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EXHIBIT LIST

Exhibit No. Description

1007 Pieter-Tjerk De de Boer et al., “A tutorial on the Cross-Entropy
Method,” ANNALS OF OPERATIONS RESEARCH 134:19-67 (2005)
(“de Boer”)

1008 M. Kirsten et al., “Distance Based Approaches to Relational
Learning and Clustering,” in Relational Data Mining, Chpt. 9,
pp- 213-232 (2001) (“Kirsten™)

1010 S. Mannor, “The Cross Entropy Method For Classification,”
pp. 561-568 (2005) (“Mannor™)

1011 F. Friedrichs, et al., “Evolutionary tuning of multiple SVM
parameters,” ppl107-117 (January 7, 2005) (“Friedrichs™)

1014 T. Horvath et al., “Relational Instance-Based Learning with
Lists and Terms,” MACHINE LEARNING 43:53-80 (2001)
(“Horvath™)

1016 Caruana, Rich, Steve Lawrence, and C. Giles (2000).
"Overfitting in neural nets: Backpropagation, conjugate
gradient, and early stopping." Advances in neural information
processing systems 13 (“Caruana”).

1017 Xu, Rui, and Donald Wunsch. "Survey of clustering
algorithms." IEEE Transactions on neural networks 16, no. 3
(2005): 645-678. (“Rui”).

1021 Curriculum Vitae of June Munford
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I, June Ann Munford, hereby state as follows:

1. [ am over the age of 18, have personal knowledge of the facts set forth
herein, and am competent to testify to the same.

2. I earned a Master of Library and Information Science (MLIS) from the
University of Wisconsin-Milwaukee in 2009. I have over ten years of experience in
the library/information science field. Beginning in 2004, I have served in various
positions in the public library sector including Assistant Librarian, Youth Services
Librarian and Library Director. I have attached my Curriculum Vitae as Appendix
CV and Exhibit 1021.

3. During my career in the library profession, [ have been responsible for
materials acquisition for multiple libraries. In that position, I have cataloged,
purchased and processed incoming library works. That includes purchasing
materials directly from vendors, recording publishing data from the material in
question, creating detailed material records for library catalogs and physically
preparing that material for circulation. In addition to my experience in acquisitions,
I was also responsible for analyzing large collections of library materials, tailoring
library records for optimal catalog search performance and creating lending
agreements between libraries during my time as a Library Director.

4. [ am fully familiar with the catalog record creation process in the library

sector. In preparing a material for public availability, a library catalog record
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describing that material would be created. These records are typically written in
Machine Readable Catalog (herein referred to as “MARC”) code and contain
information such as a physical description of the material, metadata from the
material’s publisher, and date of library acquisition. In particular, the 008 field of
the MARC record is reserved for denoting the date of creation of the library record
itself. As this typically occurs during the process of preparing materials for public
access, it is my experience that an item’s MARC record indicates the date of an
item’s public availability.

5. Typically, in creating a MARC record, a librarian would gather various
bits of metadata such as book title, publisher and subject headings among others and
assign each value to a relevant numerical field. For example, a book’s physical
description 1s tracked in field 300 while title/attribution is tracked in field 245. The
008 field of the MARC record is reserved for denoting the creation of the library
record itself. As this is the only date reflecting the inclusion of said materials within
the library’s collection, it is my experience that an item’s 008 field accurately
indicates the date of an item’s public availability.

6. [ am familiar with the Internet Archive, a digital library accessible to
the general public. Among other services that the Internet Archive makes available
to the general public is the Wayback Machine, an online archive of the web. The

Internet Archive’s Wayback Machine service archives webpages as of a certain
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capture date to track changes in the web over time. The Internet Archive has been in
operation as a nonprofit library since 1996 and has hosted the Wayback Machine
service since its inception in 2001. During my time as a librarian, I frequently used
the Internet Archive’s Wayback Machine for research and instruction purposes. This
includes teaching instructional classes on using the Wayback Machine to library
patrons and using the Wayback Machine to research reference inquiries that require
hard-to-find online resources. I consider the Internet Archive’s recordskeeping to be
as rigorous and detailed as other formal library recordskeeping practices such as
MARC records, OCLC records and Dublin Core.

7. I have been informed that for purposes of this proceeding, a person of
ordinary skill in the art (“POSITA”) would have had at least a Master’s degree in
electrical engineering, computer science, or a related discipline, knowledge of
machine learning classification techniques as of this time, and at least two years of
experience working in a field involving classifier development in machine learning
systems. A person with a different degree but with additional relevant experience
could still qualify if the additional experience compensates for the different
educational background. A person with less than two years of experience working
in a field involving networking and system security could still qualify if the person

has additional education that compensates for their lesser experience.
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8. As explained below, each of Exhibits 1007, 1008, 1010, 1011, 1014,
1016, and 1017 was accessible to the public (including a person of ordinary skill in
the art) prior to April 25, 2007, which I understand is the earliest claimed priority
date of U.S. Patent No. 8,438,120.

9. I have reviewed Exhibit 1007, "A Tutorial on the Cross-Entropy
Method" by Pieter-Tjerk De Boer, et al. as published in Annals of Operations
Research February 2005.

10.  Attached hereto as Appendix DEBOEROI is a true and correct copy of
the MARC record for Annals of Operations Research as held by the Penn State
University Library. I secured this record myself from the library’s public catalog.
The MARC record contained within Appendix DEBOERO1accurately describes the
title, publisher and ISSN number of Annals of Operations Research. The Showing
Results field present on page 3 of this record indicates the library's collection
includes the February 2005 issue of Annals of Operations Research containing "A
Tutorial on the Cross-Entropy Method".

11.  Attached hereto as Appendix DEBOERO2 is a true and correct copy of
"A Tutorial on the Cross-Entropy Method" as published in Annals of Operations
Research as held by the Penn State University Library. These scans were secured
from the library’s collection. In comparing Exhibit 1007 to Appendix DEBOERO02,

it i1s my determination that Exhibit 1007 is a true and correct copy of "A Tutorial on
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the Cross-Entropy Method" by Pieter-Tjerk De Boer, et al. as published in Annals
of Operations Research.

12.  The 008 field of the MARC record in Appendix DEBOERO1 indicates
the date of record creation. The 008 field of Appendix DEBOERO1 indicates the
Penn State University Library first acquired Annals of Operations Research as of
December 6, 1999 and held the journal in perpetuity until the publication of "A
Tutorial on the Cross-Entropy Method". Considering this information, it is my
determination that Annals of Operations Research February 2005 and therefore "A
Tutorial on the Cross-Entropy Method" (Exhibit 1007) was publicly accessible and
made available to the public shortly after its initial publication in February 2005.

13. I have reviewed Exhibit 1008, "Distance Based Approaches to
Relational Learning and Clustering" by Mathias Kirsten, et al. as published in
Relational Data Mining.

14.  Attached hereto as Appendix DZEROSKIO1 is a true and correct copy
of the MARC record for Relational Data Mining as held by the Linda Hall Library.
I secured this record myself from the library’s public catalog. The MARC record
contained within Appendix DZEROSKIO1 accurately describes the title, publisher
and ISBN number of Relational Data Mining.

15.  Attached hereto as Appendix DZEROSKIO02 is a true and correct copy

of "Distance Based Approaches to Relational Learning and Clustering" as published
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in Relational Data Mining as held by the Linda Hall Library. These scans were
secured from the library’s collection. In comparing Exhibit 1008 to Appendix
DZEROSKI02, it is my determination that Exhibit 1008 is a true and correct copy
of "Distance Based Approaches to Relational Learning and Clustering" by Mathias
Kirsten, et al. as published in Relational Data Mining.

16. The 008 field of the MARC record in Appendix DZEROSKIO1
indicates the date of record creation. The 008 field of Appendix DZEROSKIO1
indicates the Linda Hall Library first acquired Relational Data Mining as of July 30,
2001. Considering this information, it is my determination that Relational Data
Mining and therefore "Distance Based Approaches to Relational Learning and
Clustering" (Exhibit 1008) was publicly accessible and made available to the public
shortly after July 30, 2001.

17. 1 have reviewed Exhibit 1010, “The Cross Entropy Method For
Classification” by S. Mannor, et al as published in Proceedings of the 22nd
International Conference on Machine Learning.

18.  Attached hereto as Appendix MANNOROI is a true and correct copy
of the MARC record for Proceedings of the 22nd International Conference on
Machine Learning as held by the Carnegie Mellon University Library. I secured this

record myself from the library’s public catalog. The MARC record contained within

Page 8 of 265



Appendix MANNORO1 accurately describes the title, publisher and ISBN number
of Proceedings of the 22nd International Conference on Machine Learning.

19.  Attached hereto as Appendix MANNORO?2 is a true and correct copy
of “The Cross Entropy Method For Classification™ as published in Proceedings of
the 22nd International Conference on Machine Learning as held by the Carnegie
Mellon University Library. These scans were secured from the library’s collection.
In comparing Exhibit 1010 to Appendix MANNORO?2, it is my determination that
Exhibit 1010 1s a true and correct copy of “The Cross Entropy Method For
Classification” by S. Mannor, et al as published in Proceedings of the 22nd
International Conference on Machine Learning.

20.  The 008 field of the MARC record in Appendix MANNOROI indicates
the date of record creation. The 008 field of Appendix MANNORO]1 indicates the
Carnegie Mellon University Library first acquired Proceedings of the 22nd
International Conference on Machine Learning as of September 22, 2005.
Considering this information, it is my determination that Proceedings of the 22nd
International Conference on Machine Learning and therefore “The Cross Entropy
Method For Classification” (Exhibit 1010) was publicly accessible and made
available to the public shortly after September 22, 2005.

21. Thave reviewed Exhibit 1011, “Evolutionary Tuning of Multiple SVM

Parameters” by F. Friedrichs, et al as published in Neurocomputing March 2005.
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22.  Attached hereto as Appendix FRIEDRICHOI is a true and correct copy
of the MARC record for Neurocomputing as held by the Penn State University
Library. I secured this record myself from the library’s public catalog. The MARC
record contained within Appendix FRIEDRICHO1 accurately describes the title,
publisher and ISSN number of Neurocomputing. The Showing Results field present
on page 3 of this record indicates the library's collection includes the March 2005
issue of Neurocomputing containing “Evolutionary Tuning of Multiple SVM
Parameters”.

23.  Attached hereto as Appendix FRIEDRICHO?2 is a true and correct copy
of “Evolutionary Tuning of Multiple SVM Parameters” as published in
Neurocomputing as held by the Penn State University Library. These scans were
secured from the library’s collection. In comparing Exhibit 1011 to Appendix
FRIEDRICHO2, it is my determination that Exhibit 1011 is a true and correct copy
of “Evolutionary Tuning of Multiple SVM Parameters” by F. Friedrichs, et al as
published in Neurocomputing.

24.  The 008 field of the MARC record in Appendix FRIEDRICHOI
indicates the date of record creation. The 008 field of Appendix FRIEDRICHOI
indicates the Penn State University Library first acquired Neurocomputing as of May
11, 1998 and held the journal in perpetuity until the publication of “Evolutionary

Tuning of Multiple SVM Parameters”. Considering this information, it is my
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determination that Neurocomputing March 2005 and therefore “Evolutionary
Tuning of Multiple SVM Parameters” (Exhibit 1011) was publicly accessible and
made available to the public shortly after its initial publication in March 2005.

25. I have reviewed Exhibit 1014, "Relational Instance-Based Learning
with Lists and Terms" by Tamas Horvath, et al as published in Machine Learning
April 2001.

26. Attached hereto as Appendix HORVATHOI is a true and correct copy
of the MARC record for Machine Learning as held by the Penn State University
Library. I secured this record myself from the library’s public catalog. The MARC
record contained within Appendix HORVATHOI1 accurately describes the title,
publisher and ISSN number of Machine Learning. The Showing Results field present
on page 3 of this record indicates the library's collection includes the April 2001
issue of Machine Learning containing "Relational Instance-Based Learning with
Lists and Terms".

27.  Attached hereto as Appendix HORVATHO2 is a true and correct copy
of "Relational Instance-Based Learning with Lists and Terms" as published in
Machine Learning as held by the Penn State University Library. This PDF was
secured from the library’s collection. In comparing Exhibit 1014 to Appendix

HORVATHO2, it is my determination that Exhibit 1014 is a true and correct copy of
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"Relational Instance-Based Learning with Lists and Terms" by Tamas Horvath, et al
as published in Machine Learning.

28. The 008 field of the MARC record in Appendix HORVATHO1
indicates the date of record creation. The 008 field of Appendix HORVATHO1
indicates the Penn State University Library first acquired Machine Learning as of
January 26, 1998 and held the journal in perpetuity until the publication of
"Relational Instance-Based Learning with Lists and Terms". Considering this
information, it is my determination that Machine Learning April 2001 and therefore
"Relational Instance-Based Learning with Lists and Terms" (Exhibit 1014) was
publicly accessible and made available to the public shortly after its initial
publication in April 2001.

29. I have reviewed Exhibit 1016, “Overfitting in Neural Nets:
Backpropagation, Conjugate Gradient, and Early Stopping” by Rich Caruana, et al
as published in Proceedings of the International Conference on Neural Information
Processing Systems July 2001.

30. Attached hereto as Appendix CARUANAOI is a true and correct copy
of the MARC record for Proceedings of the International Conference on Neural
Information Processing Systems as held by the Penn State University Library. I
secured this record myself from the library’s public catalog. The MARC record

contained within Appendix CARUANAO1 accurately describes the title, publisher
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and ISSN number of Proceedings of the International Conference on Neural
Information Processing Systems. The Availability field present on page 3 of this
record indicates the library's collection includes the July 2001 issue of Proceedings
of the International Conference on Neural Information Processing Systems
containing “Overfitting in Neural Nets: Backpropagation, Conjugate Gradient, and
Early Stopping”.

31. Attached hereto as Appendix CARUANAO?2 is a true and correct copy
of “Overfitting in Neural Nets: Backpropagation, Conjugate Gradient, and Early
Stopping” as published in Proceedings of the International Conference on Neural
Information Processing Systems as held by the Penn State University Library. These
scans were secured from the library’s collection. In comparing Exhibit 1016 to
Appendix CARUANAQO2, it is my determination that Exhibit 1016 is a true and
correct copy of “Overfitting in Neural Nets: Backpropagation, Conjugate Gradient,
and Early Stopping” by Rich Caruana, et al as published in Proceedings of the
International Conference on Neural Information Processing Systems.

32.  The 008 field of the MARC record in Appendix CARUANAOI
indicates the date of record creation. The 008 field of Appendix CARUANAO1
indicates the Penn State University Library first acquired Proceedings of the
International Conference on Neural Information Processing Systems as of

September 4, 1998 and held the proceedings in perpetuity until the publication of
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“Overfitting in Neural Nets: Backpropagation, Conjugate Gradient, and Early
Stopping”. Considering this information, it is my determination that Proceedings of
the International Conference on Neural Information Processing Systems July 2001
and therefore “Overfitting in Neural Nets: Backpropagation, Conjugate Gradient,
and Early Stopping” (Exhibit 1016) was publicly accessible and made available to
the public shortly after its initial publication in July 2001.

33. I have reviewed Exhibit 1017, "Survey of Clustering Algorithms" by
Rui Xu, et al as published in IEEE Transactions on Neural Networks May 2005.

34.  Attached hereto as Appendix XUO1 is a true and correct copy of the
MARC record for IEEE Transactions on Neural Networks as held by the Penn State
University Library. I secured this record myself from the library’s public catalog.
The MARC record contained within Appendix XUO1 accurately describes the title,
publisher and ISSN number of IEEE Transactions on Neural Networks. The
Showing Results field present on page 3 of this record indicates the library's
collection includes the May 2005 issue of IEEE Transactions on Neural Networks
containing "Survey of Clustering Algorithms".

35. Attached hereto as Appendix XUO2 is a true and correct copy of
"Survey of Clustering Algorithms" as published in IEEE Transactions on Neural
Networks as held by the Penn State University Library. These scans were secured

from the library’s collection. In comparing Exhibit 1017 to Appendix XUO02, it is
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my determination that Exhibit 1017 is a true and correct copy of "Survey of
Clustering Algorithms" by Rui Xu, et al as published in IEEE Transactions on Neural
Networks.

36. The 008 field of the MARC record in Appendix XUO1 indicates the
date of record creation. The 008 field of Appendix XUO1 indicates the Penn State
University Library first acquired IEEE Transactions on Neural Networks as of July
13, 2000 and held the journal in perpetuity until the publication of "Survey of
Clustering Algorithms". Considering this information, it is my determination that
IEEE Transactions on Neural Networks May 2005 and therefore "Survey of
Clustering Algorithms" (Exhibit 1017) was publicly accessible and made available

to the public shortly after its initial publication in May 2005.
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37. 1have been retained on behalf of the Petitioner to provide assistance in
the above-illustrated matter in establishing the authenticity and public availability of
the documents discussed in this declaration. I am being compensated for my services
in this matter at the rate of $200.00 per hour plus reasonable expenses. My
statements are objective, and my compensation does not depend on the outcome of
this matter.

38. In signing this Declaration, I understand that the Declaration will be
filed as evidence in a contested case before the Patent Trial and Appeal Board of the
United States Patent and Trademark Office. I acknowledge that I may be subject to
cross-examination in the case and that cross-examination will take place within the
United States. If cross-examination is required of me, I will appear for cross-
examination within the United States during the time allotted for cross-examination.

39. I hereby declare under penalty of perjury that the foregoing is true and
correct. I hereby declare that all statements made herein of my own knowledge are
true and that all statements made on information and belief are believed to be true;
and further that these statements were made the knowledge that willful false
statements and the like so made are punishable by fine or imprisonment, or both,

under Section 1001 of Title 18 of the United States Code.

Date: March 19, 2026

June Ann Munford
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June A. Munford
Curriculum Vitae

Education

University of Wisconsin-Milwaukee - MS, Library & Information Science, 2009
Milwaukee, W1

e Coursework included cataloging, metadata, data analysis, library systems,
management strategies and collection development.
e Specialized in library advocacy, cataloging and public administration.

Grand Valley State University - BA, English Language & Literature, 2008
Allendale, Ml

e Coursework included linguistics, documentation and literary analysis.
e Minor in political science with a focus in local-level economics and
government.

Professional Experience

Researcher / Expert Witness, October 2017 — present
Freelance e Pittsburgh, Pennsylvania & Grand Rapids, Michigan

e Material authentication and public accessibility determination. Declarations of
authenticity and/or public accessibility provided upon research completion. Experienced
with appeals and deposition process.

e Research provided on topics of public library operations, material
publication history, digital database services and legacy web resources.

e Past clients include Alston & Bird, Arnold & Porter, Baker Botts, Fish & Richardson,
Erise IP, Irell & Manella, O'Melveny & Myers, Perkins-Coie, Pillsbury Winthrop Shaw
Pittman and Slayden Grubert Beard.

Library Director, February 2013 - March 2015
Dowagiac District Library @ Dowagiac, Michigan

e Executive administrator of the Dowagiac District Library. Located in
Southwest Michigan, this library has a service area of 13,000, an annual
operating budget of over $400,000 and total assets of approximately
$1,300,000.
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e Developed careful budgeting guidelines to produce a 15% surplus during the 2013-
2014 & 2014-2015 fiscal years while being audited.

e Using this budget surplus, oversaw significant library investments including the
purchase of property for a future building site, demolition of existing buildings and
building renovation projects on the current facility.

e | ed the organization and digitization of the library's archival records.

e Served as the public representative for the library, developing business
relationships with local school, museum and tribal government entities.

e Developed an objective-based analysis system for measuring library services -
including a full collection analysis of the library's 50,000+ circulating items and their
records.

November 2010 - January 2013
Librarian & Branch Manager, Anchorage Public Library ® Anchorage, Alaska

e Headed the 2013 Anchorage Reads community reading campaign including event
planning, staging public performances and creating marketing materials for mass
distribution.

e Co-led the social media department of the library's marketing team, drafting social
media guidelines, creating original content and instituting long-term planning via content
calendars.

e Developed business relationships with The Boys & Girls Club, Anchorage
School District and the US Army to establish summer reading programs for
children.

June 2004 - September 2005, September 2006 - October 2013

Library Assistant, Hart Area Public Library

Hart, M1
e Responsible for verifying imported MARC records and original MARC
cataloging for the local-level collection as well as the Michigan Electronic
Library.
e Handled OCLC Worldcat interlibrary loan requests & fulfillment via
ongoing communication with lending libraries.

Professional Involvement

Alaska Library Association - Anchorage Chapter
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e Treasurer, 2012

Library Of Michigan
e Level VII Certification, 2008
e [evel II Certification, 2013

Michigan Library Association Annual Conference 2014
e New Directors Conference Panel Member

Southwest Michigan Library Cooperative
e Represented the Dowagiac District Library, 2013-2015

Professional Development

Library Of Michigan Beginning Workshop, May 2008

Petoskey, Ml
e Received training in cataloging, local history, collection management,
children’s literacy and reference service.

Public Library Association Intensive Library Management Training, October 2011
Nashville, TN
e Attended a five-day workshop focused on strategic planning, staff
management, statistical analysis, collections and cataloging theory.

Alaska Library Association Annual Conference 2012 - Fairbanks, February 2012
Fairbanks, AK
e Attended seminars on EBSCO advanced search methods, budgeting,
cataloging, database usage and marketing.

Depositions

2019 e Fish & Richardson

Apple v. Qualcomm (Case No. IPR2018-001281, 39521-004211P, IPR2018-01282 and
39521-004211P2)

2019 e Erise IP
Implicit, LLC v. Netscout Systems, Inc (Case No. 2:18-cv-53-JRG)

2019 e Perkins-Coie

Adobe Inc. v. RAH Color Technologies LLC (Case No. IPR2019-00627, IPR2019-
00628, IPR2019-00629 and IPR2019-00646)
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2020 @ O’Melveny & Myers
Maxell, Ltd. v. Apple Inc. (Case No. 5:19-cv-00036-RWS)

2021 e Pillsbury Winthrop Shaw Pittman LLP
Intel v. SRC (Case No. IPR2020-1449)

2022 e Perkins-Coie

Realtek v. Future Link (Case No. IPR2021-01182)

2023 e Fish & Richardson
Neuroderm Ltd. v. Abbvie, Inc (Case No. PGR2022-00040)

2023 e Fish & Richardson
Nearmap US Inc. v. Pictometry International Corp. (Case No. IPR2022-00735)

2023 e Fish & Richardson
Samsung Electronics v. MemoryWeb LLC (Case No. 39843-0136PS1)

2023 e Pillsbury Winthrop Shaw Whitman LLP

Gravel Rating Systems v. Costco Wholesale Corp. (Case No.
4:21-cv-149-ALM)

2024 e Willkie-Farr
Netflix, Inc. v. VideoLabs. Inc. (Case No. IPR2023-00628)

2024 e Quinn Emanuel Urquhart & Sullivan
Purdue University v. Wolfspeed (Case No. 1:21-CV-840)

2024 e Fish & Richardson
Dish Network v. Entropic Communications (Case No. IPR2024-00393)
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2025 e Perkins Coie
Amazon.com, Inc. v. Nokia Technologies Oy (Case No. IPR2024-00572)

2025 e Fish & Richardson
Dish Network v. Entropic Communications (Case No. IPR2024-00373)

Limited Case and Clientele History

Alston & Bird
e Ericsson

v. Collision Communications (Case No. IPR2022-01233)

e Nokia

v. Neptune Subsea, Xtera (Case No. 1:17-cv-01876)

e Universal Electronics Inc

v. Roku Inc (Case No. IPR2022-00818)

Alavi & Anaipakos PLLC
e Stingray Group Inc. and Stingray Music USA, Inc.

v. Edwin A. Hernandez-Mondragon and Egla Corp. (Case No. 1:24-cv-
21226-RAR)

Arnold & Porter
e |vantis

v. Glaukos (Case No. 8:18-cv-00620)

e Samsung

v. Jawbone (Case No. 2:21-cv-00186)
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Benesch Friedlander Coplan & Aronoff
e \oyis
v. Cathx (Case No. 5:21-cv-00077-RWS)

Buchanan, Ingersoll & Rooney PC

e Google LLC, AT&T Service Inc., T Mobile USA Inc., Cellco Partnership, Ericsson
Inc. & Nokia of America Corp.

V. KT Corp & Pegasus Wireless Innovation LLC (Case No. IPR2025-00293)

Deschert LLP
o Smaxtec Animal Care

V. ST Reproductive Technologies, LLC (Case No. IPR2024-00885)

Duane Morris
e Kangxi Communication Technologies

v. Skyworks Solutions Inc. (Case No. IPR2025-00373)

o Microsoft

v. Edge Networking Systems LLC (Case No. 1:24-cv-00215)

Erise I.P.
e Apple

v. Ericsson Inc. (Case No. IPR2022-00715)

v. Future Link Systems (Case No. IPRs 6317804, 6622108, 6807505, and
7917680)

v. INVT (Case No. 20-1881)
v. Navblazer LLC (Case No. IPR2020-01253)

v. Qualcomm (Case No. IPR2018-001281, 39521-004211P, IPR2018-01282,
39521-004211P2)
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v. Quest Nettech Corp (Case No. 2:19-cv-00118-JRG)

v. Telefonaktiebolaget LM Ericsson (Case No. IPR2022-00275)
V. Theta IP, LLC (Case No. IPR2024-00818)

v. THL Holding Company LLC (Case No. 1:23-cv-00548)

e Fanduel

v. CGT (Case No. 19-1393)

e Garmin

v. Phillips North America LLC (Case No. 2:19-cv-6301-AB-KS)

e Netscout
v. Longhorn HD LLC (Case No. 2:20-cv-00349)
v. Implicit, LLC (Case No. 2:18-cv-53-JRG)

e Sony Interactive Entertainment LLC
v. Bot M8 LLC (Case No. IPR2020-01288)
v. Infernal Technology LLC (Case No. 2:19-CV-00248-JRG)

® Tesla

v. Charge Fusion Technologies LLC (Case No. IPR2025-00032)

e Unified Patents

v. GE Video Compression (Case No. 2:19-cv-248)

Fish & Richardson

e Apple
v. AliveCor (Case No. 3:21-cv-03958)
v. LBS Innovations (Case No. 2:19-cv-00119-JRG-RSP)
v. Koss Corporation (Case No. IPR2021-00305)
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v. Masimo (Case No. IPR 50095-00121P1, 50095-00121P2, 50095-00131P1,
50095-00131P2, 50095-0006IP1, 50095-0135IP1)

v. Neonode (Case No. 21-cv-08872-EMC)

v. Qualcomm (Case No. IPR2018-001281, 39521-004211P, IPR2018-01282,
39521-004211P2)

v. Resonant Sys. (Case No. 7:23-cv-00077-ADA)

e AsusTek Computer Inc.
v. Videolabs, Inc. (Case No. 22-CV-00720-ADA)

e Dell
v. Neo Wireless (Case No. IPR2022-00616)

e Dish Network
v. Entropic Communications, LLC (Case No. 2:2023-CV-01043)
v. Entropic Communications LLC (Case No. IPR2024-00393)
v. Realtime Adaptive Streaming (Case No. 1:17-CV-02097-RBJ)
v. TQ Delta LLC (Case No. 18-1798)

e Evapco Dry Cooling
v. SPG Dry Cooling (Case No. IPR2021-00688)

e Genetec

v. Sensormatic Electronics (Case No. 1:20-CV-00760)

o Huawei

v. Bell Northern Research LLC (Case No. IPR2019-01174)

e Kianxis

v. Blue Yonder (Case No. 3:20-cv-03636)
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e LG Electronics

v. Bell Northern Research LLC (Case No. 3:18-cv-2864-CAB-BLM)

o MediaTek
v. MOSAID (Case No. IPR2024-00718)

® Metaswitch

v. Sonus Networks (Case No. IPR2018-01719)

e Microsoft

v. Throughputer Inc (Case No. IPR2022-00757)

e Mom Enterprises

v. Ddrops Company (Case No. 1:22-cv-00332)

e MLC Intellectual Property
v. MicronTech (Case No. 3:14-cv-03657-SI)

e Nearmap Inc

v. EagleView Technologies (Case No. IPR2022-01009)

e Neuroderm Ltd.
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Abstract. The cross-entropy (CE) method is a new generic approach to combinatorial and multi-extremal
optimization and rare event simulation. The purpose of thistutorial isto give agentleintroduction to the CE
method. We present the CE methodol ogy, the basic algorithm and its modifications, and discuss applications
in combinatorial optimization and machine learning.

Keywords:. cross-entropy method, Monte-Carlo simulation, randomized optimization, machine learning,
rare events

Many everyday tasks in operations research involve solving complicated optimization
problems. The travelling salesman problem (TSP), the quadratic assignment problem
(QAP) and the max-cut problem are a representative sample of combinatoria optimiza-
tion problems (COP) where the problem being studied is completely known and static.
In contrast, the buffer allocation problem (BAP) isanoisy estimation problem wherethe
objective function needs to be estimated since it is unknown. Discrete event simulation
is one method for estimating an unknown objective function.

Thepurposeof thistutorial isto show that the CE method providesasimple, efficient
and general method for solving such problems. Moreover, we wish to show that the CE
method is also valuable for rare event simulation, where very small probabilities need to
be accurately estimated—for example in reliability analysis, or performance analysis of
telecommunication systems. This tutorial isintended for a broad audience of operations
research specialists, computer scientists, mathematicians, statisticiansand engineers. Our
aim isto explain the foundations of the CE method and consider various applications.

*Corresponding author.
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The CE method was motivated by an adaptive algorithm for estimating probabilities
of rareeventsin complex stochastic networks (Rubinstein, 1997), whichinvolvesvariance
minimization. It was soon realized (Rubinstein, 1999, 2001) that a simple cross-entropy
modification of Rubinstein (1997) could be used not only for estimating probabilities
of rare events but for solving difficult COPs as well. This is done by trandating the
“deterministic” optimization problem into a related “stochastic” optimization problem
and then using rare event simulation techniques similar to Rubinstein (1997). Severa
recent applications demonstrate the power of the CE method (Rubinstein, 1999) as a
generic and practical tool for solving NP-hard problems.

The CE method involves an iterative procedure where each iteration can be broken
down into two phases:

1. Generate a random data sample (trajectories, vectors, etc.) according to a specified
mechanism.

2. Update the parameters of the random mechanism based on the data to produce a
“better” sample in the next iteration.

The significance of the CE method isthat it defines a precise mathematical frame-
work for deriving fast, and in some sense “optimal” updating/learning rules, based on
advanced simulation theory. Other well-known randomized methods for combinatorial
optimization problems are simulated annealing (Aarts and Korst, 1989), tabu search
(Glover and Laguna, 1993), and genetic algorithms (Goldberg, 1989). Recent related
work on randomized combinatorial optimization includesthe nested partitioning method
(Shi and Olafsson, 2000) and the ant colony optimization meta-heuristic (Colorni et al.,
1996; Dorigo, Di Caro, and Gambardella, 1999; Gutjahr, 2000).

Many COPs can be formulated as optimization problems concerning a weighted
graph. Asmentioned before, in CE adeterministic optimization problemistranslated into
an associated stochastic optimization problem. Depending on the particular problem, we
introduce randomness in either (a) the nodes or (b) the edges of the graph. We speak of
stochastic node networks (SNN) in the former case and stochastic edge networks (SEN)
in the latter. Examples of SNN problems are the maximal cut (max-cut) problem, the
buffer allocation problem and clustering problems. Examples of SEN problems are the
travelling salesman problem, the quadratic assignment problem, the clique problem, and
optimal policy search in Markovian decision problems (MDPs).

It should be emphasized that the CE method may be successfully applied to both
deterministic and stochastic COPs. In the latter the objective function itself is random
or needs to be estimated via simulation. Stochastic COPs typically occur in stochastic
scheduling, flow control and routing of data networks and in various simulation-based
optimization problems (Rubinstein and Melamed, 1998), such as the optima buffer
alocation problem (Alon et a., 2005).

Estimation of the probability of rare eventsis essential for guaranteeing adequate
performance of engineering systems. For example, consider a telecommunications sys-
tem that accepts calls from many customers. Under normal operating conditions each
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client may be rejected with a very small probability. Naively, in order to estimate this
small probability we would need to simulate the system under normal operating con-
ditions for along time. A better way to estimate this probability is to use importance
sampling (1S), which is awell-known variance reduction technique in which the system
is simulated under a different set of parameters—or, more generaly, a different proba-
bility distribution—so as to make the occurrence of the rare event more likely. A major
drawback of the | Stechniqueisthat the optimal reference (also called tilting) parameters
to be used in IS are usually very difficult to obtain. The advantage of the CE method
is that it provides a simple adaptive procedure for estimating the optimal reference pa-
rameters. Moreover, the CE method also enjoys asymptotic convergence properties. For
example, it is shown in Homem-de-Mello and Rubinstein (2002) that for static mod-
els—cf. Remark 2.1—under mild regularity conditions the CE method terminates with
probability 1in afinite number of iterations, and deliversaconsistent and asymptotically
normal estimator for the optimal reference parameters. Recently the CE method has
been successfully applied to the estimation of rare event probabilities in dynamic mod-
els, in particular queueing modelsinvolving both light and heavy tail input distributions
(de Boer, Kroese and Rubinstein, 2002; Kroese and Rubinstein, 2004). In addition to
rare event simulation and combinatorial optimization, the CE method can be efficiently
applied for continuous multi-extremal optimization, see Rubinstein (1999) and the recent
CE book (Rubinstein and Kroese, 2004).

Anincreasing number of applicationsisbeing found for the CE method. Recent pub-
lications on applications of the CE method include: buffer allocation (Alon et al., 2005);
static simulation models (Homem-de-Mello and Rubinstein, 2002); queueing models of
telecommunication systems (de Boer, 2000; de Boer, Kroese, and Rubinstein, 2004);
neural computation (Dubin, 2002, 2004); control and navigation (Helvik and Wittner,
2001); DNA sequence alignment (Keith and Kroese, 2002); scheduling (Margolin, 2002,
2004); vehicle routing (Chepuri and Homem-de-Mello, 2005); reinforcement learning
(Mannor, Rubinstein, and Gat, 2003; Menache, Mannor, and Shimkin, 2005); project
management (Cohen, Golany, and Shtub, 2005); heavy-tail distributions (Asmussen,
Kroese, and Rubinstein, 2005); (Kroeseand Rubinstein, 2004); CE convergence (Margolin,
2005); network reliability (Hui et al., 2005); repairabl e systems (Ridder, 2005); and max-
cut and bipartition problems (Rubinstein, 2002).

