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Abstract 

This paper reports an approach of computing depth maps from a monocular image sequence, under the 
assumption that the camera motion is known. The direct depth estimation method is combined with the optical flow 
based method to improve estimation accuracy. The optical flow on and near moving edges arc computed using a 
corrclation tcclmiquc. The optical flow information is then fused with gradient information to estimate depth not 
only on the moving edges but also in the intcrnal regions. The depth estimation problem is formulated as a Kalman 
filter problem and is solved in three stages. In the prediction stage, the depth map estimated for thc current frame, 
together with knowledge of the camera motion, is uscd to predict the depth and depth variance at each pixel in the 
next frame. In Ihc estimation stage, a Kalman filter is employed to refine the predicted depth map. The resulting 
estimation algorithm takes into account the information from the neighboring pixels. In the smoothing stage, based 
on the error covariancc infl~rmation, morphological filtering is applied to reduce the cffcct of measurement noise 
and to fill in untrustablc areas. Simulation results are provided to demonstrate the cffcctivcness of the proposed 
method 

Ak'v words: Depth estimation: Kalman filtering; Optical flow; Autonomous navigation 

1. Introduction 

In many applications involving autonomous 
navigation, robot vision and surveillance, there is 
a need for determining the depth map. Depth 
can be estimated by using stereo cameras [1-3], 
by changing focal length [4,5], by using a plenop- 
tic camera [6], or by employing moving cameras 
[7-17]. In this paper we are concerned with the 
problem of recovering depth maps from a se- 

* Corresponding author. 

quence of monocular images of the object assum- 
ing that the relative motion between the object 
and the camera is known. 

Depth may be estimated based on two frames 
or multiple frames. A single snapshot of two 
frames may not provide sufficient information for 
accurate depth estimation. Use of multiple frames 
improves the accuracy, reduces the influence of 
noise and allows the extraction of additional in- 
formation which cannot be recovered from just 
two frames [10-14]. The available d e p t h /  
structure estimation methods based on Kalman 
filtering use feature matching [11], moving cam- 
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era images [13], optical flow [10,12], and direct 
method of Horn [14]. 

In the proposed scheme, we combine the di- 
rect depth estimation method with the optical 
flow based method to improve the overall estima- 
tion accuracy. Typically, the gradient information 
is very sensitive to noise along moving edges. On 
the other hand, the optical flow based method is 
computationally more expensive and is not reli- 
able in internal regions. We compute optical flow 
only around edges and then combine with gradi- 
ent information to recover depth not only on the 
moving edges but also in the internal regions. 

The depth estimation problem is formulated as 
a discrete Kalman filter problem [18] and is solved 
in three stages. In the prediction stage, the depth 
map estimated for the current frame, together 
with knowledge of the camera motion, is used to 
predict the depth and depth variance at each 
pixel in the next frame. In the estimation stage, a 
vector-version of Kalman filter formulation is 
adopted and then simplified to refine the pre- 
dicted depth map. The optical flow information 
on and near moving edges and gradient informa- 
tion in the internal regions are combined in this 
stage. Since the resulting estimation algorithm 
takes into account the information from the 
neighboring pixels, it is much more robust than 
the scalar-version Kalman filter implementation. 
In the smoothing stage, based on the error covari- 
ance information, morphological filtering [19] is 
applied to the estimated depth map to reduce the 
measurement noise and to fill in untrustable ar- 
eas. We choose morphological filtering which 
preserves edges while smoothing the depth map. 

2. Problem formulation 

As an image sequence provides only partial 
information about the scene, it is necessary to 
have assumptions about the scene and its 2-D 
images. We assume that (1) camera motion is 
known, (2) the object is a rigid body, (3) the 
image is changing slowly in two successive frames, 
and (4) in a small internal of time, the brightness 
of a given object point is unchanged. The algo- 

rithms based on gradient and optical flow are 
formulated as follows. 

