page 179 of 196
Cisco Systems, Inc.



and the corresponding output matrix is printed. The
procedure is repeated until all sets of input matrices
have been processed.

Program

Description

The matrix addition sample program consists of a
main routine, ADSAM, and four subroutines:

MADD } are from the Scientific
LOC Subroutine Package
MATIN are sample subroutines
} for matrix input and
MXOUT output
Capacity

Matrix size has arbitrarily been set at 650 data
elements. Therefore, if a problem satisfies the
above condition, no modification in the sample
program is necessary. However, if there are more
than 650 elements, the dimension statement in the
sample main program must be modified to handle
this particular problem. The general rules for
program modification are described later.

Input
1/0 Specification Card

Each input matrix must be preceded by a control
card with the following format:

For
Sample
Columns Contents Problem
1-2 Blank
3-6 Up to four-digit identifi- 0001
cation code
7«10 Number of rows in 0008
matrix
11 - 14 Number of columns in 0011
matrix
15 - 16  Storage mode of matrix 0
0 for general matrix
1 for symmetric matrix
2 for diagonal matrix
176

Each input matrix must be followed by a card
with a 9-punch in column 1.

Data Cards

Data cards are assumed to have seven fields of ten
columns each. The decimal point may appear any-
where in a field, or may be omitted; however, all
numbers must be right-justified. The number in
each field may be preceded by blanks. Data ele-
ments must be punched by row. A row may continue
from card to card. However, each new row must
start in the first field of the next card. Only the
upper triangular portion of a symmetric or the
diagonal elements of a diagonal matrix are con-
tained on data cards. The first element of each new
row will be the diagonal element for a matrix with
symmetric or diagonal storage mode, Columns 71-
80 of data cards may be used for identification, se-
quence numbering, etc.

A blank card after the last pair of input matrices
terminates the run.

Deck Setup
The deck setup is shown in Figure 26.
Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.

Output
Description

Both sets of input matrices and the output matrix are
printed. The resultant matrix is printed for any
sized array as a general matrix regardless of the
storage mode. Each seven-column grouping is
headed with the matrix code number, dimensions,
and storage mode. Columns and rows are headed
with their respective number. The code number for
the output matrix is derived by adding the code
numbers for the input matrices.

Sample

The output listing for the sample problem is shown
in Figure 27.

Program Modification

Noting that storage problems may result, as pre-
viously described in "Sample Program Description",
the maximum matrix size acceptable to the sample

3

“e
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Loc

MATIN

MXOUT
B

MADD

ADSAM

1/O Specification

Data Cards

for B

Control
Card for B

Card with
in col, 1

Data Cards
for A

Control
Card for A

card

Subroutines and main program
(including system control cards)

Figure 26. Deck setup (matrix addition)

program may be increased or decreased by making
the following changes in ADSAM:
1. Modify the DIMENSION statement to reflect

the number of elements for A, B, and R.

2, Insert the same number in the third param-
eter of the two CALL MATIN statements (20 and 45).
The output listing is set for 120 print positions
across the page and double spacing.

Run termination

for B

Card with 9
in col. 1

Data Cards

Blank Card

Control
Card for b

Card with 9
in col. 1

First problem

Operating Instructions

This can be

Last problem

changed by means of the last two arguments in the
three CALL MXOUT statements in ADSAM (state-
ments 40, 80, 90).

The matrix addition sample program is a standard
FORTRAN program, Special operating instructions
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are not required, Logical unit 2 is used for input,
and logical unit 1 is used for output. s 4 aees cowes st e

coLvmn 1 2 3 . B o
0¥ 1 0.70100E 00 O,627i00E 00 O,JUNG0E OF  Oa7UBSOE Q0 G,GUSESIE OO 043182606-02

BOW 2 0.68AW00E 00 D,100000F U1 O.627I00E GO O0.19449E 00 0.35GISIE 00 0.27a7006-02

Error Messages

ROW 3 0.100000F 01 Os664408E 00  O,76100E 00  O0.TSOTIOE 00 0.A29%ZE 00 032930802

ROW & 0.69326F 00 0.374S30E 00 0.6373I0F GO Des4SIZAE 00 0.3TIBOCE 00 0»2878306-02
5 O.TWS00E 00 O.614439E 00 0,70293DE DO Oub93I0E O 0.39T620E 00 0.307890L-02
6 OMTSITE GO O.STIOBE 0O O,63TIME 0  Da629S0AE 0O 0.380907F 00 U,2794A0E-02

The following error conditions will result in mes-
sages:

1. Reserved storage area is too small for e e
matrix: DIMENSIONED AREA TOO SMALL FOR T T x.

R4 1 D.ATEE0E 00 0.673176€ 00  Q.06I39IE 00 G-Tease€ 00 0.496326E GO

INPUT MATRIX (matrix code no.), GO ON TO w3 CLMGNE QS GaIIOE @ OLTHTEY  GwieE 0 ousTasset oo
NEXT CASE, D S O
2. Input matrices do not have the same dimen- = e o e oo
SiOnS MATRD( DIMEN’SIONS NOT CONSISTENT. ROW T 0.301190£=02  0.610029€ 00  O.781267E GO O0.677IE 00 0.629¥6UE €O
GO ON TO NEXT CASE e NG OoGMSE O GLTLIE v Gt S0 GG 50
3. Number of data cards does not correspond to B A s .
that required by parameter card: INCORRECT
NUMBER OF DATA CARDS FOR MATRIX (matrix
code no.), EXECUTION TERMINATED, o i et v e et oot
Error conditions 1 and 2 allow the computer run o e e ot ot s o
to continue. Error condition 3, however, termi- L e s e oot o eatt on sonon
.

nates execution and requires another run to process T e e e e
succeeding cases.

now
now

v T Gerowonat o1
GOV 8 0.29987C 00 QuIATMIF O .aOBSIE GO O.eG0BS9E 00 UaIOOGOOE DA UeLTITEOE-0Z

3

©.307830E-02

0.360307€ B0 0.2191s00Z

35918 00 0.TIZSTZE 00 0.815202€ 0O DasONITAE UABLI0E 00 0.337030E-02

CLOSEBIE 0O 01314260E-02

w2 o Rows 1t coums ST0RAGE X0DE O
coLumn 7 . ’ 10 1
Row 1 901€ 00 0.126120E 00 0,100G00€ Of  U.T9AEEBE 00 0.TASUSE 0O

ROM 2 0.673713E 00 0.628418€ GO  O.TPEGS0E 00 O.10COOOE 01 G.443VTEE 0O
976€ 00 ,100000F 01

ROM 3 0.761287€ GO 0.30370€ 00 0.7s80SE GO O
ROV A 0.629964€ 00 0.100000E 1 0.66eOSE DO O.T6OIO0E Q0 O.TSUTOE 90
ROV 3 0.10820E 00 0.12870E 00 U.SUIOBTE GO Oa6BTGEUE 0O 0.bTVDIE 0O
BN 8 O.TITLE 00 0vaZ9e2E 00 O0.IS7STE 0O 0saDSOBIE GO Gu4GDESYE 0O
BOv T C.IBMZSIE 0 O.T6010DE 00 0,627180F DO OuIONOOGE 01 9.70868a 00
ROW 8 O.GBTG6CE 00 0u696326E U3 OSTASISE GO O.GSTHOE 00 0a64vilE 00

a3 s nows 11 cowmns SToRAGE KoOE O
coLunn 1 2 B . B .