It is not our intention here to compare the CE method with other heuristics. Our
intention is mainly to demonstrate its beauty and simplicity and promote CE for further
applicationsto combinatorial and multi-extremal optimization and rare event simulation.

The rest of the tutorial is organized as follows. In Section 1 we present two toy
examplesthat illustrate the basi c methodol ogy behind the CE method. The general theory
and algorithms are detailed in Section 2. I n Section 3 we discuss various applications and
exampl es of using the CE method for solving COPs. | n Section 4 two useful modifications
of the CE method are discussed. Further developments are briefly reviewed in Section 5.

The CE home page, featuring many links, articles, references, tutorial sand computer
programs on CE, can be found at: http://www.cemethod.org/
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Figure 1. Shortest path from A to B.

1. Methodology: Two examples

In this section we illustrate the methodology of the CE method via two toy examples;
one dealing with rare event simulation, and the other with combinatorial optimization.

1.1. Arareevent simulation example

Consider the weighted graph of figure 1, with random weights X, ..., Xs. Suppose

the weights are independent of each other and are exponentially distributed with means

Ug, ..., Us, respectively. Define X = (X1,..., X5) and u = (uy, ..., us). Denote the
probability density function (pdf) of X by f(-; u); thus,

5

f(x;u) = exp(—z

5
j=1 =

AR i 1
u,-)jl_[lu,-' (1)

Let S(X) be the total length of the shortest path from node A to node B. We wish to
estimate from simulation

€ =P(S(X) > y) = Eligx)>y) (2)

that is, the probability that the length of the shortest path S(X) will exceed some fixed y .
A straightforward way to estimate ¢ in (2) is to use Crude Monte Carlo (CMC)

simulation. That is, we draw arandom sample X, ..., Xy from the distribution of X
and use
1N
N > listxzy) 3
i=1

as the unbiased estimator of £. However, for large y the probability £ will be very small
and CMC requiresavery largesimulation effort, that is, N heedsto be very largein order
to estimate ¢ accurately —that is, to obtain a small relative error, for example of 1%. A
better way is to perform the simulation is to use importance sampling (1S). That is, let
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g be another probability density such that g(x) = 0 = l;gx)>y} f(X) = 0. Using the
density g we can represent £ as

f(x) f(X)
= / lsp0> X) dx = Egl > 4
{S)=v} 7oy ( ) g( ) g {S(X)=v} /vy (X) ( )

where the subscript g means that the expectation is taken with respect to g, which is
called the importance sampling (IS) density. An unbiased estimator of £ is

.1
t=g > sz W), ()
i=1

where ¢ is called the importance sampling (IS) or the likelihood ratio (LR) estimator,

W(x) = f(x)/9(x) (6)
is called the likelihood ratio (LR), and X4, ..., Xy isarandom sample from g, that is,
X1, ..., X, areiid random vectorswith density g. Inthe particular case wherethereisno

“change of measure’, i.e., g = f, wehave W = 1, and the LR estimator in (6) reduces
to the CMC estimator (3).

If werestrict ourselvesto g suchthat X4, ..., X5 areindependent and exponentially
distributed with means vy, . . ., vs, then

f(x: 5 .
W(X;u, V) = fg\lg ( Zx, (— — %)) 1_[ ;}—Jj (7)
; i1

In this case the* change of measure” is determined by the parameter vector v = (vy, .. .,
vs). The main problem now is how to select av which gives the most accurate estimate
of ¢ for agiven simulation effort. One of the strengths of the CE method for rare event
simulation is that it provides a fast way to determine/estimate the optimal parameters.
To this end, without going into the details, a quite general CE algorithm for rare event
estimation is outlined below.

Algorithm 1.1
1. DefineVp := u. Sett := 1 (iteration counter).

2. Generate arandom sample X4, ..., Xy according to the pdf f(-;V;_,). Calculatethe
performances S(X;) for al i, and order them from smallest to biggest, Sy < --- <
Sy Let y bethe (1— p) sample quantileof performances: y; := S1—p)ny), Provided
thisislessthan y. Otherwise, put 7 = y.

3. Usethesame sampleto calculate, for j =1,...,n(=5),

o | = ZI —1 lisix )>)/t}W(XI U, Ve_q) Xij
Zi:l I{S(Xi)ZVt}W(Xl yu, V1)
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Table 1
Convergence of the sequence {(7:, ¥;)}.
t " Wt
0 0.250 0.400 0.100 0.300 0.200
1 0.575 0.513 0.718 0.122 0.474 0.335
2 1.032 0.873 1.057 0.120 0.550 0.436
3 1.502 1221 1419 0.121 0.707 0.533
4 1.917 1.681 1.803 0.132 0.638 0.523
5 2.000 1.692 1.901 0.129 0.712 0.564

4. If j; = y then proceed to step 5; otherwise sett :=t + 1 and reiterate from step 2.

5. Let T be the final iteration. Generate a sample X4, ..., Xy, according to the pdf
f(-; V1) and estimate ¢ viathe | S estimate

“ 1 M )
t=x Z lis(xi)= W(Xi; U, V).
N1 =

Notethat in steps 2—4 the optimal IS parameter is estimated. In thefinal step (step 5) this
parameter is used to estimate the probability of interest. We need to supply the fraction
p (typically between 0.01 and 0.1) and the parameters N and N, in advance.

Asan example, consider the case where the nominal parameter vector u isgiven by
(0.25,0.4, 0.1, 0.3, 0.2). Suppose we wish to estimate the probability that the minimum
path is greater than y = 2. Crude Monte Carlo with 107 samples gave an estimate
1.65- 10~° with an estimated relative error, RE, (that is, Var(¢)*/2/¢) of 0.165. With 108
samples we got the estimate 1.30 - 10~° with RE 0.03.

Table 1 displays the results of the CE method, using N = 1,000 and p = 0.1. This
table was computed in less than half a second.

Using the estimated optimal parameter vector of Vs = (1.692, 1.901, 0.129, 0.712,
0.564), thefinal stepwith N; = 10° gave now an estimate of 1.34-10~° with an estimated
RE of 0.03. Thesimulation timewasonly 3 seconds, using aMatlab implementation on a
Pentium I11 500 MHz processor. In contrast, the CPU time required for the CM C method
with 107 samples is approximately 630 seconds, and with 108 samples approximately
6350. We see that with aminimal amount of work we have reduced our simulation effort
(CPU time) by roughly afactor of 2000.

1.2. Acombinatorial optimization example

Consider abinary vector y = (ya, ..., ¥n). Suppose that we do not know which compo-
nents of y are 0 and which are 1. However, we have an “oracle” which for each binary
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y (hidden)

S(@) =n—370 z; —yl

Figure 2. A black box for decoding vector y.

input vector X = (Xq, ..., Xn) returns the performance or response,
n
SX)=n-=Y"1x - yjl,
=1

representing the number of matches between the elements of x and y. Our goa is to
present a random search algorithm which reconstructs' (decodes) the unknown vector y
by maximizing the function S(x) on the space of n-dimensional binary vectors.

A naive way to find y is to repeatedly generate binary vectors X = (X, ..., Xp)
such that Xy, ..., X, are independent Bernoulli random variables with success proba
bilities p1, ..., pn. Wewrite X ~ Ber(p), where p = (ps1, ..., pn)- Notethat if p =,
which correspondsto the degenerate case of theBernoulli distribution, wehave S(X) = n,
X =y, and the naive search algorithm yields the optimal solution with probability 1.
The CE method for combinatorial optimization consists of casting the underlying prob-
leminto the rare event framework (2) and then creating a sequence of parameter vectors
Po, P1, ... andlevels 71, 7», ..., such that the sequence 71, 7., . . . convergesto the opti-
mal performance (n here) and the sequence po, p1, . . . convergestotheoptimal parameter
vector (y here). Again, the CE procedure—which is similar to the rare event procedure
described in Algorithm 1.1—is outlined below, without detail.

Algorithm 1.2

1. Start with some po, say po = (1/2,1/2,...,1/2). Lett := 1.

2. Draw a sample X, ..., Xy of Bernoulli vectors with success probability vector
Pi—1. Caculate the performances S(X;) for al i, and order them from smallest to
biggest, S1) < --- < §n). Let 3 be (1 — p) sample quantile of the performances:
"= Sra-oN)-

1Of course, in thistoy example the vector y can be easily reconstructed from the input vectors (0, O, . . ., 0),
(10,..., 0),(0,1,0,...,0), ..., ..., 0, 1) only.
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Table 2
The convergence of the parameter vector.
t 7 Pt
0 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50
1 7 0.60 0.40 0.80 0.40 1.00 0.00 0.20 0.40 0.00 0.00
2 9 0.80 0.80 1.00 0.80 1.00 0.00 0.00 0.40 0.00 0.00
3 10 1.00 1.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00
4 10 1.00 1.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00

3. Usethesame sampleto caculate py = (Pr.1, - - -, Pr.n) Via

N

o iz lisozag =1

P = . : (8)
iz lisoxz0

i =1,...,n,where X; = (Xj1, ..., Xin)-

4. If thestopping criterion ismet, then stop; otherwisesett := t + 1 and reiterate from
step 2.

A possible stopping criterion is to stop when y; does not change for a number of
subsequent iterations. Another possible stopping criterion is to stop when the vector p;
has converged to a degenerate—that is, binary —vector.

Note that the interpretation of 8 is very simple: to update the jth success proba-
bility we count how many vectors of the last sample X, ..., Xy have a performance
greater than or equal to 71 and have the jth coordinate equal to 1, and we divide (nor-
malize) this by the number of vectors that have a performance greater than or equal to
-

Asanexample, consider thecasen = 10,wherey = (1,1,1,1,1,0,0,0, 0, 0). Us-
ingasample N = 50, p = 0.1andtheinitial parameter vector po = (1/2,1/2, ..., 1/2),
Algorithm 1.2 yields the results given in Table 2.

We see that the p; and 7, converge very quickly to the optima degenerated CE
parameter vector p* = y and optimal performance y* = n, respectively.

Remark 1.1 (Likelihood ratio term). Note that algorithms 1.1 and 1.2 are almost the
same. The most important difference is the absence of the likelihood ratio term W in
step 3 of Algorithm 1.2. The reason is that the choice of the initial parameter vector
Po IS quite arbitrary, so using W would be meaningless, while in rare event smula-
tion it is an essential part of the estimation problem. For more details see Remark 2.4
bel ow.
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2. The main algorithm(s)
2.1. The CE method for rare event simulation

In this subsection we discuss the main ideas behind the CE algorithm for rare event
simulation. When reading this section, the reader is encouraged to refer back to the toy
example presented in Section 1.1.

Let X = (X4,..., Xn) be arandom vector taking values in some space X. Let
{f(-; v)} beafamily of probability density functions (pdfs) on A", with respect to some
base measure v. Here v is areal-valued parameter (vector). Thus,

EH(X):LH(X) f(x;v) v(dx),

for any (measurable) function H. In most (or all) applications v is either a counting
measure or the L ebesgue measure. Intheformer case f isoften called aprobability mass
function, but in this paper we will always use the generic terms density or pdf. For the
rest of this section we take for simplicity v(dx) = dx.

Let S be some real-valued function on X'. Suppose we are interested in the prob-
ability that S(x) is greater than or equal to some real number y, under f(-;u). This
probability can be expressed as

€ =Py(S(X) = y) = Ey ligx)=y}-

If this probability isvery small, say smaller than 10~°, we call {S(X) > y} arare event.
A straightforward way to estimate ¢ isto use crude Monte-Carlo simulation: Draw

arandom sample X4, ..., Xy from f(-; u); then
l N
N 21: l{s(xi)=y)
1=

is an unbiased estimator of £. However this poses serious problems when {S(X) > y}
is arare event. In that case a large simulation effort is required in order to estimate ¢
accurately, i.e., with small relative error or a narrow confidence interval.

Analternativeisbased onimportance sampling: takearandom sample X4, ..., Xy
from an importance sampling (different) density g on X', and evaluate ¢ using the LR
estimator (see (5))

L1 f(Xi;u)
== ) lsxozy — v~ 9)
N; {S(Xi)zy} Q(X|)
Itiswell known that the best way to estimate ¢ isto use the change of measure with

density

l(sx)=y) F(X; U)

‘ (10)

g°(x) =
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Namely, by using this change of measure we have in (9)

| f(Xi;u)
{S(Xi)=y} g*(xl) -

for ali. Inother words, the estimator (9) has zero variance, and we need to produce only
N = 1sample.

The obvious difficulty is of course that this g* depends on the unknown parameter
£. Moreover, it is often convenient to choose a g in the family of densities { f (-; v)}. The
idea now is to choose the parameter vector, called the reference parameter (sometimes
called tilting parameter) v such that the distance between the densities g* and f (-;v) is
minimal. A particular convenient measure of distance between two densitiesg and h is
the Kullback-Leibler distance, which is also termed the cross-entropy between g and h.
The Kullback-Leibler distance is defined as:

D(g, h):Egln% :fg(x)lng(x)dx—/g(x)lnh(x)dx.

We note that D isnot a“distance” in the formal sense; for example, it is not symmetric.

Minimizing the Kullback-L eibler distance between g* in (10) and f (-; v) isequiv-
aent to choosing v such that— | g*(x) In f (x; v) dx isminimized, which is equivalent to
solving the maximization problem

m\;alx/g*(x)ln f(x;v)dx. (11)
Substituting g* from (10) into (11) we obtain the maximization program
m\gx/ '{S‘X)Z+W In f(x;v) dx, (12)
which is equivalent to the program
max D(v) = m\;c)xEu lisoxy=yy IN T (X5 V), (13)

where D isimplicitly defined above. Using again importance sampling, with a change
of measure f (-; w) we can rewrite (13) as

max D(v) = max Ew lisix)=yy WX u, w) In f(X;v), (14)

for any reference parameter w, where

f(x;u)

W(x;u,w) = W)
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isthelikelihood ratio, at x, between f (-; u) and f (-; w). The optimal solution of (14) can
be written as

v* = argmax Ey ligx)=y; WX; u, w)In f(X; V). (15)
\

We may estimate v* by solving the following stochastic program (also called stochastic
counterpart of (14))

L 1
mvax D(v) = m\?x N lisxiy=yy W(Xi5u, w) In (X v), (16)

1

N

=
where Xy, ..., Xy isarandom samplefrom f (-; w). Intypical applicationsthe function
D in (16) is convex and differentiable with respect to v, see aso Rubinstein and Shapiro
(1993) and, thus, the solution of (16) may be readily obtained by solving (with respect
to v) the following system of eguations:

N
D listx=y) W(Xi;u, w) Vin £(Xi;v) =0, (17)
i=1

Z|+~

where the gradient is with respect to v.

The advantage of this approach is that the solution of (17) can often be calculated
analytically. In particular, thishappensif the distributions of the random variablesbelong
to a natural exponential family (NEF). For further details see Rubinstein and Kroese
(2004) and Example 2.1 below.

Itisimportant to notethat withw = u the CE program (16) isuseful only inthe case
where the probability of the “target event” {S(X) > y} is not too small, say ¢ > 107>,
For rare event probabilities, however (when, say, £ < 107°), the program (16) is difficult
to carry out. Namely, dueto therareness of the events {S(X;) > y}, most of theindicator
random variables Igx,)=,), I = 1,..., N will be zero, for moderate N. The same holds
for the derivatives of D(v) as given in the left-hand side of (17).

A multi-level algorithm can be used to overcome this difficulty. The idea is to
construct a sequence of reference parameters {v;, t > 0} and a sequence of levels
{n, t = 1}, and iterate in both y; and v; (see Algorithm 2.1 below).

We initialize by choosing a not very small p, say p = 102 and by defining
Vo = U. Next, we let y;1 (y1 < y) be such that, under the original density f(x;u),
the probability £1 = Eyl(gx)>,, IS at least p. We then let v, be the optimal CE ref-
erence parameter for estimating ¢1, and repeat the last two steps iteratively with the
goal of estimating the pair {£,v*}. In other words, each iteration of the algorithm
consists of two main phases. In the first phase y; is updated, in the second v; is up-
dated. Specifically, starting with vo = u we obtain the subsequent y; and v; as
follows:
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Adaptive updating of y;. For afixed v;_1, let 1 bea (1 — p)-quantile of S(X) under
Vi_1. That is, y; satisfies

Py (S(X) = n) = p, (18)
Py ,(S(X) =) =1—p, (19)

where X ~ f(; vi_1).

A simpleestimator y; of y; can be obtained by drawing arandom sample X4, ..., Xy
from f(-;vi_1), caculating the performances S(X;) for al i, ordering them from
smallest to biggest: §3) < --- < Sy and finaly, evaluating the (1 — p) sample
quantile as

%= Kra-pND- (20)

Notethat §j) iscalledthe j-th order-statistic of thesequence S(X1), . .., S(Xn). Note
alsothat 7, ischosen suchthat theevent {S(X) > } isnottoorare(it hasaprobability
of around p), and therefore updating the reference parameter via a procedure such as
(22) is not void of meaning.

Adaptive updating of v;. For fixed y; and v;_1, derive v; from the solution of the
following CE program

max D(v) = m\?xEvtfll{S(x)zyt}W(X; u, vi_1) In f(X; V). (21)

The stochastic counterpart of (21) is asfollows: for fixed p; and V;_4, derive U, from
the solution of following program

. 13 .
max D(v) = max .; lisoxy=0 W(Xis U, Oe_1) In £ (Xi; V). (22)

Thus, at the first iteration, starting with Vg = u, to get a good estimate for V1, the

target eventisartificially madelessrare by (temporarily) using alevel 1 whichischosen
smaller than y. The value for V; obtained in this way will (hopefully) make the event

{S(X) > y} lessrarein the next iteration, so in the next iteration avalue 7, can be used

which is closer to y itself. The algorithm terminates when at some iterationt alevel is

reached which is at least  and thus the original value of y can be used without getting

too few samples.

As mentioned before, the optimal solutions of (21) and (22) can often be obtained

analytically, in particular when f (x; v) belongsto aNEF.

The above rational e results in the following algorithm.
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Algorithm 2.1 (Main CE Algorithm for Rare Event Simulation)

1. DefineVg = u. Sett = 1 (iteration = level counter).

2. Generate asample X4, ..., Xy from the density f(-; vi_1) and compute the sample
(1 — p)-quantile 7, of the performances according to (20), provided 7, islessthan y.
Otherwise set y = y.

3. Usethe same sample X4, ..., Xy to solve the stochastic program (22). Denote the
solution by V.

4. If py < y,sett =t + 1 and reiterate from step 2. Else proceed with step 5.
5. Estimate the rare-event probability ¢ using the LR estimate

Ny

£= 3" lsx)=y) W(Xi5u, 97), (23)
i=1

1
N
where T denotes the final number of iterations (= number of levels used).

Example 2.1 We return to the examplein Section 1.1. In this case, from (1) we have

1
%Inf(x;v):ﬁ——

. 2 0
UJ Uj UJ

so that the jth equation of (17) becomes

N
Xii 1 .
D stz WX u,w) (—'2’ - f> =0, j=1...,5
= VS Vj

therefore

b = > stz Wi U, w) Xij
i, lsoxiy= W(Xi U, w)

(24)

which leads to the updating formulain step 3 of Algorithm 1.1. Actually, one can show
that if the distributions belong to a natural exponential family, the updating formula
always becomes (24).

Wehaveintentionally used the notation 7 and V; in Algorithm 2.1 above, rather than
the more obvious y; and v¢, in order to distinguish it from its deterministic counterpart,
which is obtained by replacing sample means and sample quantiles by expectations and
quantiles. For easy reference and better insight we present bel ow the deterministic version
of Algorithm 2.1. We have omitted the IS step in the algorithm below.
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Algorithm 2.2 (Deterministic version of the CE algorithm)
1. Definevg:i=u. Sett = 1.
2. Cadculate y; as

v = max{s : Py,_,(S(X) >s) > p}, (25)
provided thisislessthan y; otherwise put y; ;= y.
3. Caculatev; as

vy = argmax Ey, , l{sx)=y W(X; U, ve—1) In £(X; V). (26)
Vv

4. If y; = y, then stop; otherwise set t :=t + 1 and reiterate from step 2.

Remark 2.1 (Static Simulation). The above method has been formulated for finite-
dimensional random vectors only; this is sometimes referred to as static simulation.
For infinite-dimensional random vectors or stochastic processes we need a more subtle
treatment.

We will not go into details here, but the main point isthat Algorithm 2.1 holds true
without much alteration and can bereadily applied to estimation problemsinvolving both
light and heavy tail distributions (de Boer, Kroese, and Rubinstein, 2004; Rubinstein and
Kroese, 2004; Asmussen, Kroese, and Rubinstein, 2005).

Remark 2.2 (Variance Minimization). An alternative way to obtain a good reference
parameter is to choose v such that the variance, or equivaently, the second moment, of
the IS estimator is minimal. In other words we wish to find
V= argminEy [1ispx=y) WG U, V)] 27)
A"
More generally, using again the principle of importance sampling, this is equivalent to
finding

L =agminEy ligx)=,1 W(CX; u, v) W(X; u, w) (28)
\

for any reference parameter w. As in (16), we can estimate v as the solution to the
stochastic program

- 1 . .

minV(v) = min ; lisoxzy) WOXis u, V) WX u, w), (29)
where X4, ..., Xy isarandom samplefrom f (-; w). However, the evaluation of (29) in
general involves complicated numerical optimization, and it is much more convenient to

use the closed-form updating formulas that follow from CE minimization.
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2.2. The CE-method for combinatorial optimization

In this subsection we discuss the main ideas behind the CE a gorithm for combinatorial
optimization. When reading this section, the reader is encouraged to refer back to the toy
examplein Section 1.2.

Consider thefoll owing general maximization problem. Let X’ beafiniteset of states,
and let S be areal-valued performance function on X’. We wish to find the maximum
of Sover X, and the corresponding state(s) at which this maximum is attained. Let us
denote the maximum by y*. Thus,

S(x) = ¥ = max S(x). (30)

Thestarting point inthe methodol ogy of the CE method isto associate an estimation
problemwith the optimi zation problem (30). To thisend we defineacoll ection of indi cator
functions{lsx)>,} on X for variousthresholdsor levelsy € R.Next,let{f(-;v),v € V}
be afamily of (discrete) pdfson X', parameterized by areal-valued parameter (vector) v.

For acertain u € V we associate with (30) the problem of estimating the number

£y) =Pu(S(X) = ) = D lispo=y) F (X U) = Eulispo=y). (31)

where P, isthe probability measure under which the random state X has pdf f (-; u), and
[E, denotes the corresponding expectation operator. We will call the estimation problem
(31) the associated stochastic problem (ASP). To indicate how (31) is associated with
(30), suppose for examplethat y isequal to y* and that f (-; u) isthe uniform density on
X. Note that, typicaly, £(y*) = f(x*;u) = 1/|X|—where | X'| denotes the number of
elementsin X’ —isavery small number. Thus, for y = y* anatural way to estimate £(y)
would beto use the LR estimator (23) with reference parameter v* given by

v* = argmax Ey lgx)=y; In F(X; V). (32
\

This parameter could be estimated by
N
i_

s 1
V' = argvmax N Z lis(xi)=yy 1N F(Xi5v), (33)
=1

wherethe X; are generated from pdf f(-; u).

It is plausible that if v iscloseto y* then f(-;v*) assigns most of its probability
mass close to x*, and thus can be used to generate an approximate solution to (30).
However, it is important to note that the estimator (33) is only of practical use when
l{sx)=y) = 1 for enough samples. This means for example that when y iscloseto y*, u
needsto be such that Py (S(X) > y) isnot too small. Thus, the choice of uand y in (31)
are closely related. On the one hand we would like to choose y as close as possible to
y*, and find (an estimate of) v* via the procedure above, which assigns almost all mass
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to state(s) close to the optimal state. On the other hand, we would like to keep y relative
small in order to obtain an accurate (low RE) estimator for v*.

Thesituationisvery similar totherareevent simulation caseof Section2.1. Theidea,
based essentially on Algorithm 2.1, is again to adopt a two-phase multi-level approach
in which we simultaneously construct a sequence of levels 1, 1, . . ., yt and parameter
(vectors) V1, Va, ..., U such that 1 is close to the optimal y* and V1 is such that the
corresponding density assigns high probability mass to the collection of states that give
a high performance.

This strategy is embodied in the following procedure, see e.g., Rubinstein (1999):

Algorithm 2.3 (Main CE Algorithm for Optimization)

1. DefineVg = u. Sett = 1 (level counter).

2. Generate asample X4, ..., Xy from the density f (-;v;_1) and compute the sample
(1 — p)-quantile 71 of the performances according to (20).

3. Usethesame sample X, ..., Xy and solvethe stochastic program (22) withW = 1.
Denote the solution by V.

4, If forsomet > d,sayd =5,

n=r-1= = M, (34)

then stop (let T denote thefina iteration); otherwisesett =t + 1 and reiterate from
step 2.

Note that the stopping criterion, the initial vector Vo, the sample size N and the number
p have to be specified in advance, but that the rest of the algorithm is “self-tuning”.

Remark 2.3 (Smoothed Updating). Instead of updating the parameter vector V;_, to V;
directly via (33) we often use a smoothed updating procedure in which

Ve =a Wi+ (1—a) Vg, (35

where W, is the vector derived via (22) with W = 1. This is especially relevant for
optimization problems involving discrete random variables. The main reason why this
heuristic smoothed updating procedure performs better isthat it preventsthe occurrences
of Os and 1sin the parameter vectors; once such an entry is 0 or 1, it often will remain
so forever, which is undesirable. We found empirically that a value of o between 0.4 <
a < 0.9 gives the best results. Clearly for « = 1 we have the original updating rule in
Algorithm 2.3.

In many applications we observed numerically that the sequence of pdfs f (-; Vo),
f(-; V1), ... convergesto adegenerate measure (Dirac measure), assigning al probability
mass to a single state x, for which, by definition, the function value is greater than or
equal to pr.
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Remark 2.4 (Similarities and Differences). Despite the great similarity between Algo-
rithm 2.1 and Algorithm 2.3 it isimportant to note anumber of differences. For example,
theroleof theinitial reference parameter u issignificantly different. In Algorithm2.1uis
the unique nominal parameter for estimating P,(S(X) > y). However, in Algorithm 2.3
the choicefor theinitial parameter u isfairly arbitrary; it isonly used to define the ASP.
In contrast to Algorithm 2.1 the ASP for Algorithm 2.3 is redefined after each iteration.
In particular, in steps 2 and 3 of Algorithm 2.3 we determine the optimal reference pa-
rameter associated with Py, ,(S(X) > 1), instead of P,(S(X) > ). Consequently, the
likelihood ratio term W that plays a crucia role in Algorithm 2.1 does not appear in
Algorithm 2.3.

The above procedure can, in principle, be applied to any discrete and continu-
ous (multi-extremal) optimization problem. However, for each individual problem two
essential ingredients need to be supplied.

1. We need to specify how the samples are generated. In other words, we need to specify
the family of pdfs { f (-; v)}.

2. We need to calculate the updating rules for the parameters, based on cross-entropy
minimization.

In general there are many ways to generate samples from X', and it is not always
immediately clear which way of generating the sample will yield better results or easier
updating formulas.

Example 2.2. Wereturn to the examplefrom Section 1.2. In this case, the random vector
X = (Xg, ..., Xpn) ~ Ber(p), and the parameter vector v is p. Consequently, the pdf
is

FXp) =[] P @—p),
i=1

and since each X; canonly beOor 1,

Xj 1-X% 1 X - p)
pp 1-p  @-ppp

0
—Inf(X;p) =
o (X; p)

Now we can find the maximum in (33) by setting the first derivatives w.r.t. p; to zero,
forj=1,...,n:

o N
ap; 2 100z INTOXGR) = o ) isoxozn (Xiy = P) =0,
apj ; {S(Xi)=y} i 1- pj) D] ; (S(Xi)=y} (Aij i
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Thus, we get
N
o = 2 i1 sz Xij
- N
>iz sz

, (36)
which immediately implies (8).
Severa remarks are in order.

Remark 2.5 (Maximum Likelihood Estimation). It isinteresting to note the connection
between (33) and maximum likelihood estimation (MLE). In the MLE problem we are
given data X1, ..., Xy Which are thought to be the outcomes of i.i.d. random variables
X1, ..., Xn (random sample) each having a distribution f (-; v), where the parameter
(vector) v is an element of some set V. We wish to estimate v on the basis of the
data X, ..., Xn. The maximum likelihood estimate (MLE) is that parameter Vv which
maximizesthejoint density of X4, ..., Xy forthegivendataxs, ..., Xy. Inother words,

N
U= argmax [ | f(xi;v).
Vo=l

The corresponding random variable, obtained by replacing x; with X; is called the max-
imum likelihood estimator (MLE aswell), also denoted by V. SinceIn(-) isan increasing
function we have

N
= argmax ) " In f(Xi; V). (37)
v i=1

Solving (37) is similar to solving (33). The only difference is the indicator function
l{s(x))=y}- We can write Step 3 in Algorithm 2.3 as

Go=agmax Y Inf(X;;v).

Vo XiS(Xi)=i
In other words, V; is equal to the MLE of V;_; based only on the vectors X; in the
random sample for which the performance is greater than or equal to y;. For example, in
Example 2.2 the MLE of p; based on arandom sample Xy, ..., Xy is

B — >ty Xij

J N *

Thus, if we base the MLE only on those vectors that have performance greater than or
egual to y, we obtain (36) immediately.

Remark 2.6 (Parameters). Thechoicefor thesamplesize N and the parameter p depends
on the size of the problem and the number of parametersin the ASP. In particular, for
a SNN-type problem it is suggested to take the sample sizeas N = cn, where n isthe
number of nodes and ¢ aconstant (¢ > 1), say 5 < ¢ < 10. In contrast, for a SEN-type
problemitissuggested totake N = ¢ n?, where n? isthe number of edgesin the network.
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It is crucia to redize that the sample sizesN = cnand N = ¢n? (with ¢ > 1) are
associated with the number of ASP parameters (n and n?) that one needs to estimate for
the SNN and SEN problems, respectively (see also the max-cut and the TSP examples
below). Clearly, in order to reliably estimate k parameters, one needs to take at least a
sample N = ck for some constant ¢ > 1. Regarding p, it is suggested to take o around
0.01, provided n isreasonably large, say n > 100; and it is suggested to take alarger p,
say p ~ In(n)/n, for n < 100.

Alternatively, the choice of N and p can be determined adaptively. For example, in
Homem-de-Méllo and Rubinstein (2002) an adaptive algorithm is proposed that adjusts
N automatically. The FACE agorithm of Section 4 is another option.

3. Various applications

In this section we discuss applications of the CE method to two typical COPs. We start
in Section 3.1 with an SNN problem—the max-cut problem. We explain how to apply
the CE method for this problem and provide two simple examples. In Section 3.2 we
consider atypical SEN problem—the travelling salesman problem. We demonstrate the
usefulness of the CE method and itsfast convergencein anumber of numerical examples.
We further illustrate the dynamics of the CE method and show how fast the reference
parameters converge.

3.1. The max-cut problem

The max-cut problem in a graph can be formulated as follows. Given aweighted graph
G(V, E) withnodeset V = {1, ..., n} and edge set E, partition the nodes of the graph
into two subsets V; and V, such that the sum of the weights of the edges going from
one subset to the other is maximized. We assume the weights are non-negative. We
note that the max-cut problem is an NP-hard problem. Without loss of generality, we
assumethat the graph iscompl ete. For simplicity weassumethegraphisnot directed. We
can represent the possibly zero edge weights via a non-negative, symmetric cost matrix
C = (¢jj) where c;; denotes the weight of the edge fromi to j.

Formally, a cut is a partition {V1, V»} of V. For example, if V = {1, ..., 6}, then
{{1, 3,4}, {2, 5, 6}} isapossible cut. The cost of acut isthe sum of the weights across
the cut. As an example, consider the following 6 x 6 cost matrix
0 Cip Cc3 O 0 0 \
1 0 c3 C4 O O
C31 Cx» 0 3 € O
c_ |G Ce 34 C3s (38)
O Ci2 Ciz O Cs5 Cse
0 0 Csz3 Csy O Csg
0 0 0 Gcou Cs O )

corresponding to the graph in figure 3.
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1 3 5
)
@

2 4 6

Figure 3. A 6-node network with the cut {{1, 3, 4}, {2, 5, 6}}.

For example, the cost of the cut {{1, 3, 4}, {2, 5, 6}} is
C12 + C32 + C35 + C42 + Ca5 + Cys.

It will be convenient to represent a cut viaa cut vector X = (Xq, ..., Xn), wherex; = 1
if nodei belongs to the same partition as node 1, and 0 otherwise. By definition x; = 1.
For example, the cut in figure 3 can be represented viathe cut vector (1, 0, 1, 1, 0, 0).
Let X be the set of al cut vectors x = (1, xo, ..., X,) and let S(x) be the corre-
sponding cost of the cut. We wish to maximize Sviathe CE method. Thus, (a) we need
to specify how the random cut vectors are generated, and (b) calculate the correspond-
ing updating formulas. The most natural and easiest way to generate the cut vectorsis
tolet Xs, ..., X, beindependent Bernoulli random variables with success probabilities
P2, ..., pn, €Xactly asinthe second toy example, see Section 1.2. Itimmediately follows,
see Example 2.2, that the updating formulain Algorithm 2.3 at the tth iteration is given

by

. S Lsxozso i =t ,
b, = =t S0z =y, (29)

N
>zt sz

Remark 3.1 (r -partitions). We can readily extend the procedure to the case in which the
node set V is partitioned intor > 2 subsets {V4, ..., V;} such that the sum of the total
weights of all edges going from the subset Vi tosubset V;, i, j =1,...,r, (i # |)is
maximized. Inthiscase one canfollow the basic stepsof Algorithm 2.3 using independent
r point distributions instead of independent Bernoulli distributions.

To illustrate the convergence of the CE algorithm we provide an examplein which
the exact optimal updating parameter iscomputed via(32) rather than estimated via (33).
In other words, instead of Algorithm 2.3 its deterministic version Algorithm 2.2 is used
(with W = 1in (26)).
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Example 3.1. Consider the 5-node graph with the cost matrix
01 356

(40)

@)
|
o g w R
N
o

g o W o
o
N

O NN O

N
N

Itisreadily seen that in this case the optimal cut vector is x* = (1, 1, 0, O, 0) with
S(x*) = y* = 28.