2.1. Gradient based method 

The brightness change Eq. (1) is the basis for 
the proposed depth estimation method [20]. We 
rewrite the brightness change equation as a dy- 
namic model and apply the Kalman filter algo- 
rithm to do recursive depth estimation from the 
image sequence. For the simplification of the 
notation, the dependence of the variables Z, s. v. 
E~, Ey, and E t on image coordinates x and y are 
suppressed. The depth Z corresponding to an 
image point (x,  y) is given by [20] 

s . T  z = (1) 
E~-,- v ' D  

where E, is the brightness temporal derivative, 
T = [ U ,  V, W] "r is the translation vector, O =  
[A, B, C] "r is the rotation vector, 

s & - f E y  

xE x + yEy 

v& 

and 

-fEx ]. 

fEy + f ( xE x + yEy ) 

x 

- r e ,  - 7(Xex  + ye , )  

yE x xEy 

(2) 

(3) 

Here E x and Ey are the brightness spatial deriva- 
tives, and f is the focal lens of the camera. Note 
that s and v weigh the contribution of T (transla- 
tion) and g2 (rotation) vector. We define the 
parameters: 

~k ~= Zk,  
r/k & (s" T)~, (4) 

h k & - ( v ' J 2 + E t )  ~, 

where the subscript 'k'  denotes the quantities in 
the k th estimation stage. These will be used to 
construct a system equation in Section 2.3. 
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2.2. Optical f low based method 

The optical flow equation is given by [21] 

- / U  + x W  1 
, , -  + ( A x y  - B(  x ~ e y + f : )  + < ' : )  

-/1,: + yW 1 
" =  z + 7 i (A { .,'e +re)  -B.v. - 

(5) 

where u and , are the image velocities along the 
x and y directions, respectively. These motion 
field equations can be established at every pixel 
(x, y) in the image plane. We define the parame- 
ters as 

~a ~ Zk.  

1 - J U  + x W  
~7~ = 2 1 

,, y(Axy-B(x~+f2)+C),:) 

+ 1 - f l : + y W  ] 

J , ,  / ( A ( y 2 + f  2) - B x y - C q  ~) 
' k 

h k ~ 1. (6) 

Again these will be substituted into (7) and (8) to 
form a system model. 

2.3. System model 

A state space representation of either Eq. (4) 
or ~6) can be given as 

£-k+l=a , ( k  + w k ,  W k ~ N ( O ,  qk) ,  (7) 

r / k - - h k ~ k + u k ,  " k ~ N (  0, G ) ,  (8) 

where a t is the time-variant state transition coef- 
ficient which reflects the variation of depth with 
motion, which can be determined from the known 
motion parameters  in the prediction stage, and 
w k and "k are zero mean white noises, uncorre- 
lated with each other and with s~o . 

The depth, expressed as a state variable(sCk), 
may be estimated using information from the 
neighboring pixels to reduce noise effects. Hence, 
Eq. (8) is rewritten in its vector form. 

Ya - Hk~a. + Va., Vk ~ N(0,  Rk) ,  (9) 

where 

H, = i b m ( l )  h~ t2 )  . . .  h , ( , , , ) ]  • 110) 

Va= [ , k ( 1 ) , ~ , ( 2 )  ...  , a ( m ) ] '  (11) 

and each h k has a structure given in (4) or (6), 
depending on whether the estimation is made on 
the edges or not; m is the number of pixcls used 
to compute ~ ,  and R k is the m × m covariance 
matrix. The state space model given in eqs. (7) 
and (8) will be used to update the depth map. 

3. Prediction stage 

The task of the prediction stage is to predict 
the depth and its variance after motion, i.e., how 
it appears to the observer at timc k + 1 based on 
the depth and variance at time /,. We present an 
algorithm which is different from those outlined 
in [12,14]. 

3.1. Depth prediction 

We would like to predict the object point 
corresponding to the image point (xi./, y,.j) at 
frame k + 1 using the depth information at frame 
k and known camera motion parameters.  The 
object points corresponding to thc image point 
(xi./, yi,:) as well as its two neighboring points 
(xi,:~ I, y, .:_l) a n d  (Xi+l.], Yi+ I,/ ) a t  frame k are 
obtained through the perspective projection. 