1 0.S1085E 03 0.120680E 01 OLLIOBSSE G1  0aITONSSE 01 G.SUBTLIE 00 UnbM63UEUL
2 0.ACSOSE 01 O.I61ASE B1  O.I3NCIE 01 GuINITE O O.TZATIE 00 O.3m290E-0Z
3 0.106339E 01 OuIIVEFE 01 O.ISTSIOE OF  OaISSOZE OL  D.0VI0SZE 00 0689902
4 0MI963E G1  O.116SAIE DL OMIIIAG2E 01 O.1Z90AE O O.TAJOUE OO Ou5TSTAUE-O0Z
5 0.IAI9EE 01 GuIITISE 01 O.L3NOIGE O1  0.132BIE 01 G.TIIZIE GO OudeTuadE=uZ
5 OMeI9SSE 0L O.1171SeE 01 O.IO30E U1 Oel3ZIIE 01 O.IBIZIE GO O)58TUNUE-0Z

§3328¢

ROM T 0.086920€ 00  O.7I3IISE 00 O.01344E GO 0.308Z7TE 0 G.462A87€ 40 0.1U0¥IE U1

ROV 8 0.11900AE 03 09019376 00 0.140303F 01  Ou1IOYAE O 0,1e0S83€ OL  0ee920206-02
wmix 3 o wows 21 couumns stoRace wooE 0
couen 7 o s © n
ROV 1 CJIS6SSSE O OuLIIOE 01 0.i06359E 0L GeISAIISE 01 Gulwedile 01
RO 2 0.2TW006 L O.lIBNSIE 0L  GISMIZE 01 Ou6IMSE OF  0.12les3t 01
ROW 3 0.109TSE 0L 0e1221ZIE 01 O.1S6200E 01 O.13GH9IE 01 0.13TBE 01
M 4 0,123992E 01 O.162950E O G.le69SE 01 OuleReAlE 0L 0.139997E 01
v 3 0.12003E 01 0.108396€ 01  0.106ZISE OI  0.108520€ O3  0.103300€ 01
ROV o G.28434E 01 0.a32734E 00 O.33832TE 00 0se0090E 00 0.a03TIE QO
RO 7 OJINGISE 00 O.13T0WE O)  O.e0BGGE 01 G.ISTSTIE 03 0.133AE O
ROV 8 0.I0TESJE 01 0163326 01 0,129068E OL  0a1201726 01 0123309 01
&0 oF case

Figure 27. Output listing
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040033291 040027470 040031426 040031039 040017776 140000000 040030119 15
108296 047812874 046737132 046299642 16
299425 003567576 0,4088519 044008593 10000000 040017776 043689673 17
0000000 007241213 046244183 043838704 18

Sample Main Program for Matrix Addition - ADSAM

9 19
00020008002100 20
Purpose: 047507505 0.6194850 047086843 140000000 046008593 040031039 046792011 21
: 0.7241215 1:0000000 07986602 Ou7wed0s0 10789 os6737152 2
3 i 07446845 046144597 007029582 046943108 043976204 040030789 Oe
Matrix addition Sample program. 046246183 0.7986682 1.0000000 046639786 2
048635910 047125728 0.8152021 0:8051740 06611099 0.0035705 0+781287¢ 25
045838704 047468050 046439736 10000000 26
046963269 045743585 06573101 006492243 043718001 00028789 046299642 27
Remarks: 1,0000000 016644083 047601008 047507505 05299425 040033291 047284786 28
. 0:6751766 0.8871063 0,4373449 016298047 0,3¢05070 0.0027915 0.610829¢ 29
ra s i 047284786 046010878 046876602 046792011 043389673 0,0030119 140000000 30
I/O spec]'flcatlons tra‘rlsmitted to subroutmes by 007446845 046144597 047029582 046943108 043976204 00030789 046737132 31
O 0042994235 043547574 004058519 044008593 140000000 040017776 043889673 32
COMMON, 008635910 07123728 048152021 048051740 044611099 0,0035705 07812874 33
047601008 0,6271802 1,0000000 047086843 044058519 040031426 046376602 2%
Input card: 0.7601008 0,6271802 1.0000000 0,7086843 046038519 0,0031426 0.6376602 35
. . 046963269 0.5745585 0.6573101 046492243 043718001 040028789 046299642 36
Column 2 MX - Logical unit number for 9 Y
output.
Column 4 MY - Logical unit number for SCeRGUTINE WATIN
input. PURPOSE
READS CONTAOL CANC AND MATRIX DATA ELENENTS FRON LOGICAL
wIT 5
. s i . AGE
Subroutines and function subprograms required: O L AATING1CODEWALIS1ZE+ IRGHs 1COL IS0 IER)
MADD DESCRIPTION OF PARANETERS
TCODE-UPON RETURN, ICODE WILL CONTAIN FOUR 01GIT
MATIN IDENTIFICATION CODE FROM MATRIX PARANETER CARD
A -DATA AREA FOR INPUT MATRIX
MXOUT ISIZE-NUMBER CF ELENENTS DINENSIONED BY USER FOR AREA A
1RGN -UPON RETURN. IAOM WILL CONTAIN ROV DIKENSIGH FRON
LOC MATRIX PARARETER CARD
1C0L —UPON RETURW, ICOL WILL CONTAIN COLUNN DINENSIGN FRON
MATRIX PARANETER CARD
1S -UPON RETURN, IS WILL CONTAIN STORAGE WODE CODE FROA
NATRIX PARAKETER CARD W
Method: 1520 GENERAL MATRIX
N . I1S=1 SYMMETRIC MATRIX
Two input matrices are read from the standard 1522 DIAGONAL WATREX
;! d th altant IER -UPON RETURN, IER WELL CONTAIN AN ERROR CODE NHERE
an 1ER=0
input device. They are added an € res IER=1  KSIZE IS LESS THAN NUNBER OF ELEMENTS IN
ivwiq 15 INPUT MATRIX
matrix is listed on the standard output device. ez INCoRECY NUNBER OF DATA CARDS
This can be repeated for any number of pairs RENARKS
. - N NONE
of matrices until a blank card is encountered.
SUBRGUTINES AND FUNCTION SUBPROGRAMS REQUIRED
/¢ FOR Loc
*1OCSICARD TYPEWRITER1132 PRINTER) METHOD
SONE WORD INTEGERS SUBROUTINE ASSUMES THAT INPUT MATRIX CONSISTS OF PARAWETER
4 SAMPLE MAIN PROGRAM FUK MATKIX ADDITIUN = ADSAM ADSAM L CARD FOLLU"ED BY DATA CARDS
< MATRICES ARE DIMENSIONED FUR 1000 ELEMENTSe THEREFUREs PRUDUCT ADSAM 2 PARAMETER CARD HAS THE FOLLOWING FORMAT
< OF NUMBER OF ROWS BY NUMBER OF COLUMNS CANNUT EXCEED 10006 ADSAM 3 Cﬂl- l— Z BI.‘"K
DIMENSION A(650158(650) R1550) Avsak 4 . > TO FOUR DIGIT IDENTIFICATION CGOE
X oMY Lo 310 NUNDER' OF AOMS. N NATRIX
10 FORMATL///7/16H MATRIX ADDITION} ADSAH & COL.11-14 NUMBER DF COLUMNS IN MATRIX
11 FORMAT(//745H DIMENSIONED AREA TOU SMALL FUR INPUT MATKIX ol4] ADSAM 7 CBL.15-26 STORAGE NODE OF MATRIX KHERE
12 FORMATI//218 EXECUTION TERVMINATED) ADSAM 8 O - GENERAL MATRIX
13 FORMAT(//33H MATRIX DIMEASIONS NOT COUNSISTENT) AUSAM 9 1 — SYNKMETRIC MATRIX
16 FORMAT(//43H INCORRECT NUMBER UF DATA CARDS FCK MATRIX olé) ADSAM 10 2 - DIAGONAL MATRIX
15 FORMATI//19H GO ON TO NEXT CASE! ADSAM 11 DATA CARDS ARE ASSUNED TO HAVE SEVEN FIELDS OF TEN COLUMNS
16 FORMAT(//12m END OF CASE} AUSAN 12 EACH. DECIMAL POINT MAY APPEAR ANYEHERE IN A FIELD, IF NO
17 FORMAT(212) 4DSAM 13 DECIMAL POINT IS INCLUDEDy IT 1S ASSUNED THAT THE DECIMAL
READ (2417 1Mk su¥ aosan e POINT IS AT THE END OF THE 10 COLURN FIELD. NUXBER IN EACH
’ MAY BE PRECEDED BY BLANKS. DATA ELENENTS KUST BE
20 CALL MATINCICODAsAs LOOINAIMAIMSALIER) ADSAM 16 PUNCHED BY ROW. A ROW MAY CONTINUE FROM CARD TO CARD.
IFL NA 1 25195025 avsam 17 HOMEVER EACH NEW ROM NUST START IN THE FIRST FIELD OF THE
gg l;n:;!};n 40430,35 Aﬂim :g NEXT CARD. ONLY THE UPPER TRIANGULAR PORTION OF A SYNMETRIC
:.olm ;-ll’ 1cooa ADsaN 20 OR THE DIAGONAL ELENENTS OF A DIAGONAL WATRIX ARE CONTAINED
3s O e tcoba Avsam 20 ON DATA CARDS. THE FIRST ELENENT OF EACH NEW RO NILL BE
33 WRITEL aosan 21 THE DIAGONAL ELENENT FOR A WATRIX WITH SYMMETRIC OR
TR ADsam 22 DIAGONAL ?.',wﬁi,x"fa..‘“‘“’"" 71-80 GF DATA CARDS NAY 8
1 v SEQUENCE NUMBERING, ETC.
%0 CALL MXOUT(ICODAsAINASMAIMSALI60012002) ADSAM 24
45 CALL MATIN(1CODHsBs 100+NBsMBIMSESIER] ADSAN 25 :ﬁnl:s; %x“:ﬁnc;%"::‘: MATRIX WUSY BE F“LLWED BY A CarD
IFI1ER=1) 60450055 ADSAN 26 -
50 WRITEi{MXe11)1CODH ADSAM 27
WRITE{MXs15) ADSAM 28
GO TO 20 ADSAM 29 SUBROUTINE MATINI ICODE, Ay [SEZ7E.TROW,ICOL, 1S, TER) MATIN 1
55 WRITE X100 1c008 Adsak 30 DIMENSION A(1) MATIN 2
60 IFINA-NB) 75,70,75 ADSAM 32 g[‘lﬂi:fllluﬂ;"ﬁcnn(m :::Il: :
TO IF(MA-MB) 75,80,75 AUSAM 33 1 FORMAT{TF}0.0) MATIN 5
75 :2:;2::;.{:: ADSAM 34 ? FURMAT[16,214,121 MATIN &
Gu TU 20 :gg:: ;: 3 FORMAT(11) MATIN T
80 ‘[:ALL MXOUTC(ICUDB, By NBy MBI MSB604 12042) ADSAN 37 :2&:0 ::;:: :
CODR=1CO0A+IC008 ADSAM 36 READE 4Y,2) [CODE, [ROW,ICOL, IS MATIN 17
. » 1?
ﬁ:;‘;.‘::"““"’"""""‘"‘5"“55’ :g::: :; CALL LBCUIROM, 1CILs [CNT, [ROW,1COL, IS} MATIN 11
TF(HSA-MSB) 90,90,85 ADSAM 41 o AL THLEIENTINTT uaTIN 12
85 KSR=HSB ADSAM 42 7 IF (ICNT)38,38,8 aTin 1e
90 CALL MXOUT(ICOUR, R, NA, MA,HSR,60, 120, 2) ADSAM 43 8 icoLrsico ATIw 16
WRITELMX, 16} AGSAM 44 1ROCR=L ::::: ::
° o5 rs"r)o;u 20 :‘32:: 45 4 COMPUTE NUMBER OF CARDS FOR THIS ROW HATIN 17
END Ds o Ll IRCDS=(ICOLT-1)/10CsL MATIN 18
77 DUP ADSAN o7 TF(IS=1115,15,12 MATIN 19
#STORE WS UA  ADSAM 12 1RCHS=L MATIN 27
77 XEQ ADSAM 14 SET UP LNOP FIR NUMBER OF CARDS IN ROW MATIN 21
15 00 31 K=1,I8CDS MATIN 22
T2 1 READIMY, 1} {CARDIL ), I=1,10C) MATIN 23
00010008001100 2 (4 SKIP FHROUGH DATA CARDS [F INPUT AREA TOD SMALL MATIN 24
017601008 0:6271802 110000000 017036843 014038519 040031426 046876602 3 Lo LLaTERIIEN16,31 TIN5
16751766 0.8635910 0.7445845 046963269 o
016444085 1,0000000 016271602 056194630 013547574 040027470 046010878 8 ¢ o ONPUTE COLUMY NUMBLR FOR FIRST FIELD IN CURRENT CaRD MATIN 27
045571068 007125728 0+6144597 04574358 6 JS=1K-11410CeTCOL-TCOLTeL MATIN 28
140000000 0+6646085 047601008 0-7507505 04299425 040033291 047284786 7
0,6373449 0,0152021 0,7029882 0,6573101 ]
06963269 0:5748385 046573101 046492243 043718001 000026789 0¢6299642 9
" 046295047 048051740 046943108 0s6492243 10 SUBROUTINE MXOUT
047566845 016184597 047029582 046943108 0.3976204 0,0030789 0»6737132 11
: 043605070 044611099 043976204 043718001 12 PURPOSE
046751766 005571068 046373649 046295047 043605070 0,0027915 046108296 13 PRODUCES AN OUTPUT LISTING DF ANY SIZED ARRAY ON
0.002791% 0,0035705 0.0030789 0.0028789 prY LOGEICAL UNIT T
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USAGE
CALL MXCUTH{ICCDEsAsNeMyMS,LINS, IPOS,1SP)

