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42 INTRODUCTORY SIGNAL PROCESSING

y(t)=Ke'-2e'+2, t>0

as shown in Fig. 1.20 for K =0 (the zero-state response) and 1 volt.

For t > 0, the transient responseis y,(t)=Ke™ —2e™, the steady-state responseis yt) = 2,
the zero-input responseis y,;(f) = Ke™ , and the zero-state responseis y,,(t) =—-2e ‘+2. The forced
responseis a constant, and, since s, is a negative number, we have

lim y(@) = yt) =2
for any initial condition.

volts 
Fig. 1.20. Response of RC circuit in Example 1.14.

If the transient response quickly decays to zero,then for t large enoughit becomesnegligible
compared to the forced (steady-state) response. 

1-3.2 Frequency Response

When we considerthe frequency response ofa system it is implied that the input is a sinusoidal
function or a linear combination of manysinusoidal functions with different frequencies,ie.

N

x(t)= & A; cos(@,t +9; )i=l

even as N -» co, where A;is the zero-to-peak amplitude,«, is the real frequency, and9; is the phase
angle of each sinusoid. As we shall soon see, the forced response of an LTI system is also a linear
combination of sinusoids with the same frequencies as those of the input, but with different
amplitudes and phase angles, i.e.

yAd)= ¥,Bicost,t +44)

Given x(t), we want to determine y(t). If the natural response decays to zero, then, for ¢ large
enough, the complete response becomes y(t) = y,(t), and the only unknownsare B, and @;.

10
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RESPONSE OF LTI SYSTEMS TO COMPLEX EXPONENTIAL FUNCTIONS 43

Consider again the RC circuit given in Fig. 1.18, and suppose that RC = 1. Letus find the
| forced response to x(t) =A cos@r, where A is the zero-to-peak amplitude of x(t) and @ is the

frequency ofx(t), which wewill not specify at this time. The governing differential equationis eq.
- 1.8. We are only interested in the steady-state response. Since s, is negative, then, for every initial

condition, the natural response decaysto zero, and therefore, we can avoid the effort of finding the
natural response.

Wewill find the forced response in two different ways, i.e., (1) by writing x(r) as in eq. 1.5
and (2) by writing x(t) as in eq. 1.7.

By eq. 1.5, the excitation can be decomposedinto the sum of two complex conjugate expo-
nential functions so that x(t) is given by

A jor A jot
xQ=5e +F5e

Wecan think ofx(t) as the series connection of two voltage sources as shownin Fig. 1.21, where

A; A.

m=ze, xuO=Fe mo

The subscript notation is used to distinguish the exponential function with s = j@ from the one with
s=-j@.

+ R

x, (t)
- c y(t)+

x_,(t)

Fig. 1.21. RC circuit with a sinusoidal excitation.

,_By the superposition principle, we can find the forced responseto x,(¢) and x_,(f) separately,
and then sum the two responses to obtain the forced response to x(t). For x,(r), we write

: A
x()=Xe", X=<2’ 5, =jo

and therefore, the forced response y,(t) to x,(r) is given by

YQ) =H) .2,X1e" =Yye™

Substituting s = 5, into H(s) resultsin
1 1 1 stant

H(j@) = ——— ===ee @)Go) 14+jfO Vie@ei™© V1 To
and we have

11
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ZH(jo) =—tan(@)|AGo)l =
Or, to identify the real and imaginary parts of H(ja), we use

1 1-jwm_i-jo
 

H0®)=Tiol-joalie
and then

1 -O
Re(AG@)=——,,, Im(HUo))=-——>e(H(J@)) ito (H/o) ite

H(jo) is a complex function of the real variable @. Finally, y,(t) is given by

y,(t) =1giewtoA pier
' 1+ 0° 2

For x_,(t), we write

“ A
xQ=X,e™, X4=F> S=jo

and therefore, the forced response y_,(¢) to x_,(t) is given by

ya) =H(s)|.2,,X10%" = Ye

Substituting s = s_, into H(s) results in

1 1 1

i-jo- Vitaei™© ~ Vito
Or, multiplying the numerator and denominator of H(~j@) by the complex conjugate of the
denominatorresults in

H(jo) = jus“©) — H"(j@)
  

 

. 1 it+tjo 1+jo ”,H(-j®)=>—- =SHHCe) i-jol+jo 1+@ Go)
 

Finally, y_,(¢) is given by

1 taney; *

y(t) “Vinat® Ore =yi (t)
Summing y,(t) and y_,(¢) yields the forced response yt) = y,(t)+ ys(t) to x(t). For r large

enough, y(t) is given by

yO=u¥,O+y,0, 1>0
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and then with Euler’s identity we get
 1 ~

y= Trea’ cos(ct—tan“(@)), 20
Notice that s_, = 5; and therefore H(s_,) =H (s;). Then, we foundthat(s;) = H’(s), which resulted
in y..(t)=y,(2). Thus, it is not necessary to find y_(¢). After finding y,(¢), we know that
y=)+O.

In terms of the transfer function magnitude and angle, the steady-state response to
x(t) =A cos(@t) is given by

y(t)=||4Go)|| A cos(at + ZHGa)

The RC circuit performs a useful type of signal processing activity. This can be seen by
considering the zero-to-peak amplitudeof the response as comparedto the zero-to-peak amplitude
of the excitation (input signal), and

amplitude of y(t)
amplitude of x(t) =I4Go)h

A plotof || #(ja)|| versus @ reveals how the system modifies the input amplitude to obtain the
output amplitudefordifferent frequenciesofthe input. Suchaplot showsthe magnitude frequency

response of an LTI system, andfor this RC circuit, the magnitude frequency responseis given inig. 1.22a.

[eGe) |

 
 — _ i —» w

i 2 3
frequency - rad./sec.

Fig. 1.22a. Magnitude frequency responseof the RCcircuit.

b Notice furtherthat the phase angle difference between the output andthe inputis determined
y the angle of the transfer function, which is shownin Fig. 1.22b.

f Figures 1.22 completely describe the frequency response of this system. The concept ofaTequency response can be applied to any dynamic system, and fora linear and time invariant system
the frequency response can be readily obtained.

If x(t) consists of two sinusoids such as x(t)=cos@,f +cos@,t, where ®, € @,, then the
Steady-state response y(t) will also consist of two sinusoids y,(7) and y,(t) at the two frequencies
@, and ®, , respectively. However, the amplitudeofy,(t) will be greater then the amplitude ofy, (t)
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so that y(t) = y,(t). The RC circuit attenuates high frequency inputsignals. This behavioris referreg
toas low-pass (LP)filtering. TheR and C values determinethe specific low-passfiltercharacteristic
of this circuit.

radians 
 

Fig. 1.22b. Phase angle frequency response of the RC circuit.

LP filters are commonly used for signal processing, and more elaborate circuits can be
designed to approximate an ideal LP filter characteristic as shownin Fig. 1.23, where @,is called

the cut-off frequency or bandwidth (BW)ofthefilter. If the goal of processing the signal x(z) is
to produce another signal y(¢) that is predominantly the part of x(t) with frequency =0,, then
we would design a circuit that approximates the ideal LP filter characteristic given in Fig. 1.23 such
that ®, <@, <@, and lim y,(¢) = 0. The resulting circuit will filter out the part ofx (¢) with frequencyfo

@= QM,.
[Jace||

Wy w

Fig. 1.23, Ideal LP filter magnitude frequency response.

A hi-fi amplifier with a treble control uses a low-passfilter. When we adjustthetreble control,
we are changing componentvalues within the filter to vary the bandwidth w, of the LPfilter. As
the bandwidthofthefilteris reduced, the high frequency componentsofa music signalare attenuated.
Wewill discuss filtering concepts more extensively in later chapters.

Example 1.15. Find the forced response of the RC circuit shown in Fig. 1.18 to the input
x(t) = sint + cos(10r + 2/4), which is given in Fig. 1.24a.

For convenience, let RC=1 so that H(s)=1/(s+1). For the sine term we write
sin(t) = cos(t¢ — 1/2). By the superposition principle, the steady-state response to x(t) is given by

y@)=| AY) cost ~ 1/2 + ZH(j1)) +] HG10)] cos(10t + 1/4 + ZH(j10))

Notice that subscript notation is not used here, because, for t large enough, this is the complete
response. Evaluating the magnitudes and angles yields

14
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F oyiy= spoon ~3ni/4) + yeagconttor +-n/4—tan™"(10))

which is shownin Fig. 1.24b.

 
 
 
 
 

 
 

 

x(t)

~2t

Fig. 1.24a. Sinusoidal input.

# y(t)
a+

gg:
-2+

  
Fig. 1.24b. Steady-state output.

Althoughthe input sinusoids have the same amplitude,the circuit has significantly attenuated
the input sinusoid with frequency @ = 10 rad/sec. By changing the R and/or C values we can control
the extent to which the componentofx(¢) with frequency @ = 10 is attenuated. This filter is not an
ideal LPfilter, and the part of the input with frequency @= 1is also slightly attenuated.ae

Analternative to the preceding analysis is based on eq. 1.7. Consider the following equation
dwTt VO=vO) (1.20)

With RC =1 , this is the same equation as eq. 1.8. Now suppose that
v(th=A e/™

The input Signal x(f) is related to v(t) by
Re(v(t)) =A cos at = x(t)

where if :
where if, in general, we write v(t) = Ve", then V =A ands =j@. By our previousresults, the forced

Sponse has the form

15
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wit)= Wel

where W is given by

1-j@= _V= jM)A =W=H(5)|,2j¥ =HGM)A =

With W, wz) becomes
 

wt) =SACostar) +j sin(o)
After multiplication, the real part of w,(t) can be obtained, and we get

A

1+a

 

Re(wt))= (cos(@t) + @ sin(@t))

Bya trigonometric identity (See Appendix A.)

A V1+@*cos(wt —tan(@))
L+or

 

Re(w(t)) =

and then it becomes apparentthat the forced response to Re(v(£)) is given by

Re(wAt)) = y(t)

The above procedure is a simpler method for finding y(t) than the method based on eq. 1.5.
However, for obtaining the response of a linear system to almost arbitrary input signals, we will 7
see in Chapters Two and Four that the method based on eq. 1.5 can be more conveniently extended, _

The rationale for the method based on eq. 1.7 stems from writing v(t) and w,{z) as

V(t) = v(t) + Jv,(t)

WAT) = w(t) +jw,(t)

where v,(t) and we(f) are the real parts of v(¢) and w,(t), respectively, and v,(t) and w,(t) are the |
imaginary parts of v(t) and w/(t), respectively. Substituting v(¢) and w,(z) into eq. 1.20 yields

d . . .
ae + jw) + (Wp + jw) = Vp +Jy

After equating real and imaginary parts, we have

dwp—— + Wp =V
dt R R

dwtTS rw, = y.
dt ft i

16
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RESPONSE OF LTI SYSTEMS TO COMPLEX EXPONENTIAL FUNCTIONS 49

and the real and imaginary parts of w,{t) separately are the forced response of the system to the real
and imaginary parts of v(t).

: Letus apply the conceptofa linearoperatorto eq. 1.11, which is repeated here forconvenience,
Le.

hy
ay,()=xt), RC=1

Here, we assume that the system is initially at rest, so that y(t)=y,,(£). This is a linear system.
_ Operating on both sides of the equation with some linear operator Z yields

dy,, _foe.2.0) =L{x(0)
_ Since L is a linear operator, then we have

[92|sr0.00) =L(x(t))
Now, suppose we define L to be a time invariant differential operator,i.e.

a't. alLO = 64-46,+a)
for some nonnegative integer i, where cy, c,,°+*, ¢; are arbitrary constants. Then L andthe linear
Operation differentiation can be reversed, and weget

d

iL0u() +L0,,0) =LOO)

Therefore,if y,s(t) is the zero-state response to x(t), then L(y,,(¢)) is the zero-state response to

ne(¢)). Furthermore,if yt) is the forced response to x(t), then L(yt)) is the forced responsetoX(t).

Example 1.16. Wejust found the response y,(¢) of the circuit in Fig. 1.18 to x(t) =A cos(wt). Let
Us find the forced responseofthis circuit to z(t) = A sin(at). But, x(¢) and z(t) can berelated through
an appropriate linear operator, which in this case is

id
La) =-—— =)) aO20)

Therefore, the forced response to z(t) is given by L(y,(t)), which is
1

LO) =-—£ (yf) =Asin(at — tan*(w))
Vito

The reader should obtain this same result based on writing z(t) as z(t) =Im(A e™).a,

17
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Example1.17. Toillustrate anotherkindoffrequencyselective behavior, considerthe circuit given
in Fig. 1.25, where the voltage v(t) is the input and the loop current i(t) is the desired response.

 
Fig, 1.25. A series RLC circuit.

By KVL andthe v —i relationships for the components we have for t > 0”
- ire

Ri(t) +142[ i(tdt+v.(0)—v(t)=0 (1.21)dt CJy

Differentiating once yields

di jdi i dv
L—-+R— +120 => 1.2dt? at * Cc @ at (1.22)
Using R=6Q,L=1H,C =1/25F, the homogeneous equation yields the characteristic

equation given by

s?+6s,+25=0

 
 

 
 
 

 

 

andthe natural frequenciesare s, =-3 +j4 ands, =—3 —j4. These are complex natural frequencies
with negative real parts, and the natural responsei, (¢) is an exponentially decaying sinusoid given
by

i,(t)=TeMe™ +eMe™ = YL e*cos(4t+Z,), L=Nhle’a

so that lim i, (t) =0.J, can be found by applyinginitial conditionsat t = 0° to the complete responsetoo

i(t). Here, we are only concerned with the frequency responseofthis circuit, and sincelim i, (t) =0,tye

then the steady-state response is i,().

If v(t) = A cos(wr + 8), then we mustfind the forced response to v(t)= Ve"+(V e"), where
s=jo@and V= ; e!®. For the purpose ofinvestigating the frequency responseofthis circuit, we
need only find the forced responsei,(t) to v(t). Denote the response to Ve" by le” , where! = H(s)V,
and therefore i,t) = Je“ + (e”).

18
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RESPONSE OF LTI SYSTEMS TO COMPLEX EXPONENTIAL FUNCTIONS 51

Substituting Je“ and Ve"into eq. 1.23 resuits in
1

Ls°1+Rsl +1 =sV
Cc

or

Lsl +RI ety =V (1.23)
Cs .

and, for H(s), we get

_ where P(s) is the numerator polynomial of H(s) and Q(s) is the denominator polynomial of H(s).

- Before continuing with this example, let us consider again the v —i relationships for the
components wheneitherthe voltage or currentis an excitation that is a complex exponential function.

For an inductor the v ~i relationship is given by

di,¥,(@)=L—u(t) =L—

Ifi,@)=I,e", then v(t) = V,e" =Lsl,e", and V, =Lsi,.

For a resistor we have

Vet) = Rig(t)

If ig(t) = Ipe™, then va(t) = Vee" = Ripe, and Vp = Rik.

And, for a capacitor the v —i relationship is given by

. avoyj=c—
icfQ=C dt

Ifve(t) = Vee", then ig(t) = Ice" = CsVce", and Ve= ale.

f Therelationships between the complex amplitudesof the voltage and the complex amplitudesOf the current for an inductor, resistor, and capacitor,i.e.

V, =Lsl,

Va =Rlp

19
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are called Ohm’s law. By Ohm’s law we can relate the complex voltage amplitudes and the comple, _
current amplitudesof the components through the quantities Ls , R , and 1/Cs , which arecalled the _
impedanceof an inductor, resistor, and capacitor, respectively. -

If we are only interested in the forced response, then we can omit writing time domain
equations such as eq. 1.21, skip the steps from eq. 1.21 to eq. 1.23, and immediately apply Kyl.
in terms of complex amplitudes and impedancesto obtain frequency domain equations such aseq.
1.23, where Ls/ is the complex amplitude of the voltage across the inductor, R/ is the complex
amplitude of the voltage across the resistor, and //Cs is the complex amplitude of the voltage acrogg
the capacitor. By KVL,the sum of these complex voltage amplitudes equals the complex amplitude
of the input (See eq. 1.23.).

Now,with s = j@, write H(jq@)ih polar form,ie.

H(jo)=|HGa)7

Since J = H(Ua@)V,i(t) is given by

.
ce

mA je; 7 ae
; =H FLAS 58 Jot H ~j/ ZH f*|-j8 jotiXt)=||H le ze 8 | Hl e zee os

After combining exponential terms and using Euler’s identity we get

ift) =| 4Go)|| A costar +9+ ZA (Yo))

With the componentvalues of the RLC circuit we have

|o|
(25 — 0)’ + 3607)" |

and the magnitude frequency responseofthe circuit is shown in Fig. 1.26.

|Ga)l| =

4G)[|

 
 

we 5 w>s w

Fig, 1.26. Magnitude frequency response for Example 1.17.

If y(t) consists of the sum of sinusoids at many different frequencies, then i,(t) also consists
of a sum of sinusoidsat these frequencies. However, from Fig. 1.26 we see that input sinusoids
with frequencies significantly below and above w= 5 rad/sec are attenuated. This circuit exhibits
the frequency selective behavior of a band-pass (BP) filter. A more elaborate circuit is necessary

20
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to approximatethe ideal BP characteristic shownin Fig. 1.27, where @, and @, are called the lower
and upper cut-off frequencies, respectively, and (@, — @,) is called the bandwidth (BW) of the
BPfilter.

{8 Gu |
aay

a, Qe on)

Fig. 1.27. Ideal BP filter.

By varying componentvalues, such as the capacitor value, the range of frequencies of input
sinusoidal functionsthat are passed bythis circuit can be changed as shownin Fig. 1.26. This is
the basis of the kind of signal processing activity that first occurs in a TV or radio receiver. The
intentis to allow the remainderofthe receiver to process only one of the many incoming signals.
Tuningin aparticular transmittingstation can be done by adjusting component values in a band-pass
filter circuit until the frequency response of the filter peaks about the frequencies of signals
transmitted by a desired station.

 

For any linear and time invariant system with transfer function H(s), if the lim y,(t)=0,

then the steady-state response to the input

x(t) =A cos(wr + 8)

is given by

y(t)=|| 4Uo)| A cos(ar + 8 + ZH (Ja))
 

. Thecomplex function H (j@)ofthe real variable « determines how an LT! system processes
an input sinusoidal function to produce an output sinusoidal function.

Example 1.18. Let us write KCL equationsin terms of forced response amplitudes for the circuit
8iven in Fig. 1.28, and determineits frequency response.

Again, we assumethat the input is given by v(t)=Ve" + (Ve). Consequently, the forced
Tesponsesfor the node voltages v, andv, are v,(t) = V,e" + (V,e")and v,(t) = Vre" + (Vee *)" Now,
stead of writing time domain equations similar to eq. 1.21, we will write equations, which are
amd frequency domain equations,similar to eq. 1.23. Applying KCL by summingthe complex

Pplitudes of currents leaving nodes (1) and (2) results in

Vi-V V,-V,
BR tes V+ *

 

 
 
 

 
  

=0
2
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V,-V, Vv,74220

and we have two coupled linear algebraic equationsinstead of two coupled time domaindifferentia) :
equations. Rearranging these two equations in two unknownsresults in

1 1
—+— |y,-—V,=—V[cs+g x) RoR,

vz (t) va(t)

 
Fig. 1.28. A two loop RIC circuit.

If ,(¢) is the desired output, then by Cramer’s rule (See Appendix D.) we can solve for V, _
to obtain ’

Ls +R, _ PAs)= V= V
RLC s?+(L+R,R,C)s+R, +R,  Q(s)

 
1

which also identifies the transfer function H,(s) from V to V,. With the transfer function we can
write the differential equation that relates v,(t) and v(t). Furthermore

_ Ls _ Pls)
RLC s?+(L+R,R,C)st+R, +R, Qs)

 
V,

whichidentifies the transfer function H,(s) from V to V..

The characteristic equation for the natural frequencies can be identified from the denominator
of either H,(s) or H,(s). Remember, regardless of which quantity we choose to find, the natural
frequencies will be the same.

Now assumethat v(t) = A cos(wr + 8) so that V =5e” and s = j@. Then, with H,(s) we can
find the forced response v,(r) to v(t), and with H,(s) we can find the forced response v,(t) to v(t).
If v,(¢) is the desired output, then a plot of || H,(/@)|| versus @ will reveal the frequency selective
behavior ofthis circuit. 
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We have been analyzing linear andtime invariant systems, which,for a single input x(¢) and
single output y(t), can be represented in the frequency domain as shownin Fig. 1.29, where X is
the complex amplitudeof the input andYis the complex amplitude of the output.

System
x described by Y = H(s)XH(s)

Fig. 1.29. Frequency domain representation of an LTI system.

1-3.3. Complete Responseof an n™ Order System

In the analysis of the circuit given in Fig. 1.18 we introduced varioussalient terms and pro-
ceduresthat are involvedin the analysis of any LTI system. Before we consider an n® order system,
let us repeat this analysis procedure, but withoutthe intermediate details.
Example 1.19. Find the complete solution of the differential equation given by

d’y dy dx2—— + 10— + 12y(t) = 3+ 12x¢ 1.24a ait y(t) at (t) (1.24)
fort > 0. The input x(t) is assumed to have the form x(t)=X e"fort > 0 and x(t) =0 fort <0. To
solve for y(t), we need two conditions on y(¢), and suppose they are y (0°) = 1 and »(0°) = 0. Since
X(t) has only a finite discontinuity at = 0, then y(t) is continuous at f = 0. In Section 1-4 we will
consider issues regarding the continuity of the solution ofa linear differential equation. Now,let
us proceed as before. The complete responsehasthe form asin eq.1.9.