Let us denote the corresponding object points 
at frame k by (X,. i, Y,./, Z , i ) ,  ( X i . : ~ ,  Y,.:+~, 
Z i , j + l } ,  and (Xt..l.j , Y~+L,t' Zi~{./) ( o r  in short 
(R l, R e , R3)k). The locations ,of these object 
points at frame k +1  arc prediclcd using the 
known camera motion parameters.  Let the new 
locations of these object points at frame k + 1 be 
( xL: .  ~; ' ,  z; . , ) ,  ( x7., . ,, Y,{, , ,, z ; . ,  , ~ ). and  ( x 7 .  l , ,  
Y, ' l .: ,  Z:~l. , )  or in short (R~, 1¢., R,,)k+t. A 
plane, say Plane A, is constructed to pass through 
(R  1, R 2, R.~)k+ I. Assume that the object point 
(X,':, Yiii, Z:.:) of the image poim (x,,:, vi. i) at 
frame k + 1 lies on Plane A. Then the 3-D coor- 
dinates of the object point (X,':.  }~ii:, Z:.:) is the 
intersection of the focal ray with Plane .4. Z:.: is 
the predicted depth. Figs. I amJ 2 respectively 
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(X,Y,Z) 

/ ,,.Y//' 
, / , / J / ! y / '  
.... "./ / / / ~  ~'/"2 ~ ......... image 

.,. ,,. ~;3 ' (x, y, 1)k 

(X,Y,Z) 
(X',Y',Z' / k+l 

'"".,., 'i \(x,y, 1) 
i ~:~ k +  1 

k frame k+l frame 
Fig. 1. Depth prediction schematics. 

provide the illustration and block diagram of the 
depth prediction scheme. The prediction algo- 
rithm is given below. 

l Find 3D Object ponit (RI,R2,R) ~ eorrespoeding 
/ to the neighboring image poin~ using the estimated 
/ depthsat the kth;stage 

Apply motion equation to get new object 
points 0tl,I~,l~)k+ l from (P.I,R,R3)k 

Construct a plane passing 
through ~R,,~,RA+ ' 

Predict the depth using the 
focal ray and plane ~uations 

Fig. 2. Procedure for depth prediction at each pixel. 

3.2. Prediction algorithm 

1. Using perspective projection equations, we 
compute the object point for each pixel of image 
frame k. For the ijth pixel, we consider the set of  
three points in the triangular neighborhood, 
namely {(i, j), (i, j + 1) and (i + 1, j + 1)}. The 
object point coordinates are obtained using the 
focal ray equations, 

xijZij YijZij 
Xij= f , Y/j= f , (12) 

where Zij is the estimated depth in the kth  stage 
at the image coordinates (i, j). We denote the 
three object points by (R  1, R 2, R3) k. 

2. Using the known motion parameters, we 
determine the new position of the three  object 
points at the instant of  frame k + 1. That is, 

Lz;,,j - B  A 

(13) 
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Again we denote the three points by (R 1, R e, 

R3)k+l. 
3. Plane A which passes through the three 

points (Rp  R 2, R3)k+ ~ is then constructed. Let 
the plane be defined by 

Z = a X  + b Y +  c. (14)  

4. Find the intersection of focal ray through 
grid point (x, y) and the constructed plane. Us- 
ing (12) and (14), one obtains 

C 

Z;, = a b ' (15) 

I [-.x,l- 17.y,~ 

where Z;j is the predicted depth value in frame 
k + 1 for the image point (xi, j, yi,j). 

There is a singular case in the construction of 
the plane. If the three projected object points are 
in a straight line, say Line A, there is no unique 
plane. In other words, the focal ray does not 
necessary intersect Line A. A possible solution is 
to find the common normal between the focal ray 
and line A. The common normal is unique since 
Line A cannot be parallel to the focal ray. The 
intersection of the focal ray with the common 
normal can be used as the predicted object point 
at frame k + 1 for the (i, j ) th  image point. 

Using the Kalman filter algorithm [18], we 
have the time updates for depth ({:a+l) and its 
covariance (p~-+ 1 ) as 

~ ; ~  1 = a t : ~ k '  (16) 
Pk ~ I = ak Pk 4- qa ,  

where the grid indices (i, j )  have been omitted. 
a k is computed by 

a k - Zi i . (17) 

Again, the dependence of the variables S~k, Pk, 
and a k in (16) and (17) on image coordinates are 
suppressed. After a k is computed,  the time up- 
date covariance Pk+~ is obtained from Pk. The 
process noise (w k) is measured from the change 
of depth over time. The process noise depends on 
the derivation of the object surface from the 
fitted plane. If all the object points lie on the 
plane, the prediction error is zero. Therefore  the 

process noise is proportional to the fitting resid- 
ual which can be obtained with more than three 
object points. 