OESCRIPTION OF PARANETERS
ICODE~ INPUT CODE NUMBER TO BE PRINTED ON EACH QUTPUT PAGE
A-NAME OF CUTPUT MATRIX
N-NUMBER OF RONMS IN A
M-NUMBER OF COLUMNS IN A
MS—-STORAGE MODE OF A WHERE MS=

0-~GENERAL
1-SYMMETRIC
2-DIAGONAL
LINS~NUNBER OF PRINT LINES ON THE PAGE (USUALLY 60)
IPOS~NUMBER OF PRINT POSITIONS ACROSS THE PAGE (UWM.I.V 132)
ISP-LINE SPACING CGDEs 1 FOR SINGLE SPACE, 2 FOR DOUBLI
SPACE

REMARK S
NONE

SUBROUTINES AND FUNCTION SUBPRUGRAMS REGUIRED
Loc

METHED
THIS SUBROUTINE CREATES A STANDARD OUTPUT LISTING OF ANY
SIZED ARRAY WITH ANY STORAGE MODE. EACH PAGE IS HEADED WITH
THE CODE NUMBER,DIMENSIONS AND STORAGE MODE OF THE ARRAY.
EACH COLUMN AND ROW IS ALSD HEADED WITH ITS RESPECTIVE

NUMBER.
SUBROUT INE MXOUT (ICODE,A,N,M,MS,LINS, IPOS,I5P) MXOyT 1
DIMENSION A(1),8(8) MXOUT 2
COMMON MX , MY MxOur 3
L FORMAT(///7/5X, THAMATRIX .rs.ex.nysn ROWS, 6Xs [348H COLUMNS, MxXOOT 4
18Xy L 3HSTORAGE MOE 411,71 uxouT 5
2 FORMAT(12X,BHCOLJMN ,7{3X,13,10X}//) axout %
4 FORMATITX,4HROW 4 13,7(E16.61) “xayy 7
5 FORMATU/,7Xs4HRDA 413,7(E16.6)) NXOUT 8
J=1 uxoUT 9
[4 WRITE HEADING MXOUT 10
NEND=1P0OS/ 16~ MXNUT L
LEND = (LINS/TSP)-10 MXOUT 12
10 LSYRT=1 MXOUT 13
20 WRITE{MX, 1) [CODEs Ny NS uXOUT 14
INT=J4NEND~1 “xaur 15
TECINF-M133,33,32 MXOUT 16
32 JNT=M MXOUT 1T
33 CONTINUE “XOUT 18
WREITE(YMX,2) LJCURy JCUR=J, INT} MXOUT 19
LTEND = LSTRT4LENO-1 MxOuT 20
D0 80 L=LSTRT,LVEND MXOUT 21
[4 FORY OUTPUT RIW LINE uxnuy 27
00 55 K=1,NFNO MXOUT 23
KK=K MXOUT 24
T = Jek-1 “XOUT 25
CALL LOCIL4JT, LUNT,NyM NS} MXOUT 26
8(K1=0,0 wXOUT 27
IFL1INT)50,50,45 MXOUT 28
45 BIKI=ALIINT) MXOUT 79
50 CONTINUE MXOUT 39
[4 CHECK IF LAST COLUMN, IF YES GO Tn 60 “X0UT 31
LE(JT-41 55,60,60 uXOQUT 32
5% CONTINUE HXOUT 33
[ END OF LINE, VOW WRITE MXOUT 34
60 1F{1SP-1)65,65,70 “xXOUT 35
65 WRITCIMX, 4L, (BIW) o IN=1,KK) MXOUT 36
G0 TN 75 MXOUF 37
70 WRITE(HXySILy {BLIWI ¢ JW=1,KK) uXOUT 3R
[4 IF END OF ROWS.GO CHECK COLUMNS “XouT 39
75 IF(N-L)85,85,A0 MXOUT 40
80 CONTINUE MXOUT 41
4 WRITE NEW HEAJING »XOUT 42
LSTRT=LSTRT4LEND MXOUT 43
GO TO 2 uXOUT 44
[4 END OF COLUMNS, THEN RFTURN 4XQUT 45
A5 IF(JT-4190,95,95 HXOUT 46
90 J=uTel MXDUT 47
GO 10 10 MXNUT 48
95 nnunn XOUT 49
ND “xout 50

NUMERICAL QUADRATURE INTEGRATION

Problem Description

The tabulated values of a function for a given spacing
are integrated. Multiple sets of tabulated values
may be processed.

Program
Description

The numerical quadrature integration program con-
sists of a main routine QDINT, and one subroutine,
Q@SF, from the Scientific Subroutine Package.