From the homogeneous equation, the characteristic equationis

2s? + 10s, + 12 = 2(s, +2) (s, +3) =0

This second order polynomial equation in s, has two roots, which are s;= ~2 and s,=—3. These
are the natural frequenciesof this system. Each natural frequency generates an exponential function
that satisfies the homogeneous equation. Therefore, y,(t), as given by

y,@¢) = Ye" +,"

alsosatisfies the homogeneousequation. Try it. The constants Y, and Y, will be found by applying
the conditions given for the complete solution.

To find the forced response y/(t) = Y,e", we need the transfer function H(s), which is
 H(s)= 3s+12. 3 st+4_ _ Pts)
2s7+10s+12 257+5s+6 Q(s)
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CHAPTER TEN

DIGITAL FILTER DESIGN

Basically,a discrete time system ordigital signal processor executesan algorithmthat operates
on an input number sequenceto produce an output number sequence. We have already seen through
several examplesthat a discrete time system can exhibit frequency selective behavior, and conse-
quently the term digital filter is also used when wereferto a discrete time system. In the previous
chapter the Z-transform waspresented, and we foundthatit is a useful tool for the analysis of LTI
(linear and time invariant) discrete time systems. And, we developed several ways by which a
discrete time system can be described andrealized. In this chapter we shall be concerned with the
design or synthesis of LTI digital filters to achieve a prescribed frequency response. Then, in the
next chapter, we will consider the application of some commercially available special purpose
microprocessors for implementinga digital filter.

SECTION10-1 Digital Filter Properties

To designa digital filter, we must provide a specification of the desired performance of the
filter. Filter specifications must be consistent with design procedures. Therefore, we must satisfy
some particular discrete time system properties as we imposefilter performance requirements.
Before we develop somedigital filter design procedures, let us review some LTI discrete time
system properties to see how they affect a design specification.

10-1.1 Review

A single input u(k) and single output y(k) LTI digitalfilter can be described by a scalar
difference equation,i.e.

y(k-+n)+a,_, yk + (2-1) +:+ tay y(K) = By Uk +1) + By, U(k + (m — 1) ++ Hyuk)

This is an n" order difference equation. We assumethat u(k) =0 for k <0. Since the filter is time
invariant (shift invariant), we can write

y(k)=b,, uk -—(n -—m)) +b,uk —(n —m + 1)) ++ +buk - (ne — 1))+b,u(k —n)

—a,_,y(k-1)-+-—a, yk -(n-1))- ayk —70)
or

t= Sb,alkRe= a, ..y(k—i) | (10.1a)
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fork =0,1---. Torun eq. 10.1a requiresthe initial conditions, yCi), i=1,2,---; If the filter is
to be causal, then the present output y(t) cannot depend on future inputs, and therefore, from the
term u(k —(% —m)), we require that (n —-m)>0, orn =m.

Wesaw in the previous chapter that there are innumerable other ways, which preserve the
input-outputrelationship, for describing a digital filter. Through a definition of state variables, a
causal filter can always be represented with

x(k +1) =Ax(k)+Bulk) (10.1b)

yk) =Cx(k)+ Duk) . (10.1)

where x is an ” componentstate vector. To run eq. 10.1b requires the initial condition x(0). We
can run either description given in eqs. 10.1 to obtain the response y(k) to an input u(k), for
k=0,1,-+-.

A digital filter is also described by its unit pulse response (x), and for a causal system,
h(k)=0 for k <0. The responseto an input w(k), & =0,1,-:-, can be found with the convolution
operation, and we have

y(k) = 3hk iu(d)= ¥Auk1 (10.22)
By taking the Z-transform of eq. 10.1a and assuming zero initial conditions, the transfer

function of thefilter is given by

 > b,2!
H(@)===F8) (10.3a)

+Eaa' 26)
Il (z-2z)

H(z)=H,———_ (10.3b)
He — Pi) ,

If the filter is to be causal, i.e., m <n, then H(z) must be a proper function. Assuming that H(z)
is irreducible, the poles of H(z) are the roots of the characteristic equation, i.c., O{z)=0 or
| 2 —A| =0, whichare called the natural frequencies ofthefilter. If thefilter is to be stable, then
all the poles p; ofH(z) mustbeinside the unitcircle,i.e., || p;| <1, i =1,2,---, 2. However, without
someotherspecification, the zeros z, can be anywherein the z-plane.

With the convolution property we have that ¥(z) = ¥(z)U(z), and H(z) = Z(h(k)). Therefore,
y(k) in eq. 10.2a can also be found with

y(k) =Z"(A(z)U(2) (10.2b)
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From an input-output viewpoint we can represent a digital filter as shownin Fig. 10.1, It is
_ importantto remember that eqs. 10.2 yield the complete response underzeroinitial conditions.

Utz) H(z) ¥(z)ng
Fig. 10.1. Time and frequency domain representationsfor a digitalfilter.

If any a;,i=0,1,-+-,(2—1), in eq. 10.1a, is not zero, then there is feedback in thefilter,
ie., the present output depends on pastoutputs. Sucha filter is said to be a recursivefilter, and
any finite duration inputwill cause an infinite duration response. This is an IIR filter.
Example 10.1. Let us considerthe relationship between the behaviorof the unit pulse response and
the pole locationsofa filter with h(x) given by

h(k) =¥ cos(@kT + w)u_(k)

If|y| <1, then A(k) is an exponentially decreasing sinusoid. The transfer function H(z) is given
by

| cos(y)z”— ycos(@yF — wz
i)-16=—

| . z*—2ycos(WT)z +"and the difference equation relating y(k) and u(k) is given by

)

|

y (k) = bau (k) + byu(k -— 1)-ayy(k — 1)— ayy-2)

where b, = cos(y), b, = —Ycos(@pT — W), a, =—2ycos(W)T), and a = ’. This is a recursivefilter.

The poles of H(z) are py = yer and p,= yer. Notice that the magnitudesof the poles
determine the exponential decay rate of h(k). Therefore, the closer the polesare to the unit circle,
the longerit will takefor thefilterresponse to reach steady-state conditions. Furthermore,the angles
of the poles determinethe frequenciesof the natural response. For example, iff, = 8 samples/sec,
and the poles are given by

Py2=qe

then 0))T = 1/6 so that @, = 41/3 rad/sec. 

If the a;, fori =0,-:-, (2-1), in eq. 10.1a are zero, then H(z) becomes

rms biz i

H(z)=
 

=Sb2) (10.4a)i=0

0

z*
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so that

yk)=b, uk -(n—m))+b,,_,u(k-(n -—m+1))+---+b,u(k -(n —1)) +b, u(k—n)
 

and we have a nonrecursivefilter, which is also called a transversal or tapped delaylinefilter.
The response of a nonrecursive filter depends only on the input, and therefore the response to a
finite duration input also has a finite duration. This is an FIR filter.If it is a causal filter, then the
response depends only on the present and past inputs.

The unit pulse response of a nonrecursivefilter is given by

A(k) =Z7(H(2)) = Edanlk -(n-i)==_ by tele -i)

23h.c6h-) (10.5)i=0

where, if m <n, then we set b,,,,=0,---,b, =O. Therefore, A(k)=b,_,,k =0,1,---,. Since
the n poles of a nonrecursivefilter are all at z = 0, a nonrecursive (FIR)filteris unconditionally
stable. And, H(z) is simply given by

H@)= 5 hz (10.4b)k=0 a

which hasthe structure shown in Fig. 10.2.

uk)

¥{k)
 

Fig. 10.2. A causal FIR filter.

Since the unit pulse response h(k) of eq. 10.1a is a real time function, then the coefficients
in the polynomials P(z) and Q(z) are also real, and therefore we have

« P(2") P’@ .HO)=FHw (10.6)
Thesteady-state response y (kT) to u(kT') = A cos(@kT + 0)u_,(kT) of a stable LTI digital filter

is given by y(kT) =M(a)A cos(@kT + 6+ $(o)), where

M@)=|He™)I (10.7a)

6(@) = ZH(e’) (10.7b)
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Therefore, the amplitude and phase angle of the response depend on the frequencyof the input and
the nature ofthe digital filter.

Writing H(e/*") in polar form resultsin

He") =M(@)e™ (10.8a)

and by eq. 10.6 we get

H(e*)=H'(e***)

M(-a)e*™ =M(we (10.8b)

Therefore, M(—@) = M (a), and M(o) is an even function, and @(—-) =—(@), and (0) is an odd
function. Furthermore, by Euler’s identity we can write

H(e/*") = M(w) cos (@) + jM(o)sind(@) (10.9)

and thereal (imaginary) part of H(e’®”) is also an even (odd) function. Consequently, to achieve
real coefficients in the design of a digital filter as described in eqs. 10.1, we must choose H(z) such

that the magnitude(andreal part) of H(e’") is an even function, and such that the phase angle (and
imaginary part) of H(e/*") is an odd function.

We have already shown that H(e’°’) is a periodic function of w, with period a,, the sampling
frequency. This meansthat if h(&) and the response to anyreal inputare to be real, then M(a) (and
the real part of H(e/*") ) must be an even periodic function, and $(o) (and the imaginary part of
H(e/") ) mustbe an odd periodic function.

10-1.2 Pole or Zero Reflection

Itis possible to replace any pole or zero ofH(z) ineq. 10.3b by its reciprocal without changing
the shape of (a). By eqs. 10.8 we have

Mo) = HeHe")=H)(e") |, _ ior | (10.10)
Notice that if (z — p,) is a factor in the denominator of H(z) in eq. 10.3b, then (z* — p,) is a factor
in the denominator of H(z”), and z = 1/p;is a pole of H(z~). Similarly, z = 1/z; is zero of H(z”).

i) With eq. 10.3b, M(w) is given by

x Ihe? — zl
M() =|H,| —————— (10.11)

joT
a) The" pil

b) Consider any factors due to a complex conjugate pole pair, and we have
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-jor

yer —p,h fe’ —p; =I (ei —pt Wepy Nee — pill We” — il

fot[Goellle
Eq. 10.12 showsthat the shape of the magnitude frequency response is not changedif in H(z), any
real poles (or zeros) or any complex conjugate pair of poles (or zeros) are replaced by their recip-rocals. The resulting magnitude frequency response is only scaled by a constant. This meansthat
if in the design ofa digital filter H(z), we obtain anunstablefilter because p; and p; are outside the
unit circle, then if we are only concemed with achieving a desired M(@) shape, the factors
(z-—p)(- p;) can be replaced with (z — lip) (z - l/p;). The resulting(z) will be stable, since
L/p; and 1/p;are inside the unitcircle.

(10.12) 

10-1.3 Frequency Response Specifications

Example10.2. Let us investigate the frequency response of the filter given in Example 10.1 with
y=-1/2, W, = 41/3, and T = 1/8, so that

(eye) —4e"™)

ack)=¥" solK}eA()
H(z)=

<= 16n rad/sec.H(e!*") is periodic, and here, the period is ©, =

Assumethe input is u(kT) = cos(@kT + 6)u_(k). With |y| <1, the complete response will
consist of a transient term similar to h(k) plus a sinusoidal term. For some 0<Y=Y.<1 and
0<y=¥, <1, where}, >.> M() is shownin Fig. 10.3.

Miu)

 
-in 0 \ aa y 16+wf wo&a wi - 88 0oO

Fig. 10.3. Band-pass filter magnitude frequency response.
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By eq. 10.11 we see that M(a) should peak at or in the vicinity of «= @,. This is because

the factor|| e°” —p,|| in the denominator of M(@)takes on its minimum value as ® > @). This
M(@) does peak at @=+mM).

Since H(e/*") = H(e’°*""")for any integer r =+1,+2, ---, the amplitude and phase angle
of the steady-state response for @ = @, and @ = @, = @, + ©, will be the same. For example, suppose

: @, = 2n (f, = 1 Hz), so that @, = 182 (f, =f, +,=9 Hz). The inputfor @, and for @, is shown in
Fig. 10.4.

 aa
Fig. 10.4. Input for £, = 1 Hz and f, =9 Hz.

Noticethat at the sample time points = kT, the same number sequence u(kT) occurs, and
the filter cannotdistinguish between inputs at these two frequencies. To uniquely determine the

| frequencyof the output, we mustlimit the input frequency range to0 << @,/2.

For this H(z), M (a) is small for low frequencies and high frequencies (up to w,/2 ). Therefore,
this H(z) exhibits the characteristic of a band-pass (BP)filter. If the input consists of a sum of
equal amplitude sampledsinusoids with frequencies in the range 0 < @ < @,/2, then the steady-state
response will also consist of a linear combination of sinusoidsat these frequencies. However, the
response sinusoids with frequencies significantly above and below @= @, will have small ampli-
tudes(the input sinusoids are attenuated) compared to sinusoids with frequenciesin the vicinity of
O= Wp.

To be more specific aboutthe nature of aBP filter, we refer to the frequencyrange @, < @ < Gy,

where M?(«) = 5M as the pass-bandofthefilter, and (@,—«,) as the bandwidth (BW) ofthe
filter, i.e., BW =@,—@,, where @, and @, are called the lower and upper, respectively, cut-off
frequencies. Therefore, at the cut-off frequencies we have

M(@=101o —— = 10 log z =-3dB
Moeax 2

SSa
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Since this M(@) peaks at @ = a), the cut-off frequencies are found withMa)=M(a) = 5M*() .
Notice that @ = @, is not necessarily the arithmetic average (@, + @,)/2 of @, and @,. If an input
with unity amplitude hasthe frequency @ = @), then the amplitude ofthe steady-state responseis

M(@p), and the average power ofthe sinusoidal steady-state response is given by >M(ap) - If the
input frequency is @=«,, then the average power of the steady-state response is given by1

=M7(0,) = (3m*(,)) Therefore, @ = @, and « = «, are also referred to as the half power points,2\2
 

A sketch of the characteristic of a BPfilter is shownin Fig. 10.5a.In specifying the desired
characteristics of a band-passfilter, which is to be designed, w, and @, are usually given.

 
Fig. 10.5a.'A BP filter magnitude characteristic.

Furthermore, we mustalso specify some frequencies = @, < @, , ® = @, > @,, and the extent
to which M(q)is to decrease as @ is decreased from @, to @, and increased from @, to @,. Our
design goal is to determine an H(z) such that M(w) meets the bandwidth requirement, and
M(@) < M(q,)for0 < @ < @,andM(@) < M(@,) fora, <a < «,/2 . Thefrequency rangesO < @ < @,
and ©, <@<@,/2 are called stop-bands, while the ranges @, < @< @, and @, < @ < ), are called
transition-bands. Once @, , @,, @,,M(@,), @,, and M(@,) are given, we must determine an H(z)
such that M() remains within the cross-hatched area shownin Fig, 10.5a.

Anideal BP filter magnitude characteristic Mgp(0) is given by

0, 0<@<a,

M,(@)=)1, 0,<a<@, (10.13a)
0, @<a<w/2

and sinceM (w)mustalso be an even periodic function,then the Mgp(W) showninFig. 10.5b results,
If the inputto an ideal BPfilter consists ofa linear combinationofsinusoids with frequencies

in the range 0 <w<@,/2, then the steady-state response will only consist of sinusoids with fre-
quencies within the pass-band ofthefilter, and their amplitudesare the sameas the corresponding
input amplitudes. Those input sinusoids with frequencies within the stop-bands are perfectly
attenuated. IfM (a) is not a constant within the pass-band, then the input wave shape corresponding
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DIGITAL FILTER PROPERTIES 565

to sinusoids with frequencies within the pass-band is not preserved in the output. This is called
magnitude distortion. As we shall see,it is possible to design an H(z) with an M(o) that comes
as close to M,p(w) as we desire.

Mp)

Wy uy Wy 4s We 7 uy ue Wy + wy

Fig. 10.5b. An ideal BP filter magnitude characteristic.

With anyH(z) that has been designed to achievedesired specifications on M(«), the resulting
phaseshift $(w) determines how thefilter modifies the phase anglesofinput sinusoidsto obtain the
phase angles of the output sinusoids. Suppose the filter in Fig. 10.1 is an ideal BPfilter, and that
the input consists of

u(kT) = cos(@,kT)u_,(k) + cos(@,kTu_,(k)

where , and @, are within the pass-bandofthefilter. If in the steady-state response, the input
wave shapeis to be preserved, then thefilter should do no more than delay the input by some delay
time T,, so that

yk) = u(kT —T,) = cos(w,(kT —T.,)) + cos(w,(kT —T,))

=cos(w,kT —@,T,) + cos(@,kT — w,T,)

Here, we have that Mpp(W,) = Mgp(@,) = 1 , and to equally delay each sinusoidal input,it is necessary
that >(@,) =—w,T, and (@,) =—w,T,. For an ideal BPfilter we require that

%pp(@) = -T,@ (10.13b)

for —w,/2 <@<@,/2, which is a linear function of @. Since 6(w) must also be an odd periodic
function, then the $,p(c) shown in Fig. 10.5c results. Notice that for a causal filter the slope of
¢pp(@) cannot be positive.

tw)
*ap

 
Fig. 10.5¢. An ideal BPfilter phaseshift characteristic,

oy
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If (@)is notalinear function of @, then the input wave shapeis not preserved in the output.
This is called phase distortion.

A commonly used alternative to describe the phaseshift characteristic ofa filter is the group
delay t(w), which is defined by

t(@)= -=(0) (10.14)
and for an ideal BPfilter we have the constanttgp() = 7, secs. Since H(z) is a ratio of polynomials
in z, we generally do not expectthat (@) will be a linear function of w, which, as we shall see in
the next section, only occurs under special circumstances. Instead, a design specification should
require that 1(@) remain within some range over the pass-band of the filter as shown by the
cross-hatched area in Fig. 10.5d.

tha)

 
Fig. 10.5d. A BPfilter group delay characteristic.

In general, we are not free to independently use any function form for M (a) and o(@), which
are related through H(z). Furthermore, H(z) =P(zVQ(@) should be the transfer function ofa real,
causal, and stable digital filter, where we would like thatn , whichis the order ofthefilter, be as
small as filter specifications allow. Therefore, a filter specification is usually given in terms of
bounds as shown in Figs. 10.5a and 10.5d. Even then, it may not be easy (or possible) to find an
acceptable H(z), which meets both of the bound conditions shown in Figs. 10.5a and 10.5d, if these
conditions are too stringent. Usually, H(z) is determined based only on conditions imposed on
M(q), and thenthe resulting (a) is evaluatedto see if any phase distortion or delay is acceptable
within the context of the intended application. ,

Example 10,3. For H(z) given in Example 10.2, M(cn), (@) and t(@) are given, respectively, by
¥cos(MT - wy) 

 

   

M?(a) = ;(14+ —2ycos((@— @)T)) (1 + 7° — 2ycos((W+ @)T))

(0) <0 —tan} TOV) )- tanr'( Y8in(@+ oT)
1—ycos((@— MJT)) 1-ycos((@+ @)T)

do)=T11 P—yeos((@-a)T)_—_Y ~ Yeos((@+ @)T)
1+y’—2ycos((@—@)T) 1+ 7-2ycos((@+ @)T)
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and one period is defined for—8x < w < 8x. The reader should verify these expressions. Notice that
(—®) = —b(@). For y= 0.95, these functions are plotted in Fig. 10.6, where the more conventional
dB value of M7(a) is shown.

 
enti

Fig. 10.6a. Magnitude response.
a ow)

  
ps —

Fig. 10.6b. Phase response.

 
Fig. 10.6c. Group delay response.

In Fig. 10.6a we see that the gain M(w) is down 3 dB from the peak value at @, = 3.75 and
@, = 4.55 rad/sec, so that the bandwidth is BW = 0.8 rad/sec.If this is the desired pass-band, and it
is sufficient that the gain is down 10 dB from the peak value at w,=2.7 and , = 5.3, then the
difference equation given in Example 10.1 can be used to realize this band-passfilter. On the other
hand, we may wantthe gain to be down more than 10 dB at @, and «, or someothervaluesfor a,
and @,, which are closer to @, and @,, respectively. Weshall develop design techniques to achieve
such goals.
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a
etoup delay

  
ee By  Fig. 10.6d. Equalized groupdelay.

Now,let us see how this BP filter responds to the input u(kT) = sin(@kT)u_,(k), which is
shownin Fig. 10.7a for @= @). For @= @), @,, and @,, the outputs are shownin Figs. 10.7b, c,
and d, respectively.

  
Fig. 10.7a. Input with @ = a.

This filter was realized with the algorithm described in Fig. 9.25, and a subroutine, which
executesthis algorithm, is given in Fig. 10.8.

From the outputs, which are shown in Fig. 10.7, we see thatafter steady-state conditions have
been reached,thefilter has significantly attenuated the inputfor the frequencies «= @, and ®= @,.
Notice that the input with frequency = @,) has been phase shifted by $(@)) =—1.6 rad. (See Fig.
10.6b.), or delayed by t(@,) = 2.4 secs. (See Fig. 10.6c.). From Fig. 10.6¢ we see that the group
delay is not a constant within the pass-band, butinstead varies over the range 1.1 secs. to 2.4 secs.An improved group delay is shownin Fig. 10.6d, which will be explained in a short while.  
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# y¥(kT)
Tt

   
Fig. 10.7d. Output with @=@,.