4. Estimation stage 

If the rigid body motion vectors 1" and .(2 are 
known, the brightness change constraint equation 
or optical flow equation contains only one un- 
known variable, the depth, which can be solved 
easily. After the k th image frame is available, we 
compute the temporal  and spatial gradients or 
the optical flow around edges, which can be then 
used to update Z k based on thc Kalman filter 
update rule. In the simplest case. the depth Z 
could be updated using a scalar-version of Kalman 
filter. However, since the gradient information is 
very sensitive to noise, a vector-version Kalman 
filter performs better. In this stage, the edge 
information is used to choose filter equations. If 
an edge is detected, the optical flow Eq. (6) is 
employed. Otherwise the gradient Eq. (4) is se- 
lected. 

4.1. K a h n a n  fi l ter 

The measurement  update equation of the 
Kalman filter algorithm [18] is: 

S~/¢+1 = ~ k + ' - } - K k + l [ T l k + l - - H k "  I -~ 'k+l]  " 
(18) 

Pk~l  = [ I - -  K k . l t t k + l ] P [ ~  l, 

where. 

K k  + L = Pk*lH~)+lRkl+ I" (19)  

We assume that the depth at the image coordi- 
nates (i, j )  is estimated using measurements  from 
an L × L  neighborhood W centered at (i, j). 
Denote the covariance of the depth estimates at 
the m pixels in W (row-scanned), by r( l ) ,  1 -  1, 
. . . .  rn, where rn = L × L and L is the size of the 

window. For example, if we choose L = 3, r(5) is 
the variance of Z,j due to the uncertainty of the 
measurement  at (i, j )  and r ( l )  . . .  r(4), 
r(6) . . .  r(9) are the covariances representing the 
uncertainties caused by neighborhood measure- 
ments. 
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As the scalar estimate of ~k is made using the 
measurement from all pixels of the (L x L) 
neighborhood, their errors can be assumed to be 
uncorrelated. Thus for each pixel (i, j) in frame 
k, R k can be defined as: 

R~ = diag[rk(1 ) rk(2 ) . . .  rk(m)] T, (20) 

where m = L X L. Using (20), (19) and (10) to 
simplify (18), one has, 

Pk-+l 
P~+t = m (21) 

1 +Pk+, ~ hk+,(i)2/rk+l(i) 
i = 1  

Thus the measurement update of the depth esti- 
mate is: 

[ m 'k+l,',l ~k+l =~[+, +Pk+t 2hk+,(i)s-----7-~('Ik+,(i) 
i=1 

--hk+'( i)~k+' )/ '  (22) 

Complex matrix inversions are avoided due to the 
particular structure of Rk. 

The measurement covariance matrix R k rep- 
resents the measurement noise which includes, 
(1) the uncertainties in the computation of tem- 
poral and spatial gradients, (2) the uncertainties 
due to the linear approximation in the derivation 
of the brightness change equation, and (3) the 
mismatching in the correlation process for optical 
flow computation. For a detailed account of the 
covariance matrix derivation and optical flow 
computation procedure, readers are referred to 
[22.23]. 

map. We choose the cloSe,open filter [24], which 
has the p r o p e ~  of noise suppression, Before 
performing the close-open operation, depths in 
high variance regions are replaced by their neigh, 
boring depth values using a fill-in algorithm, The 
fill=in algorithm is a recursive Cross,shaped filter 
which retains edges and is inexpensive to com- 
pute. The algorithm is outlined below [22]: 
1. Start with window size N = 3: If the number of 

trustable depth values of a window of size 
2 N - 1  is greater than N, replace the pixel 
value by the median value. 

2. Else increase the window size to N + 2. If 
N < Nma x, where Nma x is a prescribed number, 
go to step 1. Else go step 3. 