180

Capacity

The capacity of the sample program and the format
for data input have been set up as follows:

1. Up to 500 tabulated values of a function
2, (7F10.0) format for input data cards
Therefore, if the problem satisfies the above

conditions, no modification to the sample program
is necessary.
values to be integrated the dimension statement in
the sample main program must be modified to handle
this particular problem,
cards are prepared using a different format, the
input format statement in the sample main program
must be modified. The general rules for program
modification are described later.

However, if there are more than 500

Similarly, if input data

Input
1/0 Specification Card

Each integration requires a parameter card with the
following format:

For
Sample
Columns Contents Problem
1-5 Up to 5-digit numeric 12345
identification code
6 - 10 Number of tabulated 0020
values for this function
11 - 20  Interval between tabu- 1.0

lated values

The first two parameters consist of up to five
digits with no decimal point (FORMAT (215)). Note
that the second parameter may not exceed 500. The
third parameter consists of up to ten digits (FORMAT)

(F10.0).

Data Cards

Data cards are assumed to be seven fields of ten
columns each. The decimal point may appear any-
where in the field, or be omitted, but the number
must be right-justified. The number in each field
may be preceded by blanks. Columns 71 through 80
of the data cards may be used for identification, se-
quence numbering, etc. If there are more than
seven tabulated values, the values should continue
from card to card with seven values per card, until
the number of values specified in the parameter card
has been reached.
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A blank card following the last set of data termi-
nates the run.

Deck Setup
The deck setup is shown in Figure 28.
Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.

Output

Description

The identification code number, number of tabulated
input values, the interval for the tabulated values, and
the resultant integral values at each step are printed.

Sample

The output listing for the sample problem is shown
in Figure 29.

Program Modification

Noting that storage problems may result, as previ-
ously discussed in ""Sample Program Description",
the maximum number of tabulated values acceptable

Blank card

Data cards

Control

Card
[/
'

Control card

First problem

1/0 Specification
card

Subroutine and main program
(including system control cards)

Figure 28. Deck setup (numerical quadrature integration)

to the sample program may be increased. Input
data in a different format can also be handled by
providing a specific format statement.

1. Modify the DIMENSION statement in QDINT
s0 that the size of array Z is equal to the maximum
number of tabulated values.

2, Changes to the format of the parameter cards
and data cards may be made by modifying FORMAT
statements 10 and 32, respectively, in QDINT.

INTEGRATION OF TABULATED VALUES FOR DY/DX USING SUBROUTINE QSF

FUNCTION 12343 20 TABULATED VALUES INTERVAL = 0.10000002€ 01

RESULTANT VALUE OF INTEGRAL AT EACH STEP IS
0+00000000E 00 0¢19999983E 01 O E 1€ 01 0s 0E 01 O 1€ 0l
0011999998E 02 0s13999996F 02 0+13999996E 02 0s17999996E 02 0+19999996E 02 J+21999992E 02
02 € 02 O» 02 0+31999984E 02 0+33999984E 02

042 02 0s2 0
0435999984 02 0437999977E 02

INTEGRATION OF TABULATED VALUES FOR DY/DX USING SUBROUTINE QSF

FUNCTION 543 10 TABULATED VALUES INTERVAL = 0410000002 01

RESULTANT VALUE OF INTEGRAL AT EACH STEP IS
1

0 0s Os 0674 0l 0s11999998E 02 0+17499996E 02
0623999996E 02 0+31699992E 02 0039999992E 02 0+49499984E 02

Figure 29. Output listing

Run termination

Last problem
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Operating Instructions

The numerical quadrature integration sample pro-
gram is a standard FORTRAN program. Special
operating instructions are not required. Logical unit
2 is used for input, and logical unit 1 is used for
output.

Error Messages

The following conditions will result in error mes-
sages:

1. The number of tabulated values specified in
the parameter card is less than or equal to two:
ILLEGAL CONDITION. NUMBER OF TABULATED
VALUES IS LESS THAN THREE.

The program will continue to read data cards
until the next problem is reached.

2, The interval specified in the parameter card
is zero: ILLEGAL CONDITION. SPECIFIED IN-
TERVAL IS ZERO.

The program will continue to read data cards
until the next problem is reached.

16 s10P QUINT 19

Sample Program for Integration of a Tabulated
Function by Numerical Quadrature - QDINT

Purpose:
Integrates a set of tabulated values for F(X)
given the number of values and their spacing.

Remarks:
The number of values must be more than two
and the spacing greater than zero.
1/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
QSF

Method:
Reads control card containing the code number,
number of values, and the spacing of the func-
tion values contained on the following data
cards. Data cards are then read and integra-
tion is performed. More than one control card
and corresponding data can be integrated in one
run. Execution is terminated by a blank control
card.

1/ FOR

*10CSICARU, TYPEWRITER 1132 PRINTERD
®ONE WORD INTEGERS

c

SAMPLE PRUGRAM FUR INTEGRATIUN OF A TABULATEQ FUNCTION 8Y WOINT L
NUNMERICAL QUAURATJRE — QDINT QDINT 2

4 THE FOLLOWING DIMENSION MUST BE AS LARGE AS THE MAXIMUM NUMBER QDINT 3
c OF FAQULATED VALUES TO BE INTEGRATED WUINT &
UIMENSIGN 21500) QUINT 5

L0 FORMAT (215,F10.0) QUINT &
20 FORMAT(///7//" INTEGRATIUN OF TABULATED VALUES FOR DY/0X USING SUBQOINTMOL
LROUTINE QSF® ///11d FUNCTION 415+34,E5,17H TABULATED VALUES, WOINTHMO2

25Xy LOHINFERVAL =4€15.8/) QOINTHO3

22 FORMAT{/18H ILLESAL CGNDITION/) QDINT 10
23 FORMAT(/46H NUMBER OF TASULATED VALUES 15 LESS THAN THREE) QUINTNGS
24 FURMAT(/27H SPECIFIED INTERVAL IS ZERQ) QDINT 12
3G FORMATU/7X, *RESULTANT VALUE OF INTEGRAL AT EACH STEP [S%,/7 QUINTHOS
11K ,6E15.8)) QDINTMO6

31 FORMATL212) QUINT Lo
32 FORAATI7F10.0) QOINT 15
READLZ, ILIMX MY QUINT 16

35 REAUIMY,10)1LUD+WUMBR,SPACE QOINT 17
LFUICOJ+NUMBR) 70+ 70,38 QDINT 18

182

38 dRIVEAHKMO)]COD.NUMBK'SPdhi QDINT 20
FF{NUMBR-311CG,50,50 QDINTNOT
50 READIMY 432)0£00),1=1yNUMBRY QUINT 22
CALL QSF (SPACE+ZZ NUMBR} QDINTMO3
IFISPACE)S0+203,60 QUINTMO9
6C WRITE(MX,3000201),1=1,NUMBR) QDINTMIO
GO Ta 35 QODINT 26
LOC WRITE(MX,22) QOINT 27
WRITE{MX,23) QUINT 28
READ{MY 432)(Z111,1=1L,NUMBR) QDINTML1L
GU Ta 35 QOINT 29
200 WRITE(MX,22) QWINT 30
WRITE(AX,24) QDINT 31
GO T9 35 QOINT 32
END QUIENT 33
il
*STORE WS UA  QDINT
/7 XEQ QDINT
12 1
12345 20 1.0 2
2.0 2.0 2.0 2.0 2.0 240 2.0 3
2.0 2,0 2.0 240 2.0 2.0 240 L3
2.0 2.0 2.0 240 2.0 2.0 s
543 10 1.0 6
1.0 2,0 3,0 4,0 5.0 640 7.0 ?
840 9.0 10.0 8
9
RUNGE-KUTTA INTEGRATION
Problem Description
A differential equation of the form:
d;
F=tex 5
dx
is integrated with initial conditions as specified in a
parameter card. The differential equation is de-
fined in the form of a function subprogram that is
provided by the user.
Program
Description
The Runge-Kutta integration program consists of a
main routine, RKINT, one subroutine, RK2, from
the Scientific Subroutine Package, and one user-
supplied function subprogram, FUN, which defines
the differential equation to be integrated.
Capacity
Up to 500 values of the integral may be tabulated.
Input
1/0 Specification Card
Each integration requires a control card with the
following format:
For Sample
Columns Contents Problem
1-10 Initial value of X = XO 1.0
11 - 20 Initial value of Y = Y(XO) 0.0
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For

Sample
Columns Contents Problem
21 - 30 Step size 0.01
31-35 Number of steps required
between tabulated values 10
36 - 40 Total number of tabulated
values required 30

The first three parameters consist of up o ten
digits.

(FORMAT (F10.0))

The last two parameters consist of up to four digits
plus a blank.