DIMENSION C(48),¥(48),Y0(512),Y(512),TIME(512)DATA PV/3.141 KoayWayoo)walea)
GAMMA=.95
W0=4.*P//3.
T=.125
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PSI=-PV/2.
B2=COS(PSI)
B1=-GAMMA"COS(WO"T-PSI)BO=0

A1=-2.*GAMMA*COS(WO"T)
A0=GAMMA“*2

bo 2 K=1,NTIME(K)=(K-1)*TAD-SINW'TI E(K))
YO(K)=AD
CALL FILTER(I,C,Y,AD,DA)
YKK)=DA
CALL PLOT(’------FILTER-INPUT------',N,

1 YO,'------,TIME,'--SECS.~’
CALL PLOT(’------FILTER-OUTPUT---~-’,N,

1 YI,'--------', TIME,'--SECS.~’)STOP
END

SUBROUTINE FILTER(I,C,Y,AD,DA)
Cc EXECUTES THE FILTER ALGORITHM GIVENIN FIG. 9.258

DIMENSION C(1),Y(4)
Y(3)=AD
INDEX=0
DO 1 ISECT=1,I
INDEX=INDEX+1
SUM-=0.
DO 2 M=1,5
SUM=SUM+C(INDEX)*Y(INDEX)

2 INDEX=INDEX+1
Y(INDEX)=SUM
IF(ISECT.EQ.1) GO TO3

X(NDEX+3)-Y(INDEX)DA=Y(INDEX)
DO 4 M=2, INDEX

4 Y¥(M-1)=(M)
RETURN
END

ra)

Fig. 10.8. Main program and subroutine for running a cascade structurefilter.
A designspecification may require that within the pass-band of the filter, t(@) should not

deviate by more than,for example, +10% from someconstantvalue. Since in general, there is no
direct design procedure that can simultaneously achieve arbitrary specifications on both M(@) and
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(@), we first determine an H(z) thatsatisfies the requirementfor M (a). Let us denote the resulting
H(z) by H,(z). We then can cascade H,(z) with an all-passfilter Hpo(z) that consists of a product
of terms each having the form

(1-pz)(1~p'z) _1-(p+p')z + [pI 2”
@-p)@-p) 2?-(+p)z+I pl?

forcomplexpoles, or (1 — pz)/(z — p) forreal poles. Therefore,the zeros ofHgo(z) are the reciprocals
of the poles of Hgo(z), and by eq. 10.12, Mzo(@) = 1. Let us denote the overall transfer function by
H(z), and we have

HA(2Z) = H,@)Hpo()

(10.15a)

M,(a) = M,(@)M,)() = M,(o)

$(@) = 0,(@) + Pz9(Z)

T(@) = T,(@)+Tg(@)

Since an all-pass filter does notalter the magnitude response of H,(z), it is commonly used

for phase equalization, which means that the poles of Hgo(z) must be positioned such that for a
given o,(@) (ort,(@) ), 6,(@) (or t,() ) satisfies the specifications imposed on¢() (or 1()). Hgp(z)
mustalso be a stable filter, and if in eq. 10.15a we write p =ce’?, then a <1.

If Hgg(z) were to consist of just one term as given in eq. 10.15a, then Tgg(w) is given by

 
(10.15b)Teq(@) = (1 at -acos(@r—-B)__0° —arcos(wP +B) ]Qs ~ =

1+0?-2acos(wf—B) 1+0?-2oacos(wT +B)

which, like t(@) given in Example 10.3, peaks at @=B/T . The extent of the peak is determined
by o. If an equalizer for t,(w) shown in Fig. 10.6c is needed,thenit is likely that at least two terms

as given in eq. 10.15a are required in Hgo(z). For one term, the group delay should peak near @,,
and for the other term, the group delay should peak near w,. This is illustrated in Fig. 10.6d, where

we have simply used guess and try values forp = p, = oe andp = p,= one”, Later in this chapter
we shall develop a method for finding suitable values for p, and p,, or the poles of any other phase
equalizer we may wantto try.

At this point, the reader should realize that LTI filter design is mainly an approximation
problem, where a causal (for real-time operation), real, and stable discrete time system, which meets
prescribed filtering behavior, must be determined. This becomes even more apparent if we consider
the time domain behavior of an ideal BP filter. For -w,/2 < @ < w,/2, eqs. 10.13 become

- aly
Hyp(ei®”) = e “, -@,<@<-0,, O,<o<a@, (10.16)

0, -0,/2<0<-0,,-0,<O<0,,0,<0<@,/2
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By eq. 9.16, the unit pulse response /gp(k) is given by
1
Tt,

 
Aiyp(k) = Z(Hgp(z)) = oT fHop(z)2* "dz

where the path I must be within the annulusof convergence of Z(hgp(k)). Since thefilter must be
stable, the annulusofconvergence includesthe unitcircle, which wewill use as thepathI”. Therefore,
along the path T’, let z =e" for—m < wT <1, and Agp(k) becomes

ke
20

7 a, «jor, ; a, -jeT, |=— | e” ‘ea| e 4ei™Tday27 a tay

T((ett)(itt-ta)hgp(k) =—|| ————_ aOaara)
“n OCT-T) x @KkT-T) Cor

For the cut-off frequencies of Example 10.3, the unit pulse response of an ideal BPfilter is
shownin Fig. 10.9, with T, =0.

ow, /2 : ; |

Aap(k) = f plateeNONe!de

 
Fig. 10.9. Unit pulse response of an ideal BPfilter.

From eq. 10.17 or Fig. 10.9 we see that hgp(k) #0 for k <0, and therefore an ideal filter can
only be achieved with a noncausal system,regardless of the value of T, . However, suppose we use
a large enoughpositive value for T,, which would shift, for example, the h,p(k) shown in Fig. 10.9
to the right, and then define A(k)=Mpp(k)u_,(k), which is causal. With this A(k),  
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H(z) =Z(A(k)) — App(z) as Tz 9 0. For T, = 128T, || H(e/*") is showninFig. 10.10, which was
obtained by taking the DFT of h(k) for k =0, 1, ---, (NW —1), where N = 512, whichis large enough
for a negligible leakage error, was used.

acel@™yf

 

 

Fig. 10.10. Approximation for an ideal BPfilter magnitude response.
Although we can comecloseto the ideal BP filter characteristic by increasing T, , we cannot

exactly achieve it. Nevertheless, the h(k) values could be used as the weights for the FIR filter
structure given in Fig. 10.2.

H5 (w)

 

tts
ayo ts eyo)

Fig. 10.11. Ideal characteristic for LP, HP, and BSfilters.

rf
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There are several other common typesoffilters, These are the low-pass (LP), high-pass (HP),and band-stop(BS)filters, the ideal magnitude characteristics of which are shown in Fig. 10.11
For Hip(z) and Hyp(z), @, is referred to as the cut-off frequency, and the bandwidth is @,

and («,/2 — @,), respectively. For Hys(z), ©, and @, are the lower and upper, respectively, cut-off
frequencies, and the frequency range @, to @, is referred to as the stop-band.The ideal phaseshif;
characteristic for each ofthesefilters is the same as that shownin eg. 10.13b.

Achieving an ideal filter characteristic is a typical digital (or analog) filter design goal,However, there are other design goals that we may wantto achieve. We have already considered
one example, which wasto designadigital filter to perform phase equalization. Similarly, suppose
some system has an undesirable magnitude frequency response M,(w). Then, we would consider
the design of a cascaded filter Hgo(z) that performs magnitude equalization, such thatthe overall
magnitude response M,(«) = M,(@)Myo(@) meets required specifications.

Sofar,all ofour discussion concemingdigital filters has focused onthe steady-state sinusoidal
response. In some applications, we mustalso be concerned aboutthe transient response, which

Example 10.4. Let us use a specific filter to illustrate the relationship between bandwidth and
transient response duration, In Fig. 10.7b we see that we must wait a while before wecan discern
howthefilter has processed the input. Suppose we want a more frequencyselectivefilter. This can
be accomplished by moving thepoles closerto the unitcircle. Fory= 0.975 , themagnitude frequency
response is shown in Fig. 10.12a, and we have obtained a filter with a smaller bandwidth than with¥= 0.95. ,

Hyp tw)

  
Fig. 10.12a. Magnitude response with y= 0.975.

From the response to sin(@,&Tu_,(k) shown in Fig. 10.12b we see that we must wait even
longer to discern the Steady-state response.
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gee

Fig. 10.12b. Output with w= a).

A better indication ofa filter’s transient behavior can be obtained from a unit step response,
which is commonly used for such purposes,and it is shown in Fig. 10.13.

 
40 80 120 160

Fig. 10.13. Unit step response of the BPfilter.

Anindicator of transient behavioris the rise time t, , which is commonly defined asthe time
ittakes for the responsein itsinitial rise to go from 10% to90% ofthe peakvalue. Another commonly
used parameteris the settling time1, , which is the time required for the response to reach and then
remain within a range +5% aboutthe steady-state value. Since the transient response depends on
initial conditions, the parameters #, and ¢, are obtained under zeroinitial conditions, and thereby the
transient behavior ofdifferentfilters can be compared. In this example we see that as the BW of
the filter is made smaller,the settling time is increased. Also of concern is the amountthe response
in its initial rise overshoots the steady-state value.

Wehave seen in previous examples that there are numeroustrade-offs to consider between
transient and steady-state filter performance. Generally, the settling time is inversely proportional
to the bandwidth. This can be established for a particular case by considering the unit pulse response
h(x)of a filter with transfer function H(z) = Z(h(k)). If the inputis a unit step, Le., u(k) = u_,(k),
then the response is ¥(z) =H(z)/(1—z7’), and therefore we have
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y(k) =h(k)+y(k-1) (10.18)
The unit step Tesponse, which is the solution of eq. 10.18, can be found by running thisequation.Ifh(k) is causal, then we start eq. 10.18 atk =0, with y(—-1) = 0, and if k(k) is not causal,as in eq. 10.17, then we must Start eq. 10.18 at k =o, with y(—o0) = 0, Through eq. 10.18, we can

relate the settling time to the duration ofh(x). Sincethefilter is stable, then for somelarge enoughkT =t,, h(k)=0 fork > k,, and for k > k,, eq. 10.18 becomes y(k) = y(k-1), ie. steady-stateconditions have been reached.

Let us determine the settling timeofan ideal LPfilter, In €q. 10.17 set o, =0, so that the BP
filter becomes an LP filter with BW = ®, = @,. The LPfilter unit pulse response is given by

_@Tsino,-T,))
MO aOR

, Which is zero or crosses zero at the time points determined by (kT —T,) =in,i=+1 pEDewamy
Suppose we use the zero crossingpoints ofh,p(k) closest to kT = T,, to specify the duration of hyp(k),
Fori =—1 we getkT =-*+T,, and fori =+1 we get kT =~ +T,. The length ofthis time interval
is 2n/@, , and wesee that the duration of /,»(&) or the settling time is inversely proportional to the
bandwidth. For any other duration, and even for any other filter, only the proportionality constantwill change. Thus, as we decrease the bandwidth of a filter, the transient response will last longer,
10-1.5 Digital Filter Advantages and Disadvantages

In the design ofa digital filter, we wantto achieveideal filtering characteristics as given ineqs. 10.13 andFig. 10.11 , and good transientperformance, i.e., little overshoot and minimum settlingtime. However, these are opposing requirements. Instead,a digital filter design is usually based on
an M(«) specification, These same issues and subsequent compromisesarise in the.design of analog(continuoustime)filters, However,digital filters have some practical advantages overanalogfilters,such as:

(a) digital filters can be perfectly duplicated, without the concern about maintaining componentvalue tolerances as with analogfilters;

(b) they are programmable, so that the same hardware can be used to realize different filteringcharacteristics;

(c) they can be fabricated in small packages with low power consumption through the use ofintegrated circuit (IC) technology;
(d) digital filters are less susceptible to environmental influences, because filter parameters are

numbers stored in digital hardware memory andfilter operation is determined by the activityofdigital hardware;

(e) they can achieve any desired accuracy of operation.
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A limiting factor on the application ofdigital filters is the speed at which digital hardware
can execute the arithmetic of a discrete time system. To run a digital filter in real-time, data
acquisition andall of the arithmetic must be executed within the time duration of one sample time
increment T. Real-time processingis illustrated in Fig. 10.14.
 

  
 

 
  
 

 

  

 Initialize memory with
coefficients and initial
conditions
 

Initialize timer
and sample the input
   Start A/D converter

ne Conversion complete?
YES

Compute the present output andsubmit it to a D/A converter

ie. Has (T-t) sec.
elapsed?

Fig. 10.14. Real-time processing flowchart.
There are many trade-offs to consider. For data acquisition, we must decide on the number

ofbits necessary in A/D conversion based on an acceptable signal to quantization error (noise)ratio.
This along with A/D converter cost constraints will determine A/D conversion time. Then, the
numberof binary digits used to represent coefficients, the timeit takes to perform multiply, add,
and store operations for a required precision, the orderofthefilter, and the realization (structure)
that is used all determine the minimum possible value t (For example,see Fig. 9.25.) for T. Con-
sequently, the bandwidth of a signal that can be processed in real-time by a digital filter must be
less than 1/(2t) Hz. On the other hand,ift « T, then the same digital hardware can be used to process
up to L analogsignals, ifLt <T . This can be accomplished with either a digital multiplexer or an
analog multiplexer as shown in Fig. 10.15. In fact, by using different sets of filter coefficients,
which are all stored in computer memory, each signal can be processed by a differentfilter with
the same hardware.

' If¢>T,, then real-time processingis not possible. However,off-line processing may still be
possible. This is accomplished byfirst acquiring and storing a sequence of input signal samples,
and then the sequenceof recorded samples can be processed bya filter algorithm that is not nec-
essarily a causal filter. For off-line processing, the signal bandwidth is only limited by the time
required to perform an A/D conversion andto store a sample value.

Now that we have described some time and frequency domainattributes of a digital filter,
we are ready to develop some design techniques.
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 4Ce)

 
 

control and status signals
uy (t)

u(ec)
analog multiplexer

control and status signals 

y(t)

uy Ce)

computer  
 u(t)

Fig. 10.15. Time division multiplexed data acquisition,

SECTION10-2 Finite Impulse ResponseFilter Design  In the design ofa causal finite impulse response (FIR)filter we wantto obtain a discrete time
system with a transfer function given by

H(z) =Elie (10.19)
where / is a finite integer. Thefilter is described by the J coefficients, k(i),i=0,---,(— 1). The
unit pulse response hasa finite duration, i.c., h(k)=O fork <OQandk =I,

If the unit pulse response hyp(k) = Z ~(Aya(z)) of a stable and recursive digital filter, which
has a transfer function Hyp(z) as given in eq. 10.3a, is known,then, through the convolution sum-
mation, thefilter can be approximated with a nonrecursive form. Since link) > 0 as k — 09,select
an I such that Ayg(k) = 0, for k >. Then, eq. 10.2a becomes  
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y=hyglidu(e—i)
Or, in eq. 10.19 use

h(k) = Ag(k)w(k) (10.20)

where w(k) is a window function such that w(k)=0 for k <O and k 2J. Thus, we obtain H(z) of
eq. 10.19, and depending on / and the window function w(k) that is used we can achieve

He") = Hye")

Issues concerned with the choice for / and w(k) are discussed in Chapter Five. With eq. 10.20,
even arecursivefilter can be implemented with a nonrecursivestructure as givenin Fig. 10.2. Some
recursive filter design methodswill be given in Section 10-3.

Wewill now develop two design methodsto directly obtain an H(z) as given in eq. 10. 19
that approximatesa desired frequency response M,() and $,(@).

10-2.1 Fourier Series Method

This design method is based onthe property that H(e/*”) = M(a)e/*is a periodic function
of with period w,, where M(q)is an even function and $(@)is an odd function. Let us specify a
desired frequency response H,(e/") thatsatisfies these properties. Therefore, H,(e’"") can be written
as a Fourierseries as given by

. 2%
fio

Hee) = & he * (10.21)

where the Fourierseries coefficients 4, are determined with

1 aw,f2 ; jize .
h=—{ Hee” do (10.22)wo, 0/2

While we may only be accustomed to writing a Fourierseries representation fora real periodic
time function, we can obtain a Fourierseries for this complex periodic functionofthereal variable
@. Essentially, the only requirementis that the Fourier series coefficients exist.

Using Euler’s identity and noting that 2n/@, =T,results in

h.=-{ , M(@) (cos o,(w) +sin ,(@)) (cosGT'a) + j sin(GiTo))do (10.23)is 0,/2.
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Since $,(@) is an odd function, we have that cos($4(—@)) = cos(—,(@)) = cos(,(@)) and
sin(,(—)) = sin(-,(@)) =—sin(,(@)), and therefore, cos(p,(@)) is an even function, while
sin(,(@)) is an odd function. And, since M,({@) is an even function, eq. 10.23 reduces to

w/2

=-| ¢ M,{) (cos o,(@) cos(iTw) — sin ,(@) sinGT@))d@ (10.24a)
i .=—f M{@)cos(iTo+ o{a))da (10.24b)oo, 0,/2,

which showsthat the fh; are real numbers. Furthermore,ifwe specify a real He"), iLe., O4{) = 0,
then sin $,(@) = 0, and by eq. 10.24a, h; = 4_,, so that h; is an even function of i. And, if we specify
an imaginary H,(e’*), i.€., 04(@) = -tn/2, for0 < @ < w,/2 and $,(@) = Fn/2 ,for—, /2<@<0, then
cos },(@) = 0, and by eq. 10.24a, h; =—h;, so that #; is an odd function of i. In any case, the h;, as
determined with eq. 10.22 (10.24b),are real, and the integration range can be any interval ofduration
0,a

Now,let us consider eq. 10.21. To obtain an FIR filter for which/ is finite we must truncate
the series in eq. 10.21, and instead of H,(e/*") we have

Ae) = 2hie? =M(ae (10.25)
where h; = h, and as the limit K > 0, H(e!*") - H,(e/*"). However,if H,(e’"") has any disconti-
nuities, then A (e“’) will exhibit Gibbs’ oscillation about any points of discontinuity. From our
experience with Fourier series representations ofreal, finite, and periodic time functions we do
expect that h; > 0 as i —> tee (See Problem 2.18.), and for some summation limit K, A; =0 for
|i] >K . Ina short while, we will illustrate this with an example. :

Now,let eq. 10.25 come from the frequency responseofadiscrete time system with a transfer
function given by

A@)=Shar (10.26)
This noncausal system can be changedto a causal system by delaying the unit pulse response by
K sample time increments. The causal system transfer function is (z*)A(z), or

z*A(z)= zit”= = hee” (10.27)i=- b=0

Comparing eqs. 10.19 and 10.27 completes the Fourier series FIR filter design method.
Setting J — 1 =2X,and using

AW@=hy_p=h_x (10.28)
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fori=0,1,-+:-,2K , results in

H(@)=2*AG@)= ©fia (10.29)
2K

h(k) = &hy _xo(k-i) (10.29b)
M(o) =I erika M(a)=M(o) (10.30a)
$(@) =-KTw+ $(@) (10.30b)

By choosing K large enough, M(@) = M,(@), and o(@) =-KTo ce (or).
Now, we can pointout a very useful result. Recall that in the design ofa filter, as described

in eq. 10.16 and Fig. 10.11, we wish to achieve a linear phaseshift characteristic. A linear phaseshift
characteristic can be exactly achieved,ifweinitially specify that $,(@) =0. Then, h; = h_;, 0(@) =9,
and (@) is exactly given by $(@) =—KTo. And,in eq. 10.29b we see that the unit pulse response

is symmetrical about the point k =K =>, ie., A(kK) =hU —1-4), for k =0,1, +++, —3)/2, so
that h(O) =A— 1), (1) =AC-2), (5?) = 4(4), and h(55) = hy has no matching point. In
fact, only with an FIR filter, where the unit pulse response is symmetrical about the point k =)
can a linear phaseshift characteristic (-KT w) be exactly achieved.

Example 10.5. Suppose a signal u(t) is bandlimited to 1000 Hz, and we wantto low-passfilter it
with an FIR filter for which BW =f, = 500 Hz. Letf = 2000 Hz.For a linear phaseshift charac-
teristic, set 6,(@) = 0, and the desired frequency response becomes H,(e!°") = M,(@), which is shown
in Fig. 10.16.

 
-25(500) 2n(500) 2 (2000)

Fig. 10.16. Ideal LP filter characteristic.

By eq. 10.22 we get
 0/4 Bigrat

howi giiTe AL ts (cATOs4gi) a a sin(in/2)
*  @, I-04 o, jit 2 (in/2)

Setting i = 0 before takingthe integral, we get hy =;. The FIR filter transfer functionis given by

48



49

 

582 INTRODUCTORY SIGNAL PROCESSING.

_* 1 sin(i-K)n2) ;
H@)= 25 G—K)n2 *

and for K = 20 (J = 41), the unit pulse response is shown in Fig. 10.17.

  i} Fig. 10.17. LP filter unit pulse response,
f=1

Notice the symmetry about k = K== 20. Since ,(@) = 0, the linear phaseshift ofH (e/“")
occurs because of the z“ term in eq. 10.29a. Therefore, let us plot BH(e/), whichis real, andit is
shownin Fig. 10.18.