We shall show next that in the “ deterministic” version of Algorithm 2.3 the param-
eter vectors po, p1, . .. converge to the optimal p* = (1, 1, 0, 0, 0) after two iterations,
provided p = 107t and po = (1, 1/2,1/2,1/2,1/2).

In the first step of the first iteration, we have to determine 3, from

v=max{y st. Ep_ lisx)zy) = 0.1}. (41)

Under parameter vector pg, S(X) cantakevalues, {0, 10, 15, 18, 19, 20, 21, 26, 28} with
probabilities{1, 1, 4, 2, 2, 2, 2, 1, 1}/16. Hence, wefind y; = 26. Inthe second step, we
need to solve

Pt = argmax Ep, , ligx)>yy IN F(X; p), (42)
p

which has a solution similar to (36), namely

o Ept—ll{S(X)ZVt}Xj
pL,J - E I .
Pr-1 ' {S(X)=n}

Thereareonly twovectorsx forwhich §(x) > 26, namely (1, 1, 1, 0, 0)and(1, 1, 0, 0, 0),
and both have probability 1/16 under po. Thus,

2/1
ﬁ:l forj =1,2,
2/16
1/16 1 .
i =g — = — f :3’
Pri=1216=2 ')
0
— = for j = 4,5.
2/16 0 or j .5

In the second iteration S(X) is 26 or 28 with probability 1/2. Thus, step (41) yields the
(optimal) y» = 28, and step (42) gives p, = (1, 1, 0, O, 0).

Example 3.2 (A synthetic max-cut problem). Since the max-cut problem is NP hard
(Garey and Johnson, 1979; Papadimitriou and Yannakakis, 1991), no efficient method
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for solving the max-cut problem exists. The naive total enumeration routine is only
feasible for small graphs, say for those with n < 30 nodes. Although the Branch-and-
Bound heuristic can solve medium size problems exactly, it too will run into problems
when n becomes large.

In order to verify the accuracy of the CE method we construct an artificial graph

such that the solution is available in advance. In particular, form € {1, ..., n} consider
the following symmetric cost matrix:
Z B
C— ( 1 12)’ 43)
B Z2

where Z;; isan m x m symmetric matrix in which all the upper-diagona elements
are generated from a u(a, b) distribution (and all lower-diagona elements follow by
symmetry), Zy, isa(n —m) x (n —m) symmetric matrix which is generated in asimilar
way as Zj;, and al the other elements are ¢, apart from the diagonal elements, which are
of course 0.

It isnot difficult to see that for ¢ > b(n — m)/m, by construction, the optimal cut
isgiven by V* = {V}, V;}, with

Vi={1....m and V;={m+1...,n} (44
and the optimal value of the cut is
y*=cm(n—m).

Of course the same optimal solution and optimal value can be found for the general
case where the elementsin Z;; and Z,, are generated via an arbitrary bounded support
distribution with the maximal value of the support less than b.

Table 3 lists a typical output of Algorithm 2.3 applied to the synthetic max-cut
problem, for a network with n = 400 nodes. In this table we list besides the (1 — p)-
quantileof the performances ; al sothebest of the performancesin each iteration, denoted
by S (ny, and the Euclidean distance

1P — p*Il = /(Pri — B2,

as a measure how close the reference vector is to the optimal reference vector p* =
1,2,...,1,0,0,...,0).

In this particular example, m = 200 and the Z1; and Z,, are generated from the
u(0, 1) distribution. The elementsin By, and B,; are constant ¢ = 1. The CE parameter
are chosen as follows: rarity parameter p = 0.1; smoothing parameter « = 1.0 (no
smoothing); stopping constant d = 3; and number of samples per iteration N = 1000.

The CPU time is only 100 seconds, using a Matlab implementation on a pentium
I11, 500 MHz processor. We see that the CE algorithm converges quickly, yielding the
exact optimal solution 40000 in less than 23 iterations.
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Table 3
A typical performance of Algorithm 2.3 for the syn-
thetic max-cut problem withn = 400,d = 3, p = 0.1,
o = 1.0, N = 1000.

t iz SN 1P — p*ll
1 30085.3 30320.9 9.98
2 30091.3 30369.4 10.00
3 30113.7 30569.8 9.98
4 30159.2 30569.8 9.71
5 30350.8 30652.9 9.08
6 30693.6 31244.7 8.37
7 31145.1 31954.8 7.65
8 31711.8 32361.5 6.94
9 32366.4 33050.3 6.27
10 33057.8 33939.9 5.58
11 33898.6 34897.9 4.93
12 34718.9 35876.4 4.23
13 35597.1 36733.0 3.60
14 36368.9 37431.7 3.02
15 37210.5 38051.2 2.48
16 37996.7 38654.5 1.96
17 38658.8 39221.9 1.42
18 39217.1 39707.8 1.01
19 39618.3 40000.0 0.62
20 39904.5 40000.0 0.29
21 40000.0 40000.0 0.14
22 40000.0 40000.0 0.00
23 40000.0 40000.0 0.00

Figures 4 and 5 illustrate the convergence of the reference vectors p; to the optimal p*.

3.2. Thetravelling salesman problem

Thetravelling salesman problem (TSP) can beformul ated asfollows. Consider aweighted
graph G with n nodes, labelled 1, 2, . .., n. The nodes represent cities, and the edges
represent the roads between the cities. Each edge from i to j has weight or cost ¢;j,
representing the length of the road. The problem isto find the shortest tour that visitsall
the cities exactly once? (except the starting city, which is aso the terminating city), see
figure 6.

Without loss of generality, let usassumethat the graph is compl ete, and that some of
theweightsmay be +o0. Let X’ bethe set of all possibletoursand let S(x) thetotal length

2|n some versions of the TSP cities can be visited more than once.
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Figure4. Sequence of reference vectors for the synthetic max-cut problem with 400 nodes. Iterations
01,....9.
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Figure 5. Sequence of reference vectors for the synthetic max-cut problem with 400 nodes. Iterations
10,..., 19.
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Figure 6. Find the shortest tour x visiting all nodes.

of tour X € X'. We can represent each tour viaa permutation of (1, ..., n). For example
for n = 4, the permutation (1, 3, 2, 4) represents thetour 1 - 3 - 2 - 4 — 1. In
fact, we may as well represent atour viaa permutation X = (Xg, ..., Xp) with x; = 1.

From now on we identify atour with its corresponding permutation, where x; = 1. We
may now formulate the TSP as follows:

n—1
min S = min {; Cona + cxn,l} . (45)

Note that the number of elementsin X istypically very large:
|X] = (n—1)! (46)

Thisisexactly the setting of Section 2.2, so we can usethe CE-Method to solve (45).
Note however that we need to modify Algorithm 2.3 since we have here a minimization
problem.

In order to apply the CE algorithm we need to specify (a) how to generate the
random tours, and (b) how to update the parameters at each iteration.

The easiest way to explain how the tours are generated and how the parameters are
updated isto relate (45) to an equivalent minimization problem. Let

X={(X,....%) : xa=1,% €{1,....n},i =2,...,n},

be the set of vectors that correspond to paths that start and end in 1 and can visit the
same city more than once. Note that | X'| = n"~ Land X ¢ X.Whenn = 4, we havefor
examplex = (1, 3, 1, 3) € X, corresponding to the pahl— 3— 1— 3— 1 Agan
we will identify the vectors with their corresponding paths. Define the function Son X
by §(x) = S(x), if x € X and §(x) = oo, otherwise. Then, obviously (45) is equivalent
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to the minimization problem
minimize 3(x) over x € X. (47)

A simple method to generate arandom path X = (X, ..., Xp) in X isto useaMarkov
chain of the graph G, starting at node 1, and stopping after n steps. Let P = ()
denote the one-step transition matrix of this Markov chain. We assume that the diagonal
elementsof P are 0, and that al other elements of P are strictly positive, but otherwise
P isageneral n x n stochastic matrix.

The pdf f(-; P) of X isthus parameterized by the matrix P and its logarithm is
given by

n
INFOGP) =D lew, oy IN P

r=11i,j

where )?i,- (r) is the set of all pathsin X’ for which the rth transition is from nodei to
j- The updating rules for this modified optimization problem follow from 22 (W = 1),
with {S(Xi) > y} replaced with {S(X;) < y}, under the condition that the rows of
P sum up to 1. Using Lagrange multipliers uy, ..., u, we obtain the maximization
problem

n n
max min |:Ep|{é(x)sy} Inf(X;P)+ > u (Z pij — l)} .
i

Differentiating the expression within square brackets above with respect to p;j, yields,
foral j=1,...,n,

n
Eplig<y) 2or=1 lxed )
Pij

+Ui=0.

Summing over j = 1,...,ngivesEpl gx)<), S l(xe#,¢y = —Ui, where Xi(r)is
the set of pathsfor which ther -th transition startsfrom nodei . It follows that the optimal
pij isgiven by

n
Eplgx)<y) 2oret lxed; )

Bij = .
Ep ligx)=y) 2r=1 | xedi())

The corresponding estimator is

N n
P = Zk:l I{é(Xk)fy} Zr:l I{Xkeﬁ?ij(r)}
ij .

= (48)
N
> kel l&x0<y) ZP:l lixe i)
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This has avery simple interpretation. To update p;; we simply take the fraction of times
that the transitions from i to j occurred, taking only those paths into account that have
atotal length less than or equal to y.

Thisis how we could, in principle, carry out the sample generation and parameter
updating for problem (47). We generate the path via a Markov process with transition
matrix P, and use updating formula (48). However, in practice, wewould never generate
the paths in this way, since the mgjority of these paths would be irrelevant since they
would not congtitute a tour, and therefore their S values would be co. In order to avoid
the generation of irrelevant paths, we proceed as follows.

Algorithm 3.1 (Generation of permutations (tours) in the TSP)

1. DefineP® = Pand X; = 1. Letk = 1.

2. Obtain P®+D from P® by first setting the Xy-th column of P® to 0 and then
normalizing the rows to sum up to 1. Generate Xy 1 from the distribution formed by
the Xy-th row of P®,

3. If k = n — 1then stop; otherwise set k = k + 1 and reiterate from step 2.

It is important to readlize that the updating formula remains the same; by using
Algorithm 3.1 we are merely speeding-up our naive way of generating the tours. More-
over, since we now only generate tours, the updated value for p;j can be estimated
as

N
o e lisow=n M)
) — N
2 k=1 s <y

: (49)

where Ajj is the set of tours in which the transition from i to j is made. This has the
same “natural” interpretation as discussed for (48).

To complete the algorithm, we need to specify the initialization conditions and
the stopping criterion. For the initial matrix Py we could simply take all off-diagonal
elements equal to 1/(n — 1) and for the stopping criterion use formula (34).

Numerical Examples

To demonstrate the useful ness of the CE algorithm and its fast and accurate convergence
we provide a number of numerical examples. Thefirst example concerns the benchmark
TSP problem £+53 taken from the URL

http://www.iwr.uni-hei del berg.de/groups/comopt/software/ TSPL I B95/atsp/
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Table 4

A typical performance of Algorithm 2.3 for the TSP problem £t53
withn = 53 nodes,d =5, p = 0.01, « = 0.7, N = 10n? = 28090.

t P S prm fdliff
1 23234.00 21111.00 0.0354 0.3243
2 20611.00 18586.00 0.0409 0.3744
3 18686.00 16819.00 0.0514 0.3707
4 17101.00 14890.00 0.0465 0.3676
5 15509.00 13459.00 0.0698 0.3635
6 1444900 12756.00 0.0901 0.3492
7 13491.00 11963.00 0.0895 0.3404
8 12773.00 11326.00 0.1065 0.3250
9 12120.00 10357.00 0.0965 0.3291

10 11480.00 10216.00 0.1034 0.3167

1 11347.00 9952.00 0.1310 0.3017

12 10791.00 9525.00 0.1319 03111

13 10293.00 9246.00 0.1623 0.3049

14 10688.00 9176.00 0.1507 0.2726

15 9727.00 8457.00 0.1346 0.3203

16 9263.00 8424.00 0.1436 0.2929

17 9422.00 8614.00 0.1582 0.2490

18 9155.00 8528.00 0.1666 0.2468

19 8661.00 7970.00 0.1352 0.2543

20 8273.00 7619.00 0.1597 0.2360

21 8096.00 7485.00 0.1573 0.2163

22 7868.00 7216.00 0.1859 0.1889

23 7677.00 7184.00 0.2301 01737

24 7519.00 7108.00 0.2421 0.1569

25 7420.00 7163.00 0.2861 0.1495

26 7535.00 7064.00 0.3341 0.1508

27 7506.00 7072.00 0.3286 0.1576

28 7199.00 7008.00 0.3667 0.1341

29 7189.00 7024.00 0.3487 0.1212

30 7077.00 7008.00 0.4101 0.0998

31 7068.00 7008.00 0.4680 0.1051

47

Table 4 presents the performance of the CE Algorithm for the problem £t53, which
defines an asymmetric fully connected graph of size 53, where the value of each edge

Cj isgiven.

The CE parameters were: stopping parameter d = 5, rarity parameter p = 0.01, sample
size N = 10n? = 28090 and smoothing parameter « = 0.7. The relative experimental

error of the solutionis

-y _ 1.5%,

*

y*
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Table 5
Case studies for the TSP,
File n T 7 v y* g £, &t CPU
bri7 17 23.8 68.2 39.0 39 0.0 0.0 0.0 9
ftv33 34 31.2 3294.0 1312.2 1286 2.0 0.0 6.2 73
ftv35 36 315 3714.0 1490.0 1473 1.2 0.4 1.8 77
ftv38 39 33.8 4010.8 1549.8 1530 1.3 0.4 32 132
p43 43 445 9235.5 5624.5 5620 0.1 0.0 0.1 378

ftv4d 45 355 4808.2 1655.8 1613 2.7 13 33 219
ftv47 48 40.2 5317.8 1814.0 1776 21 0.6 41 317
Ty48p 48 40.8 40192.0 14845.5 14422 29 1.9 5.0 345
£t53 53 395 20889.5 7103.2 6905 29 25 35 373
ftv55 56 40.0 5835.8 1640.0 1608 20 0.2 4.3 408
ftv64 65 43.2 6974.2 1850.0 1839 0.6 0.0 14 854
££v70 71 47.0 7856.8 1974.8 1950 13 0.4 37 1068
££70 70 42.8 64199.5 39114.8 38673 11 0.3 1.9 948

wherey* = 6905isthebest known solution. The CPU timewas approximately 6 minutes.
InTable4 § (1) denotesthe length of smallest tour initerationt. We also included thetwo
quantities P™™ and fdiff, which give extrainformation about the dynamics. Specifically,
fdiff isthe proportion, out of N, of different values for the performance function, for the
current iterati ont; and P™ is the minimum of the maximum elements in each row of
matrix P:.

Similar performanceswere found for other TSP problemsin the benchmark library
above. Table 5 presents the performance of Algorithm 2.3 for a selection of case studies
from thislibrary. In all numerical results we use the same CE parameters asfor the ££53
problem, that is p = 1072, N = 10n? o = 0.7 (smoothing parameter in (35)) and
d = 5 (in (34)). To study the variability in the solutions, each problem was repeated
10 times. In Table 5 n denotes the number of nodes of the graph, T denotes the aver-
age total number of iterations needed before stopping, y1 and ¥y T denote the average
initial and average final estimates of the optimal solution, y* denotes the best known
(optimal) solution, & denotes the average percentage relative experimental error based
on 10 replications, ¢, and ¢* denote the smallest and the largest percentage relative error
among the 10 generated solutions, and finally CPU denotes the average CPU time in
seconds.

We found that decreasing the sample size N from N = 10n?to N = 5n? dll
relative experimental errors e in Table 5 increase at most by a factor of 1.5.

Dynamics

Finaly, as an illustration of the dynamics of the CE agorithm, we display below the
sequence of matrices Py, Py, ... foraTSPwith n = 10 cities, where the optimal tour is
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(1,2,3,...,10,1).
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Anillustration of the dynamicsisgiveninfigure7.
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Figure 7. Convergence of the reference parameter (matrix) for a 10 node TSP.
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4.  Modifications

In this section we consider several modifications of the basic CE algorithm. We start by
discussing alternative loss functions that favor samples with higher performance more
than other samples. We continue with a fully automated version of the CE a gorithm.
Thismodified version allows automatic tuning of al the parameters of the CE algorithm.

4.1. Alternative performance functions

Consider the maximization problem, see (30),

max 5(x),

where S(x) issome positive objective function defined on X'. In the associated stochastic
problem, see (31), we consider instead estimating the rare-event probability

y) = Eulis(x)zy)-

Note that this can be written as

£(y) = Eup(S(X); v),

where ¢(s; y) istheindicator ls>,,, thet is,

1 ifs>y,

50
0 ifs<y, 0

ofsiy) = {

for s > 0. Recall that the main CE Algorithm 2.3 contains the steps (a) updating 7
via (20) and (b) updating V; via the (analytic) solution of (22). A natural modification
of Algorithm 2.3 would be to update v; using an alternative function ¢(s; y). For a
maximization problem such afunction should be increasing in s for each fixed y > 0,
and decreasing in y for each fixed s > 0. In particular one could use

@(S;¥) = ¥(s)lis=y),

for some increasing function (s).

Using suchag(s; y) instead of theindicator (50) we now proceed similar asbefore.
Specificaly, the updating step () of ; remains exactly the same, and the updating step
(b) of ¥; now reduces to the solution of the following program

N
mex D(v) = max = D sy #SOK0) 1 10X (5)
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Numerical evidence suggeststhat v/(s) = s can lead to some speed-up of the algorithm.
As an example, for the max-cut problem we obtain in this case (see (39)) the analytic
updating formulas

By = S s L= SOXi) X
0 N
> k=1 lis(x=g1 S(Xi)

(52)

i=2...,n.

However, other numerical experiments suggest that high power polynomials,
¥ (s) = s? with large B, and the Boltzmann function y(s) = €~%/# are not advisable, as
they may lead more easily to local minima.

4.2. Fully adaptive CE algorithm

We present a modification of Algorithm 2.3, called the fully automated CE (FACE)
agorithm in which the sample size is updated adaptively at each iterations t of the
algorithm, i.e,, N = N;. In addition, this modification is able to identify some “ difficult”
and pathological problems.

Consider amaximization problem and let

St < =< Sty

denote the ordered sample performances of the N; samples at the t-th iterations. To ease
notations, we denote S (n,) by S;.

Themain assumption inthe FACE Algorithmisthat at the end of each iterationt the
updating of the parameters is done on the basis of a fixed number, N say, of the best
performing samples, the so-called elite samples. Thus, the set of elite samples & consist
of those N®® samplesin { Xy, ..., Xy,} for which the performances S(Xy), . .., S(Xn,)
are highest. The updating steps 2 and 3 of Algorithm 2.3 are modified such that

)’)t - S(Nt_Neiite+l),

and

Uy = argmax )~ In f(Xi;v).
Vo Xie&

Note that 7 is equal to the worst sample performance of the best N €€ sample perfor-
mances, and S;* isthe best of the elite performances (indeed, of all performances).

In the FACE algorithm the parameters p and N of Algorithm 2.3 are updated
adaptively. Specifically, they are “replaced” by a single parameter: the number of elite
samples N ¥, The above updating rules are consistent with Algorithm 2.3 provided we
view p in Algorithm 2.3 as the parameter which changes inversely proportional to N;:
pr = NE/N;.
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Start
t:=1

Ny := Nwin

Calculate

Sp) €--- S S v)

Yes m No

or
Ft > F-1?
Update 7 Output S7
Update (reliable)
t:=t+1
Ny =Nt +1

Output S}

(unreliable)

No

Figure 8. The flowchart for the FACE agorithm.

It was found experimentally that a sound choiceis N®® = cyn and N = ¢yn?
for SNNs and SENSs, respectively, where ¢ is a fixed positive constant (usually in the
interval 0.01 < cg < 0.1). The easiest way to explain FACE is via the flow chart in
figure 8.

For each iteration t of FACE agorithm we design a sampling plan which ensures
with high probability that

SF > S° . (53)

Note that (53) implies improvement of the maximal order statistics (best elite perfor-
mance) at each iteration. To ensure (53) with high probability, we alow N; to vary at
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each iteration t in aquite wide range
NminS Nt < Nmax,

where, say, for an SNN-type problem, N™" = n and N™ = 20n. Note that we always
start each iteration by generating N™" samples. If at any iteration t, while increasing
N; we obtain simultaneously that Ny = N™ and (53) is violated, then we directly
proceed with updating (y:, V) according to Algorithm 2.3 before proceeding with the
next iteration of the FACE Algorithm. However, if FACE keeps generating samples of
size N™ for several iterationsin turn, say, for c = 3iterations and (53) isviolated then
we stop, and announce that FACE identified a“hard” problem for which the estimate of
the optimal solution isunreliable.
Besidesif S; (n,) > St—1,(N,_,), We also continue with the next iteration if

%> Yot (54)

Note that (54) implies improvement of the worst elite sample performance j; at each
iteration.

Similar to Algorithm 2.3 we initialize by choosing some V. For example, for the
max-cut problem we choose (using p instead of v) py = po = (1, 1/2,...,1/2). We
assume that the FACE parameters N™", N™ « and the stopping constant d are chosen
in advance. For example, for the max-cut problem we take N™" = n. Welett = 1 and
N; = N™" and proceed as follows:

Algorithm 4.1 (FACE Algorithm)
1. Atiterationt, t = 1, 2, ... takeaninitial sample of size N, with N™" < N, < N™&
from f(-; Vy_q).

2. 1f (53) or (54) holds, proceed with the updating steps (20) and (22) using the N
samplesin Step 1.

3. If (53) and (54) are violated, check whether or not
St =---=5"4 (55)

If so, stop and deliver S asan estimate of the optimal solution. Call such S;* areliable
estimate of the optimal solution. If (55) does not hold, and if N; < N™ increase N;
by 1, recalculate S; and y;, and go to Step 2.

4. If Ny = N™ and each of (53), (54) and (55) is violated, proceed with (20) and (22)
using the N™ samples mentioned in Step 1 and go to step 2.

5. If Nt = N™ for severd iterationsin turn, say for ¢ = 3 iterations, and each of (53),
(54) and (55) are violated, stop and announce that FACE identified a“hard” problem.
Cal St (n,) an unreliable estimate of the optimal solution.
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The stopping criterion (55) means that the best sasmplesin the last d iterations are
the same. Note that if (53) holds for all t > 1 we automatically obtain that N, = N™"
for al t. In such case FACE reduces to the original Algorithm 2.3. We found that FACE
typically speeds up the convergence up to 2 times as compared to CE with fixed N and p.

5. Further developments

In this section we present two additional applications of the CE method. In Section 5.1 we
consider the problem of vector quantization and clustering. We describe astraightforward
application of the CE method to this problem, and demonstrate high performance of the
CE method. In Section 5.2 we consider the problem of learning the optimal policy in
Markovian decision processes.

5.1. \ector quantization and clustering analysis

The clustering problem reads as follows: given adataset Z = {z4, ..., z,} of pointsin
some d-dimensional Euclidean region, partition the datainto K “clusters’ Ry, ..., Rk
(withR NR; =¥, fori # j,and U;R; = Z), such that some empirical loss function
isminimized. A typical loss function is (Webb, 1999):

K
D iz =gl (56)

j=1 ZERj
where
1
IRJ | ZGRJ'
presentsthe centroid of the points of cluster R;. Denoting by X = (X1, . .., X») the vector
withx; = j whenz; € Rj, andletting z;; = Iy =j; i, we can write (56) asthefollowing

function of x:

() = ZZIX. 1z = ¢jlI?, (58)

j=1li=

where the centroids are given as

ZZ.,,
i=

withnj; = > | I(x~j, the number of pointsin the jth cluster.
As we mentioned, our goal isto find a partition {R;} and a corresponding vector
of centroids (cy, . .., Ck) that minimizes (56). In the terminology of vector quantization
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(Webb, 1999), we wish to “quantize” or “encode” the vectorsin Z in such a way that
each vector isrepresented by one of K sourcevectorscy, . . ., Ck, such that the loss (56)
of thisrepresentation is minimized. Most well-known clustering and vector quantization
methods update the vector of centroids, starting from someinitial choice (o 1, . . ., Co.k)
and using iterative (typically gradient-based procedures). It is important to realize that
in that case (56) is seen as a function of the centroids, where each point z is assighed
to the nearest centroid, thus determining the clusters. It is well known these type of
problems (optimization with respect to the centroids) are multi-extremal and depending
on the initial value of the clusters the gradient-based procedures converge to a local
minimum rather than global minimum. A standard heuristic to minimize (57) is the
K-means algorithm (Webb, 1999).

We can optimize (58) viathe CE method, by viewing it asaminimal cut (min-cut)
problem with K partitions. In particular, each partition Ry, ..., Rk isrepresented viaa
partition vector x € X = {1, ..., n}¥ asdefined above. The “trgjectory generation” of
the CE Algorithm 2.3 consists of drawing random X € X according to an n-dimensional
discrete distribution with independent marginals, such that P(X; = j) = pij, i =
1,....,m, j=1,..., K. Theupdating rules are again very simple. For K = 2 we may,
aternatively, use X ~ Ber(p). In that case the updating rules are given in (39), with >
replaced with <.

Example5.1. Letn =5and K = 2. To generate afeasible cluster wedraw X from a5-
dimensional Bernoulli distribution Ber(p) with independent marginals. Assume that the
outcome from a particular generation from Ber(p) isx = (1, 0, 0, 1, 0). The associated
partitionis, clearly, {Ry, Ry} = {{1, 4}, {2, 3, 5}}. In this case the loss and the centroids
can be explicitly calculated, provided the points z1, zo, z3, 24, Zs are given. Namely,
thelossis

(I1z1 — c1ll? + l|lza — c1]1?)

59
+ (22— Call2 + 123 — c2lI? + l12s — call?), (59)

and the centroids are
1 1
C1= E(Zl +124), C2 = 5(22 + 23+ Z5), (60)

respectively.

The CE method for clustering workswell even if the dataset isnoisy. Thisisin con-
trast to most clustering methods that often require stochastic approximation procedures,
which are very slow.
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Figure 9. The CE resultsfor vector quantization of the 2-D banana dataset. Circlesdesignatethefinal cluster
centers produced by CE. Triangles are cluster centers of the K -means algorithm.

Numerical example

Consider as an application of CE the minimization of the loss function, given by (56) for
asimple 2-dimensional clustering data set with m = 5 clusters and 700 points (depicted
by the small dots in figure 9). The resulting locations of the cluster centers obtained
by the CE Algorithm are depicted in figure 9 by the large filled circles. Figure 9 also
compares the performance of the CE method with the standard K-means one (circles
and triangles in figure 9 correspond to the final cluster centers produced by CE and the
K -means algorithm, respectively). Although we found that K -meansis alittle faster (it
takes approximately 2 seconds for K-means versus 49 for CE), it readily follows from
figure 9 that CE is more accurate than K -means, (the average distortion is 1.428 and

2.408 for CE and K -means, respectively).

5.2. Markovian decision process

The Markovian decision process (MDP) model is standard in artificial intelligence,
machine learning, operation research and related fields. We review briefly some basic
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definitions and conceptsrelated to the MDP model. For detail s see for example Puterman
(1994) and Bertsekas (1995).
An MDP isdefined by atuple (2, A, P, r) where

1. Z={1,...,n}isafinite set of states.

2. A={1,..., m}isthe set of possible actions by the decision maker. We assumeit is
the same for every state—to ease notations.

3. P isthe transition probability matrix with elements P(Z | z, a) presenting the tran-
sition probability from state z to state z', when action a is chosen.

4. r(z, a) isthereward for performing action a in state z (r may be arandom variable).

At each time instance k the decision maker observes the current state z,, and
determines the action to be taken (say ax). As a result, a reward given by r(z, ax),
denoted by ry, is received and a new state Z' is chosen according to P(Z' | z, ax). A
policy r is arule that determines, for each history Hy = z, &4, ..., Z«_1, a_1, Z Of
states and actions, the probability distribution of the decision maker’s actions at time
k. A policy is called Markov if each action depends only on the current state z, and
time k. A Markov policy is caled stationary if it does not depend on the time k. The
goal of the decision maker is to maximize a certain reward as a function of the policy.
There are severa reward criteriaof interest, see Puterman (1994) for adiscussion. Inthis
exposition we consider thetotal reward criterion which applies when there exists afinite
stopping time t at which the process terminates. The abjective is to maximize the total
reward

-1
V(r,20) =Ex ) ri. (61)
k=0

starting from some fixed state z5. Here [E,; denotes the expectation with respect to some
probability measure induced by the policy 7. We will restrict our attention to stochastic
shortest path MDPs, whereit isassumed that the process startsfrom aspecificinitial state
2o = 7%, and that there is aabsorbing state z'" with zero reward. The objectiveis given
in (61), with r being the stopping time at which z'" is reached (which we will assume
will always happen eventually). For stochastic shortest path MDPs, it is a well known
(Puterman, 1994) fact that there exists a stationary Markov policy which maximizes
V (7, 2p).

If the model (r and P) is known, then there are severa efficient methods, such
as value iteration and policy iteration, for finding the optimal policy (Puterman, 1994).
However, when thetransition probability or thereward in an M DP are unknown, the prob-
lemismuch moredifficult, and isreferred to asalearning one. A well-known framework
for learning algorithms is reinforcement learning (RL), where an agent learns the be-
havior of the system through trial-and-error with an unknown dynamic environment,
see Kaelbling, Littman, and Moore (1996). For reviews of RL see Barto and Sutton
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(1998), Bertsekas and Tsitsiklis (1995), Kaelbling, Littman, and Moore (1996). Note
that many of learning algorithm for MDPs rely on the Stochastic Approximation Algo-
rithm and convergence istypically slow. Using the CE method to search for the optimal
policy is similar to certain approachesin RL that attempt to search the policy space (or
a subset thereof). Notable policy search algorithms used in RL are: a direct search in
the policy space of Rosenstein and Barto (2001); a policy gradient search approach of
Baxter, Bartlett, and Weaver (2001); and the actor critic framework of Barto, Sutton, and
Anderson (1983). See also Sutton et al. (2000), and Konda and Tsitsiklis (2003).

Policy learning via the CE method

Since for the shortest path MDP an optimal stationary policy exists, we can represent
each stationary policy asavector x = (Xy, ..., Xp) Withx; € {1, ..., m} being theaction
taken when visiting state i . Writing the expectation in 61 as

Al
=

S(X) =Ex ) r(Zk. A, (62)
k

Il
o

where Zy, Z;, ... arethe statesvisited, and Ag, A4, . . . the actions taken, we see that the
optimization problem 61 is of the form 30. From a CE point of view we consider the
maximization problem 62 as a noisy maximization problem. The idea now isto combine
the random policy generation and the random trajectory generation in the following way:
At each stage of the CE agorithm we generate random policies and random trajectories
using an auxiliary n x m matrix P = (p.a), such that for each state z we choose action
a with probability pz. Once this“policy matrix” P is defined, each iteration of the CE
agorithm comprises the following two standard phases:

1. Generationof N randomtrajectories(Zg, Ao, Z1, A1, ..., Z;, A;) usingtheauxiliary
policy matrix P. The cost of each trgjectory is computed via

[any

§(X) = 5 r(Zx, Av). (63)

J

I
o

2. Updating of the parameters of the policy matrix (pz,) on the basis of the data collected
at the first phase.

The matrix P istypicaly initiaized to a uniform matrix (p;j = 1/m). Generation
of random trajectoriesfor MDPis straightforward and is given for completeness. All one
hasto do isto start thetrajectory from theinitial state zy = 23" and follow the trajectory
by generating at each new state according to the probability distribution of P, until the
absorbing state z'" is reached at time 7, say.
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Algorithm 5.1 (Trajectory generation for MDP)
Input: P auxiliary policy matrix.
1. Start from the given initial state Zg = 2%, set k = 0.

2. Generate an action Ay according to the Zith row of P, calculate the reward ry =
r(Zx, Ax) and generate a new state Zy; according to P(- | Zx, Ax)- Setk = k + 1.
Repeat until z, = z™.

3. Output thetotal reward of the trgjectory (Zo, Ao, Z1, Ay, ..., Z;), given by (63).

Given the N trajectories X, . .., Xy and their scores, (X1), ..., Xn), onecan
update the parameter matrix (p,s) using the CE method, namely as per

N 1 |
2 ket sz Hixetia)

: (64)

pt,za = N
> ke Vaoxg =90 ke

where the event { Xy € X} means that the trgjectory Xy contains a visit to state z and
theevent { Xy € Xz} meansthe trgjectory corresponding to policy Xg containsavisit to
state z in which action a was taken.

We now explain how to take advantage of the Markovian nature of the problem.
Let us think of a maze where a certain trgjectory starts badly, that is, the path is not
efficient in the beginning, but after some time it starts moving quickly towards the goal.
According to (64), all the updates are performed in a similar manner in every state in
the trajectory. However, the actions taken in the states that were sampled near the target
were successful, so one would like to “encourage” these actions. Using the Markovian
property one can substantially improve the above algorithm by considering for each state
the part of the reward from the visit to that state onwards. We therefore use the same
trgjectory and simultaneously calculate the performance for every state in the trgjectory
separately. Theideaisthat each choice of action in a given state affects the reward from
that point on, disregarding the past.

The sampling Algorithm 5.1 does not change in Steps 1 and 2. The differenceisin
Step 3. Given apolicy X and atrajectory (Zo, Ao, Z1, As, ..., Z;, A;) we calculate the
performance from every state until termination. For every state z = Z; in the trajectory
the (estimated) performance is $,(X) = Y f_jr«. The updating formula for P is
similar to (64), however each state z is updated separately according to the (estimated)
performance S,(X) obtained from state z onwards.

N ~
> k=1 M &)= | Xeal (65)

ﬁt,za = N
D k=1 L5000 72 (Xt

A crucial point hereisto understand that in contrast to (64) the CE optimizationiscarried
for every state separately and a different threshold parameter j , is used for every state
z, a iteration t. This facilitates faster convergence for “easy” states where the optimal
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policy is easy to find. Numerica results indicate that the CE algorithm with updating
(65) is much faster then that with updating (64).