3. Extend the window size further up to Nma X. 
Then replace the depth value by the median 
value in the window. 

6. Simulation results 

Both synthetic and real images were tested for 
the proposed Kalman filter muttiframe algorithm. 
For the first experiment, 256 × 256 images of a 
moving planar object superimposed with a sinu- 
soidal pattern were generated using a camera 
model given in [25]. The motion vectors were 
T = [0.5 0 0] mm and /2 = [0 00] rad. between 
two consecutive frames. Noise was added to im- 
age brightness to test the robustness of the algo- 
rithm. Figs. 3 and 4 show the estimated depth 
map of the planar object from a sequence of 9 

5. Smoothing stage 

This stage is devoted for the improvement of 
the depth estimation in the region where image 
points have high variances. Depth estimates of 
zero and negative values are certainly incorrect. 
In high variance regions for which the estimates 
do not change from their initial values, we need 
to do surface interpolation to improve the depth 
estimation [12,19,24]. 

To this end, we use a fill-in algorithm along 
with morphological filters to smooth the depth Fig.  3. E s t i m a t i o n  re su l t  o f  a p l a n a r  s u r f a c e  wi th  S N R  = 10. 
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Zinser Exhibit 2034, Page 6 of 9



ft. Zhuang et al. / Robotics anti 

Fig. 4. Estimation result of a planar surface with SNR = 80. 
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0.064 \ 
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I).06 \ 
\ 
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Fig, 6, Algorithm convergence r a t e  ( h o r i z o n t a l  m o t i o n  ). 

93 

images added with different level of Gaussian 
noise (signal to noise ratio, SNR = 10, 80). Figs. 5 
and 6 illustrate the convergence nature of the 
parameter estimation under different noise lev- 
els. As expected, the estimates become more 
accurate with increased SNR. Fig. 7 shows the 
nonplanar surface generated for the second ex- 
periment. Fig. 8 presents the depth map esti- 
mated using 9 frames of horizontal motion with- 
out noise. 

In the experiment with real images, a sequence 
of eleven 128 x 128 images of a moving golf ball 
were obtained using a CCD camera attached to 
an Image Technology Frame Grabber installed in 
an IBM PC AT. The golf ball was set about 940 
mm from the camera. The motion vectors were 
7"= [0.5 0.5 0] mm and ~'2 = [0 0 0] rad. between 
two consecutive frames. The Kalman filter was 

0.0~5 

0'06I \ \ 

- -  SHA=IO 

\ 

n 

0 , ~ {  " i . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

2 3. 4 ,5 6 7 
e ~  

Fig. 5. Algorithm convergence rate (vertical motion). 

Fig. 7. A 3D surface generated by computer. 

Fig. 8. The estimated depth map using 9 frames. 
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Fig. 9. Estimated 3D depth map using optical flow and 
gradient information. 

initialized with Z 0 = 940 and P0 = 300,000. In the 
measurement stage, a 3 x 3 window was used to 
compute neighborhood points. In the smoothing 
stage, the close-opening filter with a 9 x 9 win- 
dow was used to do surface interpolation. No 
reliable depth information can be obtained from 
motion in the region of uniform brightness. Fig. 9 
shows the estimated 3D depth using both the 
optical flow and gradient information, while Fig. 
10 illustrates the result obtained without using 
the optical flow information. 

7. Conclusion 

A Kalman filter algorithm with new prediction 
and smoothing procedures is presented for the 
estimation of depth from image sequences. The 
algorithm can recover depth information along 
object boundaries. The highlights of the algo- 
rithm are as follows: In the prediction stage a 

Fig. 10. Estimated 3D depth map only using gradient informa- 
tion. 

resampling and extrapolation method is used to 
avoid image warping that is computationally very 
expensive. In the estimation stage both the opti- 
cal flow around edge and the gradient informa- 
tion from the whole region are selectively com- 
bined. Depth estimation is improved by using 
information from the neighboring regions. This 
step takes into account measurement uncertain- 
ties from neighboring pixels. It is performed 
through a vector-version Kalman filter which does 
not require any matrix inversions and is computa- 
tionally simple. In the smoothing stage, morpho- 
logical filtering is performed on the estimates to 
recover the depth along object boundaries. Since 
the depth at each pixel is estimated locally, the 
algorithm presented in this paper can be speeded 
up by implementing on a parallel computer. 
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