B(el¥T,

 
Fig. 10.18. FIR LP filter approximation.

Of course, M(@) =M(w). However, because of Gibbs’oscillation, A(e/*") is not always
positive. When A(e/*") is negative, the phaseshift of H(e*") changes from $(@)=-KT@ to
$(@) =-KT®— 1, which,strictly speaking,is nota linearphaseshift characteristic. Since this occurs
for frequencies within the stop-band,it may notbe a practical issue.  
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Wecan improve how well M(w) approximates M,() by increasing K. However, this would
only concentrate the oscillation about the discontinuity ofM,(a), and it would not diminish the peak
amplitude of the oscillation. By simply truncating the Fourier series given in eg. 10.21 we have
actually achieved H(e/"") =+M(w)e**"*. In a short while, we will consider a remedy for Gibbs’
oscillation.

Gibbs’ oscillation occurs because M,(w) has discontinuities. This can be avoided by initially
specifying an M,(@) with narrow transition bandsinstead of discontinuities. 

Whena specified H,(e’”) is imaginary, we have already shown that h; =—A_;, which requires
that hy =0. Then, h(k)=—-hU -—1—k&), fork =0,1,---, (i —3)/2, and it is said that h(k) is anti-
symmetrical about the point k = (J — 1)/2, where (=) =h,=0.

Recall that the imaginary part of any H(e/*”) mustbe an odd periodicfunctionofw. Therefore,
if we specify an imaginary H,(e’*"), then it must be zeroat the frequencies @ =0 and @= +0,/2.

Example 10.6. Let us obtain an FIR filter that approximatesthe transfer function H,(e/*") = ja for
-0,/2 <@ < @,/2. This is the transfer function of a differentiator for input signals bandlimited to
0,/2,

By eq. 10.22 we have

 

and for K = 20 and T = 1/8, the unit pulse response is shownin Fig. 10.19a.

Notice the antisymmetry about k = “I = 20. Forthis H,(e’”"), 64(@) = 1/2 for 0< w<@,/2
and $4(@)=—m1/2 for -w,/2<@<0, and A(e!*") is imaginary, so that $(@)=—-KT@+,(aa).
A(e!*")/j is shown in Fig. 10.19b, and Gibbs’ oscillation has occurred. 

Let us view truncating the Fourierseries given in eq. 10.21 to obtain eq. 10.25 as the result
of using h;=w(i)h;, where w(i) is a rectangular window function wea(i)=1 for
i=-K ,-K+1,--,K—1,K. We will now consider using window functions other than w,(i) to
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' diminish Gibbs’ oscillation in A(e/“"), Recall that we already used various window functionsin
i Chapters Three and Five to reduce leakageerror in approximating the spectrum ofa time functionwith the DFT,

fh(k)
487 1

  
-8 i

Fig. 10.192. Antisymmetrical FIRfilter unit pulse response.
H(el87) 45

 
 

213

Fig. 10.19b. FIR filter differentiator approximation,

H,{e’"") and A{(e/*")are both periodic functions. In eq. 4.42a we obtained the Fourier series
coefficients of the result of a circular convolution oftwo periodic functions. Since h, =w(i)h;, then
by eq. 4.42a, H(e/*) can be expressed as the result of a circular convolution of two periodic
functions, i.e.

Aei™ ==We" @ HAE) (10.31)
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where
‘ K a

We™)= DY wlije*™Kk

which is a real function, and with eq. 10.31 we get

a ; o,/2 K . sa .
A(c=)=—[ xwere E eran (10.32a)fase b= m= i

x z é

= 2Xhwijer" (10.32b)
Eq. 10.32a can also be obtained by using the frequency convolution property in Table 9.2 with
1= e/* defining the integration path I.

From the term w(i)e~"”°in eq. 10.32b wesee that Gibbs’oscillation, whichis due to the high
frequency componentsin H(e/“"), can be diminished if we use a w(i), which also determines the

amplitudes of the frequency componentsof Ai (e’**), that decreasesas |i| + K. As long as w() is
an even function, the symmetry or antisymmetry property ofh; is preserved in h; , and therefore we
can achieve a linear phaseshift FIR filter with any symmetrical w(#). Ideally, we would like w(i)
to be a functionforwhich W(e!*")is an impulse train, because then by eq. 10.31, A(e/") = H,(e"”).
But, this is only possible if w(i) = 1 and K — ee. Since K mustbe finite, we prefer a w(i) for which

the sag lobe of W(e/") is as narrow as possible with side lobe amplitudes that are as small aspossible.

Example 10.7. Letus try using the Hann window (See Fig. 5.22.), which is given by

wii) = At + cols)
fori =-K ,-K +1,+::,K .. This was obtained by shifting w,(t) in Fig. 5.22 to the left by T)/2= KT.
Truncating the Fourierseries for the LPfilter given in Example 10.5 with the Hann window results
in h(i) =w,(i —K)h,_,, fori =0,1,---, 2K, and, for K = 20, A(e™) is shownin Fig. 10.20.| Gibbs’oscillation has been reduced, but compared to Fig. 10,18, the transition band has been

| widened. However, we can improvethe frequency response by increasing K.The specified H,(e/®") for the LP filter is not negative for any @, and H(e/*") can take on
sties|negative values if W(e/*") becomes negative. To achieve an exactlinear phaseshift, even in the
then | stop-band, W(e/") must be nonnegativefor all w. Thisis possible with the Bartlett window, which
vaié | is given by (See Fig. 5.22.)

| sagas
0.31)  
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for i=-K,-K +1,---,0,1,---,K. Since W,(e’"") is nonnegative for all @ (See Problem 5.5.),
Ae"), which is shownin Fig. 10.21 for K = 20, will not be negative for any w, and o(@) =-KT@
for all @ in the range @,/2< @< @,/2.

Hied’Ty

 
Fig. 10.20. FIR LP filter with the Hann window.

H(el®7)

 
Fig. 10.21. FIR LP filter with the Bartlett window.

However,with the Bartlettwindow we mustusealargerK to achieve the stop-bandattenuation
as obtained with the Hann window. Of course, we can try other window functions to achieve goals
such as small transition bandwidth, large stop-bandattenuation, linear phaseshift, and little mag-
nitude distortion. Needless to say, there are many trade-offs to consider.

Using the Hann windowto truncate the Fourierseriesfor the differentiator approximation of
Example 10.6 results in A(e/°")/j shown in Fig. 10.22. By reducing Gibbs’ oscillation we have
increased the frequency range for which this H(z) is a useful differentiator approximation. 
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(el?) fy

 
eld

25,13 4

Fig. 10.22. FIR filter differentiator with the Hann window.

10-2.2 FIR Filter Symmetry Property

Without regard to how A(x) is obtained, let us develop some properties of an FIR filter with
transfer function H(z), as given in eq. 10.19, that are due to symmetry properties of h(k).

Assumethat / in eq. 10.19 is an odd integerand that A(k) is symmetrical about k = (J — 1)/2,
Le:

h(k)=h@-1-k), k=0,1,---,@-3)2

where n() has no matching point. Expanding eq. 10.19 results in

H(z)= doevfsEAs (10.33)
Changing the summation index of the second summation from i to / = — 1 -i yieldsf-3

f-1 ~ ser

y A@z*= = AQ-1-Dz“"sen i=0

By the symmetry condition, h(k)=h(U —1—k), eq. 10.33 becomes

fp2_ye > j ler
H(z)=h “=e 7+ PY AG@ +20) (10.34)=O

Thus, thefilter is described by only (/ + 1)/2 coefficients.
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Example 10.8. If /=7, then by the symmetry condition we have h(0)=A(6), A(1) = h(5),
h(2)=h(4), and h(3) can have any value. This filter can be realized with the structure shown ip
Fig. 10.23. This almost halves the required number of multiplications required by the structureshownin Fig. 10.2. 

  | hia) |delay

Fig. 10.23. A symmetrical FIR filter.

 
i=l

Removing z * from each term in eq. 10.34 results in
m1 a

=z?|,ff-1),2,,..f2 ft |H@)=z * (3)+aoiy5) (10.35a)
and using z = e*” for the frequency responseyields

5 -jTe ee 3 satHe’) =e’? 134+ > 2h(i)cooaJr (10.36a)2 i=0 2

Denote the term in brackets by A(e/"), so that
27... 8Hel)=e"? “Ae, M@)=|Ale*)|

Since H(e!”") is real, we have that

re, H>0, -0,2<a<a,2
ZH (e’") = -Sre-n, H<0, 0<@<a,2 (10.37a)

-Sre-+n, A<0, -w,/2<a<0

Thus,if/ is an odd integer and h(k) is symmetrical about k = ae then H(z) hasa linear phaseshift
characteristic.
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If h(k) is antisymmetrical about k = (f — 1)/2, so that

h(k)=-h-1-k), &=0,1,---,@-3)2

which requires that a(S) =0, then the term (z* +2¢~'~”) in eq. 10.34 becomes (27 —z“~*~),
and the transfer function can be written as

teu)H@)=2" 3 : (= a 3 } ’ (10.35b)Lh®) zg —e “2
Here, the FIR filter is described by only (J — 1)/2 coefficients. The frequency response is given by

r of LEO = waeH(el™)=je? 3 2hosiyr (10.36b)i=0

Noticethat by eq. 10.36b we have H(e/*") = 0 for @ = 0 and +0, /2 . Denote the term in brackets by
Are!"), so that

Hel) =je"?Ae), M@)=|A(e™)|
Since H(e/*") is real, we get

Sre+%, H>0, 0<o<0,2
ZH (e*™) = p45 _(10.37b)

—>T0-5, A<0, 0<a<0,/2
Thus,if A(x) is antisymmetrical, then the FIR filter has a constant group delay.

The Fourier series method for the design of FIR filters is one way to obtain a symmetrical or
antisymmetrical h(k) such that H(z) approximates a desired frequency response, and eqs. 10.36
and 10.37 can be usedto evaluate the resulting frequency response. This is illustrated in Examples
10.5 and 10.6.

Thepoles and zeros of H(z) are found from

_h@z'*+hQ)2!*+--- +h- 1) _ P@)
ge me)

The ({ — 1) polesare all located at z = 0, and they do notaffectthe magnitude frequency response.
The (J — 1) zeros are the roots of P(z)=0. If h(k) is symmetrical, then the form for H(z) given in
eg. 10.35a can be usedto find the zeros of H(z). Notice thatif in the summation of eq. 10.35a we
replace z by 1/z , then we get the same summation back. Therefore,if z =z, is a zero of H(z), then
z = 1/z, is also a zero of H(z).If h(k) is antisymmetrical, then by eq. 10.35z; and 1/z; are zeros of
H(z).

 
H(z)
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If a symmetrical or antisymmetrical FIR filter H(z) has a complex conjugate pair of zerosz,
and z; not on the unit circle, then it must also have the zeros 1/z; and 1/z;. If z, is a zero on the unit
circle, but not z;=+1, then only z; and z; are necessary zeros,since 1/z; = z, . lfH(z) has areal zero
z,, where z, #1, then 1/z; must also be a zero of H(z). Finally,ifH(z) has a zero at z; =+1, then
1/z; is also a zero of H(z), and H(z) can have any numberof zeros at z, =+1. In any case, since J
is an odd integer, H(z) has an even numberof poles and zeros.

Now, let us consider the case for which J in eq. 10.19 is an even integer. Expanding H(z)
results in

H(z)= Saee" +EA@z"i=

Changing the summation index of the second summation from i to / =/ —1—i results in
o-1fal . 2

x hie” = = hl —1-Dz2*-!-?=0
i=

If (kK) is symmetrical about t =r , 80 that

h(k)=hU -1-4), k=01e,5-1
then H(z) is given by

zt 4 ot} ty— . 4 -1-i 7 2] 2 . f-1 eH(z) ZAOE +2 me al a)7242

Notice that this h(k) is symmetrical about the time point midway between (:- ir and “T, and
this filter is described by only //2 coefficients. Using z = e/*" for the frequency response yields

wet Di 8; (10.38a)
: e &2h(@)cos >ire =

Denotethe term in brackets by H(e””"), and we again getthe linear phaseshift characteristic of eq.
10.37a.

If A(«) is antisymmetrical about r =T , 80 that

h(k) =-h@-1-4), k=OLo,5-1
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then H(z) can be written as

at El f-4H@)= LAGE = 20=z a wo,«_8)i=

whichis also described by I/2 coefficients. And, the frequency response is given by

He) =;cel“ifcsi-i}re]| (10.38b)
Notice that by eq. 10.38b we have H(e/*") = 0 for = 0 and +, /2. Denote the term in brackets by
Ar(e/*"), and we again get the phaseshift characteristic of eq. 10.37b.

If J is even, then H(z) has an odd numberof zeros, the locations of which must satisfy the
same requirements as for the case J odd.

10-2.3 Frequency Sampling Method

 
A very simple wayto filter a real signal u(¢) is to obtain N samples for a duration of Ty = NT

secs., compute U(n/T,)=DFT(u(kT)), multiply U(#/T,) by a desired frequency response char-
acteristic H,(n/Tp) to obtain Y(n/T,), and then take the inverse DFT of Y(n/T) to obtain y(KT). If
y(K)is to be real, then H,(n/T,) mustsatisfy the property

1 ‘ IngJenlai = nz)
which meansthat M,(n/T,) and $,(#/T,) must be even andodd,respectively, periodic functions with
period @,. Here, H,(n/T,) is obtained by sampling a desired continuous frequency response char-
acteristic H,(e’*") at the frequencies

eae, wehien,Wo8 (10.39)
Ts

To obtain an FIR filter as given in eq. 10.19, we note that with A(@)= DFT(H,(#/T))),
i=0,1,---,(V—-1), where! =N,wewill get an H(z) for which H(e/*") = H,(e’*) atthefrequencies
= ©,, forn =0,1,---,(N—-1). Since DFT(h(i)) = H,(n/Tp), we will at least match H,(e’*")at the
points ® = @,. Thus, by using the uniformly spaced frequencies @, given in eq. 10.39, we can use
the inverse DFT operationto find the A(i). This FIR filter design procedureis called the frequency
sampling method.

Let us consider an alternative to eq. 10.19 for implementing this FIR filter. Now, H(z) is
given by
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N-1 .

H@)= ¥h(i)z

i MOY 1 New (4 ini),~=2. =
ll N-H oh MES ft 1 SRRHermaSH 2)ed

3

N-1 i —fe7l,/ Ne" _oZl.) =1 (ze — l~z
jug" 1— eh"1

so that H(z) becomes

fp, * N jz.qe¥
é

= H,(2)H,(z)
gl

u(k)
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Here we haverealized a nonrecursivefilter with a cascade connection of H,(z) and H,(z). In

fact, any FIR filter can be approximated with such a recursive form by using H,(n/T,) = DFT(@))
in eq. 10.42. Notice that the N poles of H,(z) at z =e" cancél with the N zeros of H,(z), and
therefore the (NV —1) zeros of H(z) are (N —1) zeros of H,(z), and the (WV —1) poles of A(z) are
(N —1) poles of H(z) atz=0.

Generally; eq. 10.40 is preferred over eq. 10.42, because H(z) in eq. 10.40 is unconditionally
stable, while, in an implemented version of eq. 10.42, the pole-zero cancellations may not occur
due to coefficient multiplier realization errors. Moreover, since the summation term poles in eq.
10.42 are on the unitcircle, care must be taken to avoid implementing an unstable filter. However,
to implementthefilter, eq. 10.42 canrequire muchless arithmetic than does eq. 10.40.

To avoid complex arithmetic, corresponding complex conjugate terms in eq. 10.42 can be
combined, For example, referring to Fig. 10.24, we have that HN —1)/T,») =Ag(1/T>) and
ZJ2x(NIN y-i2niN _ (ejantNy*

IfN is an even integer, then eq. 10.42 can be rewritten as

1—2~* 1 N1)\ 1 KN [wotarn{Se)+3ne) (10.43a)Hey 1+z
 

 
 

  
  
  
  
  

 

where K ="—1, and, with H,((N - n)/Tp) = Hy(n/T») = Ma(n/T»)e*"”, the H(z) are given by

(10.44) 

H,(0) must be real, and since $,(n/Tp) must be an odd periodic function, ola7) =0.
If N is an odd integer, then eq. 10.42 can be rewritten as

[#0 At—z"

gh1

N

where K =(N -1)/2.

If our design goal is to achieve an ideal filter characteristic as given in eq. 10.13 or Fig. 10.11,
then M,(n/T,) = 1 or 0, andmanyofthe H,(z) in eqs. 10.43 will be zero. Consequently,the arithmetic
requirements of runningthefilter based on eqs. 10.43 can be considerably less than those incurred
by using eq. 10.40.

Now,we will obtain conditionsto achieve a linear phaseshift characteristic. The possibilities
are that h(k) is symmetrical and WN is an even or odd integer.

 

H(@)=
 

+ > A) , (10.43b)

If h(&) is symmetrical about¢ =*"T, then, for N an odd or an even integer, we found by
eqs. 10.36a (N odd) and 10.38a (V even) that

60



61

594 INTRODUCTORY SIGNAL PROCESSING

oer” -"*To

 
Now we know how to specify $,(e’°") to obtain a real symmetrical unit pulse response FIR

filter by the frequency sampling method,i.e.
 1 N-1 N-1,_ 2x N-1

—_— |=-———— = —-—{—ahA = = Kk 1 Isan) 5 TO, 5 Ta" yh” 0,1, (10.45a)
1

ofov- nn|=-6dniTy, n=1,2,--,K (10.45b)
where K is given by

Wel. ayes
K= (10.46)

a 1, Neven
2 3

With ,(/T,) of eqs. 10.45, the H,(z), for n =1,-+:,K, in eq. 10.44 become

(-1)* cos| =n |(1—z™")H(z) = am*] br (10.47)To) 1- 2cos ah 3+27
Finally, regarding M,(n/T)), we know that it must be an even periodic function. However,if

N is even and h(k)is to be symmetrical, which is required for a linear phaseshift, then H(e/*") as

in eq. 10.38a yields H ("wa") =0. For N even, we must specify that Hee) =0, and therebythe
second term in brackets in eq. 10.43a is eliminated.

Example 10.9. Let us obtain an LPfilter, as specified in Example 10.5, by thefrequency sampling
method,First, let us ty WN =8, so that K =3, and we can specify

1, n=0,1,7

ul2s)= 0.5, n=2,6 (10.48a)
0, n=3,4,5

~ian, n=0,1,2,3
of21)= 0, n=4 (10.48b)

in(8—n), n=5,6,7  
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The inverse DFT ofH,(n/T,) as specified by eqs. 10.48 yields A(x) as shownin Fig. 10.25a. Notice

that h(k) is symmetrical about t="T. A plot of the amplitude frequency response (using eq.
10.38a) is shownin Fig. 10.25b.

fn(kt) |

    
Fig. 10.25a, FIR LPfilter unit pulse response for N =8.

Amplitude response

 
 

Fig. 10.25b. Amplitude response for N =8.

Now,let us try N =9, so that K =4, and we can specify

n,)_f1, n=0,1,2,7,8m5]{6) n=3,4,5,6 the)
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. —San, a=0,1,2,3,4of5i)=
sn(9—n), n=5,6,7,8

 
\ (10.49p)

aft

A plotof the amplitude frequency response (using eq. 10.36a) is shownin Fig. 10.26a.
amplitude response

 w 
Fig. 10.26a. Amplitude response for N =9.

Notice that forV even (Fig. 10.25b) or odd (Fig. 10.26a)the amplituderesponseis oscillatory
about points of discontinuity in the desired frequency response H,(e/*"). The extent of these
oscillations can be reduced by introducinga transition band. For example, if we change eq. 10.49to Mn =2)=Mn = 7)=0.75 and Mn =3)=Mn = 6)=0.25, then we obtain the amplitude
frequency response shown in Fig. 10.26b, which has a wider transition band thanthe responseshownin Fig. 10.26a, By guess and try wecan arrive at a transition band, which diminishestheoscillations of A(e/*"), 

Typically, N is chosen larger than the values used in Example 10.9, IfNV isa powerof two,then a radix two FFT algorithm can be used to determine the h(é) in eq. 10.40.
If A(k) is antisymmetrical about t =ay then, for V an odd or an even integer, we found2 ‘Be.

by eqs. 10.36b (W odd) and 10.38b (N even) that o(e7* =-To +5 for0<@<@,/2. Thus,
with the results of Section 10-2.2 we can determine how to specify an H,(e/“") at the frequenciesgiven by eq. 10.39 to realize this FIR filter with a nonrecursive form ora recursive form. The detailsofthis are left for the reader to develop (See Problems 10.25 and 10.26.).

Now we can realize an FIR filter either by eq. 10.40 or eqs. 10.43. If the recursive form is
used, then it would be better to move the poles of H,(z) slightly inward from the unitcircle, The
resultingfilter will be stable, and the discrepancy between the frequency responseofthe realizedfilter and a specification such as eqs. 10.48 or eqs. 10.49 in Example 10.9 will be small.
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Amplitude response

 
 

Fig. 10.26b. Amplitude response for N = 9 with a transition band.