Numerical results

The CE method with the updating rule (65) and trajectory generation according to
Algorithm 5.1 was implemented for a maze problem, which presents atwo-dimensional
grid world. We assume that

1. The movesin the grid are alowed in four possible directions with the goal to move
from the upper-left corner to the lower-right corner.

2. The maze contains obstacles (“walls’) into which movement is not allowed.

3. Thereward for every allowed movement until reaching the goal is —1.

In addition we introduce;

1. A smadl (failure) probability not to succeed moving in an allowed direction.

2. A small probability of succeeding moving intheforbidden direction (* moving through
thewall”).

3. A high cost for the movesin aforbidden direction.

Infigure 10 we present theresultsfor 20 x 20 maze. We set thefollowing parameters:
N = 1000, p = 0.03, « = 0.7. The initia policy was a uniformly random one. The
cost of the moves were assumed to be random variables uniformly distributed between
0.5 and 1.5 and uniformly distribute between 25 and 75 for the alowed and forbidden
moves, respectively. Note that the expected cost for the allowed and forbidden movesare
equal to 1 and 50, respectively. The success probabilities in the allowed and forbidden
states were taken 0.95 and 0.05, respectively. The arrows z — Z' in figure 10 indicate
that at the current iteration the probability of going from z to Z' is at least 0.01. In other
words, if a corresponds to the action that will lead to state z' from z then we will plot an
arrow from zto Z provided p,, > 0.01.

In al our experiments CE found the target exactly, within 5-10 iterations and
CPU time was less than one minute (on a 500 MHz Pentium processor). Note that the
successive iterations of the policy in figure 10 quickly converge to the optimal policy.

Additiona numerical resultscan befoundin Dubin (2002). Extensions, other reward
criteria, and further applications appear in Mannor, Rubinstein, and Gat (2003). These
results demonstrate that the CE agorithm may serve as a policy learning algorithm. In
contrast to the popular Q-learning (e.g. Dayan and Watkins, 1992) and value iteration
(e.g. Bertsekasand Tsitsiklis, 1995) based a gorithms, no informationis propagated back,
but rather the policy islearned directly.
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Figure 10. Performance of the CE Algorithm for the 20 x 20 maze. Each arrow indicatesaprobability > 0.01
of going in that direction.

6. Discussion and future directions

In this tutorial we introduced the CE method, a new generic approach to efficiently
solve difficult deterministic and stochastic optimization problems (both combinatoria
and continuous multi-extremal), and to adaptively find efficient estimatorsfor rare event
probabilities. We presented the CE methodol ogy, the basic algorithm and its modifica-
tions, and discussed its applications to several combinatorial optimization and machine
learning problems. We showed that the CE method isasimple, versatile and easy usable
tool. Another virtue of the CE method is its robustness with respect to its parameters. In
most cases, thereisawide range of parameters N, p, @ and p, P that leadsto the desired
solution with high probability, although sometimes choosing an appropriate parametriza-
tion and sampling scheme is more of an art than a science. Moreover, the foundations
of the CE method are based on some well known classical probabilistic and statistical
principles, and are therefore fairly problem-independent.

Although, asmentioned, it isout of the scope of thistutorial to give adetailed com-
parison between the CE method and other heuristics we shall point out afew similarities
and differences. The main difference between the CE method and simulating annealing
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(Aarts and Korst, 1989) is that the latter can be viewed as a local search algorithm
whereasthe CE isaglobal search one, and thus, itislesslikely —at least in principle—to
get stuck in alocal optimal solution. The CE method and genetic algorithms (Goldberg,
1989) share the common idea of picking samples at random and improve the way the
samples are generated from generation to generation. In both methods, the solutions
fitness is estimated according to a score/performance function. When running genetic
algorithmsthe genetic encoding of the solutionis problem-specific and oftenrequiressig-
nificant effort. In addition, there are many parametersthat appear to becritical - crossover
and mutation probabilities and sample size. The way the CE method chooses the next
sample is less ambiguous, as the change of population generation parameter is optimal
in “Kullback-Leiber distance” sense. Also the ant colony optimization (ACO) method
(Dorigo, Di Caro, and Gambardella, 1999) bears similarities with the CE method, espe-
cialy for SEN. The difference is the way the next generation of solutions is generated.
In ACO good solutions in the previous generation increase the probability that solutions
in subsequent generations follow asimilar path. The generation of future solutionsis not
based on a principled calculation, but rather on problem dependent heuristics. We note
that methods in the spirit of tabu search (Glover and Laguna, 1993) and guided loca
search (Voudouris, 2003) that penalize the neighborhood of previously examined solu-
tions, use acompletely different mechanism. Finally, we do not claim that the CE method
always finds the optimal solution. Although the numerical results with CE are typically
quite reliable, there is no guarantee that it will not get trapped in alocal minimum, at
times.

There are severa research topics that call for further development. First, the re-
silience of the CE method to local minima has been observed in many applications but
is still not well understood. It seems that the CE method tends to overcome local min-
ima based on both the randomization mechanism involving the elite sampling and the
smoothed updating.

Second, the convergence of the CE method deserves further study. Convergence
results concerning the CE method can be found in several sources. Typically, these
are asymptotic in nature, similar to existing convergence results for genetic algorithms,
simulated annealing and ant colony algorithms. Asaresult they do not always shed much
light on the actual (non-asymptotic) behavior of theagorithm. Inthe context of rare event
simulation, which can be readily adopted to combinatorial optimization, convergence of
CE is given in Homem-de-Mello and Rubinstein (2002). The basic assumption there
is that the probability of arare event does not vanish in a neighborhood of the optimal
solution. Thealgorithm proposed in Homem-de-Mello and Rubinstein (2002) isthe same
as Algorithm 2.1, only that p and N are determined adaptively. Another convergence
theorem in the rare event setting is given in Lieber (1998). Margolin (2005) provides
asymptotical convergenceresultsof two modificationsof themain CE Algorithm 2.3. The
proof issimilar to that of Gutjahr (2000) for the ant colony optimization. Thisasymptotic
result provides no guidance on convergence rates. Much more on the convergence of CE
should be done, in particular finding bounds of convergence rates, at least for some
particular difficult optimization problems.
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Another research issueisto devel op and investigate somealternative stopping rul es.
Thecurrent heuristic rule only indicatesthelack of improvement in the past few iterations
and when the CE method stopsit may happen that it isnot even alocal optimum. Finally,
we consider application of the CE method to constrained optimization problems, and in
particular to constrained integer programs, as a challenging topic which would be worth
exploring.

For further reading we refer to the monograph (Rubinstein and Kroese, 2004).
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Abstract

The problem of model selection for support vector machines (SVMs) is considered. We
propose an evolutionary approach to determine multiple SVM hyperparameters: The
covariance matrix adaptation evolution strategy (CMA-ES) is used to determine the kernel
from a parameterized kernel space and to control the regularization. Our method is applicable
to optimize non-differentiable kernel functions and arbitrary model selection criteria. We
demonstrate on benchmark datasets that the CMA-ES improves the results achieved by grid
search already when applied to few hyperparameters. Further, we show that the CMA-ES is
able to handle much more kernel parameters compared to grid-search and that tuning of the
scaling and the rotation of Gaussian kernels can lead to better results in comparison to
standard Gaussian kernels with a single bandwidth parameter. In particular, more flexibility of
the kernel can reduce the number of support vectors.
© 2004 Elsevier B.V. All rights reserved.

Keywords: Support vector machines; Model selection; Evolutionary algorithms

1. Introduction

Support vector machines (SVMs, e.g., [5,22,24]) are learning machines based on
two key elements: a general purpose linear learning algorithm and a problem specific
kernel that computes the inner product of input data points in a feature space. The
choice of the kernel function is the crucial step in handling a learning task with an
SVM. For example, it is important to achieve a distribution of the data in the feature
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space that reflects the affiliation to the class labels. Often a parameterized family of
kernel functions is considered and the problem reduces to finding an appropriate
parameter vector for the given problem. In case of noisy, non-separable data one
also has to choose a regularization parameter, which controls the trade-off between
minimizing the training error and the complexity of the decision function. The kernel
parameters together with the regularization parameter are called the hyperpara-
meters of the SVM.

In practice the hyperparameters are usually determined by grid search. That is, the
hyperparameters are varied with a fixed step-size through a wide range of values and
the performance of every combination is assessed using some performance measure.
Because of the computational complexity, grid search is only suitable for the
adjustment of very few parameters. Perhaps, the most elaborate systematic technique
for choosing multiple hyperparameters are gradient descent methods [3,4,8,15].
These algorithms iterate the following procedure: The SVM is trained using the
current hyperparameter vector, the gradient of some generalization error bound
w.r.t. the hyperparameters is calculated, and a step is performed in the parameter
space based on this gradient. However, this approach has some significant
drawbacks. The kernel function has to be differentiable. The score function for
assessing the performance of the hyperparameters (or at least an accurate
approximation of this function) also has to be differentiable with respect to kernel
and regularization parameters. This excludes reasonable measures such as the
number of support vectors. In [3, Section 6.2] separability of the dataset is assumed
when computing the derivative, which is a very restrictive assumption. Iterative
gradient-based algorithms, which usually rely on smoothed approximations of a
score function, do not ensure that the search direction points exactly to an optimum
of the original, often discontinuous generalization performance measure.

We propose an evolutionary method for hyperparameter selection that does not
suffer from the limitations described above. Evolutionary algorithms have been
successfully applied to model selection for neural networks [11,18,25]. This includes
the recent applications of genetic algorithms for feature selection of SVMs
[6,7,14,17]. We use the covariance matrix adaptation evolution strategy (CMA-ES,
[10]) to search for an appropriate hyperparameter vector. The fitness function that is
optimized directly corresponds to some generalization performance measure. We
apply our method to tuning Gaussian kernels, where not only the scaling but also the
orientation is adapted.

We give a short description of SVMs in Section 2 and of the CMA-ES in Section 3.
The parameterization of general Gaussian kernels is introduced in Section 4. We
present experimental results in Section 5 and draw our conclusions in Section 6.

2. Support vector machines
We consider L;-norm soft margin SVMs for the discrimination of two classes. Let

(x:,»;), 1 <i<{, be the training examples, where y; € {—1, 1} is the label associated
with input pattern x; € X. The main idea of SVMs is to map the input vectors to a
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feature space F and to classify the transformed data by a linear function. The
transformation ¢ : X — F is implicitly done by a kernel K : X x X — R, which
computes an inner product in the feature space, i.e., K(x;,x;) = (¢(x;), ¢(x;)). The
linear function for classification in the feature space is chosen according to a
generalization error bound considering a target margin and the margin slack vector,
i.e., the amounts by which individual training patterns fail to meet that margin (cf.
[5,22,24]). This leads to the SVM decision function f(x) = sign(Zf=1 Vi K (x;, x) +
b), where the coefficients o are the solution of the following quadratic optimization
problem: Maximize W(a) = Zle o — %Zﬁ/:] ;095K (x;, x;) subject to Zle oy, =
0and 0<o;<C fori=1,..,¢ The optimal value for b can then be computed based
on the solution «*. The vectors x; with «;>0 are called support vectors. The
regularization parameter C controls the trade-off between maximizing the target
margin and minimizing the L;-norm of the margin slack vector of the training data.

3. Evolution strategies

Evolution strategies (ES, [2,20,23]) are one of the main branches of evolutionary
algorithms, i.e., a class of iterative, direct, randomized optimization methods
mimicking principles of neo-Darwinian evolution theory. Here, we use the highly
efficient CMA-ES [9,10]. A set of u individuals that form the parent population is
maintained. Each individual has a genotype that encodes a candidate solution for the
optimization problem at hand, in this study an m-dimensional real-valued object
variable vector representing the SVM hyperparameters. The fitness of an individual
is equal to the objective function value at the point in the search space it represents.
In each iteration of the algorithm, 4> u new individuals, the offspring, are generated
by partially stochastic variations of parent individuals. The fitness of the offspring is
computed and the u best of the offspring form the next parent population. This loop
of variation and selection is repeated until a termination criterion is met.

In the following, we describe the covariance matrix adaptation ES (CMA-ES)
proposed in [9,10], which performs efficient real-valued optimization. Each
individual represents an m-dimensional real-valued object variable vector. These
variables are altered by two variation operators, intermediate recombination and
additive Gaussian mutation. The former corresponds to computing the center of
mass of the u individuals in the parent population. Mutation is realized by adding a
normally distributed random vector with zero mean. In the CMA-ES, the complete
covariance matrix of the Gaussian mutation distribution is adapted during evolution
to improve the search strategy. More formally, the object parameters gg) of offspring
k=1,...,2 created in generation ¢ are given by

gg) — <g>(1) + O'(I)B(t)D(t)zg),

where (§)? = (1/w> %, §” is the center of mass of the parent population in
generation ¢ and the zgf) ~ (0, ) are independent realizations of an m-dimensional

normally distributed random vector with zero mean and covariance matrix equal to
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the identity matrix I. The covariance matrix C” of the random vectors
O B® D(t)zg) ~ (0, C(l))

is a symmetric positive m x m matrix with
' = ¢ /* = BOPOBIPOYT

The columns of the orthogonal m x m matrix B are the normalized eigenvectors of

C'” and DV isamxm diagonal matrix with the square roots of the corresponding
eigenvalues.

The strategy parameters, both the matrix C'"” and the so-called global step-size
o, are updated online using the covariance matrix adaptation (CMA) method. The
key idea of the CMA is to alter the mutation distribution in a deterministic way such
that the probability to reproduce steps in the search space that have led to the
current population is increased. This enables the algorithm to detect correlations
between object variables and to become invariant under orthogonal transformations
of the search space (apart from the initialization). In order to use the information
from previous generations efficiently, the search path of the population over a
number of past generations is taken into account.

In the CMA-ES, rank-based (u, 4)-selection is used for environmental selection.
That is, the p best of the 4 offspring form the next parent population. After selection,
the strategy parameters are updated:

D — = c)s(t) + ¢ \/HB(’)D(I)(z)g) ,
—_————

H@ @)

C/(H—l) — (1 . Ccov)C/m + CCOVS([+1)(S(t+l))T.

Herein, s‘*D) € R™ is the evolution path—a weighted sum of the centers of
the population over the generations starting from s) =0. The factor I
compensates for the loss of variance due to computing the center of mass. The
parameter ¢ €]0, 1] controls the time horizon of the adaptation of s; we set ¢ =

1//m. The constant ¢, = \/¢(2 — ¢) normalizes the variance of s (viewed as a

random variable) as 17 = (1 — ¢)* + ¢2. The expression (z)if) =(1/w>E, zf? is the
average of the realizations of the random vector that led to the new parent
population, where i : 4 denotes the index of the offspring having the ith best fitness

value of all offspring in the current generation ({]ffﬂ) = g%, i=1,...,u). The

parameter c.oy € [0, 1] controls the update of C '™ and we set it to Coov =2/ (m? 4+ m).
This update rule shifts ') towards the m x m matrix s“+D(s¢+D)T making mutation
steps in the direction of s/*! more likely. The evolution path does not only represent
the last (adaptive) step of the parent population, but a time average over all previous
adaptive steps. The influence of previous steps decays exponentially, where the decay
rate is controlled by c.
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The adaptation of the global step-size parameter ¢ is done separately on a shorter
timescale (a single parameter can be estimated based on less samples compared to the
complete covariance matrix). We keep track of a second evolution path s, without
the scaling by D:

s = (= o) + o, VB @Y,

D — 50 exp(”sg"'l)ll - 2;1)3
di,

where %, is the expected length of a m-dimensional, normally distributed random
vector with covariance matrix I. The damping parameter d>1 decouples the
adaptation rate from the strength of the variation. We set d = \/m and start from
s) = 0. The parameter ¢, €]0, 1] controls the update of s,. Here, we use ¢, = c.
Setting ¢,, = \/¢+(2 — ¢;) normalizes the variance of s,. The evolution path s, is the
sum of normally distributed random variables. Because of the normalization, its
expected length would be %, if there were no selection. Hence, the update rule
basically increases the global step size if the steps leading to selected individuals have
been larger than expected and decreases the step size in the opposite case.

The CMA-ES needs only small population sizes. In the following, they are chosen
according to the heuristics A = max(5, min(m, 4 + [31n m])) and u = max(l1, [1/4])
based on [10], where m is the number of object variables. The initializations of c®
and ¢V allow for incorporation of prior knowledge about the scaling of the search
space (see Section 5.1). Note that all other parameters of the algorithm can be set to
the carefully determined default values given in [9,10]. Of course, tuning for example
the cumulation by changing ¢ and ¢, for a particular class of cost functions can
increase the search performance, but without additional knowledge about the
objective function we stick to the robust default values, see [10] for a detailed
discussion.

4. Encoding general Gaussian kernels

We consider SVMs with general Gaussian kernels
KA(x, Z) — e—(x_z)TA(x—z)’

where A4 is a symmetric positive definite matrix. We use three different
parameterizations of these kernels yielding three nested spaces of kernel functions.
Firstly, there are the ordinary Gaussian kernels K.y, where I is the unit matrix and
7>0 the only adjustable parameter. Secondly, we allow independent scalings of the
components of the input vectors and consider the kernel family Kp, where D is a
diagonal matrix with positive entries. Finally, we allow arbitrary symmetric positive
definite matrices A4, i.e., the input space can be scaled and rotated. This kernel family
is denoted simply by K 4.
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The individuals in the ES encode the regularization parameter C and the kernel
parameters. The ES obeys restrictions of parameters to RT when necessary (see
below). However, when encoding K 4 kernels, we have to ensure that after variation
the genotype still corresponds to a feasible (i.e., symmetric, positive definite) matrix.
We use the fact that for any symmetric and positive definite n x n matrix 4 there
exists an orthogonal n x n matrix T and a diagonal n x n matrix D with positive
entries such that 4 = T'DT and

n—1 n

=11 II RGp.

i=1 j=it1

see [21]. The n x n matrices R(x;;) are elementary rotation matrices which are equal
to the unit matrix except for [R(o;;)]; = [R(0))]; =cos o and [R(o))]; =
—[R(2;;)]; = sin ;. Each genotype encodes the n + (n* —n)/2 + 1 parameters

4
(C )dla A sdna 051,2, O(l,:;, ctc OCl,ﬂ) a2,35a2,45 M) a2,na ctc O‘n—l,n)a

and we set D = diag(|d,|,...,|d,|) and C = |C’|.

5. Experimental evaluation
5.1. Experiments

For the evaluation of our hyperparameter optimization method we used the
common medical benchmark datasets Breast-Cancer, Diabetes, Heart, and Thyroid
with input dimension n equal to 9, 8, 13, and 5, and total number of patterns 277,
768, 270, and 215, respectively. The data were preprocessed and partitioned as in
[19]. Each component of the input data is normalized to zero mean and unit standard
deviation. There are 100 partitions of each dataset into disjoint training and test sets.
In [16], appropriate SVM hyperparameters for the Gaussian kernel K.; were
determined using a two-stage grid-search and the following score function: For each
hyperparameter combination, five SVMs are built using the training sets of the first
five data partitions and the average of the classification rates on the corresponding
five test sets determines the score value (Test-5) of this parameter vector. The
hyperparameter vector with the best score is selected and its performance is
measured by calculating the score function using all 100 partitions (Test-100)."

We used this scenario as a basis for our evolutionary hyperparameter adaptation
approach: We took the results of the grid search performed in [16] as initial values
for the CMA-ES and used the score function described above to determine the
fitness. The initializations of v and C were approximately 0.00661 and 280, 0.00090
and 274, 0.00120 and 8.8, and 0.05863 and 401 for Breast-Cancer, Diabetes, Heart,

"We have chosen this evaluation procedure in order to compare our results one-to-one with [16]. As in
[16,19], the data for computing Test-5 and Test-100 overlap and hence Test-100 is only a weak indicator
for the generalization performance. However, we tested other evaluation criteria which gave qualitatively
the same results.
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Test-5

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
T

Fig. 1. Score function (average classification rates on the five test sets, Test-5, in percent) for the Heart
dataset using K,; with different combinations of C and t.

and Thyroid, respectively. Grid-search reveals that the hyperparameter optimization
problem is indeed multi-modal, see Fig. 1 for an example. It is not necessary to
determine the starting points for the ES by grid search. Typically, we start the CMA-
ES from a randomly chosen point or in an area which was roughly determined by a
very coarse grid search.

For each benchmark dataset and each of the three kernel families, 20 evolutionary
optimizations over 250 generations were performed. In each trial, the hyperpara-
meter vector with the best fitness value (Test-5) was regarded as the solution. The
performance of each solution was assessed by calculating the score using all 100 data
partitions (Test-100). The SVMs were trained using SVM'M [13]. We set the
parameters of the initiall CMA mutation distribution to ¢ =1 and €'V =
diag (0.001,0.00001,...,0.00001), because the regularization parameter C should be
varied stronger compared to the kernel parameters in the beginning.

5.2. Results
We compared the start values of Test-5 and Test-100 with the results obtained by

the ES, see Table 1. Except for a few cases, we achieved significantly (z-test, p<0.05)
better results by evolutionary optimization. The ES could even improve the
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Table 1
Results averaged over 20 trials 4 standard deviations
Data Kernel 7 A Test-5 Test-100 #SV-100
init 73.77 74.51 _ 113.52
K. 1015 5 74.00 +0.08" 74.56 +0.04" 114.58 + 1
C Kp 83 +42 10 76.91 +0.96" 75.17 £ 0.65" 113.10 £0.89"
K4 179 £ 59 15 77.47 £0.53" 75.38 £0.42" 112.70 £ 0.68"
init 76.34 76.67 247.83
K 102 + 78 5 76.84 £0.11" 76.67 +0.04 251.63 +8.14
D Kp 149 + 56 9 78.10 +£0.22" 76.88 +0.25" 239.31 +2.84"
K4 181 + 56 14 78.07 +0.19" 76.73 +0.32 235.73 +3.43"
init 83.80 84.79 106.33
K. 10+£17 5 83.81 & 0.04 84.74 + 0.04 103.37 £0.97"
H Kp 97 + 41 11 85.71 +0.43" 84.98 +0.36" 76.52 +2.10"
K4 153 + 47 17 85.86 +0.17" 85.14 +0.33" 7551+ 1.5
init 96.27 95.83 16.36
K. 3+5 5 96.56 = 0.08" 95.74 £ 0.2 15.99 £+ 1.01
T Kp 16 + 35 6 97.29+0.1" 96.01 +0.04" 15.46 £0.12"
K4 543 12 97.33+0" 96.01 +0.05" 1542 +0.18"

The first column specifies the benchmark: Breast-Cancer (C), Diabetes (D), Heart (H), and Thyroid (T).
The second column indicates whether the results refer to the initial grid search values (init, [16]) or to the
evolutionary optimized kernels K7, Kp, or K 4. The 7 values are the generations needed to evolve the final
solution on average and / is the number of offspring per generation (u is chosen according to the heuristic
given in Section 3). Thus, 7 - 4 indicates the average computational costs to find the final parameters, of
course, good values are already found earlier in the evolutionary process. The percentages of correctly
classified patterns on the 5 and 100 test sets are given by Test-5 and Test-100. The average numbers of
support vectors over the 100 training sets is #SV-100. Results statistically significantly better compared to
grid-search (init) are marked with.

The average numbers of support vectors over the 100 training sets is #SV-100.

*(significantly better compared to grid-search (init), two-sided r-test, p<0.05).

performance when adapting K;; in some cases, although the initial values were
already tuned for K.; by intensive grid search.

We also used a ¢-test to compare the performance of the resulting SVMs when the
evolutionary search was performed in the three spaces of kernel functions. The
scaled kernels Kp as well as the scaled and rotated kernels K4 led to significantly
(»<0.05) better results compared to the ordinary Gaussian kernel K.y (except for
Diabetes: Test-100 with kernel K 4). The major improvement was already achieved
by allowing scaling. However, in one case (Breast-Cancer: Test-5) the kernel K 4 with
the additional rotation parameters gave significantly (p <0.05) better results than just
scaling.

There is another remarkable advantage of the scaled kernel Kp and the scaled and
rotated kernel K,4: The number of support vectors decreases. Evolutionary
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adaptation of kernels Kp and K4 led to SVMs having significantly less support
vectors compared to the ordinary kernel K,y optimized by the ES or grid-search, see
Table 1. Again, in one case (Diabetes) the kernel K, with additional rotation
parameters yielded a significantly (p <0.05) better result than just scaling.

6. Conclusions

The CMA evolution strategy is a powerful, general method for SVM
hyperparameter selection. It can handle a large number of kernel parameters and
does neither require differentiable kernels and model selection criteria nor
separability of the data. As typical selection criteria exhibit multiple local optima
(e.g., see Fig. 1 and [8]), we claim that evolutionary optimization is generally better
suited for SVM model selection than gradient-based methods.

It is often argued that evolutionary optimization of kernels is too time consuming
for real-world applications. Given a certain amount of time for designing the
classifier, there is a maximum number of objective function evaluations—and the
question is how to spend these evaluations. Grid-search, for example, scales
exponentially in the number of objective parameters. In contrast, a simple evolution
strategy scales linearly on functions that are monotone with respect to the distance to
the optimium [1,12]. The objective functions in case of SVM optimization seem to be
well suited for evolution strategies (see Fig. 1), which can follow a global trend that is
superposed by local minima. Thus, in problems which are currently addressed by
grid-search the number of objective parameters and the accuracy of the optimization
can be increased when using an evolutionary algorithm.

We demonstrated that extended Gaussian kernels with scaling (and rotating)
parameters can lead to a significantly better performance than standard Gaussian
kernels. To our knowledge, for the first time a method that adapts the orientation of
Gaussian kernels—i.e., that can detect correlations in the input data space relevant
for the kernel machine—was presented. Our experiments show that by increasing the
flexibility of the kernels the number of support vectors can be reduced. Future work
will address other, especially non-differentiable kernels and optimization criteria.
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Abstract. The similarity measures used in first-order IBL so far have been limited to the function-free ¢
this paper we show that a lot of power can be gained by allowing lists and other terms in the input represent
designing similarity measures that work directly on these structures. We present an improved similarity
for the first-order instance-based learraL that employs the concept eflit distancedo efficiently compute
distances between lists and terms, discuss its computational and formal properties, and empirically demc
additional power on a problem from the domain of biochemistry. The paper also includes a thorough recon
of RIBL’s overall algorithm.

Keywords: inductive logic programming, relational instance-based learning

1. Introduction

For propositional learning problems instance-based learning (IBL) algorithms have .
been a very popular and well studied choice (Aha, 1997; Aha, Kibler & Albert, 1
Wettschereck & Dietterich, 1995). An instance-based algorithm does not compute &
alization of the examples at learning time, but simply stores the examples or variants
and then arrives at a classification based on comparing a new instance to the pre
stored instances. Since generalization is delayed until classification time, such alg
are also referred to dazy learningalgorithms (Aha, 1997; Aha, Kibler & Albert, 199!
Even the simplest instance-based learning algorithmkihearest neighbor (kNN) cla
sifier, is known to outperform other approaches for many application problems.
advanced variants address the problem of sensitivity to irrelevant features by learn
ture weights (Wettschereck, Mohri & Aha, 1997) and the problem of overly large in<
sets by storing selected examples or generalized prototypes (Aha, Kibler & Albert,
Salzberg, 1991).
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In first-order relational learning, as it is studied e.g. in the field of Inductive L
Programming (ILP) (Muggleton & De Raedt, 1994; Wrobel, 1996) the use of instance:
learning techniques was first described in Emde and Wettschereck (1996), and imple
in the first version of the Relational Instance-Based Learning sysigm Even though thi:
original version oRIBL was limited to function-free relational representations, it was ap
very successfully to practical problems such as the classification of Diterpene mo
based on their nuclear magnetic resonance (NMR) spectra (DZeroski et al., 1996).

In this paper we present the most recent versioriBf which has been extended
now handle relational representations with lists and other functional terms as well.
end we define an improved similarity measure R@L that employs the concept efit
distancedo efficiently compute distances between lists and terms. With experime
a real-world domain (signal structure prediction in mRNA-molecules) we show th
new similarity measure allows significant additional power to be gained. The pap
includes a thorough reconstruction of the basic origial algorithm and can thus ser
as a precise reference kgL which has previously only been described in the confer
paper (Emde & Wettschereck, 1996).

The paper is organized as follows: In the next section we briefly review the basics
and propositional similarity measures. In Section 3, we then give a detailed reconst
of theriBL algorithm that supplements the original paper of (Emde & Wettschereck, 1
Section 4 then presents the main technical contribution of this paper, the new sin
measure for constants, lists and terms. We discuss its computational properties ar
that the measure is a semi-metric. Section 5 is devoted to the empirical evalua
the mRNA signal structure prediction problem first presented in Bohnebeck, Horva
Wrobel (1998a). In Section 6 we discuss related work. Section 7 contains our conc
and pointers to future work.

2. Instance-based learning and RBL

In function learning from examples, a learner is given a set of exanipfesm an instanci
spacel along with a class label or target valage) € Y for eache € E. If Y contains
only a few discrete values, one often speaks of a classification learning probMrad
only two values, the task is referred to as concept learning, and one of the target fi
values (e.g.¢(e) = 1) is taken to meane‘is a member of the target concept”, and the o
value (e.g.c(e) = 0) is taken to mean “& not a member of the target concept” Ylfis a
continuous set such & the problem is also named a regression learning problem.
these examples, mostinductive learners would induce a hypothisisis a generalizatic
of the examples, e.g., a decision tree, and use it to classify new, unseen examples,
learner’s predictior’ for a new instance,e, € Z would be

C/(enew) = h(enew)~
An instance-basetkarner, on the other hand, in its simplest form just stores all ¢

example<€. Itthen basesits prediction on thdsexamples fronk that are “closest” t@new
(wherek is a user-given or system determined parameter). To this end, the instanct
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learner possesses (or is givergistance measurbIST
DsT: ZIx7Z—>R

that assigns a real number to each pair of instances such that “closer” pairs of instar
assigned smaller numbers. In the following, we will assume thett B bounded betwee
0 and 1, so we can equivalently speak of sirailarity measuresim defined as

SM(X, y) :=1— DIST(X, Y).

The learner usesii$ (or DIST) to determine th& nearest neighbors (mew) = {€,, - - -,
en.} C E of enew(breaking ties arbitrarily), and lets these nearest neighbors “vote” to ¢
at a prediction foeney. Usually, each neighbor’s vote is weighted according to its diste
so that closer neighbors have larger influence.

For a discrete prediction problem with class valtes {c,, ..., cn}, we select the clas
which individually has received the highest weighted vote. More preciseNc|étew) ‘=
{e € N(&new | c(€) = cj} denote the neighbors efi, voting for classc;. Then the voting
procedure is:

h(new 1= argma, ¢ Z SIM (Enew, €)-
eENv:j (Enew)

For a continuous prediction problem, instead of selecting the value that receiv
highest vote, we predict the weighted average of the neighbors’ class values:

ZeeN(eneW) SIM (Enews €) - C(€)
2N (@ M (Enew ©)

h(enew) =

For obvious reasons, this simplest instance-based learner is also dalleheest neigh
bor classifiekNN). The valuek is usually determined by the learner using cross valide
on the training set, choosing the valuekahat performs best.

Since an instance-based learner delays generalization until classification time, suc
rithms are also referred to Ey learningalgorithms. Based on the kNN algorithm, varic
more sophisticated approaches have been studied to address some of the open is!
kNN. First, for large example sets, storing all the examples might require too much s
and too much time for finding the nearest neighbors. This problem can be addres
storing only selected examples (Aha, Kibler & Albert, 1991) or using generalized f
types or rectangles in instance space (Salzberg, 1991). Second, the problem of sens
irrelevant features has been addressed by different weight learning schemes (Wetts:
Mohri & Aha, 1997).

2.1. Propositional similarity measures

Since the similarity measure is the central element of an instance-based learner, let
a closer look at its required properties. These are easier to express for distance m
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Ideally, a distance measure should baetric:

DIST(X, y) > 0 1)
DisT(x,y) =0iff x=y (2)
DIST(X, y) = DIsST(y, X) 3)
DIST(X, y) < DIST(X, Z) + DIST(Z, y) (4)

for everyx, y, z € Z. A metric DIST is said to bdrivial if for everyx,y e 7

5 0 i xf=y

IST(X.Y) = {1 otherwise.

DisT is asemi-metricf Condition (4) (thetriangle inequality) does not hold. Relaxin
Condition (2) to DsT(x, x) = 0 for Vx € Z, we get the definition opseudo-metric. A
metric, semi-metric or pseudo-metriedd is r-bounded(r € R) if r is an upper bound or
the values of sT. In this paper, all distance (and thus similarity) measures considere
1-bounded.

Depending on how instancesdnare represented, defining a distance measure (or ¢
larity measure, respectively) that satisfies the above conditions is more or less difficu
propositional representations including both numeric and discrete attributes, one
defines distance measures on individual attributes depending on their type.

Let TyPe(A) denote the type of an attribu® For a numerical attributé with value
range B, b] (TYPE(A) := number (a, b)), we define the similarity of two attribute value
r, andr, as

[ry —ra
b—a

S"V|att(r17 2, A) =1-

For adiscrete attribut& (TyPE(A) := discrete ), we define the similarity of two attribut:
valuesd; andd, by

SMa(y dp, Ay = |1 B =
A= "2 VT 10 otherwise.

From these, the overall similarity of two instances is computed as the average
similarities of all attributes. More precisely, |18, . .., A, denote the attributes describir
the instances, and leftj ] denote the value of attributd; for a particular instance Then
define the similarity of two instances i, € Z as

> i=1..nSM(a[j], i2[j], Ap
- )

Sim (il, |2) =

We note that if desired, attribute weights may be assigned or learned (Wettsch
Mohri & Aha, 1997); in this case, the weighted average is used in the above formula
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3. First-order instance-based learning inRIBL

RIBL, as first introduced in Emde and Wettschereck (1996), is a first-order instance
learner that applies the basic principles of IBL as described above to an instance spi
sisting of first-order descriptions. More precis&gL uses &-nearest-neighbor algorith
that determines the value kfthrough cross-validation on the training set. It differs fr
the basic algorithm firstly through its first-order learning task and similarity measur:
secondly through its use of a special weight learning scheme for predicates and arg
Due to space reasons, we do not describe this weight learning approach here, a
the reader to Emde and Wettschereck (1996) for details. Instead, in this section, \
a detailed definition of the learning task addresseaiBy and then provide a thorou
reconstruction of the first-order similarity measure that supplements the short desc
in Emde and Wettschereck (1996).