(FORMAT (15))
Multiple parameter cards may be used.

A blank card terminates the run.

Data Cards

None.

Blank Card

Run fermination.

Deck Setup

The deck setup is shown in Figure 30.

Blank card

Control card

Control card

1/0O Specification
Card

FUN

RK2

Main program, subroutine
and function subprogram

RKINT (including system control cards)

Figure 30. Deck setup (Runge-Kutta integration)

Sample

A listing of the input cards for the sample problem
is presented at the end of the sample main program.

Cutput

Description

The values for the initial conditions and the tabulated
values of the integral are printed.

Sample

The output listing for the sample problem is shown
in Figure 31,

Program Modification

Noting that storage problems may result, as previ-
ously described in ' Sample Program Description",
the maximum number of tabulated values acceptable
to the sample program may be increased. Input data
in a different format can also be handled by provid-
ing a specific format statement.

1. Modify the DIMENSION statement in RKINT
so that array A is as large as the number of tabu-
lated values.

Run termination

One parameter card
per integration
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SOLUTION OF DY/DXSFUN(XsY) BY RK2 SUBROUTINE

M= 04010 XO= 1.000 Y0= 0,000

x Yix1

te10 0495310136E=01
1420 0418232139E 00
1430 0426236397E 00
1440 0433647167E 0O
1.50 0460546423E 00
1460 0447000247E 00
1.70 0453062677€ 00
1480 0458778464E 00
1.90 0464185142E 00
2,00 0.69314432E 00
2410 04764193394E 00
2420 0478845346E 00
2430 0.83290457E 00
2440 0.87546372E 00
2450 0.91628539¢ 00
2460 0495550584E 00
2470 0.99324584E 00
2480 0.10296125€ 01
2490 0410647029E 0L
3,00 0410986037€ 01
3.10 0411313924 01
3.20 0.11631403E 01
3430 0411939110 01
3440 0.12237627E 01
3.50 0412527496E 01
3460 0412809195€ 01
3.70 0413083176F 01
3.80 0413369850E 01
3.90 0413609600€ 01
4400 0.13862772E 01

Figure 31. Output listing

2. Changes to the format of the parameter card
may be made by modifying FORMAT statement 1.

The user-supplied function subprogram FUN may
be replaced by any function subprogram having the
same name and parameter list. In this way, the
user may define any desired first-order differential
equation.

Operating Instructions

The sample program for Runge-Kutta integration is
a standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is
used for input, and logical unit 1 is used for output.

Error Messages

None.
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Sample Program for Runge-Kutta Integration of a
Given Function with Tabulated Output - RKINT

Purpose:
Integrates the function subprogram FUN using
the initial conditions contained in control cards.
Produces tabulated output.

Remarks:
1/0 logical units determined by MX and MY,

respectively.

Subroutines and function subprograms required:
RK2
FUN - User-supplied function subprogram
giving DY/DX=FUN(X, Y)

Method:
Reads control card containing initial values of
X and Y, step size, number of steps desired
between tabulated values, and number of tabu-
lated values required. Program then enters
RK2 to perform integration. Multiple control
cards can be used on the same function.

/7 FOR
*IGCS(CARD TYPeARITER 1132 PRINTER}
“ONE WURD INTEGERS

[ SAMPLE PRUGRAY FUR KUNGE-KUTTA INTEGRATIGN OF A SIVEN FUNCTION RRINT 1
®ITH TABULATED QUTPUT - RKINF RRINT 2
EXTERNAL FUN REINT 3
< THE FULLOWING DIHMENSION MUST 6t AS LARGE AS THE MAXINUNM RKINT
< NUMBER OF TABJLATED VALUES OISIRED RKINT 5
GIMENSION A(500) RKINT o
1 FORMAT (3F10.0,215) RKINT 7
2 FORMAT(//7/7Xy44HSILUTION OF DY/DX=FUN(X¢Y) BY RKZ 3SUBROUTINE///e RKINT Q
110X92HH=9 370 302 K1 3HXC= 1F 7439 2Ky 3HYO S FT03/ /712K 41Xy 18K wHY (X1//) RKINT &
3 FORMAT(/10X+73.2410%sE15.8) AKINT 10
4 FORMAT(22) RKINT 11
READ( 254 ) 4X MY RKINT 12
READ CJNTROL CAKO CONTAINING EVEMS LISTED UNDEK AETAQD. KRINT 13
10 READIMY (1) X0+ YUeH ¢ JNT 4 IENT RKINT 14
HECK IF CARD 13 BLANK. IF SO, RETURN. RKINT 13
1FLIENT 1221404 20 RKINT Lo
< WRITE HEROING INFOKMATIGN. ANINT 17
20 WRITE(MX42)r:X0.YU0 RKINT 18
4 PERFORM INTEGRAT ION RKINT 19
CALL RK2(FUN,Hy XU, YU, JNT, [ENT,A) ARINT 20
WRITE JUTPUT RKENT 21
STEP=FLOAT(JNTIoH RRINT 22
=X0 KRINT 23
00 30 [=1,IENT RKINT 24
X = X+3 < 1E=05 RKINT 25
30 WRIFCIAX/33XeAL1) RRINT 2o
G0 BACK AND CHECK FUR AUDIFIONAL CONTROL CARD. RNINT 27
GU TO L RRINT 28
4C STOP RRINT 29
ENO |KINT 3G
/7 oup
®STORE WS UA  RKINT

/7 XEQ RKINT

12 1

1.0 0.0 01 10 30 2

3
FUNCTION FUN{X,Y) FUN 1
FUN=1./X FUN 2
RETURN FUN 3
END FUN 4

POLYNOMIAL ROOTS

Problem Description

The real and complex roots are computed for a real
polynomial with given coefficients. Multiple sets of
coefficients may be processed.
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Program

Description

The polynomial roots sample program consists of a
main routine, SMPRT, and one subroutine, POLRT,
from the Scientific Subroutine Package.

Capacity

Roots for polynomials of order 36 or less may be
computed.

Input

1/0 Specification Card

Each set of data requires a control card with the
following format:

For Sample
Columns Contents Problem
1 Blank
2-5 Up to four-digit identifi-
cation code 360
6 -8 Blank
9-10 Order of polynomial 9

The first parameter consists of up to four digits
without decimal point (I4).

The second parameter consists of up to two digits
with no decimal point (I2). The order of the poly-
nomial must be less than or equal to 36.

Data Cards

Data cards are assumed to have seven fields of ten
columns each. The decimal point may appear any-
where in the field, or be omitted, but the number
must be right-justified. The number in each field
may be preceded by blanks. Columns 71 to 80 of the
data cards may be used for identification, sequence
numbering, etc. If there are more than seven co-
efficients, the values should continue from card to
card with seven values per card until the number of
values has been reached that is one greater than the
order of the polynomial. The first coefficient is for
the constant term of the polynomial and the last co-
efficient for the highest order term. Fields with
zero coefficients may be left blank.

Blank Card

Run termination.

Deck Setup

The deck setup is shown in Figure 32.
Sample

A listing of the input cards for the sample problem
is presented at the end of the sample main program.

Output

Description

The identification code, the polynomial order, the
input coefficients, and the real and complex roots
are printed.

Sample

The output listing of the sample problem is shown
in Figure 33.

Program Modification

The maximum order of the polynomial acceptable to
the sample program is fixed by the subroutine
POLRT. However, input data in a different format
can be handled by providing a specific format state-
ment.

1. The sample program can accept polynomials
up to the maximum 36th order, which is allowed by
the subroutine.

2. Changes to the format of the parameter card
and data cards can be made by modifying FORMAT
statements 10 and 40, respectively, in main sample
program SMPRT.

Operating Instructions

The polynomial roots sample program is a standard
FORTRAN program. Special operating instructions
are not required. Logical unit 2 is used for input,
and logical unit 1 is used for output.

Error Messages

The following conditions will result in error mes-
sages:

1. The order of the polynomial specified in the
control card is less than one: ORDER OF POLY-
NOMIAL LESS THAN ONE.
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Blank card

Data cards

Run termination

Control
card

Data cards

Control card

1/0 Specification
card

POLRT

Main program and subroutine
SMPRT (including system control cards)

Figure 32, Deck setup (polynomial roots)

The program will go on to the next set of data.

2. The order of the polynomial specified in the
control card is greater than 36: ORDER OF POLY-
NOMIAL GREATER THAN 36.

The program will go on to the next set of data.