SECTION 10-3 Infinite Impulse Response Filter Design

Mostly, infinite impulse response (IIR) or recursive digital filter design techniques involve
transformingan analogfilter transfer function G(s) into a digital filter transfer function H(z). This
approach is used because there are an abundance of methods for finding a satisfactory G(s) given
a specification such as in Fig. 10.5a. The transformation procedure must yield a digital filter for
which the frequency response is a good approximation of the frequency response of the corre-
sponding analogfilter.

10-3.1 Backward Difference Approximation

A simple discretization method (analogto digital filter transformation procedure)is to use a
backward difference approximationfordifferentiation.

Example 10.10. Let us obtain a digital filter based on the analogfilter
1 .

G(s) =————— 10.50@) s?7+y2s41 (
Notice that G(j0) = 1, andthat|| G(j1)|| ? = 1/2. This is an LP filter with BW = 1 rad/sec. The input
u(t) to output y(t) relationship is given by

d@I+y(t)=u(t) (10.51)
Approximating the derivative operation with a backward difference formula yields

yes er)22) (10.52)
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seepHE-1) _ yi) Dy Ge 19)$9
 

(10.53)

At f=kT, we can substitute eqs. 10.52 and 10.53 into eq. 10.51 to obtain’a difference equation,
from which H(z) can be determined. Or, from a frequency domain viewpoint we see that by eq.
10.52, the derivative operation s is replaced by (1—z”)/T. Similarly, by eq. 10.53 the second
derivative operation s” is replaced by (1 —2z7!+z7)/T? = ((1—z™)/T). In general, we have

A(z)=GO6s)| (10.54)s=(l-2yr

for any G(s), which is a rational function of s with real coefficients. For G(s) in eq. 10.50, the
backward difference approximation yields

1 T?2?

(Efevae)+1 A+ TV247)22-(24+TV22 +1
H()= (10.55)

T T

There are some basic issues to consider in employing this or any other discretization method.
The resulting 4(z) must be a rational function of z with real coefficients, have its poles inside the
unit circle, and to obtain a causal digital filter, H(z) must be a proper function. In addition to these
basic requirements, we must determine whetherornotH(z) exhibits the characteristicsofthe desired
digital filter.

To obtain the frequency responseofthe digital filter, we evaluate H(e/°") as @ varies over
the range 0 < @ < @,, where @, = @,/2 is the folding frequency. Or, we can use

He") =G(s)|_ (10.56)=(-eF"yr

From eq. 10.56 we see that H(e’*”) takes on the values of G(s) as s varies along a path defined by
l1-e*" j1-cosw? .sinwT
==ac F T

 
Pe

in the s-plane, which is shownin Fig. 10.27a. Since this path is close to the s-plane imaginary axis
only for small w, H(e/*") can approximate the analogfilter frequency response only for small @.

Weare using the symbol @ for the frequency of the digital filter input. To distinguish this
frequency from points along the s-plane imaginary axis, we shall use s = /Q to refer to the s-plane
imaginary axis. Consequently, the symbol Q will be used for the frequencyofthe analogfilter input.
Since H(e/*") = G(jQ)only for small w, the backward difference transformationis only usefulfor
transforming LP analogfilters.

By eq. 10.54, the poles of H(z) can be found through
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1. 1
7 1-sT (1—Re(s)T)—jlm(s)T

and if G(s) is stable, ic., Re(p,) for every pole s = p; of G(s) is negative, then by eq. 10.57 the
resulting poles of H(z) will be inside the unit circle. Eq. 10.57 maps the s-plane onto the z-plane
as shown in Fig. 10.27b, and we see that-eq. 10.54 always results in a stable H(z) given a stable
G(s).

(10.57)

Im(s)

 
Fig. 10.27b. Backward difference approximation s-plane to z-plane mapping.

10-3.2 Forward Difference Approximation

Let us try a forward difference approximationfor differentiation,i.e.

y(t=ren (10.58)
z—-l

2

 
A oe
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it =k) = IK + 1T)— YT) _ y(K+2)T)-2y(K+ YT) + QT)y = 4 =
2 z-1 es > - }

and, in general, H(z) is obtained with

H(z)=G(s)

 

 s=@-1Tr ‘ (10.60)
Example 10.10 (continued). For G(s) given in eq. 10.50, the forward difference approximationyields

qT?1

H(@)= = (10.61° (SP eveete1 2-2-2) 4+0—Tya479 

By eq. 10.60, H(e/°") takes on the values of G(s) as s varies along a path defined by
_1 jor _-l+cosaT .sin@r

s =; 1)= T +j T
which is shown in Fig 10.28.

 

 
Fig. 10.28. The s-plane frequency response path.

In this figure we see that the forward difference transformation is also only useful for
transforming LP analogfilters. Furthermore, by eq. 10.60, the poles of H(Zz) can be found through

zZ=1+sT =(1+Re(s)T)+jim(s)T
(10.62)

If G(s) is stable, then(z) will be stable only if T is chosen such that forRe (p;) and Jm(p;) ofevery
pole s =p; of G(s), T satisfies

(1+Re(p)TY +(im@)TY<1 + 7er (10.63)Dd;  
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and thereby, the poles of H(z) will be inside the unit circle. Thus, if the sampling frequency is too
small, then a forward difference approximation will yield an unstable discrete time system.

} 10-3.3 Bilinear Transformation

An H(z) for which H (e’") is a better approximation of G(jQ) than with the backward or
forward difference transformationresults by using the trapezoidal integration rule to approximate

) integration.
n Suppose we have

ay.
1

a BO) > ¥(s)=— UG)
))

Forany two timepoints t = ¢, and =i, where t,>t,, y(4) is given by
4

y(e)= [udder +y()
Let t, = (k + 1)T , 4, =&T , and bythe trapezoidal integration rule we obtain

u((k +1)T) + u(kT)
2y(K+)T)= T+y(kT) (10.64)

After taking the Z-transform of eq. 10.64 and rearranging, we get
 

Therefore, approximating the integral operation correspondsto

1 3 Tz+l
gorge]

Recall from Chapter Eight that any proper G(s) can be realized with the operations: addition,
ful for multiplication by a constant, and integration. Therefore, by eq. 10.65, we can obtain an H(z) with

h
rove HH) = G(S)I,_22-1 (10.66)
(10.62) res|.

yfevery Due to the form ofthis transformation,it is called a bilinear transformation.
Now, H(e’*") takes on the values of G(s) as s varies along a path given by

(10.65)

OT ws jor ,-joT2 ,joti2 ee ,fOTI2___—jeoP2 +aie|gate bee ee ee yIj2Telly] T gist, .-iatn pialT (cist 4 g-iat?2y/7
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4 vrs=j jian{2) (10.67)
Eq. 10.67 showsthat thebilinear transformation givenin eq. 10.66 mapsthe unitcirclein the Z-plane
onto the j/Q-axis in the s-plane. Therefore, H(e/*") takes on the values of G(jQ). Recall that thisis not possible with the forward or backward difference approximations.

Thedigital filter and analogfilter input frequencies are related through
2 orO= T +) (10.68)

where for@=0,Q=0,and for @ = a, Q= ?tan(%2) = tan(#2) = oo. Therefore, as ® varies from
©=0 to w= @,, H(e/*")takes onall the values of GGQ)as Q varies from Q.= 0 to Q=00, which
is called the warpingeffect. Nevertheless, the bilinear transformationis useful for transforming
any analogfilter type. The extent to which the shape of G(jQ) is preserved in H(e*") throughthe

| nonlinear relationship given in eq. 10.68 will depend on T and the nature of G (s).

 
Fig. 10.29. Bilinear transformation s-plane to z-plane mapping.

Bysolvingfor z in termsof 5 from eq. 10.65, the poles of H(z) can be found through
l+ts 24Re(s)+jIm(s)
a (10.69)F558 7—Re(s)—jim(s)

 Zz

The magnitude|| zi] of z in eq. 10.69 is given by
(F-+Re(s))+ (m(s)y?en,Neen

Iz?== : (10.70)(?-Re(s)) + Gm(s)y
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Ineq. 10.70, ifRe(s) is negative, then ||z|| <1, and ifRe(s) is positive, then ||z|| > 1. The bilinear
transformation maps the entire LH (RH) s-plane onto the inside (outside) of the unit circle in the
z-plane. This is shownin Fig. 10.29, and we see that a stable G(s) will result in a stable H(z).

Example 10.11. For G(s) given in Example 10.10, the bilinear transformation results in

1 T(z? +22 +1)
&Q.)=—OE (10.71)

(32hva(Zta1 4+ 27V247?)2?— 8-29")z + 4-27V247?)
2

Hod)

1 a

Fig. 10.30a. Analog filter magnitude frequency response.

nw? (a)

 
 

  
forward difference

bilinear

backward difference

1 le ut

Fig. 10.30b. Digital filter magnitude frequency response.

Thepoles ofG(s) are ats = (—1 + )V2/2.. Let us comparethe frequency response magnitudes
of the digital filters we have obtained by the backward, forward, and bilinear transformations. For
this, we must select a value for T. To satisfy eq. 10.63, T must be less than +2 secs., or i> WAN2
Hz. Moreover, since g(t) =L7'(G(s)) is not bandlimited, we must chooseanf, large enough sothat
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one period of H(e’*") can approximate G(jQ). Since the bandwidth of G(s) is Q, = 1, let us
f,=2, so that @, =4n, and T =0.5, whichis also large enough so that we can readily discern th,
differences betweenthe transformation methods.However, for Practical purposesthisf, is too small
M2(Q)is shown in Fig. 10.30a, and the M"(@) for the H(z) given in eqs. 10.55, 10.61, and 10.7
are shownin Fig. 10.30b. :

Notice that with the bilinear transformation, H(z) has a bandwidth of @, = 0.980 rad/sec
which can be found by substituting ©, = 1 into eq. 10.68. As T is decreased, w, 3 Q,.. However.
the shape of | H(e/*")) will always appear to be a squeezed version of | GGQ)| due to the warpineffect.
 

Example 10.12. Suppose a signal u(t), which is bandlimited to 200 Hz,is to be low-passfiltered
by a secondorderdigital filter with J, = 80 Hz. The sampling frequency mustbe greater than 400
problem of selecting an appropriate G(s). Regardless of which G(s) weuse,if the bandwidth of
A(z) is to be m, = 160n= 502.65 rad/sec, then by eq. 10.68 the bandwidth of G(s) must be

_ 2 (1607) (1/800)©. F300tan 2
Then, when wetransform a G (s) with BW=Q,toH(z) with thebilinear izansformation, the value
IGGQ,)|| *= 1/2 will occur for|| H(e*") ? when @= @,. Thus, H(z) will have the desired BW.

= 519.87 rad/sec

Wewill consider the problem of selecting G(s) in a short while, For now,since G(s) in eq.10.50 will yield a second order digital filter, let us use it, However,its bandwidth is not OQ, = 519,87,
The bandwidth we need can be obtained, if in G(s) of eq. 10.50 wereplace s by

5a _ (10.72)
to obtain

1 2

eS (10.73)(a)+ve(e)+1 s?+O,V25+Q2
Notice that for G(s) given in eq. 10.73, MZ(Q= ©.) = 1/2. In fact, since the bandwidth of G(s) in
eq. 10.50 is BW=1, itis called a normalized LP filter, and eq. 10.72 is a normalized analog LPfilter to unnormalized analog LP filter transformation. Hereafter, we shall denote a normalized
analog LPfilter transfer function by Gy(s), and G(s) in eq. 10.73 is found with

G(s)=

G(S)=Gyls) 1, py (10.74)
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where the function f(s), which is called a frequency transformation, is given by f(s) =s/Q,.
Finally, with eqs. 10.73 and 10.66, H(z) is given by

a

(Zt)+nai(3t)+a
which has thespecified bandwidth w, = 160m = 502.65 rad/sec.

A(z)= (10.75)

 

The analogfilter to digital filter transformations that we have developed so far are generally
referred to as numerical approximation methods. There are numerousother numerical approxi-
mation methodsthat can be employed to discretize an analog system.See, for example, the method
used in Example 8.30. In a short while, we will develop a few more methods for obtaining an H(z)
given a G(s).

10-3.4 Analog Prototypes

In the previous example we saw that there are two aspects to designing a recursive digital
filter H(z) based on an analog prototype G(s). First, we must convert the specifications for H(z)
to specifications for G(s). This can depend onthe discretization method that will be used to obtain
H(z) from G(s). Second, we must determine a G(s) that meetsits specifications.

Wewill now obtain various forms of G(s) based on achieving requirements of M2(Q).First
ofall, we note that

MG(Q) = G(JQ)E"GQ) = GGQ)GIQ)

and therefore M2(Q)is a ratio ofpolynomials in 7 withreal coefficients. Assuming G(s) is stable,
the magnitude frequency responseis given by

MG(Q)=G)GC8)| 250

Denote the product G(s)G(-s) by T(s”), which is a function of even powers of s. If s =s, is any
pole (zero) of G(s), then s =—s; is a pole (zero) of G(-s). In general, the factors of T(s » are:

(s +a)Cs +a)

(s° + 048 +04)(s”— 048 +0)

(s? +a) (s? +0)

which are due to a real pole or zero, a complex conjugate pair of poles or zeros, or a complex
conjugate pair of imaginary zeros of G(s), respectively, where all the poles of G(s) mustbein the

(10.74) Ts-plane. From the form ofT(s”) wesee that thepoles and zeros ofT(s”) are located symmetrically
about the jQ-axis in the s-plane.
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Given MG(Q), we form T(s’) with  
TOs") = MEDI 9.9 (10.76)

and then factor T(s”). To obtain G(s) we use theLH s-plane poles of T(s?) and half of the zeros of
T(s) so that the remaining zeros and the zeros we are using form a symmetric pattern aboutthe
jQ-axis.

Now, we mustselect a suitable MG(Q). Since we expectto obtain G(s) througheq. 10.74,it
is more convenientto develop various forms for MZ(Q) = GyGiQ)Gy(—jQ) to obtain Gy(s), which
can then be unnormalized. We must choose a function M3(Q)that approximatesthe ideal LPfilter
characteristic showninFig. 10.31. In the literature concemed with analog filterdesign manysuitable
forms for Mj(Q), which have various additional properties, have been reported. Here, we shall
consider only two such forms for Mj(Q).

2
M,,(@)

a1

Fig. 10.31. Ideal LP filter magnitude characteristic,

Example 10.13. Suppose !j(Q) is chosen to be

oe
1+9%

Notice that My(Q = 0) =1, Mj(Q = 1) =1/2, andM2(Q > ~)=0, andM,;(Q)hasthe characteristic
of an LPfilter. By eq. 10.76, Ty(s?) becomes

M,(Q)= (10.77)

1 1
Ty(s°)=——; =—{

Yo 14s1+(3)
Now wemustfind the four roots of s*+1=0, or s?=+j. For s?=j, we have

S=j=e?, g=te*

For s?=—j, we have
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-j= j=2 2 Wa
si=-j=e °, s=te*

Denote the four roots by s, =-e7?™, s, =—-e’™, s,=e7™, and s,=e!™*. Using the LH s-planepoles
of Ty(s”) results in

eeee
(s—s)(S—52) 5?4+25+1

Because of the form we chose for M3(Q) in eg. 10.77, we know that this Gy(s) has an LP filter
characteristic with Q, = 1,

Gy(s)=

 

A general form of eq. 10.77 is given by
1

M2(Q) = (10.78)mea (22"
which is shownin Fig. 10.32 for n =2 andn =3.

 
Fig, 10.32. Butterworth LPfilter magnitude characteristic.

Notice that for any positive integer n , My(Q= 1)= 1/2, andthat as n is increased we come
closer to an ideal LP filter characteristic. Mj(Q)given in eq. 10.78is called a Butterworth char-
acteristic, and since we have that

di

ak My(Q)|g-o=0
 

for i=1,-+-,2n—1, itis also called a maximally flat characteristic. The poles of Ty(s *) are the

roots of 1+(-s’)" =0, and the LH s-planeroots are given by

(ne)5,=€
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for i =1,-+--,m, whichareall located on a circle of radius one in the s-plane. And, Gy(s) is given
by

Gy(s) = T—— :_ (10.79)2108-5, as" + ++ +045 +0

Since Gy(s) given in eq. 10.79 has no finite zeros,it is called an all-pole function. Nevertheless,
since lim Gy(s)=0, we say that Gy(s) has n zeros at infinity. For any n, the o;,i=0,--+,” can

be determined, and for n = 1, ---, 5 these coefficients are given in Table 10.1.

Table 10.1 Butterworth Filter Coefficients

 
Usually, the choice for n depends ona transition band specification on My(Q), whereby we

stipulate that Mj(Q)shall remainless than somespecified valueforall © greater than some specified
frequency.

Example 10.14. Let us find a Butterworth LPfilter transfer function G(s) with BW =Q, = 125
tad/sec such that the gain is downatleast 20 dB from the maximumgain by Q = 275 rad/sec. The
term gain is used in referring to M,(Q). The maximum gain of 0 dB occurs at Q=0, andthe gain
is -3 dB (or down 3 dB) atQ=Q,.

Touse Table 10.1 or eq. 10.79, we convert the above specifications to those of a normalized
LP filter, i.c., BW = 1. This is done by using eq. 10.72 so that My(Q) must be downat least 20 dB
by Q = 275/125 = 2.2 rad/sec. Then, whens in Gy(s) is replaced by 5/125 , the frequency 2.2 rad/sec,
at which Mj,(Q) is downat least 20 dB,is transformed to 275 rad/sec, at which Mg(Q) is down at
least 20 dB.

Forthis normalizedfilter, the transition band specification requires that

10 logMy(2.2) $-20, or 20logM,(2.2) <—20 (10.80)

—log(1 + (2.2)") <-2

(4.84)" = 10’-1
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The smallest integer that satisfies eq. 10.80 is n = 3. Of course, we can use a larger value of n , but
this would unnecessarily increase the order of G,(s). Our goal is to satisfy the specification, for
which n = 3 is adequate. From Table 10.1 we get

1
G,(s)==us) so+2s7+254+1

and after replacing s by s/125 we obtain the desired G(s),i.e.
1

whichsatisfies the given specifications. Notice that G(j275) = Gy(j2.2).

G(s)=

 

Another commonly used form for Mj(Q)is given by
12 a

Maso 1+2C(Q) (10.81)

where € is a parameter that we mustselect. If for0<Q<1,C,(Q) satisfies 0 < CQ) <1, then
M}(Q)satisfies 1/(1 + £7) < MR(Q) < 1. And, if C(Q)increases for OQ = 1 t0 Q=c, then eq. 10.81
exhibits the behavior of an LPfilter. A set offunctions C,(Q), which meetthe above requirements,
are the Chebyshev polynomials, i.e.

eaQ=n

C,(Q) = 207-1

C,(Q) = 40? - 30

C, + (Q) = 20€,(Q) = G; -1(Q)

for n =2,3,---. Forn =1,2, and3, the C,(Q) are shownin Fig. 10.33a, and the resulting MR(Q)
are shownin Fig. 10.33b.

The resulting filter is said to have a Chebyshev characteristic. In Fig. 10.33b we see that
Q=1 is the bandwidth if ¢ = 1.0. Instead, for any value of the parameter €, Chebyshevfilters are
normalized to the ripple bandwidth Q,= 1. A Chebyshevfilter is also called an equal-ripplefilter,
because in the pass-band all maximum and minimum values of Mj(Q) are 1 and i/(1 +e’),
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respectively. The parameter € determines the ripple minimum of —10log(1 + e’) dB. Ideally, we
want a small ripple. However, in eq. 10.81 we see that as we decrease €, we must increase n to
maintain a natrow transition band.

 
Fig. 10.33b. Chebyshevfilter characteristic.

Another expression for the Chebyshev polynomials is given by

C,(Q) =cos(n cos*(Q)), |Q| <1 (10.82a)

C,(Q)=cosh(n cosh(Q)), |Q] >1 (10.82b)

77

 



78

 

INFINITE IMPULSE RESPONSE FILTER DESIGN 611 
For € < 1, the bandwidth Q, is determined with

tL
1+e*cosh*(n cosh'(Q,)) 2

which yields

Q,= cost“cost2)} (10.83)n €

Thepoles ofTy(s”) are the roots of 1 +e”C(s/j) =0, which depend on both e and . The LH s-plane
roots are given by

§,; =—sinh(v) sin(w,) + cosh(v) cos(w,) (10.84)

fori =1,2,-:-,n, where w; = (2i — 1)m/(2n) and v = : sinh‘(1/e). As for a Butterworthfilter, it is
convenient to compute the coefficients in eq. 10.79 using the poles given in eq. 10.84 just once,
and then obtain them from a table. However,since the Chebyshevfilter poles also depend on €, the
o,,i=0, 1, ---,” required in eq. 10.79 are given in Table 10.2 only for a ripple trough of —0.5 dB,
—1.0 dB, and —3.0 dB for n =1,+--,5. In theliterature concerned with analog filter design, the
reader will find more extensive tables of Butterworth and Chebyshevfilter coefficients.

Table 10.2 Chebyshev Filter Coefficients

-10log(1+e)=—-0.5dB, © =0.1220

3.3461
10.8279

aa e’ = 0.2589
2.0354
3.8787 4.0708
13.7496 7.6272 8.1416
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—10log(1+e”)=-3.0dB, ©” =0.9953 
Example 10.15. Let us find a Chebyshev LPfilter with a ripple bandwidth of 125 rad/sec suchthat
the gain is down atleast 20 dB from the maximum gain by 275 rad/sec. The maximum gain of 0
dB occurs at the pass-bandripple peaks. Furthermore, suppose that a pass-bandripple trough of
—1.0 dB is acceptable.