3.1. Learning task

RIBL turns the basic instance-based learning problem into a first-order version by al
each instance to be described not only by numerical and discrete attributes, but
attributes of type object (PE(A) = object ) containing object identifiers that point
further information in a separately specified bodyatkground knowledgB, a databas
consisting of first-order ground atoms (first-order facts). Let us first illustrate this w
example.

Assume we want to send a culinary present to a friend, and want to classify a r
of prepackaged present sets from different vendors according to whether trseytabte
for our friend or not. Based on a few manually classified examples, we want further
to be classified automatically by1BL. Assume that about each set, we know its p
and delivery mode (personal, mail, or pick-up). Each instance will be represented b
attributes: its identifier, price, and delivery mode. In addition, we know the contents ¢
package which for simplicity we assume consist of different red wines and cheeses. !
know something about different vineyards. Thus, our first package might be represe
follows:

e : (setl, 125,persona) with c(e) = suitable,

whereas a new package to be classified might be represented by
Enew . (seR5,195,mail) without classification, i.eG(€new) =7.

In these instances the first argument (setl and set25, respectively) is objgpe and
refers to further information in the background knowle@jesuch as:

% set ID, cheese type, weight, and origin of cheese
cheese(sét camembert150,france)

cheese(s@b, roquefort 200,france)
cheese(s@b,ricotta, 100, italy)
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% set ID, vineyard ID, vintage year, and bottle size
wine(sel, mouton,1988,0.75)

wine(set, gallo, 1995,0.5)

wine(seR5, mouton,1995,0.75)

% vineyard ID, popularity, size, country
vineyard(gallofamousJarge, usa)
vineyard(moutonfamous small france)

Note thatB contains both general background knowledge and knowledge specifit
dividual instances. This particular example uses the function-free representation ¢
and Wettschereck (1996); below, we also allow arguments ofdypstant  (with custon
defined distances)ist (which may contain lists), and arguments of typem (which
may contain arbitrary first-order terms). Thus, the exact task considered in this
defined as follows.

Given:

e asetof exampleg, each described by a set of attributds, . . ., A,} of typenumber,
discrete , object ,constant ,list ,orterm,

e atarget valukc(e) for everye € E,

e background knowledgés consisting of first-order atoms with arguments of 1
number , discrete , object ,list , orterm , and

e a set of unseen instancEse,, each described by the same attributegas

Find: A predictionc’(e) of the target value for eadhe Enen.

3.2. Similarity Computation irIBL

To compute the similarity of two first-order instances, naturally we want to take into a
not only the attributes of the instances, but also the available background knowledge
end,RIBL uses a recursive descent strategy similar to the one employed in Bisson (
We first illustrate the idea using our wine and cheese running example (see also fi
So assume we want to comparandene,. For the arguments expressing price and deli
mode, we simply rely on the standard distances for numerical and discrete attribL
compare the object identifiesetl andset25, however, we first collect all we know ak
these two objects from the background knowledge. In our example we obtain the t
Lsen andLgeps Of logical atoms

Lsen = {cheese(sé&t camembertl50,france),
wine(sefl, mouton,1988,0.75),
wine(set, gallo, 1995,0.5)},
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setl | ¢
instances 125

personal {

c set1 set25
h camembert, : roquefort
150 | o &= 200
e france - france
e set25
s ricotta
100
e italy
setl | © o | set2d
u mouton O o | mouton
1988 | o 1= «| 1995
i 0.75 L e | 0.75
n setl | ©
e gallo | o
1995 i
0.5 |
v
i gallo mouton
n
e famous famous
y large small
a
T usa france
d

Figure 1. The recursive scheme for computing the similarity betvessmdeney.

Lseps = {cheese(s&b, roquefort 200, france)
cheese(s@b,ricotta, 100, italy)
wine(seR5, mouton,1995,0.75)},

respectively.
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We now have to compute the similarity between these two sets of atoms. We
separately for each predicate that is used, and then average across all of them. ¢
the atoms using “wine” as an example, we get the subsets

Leon = {wine(sef, mouton,1988,0.75),wine(set, gallo, 1995,0.5)},
Leeps = {wine(seR5, mouton,1995,0.75)},

respectively. For each atom in the smaller set, which in this case is tif ggtfor enew
we determine which of the atoms in the other set is most similar. Thus in our exarr
compute the similarity between

wine(set25,mouton,1995,0.75) and wine(setl,mouton,1988,0.75),
and between
wine(set25,mouton,1995,0.75) and wine(set1,gallo,1995,0.5).

To do this, we apply the same principle recursively: We treat the two atoms as inste
be compared (however, we ignore the first argument to avoid infinite recursion). Thu
example, we use the basic similarity measures on the third and fourth argument an
further background knowledge about the objentsitonandgallo, i.e., for the second pi
of atoms we need to compare the sets of literals

{vineyard(gallofamousJarge,usa)}and
{vineyard(moutonfamous small france)}.

Once we know the most similar partner for each literal of the smaller set, we surn
these similarities and normalize with the size of luger set. This is done to ensure t
with an increasing number of extra literals in one of the sets, similarity becomes
(if one of the sets is empty, similarity is O for this pair of atom sets). In our exe
the most similar atom for wine (set25,mouton,1995,0.75) is wdatl (mouton,1988,0.7
the similarity of which is divided by two since the larger set contained two atorr
similar computation is made for the cheese literals, arriving at the overall similar
setl andset25 by adding the cheese and wine literal set similarities, and dividi
two.

In our example, we have used all of the available background knowledge; for
problems, a depth bound is used to ensure limited effort for the recursive computat

We precisely define the similarity computation as follows. Bég, 1) denote the set
background facts containing at least one object from the arguments of an instandde
B(e,d+1) C B\Uid=l B(e, i) denote the set of facts containing at least one object occ
in a fact fromB(e, d). Note that the above language includes propositional represen
as special cases. For instance, in our exaniflenew, 1) is the setlqeps.
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The similarity function used briBL to compare two instances ande, with attributes
As, ..., Ay with respect to background knowledffas defined as

SM(B, &, &) 1= ==k . (5)

The algorithmic definition of the termi@iLARITY in (5) is given in Algorithm 1. In
the algorithm we generally usgi] to denote the-th argument value of an atoey or
thei-th element of a lise. Furthermore, by @-atom we mean an atom with predice
symbolg. The algorithm computes, in the context of comparggn@nde,, the normalizec
similarity between theth arguments of the atonig, andl,, wherel,, andl, are both of
depthd with respect tae; ande,. (For the sake of consistency, we define the depth ¢
instance to be 0, and also refer to instances as atoms.) We use the similarity mee
Section 2 for arguments of typeimber , anddiscrete , respectively (see Lines 3, anc
in Algorithm 1). In order to compare objeats, ando; (i.e., arguments of typebject ),
the algorithm first checks whethdras already reached the value of the depth pararmr
If yes, it outputs 1, or 0 depending on the truthaaf= o, (Line 8). Otherwise, we firs
collect fromB the sets; of literals with depthd + 1 containingo; (Line 12) fori = 1, 2.
The similarity betweel;, ando, is defined by the similarity between the sgts and.L».
The comparison of two sets of facts is based on a similarity measure between two fz
RIBL the similarity between two facts is reduced again to the similarity between argu
thus making the algorithm recursive. The formal definition of similarity between fac
given by Swm; in Line 18.

Now we can turn back to the problem of similarity between the SgetandL; induced
by 01, andoy, respectively. LeP; denote the set of pai(g’, k) for which there is &’-atom
in £; such that it«kth argument i; fori = 1, 2. For each argument positig¢q’, k) from
P1 U P, we collect they’-atoms from£; (resp. L£2) with kth argumenb; (resp.oy). From
these two sets lef; ., denote the set that has greater or equal cardinality,Zndthe
other one (Lines 16-17). For each atom frdry,, we choose its most similar atom fro
L0 @nd take the sum of the similarities of these pairs of atoms divided by the cardi
of Lmax (fraction in Line 18). Finally, the similarity betweem, ando, is computed a:
the sum of the above similarities for evely, k) € P1 U P, divided by the cardinality o
P1 U P> (Line 20).

4. A similarity measure for lists and terms

In order to directly computer similarity of instances with non-flat components (lists, te
we have chosen to rely on the ideaedfit distancedetween objects. Intuitively, with a
edit distance, we are given a set of edit operations (insert, delete, change) with an as:
cost functiors that tells us how expensive it is to delete or insert an element of our alp
3, or how expensive it is to change one element into another. The edit distance is gi
the smallest cost sequence of such operations that turns the first object into the sect
there are efficient algorithms for computing it (see below).
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Input: 1,1, areg-atoms of depthd, 1 <i < p(Q).
Output: Normalized similarity between thi¢gh arguments offy, I,
respectively.
1:leto; = |1[|], 0y = |2[|]
2:if Type (q[i]) = number(a,b) then

return 1 — |—0é_—02|
:else ifType (q[i]) = discrete  then

4

5: return 1if o, = 0y, and 0 otherwise
6: else ifType (q[i]) = object then
7.
8

w

if d = DEPTHthen
return 1if o, = 0,, and 0 otherwise
9: elseifo; = 0y then
10: return 1
11: else
12: letL; = {l € B(ej,d + 1) : ojoccursinl}
13: forj =1,2let

P; = {(d, k) : g’ is a background predicate, 4k < p(q’),
there exists @'-atoml € £ such that[k] = o}

14: S=0

15: forall (g, k) €e PLUP,do

16: letl; ={l € £j :| isa g'-atom, and[k] = oj} for j = 1,2
17: letL,, be the smaller set frond’, £5, and letl,, denote

the other one
max SiMji (B, ey, &, d + 1,1x, 1y)

€
' y max
Ixe min

18: S=S+

| L maxl
where
SMllt(Bv el5 e2’ d + 17|X7 Iy) =
ZSMILARITY (B, e, e,d 41,15, 1y,i")

“ | i‘el

with | ={u:1=<u=<p(d),Ix[u] #o01VIku] # 0z}

19: end for

. S
20: return PrU P,
21: endif
22: end if

Algorithm 1: SIMILARITY (B, €1, &, d, I1,12,1)

In the following, we will precisely specify the edit distance measure used in the ¢
version ofRIBL (henceforth referred to assL 2.0). Even though both constants and
could be considered as terms, we distinguish them from each other for the sake of el
(see Section 4.4).
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4.1. Constants

An argumenttypeonstant is given by a set of constant symbalgynstan@nd a 1-bounde
semi-metrics on Teonstant T hedistancebetweern, b € XconstandS then defined directly b
3, i.e.,

D|STconstan{a» b) = 5(3-’ b)-

We note that the argument tydiscrete  can be considered as a special case of this-

4.2. Lists

Let £(Zyst) be the set of finite lists over the alphat®t;, and letZs, ;. = Xjist U {L},
where_L denotes thempty list.|l| denotes théengthof the listl € £(Z)ist). Consider the
following operations on the elements 6{Z)s):

— insert(, i, a): insertsthe symbok € X5 before tha -th symbol inl,
— deletel, i): deleteghei-th symbolinl,
— changel, i, a): changeghei-th symbol inl to anewsymbola

foreverya € Y, | € L(Zist) andi = 1, ..., |lI|. Thus, an operation can be considere
an application of aewriting rule a — b fora,b € X 4, i.€., insert, delete and chan
correspond to the application of a rewriting rule— a, a — | anda — b, respectively
(a,b#1).

Letly, 1, € L(Z)isy). We say thak, can bedirectly derivedrom|; (denoted by; = 1,) if
there exists an operation that produglsom ;. Thederivation(denoted by, =7 . I2)
is thereflexive, transitive closuref =. The indexo; - - - o, denotes the sequence of 1
applied rewritingrules. Aist  typeis given by a 1-bounded metric spa&gs: ., ). Here,
5(a — b) is considered as theostof the rewriting rulea — b for everya, b € Xy .
Sincesd is a metric, it can be given by a symmetdast matrixwith zero elements in it
diagonal. Theeditor Levenshtein distanédetweerl, |, € L£(Zjit) is defined by

EDITDISTiist (11, 12)

n
= min Z(S(ai) : 3o1,...,0nsuchthat; =% Iz}.
i=1

Sinceé is a distance metric o |, EDITDISTj IS @ distance metric 08 (Zyist). The
next theorem is a special case of Theorems 2 and 3 in Wagner and Fischer (1974):

Theorem 1. Letly = [ag,...,a&n],l2 = [by,...,bn] € L(Zst), and (Zjis, 1, 8) be a
metric space. Let [} denote the edit distance betwefm, ..., &], and[by,..., bj]
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Table 1. The distance matri®; ;.

1L c u u a g c u c
L 0 1 2 3 4 5 6 7 8
c 1 0 1 2 3 4 5 6 7
c 2 1 1 2 3 4 4 5 6
u 3 2 1 1 2 3 4 4 5
a 4 3 2 2 1 2 3 4 5

fori =0,...,n,and j=0,...,m. Then
j

i
Doo=0, Do = ZS(J_ — by), Dio= Z(S(ak — 1), and
k=1 k=1

Di,j = min(Di_1j_1 + 8(& — bj),
Di_1j+é8@ — 1), Dij_1+8(L — b))
foreveryij > 0.
By Theorem 1, BITDISTist(I1, 12) can be computed itimeandspace Gmn).
Example2. LeE;s={a,c, g, u}, ands bethetrivial metricorts . Letl; =[c, c, u, a,
andl;=[c, u,u, a,g,c,u,c]. Thevalue ofD; j fori =0,...,4,andj=0,...,8isgiven

in Table 1. The edit distance iDEDISTjist(I1,12) = D4g = 5.

Animproved algorithm for computing the edit distance between lists and the next th
can be found in Ukkonen (1985).

Theorem 3. The edit distance d= EDITDIST|st(I1, I2) between lists4 and L can be
computed in time and space

O(d - min(ll1], [I2))) and O(min(d, [l1], [I2])),
respectively.

We define distance between listsRiBL as:

EDITDISTjist (11, |2)
max(ll, [12])

DisTist(I1, 12) =

(6)

Proposition 4. If (31, 6) is a 1-bounded metric space thénsTg is a 1-boundec
semi-metric onC(Xjist).
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Proof: Since EITDISTg is @ metric onL(Zjigt), DISTis; satisfies Conditions (1)—(z
defined in Section 2.1. We show that (6) violates the triangle inequality. Considi
alphabetzjs; = {a, b} with the trivial metrics. Then

DisTist([a, b], [b, a]) = 2/2
> DisTist([a, b], [a, b, a])
+ DisTiist([a, b, a], [b, a])
=1/3+1/3.

As § is a 1-bounded metric OBjig; i ,
EDITDISTjist (11, [2) < max(l4l, [12])

for everyly, I, € L(Zst). Hence, DsTjg is also 1-bounded. O

4.3. Terms

In RIBL 2.0, terms are considered labeled ordered treeand hence, the distance betwe
terms is computed as theglit distancebetween labeled ordered trees.

Let Zierm be an alphabet. We note that., is not arankedalphabet, i.e., no arit
function is assigned t&m. The set of alfinite terms with nodes labeled by the eleme
of Zierm including theemptyterm (L) is denoted by (Zierm)-

For a given ternt € 7 (Ziem), |t| denotes the number of nodestofandt[i] (1 <
i < |t]) denotes theth node oft according to the preorder traversal tof Let t;, and
ty be terms fromZ (Zierm). A mappingfrom t; to t;, denoted byMy,_.,, is a subset o
{1,...,1t1]} x {1, ..., |[t2|} such that for everyiy, j1), (i2, j2) € M it holds that

(i) i1 =iiff j1 = jo,
(II) il < i2 iff jl < j2,
(i) ti[i1] is an ancestor (resp. descendant).fit] iff t 1[ j1] is an ancestor (resp. desce
dant) ofty[ j2].

A mappingM;,_.1, can be considered as a one-to-one correspondence between sul
nodes oft; andt,, respectively, such that by deleting the 'untouched’ nodes ficendt,,
respectively, the remaining terms are identical up to relabeling. For a detailed disc
of mapping the reader is referred to Tai (1979). If there is no confusion we de
mapping by using the nodes’ labels instead of their positions according to the pr
walk. Furthermore, if; andt; follow from the context we writeM instead of\;, .+, .

Example 5. Consider the terms

ty = a(b, c(d, e(f,g),h)) and t, =a'(c(d, e(f, g), h), b).
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Figure 2. Mapping between two terms.

ThenM; = {(a, &), (b, ¢)} is a mapping front; to t,, as the corresponding positic
{(1,1), (2,2)} according to preorder traversal satisfy conditions (i)—(iii). Note tha
treesa(b) anda’(c) obtained fromt; by deleting the nodes, d, e, f, g, h and fromt; by
deletingly’, d, e, f, g, h, respectively, are identical up to relabeling.

M, = {(a, @), (c, ¢), (d,d), (e, e), (h, h), (f, ), (g, g)} is also a mapping between
andt, (see figure 2).

A mappingM between terms;, andt, defines a transformation frota into t, by the
following sequence oédit operations:

— deleteeach untouched node frot (i.e., each node of t; such that there is no pe
(X, y) € M for anyy), then

— inserteach untouched node Bfwith its corresponding label (i.e., each nodeft; such
that there is no paifx, y) € M for anyx), and then

— for every(x, y) € M such thatx, y have different labelgeplacethe label ofx by the
label ofy.

The above edit operations on terms can also be considered as applicatems kwrit-
ingrulesa— b (a,b € Xm,anda — b# L — 1). Lets be a 1-bounded metric ¢
erm, 1. As for lists,é is considered as eost matrixfor the term rewriting rules. Theost
of a mappingM betweert;,, t, is the sum of the costs of the applied term rewriting r
transformingt; into t,. Theedit distancebetweent,, t;, denoted by BITDISTierm(t1, t2),
is the cost of the mapping with the smallest cost with respeét ince(Ziem. 1, 8) is a
metric space(7 (Xierm), EDITDISTierm) IS also a metric space.

The algorithm for computing the edit distance between terms and the following th:
can be found in Zhang and Shasha (1989) (we denotipth(d, andleaves(j the depth
and the number of leaves of the termespectively):
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Theorem 6. The edit distance between termsahd t can be computed in time

O(|t1] x |tz] x min(depth(}), leaves(t)) x min(depth(}), leaves(®)))
and space Q| x |to]).

In contrast to lists, in the next example we show that talx |t2|) is notanupper bounc
on EDITDISTerm.

Example 7. Lets be the trivial metric on{L, a, b, c}, and consider the terms =
a@@a---(@))---) (i.e., achainof a’'s) andt,=b(c, ..., c) with |t;| =tz =n. The edit
distance between the two terms is 2r2.

Althoughi|t;| + [t2| is an upper bound onET DISTierm(ty, to) for every 1-bounded metr
space(Zierm, 1, 8), andty, to € 7 (Zierm), We normalize with another function measur
thestructural differencef t;, andt, and giving a tighter upper bound.

Let M;,_,, be a mapping. By the definition of mappind, is a set of ordered pairs. V
denote by/; (M) (resp.U(M)) the set of nodes df (resp.tp) untouchedy M. Thesize
of a mapping is defined by

sizeM) = [M] + [Ur(M)] + [U2(M)]. )

Theoptimal mapping NP"1is a mapping with the smallest size.

1—~>12

In RIBL distance between terms is defined by

EDITDISTierm(t1, t2)

D|STterm(t1, t2) = N
sizd MPP,)

8
Example 8. Let; = a(b, c(d)), andt, = a(b(d)) be terms.

EDITDISTierm(ty, to) = 2
using the trivial metric. The optimal mapping is

MEPT = {(a, ), (c, b), (d, d)}.

t1—t

Sinceul(MOPT) = {b}, anduz(MOPT ) = @,

t1—>t t1—t

sizMPPT) =3+1+0

t1—ts
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by (7). Applying (8) we get
DiSTeerm(t1, t2) = 2/4~

In RiBL, sizd MPFT ) is computed as follows: Iefh/a (resp. to/b) denote the term

t1—t

obtained front; (resp.t,) by replacing the label of each node witresp.b). Then

siz§ MPFY ) = EDITDISTiem(t1/a, to/b)

t1—>t2

using the trivial metric of_L, a, b}.

Proposition 9. If (Zterm, 1, ) is a 1-bounded metric space th@&nsTiem is a 1-boundec
semi-metric ory (Zierm).

Proof: Since DSTiem is a metric onZ (), and the size of a mapping between te
is symmetric, (8) satisfy Conditions (1)—(3). However, it does not satisfy the trii
inequality, e.g. let{_L, a, b}, §) be a trivial metric space, and consider the teatts, and
b(a). Then

DiSTeerm(a(b), b(a)) = 2/2
> DisTierm(a(b), a(b(a)))
+ DisTerm(a(b(a)), b(a))
=1/3+1/3.

It remains to be proven thati®rem is 1-bounded. Let, t; be terms, and,, 1, be any
mapping. Sincé is 1-bounded,

sizeM,_.t,) > EDITDISTerm(t1, t2). )]

As M is any arbitrary mapping frorq to t,, (9) holds forMCFT as well. O

t1—>to

4.4, Lists asterms

The standard term representation of lists is given by the function syphand the empt
list L (or [] in the standard Prolog notation). However, in this representati@sT;{pand
DisTerm may differ on the same lists, e.g.

2/2 = DisTist([a, b], [b, a])
7é D|STterm((a, (bs J—))1 (b3 (av J—)))

=2/5
using the trivial metric o L, a, b}.
As an alternative, ldt=[ay, . .., ay] be alistin£(Zjist). Thechain termrepresentatio
oflisai(ax(-- - (ay) - - -). Letl{, and$§ denote the chain representationkck [ay, . . ., ai],
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andl = [by, ..., by], respectively. Since BETDISTjist(l1, 12) = EDITDISTierm(17, 15), anc
max(l1l, Ilo)) = sizeM 2T,

DISTliSt(Ilv |2) = D|5Tterm(|i:a |§)

for every metric used in both representations.

Applying Theorem 6 td$, and$, the edit distance of lists in the chain term represent
can be computed i@(mn). The reason why we handle lists and terms separately i
the time and space complexity for computing edit distance between lists given in Ul
(1985) is always as good as the complexity of computing their edit distance in the
term representation, and the norm function of lists can be computed in linear time.

4.5. Definings for the alphabets

In Sections 4.2 and 4.3, we have treated list and term distances as basic (non-re
distance functions which rely on metriésfor comparing individual symbols from t
alphabet. Clearly, one possibility is to use user-defined metrics which allows the er
of additional domain knowledge of the user. Another attractive possibility is teBs&s
basic idea again, and compute the editing cost of two symbols by agng similarity
measure.

To do this, the elements of the corresponding alphabet must be considered as
that are further described in the background knowledge. Each object is consider
instance (without a target value). In contrast to the original IBL prediction problem, \
interested only in the similarities between such instances. These similarity values i
used for determining the editing costs between the corresponding symbols.

The editing cost$ on an alphabeE can be computed automatically by the follow
two steps:

1. we compute demi-metricd’ on X by recursively recallingriBL’s similarity measure
ie.,

§'(a, b) := 1 — SIMILARITY (B, (a), (b), 0, (@), (b), 1)

(we use notatiorix) for denoting the instance correspondingdo
2. and then we transform it intoraetricé by

8(a, b) =min(1, §(a, b) + C) (10)
for everya, b € Zierm, 1, whereC is the maximum of

8/()(7 Y) - 8/()(’ Z) - 5/(27 y)
2

for everyx, y, z € X violating the triangle inequality.
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5. Empirical evaluation

In this section we discuss our experiments with the revised versiemof(RIBL 2.0) in
a real-world domain, thenRNA signal structure predictioproblem. The experimen
are designed to show that the addition of lists and terms enables the easy constrL
background knowledge representing complex objects, and that this representation
excellent results on a significant real-world problem, greatly improving on sinwakr,
1.0-style background knowledge. In fact, the mRNA application can also be consic
success in terms of the application domain (Bohnebeck et al., 1998Db).

5.1. mRNA signal structures

Protein synthesis involvegianslationstep of copying specific regions (the genes) of D
into a complementary strand of RNA. RNA molecules theidiatebetween the spatiall
distinct localizations of information storage (i.e., the DNA) and protein synthesis are
messengeRNA (mMRNA). Beside the genetic information on the amino acid sequen
proteins, mMRNA contains two regions, calladtranslated regions, that do not code
protein. These untranslated regions contain continuous parts, sajleal structures, the
control gene expression at the posttranscriptional level. Depending on their bio
functions (i.e., regulatory roles during protein synthesis), signal structures are g
into different signal structurelasses.

In general, RNA is composed of a linear sequence of the four lzaagne(A), cyto-
sine(C), guanine(G), anduracil (U). This sequence is ifgrimary structure. In contras
to DNA, RNA is asingle-stranded, and relatively short molecule. The linear seqt
of an RNA folds back on itself thus giving the RNAthree-dimensionatonformation
The three-dimensional conformation contains local regions of short complementan
pairing, i.e., the two stable Watson-Crick base pairs A-U, G-C, and the weak G-l
secondary structuref an RNA is defined as the collection of the base pairs occurring
three-dimensional structure (see Figure 3). Such a secondary structure can be vie
tree (Shapiro & Zhang, 1990) with nodes, also cal&dicture elements, corresponding
continuous regions that belong to bagatterns® This observation holds for signal strt
tures as well (i.e., the secondary structure of a signal structure can be considered a
as their primary structures are (continuous) subsequences of the RNA's primary st
(see also the right upper part of Figure 3 for a signal structure).

Since the biological function of a given signal structure class is based on the cc
characteristic binding site of its instances, signal structures belonging to the sam
are not necessarily identical buery similarto each other. They can slightly vary
their topology, in the sizes of their structure elements, and in their primary structure
e.g., Figure 4 for instances of the Iron Responsive Element signal structure class).

5.2. The learning task and data

In this field of research, one of the challenging problems for computational biology
detectinstances of known signal structure classes on uncharacterized mRNA. In o
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Figure 3. mRNA structure with marked structure elements.
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Figure 4. Example for IRE signal structure instances and the corresponding consensus structure de
the IUB-IUPAC code.

solve this problem, one has to consider the related problepmeafictingthe class of a
uncharacterized signal structure. That is, wegiven

— a set of signal structurds, each identified by a single attribute of typbject , anc
background knowledgg describing the structure of each instance with structure elel
as determined by biological analysis software,

— each signal structure B is associated with a target value representing its signal stri
class,

— a set of uncharacterized (i.e., without class information) signal struckygs eacl
described in the same way Bs
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The aim is tofind a prediction of the signal structure class (target value) for
e € Enew

For our experiments, two different example sets were used. The first example set
of 66 signal structures, composed of 15 IRE (Iron Responsive Element) (Klausner, |
& Harford, 1993), 15 TAR (Trans Activating Region) (McCarthy & Kollmus, 1995%, 25
SECIS (Selenocysteine Insertion Sequence) (Low & Berry, 1996), and 6 histone ste
(Belasco & Brawerman, 1993). This example set was used for detailed comparative
ments with different representations and background knowledge. To confirm the sc:
of the accuracy figures that were obtained, a second experiment was carried out or
example set containing 400 signal structures by using the term representation (Bol
et al., 1998b).

5.3. Background knowledge and representations

As mentioned above, training and unseen signal structure instances were desc
each representation by a single attribute of tgbpgct pointing to facts on structu
information in the background knowledge. Thus, the difference between the expe
is in the complexity and representation of the background knowledge.

5.3.1. Flat representations. In these representations we have used neither lists, nor
The most simple description of signal structures isadhainrepresentation, in which th
are considered as simple sequences of structure elements. Depending on its typ:
it a singlesequence, or helical consisting of two attached sequences), itffiestructur
element of a signal structure is described by a background fact of the form

<setype>(structid, i, size,bases) or
<setype>(structid, i, size,baseshases)

where <setype> is a background predicate symbol from the &t&m, hairpin, bulge
bulge3, singledefining the type of théth structure element (s of typenumber). Argu-
mentsizeof type number stores the length of the primary structure of the correspol
structure element. Finalljgasesof typediscrete is a special symbol representing
nucleotid sequence of thi¢h structure element (i.e., the whole sequence is codec
single symbol in this representation).

The other flat representation we investigated is ie@hborrepresent, which is tl
chainrepresentation extended by additional information on the neighborhoods of st
elements: for each element, both neighboring elements were represented explicith

5.3.2. Representations with lists.The two representations used here are basically the
asinthe previous case, butinstead of tyljserete  , we usedtypést (overthe alphab
{A, C, G, U}) for describing sequences in argumengses.
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A single(seio,bulged,2,[g,a]).
single(seg,hairpin,5, —— G G root
[c,8,a,8,a]). C A
G-C / \
helical(seg,stem,4, S'S
[u,a,g,g],[c,c,u,a]). U:A €2 €12
A
single(se7,bulge5,3, A G / \
[c,a,a]). CG-CA seq seil
G-U
A-U
helical(seg,stem,8, U-A seq
[8,2,8,¢,u,2,8,€], 8%
C’ bRk hab! 7C7 ) . -
[c,u,u,a,8,¢,u,c) ST / \
single(ses,bulge5,1,[c]). —_ CG-C ses se1o
elical(seq,stem,1,[a],[u]).— A-U
smglo(seg,bulgeS,l,[g}) — GU AG
helical(ses,stem,1,[u],{a]) / ) G\ inel bsig 3,1,g])
J SRl single(se;;,bulge3,1,[g]).
single(se,; ,single,1,[a]). /:5’ 3T\singlegselg,single,l,[g?).

secis; (sy).
structure(s, root(se;, sea(ses, seq(ses, seg(ser, ses(sey), se1g)), se1r), se1z))-

Figure 5. The representation and the tree structure of a SECIS signal structure.

5.3.3. Representation with termsln this representation (see also Figure 5) we desci
the tree structure of signal structures by using background predicates of the form

structure(strucid, topology)
single(seid, type,size,bases)
helical(seid, type,size baseshases).

Argumenttopology of type term is the tree structure of the signal structure identi
by structid. Its nodes are structure elements identified by the arguseidat, and are
further described by the last two predicates. Depending on its type, a structure ele
represented by either tisingle/4 or thenelical/5 predicate. Their second argument of t
constant  is used to describe the type of the structure element identified by argeaielr
(this information was stored by using different predicate symbols in the flat represente
Finally, the last argumentsize, anchasesare the same as in the case of representa
with lists.

5.4. Definings for the different types

In this particular application, we have used a manual definitiohfof constants (referre
to asdconstantin the following), the trivial edit costs for the list alphaljet, C, G, U}, and
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the recursively computed editing cost as defined in Section 4 for the nodes of tern
values 0fSconstantwvere as follows:

1 single bulge3 bulge5 hairpin stem

L 0 0.03 0.03 0.03 0.90 0.03
single 0 0.03 0.03 0.18 1.0
bulge3 0 0.06 0.12 1.0
bulge5 0 0.12 1.0
hairpin 0 1.0
stem 0

These are heuristic costs and still under development. Two properties are essenti
helical and single-stranded regions are morphologically substantially different and
therefore notbe mapped. Secondly the hairpinloop takes up an exceptional position
its insertion or deletion produces also a quite substantial morphological difference.

5.5. Results and discussion

In order to compare the different levels of representation and background knowlec
periments were performed using the smaller of the two example sets. Each exp
was performed using leave-one-out cross-validation, determining the best vloa tie
training instances, and then classifying the held-out instance. The following table
the results, where times were taken on a Sun Ultrasparc with OS Solaris 2.5.

background knowledge/ accuracy cpu time
representation depth (%) k (sec)
chain 1 77.2 1 0.5
chain with lists 1 78.8 1 4.3
neighbor 2 83.3 3 2.8
neighbor with lists 2 83.3 1 155
term 1 95.4 1 32.8

As can be seenin this table, making the list and term background knowledge avail:
had significant influence on the obtained accuracy, ultimately reaching a level which
considered as a success in the domain (Bohnebeck et al., 1998b). To confirm the sc
of this result, the final experiment was repeated in the larger example set contain
signal structures, yielding a similar level of accuracy:

background knowledge/ accuracy cpu time
representation depth (%) k (sec)
term 1 96.2 3 9861.0
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As for differences between experiments, besides the remarkable overall increase
racy, we see that in this particular domain, the information contained in the base sec
represented by lists did not produce a marked difference in accuracy. To understa
this is so, recall that in thehain representations a structure was basically consider
a linear ordered set of its structure elements. The linear ordering was describec
attribute of typenumber thus not supporting the direct reference to a next or pre\
structure element. This was improved by tleghborrepresentation. The whole topolo
was described adequately by tigem representation. In other words, as suspected b
domain experts, the mRNA signal structure problem appears to be inherently struc
nature, and the topology of the molecule, whicliaL 2.0 can easily be represented us
terms, seems to play an important role in prediction.

The experiments also show a marked increase in computation time when terms a
This is due to the optimizing nature of the edit distance measure which conside
optimal mapping of one term to another. Clearly, this leads to very effective use
information contained in terms, but may mean that running time becomes problem:
very large applications. Thisis thus one of the concerns for future work (order-of-mag
optimizations appear possible e.g. through the use of distance caching), and we are |
to work on a re-implementation of the system.

6. Related work

As an IBL systemRiBL is of course related to the large body of work on instance-b
learning, e.g., Aha et al. (1991), Salzberg (1991), Wettschereck and Dietterich (199
all variants of IBL that are exclusively based on similarity measures, these variants ci
used as a basis fersL without problems. For feature weighting approaches (Wettsch
et al., 1997), as pointed out above, the more powerful representatpLofequires dif-
ferent weighting schemes, which have been developed by Emde and Wettschereck
Finally, IBL approaches that rely on generalized prototypes or generalized regions
stance space (Salzberg, 1991) do not carry over directly, since in afirst-order space, (
generalization operators would have to be used. Of course, it would be an interestir
of further work to see whether for example restricted first-order LGGs (least-gener:
eralizations) are suitable for this purpose.

As for the distance measure usedRrmBL, it is most closely related to the recurs
computations used in the KBG system (Bisson, 1992a); there, however, they we
used as the basis of an instance-based learning approach, but rather to select ot
generalization. FurthermoreriL’s similarity measure can be regarded as a generaliz
of propositional similarity measures, which is not the case in Bisson (1992a).