REAL AND COWPLEX ROOTS OF A POLYNOMIAL USING SUBROUTINE POLRT

FOR POLYNOVIAL 380 OF ORDER 9

THE 1VPUT COEFFICIENTS ARE

-041000000€ 01 00 00 E 00 00
©.1000000€ 01 ~ 0.0000000E 00  0.00000COE 0O  Oe1000000E 01

REAL ROOT COMPLEX ROOT

0.2986480F 00 041004526 01

~0.4552629€ 00  0.7885384E 00

Figure 33. Output listing

186

First problem

Last problem

3. The subroutine POLRT is unable to determine
a root after 500 iterations on eight different starting
values: UNABLE TO DETERMINE ROOT. THOSE
ALREADY FOUND ARE ...

The program will print all the roots that were
computed and then go to the next set of data.

Sample Program for Real and Complex Roots of a
Real Polynomial - SMPRT

Purpose:
Computes the real and complex roots of a real
polynomial whose coefficients are input.

Remarks:
The order of the polynomial must be greater
than one and less than thirty-seven.
1/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
POLRT
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Method:

Reads a control card containing the identification

code and the order of the polynomial whose co-
efficients are contained on the following data
cards. The coefficients are then read and the
roots are computed.

More than one control card and corresponding

data can be processed. Execution is terminated

by a blank control card.

/7 FOR
#IOCSICARDy TYPEMRITER 1132 PRINTER)
#ONE WORD INTEGERS
[ SAMPL: PRUGHAM FUK REAL AND CONPLEX RUGTS OF A KEAL POLY- SHPRT
NJMIAL - SMPRY SHMPRT
DIMENS{UN Al37)yw{37),RIOTRI3TI,RAITI(3TY SMPRT

16 FORMAT( 1Xy1993X412)

30 FORMATI//7462H REAL AND COMPLEX RUOTS UF A PULYNOMLAL USING SUBRUYSMPRT
LTINE POLKT///17H FOR POLYNOMIAL +14+2Xy10HOF ORDER ,12//27H THE SHPRT
2INPUT CUEFFICIENTS ARE//) SMPRT

40 FURMAT{7710.C} SMPRT

50 FORMAT{6ElosT) SHMPRT

65 FORMAT(////34H GROER OF POLYNOMIAL LESS THAN ON&) SMPRT

77 FORMATI///7/36H GRUER OF POLYNOMIAL GREATER THAN 36) SHMPRT

79 FORMAT{////31H HIGH ORDGR COEFFICIENT IS ZERO) SMPRT

85 FORMAT(/7//50H UNASLE TO DETERMIWE ROOT. THOSE ALREADY FUUND ARE) SHPKT

95 FURMAT{///75% SHREAL ROOTy6Xs12HCOMPLEX ROOTZ/) SHMPRT

97 FORMAT{2Ele.7) SMPRT

98 FORMAT{2[2) SMPRT

READ(2, 58I MK HY SMPRT

5 READ(MY+10)ID, IORD SMPRT

IFUID+I0RLI1CC, 100,20 SMPRT

20 ARITE(MXy30)1D,I0RD SHPRT

J=1URD+ 1 SMPRT

READLMY 14 (AL s 12100 SMPRT

WRITE{MX,503C(A(1),1=14J) SMPRT
CALL PULRT{AW;10RU (RUOTR ) RGUTI, TER) SMPRT 2

IFCIER=1190+60,7C SHPRT

60 WRITE{AXy065) SMPRT

GO T3 5 SMPRT

TG IFUIER=3175,80,78 SMPRT

75 WRITE(MX,77) SHMPRT

0 Tu 5 SMPRT

76 WRITE(MX,79) SMPRT

10 5 SMPRT

8C WRITE(MX,85) SMPRT

90 WRITz(MX,95) SHPRT

00 90 1=1,10RD SMPART

96 WRITE(MX,97IROOTRLIIROOTI(I) SMPRT

60 T3 5 SMPRT

100 STOP SHPRT

END SMPRT

/7 OUP

WS UA  SMPRT
/7 XEQ SMPRT

CENen AL~

10
11
12
13
14
15
16
17
18
19
20
21
22
23

25
20
7

29
30

32
33
34

36
37
38
39

2
%0 9

vrwn-

SOLUTION OF SIMULTANEOUS EQUATIONS

Problem Description

A solution is obtained for a set of simultaneous
equations by the method of elimination using largest
pivotal divisor. Both the input data and the solution
values are printed. This procedure is repeated un-
til all sets of input data have been processed.

Program
Description

The solution of simultaneous equations sample pro-
gram consists of a main routine, SOLN, and four
subroutines:

SIM!
Q are from the Scientific Subroutine

LOC Package

MATIN are sample subroutines for matrix

MXOUT input and output

Capacity

The sample program will solve for 40 equations.
The general rules for program modifications are
described later.

Input

1/0 Specification Card

A control card with the following format must pre-
cede each matrix of coefficients:

For Sample
Columns Contents Problem

1-2 Blank
3-6 Up to four-digit identifi-

cation code (numeric

only) 1
7-10 Number of rows in

matrix 10
11 - 14 Number of columns in

matrix (same as number

of rows) 10

Each matrix must be followed by a card with a 9-
punch in column 1. This, in turn, is followed by
the constant vector.

Data Cards

Data cards are assumed to have seven fields of ten
columns each. The decimal point may appear any-
where in a field, or be omitted, but the number must
be right-justified. The number in each field may be
preceded by blanks. Equation coefficients must be
punched by row. A row may continue from card to
card. However, each new row must start in the
first field of the next card. The vector of constants
is punched in continuous data fields following the 9
card. Columns 71 to 80 of data cards may be used
for identification, sequence numbering, etc.

A blank card after the last set of input data ter-
minates the run.

Deck Setup

The deck setup is shown in Figure 34.
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Run

Blank card
termination -,
A = Matrix of coefficients Data cards
for B
Card with 9
in col. 1

B = Vector of constants

Data cards
for A Last problem 3
Control
card for A
9
/
/
/
Data cards
for B
Card with 9
in col, 1

Data cards

for A First problem

Control
card for A

1/0 Spe cification

Subroutines and main program
(including system control cards)

Figure 34, Deck setup (solution of simultaneous equations)
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Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.

Output
Description

The original matrix is printed for any sized array.
Each six-column grouping is headed with the matrix
code number, dimensions, and storage mode (always
0 in this sample program). Columns and rows are
headed with their respective number. The original
vector of constants is also printed. The solution
values are then listed. This output is given for each
case to be processed.

Sample

The output listing for the sample problem is shown
in Figure 35.

Program Modifications

Noting that storage problems may result, as previ-
ously discussed in ""Sample Program Description',
the size of the maximum problem acceptable to the
sample program can be increased. Output of the
solution values in a different format can be handled
by providing a specific format statement.

1. Changes to the DIMENSION statement of the
main program, SOLN. The dimension of array A
must be greater than or equal to the maximum num-
ber of elements in the matrix (N x N). The dimen-
sion of array B must be greater than or equal to N.

2. Insert the same number N in the third argu-
ment of the CALL MATIN statement (statement 25)
in SOLN.

3. Changes to the format of the solution values
may be made by modifying FORMAT statement 21
in SOLN.

SOLUTION OF STWULTANEDUS FGUATIONS

w1 10 Rous 10 couums STORAGE HODE O
coLuen 1 2 s . s .
ROM 1 O.10000GE 01  0.664008E GO 0.760M00F UO  O.730730E GO 0.e299A2€ 00 0.332910€=02

ROx 2 0.664s08E 00 U.10000GE 01  0.627LAUE 0D O.SI9ASSE 00 0.358TSTE 00 0u274700E=02
SOw 3 OuTSOIOOE 00 U.62710E 00 0.100000E U1  GaTOSSBAE 00  0.AGSHSIE 0O 0.31e260E=02
R0 & OJTOTSOE OD  ULGISAGSE OV U.TUBS0AE 00 UAIUUGOUE D1 OaeGUSSSE 0D 04310390802
ROV 3 0.4299826 00 UMI3TSIE GG D.U38SIE 0O 0.aO0BSFE 00 ULIGOUOOE 01 Oal77T0GE-02
[ 0.A77780€-02  04160006E 01

RON 7 O.TZOATOE OO OMGONOS7E 00 0.6676608 OO Ou679201E 01 G.IBAUTE 00 0a301IVOE-02
ROM 8 G.TSITGE WO QuSBTIOLE G0 G.63TI4EC O QuG29504E 00 U.IUSOTE OU  UazIOISUE-U2
ROv 9 0.638BIE G0 GTNZIE U0 O.IS202E UG OMMOSITAE U0 OuGLIOFE G0 0.337030E-02
0% 10 C.TAGINE OO O.MMA3IE 00 O.TOZSSEE GO OuSAIIOE 00 OLIVTONE 0O 0aITHVIE-G2

wawmix 1 10 Rows 10 CoLuns
coLun 1 s s 0
RON 1 0.720478£ 00 0.6TSI76E Q0 G.BAIITIE U0 O\TeMSEAE 0O