To use Table 10.2, we convert the above specifications to those of a normalized LP filter,
ie.,Q,= 1,andMy(Q)should be down atleast 20dB by Q = 275/125 = 2.2. First, we must determine
e”, which can be found with

-10log(1 +2”) =-1.0

and €* = 0.2589.

The normalized filter transition band specification requires that

—10log(1 + 0.2589C?(2.2)) <-20 (10.85)
2

, 10 -1
2,

Cn?-2) 2 07589
 

= 382.3870

Now we must checkeg. 10.85 to find the smallest integer n thatsatisfies it. Since C2(2.2) = 75.3424,
and C3(2.2) = 1295.4241, we choose n =3, which is more than adequate. In fact, with n =3, we
could increase the pass-bandripple trough to

10’-1
—10 log] 1+ =-0.32dB| ol ora
 

andstill achieve the transition bandspecification. Moreover, with n = 3 and &” = 0.2589, eq. 10.83
yields the normalized filter bandwidth of Q, = 1.0949, and the gain is down 25.27 dB at Q=2.2.
The gain of the normalized Butterworth LPfilter found in Example 10.14 is down 20.58 dB at
02 = 2.2 for n =3. From this comparison wesee that if we can accept the pass-bandripple,then a
Chebyshevfilter can provide more stop-bandattenuation than does a comparable Butterworth filter.

From Table 10.2 we get
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1

2.03545? + 2.01175? + 2.52065 + 1.0

and afterreplacing s by s/125 we obtain the desired G(s). The ripple bandwidth of G(s) is Q,=125,

and the bandwidth of G(s) is 2,= (1.0949)(125).

Gy@)=

Ontheother hand, ifwe want G(s) tohavea3 dB bandwidth of 125 , then we must unnormalize
Gy(s) by replacing s by s/(125/1.0949), and the gain M,(Q) will be down even more than 25.27
dB at Q=275, 

10-3.5 Analog Frequency Transformations

So far we have only found a G(s) that performs asan LPfilter. To design digital BP, BS and
HP filters, we must also be able to obtain analog BP, BS, and HP filtertransfer functions, which
are then discretizedto find H(z). Itis possible to obtain a G(s) that exhibits the behavior of any of
these filter types by an appropriate choice for the frequency transformation f(s) in eq. 10.74.

Wehave been using the symbol o for the digital filter H(z) frequency variable, and for an
unnormalized analog filter G(s) frequency variable we have been using the symbol £2. As we obtain
additional frequency transformationsit will be useful to distinguish between the normalized analog
LPfilter Gy(s) frequency response andthat of G(s). Letus use the symbol p for the Laplace variable
in Gy, and write Gy(p) instead of Gy(s). Also, for the frequency response of Gy(p), we will use
i for the frequency variable, i.c., p = jX. Now, eq. 10.74 becomes

G(8)= Gy,«p) (10.86)

and f(s) is called a normalized analog LP filter to unnormalized analog filter frequency trans-
formation.

For example, in Example 10.14 we would write Gy(p)=1/(p*+2p?+2p +1),
i, = 1.0, Q,=125, and f(s)=s/Q,, and then obtain G(s) with eq. 10.86. Then, the frequency
responses of G(s) and G(p)are obtained with G(jQ) and Gy(jA), respectively. With p =s/Q,,
the normalized LPfilterfrequency variable and unnormalized LPfilter frequencyvariable arerelated
through A= Q/,. Thus, O=0, 91, =1, and Q=275 —A=2.2.

Let us consideranother frequency transformation f(s) = ,/s . For the frequency response of
G(s) we evaluate G,(p) for

QQ

“ja” 79

and we see that f(s) maps the jQ-axis in the s-plane onto the jA-axis in the p-plane, whichis
required of any f(s) that we might choose. With p = ji, we have

p
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Pema (10.87)

and we can relate the A and © frequencies as follows.

N=—-0e 3 O=0°

N=-h, =-1.0—- O=+0,

AN=-0° 9 Q=+4+e0

K=O > Q=-c

N=ts, = 10-3 O=-Q,

N= +e 3 Q=-0*

Therefore, G(j0*), G(jQ,), and G(joe) take on the values Gy(—jeo) =0, Gy(-j1), and Gy(j0),

respectively, resulting in MZ(Q) as shown in Fig, 10.34.

 
Fig. 10.34. Normalized LP to unnormalized HP transformation.

In Fig. 10,34 wesee thatf(s) = Q,,/s transforms Gy(p) into an HP filter with cut-off frequency

Q=, . If we use just f(s) = 1/s , then we would obtain a normalized HP filter, which can also be
unnormalized.

Example 10.16, Let us find a Butterworth HP filter G(s) with cut-off frequency 2, = 50 rad/sec
suchthat the gain is downat least 40 dB by = 20 rad/sec.

We must first convert these specifications to those of a normalized LP filter. By eq. 10.87,
Q, = 50 and 2 = 20 transform to 4, =—1.0 and 4. =—50/20 =—2.5, respectively. Since M,(A) (and
M,(Q))is an even function, the gain of G,(p) mustbe downat least 40 dB by 1 =+2.5. Now,the
reader should proceed as in Example 10.14 to obtain Gy(p), and then with eq. 10.86 G(s) is given
by

4
s

~ s* + 130.655s° + 8535.55? + 326637.5s + (50)
Notice that the transfer function of an HP filter is nota strictly proper function.

G(s)
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The LP to HP transformation /(s)= 1/s is useful for obtaining yet another type of function
M3i(A) in addition to those given in eqs. 10.78 (Butterworth) and 10.81 (Chebyshev). If we subtract
M,(A) given in eq. 10.81 from 1, then we get

1 2C(A)
ee 10.142C70) 14+2C7() cree)

which, for n =5, is shownin Fig. 10.35a.

1-40). n=5

 
Fig. 10.35a. Equal ripple stop-band HPfilter.

The characteristic shown in Fig. 10.35ais that of an HP filter that can be transformed into an
LPfilter characteristic by replacing A by 1/A, resulting in

C1)
120) =—_—_—_WA) 1+2C*(1/A) (10.89)

which, for n =5, is shownin Fig. 10.35b. This normalized LPfilter characteristic possesses the
equal ripple property in the stop-band,anditis called an inverse Chebyshev characteristic. As the
reader mightsuspect, there are elliptic filters, which possess the equal ripple property in both the
stop-band andthe pass-band. Forthe further developmentofinverse Chebyshevandelliptic filters,
the reader is referred to the literature on analogfilter design.

Maa)

 
1.0 X

Fig. 10.35b. Normalized inverse Chebyshev LP filter characteristic for n =5.

Let us expand our repertoire of methods for generating a G(s) for differentfilter types by
investigating some additional frequency transformations. Consider the transformation
f(s) = (8? + 2$)(Q,s), where Q, and Q, are constants thatwill be specified later. For the frequency
response of G(s) we evaluate Gy(p) for
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pair_ 1a84

2,ja  'o, 2
 

With p = ji, we have

ea (10.90)

and we can relate the A and Q frequenciesas follows.

N=-c0 + Q=-0,O=0"

A=-0 >= O=-OF,0=9,

A=0 > 2=-07,,0=03

A=teo > O=-0*, Q=+00

Therefore, G(j0*), GGiQ5), G ({Qg), and G (joo) take on the values Gy(—joo), Gy(—j0"), GyGj0"),

and Gy(jee), respectively. This results in an M2(Q) as shown in Fig. 10.36, which is a BP filter
characteristic.

 
_at &

Np Mg

Fig. 10.36. Normalized LP to unnormalized BP transformation.

For M2(Q), Q, and Q, are the lower and upper, respectively, cut-off frequencies, which we
want to come from A =A, =—1.0 and A=A, = 1.0, respectively, and therefore we have

 

 

Qye

-t=“ i OQ (10.91a)1

2

i=a (10.91b)b

Eliminating Q, from eqs. 10.91 results in

Q,(Q}- 24) = 2,(Q4 — 0%)
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2,0,(Q, a Q,) - QF(Q, + OQ)

05> (Qay)” (10.92a)

Substituting eq. 10.92a into either eq. 10.91a or 10.91b yields

QO, =2,-Q, (10.92b)

Therefore, 2, is the bandwidth of the BPfilter G(s), and f(s) transforms a normalized LPfilter
into an unnormalized BP filter. Notice that ©, is the geometric mean of ©, and Q, and not the
arithmetic mean.

Example 10.17. Let us determine a Butterworth BPfilter transfer function G(s) with cut-off fre-
quencies at ©, = 400 rad/sec and ©, = 600 rad/sec, which is downat least 20 dB at 2, = 300 rad/sec

and ©,=700 rad/sec. We refer to the set of frequencies ©,,©,,9,, and Q, as the critical
frequencies. First, we normalize the critical frequencies with eq. 10.90, resulting in

_ 1 400(400—- 600) _
~ 600-400 400 -

4, = 500(600= 400) _
~ 200 600 ~

Wao _1_(300)'— (400) (600) _
200 300

4, <1(700)?(400)(600)
4200 700

Ay -1.0

1.0

—2.500

= 1.786

Since Mj(A) is an even function, which decreases monotonically, the normalized LPfilter must
satisfy the 20 dB down requirement by A = 1.786(This will also satisfy the 20 dB down requirement
by A =+2.5.) resulting in

—10log(1 + (1.786)") <-20 — 1+(1.786)" > 100

This requires n = 4. From Table 10.1 we obtain Gy(p), and then G(s) can be found with

C18) =GyPNcrisis
Notice that the order of the LP filter is n = 4, while the orderof the resulting BP filter is 27 = 8. 

To obtain a band-stopfilter with cut-off frequencies at ©, and ©, we replace /(s) by 1/f(s)
in the LP to BP transformation,resulting in the normalized LP to unnormalized BS transformation
given by j
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G(s) =G,rf ) WO) -a,-a)u(?+0,0)
By meanssimilar to how the normalized LP and BPfilter characteristics were related, the reader
should investigate the LP — BSfilter transformation.

The frequency transformations we have investigated are summarized in Table 10.3. For any
f(s) that the reader may invent,recall thatf(s) mustmapthe jQ-axis onto the jA-axis. Furthermore,
the LH p-plane poles of Gy(p) must map to LH s-plane poles, and G(s) mustbe a proper function.

Table 10.3. Normalized LP Filter to G(s) Frequency Transformations

G(s)= Gul),

LP, bandwidth =

HP, cut-off freq. = Q,

1 s?+9,Q, .
a-o, 5 BP, bandwidth = 2,—-©,

5 0-0
Q, -Q,)———— : = :(Q, v7 O00, BS, pass-band (ee

Now that we know how to determine a G(s) with various frequency selective properties, let
us develop a few more methods for obtaining an H(z) given a G(s).

 
10-3.6 Impulse Invariant Method

Let ¢(f)=L7'(G(s)) denote the impulse response of an analogfilter (system) with transfer
function G(s). The first method we will consideris called the impulse invariant method, whereby
H(z) is obtained with Z(g(kT)). The unit pulse response h(x) of the resulting digital filter will be
determined by the impulse responseof the analog filter sampled at t = AT.

By the Poisson summation formula (eq. 9.2c) we have

gene=SsO)+zEG (((@-ma,))
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Now consider Z(g(KT)), whichis given by

Z(g(K) =gkT)z*
and therefore

ZF)yr=58O0)+2FGUo-ma,)
Our goal is to find an H(z) such that H(e“’) is comparable to G(ja), and then H(z) will

exhibit frequency selective properties similar to those of G(s). To achievethis goal, , must be large
enough such that G(s) cansatisfy

GY®)| jo) 502 =9 (10.93a)

which is required to avoid aliasing error. Furthermore, by eq. 9.2c we also require that

g(0°)=0= limsG(s) (10.93b)

which meansthat the order of the numerator polynomial of G(s) must be less than the order of the
denominator polynomial byat least two. Therefore, the impulse invariant method is not useful for
discretizing analogfilters such as HP or BSfilters.

If G(s) satisfies eqs. 10.93, then by the Poisson summation formula we have

L
Z(gP)|, _ jor 7GVo)

for |@| <@,/2, and to approximate G(j@) we use

A(z) =TZ(g(kT)) (10.94)

If eqs. 10.93 are satisfied, then the impulse invariant design method produces an H(z) that
approximates both the magnitude and phaseshift characteristic of G(s). Notice that h(k) =Tg(x),
and the digital filter unit pulse response follows samples of the analog filter impulse response.

Letus write G(s) = P(s)/Q(s) .1fG(s) has only simplepoles, thenits partial fraction expansion
is given by

_Piy_& Be
“O0) DiG—p

where now the p;,i=1,---,n, denote the n poles of G(s), and g(t) is given by

G(s)
 

a= 2Ke"ue

Substituting the Z-transform of g(kT) into eq. 10.94 results in  
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«
A(z)=T ;@) 2 {oe (10.95)

In eq. 10.95 wesee that the poles ofH(z) can be found through the relationship z = e*”, which maps
the LH s-plane ontotheinterior of the unit circle in the z-plane. Therefore, if G(s) is stable, then
H(z) in eq. 10.94 will also be stable.

There is no restriction that G(s) have only simple poles. If G(s) has multiple poles, then we
perform an appropriate partial fraction expansion and. proceed as above to obtain an H(z),
Example 10.18. Consider again the digital filter design problem ofExample 10.12, whereasignal,
whichis bandlimited to 200 Hz,is to be LPfiltered by a digital filter with bandwidth w, = 160r,
With the impulse invariant design method @,is also used as the bandwidth of G(s). In fact,all of
the critical frequencies ofH(z) are used as the critical frequencies of G(s) to meettransition band
requirements. Let us try a Butterworth characteristic, and suppose that n =2is sufficient to meet
some transition bandrequirement. Unnormalizing Gy(p) given in eq. 10.50, which we nowrecognize
to be a Butterworth filter, with f(s) = s/c, yields the desired G(s), as given in eq. 10.73. Since the
bandwidth of G(s) isf, = 80 Hz, thenf, = 800 Hz,as usedin Example 10.12, should be large enough
to incur only a small aliasing error with eq. 10.94. This will allow us to compare the H(z) as found
in Example 10.12 with the bilinear transformation to the H (z) that we will obtain in this example.

Ht (a)

 
 

bilinear transformation

 
impulse invariant

 
1600 uw

ut
pi2

Fig. 10.37. Digital LP filter magnitude response.
By eq. 10.95, H(z) turns out to be

2ae™ sin(a)zA(z)=
@) z*—2ecos(a)z +e (10.96)

where 0, = w,T/2/2 = 22/10. The M°(q) of the H(z) given in eqs. 10.75 and 10.96 are shown in
Fig. 10.37 for0 <w<@,/2.
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Notice that with the bilinear transformation M?(w,/2) = M3 (ce) andM?(0) = M2(0), which will

occur regardless of the value of T, However, if we decrease f,, then with the impulse invariant
method, M*(w,/2) will increase dueto aliasing error. With f, = 800, both methods yield magnitude
responsessimilar to MG(q). The final choice for an H(z) will also dependon additional factors such
as the phaseshift characteristic, and if necessary, how readily it can be corrected with an all-pass
equalizer to approximate a linear phaseshift in the pass-band. Also, from an implementation
viewpoint, the differing arithmetic and memory requirements necessary to run the difference
equation corresponding to each H(z) mayplay a decidingrole. 

10-3.7 Modified Impulse Invariant Method

Suppose we write G(s) as

M43
_PO)_

Gh)gy
u = (s —z;)

(10.97)

(s—p,)i=1

where G, is some constant, and the z,,i=1,---, are the zeros of G(s). If n is not significantly
greater than m, then aliasing error will occur with the impulse invariant method. Instead, let us
define the functions given by

eq-—"_. eye
MG —p) IIs ~%)

so that G(s) = G,(s)/G,(s). Both G,(s) and G,(s) are all-pole functions. If m and n are greater than
one, then g,(0")=0 and g,(0*)=0. Now choose T suchthat

G,(jo)| =0, Go) =0lo] > 0/2 jo] > a2

and by the impulse invariant method obtain H,(z) and H,(z), i.e.

H,(z)=TZ(g,kT)), H,(z)=TZ(g,(kT))

Therefore, for | @| < @,/2, H,(e/*") = G,(ja), and H,(e/") = G,(jo). Finally, H(z) is obtained with

AZ) _Z(g,(kT))
4)=F)Ze)
 

(10,98)
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This techniqueis called the modified impulse invariant method, where both the poles and
zeros of G(s) are impulse invariantdiscretized. If G (s) has any zerosin the RH s-plane,then G(s)
will not be stable. This problem can be avoided by first replacing the RH s-plane zeros 5 =z, of
G(s) by s =—z,, which will not change || G(j@)|| , and then proceed to obtain(z). The poles of
F(z) are dueto the poles of H,(z), which come from the poles of G(s), and the zeros of #AL,(z). If
#1,{z) has any zeros on or outside the unit circle in the z-plane, then H(z) will notbe stable. This
problem can also be avoided by replacing the zeros of H(z) that are outside the unitcircle by their
Teciprocals, which, according to eq. 10.12, will not change the shape of || H(e’°")| . Also, the
magnitudes of any zeros on the unit circle can be slightly reduced. Finally, we expect that
M?(a) = M¢(@). However,the unit pulse response of H(z) will not match 8 (kT). Nevertheless, the
major disadvantageofthis method is that the order ofH(z) will be greater than the order of a filter
obtained by some other method such as the bilinear transformation,

10-3.8 Unit Step Invariant Method

A design method that is similar to the impulse invariant method is called the unit step
invariant method. Bythis technique we match the unit step Tesponseofthe digital filter H(z) to
samples of the unit step responseofthe analogfilter G(s). Therefore, H(z) is obtained with

ofl) toEe 5

which requires that G(s)isa strictly proper function. Bythis design method wepreservethetransientbehavior of the analogfilter.

Example 10.19. Suppose G(s)= 1s +a), where a > 0. The unit step response y(f) is given by
ro=t{ }=2 ~e(0)Sist+a)) a

By eq. 10.99,the unit step invariant method yields
aye (th 1 1 1 1A(z)=(1-z (2 == J-2a-9 “ara a

   

Hg" qari? z-e

Based ona state variable description of an analog system with transfer function G(s), the unit
step invariant method was developed in the time domain in Chapter Eight, and it was used to
discretize an analog Butterworth LPfilter in Example 8.20. Recall thatin Chapter Eight we obtainedthis method by approximating the input with a piecewise constant function.

Dueto aliasing error, this techniqueis notuseful for discretizing BS and HP analogfilters,
However, because of the addedfactor 1/s in eq. 10.99,the aliasing error will be less than with theimpulse invariant method,
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10-3.9 Matched Z-Transform Method

A technique that simply attempts to match the peaks and troughs of MZ(@)for G(s) given in
eq. 10.97 is called the matched Z-transform method. By transforming poles and zeros of G(s)
according to z =e”, H(z) is obtained with

tla me7) ;
H(z)=(42)"G,= (10.100)

Ma -er)
where, as usual, m <n. The extra zeros at z =—1 are added to H(z) for the following reason. The
frequency response G(jq) is obtained as @ varies from @ =0 to @=-~, andfor large w, Gj)
behaves as G,/(j@)""" . Ifa > m, then G(joe) =0. Fora digital filter H(z), the frequency response
H(e**") is obtained as @ varies from @=0, ie., z=1, toO=@,=0,/2=NT ,ie., 2 =erf =

Ja,
ae

To force a correspondence betweenthe high frequency behavior of G(j@) as @ >< and H(e’*’)
as @ — @,, the extra zeros are added to H(z). This method is useful for discretizing any type of
analog filter. However, it does not preserve detailed characteristics of G(s).

10-3.10 Design Summary

Each of the discretization methods we have considered has its own advantages and disad-
vantages. Often, designing a digital filter requires a considerable amountof guess and try numerical
experimentation to arrive at an acceptable H(z). However, because of its simplicity and wide
applicability, the bilinear transformation is most commonlyusedto obtain a digital filter based on
an analog prototype. Let us summarize the steps involved in determininga digital filter transfer
function H(z). Westart with a specification of constraints on the digital filter frequency response,
and then:

(1) convert these constraints to those of an analog prototype. This will require prewarping the
critical frequencies as with a bilinear transformation, i.e., eq. 10.68,

(2) normalize the analog prototypecritical frequencies to those of a normalized analog LPfilter,
(3) select an LP filter characteristic, if a characteristic has not already been specified, and

determine parameter values such that Gy(p) satisfies specifications,

(4) unnormalize G,,(p) through a frequency transformation to obtain G(s),

(5)_select a discretization method, if a method has not already been selected, and obtain H(z)
from G(s), and

(6) evaluate the frequency and transient response of the resulting H(z), and if necessary repeat
steps (1) through (5).
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With the above procedure we will be successful in designing a recursive digital filter that

meets magnitude frequency response requirements. Although the extent to which the phaseshiftis
not linear varies from one LP filter characteristic to the next, we have no direct control over the
resulting phaseshift. A further possibility is to use a normalized analog LP filter prototype that
already approximates a linear phaseshift characteristic such as the Bessel filter, which has a
maximally flat group delay characteristic. For this, the readeris referred to the literature on analog
filter design. If a nearly constant pass-band group delay is necessary, then a phase equalizer such
as the all-pass function given in eq. 10.15a can be used. The problem is that, other than guess and
try procedures, there are no relatively straightforward methods for determining the equalizer pole
locations to achieve an overall nearly constant group delay.