Recently, several other measures for first-order distances have appeared which w
want to contrast wittriBL's measure. Two different ways are distinguished in the
erature of distance definitions for first-order loggemantical(Sebag, 1997) andyn-
tactical (Hutchinson, 1997; Nienhuys-Cheng, 1997; Nienhuys-Cheng, 1998; Ran
Bruynooghe, 1998) distances. A semantical distance maps the first-order space
other space by redescribing it in terms of a number of given or learned elementary cc
Thus, the form of description of the instance is not directly used in similarity comput
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RIBL belongs to the second direction, the syntactical measures, which compute di
directly from the representation of instances. In contragigo, where distance betwe:
atoms is recursively computed based on other background knowledge atoms, mo
syntactical first-order distances are based on introducing an appropriate basic m
pseudo-metric on ground expressions (i.e., on terms and atoms), and then using tt
metric to induce a metric on clauses. Thus, it appears useful to compare such basic
on terms withriBL's term distance metric which is based on edit distances.

6.1. Distances onterms

First, we discuss the relevant results on distances between expressions. By using
examples, we also show that the behavior of the term editing distance differs fundarr
from the term distances of Hutchinson (1997), Nienhuys-Cheng (1997).

In Hutchinson (1997), a family of pseudo-metrics between tegraadt; is defined by

D1 (t1, ) = S(61) + S(62)

whereg; is themost general unifieof t; andlgg(ts, to) (i.e., theleast general generalizatic
(Plotkin, 1970)) foii = 1, 2, andSis asizefunction on substitutions (see Hutchinson, 1!
for the details).

For two terms with small edit distance, the pseudo-distance with the size furgtio
substitutions given in Hutchinson (1997) may be unreasonably large. Another pr
of this pseudo-metric is that the distance between the standard term represeiitatic
s"(L)) of two different natural numbers is always a constant dependirg arhile it is a
function ofn andm, in our case (see Section 6.1.1).

In Nienhuys-Cheng (1997), the 1-bounded recursive m&ics defined as follows:

DZ(f(sls-'~’S'l)s g(tlv"'9tm))
0 if f=g,n=mandtj =5 fori=1,...,n

1 _ -
i=1
1 otherwise

Theideaisthatthe positions of the differences are implicitly weighted (i.e., distance or
position has higher weight). Considering the term representations of

(Nienhuys-Cheng, 1997) does not take into accounttiféx of the longer list, i.e., th
distance betweeln andl; is equal to the distance betwelgrandl, + I, for all listsly, I5, |

with |I1] < |l2|. Furthermore, it may happen that terms with big and other terms with

edit distances may have very close distances by Nienhuys-Cheng (1997). In the
distance between different natural numbers, the result is independent of the larger
(see Section 6.1.1).

6.1.1. Quantitative comparison of metrics on examples§ince D; is a pseudo-metri

with no upper bound, anB; is a 1-bounded metric on terms, we compBreand D, with
EDITDISTierm and DSTierm, respectively. We consider the following three cases:
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Table 2. Comparison of different distances on terms.

Terms D1 EDITDISTierm D2 DISTierm
(t1,1,t1,2) 2n+1 2 @ ﬁ
321
(t21.12,2) 2 n % 1.
(t3.1,13.2) 2 n—-m 2-m n-m
1. Letf,a,...,a, (n> 1) be different symbols and consider the terms

ti1= f(a, f(ag, - f(an1,an) )
tio= f(a, f(as, --- f(an—1, @) ).

2. Let f, a, a be different symbols and consider the terms

thr1= f(a, f(ag, - f(ag, a)---)
tho = f(ap, f(ap,--- f(ag, @) )

with |t2,1| = |t2’2| =2n-1 (n > 1)

3. Lets" (L) denote then applications of the unary function symb®|(successor) ta.,
i.e., s"(L)denotestheinteger(n > 0). Lett;; = s"(L) andtz , = s™(L) for some
n > m > 0 (all the distances are 0 for= m).

Table 2 contains a comparison of the different term metrics on the above terni; (fox
used the size functio8 of Hutchinson (1997) withwt, = 0 andwt, = 1fori =1,...,n
and the trivial metrics for the edit distances).

6.2. Distances between sets of literals

One of the most frequently used extension of a distance between expressions to a
between sets of expressions is the Hausdorff-metric (Hutchinson, 1997; Nienhuys-!
1997) defining the distance between sg§tsandS; by

max( maxmin DIST(X, y), maxmin DIST(X, y)),
XeS yeS XeS yeS

where DsST is a metric. Although it can be computed@|S,| - |S|) for finite sets, anc
remains a metric, by reducing the distance between sets to a distance between twc
points it “loses” the information on the whole sets.

Following the approach of Eiter and Mannila (1997), the distance between two ¢
atoms is considered asweighted matchingroblem in Ramon and Bruynooghe (199
where the weights are defined by the distance between the literals. Although this d
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has a number of nice properties, its complexity is cubic in contragtep's quadratis
complexity (see Lines 17-18 in Algorithm 1).

7. Conclusion

In this paper, we have presented the most recent version of the relational instanc
learning systenriBL (RIBL 2.0). After giving a detailed reconstruction of the orig
RIBL algorithm and similarity measure which was limited to function-free represent:
we presented an enhanced similarity measure that can directly handle lists and
instance descriptions. As shown by experiments in the domain of mMRNA signal st
classification, significant additional power is gained by adding list and term descr
to the background knowledge. Lists and terms have also proven useful in experin
other domains, such as part-of-speech tagging for the Hungarian language (Horva
1999).

While these experiments, and previous experiments with the first versioBLofndicate
thatRIBLS similarity measure is general enough to produce excellent results on a
of domains, we must of course emphasize that there can be no “best” similarity n
across all problems and goals, so that in other situations, other similarity measure
be preferable. For example, in contrast to Hutchinson (1997), Nienhuys-Cheng
RIBL’s distance measure &able, meaning that small changes on a term do not cau
distances. This is usually desirable, but may not always be appropriate. Finally,
most ILP systems, learning successH@L also depends on how background knowle
is represented; here, the addition of lists and terms increases flexibility and allows 1
to better fit the background knowledge to the problem domain.

As for future work, above we have already remarked upon further potential for cot
ity optimization. FirstlyRIBL 2.0 currently uses a non-optimized implementation that
not use indexing nor caching, so that order of magnitude improvements appear pos
eliminating recomputation of previously computed distances. Secondly, further im
ments are possible within the algorithm for similarity computation which currently ¢
all literal matches to find the best partner for each literal. Here it would be possible t
stochastic approach instead, along the lines of the stochastic matching principle int
by Sebag and Rouveirol (1997), Sebag (1998). Thirdly, the size of an optimal m
between termsg;, andt, is currently computed iRIBL by EDITDISTiem(t1/@, t2/b) using
the trivial metric on{_L, a, b}. As this is a special case of Theorem 6, it might be pos
to find a faster algorithm here.

Furthermore, there are some areas where it appears attractive to further enh
current similarity measure. Firstly, throughout this paper terms have been consic
labeled ordered trees, i.e., the arities of the function symbols (labels) have not be¢
into account. In certain situations, it might be desirable to be able to differentiate b
different arities or even automatically extend a given distance measure to varying
Secondly, in this paper, lists and terms have been defined above alphabets cons
only constants. It appears interesting to extend the similarity metréchirary lists anc
terms, i.e., where the alphabet belongs t@ggregataype, so that non-constant funct
would also be allowed.
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Notes

1. InRriBL, examples are actually represented by first-order atoms, and the target value can be provic
additional argument of this atom, or by using several different example predicates representing differen
We omit these variants for simplicity.

2. Some authors (e.g. Aho, 1990) use different definitions for the edit and for the Levenshtein distances
tively.

3. The most frequently used structure elementsstaeking regionshairpin loops,internal loops bulge loops
multibranch loops, andangling endgZuker, 1989).
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Survey of Clustering Algorithms

Rui Xu, Sudent Member, |EEE and Donald Wunsch 11, Fellow, |EEE

Abstract—Data analysis plays an indispensable role for un-
derstanding various phenomena. Cluster analysis, primitive
exploration with little or no prior knowledge, consists of research
developed across a wide variety of communities. The diversity,
on one hand, equips us with many tools. On the other hand,
the profusion of options causes confusion. We survey clustering
algorithms for data sets appearing in statistics, computer science,
and machine learning, and illustrate their applications in some
benchmark data sets, the traveling salesman problem, and bioin-
formatics, a new field attracting intensive efforts. Several tightly
related topics, proximity measure, and cluster validation, are also
discussed.

Index Terms—Adaptive resonance theory (ART), clustering,
clustering algorithm, cluster validation, neural networks, prox-
imity, self-organizing feature map (SOFM).

I. INTRODUCTION

E ARE living in aworld full of data. Every day, people

encounter a large amount of information and store or
represent it as data, for further analysis and management. One
of the vital means in dealing with these data is to classify or
group them into a set of categories or clusters. Actually, as one
of the most primitive activities of human beings [14], classi-
fication plays an important and indispensable role in the long
history of human development. In order to learn a new object
or understand a new phenomenon, people always try to seek
the features that can describe it, and further compare it with
other known objects or phenomena, based on the similarity or
dissimilarity, generalized as proximity, according to some cer-
tain standards or rules. “Basically, classification systems are ei-
ther supervised or unsupervised, depending on whether they as-
sign new inputs to one of afinite number of discrete supervised
classes or unsupervised categories, respectively [38], [60], [75].
In supervised classification, the mapping from aset of input data
vectors (x € R?, where d isthe input space dimensionality), to
a finite set of discrete classlabels (y € 1,...C, where C' is
the total number of class types), is modeled in terms of some
mathematical function y = y(x,w), where w is a vector of
adjustable parameters. The values of these parameters are de-
termined (optimized) by an inductive learning algorithm (also
termed inducer), whose aim is to minimize an empirical risk
functional (related to an inductive principle) on afinite data set
of input—output examples, (x;,y;),i = 1,..., N, where N is
thefinite cardinality of the avail able representative data set [38],

Manuscript received March 31, 2003; revised September 28, 2004. Thiswork
was supported in part by the National Science Foundation and in part by the
M. K. Finley Missouri Endowment.

Theauthorsarewith the Department of Electrical and Computer Engineering,
University of Missouri-Rolla, Rolla, MO 65409 USA (e-mail: rxu@umr.edu;
dwunsch@ece.umr.edu).
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[60], [167]. When the inducer reaches convergence or termi-
nates, an induced classifier is generated [167].

In unsupervised classification, called clustering or ex-
ploratory data analysis, no labeled data are available [88],
[150]. The goal of clustering is to separate a finite unlabeled
data set into a finite and discrete set of “natural,” hidden data
structures, rather than provide an accurate characterization
of unobserved samples generated from the same probability
distribution [23], [60]. This can make the task of clustering fall
outside of the framework of unsupervised predictive learning
problems, such as vector quantization [60] (see Section 11-C),
probability density function estimation [38] (see Section I1-D),
[60], and entropy maximization [99]. It is noteworthy that
clustering differs from multidimensional scaling (perceptua
maps), whose goal is to depict all the evaluated objects in a
way that minimizes the topographical distortion while using as
few dimensions as possible. Also note that, in practice, many
(predictive) vector quantizers are also used for (nonpredictive)
clustering analysis [60].

Nonpredictive clustering is a subjective process in nature,
which precludes an absolute judgment as to the relative effi-
cacy of all clustering techniques [23], [152]. As pointed out by
Backer and Jain [17], “in cluster analysis a group of objectsis
split up into anumber of more or less homogeneous subgroups
on the basis of an often subjectively chosen measure of sim-
ilarity (i.e., chosen subjectively based on its ability to create
“interesting” clusters), such that the similarity between objects
within a subgroup is larger than the similarity between objects
belonging to different subgroups’”1.

Clustering algorithms partition data into a certain humber
of clusters (groups, subsets, or categories). There is no univer-
sally agreed upon definition [88]. Most researchers describe a
cluster by considering theinternal homogeneity and the external
separation [111], [124], [150], i.e., patterns in the same cluster
should be similar to each other, while patternsin different clus-
ters should not. Both the similarity and the dissimilarity should
be examinable in a clear and meaningful way. Here, we give
some simple mathematical descriptions of several types of clus-
tering, based on the descriptionsin [124].

Given a set of input patterns X = {xi,...,X;,...,Xn},
where X; = (le,.’l,'jg, R ,.’L’j,])T € R4 and each measure Tji
issaid to be afeature (attribute, dimension, or variable).

. (Hard) partitional clustering attempts to seek a K -par-

titionof X,C = {C1,...,Ck} (K < N), such that
) C,#¢,i=1,....K;
2 UL G=X;
3) CiﬂOj:gb?i./j:l?..../Kandi;éj.

1The preceding quote is taken verbatim from verbiage suggested by the
anonymous associate editor, a suggestion which we gratefully acknowledge.
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Feature _— Clustering ‘
Selection or Algorithm Design
Extraction or Selection
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C‘J Results — Clusters
Interpretation —_— Validation

Knowledge

Fig. 1. Clustering procedure. Thetypical cluster analysis consists of four steps with afeedback pathway. These steps are closely related to each other and affect

the derived clusters.

°) Hierarchical clustering attempts to construct a
tree-like nested structure partition of X, H =
{H,... ,HQ} (@ < N),such that C; € H,,C; €
Hi,andm > 1limply C; € C; or C; N C; = ¢ forall
,j£iL,ml=1,....Q.

For hard partitional clustering, each pattern only belongs to
one cluster. However, a pattern may also be allowed to belong
to all clusters with a degree of membership, u; ; € [0, 1], which
represents the membership coefficient of the jth object in the
ith cluster and satisfies the following two constraints:

c
> iy =1,
=1

asintroduced in fuzzy set theory [293]. Thisis known as fuzzy
clustering, reviewed in Section I1-G.

Fig. 1 depictsthe procedure of cluster analysiswith four basic

steps.

1) Feature selection or extraction. As pointed out by Jain
et al. [151], [152] and Bishop [38], feature selection
choosesdistingui shing featuresfromaset of candidates,
while feature extraction utilizes some transformations
to generate useful and novel features from the original
ones. Both are very crucid to the effectiveness of clus-
tering applications. Elegant selection of features can
greatly decrease the workload and simplify the subse-
guentdesignprocess. Generally,ideal featuresshouldbe
of use in distinguishing patterns belonging to different
clusters, immuneto noise, easy to extract and interpret.
We elaborate the discussion on feature extraction in
Section I1-L, in the context of data visualization and
dimensionality reduction. Moreinformation on feature
selection can befoundin[38], [151], and [250].

2)  Clustering algorithm design or selection. The step is
usually combined with the sel ection of acorresponding
proximity measure and the construction of a criterion
function. Patterns are grouped according to whether
they resemble each other. Obviously, the proximity
measure directly affects the formation of the resulting
clusters. Almost all clustering algorithmsare explicitly
or implicitly connected to some definition of proximity
measure. Some algorithms even work directly on the
proximity matrix, as defined in Section II-A. Once
a proximity measure is chosen, the construction of a

N
Vj and Z’Uq‘,j <N, Vi

=1

clustering criterion function makes the partition of
clustersan optimization problem, whichiswell defined
mathematically, and hasrich solutionsin theliterature.
Clusteringisubiquitous, andawealth of clusteringalgo-
rithmshasbeen devel opedtosolvedifferent problemsin
specificfields. However, thereisnoclustering algorithm
that can beuniversally used to solveall problems.“Ithas
been very difficult to develop a unified framework for
reasoning about it (clustering) at atechnical level, and
profoundly diverse approachesto clustering” [166], as
proved through an impossibility theorem. Therefore, it
isimportant to carefully investigate the characteristics
of the problem at hand, in order to select or design an
appropriate clustering strategy.

3)  Cluster validation. Given a data set, each clustering
algorithm can always generate a division, no matter
whether the structure exists or not. Moreover, different
approaches usually lead to different clusters; and even
for the same algorithm, parameter identification or
the presentation order of input patterns may affect the
final results. Therefore, effective evaluation standards
and criteria are important to provide the users with a
degree of confidence for the clustering results derived
from the used algorithms. These assessments should
be objective and have no preferences to any agorithm.
Also, they should be useful for answering questions
like how many clusters are hidden in the data, whether
the clusters obtained are meaningful or just an artifact
of the algorithms, or why we choose some agorithm
instead of another. Generally, there are three categories
of testing criteria: external indices, internal indices,
and relative indices. These are defined on three types
of clustering structures, known as partitional clus-
tering, hierarchical clustering, and individua clusters
[150]. Tests for the situation, where no clustering
structure exists in the data, are also considered [110],
but seldom used, since users are confident of the pres-
ence of clusters. External indices are based on some
prespecified structure, which is the reflection of prior
information on the data, and used as a standard to
validate the clustering solutions. Internal tests are not
dependent on externa information (prior knowledge).
On the contrary, they examine the clustering structure
directly from the original data. Relative criteria place
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the emphasis on the comparison of different clustering
structures, in order to provide a reference, to decide
which one may best reveal the characteristics of the
objects. We will not survey the topic in depth and refer
interested readers to [74], [110], and [150]. However,
we will cover more details on how to determine the
number of clustersin Section I1-M. Some more recent
discussion can be found in [22], [37], [121], [180],
and [181]. Approaches for fuzzy clustering validity
are reported in [71], [104], [123], and [220].

4) Results interpretation. The ultimate goal of clustering
is to provide users with meaningful insights from the
original data, so that they can effectively solve the
problemsencountered. Expertsintherelevant fieldsin-
terpret the data partition. Further analyzes, even exper-
iments, may be required to guarantee the reliability of
extracted knowledge.

Note that the flow chart also includes a feedback pathway.
Cluster analysi sisnot aone-shot process. Inmany circumstances,
it needs a series of trials and repetitions. Moreover, there are no
universal and effective criteriato guide the selection of features
and clustering schemes. Validation criteriaprovidesomeinsights
onthequality of clustering solutions. But even how to choosethe
appropriate criterionisstill aproblem requiring more efforts.

Clustering has been applied in a wide variety of fields,
ranging from engineering (machine learning, artificial intelli-
gence, pattern recognition, mechanical engineering, electrical
engineering), computer sciences (web mining, spatial database
analysis, textual document collection, image segmentation),
life and medical sciences (genetics, biology, microbiology,
paleontology, psychiatry, clinic, pathology), to earth sciences
(geography. geology, remote sensing), social sciences (soci-
ology, psychology, archeology, education), and economics
(marketing, business) [88], [127]. Accordingly, clustering is
also known as numerical taxonomy, learning without a teacher
(or unsupervised learning), typological analysis and partition.
The diversity reflects the important position of clustering in
scientific research. On the other hand, it causes confusion, due
to the differing terminologies and goals. Clustering algorithms
developed to solve a particular problem, in a specialized field,
usually make assumptionsin favor of the application of interest.
These biases inevitably affect performance in other problems
that do not satisfy these premises. For example, the K-means
algorithm is based on the Euclidean measure and, hence, tends
to generate hyperspherical clusters. But if the real clusters are
in other geometric forms, K-means may no longer be effective,
and we need to resort to other schemes. This situation also
holds true for mixture-model clustering, in which amodel is fit
to data in advance.

Clustering hasalong history, with lineage dating back to Aris-
totle [124]. General references on clustering techniques include
[14],[75],[77],[88],[111],[127],[150],[161], [259]. Important
survey paperson clustering techniquesalso existintheliterature.
Starting from a statistical pattern recognition viewpoint, Jain,
Murty,and Flynnreviewedtheclusteringal gorithmsandotherim-
portant issuesrelated to cluster analysis[152], while Hansen and
Jaumard described theclustering problemsunder amathematical
programming scheme [124]. Kolatch and He investigated appli-
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cationsof clusteringal gorithmsfor spatial databasesystems[171]
andinformation retrieval [ 133], respectively. Berkhin further ex-
panded the topic to the wholefield of datamining [33]. Murtagh
reported the advancesin hierarchical clustering algorithms[210]
andBaraldi surveyed several model sfor fuzzy and neural network
clustering [24]. Some more survey papers can aso be found in
[25],[40], [74],[89], and [151]. In addition to the review papers,
comparativeresearch on clustering algorithmsisal so significant.
Rauber, Paralic, and Pampal k presented empirical resultsfor five
typical clustering algorithms[231]. Wei, Lee, and Hsu placed the
emphasisonthecomparison of fast algorithmsfor largedatabases
[280]. Scheunders compared several clustering techniques for
color image quantization, with emphasis on computational time
andthepossibility of obtaining global optima[239]. Applications
and eval uationsof different clustering algorithmsfor theanalysis
of geneexpression datafrom DNA microarray experimentswere
describedin[153],[192],[246], and [271]. Experimental evalua-
tionondocument clusteringtechniques, based onhierarchical and
K -meansclustering al gorithms, were summarized by Steinbach,
Karypis, and Kumar [261].

In contrast to the above, the purpose of this paper is to pro-
vide a comprehensive and systematic description of the influ-
ential and important clustering algorithms rooted in statistics,
computer science, and machinelearning, with emphasis on new
advances in recent years.

The remainder of the paper is organized as follows. In Sec-
tion 11, we review clustering algorithms, based on the natures
of generated clusters and techniques and theories behind them.
Furthermore, we discuss approaches for clustering sequential
data, large data sets, data visuaization, and high-dimensional
data through dimension reduction. Two important issues on
cluster analysis, including proximity measure and how to
choose the number of clusters, are also summarized in the
section. This is the longest section of the paper, so, for conve-
nience, we give an outline of Section |1 in bullet form here:

I1. Clustering Algorithms

« A Distance and Similarity Measures
(See adlso Table)
e  B. Hierarchica

— Agglomerative

m Single linkage, complete linkage, group average
linkage, median linkage, centroid linkage, Ward's
method, balanced iterative reducing and clustering
using hierarchies (BIRCH), clustering using rep-
resentatives (CURE), robust clustering using links
(ROCK) ...

— Divisive
m divisive analysis (DIANA), monothetic analysis

(MONA) ...
«  C. Squared Error-Based (Vector Quantization)

— K-means, iterative self-organizing data analysis
technique (ISODATA), genetic K-means algorithm
(GKA), partitioning around medoids (PAM) ...

o D. pdf Estimation via Mixture Densities

— Gaussian mixture density decomposition (GMDD),
AutoClass. ..

» E. Graph Theory-Based

— Chameleon, Delaunay triangulation graph (DTG),
highly connected subgraphs (HCS), clustering iden-
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TABLE |
SIMILARITY AND DISSIMILARITY MEASURE FOR QUANTITATIVE FEATURES

Measures

Forms

Comments Examples and
Applications
Metric. Invariant to any translation and rotation | Fuzzy c-means with
Minkowski d i Y only for n=2 (Euclidean distance). Features | measures based on
distance D, = (Z|xn _le| j with large values and variances tend to | Minkowski  family
= dominate over other features. [130].
The most commonly used metric. Special case | K-means  algorithm
Euclidean d ) of Minkowski metric at #=2. Tend to form | [191]
distance Dy = [;Pﬂ: Xy ] hyperspherical clusters.
d Special case of Minkowski metric at n=1. | Fuzzy ART [57]
City-block D, =)~ x| Tend to form h
- — yperrecutangular clusters.
distance
Sup distance D,= max |, - x],| Special case of Minkowski metric at # > . Fuzzy c-means with

sup norm [39].

D, =(x,—-x j)T S (x,—-x ;) . where S is the within-

Invariant to  any  nonsingular  linear
transformation. S is calculated based on all

Ellipsoidal ART [13],
Hyperellipsoidal

Mahalanobis . ) objects. Tend to form hyperellipsoidal clusters. | clustering algorithm
distance £roup covariance matrix. When features are not correlated, squared | [194].
Mahalanobis distance is equivalent to squared
Euclidean  distance. May cause some
computational burden.
d — — Not a metric. Derived from correlation | Widely used as the
Pearson Z(xn X)X, —x,) coefficient. Unable to detect the magnitude of | measure for
correlation D, =(1~r,)/2, where r, = = differences of two variables. analyzing gene

=1

PACTEEIDIUCTEENS

expression data [80].

_ e x) e x|

Not a metric. Compute the distance between an

SBKM  (Symmetry-

Point symmetry D, = min object x, and a reference point x,. D, is | based K-means)
distance tndj Jx —x,) +”(xj—x,) . . . [264].
minimized when a symmetric pattern exists.
'x. Independent of vector length. Invariant to | The most commonly
Cosine similarity S, =cose= W rotation, but not to linear transformations. used measure in
! J

document clustering

[261].

tification via connectivity kernels (CLICK), cluster
affinity search technique (CAST) ...
e F. Combinatorial Search Techniques-Based
Genetically guided algorithm (GGA), TS clustering,

Applications in two benchmark data sets, the traveling
salesman problem, and bicinformatics are illustrated in Sec-
tion 111. We conclude the paper in Section IV.

SA clustering ...
e G. Fuzzy Il. CLUSTERING ALGORITHMS
— Fuzzy c-means(FCM), mountain method (MM), pos- ) ) ) o :
sibilistic ¢-means clustering algorithm (PCM), fuzzy lefergnt starting poi nts and grlterlausually lead to different
c-shells (FCS) . ... taxonomies of clustering algorithms [33], [88], [124], [150],
e  H. Neural Networks-Based [152], [171]. A rough but widely agreed frame is to classify

clustering techniques as hierarchical clustering and parti-
tional clustering, based on the properties of clusters generated
[88], [152]. Hierarchical clustering groups data objects with
a seguence of partitions, either from singleton clusters to a
cluster including all individuals or vice versa, while partitional
clustering directly divides data objects into some prespecified
number of clusters without the hierarchical structure. We
follow this frame in surveying the clustering algorithms in the
literature. Beginning with the discussion on proximity measure,
which is the basis for most clustering algorithms, we focus on
hierarchical clustering and classical partitional clustering algo-
rithms in Section 11-B-D. Starting from part E, we introduce
and analyze clustering algorithms based on a wide variety of
theories and techniques, including graph theory, combinato-

CLIQUE, OptiGrid, ORCLUS... rial search techniques, fuzzy set theory, neural networks, and
« M. How Many Clusters? kernels techniques. Compared with graph theory and fuzzy set
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Learning vector quantization (LVQ), self-organizing
feature map (SOFM), ART, simplified ART (SART),
hyperellipsoidal clustering network (HEC), self-split-
ting competitivelearning network (SPLL). ..

e |.Kernel-Based

Kernel K-means, support vector clustering (SVC). ..
e J. Sequential Data

Sequence Similarity

Indirect sequence clustering

Statistical sequence clustering

o K. Large-Scale Data Sets (See also Table 1)

CLARA, CURE, CLARANS, BIRCH, DBSCAN,
DENCLUE, WaveCluster, FC, ART ...

« L. Datavisualization and High-dimensional Data
PCA, ICA, Projection pursuit, Isomap, LLE,
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TABLE 11
COMPUTATIONAL COMPLEXITY OF CLUSTERING ALGORITHMS
Capability of
Cluster Complexity tackling high
algorithm dimensional
data
O(NKd) (time)
K-means O(N +K) (space) No
Fuzzy c- Near O(N) No
means
O(N?) (time
Hierarchical ( N ( ) No
clustering* O(N”) (space)
CLARA AKKAO+KY +K(N-K)* (time) No
CLARANS Quadratic in total performance No
BIRCH O(N) (time) No
DBSCAN O(Nlog N) (time) No
O(N;. 10g N,,,,,) (time)
CURE Nt 108 Nocmpic) Yes
ON ) (space)
WaveCluster O(N) (time) No
DENCLUE O(Nlog N) (time) Yes
FC O(N) (time) Yes
CLIQUE Linear with the number of objects,
Quadratic with the number of Yes
dimensions
OptiGrid Between O(Nd) and
O(Ndlog N) Yes
O(K; + K,Nd + K2d) (time)
ORCLUS Yes
O(K,d*) (space)

*Include single-linkage, complete-linkage, average-linkage, etc.
+Based on the heuristic for drawing a sample from the entire data set in
[161].

theory, which had aready been widely used in cluster analysis
before the 1980s, the other techniques have been finding their
applications in clustering just in the recent decades. In spite of
the short history, much progress has been achieved. Note that
these techniques can be used for both hierarchical and parti-
tional clustering. Considering the more frequent requirement of
tackling sequential data sets, large-scale, and high-dimensional
data sets in many current applications, we review clustering
algorithms for them in the following three parts. We focus
particular attention on clustering algorithms applied in bioin-
formatics. We offer more detailed discussion on how to identify
appropriate number of clusters, which is particularly important
in cluster validity, in the last part of the section.

A. Distance and Smilarity Measures

It is natural to ask what kind of standards we should use to
determine the closeness, or how to measure the distance (dis-
similarity) or similarity between a pair of objects, an object and
acluster, or apair of clusters. In the next section on hierarchical
clustering, wewill illustrate linkage metricsfor measuring prox-
imity between clusters. Usually, aprototypeis used to represent
a cluster so that it can be further processed like other objects.
Here, we focus on reviewing measure approaches between in-
dividuals due to the previous consideration.
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A data object is described by a set of features, usually repre-
sented as a multidimensional vector. The features can be quan-
titative or qualitative, continuous or binary, nominal or ordinal,
which determine the corresponding measure mechanisms.

A distance or dissimilarity function on adata set X isdefined
to satisfy the following conditions.

1) Wmmetry D(Xi7Xj) = D(XﬁXi);

2)  Positivity. D(x;,x;) > 0 for al x; and x;.

If conditions
3)  Triangle inequality.

D(x;,%x;) < D(x;,%x1) + D(xp,x;) fordl x;,x;, andx;,

and (4) ReﬂeXlVlty D(Xi,X]') =0iff x; = X; also
hold, it is called a metric.

Likewise, a similarity function is defined to satisfy the con-

ditions in the following.

1) %/mmetl’y S(Xi,Xj) = S(Xj,Xi);

2) POSltIVItyOS S(Xi,X]'> < 1, for al x; andxj.

If it also satisfies conditions

3)

S(xi, %) S (%, xk) < [S(xi, %) + 5%, %x)]5 (i, %)
for al x;,x; and x;,

and (4) S(x;,x;) = 1iff x; = x;, itiscalled asimi-
larity metric.

For a data set with IV input patterns, we can definean NV x
N symmetric matrix, called proximity matrix, whose (i, j)th
element represents the similarity or dissimilarity measure for
the ith and jth patterns (4, = 1,..., N).

Typically, distance functions are used to measure continuous
features, while similarity measures are more important for qual-
itative variables. We summarize some typical measures for con-
tinuous features in Table |. The selection of different measures
is problem dependent. For binary features, asimilarity measure
is commonly used (dissimilarity measures can be obtained by
smply using D;; = 1 — S;;). Suppose we use two binary sub-
scripts to count features in two objects. ngg and nq; represent
the number of simultaneous absence or presence of featuresin
two objects, and ng; and n1o count the features present only in
one object. Then two types of commonly used similarity mea-
sures for data points x; and x; areillustrated in the following.

n11 + Moo
n11 + noo + w(nio + no1)

Sij =

w =1, simple matching coefficient
w = 2, Rogersand Tanimoto measure.
w=1/2, Gower and Legendre measure.

These measures compute the match between two objects
directly. Unmatched pairs are weighted based on their
contribution to the similarity.

S — ni1
Y nyg 4 w(nio + not)
w =1, Jaccard coefficient
w =2, Sokal and Sneath measure.

w=1/2, Gower and Legendre measure.
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These measuresfocus on the co-occurrence featureswhile
ignoring the effect of co-absence.
For nominal featuresthat have more than two states, asimple
strategy needsto map theminto new binary features[161], while
amore effective method utilizes the matching criterion

1 d
Sl = SZ
T d IZ; It

0,
SL]l = { 17

[88]. Ordinal features order multiple states according to some
standard and can be compared by using continuous dissimi-
larity measures discussed in [161]. Edit distance for a phabetic
sequences is discussed in Section 11-J. More discussion on se-
guences and strings comparisons can be found in [120] and
[236].

Generally, for objects consisting of mixed variables, we can
map all these variables into the interval (0, 1) and use mea-
sures like the Euclidean metric. Alternatively, we can trans-
form them into binary variables and use binary similarity func-
tions. The drawback of these methods is the information loss.
A more powerful method was described by Gower in the form
Of Sij = (311 mijuSijt) /(i mijt), where S, indicatesthe
similarity for the ith feature and n;;; is a 0-1 coefficient based
onwhether the measure of thetwo objectsismissing [88], [112].

where

if ¢ and 5 do not match
if + and j match

B. Hierarchical Clustering

Hierarchical clustering (HC) agorithms organize datainto a
hierarchical structure according to the proximity matrix. There-
sultsof HC are usually depicted by abinary tree or dendrogram.
The root node of the dendrogram represents the whole data set
and each leaf node is regarded as a data object. The interme-
diate nodes, thus, describe the extent that the objects are prox-
imal to each other; and the height of the dendrogram usually
expresses the distance between each pair of objects or clusters,
or an object and a cluster. The ultimate clustering results can
be obtained by cutting the dendrogram at different levels. This
representation provides very informative descriptions and visu-
alization for the potential data clustering structures, especially
when real hierarchical relations exist in the data, like the data
from evolutionary research on different species of organizms.
HC agorithms are mainly classified as agglomerative methods
and divisive methods. Agglomerative clustering starts with vV
clusters and each of them includes exactly one object. A series
of merge operations are then followed out that finally lead all
objects to the same group. Divisive clustering proceeds in an
opposite way. In the beginning, the entire data set belongs to
a cluster and a procedure successively divides it until all clus-
ters are singleton clusters. For a cluster with N objects, there
are 2V—1 — 1 possible two-subset divisions, which is very ex-
pensive in computation [88]. Therefore, divisive clustering is
not commonly used in practice. We focus on the agglomera-
tive clustering in the following discussion and some of divisive
clustering applicationsfor binary datacan befoundin[88]. Two
divisive clustering algorithms, named MONA and DIANA, are
described in [161].
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The general agglomerative clustering can be summarized by
the following procedure.

1)  Start with N singleton clusters. Calculate the prox-
imity matrix for the IV clusters.
2) Search the minimal distance

D(C,C) = min, D(Cus
m#l

where D(x, x) is the distance function discussed be-
fore, in the proximity matrix, and combine cluster C;
and C; to form a new cluster.