SToRAGE %DE O

ROW 2 0.601087€ UO  U.35TIUSE OV C.TI2572E WO DJ6LMASVE 00
ROM 3 0.S0760F 00 .63744E 00 CLBIS2G2E 90 0.TU2930E GO
ROM & 0.679201E.00  0.62950E 00 OJB0S17T4E GO 0a598310€ GO
BON 3 0.)8B9TE 0O 0.360507€ 00  0.G41109 00 0397620F 0O

Rov &

ROM 7 0.100000€ 01  U.610829€ OU  G.70IZ67E 00 0xTITIE 0O
ROM 8 0.610829€ 00 OMIOGUGOE U1 OuTZ61ZIE 00 0s624410E G0
204 9 0.IB1267E 00 0.72A1Z1E OO GLIOUDOOE 01 0a798668E 00

ROM 10 O.6TITISE G0 G.Z4416E GO G.798688E 00 04100000 01

oalGIMAL B VECTOR

:
¢

1
:
s
H 42000¢
7
H
s
0

12831238
5

91163000 O

SOLUTION VALUES

x

€0 oF case

Figure 35. Output listing

The matrix listing is set for 120 print positions
across the page, and double spacing. This can be
changed by means of the last two arguments in the
CALL MXOUT statement in SOLN (statement 65).

Operating Instructions

The sample program for the solution of simultaneous
equations is a standard FORTRAN program. Special
operating instructions are not required. Logical
unit 2 is used for input, and logical unit 1 is used
for output.

Error Messages

The following error conditions will result in mes-
sages:

1. Reserved storage area is too small for
matrix: DIMENSIONED AREA TOO SMALL FOR
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INPUT MATRIX (matrix code no.). GO ON TO NEXT
CASE.

2. Matrix of coefficients is not square: ROW
AND COLUMN DIMENSIONS NOT EQUAL FOR

MATRIX (matrix code no.). GO ON TO NEXT CASE.

3. Number of data cards does not correspond to
that required by parameter card: INCORRECT
NUMBER OF DATA CARDS FOR MATRIX (matrix
code no.). EXECUTION TERMINATED.

4. Singular input matrix: MATRIX IS SINGULAR.

GO ON TO NEXT CASE.

Error conditions 1, 2, and 4 allow the computer
run to continue. Error condition 3, however, ter-
minates execution and requires another run to proc-
ess succeeding cases.

-Sample Main Program - SOLN

Purpose:
Solution of a set of simultaneous equations.

Remarks:
1/0 specifications transmitted to subroutines by
COMMON.
Input card:
Column 2 MX - Logical unit number for
output.
Column 4 MY - Logical unit number for
input.

Subroutines and function subprograms required:
SIMQ
MATIN
MXOUT
LoC

Method:
A matrix of simultaneous equations coefficients
and a vector of constants are read from the
standard input device. The solution is obtained
and listed on the standard output device. This

procedure is repeated for other sets of equations

until a blank card is encountered.

7/ FOR
*10CS{CARD, TYPEWRITER 1132 PRINTER)
*ONE WORD INTEGERS

< SAMPLE MAIN PROGRAM - SULN SULN
c MATRIX IS OIMENSIONED FOR 1600 ELEMENTS. THEKEFORE, NUMBER UF SCLN
c EQUATIUNS TO & SOLVED CANNUT CXULEEU 40 UNLESS DIMENSION SCLN
4 STATEMENT IS CHANGED SULN
OIMENSION Al1603C)1 43149} Sulh
COMMON MX MY SOLN

10 FORMATL////354 SGLUTION OF SIAULTANEOUS EQUATILNS) SOLN

11 FORMAT(//45H DIMENSIONED AREA TOU SMALL FOR INPUT MATREX 414} SGLN

L2 FURMAT{//21H EXECUT 10N TERNINATED) SULM

13 FORMATU//48H RUW ANG COLUMN OIMENSIONS NOT EQUAL FOR MATRIX ,14) SOLN

L4 FURHMATI//43d LNCURRECT NUMBER OF wiTa CARDS FOR MATKIX 414) SCLN

15 FORMATI//19H GO UN TO NEXT CASE) SGLiv

16 FORMATL//39H STRUCTURE COUDE IS NOT (xKO FOR MATRIX,14) SULN

17 FORMAT(////18H ORISINAL B VECTUR+////) SGLN

18 FORMAT(//7/16r SOLJTION VALUES,///7)- SCLN

19 FORMAT(//134 MATRIX 15 SINGULAK)
2u FURMATI7F10.0)
21 FURMAT{16,10X,216.5)
22 FORMAT(//12H END OF CASE)
23 FORMAT{212)
READ(2,23)MX MY
WRITE(4X,1C)
25 CALL MATIN [ICODsAr1600,N,M NS, LER}
1FIN) 3C,95,3C
30 IFLIER-1) 45,35,40

35 WRITE{HX,1131C0D SOLN 26
60 TO ve SuLN 27
%0 WRITE(AX,14) 10D SULN 28
GO TO 95 SULN 29
45 IF{N-M) 50,55,59 SOLN 30
50 WRITE(MX,13)1CUD SOLN 31 M
G0 TO 9 SGLN 32
35 IF{MS) 60,65:60 soLn 33
50 ARITELAX,16)1C00 SULN 34
. GO0 TO 9 SULN 35
65 CALL MXUUTUICOD Arirds 85060y 1204 2) SULN 30
REAUIMY,20)(B(1),1=1,n) SOLN 37
WRITE(MX,17) SuLN 38
00 70 [=1,N SOLN 39
70 WRITE(MX.2111,8(1) SULN 40
CALL SIMQ(A,6¢N,KS) SULN
IFIKS=1) 30475,80 SULN 42
75 WRITE(HX419) SOLN 43
WRITE(HX15) SOLN 44
60 T0 25 SCLR  @>
80 WRITE{MX:18) SULN 46
D0 95 I=1.N SULN 47
85 WRITE(ML,21)1,B11) SLLN 48
WRITE(Xs 22) SOLN %
G0 T3 25 SGLN 50
90 READ(MY,2001B11) (I=1yN} SCLN 51
WRITE(HX, LS SOLN 52
Gu To 25 SULLN 53
95 WRITE(NX,12) SOLN 54
B SOLN 55
END SOLN 56
7/ oup
SSTORE WS UA SOLN
/1 XEQ SOLN
12 1
000100100010 2
140000000 0s6644085 047601008 047507505 0.4299425 0.0033291 047284786 )
046751766 0:8635910 Ds7445845 4
046644085 1,0000000 0,6271802 046194650 023547374 0,0027470 0+6010878 s
045871068 047125728 046144597 6
047801008 046271802 140000000 047086843 004088519 040031426 006876602 7
046373449 0,8152021 047029382 [
0e7507%505 046194650 047086843 1,0000000 044008593 00031039 046792011 9
046295047 048091740 046943108 10
044299428 043847574 044058519 044008593 140000000 040017776 0438896723 11
043605070 044611099 043976204 12
040033291 0.0027470 040031426 040031039 0+0017776 140000000 040030119 13
040027918 040035705 040030789 16
047284786 046010878 046R76602 0.6792011 043889673 040030119 1+0000000 15
006108296 047812874 0.6737132 16
046751766 045571068 046373449 046295047 043505070 0,0027915 046108296 17
140000000 047241218 046244183 18
008635910 047125728 048152021 048051740 0¢4611099 040035705 047812074 19
047241215 1,0000000 047986682 20
0e7446848 006144597 047029582 016943108 0¢3976204 0+0030789 046737132 21
046244183 047986682 140000000 22
23
11040 «120,0 10. 148, =50 44420 ~lbe 24
8.5 22, 16300 25
26
SUBROUTINE NATIN
PURPOSE
AND NATRIX DATA ELEMENTS FROW LOGICAL

READS CONTROL CARD
UNIT 5

USAGE
CALL MATIN(ICODEsAsISIZEs IRONy ICOLo ISs IERD

DESCRIPTION OF PAR.

1CODE-UPOl

T0ENTIFICATION CODE
A —DATA AREA HI INPIII RAVRIX
lSIlE—KMIEl OF E
TROW

s -uPa

AMETER!
N RETURN, II:DIIE Wil cwuu FOUR DIGIT
FRON HATR!