10-3.11 Phase Equalization

Wewill now develop a, albeit, computer intensive procedure for phaseshift equalizer design,
For this, we shall continue with the equalizer design discussion that wasinitiated in Example 10.3.

Example 10.20. Assume that we have designed a digital filter such as the BP filter of Example
10.2, which we now denote by H,(z),i.e.

1
2V2

(ye) (2 -ye")

where y=0.95,, @) = 41/3 , and T = 1/8. The cut-off frequencies are w, = 3.75 and w, = 4.55. The
group delay 1,(@) is given in Example 10.3, and it is repeated here for convenience,i.e.

H,(@)=

=o) =T(1  —ycos((w— @)T) _ ¥ —ycos((@+ @)T)
1+7’-2ycos((m—m)T) 1+7°-2ycos((@+a,)T)

Weshall arbitrarily try twoall-pass functions as given in eq. 10.15a, so that Hgo(z) has the form

2 (1—p,z)(1—p;zHela= Fy CPA Ble)
ist (@—p;)@—p))

The overalltransfer function will be H,(z) = H,(z)Hgo(z), and t,(w) = t,(W) + tyg(w). We expectto
achieve an equalizer designas is illustrated in Fig. 10.6d.

 

The equalizer design procedure is based on finding the p, and p, that minimize the square
of the difference between t,(a@) and some constant group delay Tp, i.e.

2"(®, Py Pr) = (ty(@) — %) = C(@) — (Tp — Teq(@)))?

over some frequency range. Here, 1,(@) is given, and t), p,, and p, must be found, We could also
specify ty, but we shall leave it as a variable, the value of whichis to be determined by minimizing
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e°. The phaseshift equalizer can only add to the group delay of H,(z). We shall think of e” as a
function ofone independentvariable, i.e., @, and five parameters, i.€., tT), 0, 8,, &,, and B,, where
P= oye” and p, = one”,

Minimizing e? is a formidable task, and an inspection of Fig. 10.6d reveals that we should
approximate a linear phaseshift characteristic over a restricted frequency range that extends from
about ® = @, to about @ = ,. Practically, phasedistortionin the stop-bandis notan issue. Therefore,
let us select J frequency points within this range at which we shall minimize e?, and minimizethe
sum ofthe errors squared, i.e.

e"(Py»P2) = > Wi(T0%) — (To Tag)” (10.101)
where the x,,i =1,---,/, are the frequency points, and the w,are positive numberscalled weights,
whichallow usto attribute more significance to minimizing e? at some frequency points than at
others. If it is equally important to minimize e? at every point, then we set w,=10,i=1,-:,/.
1(x;) is known at every frequency point = x,, andit is the data to which we mustfit the function
FQ > Ts Pi Po) = (TH — Taq (X; Py» Pa).

Let the array P denote the parameterset(ty, 1, , B, , O, B,), where P(1) = ty P (2) = 04, ete.,
and write the function f as f(x;,P). Now, we havecast the equalizer design problem into that of
fitting a function to data by minimizing the sum ofthe errors squared, whichis given by

e(P)= = w,(t,(x,) — f(x; , P)Y (10.102)
Numerous methods have been developed for minimizing functions. Most minimization

methods require either analytically defined or numerically computed partial derivatives of the
functionto be minimized with respectto eachofthe variables, which in ourproblem is the parameter
set P. Weshall employ a method that does not require partial derivatives. There is no function
minimization method that is guaranteed to find the global minimum of a function as opposed to
finding some local minimum ofthe function (See Fig. 10.38.), unless the function has only one
local minimum, whichis then the global minimum. Therefore, we must provide an initial guess for
P that is in the vicinity of that P = P.,,,, where e takes on its global minimum value.

A good initial guessrequires some knowledgeofthe problemathand. A function minimization
method is then expectedto adjust theinitial guess to a value for which e” takes on a local minimum
value, which may also be the global minimum. In AppendixEis a subroutine that performsthis
task. The function minimization method thatis implemented by this subroutineis called the simplex
algorithm. For a detailed descriptionofthis algorithm the readeris referred to theliterature thatis
cited at the end of Appendix E.

To use the subroutine given in Appendix E, we must provide a main program thatcalls this
subroutine, and we must provide the data t,(x,) and x;,i=1,---,J, an initial guess for P, anda
subroutine that evaluates the function e”, which is to be minimized.
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function of one variable

= local minima |

 
varieble

Fig, 10.38. A function with several minima.

To be more specific, let us try / = 21 frequency points, which are given by

i-]

X; = Os + (@,— 05)

so that x, = @, and x,, = @,. We will use a computerto calculate the data t,(x;). For the initial guess
ofP, let P(1) = 2.4 secs., which is the peak value of 1,(@) (See Fig. 10.6c.), P(3)=@,T , P(5)=@,F ,
which initially places the equalizer peaks at @, and @,, respectively (See eq. 10.15b.), and
P(2)=P(4)=7so thatthe extent of the equalizer peaks are the same asthat of 1,(@). Fig. 10.39
shows the main program andall necessary support subprogramsto apply subroutine MINMUM
given in Appendix E,

Cc THIS IS THE MAIN PROGRAM FOR FINDING THE PARAMETERS
c OF A PHASE EQUALIZER.

IMPLICIT REAL*8 (A-H,O-Z)
REAL*8 NAME
REAL*4 GDELAY(1024), FREQ(1024)
LOGICAL OUTPUT
EXTERNAL ERSOR

DIMENSION X(100.5) WGT(I 00),¥(100),GUESS(20),P(20)COMMON/POINTS/X,NVAR/VALUES/WGT,Y,NPTS
DATA NAME/-ERSQR--/
CALL DAT
CALLINIT(GUESS)
DO 1 |=1,20

1 P(ij=GUESS\(I)
OUTPUT=.FALSE.
CALL MINMUM(ERSQR,F,P,NAME,OUTPUT)

Cc PLOTTING THE OVERALL GROUP DELAY

Pl=3.1415926
T=1./8.
WF=PI/T
GAMMA=.95
W0=4."PI/3.
N=256
DW=WFIN
DO 2 I=1,N
We=(I-1)"DW
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FREQ(|)=WGDELAY(!)=TAU1(W,GAMMA, WO, T)+TAUEQ(W,P(2),P(3),T)+
TAUEQ(W,P(4),P(5), 1)CALL PLOT(’---—-SHOUP-DDELAY-------’,N
GDELAY,’--SECS.-,FREQ,’-RAD/SEC’)’
END

SUBROUTINE DAT

THIS SUBROUTINE PROVIDES THE POINTS AND DATA.
UP TO NPTS=100 DATA POINTS CAN BE SPECIFIED.
THE DATA AND FUNCTION CAN DEPEND ON UP TO
NVAR=5 INDEPENDENT VARIABLES.

IMPLICIT REAL*S8 (A-H,O-Z)
DIMENSION X(100,5),WGT(100),¥(100)
COMMON/POINTS/X,NVAR/VALUES/WGT,Y,NPTS
SPECIFYING THE NUMBEROF INDEPENDENTVARIABLES
NVAR=1

SPECIFYING H1(Z) PARAMETERS
Pl=3.1415926
W1=3.75
We=4,55
W3=2.7
W4=5.3
GAMMA=.95
W0=4.*PI/3.
T=1,/8.

SPECIFYING THE NUMBER OF DATA POINTS
NPTS=21

PROVIDING THE DATA AND WEIGHTS

DO 1 I=1,NPTS

X(,Ue=W3+(W4-W3)*(I-1)/(NPTS-1)
WGhar2
IF(.GT.(NPTS+1)/2) WGT(I)=(NPTS+1-I)**2

Y¥(=TA 1W,GAMMA,WO,T)WRITE(6,901

WRITE(6,902)Lil=1,NVAR)DO 2 |=1,N
WRITE(6,903) WGT(I),Y(1),(X(I,u),J=1,NVAR)RETURN
FORMAT(2X,'WEIGHTS’,4X,'DATA’,8X,"INDEPENDENT’,
1X,'VARIABLE(S)’)
FORMAT(24X,5(I3,9X))

FORMAT 1X,7(1PD10.3,2X))
FUNCTION TAU1(W,GAMMA,W0,T)
IMPLICIT REAL*8 (A-H,O-Z)

C1=GAMMA"DCO:! ivW0)*T)C2=GAMMA*DCOS((W+W6)'T)C3=GAMMA**2

C4=(C3-C1)(1.4C3-2.°C1)
C5=(C3-C2)/(1.403-2.°C2)
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TAU1=T*(4.-C4-C5)RETURN
END

SUBROUTINEINIT(GUESS)
THIS SUBROUTINE PROVIDESTHE INITIAL GUESS FOR
THE PARAMETERS.

IMPLICIT REAL*8 (A-H,0-Z)
DIMENSION GUESS(20)
GUESS(1)=2.4
GAMMA=.95
W3=2.71
W4=5.29
T=1/8.

eee =W3*TGUESS(5)=Wa4"T
GUESS(2)=GAMMA
GUESS(4)=GAMMA
RETURN
END

SUBROUTINE ERSQR(F,PARMS,NPARMS)
THIS SUBROUTINE COMPUTES THE SUM OF
THE WEIGHTED ERRORS SQUARED.

IMPLICIT REAL*S (A-H,O-2)
DIMENSION WGT(100),¥(100),PARMS(20)
COMMON VALUES/WGT,Y,NPTS
DO 4 l=1,NPTS
F=F+WGT(|)*(¥(I)-FUNK(PARMS, |,NPARMS))**2RETURN
END

FUNCTION FUNK(PARMS,|,NPARMS)
THIS FUNCTION SUBPROGRAM EVALUATES THE USER SPECIFIED
FUNCTION TO BE FITTED TO DATA. THE FUNCTION GAN DEPEND
ON UP TO NVAR=5 INDEPENDENT VARIABLES, AND UP TO
NPARMS=20 PARAMETERS.

IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION PARMS(20),X(100,5)
COMMON/POINT/X,NVAR
DATA DELTA/1.D-06/

SPECIFYING THE NUMBER OF PARAMETERS
NPARMS=5

LIMITING THE PARAMETER RANGE

IF(PARMS(1).LE.0.0) PARMS(1)=DELTA
IF(PARMS(2),LE.0.0) PARMS(2)=DELTA
IF(PARMS 2).GE.1.0) PARMS(2)=1.0-DELTAIF(PARMS(4).LE.0.0) PARMS(4)=DELTA
IF(PARMS(4).GE.1.0) PARMS(4)=1 .0-DELTA
EVALUATING THE FUNCTION IN TERMS OF THE PARAMETERS
AND THE INDEPENDENT DATA POINTS
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W-X(=X(I,1)
FUNK:PARMS(1)-TAUEQ(W,PARMS(2),PARMS(3),1)-
TAUEQW,,PARMS(4),PARMS(5),T)
END

FUNCTION TAUEQ(W,A,B,T)
EVALUATES EQ. 10.15B

IMPLICIT REAL*S (A-H,O-Z)

C1=A"DCOS(W'T- B)C2-A°DCOS(W'T+8)ano

C4=(C3--C1)/(1.4C3-2.°C1)(c3-C21 403-2.“C2(1.-C4-C5)TAUEG
END

Fig. 10.39. Program listing for equalizer design,
Referring to Fig. 10.39, subroutine DAT provides the data, subroutine INIT provides the

initial guess, subroutine function TAU1evaluates 1,(a), and subroutine function FUNK evaluates
f@,P). The output of the program is shown in Fig. 10.40, from which we get
of = 0.9315 , B, = 0.4074, a, = 0.9327, and B, = 0.6397.

WEIGHTS DATA INDEPENDENT VARIABLE(S)1

1.000D+00 1.818D-01 2.7000+00
4,000D+00 2.131D-01 2.830D+00
9.000D+00 2.536D-01 2.960D+00
1.600D+01 3.071D-01 3.090D+00
2.500D+01 3.792D-01 3.220D+00
3.600D+01 4.789D-01 3.350D+00
4.900D+01 6.198D-01 3.480D+00
6.400D+01 8.230D-01 3.610D+00
8.100D+01 1.117D+00 3.740D+00
1.000D+02 1.527D+00 3.870D+00
1.210D+02 2.018D+00 4,000D+00
1.000D+02 2.395D+00 4.130D+00
8.100D+01 2.373D+00 4.260D+00
6.400D+01 1.971D+00 4.390D+00
4.900D+01 1.482D+00 4.520D+00
3.600D+01 1.083D+00 4.650D+00
2.500D+01 7.985D-01 4.780D+00
1.600D+01 6.020D-01 4.910D+00
9.0000+00 4.655D-01 5.040D+00
4.000D+00 3.686D-01 5.170D+00
1.000D+00 2.981D-01 §.300D-+00

STARTING THE MINIMIZING PROCEDURE FOR THE FUNCTION ERSQR OF 5 VARIABLES
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FUNCTION VARIABLES
INTERATION VALUE 1 2 3 4 5

0 4.320D+02 2.400D+00 9.500D-01 3.388D-01 9.500D-01 6.612D-01

CONVERGED
402 6.071D+01 4.011D+00 9.315D-01 4.074D-01 9.327D-01 6.397D-01

Fig. 10.40, Equalizer design program output.
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Fig. 10.41. Equalized group delay.

With these equalizer poles, the overall group delay 1,(m) is shown in Fig. 10.41, where we
see that within the pass-band ofH,(z), the group delay of H,(z) has been corrected to remain within
+10% of t= 4.011 secs. It is very likely that with more frequency points and additional all-pass
sections we can achieve an even better phase equalizer. This will require further numerical
experimentation, 

SECTION 10-4 Summary

Wehave consideredthe design of twotypes ofdigital filters. These are the recursive form as
in eq. 10.1, and the nonrecursive or convolutional form as in eq. 10.2. We started our study of digital
filter design techniques by first showing that to achieve a real LTI digital filter, M(@) and $(@)in
H(e?*") = M(a)e/*mustbe even and odd,respectively,real periodic functionsof frequency. Then
we described the ideal frequency response of standard filter types, i.c., LP, BP, HP, and BSfilters,
and showedthat an idealfilter must have a linear phaseshift characteristic or constant group delay.
Wealso showedthat an ideal magnitude characteristic cannot be achieved with a causal andfinite
duration unit pulse responsefilter. Since in general, we cannot expect to achieve an ideal response
characteristic, digital filter design becomes an approximation problem given specifications on
allowed maximum deviations away from an ideal characteristic. Typically, such specifications are
imposed on the magnitude frequency response, and we showedthat the settling time ofa filter is
inversely proportional to its bandwidth. While we can approximate an ideal magnitude frequency
response asclosely as we like, we cannot in general also achieve a linear phaseshift characteristic.
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A linear phaseshift characteristic can be obtained with a nonrecursive form if the unit pulse
response satisfies certain symmetry conditions. Such symmetry conditions were incorporated into
two FIR filter design methods. The first method we considered is called the Fourier series method,
which approximates a desired continuous frequency response with a Fourier series to eventually
yield the finite duration unit pulse responseofthefilter. The second method we consideredis called
the frequency sampling method, which yieldsa filter with a frequency response that passes through
samplesof a desired frequency response. However, the computational requirements of running a

reform are greater than those of a comparable (in the magnitude response) recursiveorm. ‘

Several recursive digital filter design methods were developed and compared, All of these
methods are based on discretizing an analog prototype transfer function, and basically, they fall
into two categories. The first category consists of methods for numerically approximating a con-
tinuous time system with an LTI difference equation. Among these methods, we considered the
first order forward and backward difference approximationsandthe bilinear transformation. There
are numerous other numerical approximation methods. However, because ofits simplicity and
suitable properties, the bilinear transformation is commonly used. The second category consists of
methods whereby we obtain an H(z) such that H(e/°") matches as closely as possible G(ja). Of
course, the methods in the first category also have this goal. However, methods such as the impulse
and unit step invariant methods, modified impulse invariant method, and matched Z-transform
method are more direct in attempting to match the frequency response of the analog prototype.

It is convenient to require only a few tables of precomputed normalized analog LP function
coefficients to arrive at a variety of other analog prototypes. For this, normalized LP to LP, BP,
HP, and BS frequency transformations were used. Analternative would betodiscretize a normalized
analog LP function, and then employ digital filter frequency transformationsto obtain a final H(z)
(See Problems 10.33 and 10.34.).

In the next chapter, we will utilize four distinctly different microprocessors to implement a
digital filter. This will require knowledgeof digital system hardware design and programming in
addition to an understanding of the intended application in order to select an appropriate micro-
processor and develop a digital signal processing system.
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PROBLEMS

For a discrete time system with transfer function

1-z*
H(z)=———>@) 1+0.6427

obtain M?(w) (Use eq. 10.10.), (co), and t(@). Verify that the real and imaginary parts of
H(e/*") are even and odd,respectively, periodic functions.

For an all-pass digital filter with a transfer function as given in eq. 10.15a, verify that
M@)=1.

Consider the averaging algorithm given by

1 N-1 .
yarXx(k-i)

Obtain H(z), and expressions for M?(m) and t(m). Forf, = 10 Hz and N =3 and 4, sketch
M?() and (a) for @=0 to @,.

By a procedure similar to that used to obtain the unit pulse response of an ideal BPfilter as
given in eq. 10.17, obtain the unit pulse response Ayp(k) of an ideal HP filter. Sketch hyp(k).

Consider the block diagram shown in Fig. P10.5, where a digital filter is used to obtain
another one. IfH(z) is an ideal LP filter with BW =, , then sketch the magnitude frequency

response of Y(z)/U(z). What kindoffilter has been achieved,andis it also an ideal filter?

utz) (2) ¥(2)

Fig. P10.5. Filter derived from anotherfilter.

A BPfilter can be achieved by cascading an LP filter and an HP filter. Assume we have
ideal filters with nonzero group delays. The BP filter cut-off frequencies are to be w, and
@,. Specify the characteristics of the LP and HP filters to obtain a BP filter, and show the
cascade connection. Whatwill be the group delay of the BP filter?

Suppose that a discrete time signal u(k) is represented by a finite numberof points, which
have been recorded,i.e., stored in computer memory. Now off-line processing is possible
with a digital filter H(z) to obtain N + 1 points for the output v(K) as shown in Fig. P10.7a.
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wt) VO, K=O, Ay gm

(a)

v(W-k) =wlk) x(k)

(b)

Fig. P10.7. Zero phaseshift filter.

Suppose NV is large enough so that we have a good representation for v(k). Now define w(k)
to be the time reversed v(k),i.c., w(k) = v(V — k), k =0,1,--+,N, and letx(k) be the response
of the filter ¥(z) to w(k) as shownin Fig, P10.7b. If the final output is p(k), which is x(k)
time reversed, then showthat the phaseshift from u(k) to y(k) is zero. Also, find Y(zVU(z)
in terms ofH(z). If H(z) has an ideal BPfilter magnitude frequency response with cut-off
frequencies at «, and «, and arbitrary phaseshift characteristic, then what filtering activity
is achieved as we go from u(k) to yk)?

t  
Twodigital filters have transfer functions given by

1+2z7 2+27
MOTaMOTaa

 

Foreachfilter obtain and sketch the magnitude squared frequency response for @=0 to a,
Nowobtain and sketch the unitstep response ofeachfilter. What, if any, is the basis for
the difference in their transient responses? Are the phaseshift characteristics the same?
Somedigital filter design procedure has yielded the following transfer function.

-1 -2
+1.

H()= 1l+z 1.25z :
1-2.227 + 1.2227

Is this filter stable? If not, then obtain a stable digital filter transfer function with the same
magnitude frequencyresponseas that of H(z).

The unit pulse response ofa digitalfilter is given by

(KT) = (yf si7eru(r)
IfT = 1 sec., then whatis the settling timeofthefilter for y= 0.5 and 0.9? Sketch a pole-zero
plot for each value of y.

Suppose that the unit pulse response A(k) of an LTI discrete time system is greater than or
equalto zero for all k. Explain whythe unit step responseofthis system cannotexhibit any
oscillatory behavior. Hint: consider eq. 10.18.
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10,12 It takes a computer t = 0.4 msecs,to process each input sample by a particular digitalfilter
algorithm. An amount of 0.1 msecs. is required to perform a sample and hold and A/D
conversion. Can this system perform real-time processing of signals bandlimited to 1250
Hz? If it can, then obtain a flowchart similar to Fig. 10.14, which describes the sequence
of events. If it cannot, then whatis the input bandwidth limit? And, obtain an appropriate
flowchart. Hint: consider the situation where the 0.1 msecs. duration tasks take place while
the computeris executing the algorithm. Now supposethas been reduced to t = 0.04 msecs.
Whatis the resulting input bandwidth restriction? If necessary, obtain a revised flowchart.

10.13 A signal is bandlimited to 500 Hz. Use the Fourier series design method to approximate
the ideal magnitude characteristic shown in Fig. P10.13a, and obtain a linear phaseshift and
causal FIR LPfilter with f. = 250 Hz.

Mw)

(a)

{b)
 

c py ns a a. aew fw thwc c

Fig, P10.13. LP filter characteristic.