3) Update the proximity matrix by computing the dis-

tances between the new cluster and the other clusters.

4)  Repeat steps 2)-3) until all objects are in the same

cluster.

Based on the different definitions for distance between two
clusters, there are many agglomerative clustering algorithms.
The simplest and most popular methods include single linkage
[256] and complete linkage technique [258]. For the single
linkage method, the distance between two clusters is deter-
mined by the two closest objects in different clusters, so it
is aso called nearest neighbor method. On the contrary, the
complete linkage method uses the farthest distance of a pair of
objects to define inter-cluster distance. Both the single linkage
and the complete linkage method can be generalized by the
recurrence formula proposed by Lance and Williams[178] as

D(Cl, (Ci? Cj)) = OziD(Cl, Ci) + OljD(Cl, Cj)
+/(3D(Cl C]) + ’Y|D(Cl Cl) - D(Cl/ C])|

where D(x, x) is the distance function and «;, o5, 3, and -y are
coefficients that take values dependent on the scheme used.

The formula describes the distance between a cluster [ and a
new cluster formed by the merge of two clustersi and j. Note
that when a; = a; = 1/2,8 = 0, andy = —1/2, theformula
becomes

D(Cl, (Cu CJ)) = min(D(Cl, C(,L‘)7 D(Cl, Cj))

which corresponds to the single linkage method. When «; =
a; = =1/2and 3 = 0, theformulais

D(Cl, (Cl, CJ)) = max(D(Cl, Gi)., D(Cl, C]))

which corresponds to the compl ete linkage method.

Several more complicated agglomerative clustering algo-
rithms, including group average linkage, median linkage,
centroid linkage, and Ward's method, can also be constructed
by selecting appropriate coefficients in the formula. A detailed
table describing the coefficient values for different algorithms
is offered in [150] and [210]. Single linkage, complete linkage
and average linkage consider al points of a pair of clusters,
when calculating their inter-cluster distance, and are also called
graph methods. The others are called geometric methods since
they use geometric centers to represent clusters and determine
their distances. Remarks on important features and properties
of these methods are summarized in [88]. More inter-cluster
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distance measures, especialy the mean-based ones, wereintro-
duced by Yager, with further discussion on their possible effect
to control the hierarchical clustering process [289].

Thecommon criticismfor classical HC algorithmsisthat they
lack robustness and are, hence, sensitive to noise and outliers.
Once an object isassigned to a cluster, it will not be considered
again, which means that HC agorithms are not capable of cor-
recting possible previous misclassification. The computational
complexity for most of HC algorithms is at least O(N?) and
this high cost limits their application in large-scale data sets.
Other disadvantages of HC include the tendency to form spher-
ical shapesand reversal phenomenon, in which the normal hier-
archical structure is distorted.

In recent years, with the requirement for handling large-scale
data sets in data mining and other fields, many new HC tech-
niques have appeared and greatly improved the clustering per-
formance. Typical examplesinclude CURE [116], ROCK [117],
Chameleon [159], and BIRCH [295].

The main motivations of BIRCH lieintwo aspects, the ability
to deal with large data sets and the robustness to outliers [295].
In order to achieve these goals, a new data structure, clustering
feature (CF) tree, is designed to store the summaries of the
original data. The CF tree is a height-balanced tree, with each
internal vertex composed of entriesdefined as[CF';, child;], i =
1,..., B, where CF; is a representation of the cluster 7 and
is defined as CF; = (NV,, LS, SS), where N; is the number of
data objects in the cluster, LS is the linear sum of the objects,
and SSisthe squared sum of the objects, child; isapointer to the
ith child node, and B is athreshold parameter that determines
the maximum number of entries in the vertex, and each |eaf
composed of entriesintheformof [CF;],« =1, ..., L,where L
isthethreshold parameter that control s the maximum number of
entriesintheleaf. Moreover, theleavesmust fol low therestriction
that the diameter (3,1 SN, (31 — X, )2/ N3 (N; — 1))1/2)
of each entry in the lesf is less than a threshold 7. The CF
tree structure captures the important clustering information of
the origina data while reducing the required storage. Outliers
are eliminated from the summaries by identifying the objects
sparsely distributed in the feature space. After the CF tree is
built, an agglomerative HC is applied to the set of summariesto
perform global clustering. An additional step may be performed
to refine the clusters. BIRCH can achieve a computational
complexity of O(N).

Noticing the restriction of centroid-based HC, which is
unable to identify arbitrary cluster shapes, Guha, Rastogi, and
Shim developed aHC agorithm, called CURE, to explore more
sophisticated cluster shapes[116]. The crucial feature of CURE
lies in the usage of a set of well-scattered points to represent
each cluster, which makes it possible to find rich cluster shapes
other than hyperspheres and avoids both the chaining effect
[88] of the minimum linkage method and the tendency to favor
clusters with similar sizes of centroid. These representative
points are further shrunk toward the cluster centroid according
to an adjustable parameter in order to weaken the effects of
outliers. CURE utilizes random sample (and partition) strategy
to reduce computational complexity. Guha et al. also proposed
another agglomerative HC algorithm, ROCK, to group data
with qualitative attributes [117]. They used a novel measure
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“link” to describetherelation between apair of objectsand their
common neighbors. Like CURE, a random sample strategy is
used to handle large data sets. Chameleon is constructed from
graph theory and will be discussed in Section I1-E.

Relative hierarchical clustering (RHC) isanother exploration
that considers both the internal distance (distance between a
pair of clusters which may be merged to yield a new cluster)
and the external distance (distance from the two clusters to the
rest), and uses the ratio of them to decide the proximities [203].
Leung et al. showed an interesting hierarchical clustering based
on scale-space theory [180]. They interpreted clustering using
a blurring process, in which each datum is regarded as a light
point in an image, and a cluster is represented as a blob. Li
and Biswas extended agglomerative HC to deal with both nu-
meric and nominal data. The proposed algorithm, called simi-
larity-based agglomerative clustering (SBAC), employsamixed
data measure scheme that pays extra attention to less common
matches of feature values [183]. Parallel techniques for HC are
discussed in [69] and [217], respectively.

C. Sguared Error—Based Clustering (Vector Quantization)

In contrast to hierarchical clustering, which yields a succes-
sivelevel of clustersby iterative fusions or divisions, partitional
clustering assigns a set of objectsinto K clusters with no hier-
archical structure. In principle, the optimal partition, based on
some specific criterion, can be found by enumerating all pos-
sibilities. But this brute force method is infeasible in practice,
due to the expensive computation [189]. Even for a small-scale
clustering problem (organizing 30 objects into 3 groups), the
number of possible partitionsis 2 x 1014, Therefore, heuristic
algorithms have been developed in order to seek approximate
solutions.

One of the important factors in partitional clustering is the
criterion function [124]. The sum of squared error function is
one of the most widely used criteria. Suppose we have a set of
objectsx; € R, j = 1,..., N, and we want to organize them
into K subsets C' = {C1,...,Ck }. Thesquared error criterion
then is defined as

K N
J(T,M) =3 > % — myf?

i=1 j=1
where
T' = apartition matrix;
{vij} X
1 ifx; e cluster: ; .
ii = . with ii = 1V5;
i {0 otherwise ;% J

M = cluster prototype or centroid (means) matrix;

[m17 EER) mK]

m; = samgle mean for the sth cluster;

(L/Ni) 3251 g%y

N;  number of objectsin the ith cluster.

Note the relation between the sum of squared error criterion
and the scatter matrices defined in multiclass discriminant anal-
ysis [79],

St = Sw + Sz
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where

St total scatter matrix;

Sw =within-class scatter matrix;

Sy 2o i (% — ma) (3 — mi)T

Sp = between-class scatter matrix; and

>y Ni(m; — m)(m; — m)”

m = mean vector for the whole data set.

(1/N) ¥/, Nom,

It is not difficult to see that the criterion based on the trace
of Sy is the same as the sum of squared error criterion. To
minimize the squared error criterion isequivalent to minimizing
the trace of Sy, or maximizing the trace of Sg. We can obtain
arich class of criterion functions based on the characteristics of
Sw and Sp [75].

The K-means agorithm is the best-known sguared
error-based clustering agorithm [94], [191].

1) Initidize a K-partition randomly or based on some

prior knowledge. Calculate the cluster prototype ma

trix M = [ml., .. .,mK].
2)  Assign each object inthe data set to the nearest cluster
Cy,i.e
Xj € Cy, if[Jxj —my| <[jx; —mi]

forj=1,...,N, i#w, ad i=1,..., K.

3) Recalculate the cluster prototype matrix based on the

current partition.

4) Repeat steps 2)-3) until there is no change for each

cluster.

The K-means agorithm is very simple and can be easily
implemented in solving many practical problems. It can work
very well for compact and hyperspherica clusters. The time
complexity of K-meansis O(NKd). Since K and d are usu-
ally much less than N, K-means can be used to cluster large
data sets. Parallel techniques for K-means are developed that
can largely accelerate the algorithm [262]. The drawbacks of
K-meansare also well studied, and as aresult, many variants of
K -means have appeared in order to overcome these obstacles.
We summarize some of the mgjor disadvantages with the pro-
posed improvement in the following.

1)  Thereis no efficient and universal method for iden-
tifying the initia partitions and the number of clus-
ters K. The convergence centroids vary with different
initial points. A general strategy for the problem is
to run the agorithm many times with random initia
partitions. Pefia, Lozano, and Larrafiaga compared the
random method with other three classical initial parti-
tion methods by Forgy [94], Kaufman [161], and Mac-
Queen [191], based on the effectiveness, robustness,
and convergence speed criteria [227]. According to
their experimental results, the random and Kaufman's
method work much better than the other two under the
first two criteriaand by further considering the conver-
gence speed, they recommended Kaufman's method.
Bradley and Fayyad presented a refinement algorithm
that first utilizes K-means M timesto M random sub-
sets from the original data [43]. The set formed from
the union of the solution (centroids of the K clusters)
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2)

3

of the M subsets is clustered M times again, setting
each subset solution as the initial guess. The starting
points for the whole data are obtained by choosing the
solution with minimal sum of squared distances. Likas,
Vlassis, and Verbeek proposed aglobal K -meansalgo-
rithm consisting of aseries of K -meansclustering pro-
cedures with the number of clusters varying from 1 to
K [186]. After finding the centroid for only one cluster
existing, at each k, k = 2,..., K, theprevious k — 1
centroids are fixed and the new centroid is selected by
examining al data points. The authors claimed that the
algorithm is independent of the initial partitions and
provided accelerating strategies. But the problem on
computational complexity exists, due to the require-
ment for executing K-means IV times for each value
of k.

An interesting technique, called ISODATA, devel-
oped by Ball and Hall [21], deals with the estimation
of K. 1SODATA can dynamically adjust the number of
clusters by merging and splitting clusters according to
some predefined thresholds (in this sense, the problem
of identifying the initial number of clusters becomes
that of parameter (threshold) tweaking). The new K is
used as the expected number of clustersfor the next it-
eration.

The iteratively optimal procedure of K-means cannot
guarantee convergence to a globa optimum. The sto-
chastic optimal techniques, like simulated annealing
(SA) and genetic algorithms (also see part I1.F), can
find the global optimum with the price of expensive
computation. Krishnaand Murty designed new opera-
torsin their hybrid scheme, GKA, in order to achieve
global search and fast convergence [173]. The defined
biased mutation operator is based on the Euclidean
distance between an object and the centroids and aims
to avoid getting stuck in a local optimum. Another
operator, the K-means operator (KMO), replaces the
computationally expensive crossover operators and
aleviates the complexities coming with them. An
adaptive learning rate strategy for the online mode
K-means is illustrated in [63]. The learning rate is
exclusively dependent on the within-group variations
and can be adjusted without involving any user activi-
ties. The proposed enhanced LBG (ELBG) agorithm
adopts a roulette mechanism typical of genetic algo-
rithms to become near-optimal and therefore, is not
sengitive to initialization [222].

K-means is sensitive to outliers and noise. Even if an
object is quite far away from the cluster centroid, it is
still forced into a cluster and, thus, distorts the cluster
shapes. ISODATA [21] and PAM [161] both consider
the effect of outliers in clustering procedures. 1SO-
DATA getsrid of clusters with few objects. The split-
ting operation of ISODATA eliminates the possibility
of elongated clusterstypical of K-means. PAM utilizes
real data points (medoids) asthe cluster prototypesand
avoids the effect of outliers. Based on the same con-
sideration, a K-medoids algorithmis presented in [87]
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by searching the discrete 1-medians as the cluster cen-
troids.

4)  The definition of “means’ limits the application
only to numerical variables. The K-medoids ago-
rithm mentioned previoudly is a natural choice, when
the computation of means is unavailable, since the
medoids do not need any computation and always exist
[161]. Huang [142] and Gupta et al. [118] defined dif-
ferent dissimilarity measures to extend K-means
to categorical variables. For Huang's method, the
clustering goal is to minimize the cost function

J(T,Q) = ¥/, Y, 7iD(x, Qi), where

d
D(x;,x;) = Z O(wir, w51)
=1
and

(1 zaFzn
6($117$Jl) - {0 Til = Tj
with a st of d-dimensional vectors

Q = {Q1,...,Qx}, Where Q; = (Qj1,...,Qja).
Each vector Q; is known as a mode and is defined to
minimize the sum of distances " | D(x;, Q;). The
proposed K-modes algorithm operates in a similar
way as K-means.
Several recent advances on K -means and other squared-error
based clustering algorithmswith their applications can be found
in [125], [155], [222], [223], [264], and [277].

D. Mixture Densities-Based Clustering (pdf Estimation via
Mixture Densities)

In the probabilistic view, data objects are assumed to be gen-
erated according to several probability distributions. Datapoints
in different clusters were generated by different probability dis-
tributions. They can be derived from different types of density
functions (e.g., multivariate Gaussian or ¢-distribution), or the
same families, but with different parameters. If the distributions
are known, finding the clusters of a given data set is equivalent
to estimating the parameters of several underlying models. Sup-
pose the prior probability (also known as mixing probability)
P(C;) for cluster C;,i = 1,...,K (here, K is assumed to
be known and methods for estimating K are discussed in Sec-
tion 11-M) and the conditional probability density p(x | C;, 6;)
(also known as component density), where @; is the unknown
parameter vector, are known. Then, the mixture probability den-
sity for the whole data set is expressed as

.
p(x18) =" p(x|Ci,0,)P(Ci)

i=1

where @ = (0:,...,0x), and Y., P(C;) = 1. Aslong as
the parameter vector € is decided, the posterior probability for
assigning a data point to a cluster can be easily calculated with
Bayes's theorem. Here, the mixtures can be constructed with
any types of components, but more commonly, multivariate
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Gaussian densities are used due to its complete theory and
analytical tractability [88], [297].

Maximum likelihood (ML) estimation is an important statis-
tical approach for parameter estimation [75] and it considersthe
best estimate as the one that maximizes the probability of gen-
erating all the observations, which is given by the joint density
function

P, xx}10) = [[ pix; 10)

or, in alogarithm form

16) = 3" Inp(x; 1),

The best estimate can be achieved by solving the log-likelihood
equations (91(9))/(00;) = 0.

Unfortunately, since the solutions of the likelihood equa-
tions cannot be obtained analytically in most circumstances
[90], [197], iteratively suboptimal approaches are required to
approximate the ML estimates. Among these methods, the
expectation-maximization (EM) algorithm is the most popular
[196]. EM regards the data set as incomplete and divides
each data point x; into two parts x; = {x},x]"}, where x{
represents the observable features and x* = (27}, ..., 27)
is the missing data, where z7; chooses value 1 or 0 according
to whether x; belongs to the component ¢ or not. Thus, the
complete data log-likelihood is

N K

10) =" ajilog[P(Cip (x7] 6,)].

j=1i=1

The standard EM algorithm generates a series of parameter
estimates {6°,0",...,0%}, where T represents the reaching of
the convergence criterion, through the following steps:

1) initiaized® and set ¢ = 0;

2)  estep: Compute the expectation of the complete data

log-likelihood

Q(6.0") = Ellog p(x?, x™ | 8) | x*,6'Y;

3) m-step: Select a new parameter estimate that maxi-

mizes the Q-function, 8" = arg max,Q(8,6");

4) Increaset = ¢ + 1; repeat steps 2)-3) until the conver-

gence condition is satisfied.

The major disadvantagesfor EM algorithm are the sensitivity
to the selection of initial parameters, the effect of asingular co-
variance matrix, the possibility of convergence to aloca op-
timum, and the slow convergence rate [96], [196]. Variants of
EM for addressing these problems are discussed in [90] and
[196].

A valuable theoretical note is the relation between the EM
algorithm and the K-means agorithm. Celeux and Govaert
proved that classification EM (CEM) algorithm under a spher-
ical Gaussian mixture is equivalent to the K-means algorithm
[58].
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Fraley and Raftery described a comprehensive mix-
ture-model based clustering scheme [96], which was im-
plemented as a software package, known as MCLUST [95]. In
this case, the component density is multivariate Gaussian, with
a mean vector u and a covariance matrix X as the parameters
to be estimated. The covariance matrix for each component can
further be parameterized by virtue of eigenvalue decomposi-
tion, represented as ¥ = AITAIIT, where \ isascalar, IT is
the orthogonal matrix of eigenvectors, and A is the diagona
matrix based on the eigenvalues of X [96]. Thesethree elements
determine the geometric properties of each component. After
the maximum number of clusters and the candidate models are
specified, an agglomerative hierarchical clustering was used to
ignite the EM algorithm by forming an initial partition, which
includes at most the maximum number of clusters, for each
model. The optimal clustering result is achieved by checking
the Bayesian information criterion (BIC) value discussed in
Section 11-M. GMDD is aso based on multivariate Gaussian
densities and is designed as a recursive algorithm that sequen-
tially estimates each component [297]. GMDD views data
points that are not generated from a distribution as noise and
utilizes an enhanced model-fitting estimator to construct each
component from the contaminated model. AutoClass considers
more families of probability distributions (e.g., Poisson and
Bernoulli) for different datatypes[59]. A Bayesian approach is
used in AutoClass to find out the optimal partition of the given
data based on the prior probabilities. Its parallel reaization is
described in [228]. Other important algorithms and programs
include Multimix [147], EM based mixture program (EMMIX)
[198], and Snob [278].

E. Graph Theory-Based Clustering

The concepts and properties of graph theory [126] make it
very convenient to describe clustering problems by means of
graphs. Nodes V' of a weighted graph G correspond to data
points in the pattern space and edges F reflect the proximities
between each pair of data points. If the dissimilarity matrix is
defined as

D — { 1 if D(xi,%x5) < dp
* 0 otherwise

where dy is a threshold value, the graph is simplified to an
unweighted threshold graph. Both the single linkage HC and
the complete linkage HC can be described on the basis of
the threshold graph. Single linkage clustering is equivalent to
seeking maximally connected subgraphs (components) while
complete linkage clustering corresponds to finding maximally
complete subgraphs (cliques) [150]. Jain and Dubes illustrated
and discussed more applications of graph theory (e.g., Hubert’s
algorithm and Johnson’s algorithm) for hierarchical clustering
in [150]. Chameleon [159] is a newly developed agglomerative
HC algorithm based on the k-nearest-neighbor graph, in which
an edge is eliminated if both vertices are not within the &
closest points related to each other. At the first step, Chameleon
divides the connectivity graph into a set of subclusters with the
minimal edge cut. Each subgraph should contain enough nodes
in order for effective similarity computation. By combining
both the relative interconnectivity and relative closeness, which
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make Chameleon flexible enough to explore the characteristics
of potential clusters, Chameleon merges these small subsets
and, thus, comes up with the ultimate clustering solutions.
Here, the relative interconnectivity (or closeness) is obtained
by normalizing the sum of weights (or average weight) of the
edges connecting the two clusters over the internal connectivity
(or closeness) of the clusters. DTG is another important graph
representation for HC analysis. Cherng and Lo constructed a
hypergraph (each edge is alowed to connect more than two
vertices) from the DTG and used a two-phase algorithm that is
similar to Chameleon to find clusters[61]. Another DTG-based
application, known as AMOEBA algorithm, is presented in
[86].

Graph theory can also be used for nonhierarchical clusters.
Zahn's clustering agorithm seeks connected components as
clusters by detecting and discarding inconsistent edges in the
minimum spanning tree [150]. Hartuv and Shamir treated clus-
ters as HCS, where “highly connected” means the connectivity
(the minimum number of edges needed to disconnect a graph)
of the subgraph is at least half as great as the number of the
vertices [128]. A minimum cut (mincut) procedure, which
aims to separate a graph with a minimum number of edges, is
used to find these HCSs recursively. Another algorithm, called
CLICK, is based on the calculation of the minimum weight
cut to form clusters [247]. Here, the graph is weighted and the
edge weights are assigned a new interpretation, by combining
probability and graph theory. The edge weight between node :
and j is defined as shown in

o Pr ob(4, j belong to the same cluster | S;;)
S Pr ob(i, j does not belong to the same cluster | S;;)

€ij =

where S;; represents the similarity between the two nodes.
CLICK further assumes that the similarity values within clus-
ters and between clusters follow Gaussian distributions with
different means and variances, respectively. Therefore, the
previous equation can be rewritten by using Bayes' theorem as

S — 2 ;i — uw)?
eij = log PooB n (Sij 2,UB) _ (i 2/“‘ )
(1 — po)o'j,v 20'3 20",‘,

where py is the prior probability that two objects belong to
the same cluster and pup,0%, uw, o3, are the means and
variances for between-cluster similarities and within-clusters
similarities, respectively. These parameters can be estimated
either from prior knowledge, or by using parameter estimation
methods [75]. CLICK recursively checks the current subgraph,
and generates a kernel list, which consists of the components
satisfying some criterion function. Subgraphs that include only
one node are regarded as singletons, and are separated for
further manipulation. Using the kernels as the basic clusters,
CLICK carries out a series of singleton adoptions and cluster
merge to generate the resulting clusters. Additional heuristics
are provided to accel erate the algorithm performance.
Similarly, CAST considersaprobabilistic model in designing
a graph theory-based clustering algorithm [29]. Clusters are
modeled as corrupted clique graphs, which, inideal conditions,
are regarded as a set of digoint cliques. The effect of noise
is incorporated by adding or removing edges from the ideal

Authorized licensed use limited to: Penn State University. Downloaded on March 02,2026 at 21:22:43 UTC from IEEE Xplore. Restrictions apply.

Page 241 of 265



XU AND WUNSCH II: SURVEY OF CLUSTERING ALGORITHMS

model, with a probability a. Proofs were given for recovering
the uncorrupted graph with a high probability. CAST is the
heuristic implementation of the original theoretical version.
CAST creates clusters sequentially, and each cluster begins
with arandom and unassigned data point. The relation between
adata point 7 and a cluster Cy being built is determined by the
affinity, defined as a(i) = > ., Sij, and theaffinity threshold
parameter t. When a(i) > t|Co), it means that the data point is
highly related to the cluster and vice versa. CAST alternately
adds high affinity data points or deletes low affinity data points
from the cluster until no more changes occur.

F. Combinatorial Search Techniques-Based Clustering

The basic object of search techniques is to find the global
or approximate global optimum for combinatorial optimization
problems, which usually have NP-hard complexity and need to
search an exponentially large solution space. Clustering can be
regarded as a category of optimization problems. Given a set of
data points x; € R¢,j = 1,..., N, clustering algorithms aim
to organize them into K subsets {C1,...,Ck} that optimize
some criterion function. The possible partition for IV pointsinto
K clustersis given by the formula[189]

K
1 .
P(N,K) = yal > (=pEmopmt.
"m=1

As shown before, even for smal N and K, the computa-
tional complexity is extremely expensive, not to mention the
large-scale clustering problemsfrequently encounteredin recent
decades. Simple local search techniques, like hill-climbing al-
gorithms, are utilized to find the partitions, but they are easily
stuck inlocal minimaand therefore cannot guarantee optimality.
More complex search methods (e.g., evolutionary agorithms
(EAS) [93], SA [165], and Tabu search (TS) [108] are known as
stochastic optimization methods, while deterministic annealing
(DA) [139], [234] isthe most typical deterministic search tech-
nique) can explore the solution space more flexibly and effi-
ciently.

Inspired by the natural evolution process, evolutionary com-
putation, which consists of genetic algorithms (GAS), evolution
strategies (ESs), evolutionary programming (EP), and genetic
programming (GP), optimizesapopulation of structure by using
a set of evolutionary operators [93]. An optimization function,
called thefitnessfunction, isthe standard for eval uating the opti-
mizing degree of the population, inwhich eachindividua hasits
corresponding fitness. Selection, recombination, and mutation
are the most widely used evolutionary operators. The selection
operator ensuresthe continuity of the population by favoring the
best individuals in the next generation. The recombination and
mutation operators support the diversity of the population by ex-
erting perturbations on the individuals. Among many EAs, GAs
[140] are the most popular approaches applied in cluster anal-
ysis. In GAs, each individual is usually encoded as a binary bit
string, called achromosome. After aninitial populationisgener-
ated according to some heuristic rules or just randomly, aseries
of operations, including selection, crossover and mutation, are
iteratively applied to the population until the stop condition is
satisfied.
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Hall, Ozyurt, and Bezdek proposed a GGA that can be re-
garded as a general scheme for center-based (hard or fuzzy)
clustering problems [122]. Fitness functions are reformulated
from the standard sum of squared error criterion function in
order to adapt the change of the construction of the optimiza-
tion problem (only the prototype matrix is needed)

Af
J(M) = Z HliIl(Dlj, Dzj, ce ,DK]')

j=1
for hard clustering

N K 1-m
D=3 <Z D;j/<1—m>>
j=1

i=1
for fuzzy clustering

where D;;,i=1,...,K,j = 1,..., N,isthedistance between
the ith cluster and the jth data object, and 1, is the fuzzification
parameter.

GGA proceeds with the following steps.

1) Choose appropriate parameters for the algorithm. Ini-
tialize the population randomly with pP individuas,
each of which representsa K x d prototype matrix and
isencoded asgray codes. Calcul ate thefitnessvaluefor
each individual.

2) Use selection (tournament selection) operator to
choose parental members for reproduction.

3) Use crossover (two-point crossover) and mutation (bit-
wise mutation) operator to generate offspring from the
individuals chosen in step 2).

4) Determine the next generation by keeping the individ-
uals with the highest fithess.

5)  Repeat steps 2)—4) until the termination condition is
satisfied.

Other GAs-based clustering applications have appeared
based on a similar framework. They are different in the
meaning of an individual in the population, encoding methods,
fitness function definition, and evolutionary operators [67],
[195], [273]. The algorithm CLUSTERING in [273] includes
a heuristic scheme for estimating the appropriate number of
clusters in the data. It also uses a nearest-neighbor algorithm
to divide data into small subsets, before GAs-based clustering,
in order to reduce the computational complexity. GAs are very
useful for improving the performance of K -means algorithms.
Babu and Murty used GAs to find good initial partitions [15].
Krishna and Murty combined GA with K -means and devel-
oped GKA agorithm that can find the global optimum [173].
As indicated in Section I1-C, the algorithm ELBG uses the
roulette mechanism to address the problems due to the bad
initialization [222]. It is worthwhile to note that ELBG are
equivalent to another agorithm, fully automatic clustering
system (FACS) [223], in terms of quantization level detection.
The difference lies in the input parameters employed (ELBG
adopts the number of quantization levels, while FACS uses
the desired distortion error). Except the previous applications,
GAs can aso be used for hierarchical clustering. Lozano and
Larrafiag discussed the properties of ultrametric distance [127]
and reformulated the hierarchical clustering as an optimization

Authorized licensed use limited to: Penn State University. Downloaded on March 02,2026 at 21:22:43 UTC from IEEE Xplore. Restrictions apply.

Page 242 of 265



656

problem that tries to find the closest ultrametic distance for a
given dissimilarity with Euclidean norm [190]. They suggested
an order-based GA to solve the problem. Clustering algorithms
based on ESs and EP are described and analyzed in [16] and
[106], respectively.

TSisacombinatory search technique that usesthe tabu list to
guide the search process consisting of asequence of moves. The
tabu list stores part or all of previously selected movesaccording
to the specified size. These moves are forbidden in the current
search and are called tabu. In the TS clustering a gorithm devel-
oped by Al-Sultan[9], aset of candidate solutions are generated
from the current solution with some strategy. Each candidate so-
[ution representsthe allocations of IV dataobjectsin K clusters.
The candidate with the optimal cost function is selected as the
current solution and appended to the tabu list, if it isnot already
inthetabu list or meets the aspiration criterion, which can over-
rule the tabu restriction. Otherwise, the remaining candidates
are evaluated in the order of their cost function values, until all
these conditions are satisfied. When all the candidatesaretabu, a
new set of candidate solutions are created followed by the same
search process. The search process proceeds until the maximum
number of iterationsisreached. Sung and Jin’s method includes
more elaborate search processes with the packing and releasing
procedures [266]. They also used a secondary tabu list to keep
the search from trapping into the potential cycles. A fuzzy ver-
sion of TS clustering can be found in [72].

SA isalso asequential and global search technique and ismo-
tivated by the annealing process in metallurgy [165]. SA allows
the search processto accept aworse sol ution with acertain prob-
ability. The probability is controlled by a parameter, known as
temperature 7" and is usually expressed as exp(A.J/T), where
AJ is the change of the energy (cost function). The tempera-
ture T' goes through an annealing schedule from initial high to
ultimate low values, which means that SA attempts to explore
solution space more completely at high temperatures while fa-
vorsthe solutions that lead to lower energy at low temperatures.
SA-based clustering was reported in [47] and [245]. The former
illustrated an application of SA clustering to evaluate different
clustering criteria and the latter investigated the effects of input
parameters to the clustering performance.

Hybrid approaches that combine these search techniques are
also proposed. A tabulistisusedinaGA clustering algorithmto
preserve the variety of the population and avoid repeating com-
putation [243]. An application of SA for improving TS was re-
portedin [64]. Thealgorithm further reducesthe possible moves
to local optima.

The main drawback that plagues the search techniques-based
clustering algorithms is the parameter selection. More often
than not, search techniques introduce more parameters than
other methods (like K-means). There are no theoretic guide-
lines to select the appropriate and effective parameters. Hall
et al. provided some methods for setting parameters in their
GAs-based clustering framework [122], but most of these
criteria are still obtained empirically. The same situation exists
for TS and SA clustering [9], [245]. Another problem is the
computational complexity paid for the convergence to global
optima. High computational requirement limits their applica-
tionsin large-scale data sets.
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G. Fuzzy Clustering

Except for GGA, the clustering techniques we have discussed
so far are referred to as hard or crisp clustering, which means
that each object is assigned to only one cluster. For fuzzy clus-
tering, thisrestriction isrelaxed, and the object can belong to all
of the clusters with a certain degree of membership [293]. This
is particularly useful when the boundaries among the clusters
are not well separated and ambiguous. Moreover, the member-
ships may hel p usdiscover more sophisticated relations between
a given object and the disclosed clusters.

FCM is one of the most popular fuzzy clustering algorithms
[141]. FCM can be regarded as a generaization of |SODATA
[76] and was realized by Bezdek [35]. FCM attemptsto find a
partition (c fuzzy clusters) for aset of datapointsx; € R¢,j =

1,..., N while minimizing the cost function
c N
J(U, M) = Z Z (U,L',J')mDij
i=1 j=1
where

is the fuzzy partition matrix and u; ; €
[0, 1] is the membership coefficient of the
jth object in the ith cluster;

U=[u; j]exnv

M=[m;,,...,m.] is the cluster prototype (mean or center)
matrix;
m € [1,00) is the fuzzification parameter and usually

isset to 2 [129];
D;j=D(x;,m;) is the distance measure between x; and
m;.
We summarize the standard FCM as follows, in which the
Euclidean or L, norm distance function is used.
1)  Select appropriate valuesfor m, ¢, and asmall positive
number e. Initialize the prototype matrix M randomly.
Set step variablet = 0.
2)  Cdculate (at t = 0) or update (at ¢ > 0) the member-

ship matrix U by
1 - “m
US+ = 1/(2 (Dy;/Di;)" )>
=1
fori=1,...,c and j=1,...,N.

3) Update the prototype matrix M by

N m N m
(Y — (Z () ) / (Z () )

fori=1,...,c

4)  Repeat steps 2)-3) until M) — M®)|| < e.

Numerous FCM variants and other fuzzy clustering algo-
rithms have appeared as a result of the intensive investigation
on the distance measure functions, the effect of weighting
exponent on fuzziness control, the optimization approaches for
fuzzy partition, and improvements of the drawbacks of FCM
[84], [141].

Likeitshard counterpart, FCM also suffersfrom the presence
of noise and outliers and the difficulty to identify theinitial par-
titions. Yager and Filev proposed aMM in order to estimate the
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centers of clusters [290]. Candidate centers consist of a set of
verticesthat are formed by building a grid on the pattern space.
The mountain function for a vertexv,; isdefined as

N

M(VZ') _ Z ef(yD(xj,v;)

=1

where D(x;,V;) is the distance between the; th data object and
the; th nod’e, and, isapositive constant. Therefore, the closer
adata object isto a vertex, the more the data object contributes
to the mountain function. The vertexv,,,, with the maximum
value of mountain function A7, isselected asthefirst center.
A procedure, called mountain destruction, is performed to get
rid of the effects of the selected center. Thisis achieved by sub-
tracting the mountain function value for each of the rest ver-
ticeswith an amount dependent on the current maximum moun-
tain function value and the distance between the vertex and the
center. The process iterates until the ratio between the current
maximum and )7, is below some threshold. The connection
of MM with several other fuzzy clustering algorithms was fur-
ther discussed in[71]. Gath and Gevadescribed aninitialization
strategy of unsupervised tracking of cluster prototypes in their
2-layer clustering scheme, in which FCM and fuzzy ML esti-
mation are effectively combined [102].