IX PARANETER CARD

NTS DIMENSIOKED BY USER FOR AREA A
—uUPoN Iﬂunl. mnu MII.L CONTAIN ROW DIMENSIGN FROM

MATRIX PARANETER CAl
1COL -UPON RETURN, 1COL ulu. CONTAIN COLUNN DIMENSION FROM

ATRIX PARAMETER CAl
IN RETURN, 1S I’LI. CONTAIN STORAGE MODE CODE FROM
RE

MATRIX PARANETER CARD WHE!
T520 GENERAL MATRIX
1$=1 SYMMETRIC n‘llll

1S=2 DIAGONAL MATRIX

IER -UPON RETURNs IER WILL CONTAIN AN ERROR CODE WHERE
IER=0  NO ERRI
TER=1

1ER=2

REMARKS
NONE

ISIZE lS LESS THAN NUMBER OF ELEMENTS IN
INPUT MATRIX
INCORRECT NUMBER OF DATA CARDS

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
Loc

KETHOI

THOD
SUBROUT INE ASSUMES THAT lNPlIl MATREX CONSISTS OF PARAMETER
CARD FOLLONED BY DATA
PARAMETER CARD MAS THE Fl‘lLUIINﬁ FORMAT
€0L. 1~ 2 BLANK
COL. 3- 6 UP TO FOUR DI16IT IHENYIFICAHBN CODE
COL. 7-10 KUMBER OF ROWS IN MATR
COL.11-14 NUMBER OF COLUMNS IN H"RIX
COL.15-16 STORAGE NODE OF MATRIX WHERE
0 ~ GENERAL MATRIX
1 - SYNMETRIC MATRIX

2 - DIAGONAL
DATA CARDS ARE ASSUMED TO HAVE SEVEM FIELDS OF TEN COLUMNS

EACH.

NATRIX

DECIMAL POINY MAY APPEAR ANYWHERE IN A FIELD. IF NO

DECIMAL PDINT IS INCLUDEDy IT IS ASSUMED THAT THE DECIMAL
PDINT IS AT THE END OF THE 10

FIELD MAY BE PRECEDED BY BLANKS.

PUNCHED
HOW!

HEXI CAIIJ.

cnumu FIELD. NUMBER IN EACH
LENENTS MUST BE

DATA El
BY ROW. A ROM MAY CONTINUE FROM CARD TO l:ARI!.
EVER EACH NEW RUN MUST START IN THE FIRST FIELD OF

L ELERE
THE FIRST

OMLY THE UPPER TRIANGULAR PORTION OF A svuusvuc
NTS OF A
ELENENT OF EACH NEW ROW WILL B!

DIAGONAL MATRIX ARE r.unnlu&n

THE OTAGONAL ELEIEI« FOR A MATRIX WITH SYMMETRIC OR
DIAGONAL STORAGE MO! COLUNNS

USED FOR lnEll’lFlCA"ﬂN. SEQUENCE NUMBERINGs ETC.

THE LAST DATA CARD FOR ANY MATRIX KUST BE FOLLOWED BY A CARD,
WITH A 9 PUNCH IN COLUNN 1.

71-80 OF DATA CARDS MAY BE
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11 1RCODS

SUMROUTINE MATINGICOOE,  AsISI7E.IRO4.ICOL, TS IER)
DIMENSION A(1)
OIMENSION CARD(BY
CUMMON MX 4 MY
FURMATITFLOLO)
FURMAT(16,214,121
FGRAATOTL)
=17
IER=0
READ[ MY, 2} ICONE, TRO4, TCNL, IS
CALL LOCIIROW,ICIL s [CNT 4 TROW,TCILSIS)
TFOISTZE-TCNTI64747
16R=1
CICNTYIA, 30,0
coL

@~

COMPUTE NUMHER OF CARDS FOR THIS ROW
CICALT-11/10C+1
TFCES=1115,15,12

12 1pCOS=1L

SET yP LNOP FIR NUMSER OF CARDS I[N RNW

15 DO 31 K=y [RCOS

REAI(MY, LY ICARD(I )y 1=1,10DC)
SKIP THROUGH DATA CARDS IF INPUT 4REA TOO SHALL
1FCIER) 16416431

16 L=0

COMPUTE COLUMY NUMSE® FNR FIRST FIELD IN CURRENT €83
JS=IK-11OT0CHICA -ICOLT+Y

MATIN
MATIN
MATIN
VATIN
MATIN
MATIN
MATIN
matyy
uATIN
“ATIN
“aTIn
uATIN
MATIY
MAT 1%
MATIV
ATy
MATIN
MATIN
MAT N
MATN
HATIN
MATIN
MAT [
AT %
“aTIN
“ATIN
HATIN
MATIN

USAGE
CALL MXOUTITCODEAoNsMoHS4LINS, IPOS.TSP)

DESCRIPYION OF PARAMETERS
ICODE- INPUT CODE NUMBER YO BE PRINTED ON EACH OUTPUT PAGE
A-NAME CF OUTPUT MATRIX
N-NUMBER OF RONS IN A
M-NUMBER OF COLUKNS IN A
MS-STORAGE MODE OF A WMERE NS

LINS-NUMBER OF PRINT LEINES ON THE PAGE (USUALLY 60)
1POS-NUMBER OF PRINT POSITIONS ACROSS THE PAGE (USUALLY 132)
ISP-LINE SPACING CODE, 1 FOR SINGLE SPACE, 2 FOR DOUBLE

REMARKS
NONE

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
Loc

METHED
THIS SUBROUTINE CREATES A STANDARD OUTPUT LISTING CF ANY
SIZED ARRAY WITH ANY STORAGE MODE. EACH PAGE IS HEADED WITH
THE CODE NUMBER,DINENSIONS AND STORAGE KODE OF THE ARRAY.
EACH COLUNN AND ROW IS ALSO HEADED WITH ITS RESPECTIVE
NUMBER.

SUBROUTINE MXDUT
PURPOSE

PRODUCES AN OUTPUT LESTING OF ANY SIZED ARRAY ON
LOGICAL UNIT 1

SUBROUT INE MXOUT (1CODE A ¢NyM,MS,LINS, [POS,15P) “xnur 1
DIMENSION A(11,B18) axout 2
COMMON MX, MY uxour 3

L FORMAT(///75X, TAMATRIX ¢15,6X;13,5H ROWS,6Xs 13484 COLUMNS, w“our &
18X 13HSTORAGE MOJE 4114/} “XOUT 5
2 FORMAT (12X, 8HCOLJMN ¢ 713%,13,10X1//) “xouT 6
4 FORMAT(TX/,4HROW + 13, T(E16.611 axnuy 7
5 FORMATL/,7X,4HROA 13, 7T(E16.60) MXOUT 3
=1 MXOUT 9
MRITE HEADING “XOYT 10
NEND=1POS/ 16-1 MXOUT 11
LEND = (LINS/ZISPI-LO MXOuT 12
10 LSTRT=1 uxOUT 13
20 WRITE(MX, 1) 1CODE,NsHyMS uxaut 14
JINT=J¢NEND-1 “XOUT 15
IF{INT=M133,33,32 MXOUT 16
32 INT=M MXONT 17
33 CONTINUE uXOUT 1R
WRITE(MXs21 (L JCURs JCUR=J, INT) MXOUT 19
LTEND = LSTRT4LEVD-1 Mxayt 20
00 80 L=LSTRT,LTEND MXOUT 21
FORY OUTPUT RIW LINE uxout 22

DO 55 Kx1,NFND uxQuT 23
KK=K MXOUY 24
JT = JeKel MXUT 25
CALL LOCIL, Ty TINT,NoM M} HXOUT 26
B(K}=0.0 uxour 27
[F{TINT150,50,45 MXOUT 28

45 BUK)=A{ LINT) MxnUT 29
50 CONTINUE “xnuT 30
CHECK [F LAST COLUMN. IF YES GO T 60 “x0UT 31
IF{IT-4) 55,60,60 “xgur 32
55 CONTINUE MXOUT 33
END F LINE, VOW WRITE MXOUT 34

60 IFLISP-=1)65,65,70 “xouT 35
65 WRITC(MX,6)Ly(BLIW) 4 IW=14KK} MXOUT 36
6o 1 uxout 37

70 WRITE(MKy5ILoIREIWD JW=1,KK) wxnut 38
[F END OF ROWS GO CHECK COLUMNS “XOUT 39

75 1F(N-L)A5,85,R0 HXOUT 60
80 CONTINUE MXOUT 41
WRITE NEW HEAJING MXOUT 42
LSTRT=LSTRT+LEND MXNUT 43
G0 TO 20 uxQuUT 44
END OF COLUMNS, THEN RETURN uXOUT 45

85 1F(JT-4)90,95,95 uXQUT 46
90 J=4Tel “XOUT 47
GO T0 10 uXOUT 48
95 RFTURN MXAUT 49
END MXOUT 50
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