Assumef, = 1000 Hz,and truncatethe series with K =5. Will the resultingfilter phaseshift
characteristic be linear in the stop-band?

10.14 Repeat Problem 10.13 with f= 2000 Hz.

10.15 Repeat Problem 10.14, but use the characteristic shown in Fig. 10.13b with A@= 1007
rad/sec. How doesthe addition ofa transition band affect Gibbs’ oscillation?

10.16 A signal is bandlimited to 500 Hz. By the Fourierseries design method, design a constant
group delay and causal FIR filter that approximates

io, Osa@< 5000jor, _ JdHide =f 500K <a <@, —500K
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Assume f, = 2000 Hz, and truncate the series with K =5. Sketch the resulting A(k) and
magnitude frequency response.

For f, = 2000 Hz, use the Fourier series design method to obtain a linear phaseshift and
causal FIR filter, which approximates an ideal BP filter with lower and uppercut-off fre-
quenciesatf, = 250 Hz andf, = 500 Hz, respectively. Use K = 10. For this resulting filter,
whatwill the cut-off frequenciesbeiff is changed to£ = 4000 Hz? Finally, obtain a direct
formsimulation diagram, which usesthe least number of multipliers.
Repeat Problem 10.13, and use the Hann window to reduce Gibbs’oscillation.
Repeat Problem 10.13, and use the Bartlett window. Does the resulting filter magnitude
characteristic exhibit any Gibbs’oscillation?

The zeros of an FIR filter are: -1, +1 , 0.75 + j0.25, and 1.24 0.4. Does this filter have a
linear phaseshift characteristic?

Verify eqs. 10.44 and 10.47,

Forthe frequency sampling FIR filter design method, specify M,(n) and $,(n) for the LP
filter described in Problem 10.13. Use N =5. Obtain a simulation diagram based oneqs.
10.43. Sketch the resulting M(@) for @=0 to a, .
Repeat Problem 10.22 for N =6.

For the frequency sampling FIR filter design method, specify M,(n) and 6,(n) for the LP
filter described in Problem 10.15. Use N = 64. Specify any additional parameters so that
a powerof two FFT algorithm can be used to obtain A(k).

If A(K) is to be antisymmetrical about t= (NV —1)T /2, then, for N even or odd, give an
expression for ,(), as in eqs. 10.45 fora symmetrical h(x). Can the specification for M,(n)
be the same as for the symmetrical case? Can an LP FIR filter be realized with an anti-
symmetrical h(k)?

With the frequency sampling method, repeat Problem 10.16.

Assumea signal u(k) has a time varying spectrum U,(n), Suppose the contribution of only
one frequency componentto the signalis of interest,i.e., n =i or @, = 2ni/T,o- At any time
k, the spectrum at @, is to be computed using the samples x(k), x(k —1),---,x(k— (WV —1)).
Design an FIR discrete time system, the output of which is p(k) = U,@). Hint: take the
Z-transform of the DFT of the N points x(k —1),1=0,---,(N—1). Draw a block diagram
ofthe resulting FIR system.

Consider discretizing a continuous time system with transfer function G(s) = 10/(s + 10) by
the forward difference approximation. What is the maximum valueforTso that the resulting
digital filter H(z) will be stable? Sketch the resulting M*(@) for T=0.05 and 0.1 , and
compare this to M2(Q).
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A time function is bandlimited to 20 Hz. Design a recursive digital LP filter with BW =5
Hz, such thatthe gain is down at least 20 dB at 10 Hz. Use the bilinear transformation method
on a Butterworth analog prototype. Assume f,=40Hz. Write the resulting difference
equation for runningthefilter.

Repeat Problem 10.29, but obtain a Chebyshev digital LP filter with a ripple bandwidth of
5 Hz. Let the peak to peak ripple be 1dB.

Starting with eq. 10.82a, obtain the Chebyshev polynomial recursion formula. Hint: use
the identity, cos((m + 1)x) = 2 cos(x) cos(mx)—cos((n — 1)x). Sketch C,(Q), and C.(Q), and

the resulting Mx(Q).

Study the transformation s = (z + 1)/(z — 1) for obtainingadigital filter from an analog LP
prototype. What kind ofdigital filter results? Derive an expressionthat relates the analog
filter and digital filter input frequencies.

Suppose that by any of several methods a digital LP filter H(z) with BW = 1 Hz has been

designed. Consider obtaining anotherdigital filter H,(z) with

H(z) =H),pe)

wheref(z) =—z . Show that 4,(z)is the transfer functionofadigital HP filter, and determine
the cut-off frequency,iff, = 10Hz.

Suppose thatf(z) =—z’is used in Problem 10.33 to obtain H,(z). Whattype offilter results?
Sketch M3(@) for w= 0 to a, .

Find thetransfer function of an analog Butterworth LP filter with BW = 100 Hz,such that
the gain is down atleast 20 dB at 400 Hz. Withf, = 2000 Hz,use the bilinear transformation

to obtain a digital LP filter such that the gain of the digital filter at 100 Hz is the same as
that of the analogfilter at 100 Hz. Whatis the bandwidth ofthe resulting digital filter?

Usethe bilinear transformation to designa digital BPfilter with cutofffrequencies at 1500 Hz
and 2500 Hz such that the gain is down at least 20dB at 500 Hz and 5000 Hz. Use a
Butterworth prototype, and assume that ff = 20 KHz.

Thebilinear transformationis based on the trapezoidal integration formula, which is one of
many numerical integration formulas. Another numerical integration formula is Simpson’s
tule, which is given by

y+=yk- +t(ue +1)+4u(k)+u(k-1))
Obtain a transformation based on Simpson's rule for discretizing an analog system described
by G(s). Determine an expression thatrelates the analog and digital filter input frequencies.
Doesthis transformation map the /Q-axis in the s-plane onto the unit circle in the z-plane?
Will it always yield a stable digital filter from a stable analog filter? Now use
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Gy(P) = 1p + 1)as anormalizedanalog LPfilterprototype to obtainH,(z) usingthebilinear
transformationand to obtain H(z) using the transformation based on Simpson’s rule. The
bandwidth of both H,(z) and H,(z) is to be 1 Hz, where f, = 10 Hz. Sketch both M(@) and
M;(@). Which digital filter provides more stop-band attenuation?
Design a digital HP filter based on an analog Chebyshev LPfilter prototype with a 1 dB
peak to trough ripple. With £ = 200 Hz,the digital filter cut-off frequency should be 80 Hz,
and the gain should be downatleast 20 dB for frequenciesless than 50 Hz. Usethebilinear
transformation method.

Design a digital BS filter with cut-off frequencies at 40 Hz and 80 Hz, such that the gainis
down at least 20 dB for frequencies greater than 50 Hz andless than 70 Hz. Apply the
bilinear transformation to a Butterworth analog prototype, and use f, = 400 Hz.
Withf, = 5 Hz,use the impulse invariant method to discretize an analog system with transfer
function G(s) =s/(s?+s +1). Sketch M2(w) and M*(@). Whatis the major cause for the
difference between the analog and digital filter frequency responses?
Using the modified impulse invariant method, design a digital HP filter based on a second
order Butterworth analogfilter prototype. The samplingfrequency is £ = 1000 Hz, and the
digital HP filter cut-off frequency should be 200 Hz.
Repeat Problem 10,40, but use the unit step invariant method.

A third order analog Butterworth LP filter with @,=1 is described by
G(s)=1(e +1) (6? +5 +1). Using the matched Z-transform method, obtain a digital filter
H(z) from G(s). The digital and analogfilter should have the same zero frequency gain.
Use jf, = 10 Hz, and write the resulting difference equation. Sketch M?(w) for @=0 to 0,.
Supposethe following transformation,i.e.

z*—22 cos()T) +15=

z—1

is used to obtain a discrete time system with transfer function H(z) from an analog LPfilter
G(s) with BW=,. Show that H(z) is a BPfilter, and that H(z) will be stable if G(s) is
stable. Obtain an expression thatrelates the analog anddigital filter input frequencies. If
@, and @, are the lower and upperdigital filter cut-off frequencies, respectively, which must
map to ~Q, and +, respectively, then show that @, is determined with

sin((@, + @,)T)
CASO lenesin(@,T)
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Now,apply this transformation to obtain a digital BP filter with w, = 20 Hz, w, = 40 Hz, and
f, = 200 Hz. Base the design ona normalized analogprototypefilter with Gy(p) = 1/(p + 1).
Sketch the magnitude frequency response M(q) for @ = 0 to @,.

Assumethat H,(z) is a digital LP filter with BW = @, . Show thatif @, is sufficiently greater

than w, , then H(z), as obtained with

H,(z) = H(ze’*) + Hcead

isa BP filter. Let H,(z)=a(1+27)(i +a@)—(1—@)z*), where a = tan(1/16), which is an
LPfilter with @, = @,/16. For this H,(z), obtain H(z) with @) = @,/4, and sketch M3(q)for
@=0to ,. What happens to M7(@) as @, is decreased?

The transfer function H,(z) of a digital LP filter with m, = 2x when f, = 16 is given by

0.2(1 +27)A =
1)=T5087

Determine andsketch the group delay t(w) for @ = 0 to w,. Consider cascading H(z) with
one second order all-pass section Hgo(z) as given in eq. 10.15a. In termsof the poles
p =0e**ofthe all-passsection, write an expression for the overall group delay t,(@), where
H(z) = H,(z)Hgo(z). Now,by guess andtry, specify values foro and fi such that a reasonably
constant group delay t,(q) occurs in the frequency range =O to 4. Sketch the overall
group delay for @=0 to @,.

Considera linearphaseshiftFIR filter forwhichH(z) = (1+ az')(1+(1/a)z"). Two possible
realizations are shownin Fig. P10.47.

Let us investigate what happensto the frequency responseofthe filter due to representing
coefficient multipliers with a finite numberof binary digits (bits). Let a = 0.8, and obtain
and. sketch M7(w) for @=0 to @,. Now, suppose we must represent each coefficient with
only two integerbits and twofractionalbits, which are obtained by rounding off the binary
representation,i.e., add (0.001), to the binary representation andtruncate to two fractional
bits. Therefore, c, = (00.11), = (0.75),9,¢2 = (01-01), = (1.25),), and c, = (10.00), = (2.0),9.
Whichrealization, i.e., the cascade or direct, preserves the linear phaseshift characteristic?
Now,for each realization write M*(w) in termsofthe coefficient multipliers c,, c,, and c;.

Anindicatorofthe gain sensitivity to coefficient multiplier quantization error is M7/dc;.
For example, show that

aM’ = (1.6+2cos(mT)) (2.5625 + 2.5 cos(wT))

dc, |,

 

=0.80, cy = 1.25
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Also, obtain the gain sensitivities with respect to ¢, and c,. In general, these sensitivities
depend on the input frequency. Whichrealizationis less gain sensitive to coefficient mul-tiplier quantization errors?

ufk) yk)

“e)=a

f= lfa 
(a)

uk) ——* yk)

oq = Ll;
fy atlia 

{b)

Fig. P10.47. Tworealizations for H(z).
10.48 Considerthe digital LPfilter

YK) =0.05u(k) +0.95y(k — 1)

where y(—1)is the initial condition and u(k) is the input. Let us investigate what happens
due to quantizing the result of a multiply accumulate operation. It will be arithmetically
convenientifwe let u(k) = u_,(k), and then,ideally, the steady-state response for anyinitial
condition is 1.0. However, supposethat each y(k), k = 0, 1, --- isroundedoffto two fraction
digits, i.¢., add 0.005 andtruncate to two fraction digits, before it is used to process the next
input sample to obtain the next output. For example, if y(—1) = 0.83, then y (0) = 0.8575.
But, due to rounding off, y(0) = 0.86 will be used to obtain y(1), which is rounded off to
obtain y(2), etc. Manually, compute y(k), k = 0, 1, -+- until steady-state conditions for two
fraction digits have been reached for each of the_initial conditions:
y(-1) = 0.80, 0.85, 0.90, 0.95 » 1.05, 1.15, and 1.25, What happenedfor initial conditions
less than 0.91 and greater than 1.11? This phenomenonis called the deadbandeffect, towhich digital filters are susceptible,
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COMPUTER PROJECTS

Write a main program that uses subroutine FILTER given in Fig. 10.8 to obtain the response
of a BPfilter with transfer function given by

3 5 2Zee eS

H@)=———3
a —3Z2t5

Letf, = 16 Hz.

(a) Supposethe inputis u(t) = sin(w@,kT) + sin(w@, kT), where w, = 27(2) and wm, = 2n(4).
Obtain 128 point plots, which should be sufficient to discern the steady-state
response, ofthe input and output. Assume zeroinitial conditions.

(b)=Nowletthe input be u(k) = sin(@&T), and obtain plots of the output for m = 27,307,
and 34m. Explain any differences and similarities between these outputs.

Modify the mainprogram ofProblem 10.49 to implement the proceduredescribedin Problem
10.7. The program should firstobtain a 256 pointresponse to u(k) = sin(wkT), where m = 27,
for k =0,1,-++, 127, and u(k) =0, fork = 128, 129, ---, 255, of the filter in Problem 10.49.
The program should plot y(t), & =0,1,---,255. For what range of k have we achieved a
zero phaseshift BP filter? Repeat the above for @= 87.

Modify the main program ofProblem 10.49 to implement filter, which consists of the H(z)
given in Problem 10.49 cascaded with itself. Now repeatparts (a) and (b) ofProblem 10.49.
It may be necessary to increase the numberofpoints to discern the steady-state response.

Write a main program thatuses the following subroutine to compute and plotthe frequency
response of the FIR filters resulting from Problems 10.13, 10.18, and 10.19. Obtain the
frequency responses for K = 10 and 50. Without windowing, is the amplitude of Gibbs’
oscillation reduced as K is increased? Now consider the desirable attributes of a window

function as arrived at from eqs. 10.32, and make up a window function w,,.4.,(i). Use this
window function to obtain the frequency response for K =5, 20, and 50. In all cases, be
careful to use the proper window width. Does Wresse(i) reduce the amplitude of Gibbs’
oscillation without increasing the transition bandwidth too much?

SUBROUTINE SYMFIR(T,H,K,N)
DIMENSION H(128),AMP(1024),WW(1024)
FF=(1./T)/2.

DW=2"31i.5926*FF/N
1 AMP(d)=AMP(u)+2:"Hi()"COS((K-M)T*W)

CALL PLOT(‘FIR-FILTER-FREQ-RESPONSE‘N,
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1 AMP,'--MAG---'\W,'RAD/SEC-')RETURN
END

This subroutine implements eq. 10.36a, and computes and plots N points of the magnitude
frequency response. The array H contains the unit pulse response, i.e.,
H(1)=A(0), ---, H(K+1) =’(K).

Modify the subroutine given in Problem 10.52 to compute andplota(e/°7) accordingto eq.
10.36b, and write a main program to obtain the frequency response of the FIR differentiator
resulting from Problem 10.16. Do this for K =5,20, and 50. What happens to Gibbs’
oscillation as K is increased? Repeat the above, but use the Hann and Bartlett windows.
Doeseither of these windows preventsign changes in A(e/") for 0 < w< @,/2?

Write a main program that uses the DFT as computed with the FFT algorithm to determine
the unit pulse responseof a linear phaseshift FIR filter by the frequency sampling method.
Dothis for the LP filter specified in Problem 10.13 (See Fig. P10.13a.) with 8 and 32
frequency samples. Also, modify the subroutine in Problem 10.52 to obtain the frequency
response according to eq. 10.38a. For each case, obtain plots of the FIR filter unit pulse
response and a 128 point frequency response. Does increasing the number of frequency
samples reduce oscillations in the frequency response? Repeat the above for the LP filter
given in Fig. 10.13b (Am= 100m). Does introducingatransition band reduce oscillations
in the frequency response? Is A) = 100m necessarily the best transition band width for the
least frequency response oscillations?

With £ =5 Hz, obtain 1 Hz ripple bandwidth digital LP filters from a second order 1 dB
tipple analog Chebyshev LPfilter by the bilinear transformation, the impulse invariant
method, and the matched Z-transform method. Write a main program, which uses the FFT
algorithm, to compute and plot a 256 point frequency response for each of the resulting
digital filters. Which filter has the best stop band attenuation? Whichfilter incurs the most
aliasing error? Whichfilter best preserves the equal ripple characteristic of the analogfilter?

Write a main program and support subroutines similar to the programs given in Example
10.20 that will determinethe polesofthe all-pass phase equalizer for the LPfilter described
in Problem 10.46. Also, obtain 256 pointplots of the original and equalized groupdelay.
Try both 11 and 21 frequency points over the frequency range @=0 to 4. Use theresult
of Problem 10.46 asthe initial guess for the poles.

Consider again the digital BP filter given in Problem 10.49 as it would be implemented with
finite word length digital hardware, where the input, filter coefficients, and addition and
multiplication results must be quantized to a finite number ofbits. Also, addition or mul-
tiplication may producea result that is outside the range of numbersthat can be represented
with the given number ofbits. This is called overflow, in which case theresult is replaced
with the largest positive or negative value that can be represented with the given numberof
bits, i.e., the saturated value. It would be convenient to be able to simulate binary round
offquantization on a general purpose computer.Forthis, the following function subprogram
QUANT is useful. It accepts a number X in base 10, performs a binary round off to NF
fractionalbits, and returns the binary quantized numberin base 10. Also, if X is outside the
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range [-QMAX, QMAX] , where QMAX =2™'—2™, and NIis the numberofintegerbits,
then X is rounded offto the saturated value +QMAX. For example, if X =—4,196, then
Y=QUANT(X,3,2) yields Y =—-4.25, while Y=QUANT(X,2,3) yields the saturated value
Y =—3.875. With NIlarge enough,saturation can be avoided. NI and NF cannotbeless
than zero, and NI and NF cannotboth be zero.

QUANT=0.

IF(NLLT.O.OR.NELT.0 RETURNIF(NI.EQ.0.AND.NF.EQ.0) RETURN
FKEQO) RETURNAX=ABS(X)
SIGN=1.
IF(X.LT.0.) SIGN=-1.
IX=AX
FX=AX-IX

TWOPNI=FLOAT(2**NI)
TWOMNF=1./FLOAT(2**NF)QFX=0.

IF(NF.EQ.@) GO TO 2
DO 1 I=1,NF
FX=2.*FX

IF(FX.LT.1.) GO TO 1
FX=FX-1,
QFX=OFX+1./FLOAT(2**1)

1 CONTINUE
2  FX=2."FX

IF(FX.GE.1.) QFX=QFX+TWOMNF
OX=IX+QFX
QMAX=TWOPNI-TWOMNF
IF(QX.GT.QMAX) QX=QMAX
QUANT=SIGN‘OX
RETURN
END

FUNCTION QUANT(X,NI,NF)UANT=0

Write a main program that uses subroutine FILTER given in Fig. 10.8. Add NI and NF to
the argumentlist of subroutine FILTER,and replace the statement

SUM=SUM+C(INDEX)*Y(INDEX) ,
with

CY=C(INDEX)*Y(INDEX)
X=SUM+QUANT(CY,NI,NF)
SUM=QUANT(X,NI,NF)

With variations of the above replacement, product only and sum of products only quanti-
zation can also be simulated. In the main program, use statements such as
BO=QUANT(BO,NI,NF) to quantize thefilter coefficients.

(a) Obtain 256 pointplots of the unit step response of the BP filter given in Problem
10.49 for NI=3 and NF=12, 8, 4, and 2. Usezero initial conditions. Ideally, the
steady-state unit step response is zero. However, what happensto the transient and
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the steady-state response as the number ofbinary fraction bits is reduced? Is the
filter stable for every case? Does the steady-state response settle to a constant-value
for every case? Repeat the above for NI=1.

(b) Now, supposethe inputis u(k) =A sin(8nkT), wheref, = 16, and NI and NF arefixed
at NI=1 andNF=6.Notice that the inputmustalso bequantized. Whatis the maximum
input amplitude to avoid digital filter input saturation? With this maximum input
amplitude, obtain and plot the filter response for zero initial conditions. Does the
output ever become saturated? If it does saturate, then scale H(z) to obtain a response
that does not saturate. Give reasons for whythe steady-state response is not a pure
sinusoid.

10.58 Modify the function subprogram QUANT to perform quantization by truncation,and repeat
Problem 10.57.   
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About the book

This book presents the fundamentals of continuous and discrete time signal
processing. Itis intendedfor the readerwith little or no backgroundin this subject.
The emphasis is on developmentfrom basic principles.

The first chapter gives an overview of someapplications of signal processing.
Then, this book presents topics such as: system properties, convolution, periodic
continuousand discrete time signals, the discrete Fourier transform (DFT)andits
applications, the Fourier transform, the fast Fourier transform (FFT), correlation
analysis, the Laplace transform, the Z-transform, state variable methods for
describing and analyzing continuous and discrete time linear and time invariant
systems, the designofdigital filters, and the application of special purpose micro-
processorsfor real-time digital signal processing.

Somefeatures of this book are:

1) gradual and step-by-step development ofthe mathematicsforsignal processing,
2) numerous examples and homework problems,
3) many examples of using the computer for applying the theory,
4) emphasis on the relationship between continuous and discrete time signal

processing,
5) computer based assignmentsto gain practical insight,
6) a set of computer programsto aid the reader in applying the theory.

With this book the reader can become knowledgeable aboutboth thetheoretical
and practical aspectsofdigital signal processing.
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