Kersten suggested that city block distance (or L, norm) could
improve the robustness of FCM to outliers [163]. Furthermore,
Hathaway, Bezdek, and Hu extended FCM to a more universal
case by using Minkowski distance (or L, norm, p > 1) and
seminorm (0 < p < 1) for the models that operate either di-
rectly on the data objects or indirectly on the dissimilarity mea-
sures[130]. According to their empirical results, the object data
based models, with 1, and [, norm, are recommended. They
also pointed out the possible improvement of models for other
. norm with the price of more complicated optimization oper-
ations. PCM isanother approach for dealing with outliers[175].
Under this model, the memberships are interpreted by a possi-
bilisticview, i.e., “the compatibilities of the pointswith the class
prototypes’ [175]. The effect of noiseand outliersisabated with
the consideration of typicality. Inthiscase, thefirst condition for
the membership coefficient described in Section | is relaxed to
max;u; ; > 0,Vj. Accordingly, the cost function is reformu-
lated as

c N

J(U,M) = XC:Z (uij)™ Dij + Zm > —u)"

i=1j=1 =

where ;, are some positive constants. The additional term
tends to give credits to memberships with large values. A
modified version in order to find appropriate clusters is pro-
posed in [294]. Davé and Krishnapuram further elaborated
the discussion on fuzzy clustering robustness and indicated its
connection with robust statistics [71]. Relations among some
widely used fuzzy clustering algorithms were discussed and
their similarities to some robust statistical methods were also
reviewed. They reached a unified framework as the conclusion
for the previous discussion and proposed generic agorithms
for robust clustering.
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The standard FCM alternates the calculation of the member-
ship and prototype matrix, which causes acomputational burden
for large-scale data sets. Kolen and Hutcheson accelerated the
computation by combining updates of the two matrices [172].
Hung and Yang proposed a method to reduce computational
time by identifying more accurate cluster centers [146]. FCM
variants were al so devel oped to deal with other datatypes, such
as symbolic data [81] and data with missing values [129].

A family of fuzzyc -shellsalgorithms has al so appeared to de-
tect different types of cluster shapes, especially contours (lines,
circles, ellipses, rings, rectangles, hyperbolas) in a two-dimen-
sional data space. They use the “shells’ (curved surfaces [70])
as the cluster prototypes instead of points or surfaces in tra-
ditional fuzzy clustering algorithms. In the case of FCS [36],
[70], the proposed cluster prototype is represented as ad-di-
mensional hyperspherical shell m(v,r) (@ = 2 for circles),
wherev € R? isthe center, andr € R isthe radius. A dis-
tance function is defined as D(x;, m;) = ([lx; — v;|l = 5) to
measure the distance from adata objectx; to the prototypeim; .
Similarly, other cluster shapes can be achieved by defining ap-
propriate prototypes and corresponding distance functions, ex-
ample including fuzzy c-spherical shells (FCSS) [176], fuzzy
¢-rings (FCR) [193], fuzzy c-quadratic shells (FCQS) [174], and
fuzzy c-rectangular shells (FCRS) [137]. See [141] for further
details.

Fuzzy set theories can also be used to create hierarchical
cluster structure. Geva proposed a hierarchical unsupervised
fuzzy clustering (HUFC) algorithm [104], which can effec-
tively explore data structure at different levels like HC, while
establishing the connections between each object and cluster in
the hierarchy with the memberships. This design makes HUFC
overcome one of the major disadvantages of HC, i.e., HC
cannot reassign an object once it is designated into a cluster.
Fuzzy clustering is aso closely related to neural networks [24],
and we will see more discussions in the following section.

H. Neural Networks-Based Clustering

Neural networks-based clustering has been dominated by
SOFMs and adaptive resonance theory (ART), both of which
are reviewed here, followed by a brief discussion of other
approaches.

In competitive neural networks, active neurons reinforce
their neighborhood within certain regions, while suppressing
the activities of other neurons (so-called on-center/off-surround
competition). Typical examplesinclude LVQ and SOFM [168],
[169]. Intrinsically, LVQ performs supervised learning, and is
not categorized as a clustering algorithm [169], [221]. But its
learning properties provide an insight to describe the potential
data structure using the prototype vectors in the competitive
layer. By pointing out the limitations of LVQ, including sen-
sitivity to initiation and lack of a definite clustering object,
Pal, Bezdek, and Tsao proposed a general LVQ agorithm
for clustering, known as GLVQ [221] (also see [157] for its
improved version GLVQ-F). They constructed the clustering
problem as an optimization process based on minimizing a
loss function, which is defined on the locally weighted error
between the input pattern and the winning prototype. They aso
showed the relations between LVQ and the online K means
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algorithm. Soft LVQ algorithms, e.g., fuzzy algorithms for
LVQ (FALVQ), were discussed in [156].

The objective of SOFM is to represent high-dimensiona
input patterns with prototype vectors that can be visualized in
a usually two-dimensional lattice structure [168], [169]. Each
unit in the lattice is called a neuron, and adjacent neurons are
connected to each other, which gives the clear topology of
how the network fits itself to the input space. Input patterns
are fully connected to al neurons via adaptable weights, and
during the training process, neighboring input patterns are
projected into the lattice, corresponding to adjacent neurons. In
this sense, some authors prefer to think of SOFM as a method
to displaying latent data structure in a visual way rather than a
clustering approach [221]. Basic SOFM training goes through
the following steps.

1) Define the topology of the SOFM; Initiaize the proto-

type vectorsm;(0),7 = 1,..., K randomly.

2) Present an input pattern x to the network; Choose

the winning node J that is closest to x, i.e,
J = arg; min{[|x — mj]|}.
3) Update prototype vectors

m;(t+ 1) = m;(t) + hei(t)[x — m;(t)]

where h.;(t) isthe neighborhood function that is often
defined as

hei(t) = a(t) exp <_H2raf_(tl;”2)

where «/(t) is the monotonicaly decreasing learning
rate, r representsthe position of corresponding neuron,
and o(t) isthe monotonically decreasing kernel width

function, or
a(t), if node ¢ belongs to the neighborhood
hei(t) = of the winning node ./
0, otherwise.

4) Repeat steps 2)-3) until no change of neuron position
that is more than asmall positive number is observed.
While SOFM enjoy the merits of input space density ap-
proximation and independence of the order of input patterns, a
number of user-dependent parameters cause problems when ap-
pliedinrea practice. Like the K -means agorithm, SOFM need
to predefine the size of the lattice, i.e., the number of clusters,
whichisunknown for most circumstances. Additionally, trained
SOFM may be suffering from input space density misrepresen-
tation[132], where areas of |ow pattern density may be over-rep-
resented and areas of high density under-represented. Kohonen
reviewed avariety of variants of SOFM in[169], whichimprove
drawbacks of basic SOFM and broaden its applications. SOFM
can also be integrated with other clustering approaches (e.g.,
K -means algorithm or HC) to provide more effective and faster
clustering. [263] and [276] illustrate two such hybrid systems.
ART was developed by Carpenter and Grossberg, as a so-
[ution to the plasticity and stability dilemma [51], [53], [113].
ART can learn arbitrary input patterns in a stable, fast, and
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self-organizing way, thus, overcoming the effect of learning in-
stability that plagues many other competitive networks. ART is
not, asis popularly imagined, a neural network architecture. It
isalearning theory, that resonance in neural circuits can trigger
fast learning. As such, it subsumes a large family of current
and future neural networks architectures, with many variants.
ART1 is the first member, which only deals with binary input
patterns [51], athough it can be extended to arbitrary input
patterns by a variety of coding mechanisms. ART2 extends
the applications to analog input patterns [52] and ART3 intro-
duces a new mechanism originating from elaborate biological
processes to achieve more efficient parallel search in hierar-
chica structures [54]. By incorporating two ART modules,
which receive input patterns (ART,,) and corresponding labels
(ARTY},), respectively, with an inter-ART module, the resulting
ARTMAP system can be used for supervised classifications
[56]. The match tracking strategy ensures the consistency of
category prediction between two ART modules by dynamically
adjusting the vigilance parameter of ART,. Also see fuzzy
ARTMAP in [55]. A similar idea, omitting the inter-ART
module, is known as LAPART [134].

The basic ART1 architecture consists of two-layer nodes, the
feature representation field £ and the category representation
field F». They are connected by adaptive weights, bottom-up
weight matrix W12 and top-down weight matrix W2, Thepro-
totypes of clusters are stored in layer F. After it is activated
according to the winner-takes-all competition, an expectation
is reflected in layer Fy, and compared with the input pattern.
The orienting subsystem with the specified vigilance parameter
p (0 < p < 1) determines whether the expectation and the
input are closely matched, and therefore control s the generation
of new clusters. It is clear that the larger p is, the more clusters
are generated. Once weight adaptation occurs, both bottom-up
and top-down weightsare updated simultaneously. Thisiscalled
resonance, from which the name comes. The ART1 algorithm
can be described as follows.

1)  Initidlize weight matrices W'* and W' as W,? =
a;, where a; are sorted in a descending order and sat-
isfies0 < o; < (1)/(B+ |x|) for 5 > 0 and any
binary input pattern x, and W3 = 1;

2) For anew pattern x, calculate the input from layer F
to layer F» as

d
_ E 12,
7}' = WL] €Z;
=1

x| if 7 isan uncommitted node
J
(first activated)

Y koW :
———2— if j isacommitted node
ﬂ+|W21| f tted nod

i

where N represents the logic AND operation.

3)  Adctivatelayer F» by choosing node J with the winner-
takes-all rule T'; = max;{T}}.

4)  Compare the expectation from layer F» with the input
pattern. If p < (|x N W?2|/|x]), go to step 5a), other-
wise go to step 5bh).
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5)

a) Update the corresponding weights for the active
node as W4 (new) = (|xn W?3'(ald)|)/(8 +
[W2(old)|) and W2 (new) = x N W2t (old).;

b) Sendareset signal to disablethe current active node
by the orienting subsystem and return to step 3).

6) Present another input pattern, return to step 2) until al

patterns are processed.

Note the relation between ART network and other clustering
algorithms described in traditional and statistical language.
Moore used severa clustering algorithms to explain the clus-
tering behaviors of ART1 and therefore induced and proved a
number of important properties of ART1, notably its equiva-
lence to varying K-means clustering [204]. She also showed
how to adapt these algorithms under the ART1 framework. In
[284] and [285], the ease with which ART may be used for
hierarchical clustering is also discussed.

Fuzzy ART (FA) benefitstheincorporation of fuzzy set theory
and ART [57]. FA maintains similar operations to ART1 and
uses the fuzzy set operators to replace the binary operators, so
that it can work for all real data sets. FA exhibits many desirable
characteristics such as fast and stable learning and atypical pat-
tern detection. Huang et al. investigated and reveal ed more prop-
erties of FA classified astemplate, access, reset, and the number
of learning epochs [143]. The criticisms for FA are mostly fo-
cused on its inefficiency in dealing with noise and the defi-
ciency of hyperrectangular representation for clusters in many
circumstances[23], [24], [281]. Williamson described Gaussian
ART (GA) to overcomethese shortcomings[281], inwhich each
cluster ismodeled with Gaussian distribution and represented as
a hyperellipsoid geometrically. GA does not inherit the offline
fast learning property of FA, asindicated by Anagnostopoul os et
al. [13], who proposed different ART architectures: hypersphere
ART (HA) [12] for hyperspherical clusters and ellipsoid ART
(EA) [13] for hyperellipsoidal clusters, to explore a more effi-
cient representation of clusters, while keeping important prop-
erties of FA. Baraldi and Alpaydin proposed SART following
their general ART clustering networksframe, whichisdescribed
through afeedforward architecture combined with amatch com-
parison mechanism [23]. As specific examples, they illustrated
symmetric fuzzy ART (SFART) and fully self-organizing SART
(FOSART) networks. These networks outperform ART1 and FA
according to their empirical studies[23].

In addition to these, many other neural network architectures
are developed for clustering. Most of these architectures uti-
lize prototype vectors to represent clusters, e.g., cluster detec-
tion and labeling network (CDL) [82], HEC [194], and SPLL
[296]. HEC uses a two-layer network architecture to estimate
the regularized Mahalanobis distance, which is equated to the
Euclidean distance in a transformed whitened space. CDL is
also a two-layer network with an inverse squared Euclidean
metric. CDL requires the match between the input patterns and
the prototypesaboveathreshold, whichisdynamically adjusted.
SPLL emphasizes initiation independent and adaptive genera-
tion of clusters. It begins with a random prototype in the input
spaceand iteratively chooses and divides prototypesuntil no fur-
ther splitisavailable. The divisibility of aprototypeisbased on
the consideration that each prototype representsonly one natural
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Fig. 2. ART1 architecture. Two layers are included in the attentional
subsystem, connected via bottom-up and top-down adaptive weights. Their
interactions are controlled by the orienting subsystem through a vigilance
parameter.

cluster, instead of the combinations of several clusters. Simpson
employed hyperbox fuzzy sets to characterize clusters [100],
[249]. Each hyperbox isdelineated by amin and max point, and
data points build their relations with the hyperbox through the
membership function. The learning process experiences a se-
ries of expansion and contraction operations, until all clusters
are stable.

|. Kernel-Based Clustering

Kernel-based learning agorithms [209], [240], [274] are
based on Cover’'s theorem. By nonlinearly transforming a set
of complex and nonlinearly separable patterns into a higher-di-
mensional feature space, we can obtain the possibility to
separate these patterns linearly [132]. The difficulty of curse
of dimensionality can be overcome by the kernel trick, arising
from Mercer’'s theorem [132]. By designing and calculating
an inner-product kernel, we can avoid the time-consuming,
sometimes even infeasible process to explicitly describe the
nonlinear mapping and compute the corresponding points in
the transformed space.

In [241], Schélkopf, Smola, and Mller depicted a kernel- K
-means algorithm in the online mode. Suppose we have a set of
patternsx; € ®¢,j = 1,..., N andanonlinear map & : R? —
F. Here, F represents a feature space with arbitrarily high di-
mensionality. The object of the algorithmistofind K centersso
that we can minimize the distance between the mapped patterns
and their closest center

12(x) — my®

= ||®(x) - ZTU‘I’(XJ)

N N
= k(x,x) — QZlek()g Xj) + Z Tliﬂjk(xhx]’)
j=1 ij=1
where my; is the center for the ith cluster and lies in a span of
O(x1),...,P(xn), and k(x,x;) = ®(x) - P(x;) istheinner-
product kernel.
Define the cluster assignment variable
co= 1L if x; belongsto cluster [
t=0, otherwise.
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Then the kernel- K -means algorithm can be formulated as the
following.
1) Initidize the centers m; with thefirst i, (: > K), ob-
servation patterns;
2) Take a new pattern x;,; and calculate C(; 11y, as
shown in the equation at the bottom of the page.
3) Update the mean vector m; whose corresponding
C(z’+1)h isl

g™ = m 4 € (B(xigr) — mg)

Where§ = C(i+1);L/Z;111 th.
4)  Adapt the coefficients 7;,; for each ¢(x;) as

new __
Thi —

(1 —¢), forj#i+1
&, forj=i+1

5) Repeat steps 2)—4) until convergence is achieved.

Two variants of kernel- K-means were introduced in [66],
motivated by SOFM and ART networks. These variants con-
sider effects of neighborhood relations, while adjusting the
cluster assignment variables, and use a vigilance parameter to
control the process of producing mean vectors. The authors also
illustrated the application of these approaches in case based
reasoning systems.

An alternative kernel-based clustering approach isin [107].
The problem was formulated to determine an optimal partition
T" to minimize the trace of within-group scatter matrix in the
feature space

I' = argmin Tr (S{I;)
r

K

N
. 1
= arglznlnTr{ i Z Z'yij(q)(xj) —m;)

i=1 j=1

X (D(x;) — mi)T}

K
= arg max R(x|C;
gn ;E (x]Cs)

where )
& = Ni/N,R(x|Ci) = (1/N?) 0L, 00 vrvish(x, %),
and N; isthe total number of patternsin the ith cluster.

Note that the kernel function utilized in this case isthe radial
basisfunction (RBF) and R(x | C;) can beinterpreted asamea-
sure of the denseness for the ith cluster.

Ben-Hur et al. presented a new clustering algorithm, SVC,
in order to find a set of contours used as the cluster bound-
aries in the original data space [31], [32]. These contours can
be formed by mapping back the smallest enclosing sphere in
the transformed feature space. RBF is chosen in this algorithm,
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and, by adjusting the width parameter of RBF, SV C canform ei-
ther agglomerative or divisive hierarchical clusters. When some
points are allowed to lie outside the hypersphere, SV C can deal
with outliers effectively. An extension, called multiple spheres
support vector clustering, was proposed in[62], which combines
the concept of fuzzy membership.

Kernel-based clustering algorithms have many advantages.

1) Itismore possible to obtain alinearly separable hyper-
plane in the high-dimensional, or even infinite feature
space.

2)  They can form arbitrary clustering shapes other than
hyperellipsoid and hypersphere.

3) Kernel-based clustering algorithms, like SV C, havethe
capability of dealing with noise and outliers.

4) For SVC, thereis no requirement for prior knowledge
to determine the system topological structure. In[107],
thekernel matrix can providethe meansto estimate the
number of clusters.

Meanwhile, there are also some problems requiring further
consideration and investigation. Like many other agorithms,
how to determine the appropriate parameters, for example, the
width of Gaussian kernel, isnot trivial. The problem of compu-
tational complexity may become serious for large data sets.

The process of constructing the sum-of-squared clustering
algorithm [107] and K -means a gorithm [241] presents a good
example to reformulate more powerful nonlinear versions
for many existing linear algorithms, provided that the scalar
product can be obtained. Theoretically, it isimportant to investi-
gate whether these nonlinear variants can keep some useful and
essential properties of the original algorithms and how Mercer
kernels contribute to the improvement of the algorithms. The
effect of different types of kernel functions, which are rich in
theliterature, is also an interesting topic for further exploration.

J. Clustering Sequential Data

Sequential data are sequences with variable length and many
other distinct characteristics, e.g., dynamic behaviors, time
constraints, and large volume [120], [265]. Sequential data can
be generated from: DNA sequencing, speech processing, text
mining, medical diagnosis, stock market, customer transactions,
web data mining, and robot sensor analysis, to name afew [78],
[265]. In recent decades, sequentia data grew explosively. For
example, in genetics, the recent statistics released on October
15, 2004 (Release 144.0) shows that there are 43 194 602
655 bases from 38 941 263 sequences in GenBank database
[103] and release 45.0 of SWISSPROT on October 25, 2004
contains 59 631 787 amino acids in 163 235 sequence entries
[267]. Cluster analysis explores potential patterns hidden in the
large number of sequential data in the context of unsupervised
learning and therefore provides a crucial way to meet the cur-
rent challenges. Generally, strategies for sequential clustering
mostly fal into three categories.

i . _ 2 . _ 12
= { & 1100x) —malP” < 00ri40) —em

0, otherwise.

Vj#h
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1) Sequence Smilarity: The first scheme is based on the
measure of the distance (or similarity) between each pair of se-
guences. Then, proximity-based clustering a gorithms, either hi-
erarchical or partitional, can group sequences. Since many se-
guential data are expressed in an aphabetic form, like DNA
or protein sequences, conventional measure methods are inap-
propriate. If a sequence comparison is regarded as a process of
transforming a given sequence to another with a series of substi-
tution, insertion, and deletion operations, the distance between
the two sequences can be defined by virtue of the minimum
number of required operations. A common analysis processesis
alignment, illustrated in Fig. 3. The defined distance is known
asedit distance or Levenshtein distance [120], [236]. These edit
operations are weighted (punished or rewarded) according to
some prior domain knowledge and the distance hereinis equiva-
lent to the minimum cost to compl ete the transformation. In this
sense, the similarity or distance between two sequences can be
reformulated as an optimal alignment problem, which fits well
in the framework of dynamic programming.

Given two sequences, x = (x1...z;...zy) and
y = (y1...yj...ym), the basic dynamic program-
ming-based sequence alignment algorithm, also known as
the Needleman-Wunsch algorithm, can be depicted by the
following recursive equation [78], [212]:

S(i=1,5 = 1) + e(@i, y5)
S(i,j):max S(i_lvj)+e(xi7¢)7
86,5 = 1) + e(¢, ;)

where S(i,j) is defined as the best alignment score be-
tween sequence segment (z; ...;),(1 < i < N) of x and
(yl .- -yj)7(1 <j < M) of y, and €($i7yj),6($i,¢)). or
e(@, y;) represent the cost for aligning z; to y;, aligning «; to
agap (denoted as ¢), or aligning y; to agap, respectively. The
computational results for each position at 7 and j are recorded
in an array with a pointer that stores current optimal operations
and provides an effective path in backtracking the alignment.
The Needleman-Wunsch algorithm considers the comparison
of the whole length of two sequences and therefore performs
a globa optimal alignment. However, it is aso important to
find local similarity among sequences in many circumstances.
The Smith-Waterman a gorithm achieves that by allowing the
beginning of a new alignment during the recursive computa-
tion, and the stop of an alignment anywhere in the dynamic
programming matrix [78], [251]. This change is summarized
in the following:

S(i—1,7 — 1) +e(wi, y;)
S(Z - 1>j) + e(xi-/ ¢)7
S(i, 5 — 1)+ e(e, y;)

0.

For both the global and local aignment algorithms, the com-
putation complexity is O(N M), which is very expensive, es-
pecialy for a clustering problem that requires an all-against-all
pairwise comparison. A wealth of speed-up methods has been
developed to improve the situation [78], [120]. We will see
more discussion in Section I11-E in the context of biological
sequences anaysis. Other examples include applications for
speech recognition [236] and navigation pattern mining [131].

S(%,j) = min

MMSMIIITIIIIMDDMIM D

CLASSI FICAT --10N -

M: Match; D: Deletion;
I: Insertion; S: Substitution

Fig. 3. lllustration of a sequence alignment. Series of edit operations
is performed to change the sequence CLUSTERING into the sequence
CLASSIFICATION.

2) Indirect Seguence Clustering: The second approach
employs an indirect strategy, which begins with the extraction
of a set of features from the sequences. All the sequences
are then mapped into the transformed feature space, where
classical vector space-based clustering algorithms can be
used to form clusters. Obviously, feature extraction becomes
the essential factor that decides the effectiveness of these
algorithms. Guralnik and Karypis discussed the potential de-
pendency between two sequential patterns and suggested both
the global and the local approaches to prune the initial feature
sets in order to better represent sequences in the new feature
space [119]. Morzy et al. utilized the sequential patterns as
the basic element in the agglomerative hierarchical clustering
and defined a co-occurrence measure, as the standard of fusion
of smaller clusters [207]. These methods greatly reduce the
computational complexities and can be applied to large-scale
sequence databases. However, the process of feature selection
inevitably causes the loss of some information in the original
sequences and needs extra attention.

3) Satistical Sequence Clustering: Typically, the first two
approaches are used to deal with sequential data composed of
alphabets, while the third paradigm, which aims to construct
statistical models to describe the dynamics of each group of se-
guences, can be applied to numerical or categorical sequences.
The most important method is hidden Markov models (HMMs)
[214],[219], [253], whichfirst gained its popul arity in the appli-
cation of speech recognition [229]. A discrete HMM describes
an unobservable stochastic process consisting of a set of states,
each of which isrelated to another stochastic process that emits
observable symbols. Therefore, the HMM is completely speci-
fied by the following.

1) Afiniteset V = {V1,...,Vg} with @) states.

2) Adiscreteset O = {Oy,...,0p} with M observa

tion symbols.

3)  Adtatetransition distribution A = {«;;}, where

a;; = P(jthstateat timet¢ + 1 | ith state at time ¢).
4) A symbol emission distribution B = {;;}, where
Ba = P[V; at|ith state at ¢].
5  Aninitia state distribution 7 = {x;}, where
m; = Plithstateat t = 1].

After an initial state is selected according to the initia dis-
tribution 7, a symbol is emitted with emission distribution £.
The next state is decided by the state transition distribution T
and it also generates a symbol based on E. The process repeats
until reaching the last state. Note that the procedure generates
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a sequence of symbol observations instead of states, which is
where the name “hidden” comesfrom. HMMs arewell founded
theoretically [229]. Dynamic programming and EM algorithm
are devel oped to solve the three basic problems of HMMsasthe
following.

1) Likelihood (forward or backward algorithm). Com-
pute the probability of an observation sequence given
amodel.

2)  Sate interpretation (Vertbi algorithm). Find an op-
tima state sequence by optimizing some criterion
function given the observation sequence and the
model.

3) Parameter estimation (Baum—Welch algorithm). De-
sign suitable model parameters to maximize the prob-
ability of observation sequence under the model.

The equivalence between an HMM and a recurrent
back-propagation network was elucidated in [148], and a
universal framework was constructed to describe both the
computational and the structural properties of the HMM and
the neural network.

Smyth proposed an HMM-based clustering model, which,
similar to the theories introduced in mixture densities-based
clustering, assumesthat each cluster is generated based on some
probability distribution [253]. Here, HMMs are used rather than
the common Gaussian or ¢-distribution. In addition to the form
of finite mixture densities, the mixture model can aso be de-
scribed by means of an HMM with the transition matrix

Ay 0
A = A2 ...
0 Ag

where A;,i = 1,..., K isthetransition distribution for the ith
cluster. Theinitial distribution of the HMM is determined based
on the prior probability for each cluster. The basic learning
process starts with a parameter initialization scheme to form
a rough partition with the log-likelihood of each sequence
serving as the distance measure. The partition is further re-
fined by training the overall HMM over all sequences with
the classical EM algorithm. A Monte-Carlo cross validation
method was used to estimate the possible number of clusters.
An application with a modified HMM model that considers
the effect of context for clustering facial display sequences is
illustrated in [138]. Oates et al. addressed theinitial problem by
pregrouping the sequences with the agglomerative hierarchical
clustering, which operates on the proximity matrix determined
by the dynamic time warping (DTW) technique [214]. The area
formed between one original sequence and a new seguence,
generated by warping the time dimension of another original
sequence, reflects the similarity of the two sequences. Li and
Biswas suggested severa objective criterion functions based
on posterior probability and information theory for structural
selection of HMMs and cluster validity [182]. More recent
advances on HMMs and other related topics are reviewed in
[30].

Other model-based sequence clustering includes mixtures of
first-order Markov chain [255] and a linear model like autore-
gressive moving average (ARMA) model [286]. Usually, they
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are combined with EM for parameter estimation [286]. Smyth
[255] and Cadez et al. [50] further generalize a universal prob-
abilistic framework to model mixed data measurement, which
includes both conventional static multivariate vectors and dy-
namic sequence data.

The paradigm models clusters directly from original data
without additional process that may cause information loss.
They provide more intuitive ways to capture the dynamics
of data and more flexible means to deal with variable length
sequences. However, determining the number of model com-
ponents remains a complicated and uncertain process [214],
[253]. Also, the model selected is required to have sufficient
complexity, in order to interpret the characteristics of data.

K. Clustering Large-Scale Data Sets

Scalability becomes more and more important for clustering
agorithmswith the increasing complexity of data, mainly man-
ifesting in two aspects: enormous data volume and high dimen-
sionality. Examples, illustrated in the sequential clustering sec-
tion, are just some of the many applications that require this ca-
pability. With the further advances of database and Internet tech-
nologies, clustering algorithmswill face more severe challenges
in handling the rapid growth of data. We summarize the com-
putational complexity of some typical and classical clustering
agorithmsin Table Il with several newly proposed approaches
specifically designed to deal with large-scale data sets. Several
points can be generalized through the table.

1)  Obviously, classical hierarchica clustering algo-
rithms, including single-linkage, complete linkage,
average linkage, centroid linkage and median linkage,
are not appropriate for large-scale data sets due to the
quadratic computational complexities in both execu-
tion time and store space.

2)  K-meansalgorithmhasatimecomplexity of O(N K d)
and space complexity of O(N + K). Since N is usu-
aly much larger than both K and d, the complexity be-
comes near linear to the number of samplesin the data
sets. K -meansalgorithmiseffectivein clusteringlarge-
scale data sets, and efforts have been made in order to
overcomeitsdisadvantages[142], [218].

3) Many novel algorithms have been devel oped to cluster
large-scale data sets, especially in the context of data
mining [44], [45], [85], [135], [213], [248]. Many of
them can scale the computational complexity linearly
totheinput size and demonstrate the possibility of han-
dling very large data sets.

a) Random sampling approach, e.g., CLARA clus-
teringlargeapplications(CLARA) [161] and CURE
[116]. Thekey point liesthat the appropriate sample
sizes can effectively maintain theimportant geomet-
rical properties of clusters. Furthermore, Chernoff
boundscan provideestimationfor thel ower bound of
the minimum sample size, given the low probability
that points in each cluster are missed in the sample
set [116]. CLARA represents each cluster with a
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medoid while CURE chooses a set of well-scattered
and center-shrunk points.

b) Randomized search approach, eg., clustering
large applications based on randomized search
(CLARANS) [213]. CLARANS seesthe clustering
as a search process in a graph, in which each node
correspondsto aset of K medoids. It beginswith an
arbitrary node asthe current nodeand examinesaset
of neighbors, defined as the node consisting of only
one different data object, to seek a better solution,
i.e., any neighbor, with a lower cost, becomes the
current node. If the maximum number of neighbors,
specified by the user, has been reached, the current
node is accepted as a winning node. This process
iterates several times as specified by users. Though
CLARANS achieves better performance than ago-
rithmslike CLARA, thetotal computational timeis
still quadratic, which makes CLARANS not quite
effectivein very large data sets.

¢) Condensation-based approach, e.g., BIRCH [295].
BIRCH generates and stores the compact sum-
maries of the original datain a CF tree, asdiscussed
in Section 11-B. This new data structure efficiently
captures the clustering information and largely
reduces the computational burden. BIRCH was
generalized into a broader framework in [101] with
two algorithms realization, named asBUBBLE and
BUBBLE-FM.

d) Density-based approach, e.g., density based spatial
clustering of applications with noise (DBSCAN)
[85] and density-based clustering (DENCLUE)
[135]. DBSCAN requires that the density in a
neighborhood for an object should be high enough
if it belongs to a cluster. DBSCAN creates a new
cluster from adataobject by absorbing all objectsin
its neighborhood. The neighborhood needs to sat-
isfy a user-specified density threshold. DBSCAN
uses a R*-tree structure for more efficient queries.
DENCLUE seeks clusters with local maxima of
the overal density function, which reflects the
comprehensive influence of data objects to their
neighborhoods in the corresponding data space.

€) Grid-based approach, e.g., WaveCluster [248] and
fractal clustering (FC) [26]. WaveCluster assigns
dataobjectstoaset of unitsdividedintheoriginal fea-
ture space, and employswavel et transformson these
units, to map objectsinto thefrequency domain. The
key ideaisthat clusterscanbeeasily distinguishedin
thetransformed space. FC combinesthe concepts of
both incremental clustering and fractal dimension.
Dataobjectsareincrementally added to the clusters,
specified through aninitial process, and represented
as cellsin agrid, with the condition that the fractal
dimension of cluster needsto keep relatively stable.

4)  Most algorithmslisted previously lack the capability of
dealing with data with high dimensionality. Their per-
formances degenerate with the increase of dimension-
ality. Some algorithms, like FC and DENCLUE, have
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shown some successful applications in such cases, but
these are still far from completely effective.

In addition to the aforementioned approaches, several other
techniquesal soplay significantrolesinclusteringlarge-scaledata
sets. Parallel algorithms can more effectively use computational
resources, andgreatly improveoverall performanceinthecontext
of bothtimeand spacecomplexity [69],[217],[262]. Incremental
clustering techniques do not requirethe storage of theentire data
set, and can handle it in a one-pattern-at-a-time way. If the pat-
tern displays enough closeness to a cluster according to some
predefined criteria, it isassigned to the cluster. Otherwise, anew
cluster is created to represent the object. A typical exampleis
the ART family [51]{53] discussed in Section I1-H. Most incre-
mental clustering algorithms are dependent on the order of the
input patterns[51], [204]. Bradley, Fayyad, and Reina proposed
ascalable clustering framework, considering seven relevant im-
portant characteristicsin dealing with large databases [44]. Ap-
plications of theframework wereillustrated for the K -meansal-
gorithm and EM mixture models [44], [45].

L. Exploratory Data Visualization and High-Dimensional
Data Analysis Through Dimensionality Reduction

For most of the algorithms summarized in Table I, although
they can deal with large-scale data, they are not sufficient for
analyzing high-dimensional data. The term, “curse of dimen-
sionality,” which was first used by Bellman to indicate the ex-
ponential growth of complexity in the case of multivariate func-
tion estimation under a high dimensionality situation [28], is
generally used to describe the problems accompanying high di-
mensional spaces [34], [132]. It istheoretically proved that the
distance between the nearest points is no different from that
of other points when the dimensionality of the space is high
enough [34]. Therefore, clustering algorithms that are based on
thedistance measure may nolonger beeffectiveinahigh dimen-
sional space. Fortunately, in practice, many high-dimensional
datausually have an intrinsic dimensionality that is much lower
than the original dimension [60]. Dimension reductionisimpor-
tant in cluster analysis, which not only makes the high-dimen-
sional data addressable and reduces the computational cost, but
provides users with a clearer picture and visual examination of
the data of interest. However, dimensionality reduction methods
inevitably cause someloss of information, and may damage the
interpretability of the results, even distort the real clusters.

One natural strategy for dimensionality reduction is to
extract important components from original data, which can
contribute to the division of clusters. Principle component
analysis (PCA) or Karhunen-Loéve transformation is one of
the typical approaches, which is concerned with constructing
alinear combination of a set of vectors that can best describe
the variance of data. Given the N x D input pattern matrix
X = [x1,...,%j,...,xn]7, the linear mapping Y = XV
projectsx; (1 < i < N) into alow-dimensional (L(L < D))
subspace, where Y istheresulting N x L matrix and V isthe
D x L projection matrix whose columns are the eigenvectors
that correspond to the [ largest eigenvalues of the D x D co-
variance matrix X, calculated from the whole data set (hence,
the column vectors of V are orthonormal). PCA estimates the
matrix 'V while minimizing the sum of squares of the error
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of approximating the input vectors. In this sense, PCA can
be realized through a three-layer neural network, caled an
auto-associative multilayer perceptron, with linear activation
functions [19], [215]. In order to extract more complicated
nonlinear data structure, nonlinear PCA was devel oped and one
of the typical examplesis kernel PCA. As methods discussed
in Section 11-1, kernel PCA first maps the input patterns into a
feature space. The similar steps are then applied to solve the
eigenvalue problem with the new covariance matrix in the fea-
ture space. In another way, extra hidden layers with nonlinear
activation functions can be added into the auto-associative
network for this purpose [38], [75].

PCA isappropriatefor Gaussian distributionssinceit relieson
second-order rel ationshipsin the covariance matrix, Other linear
transforms, likeindependent component analysis(ICA) and pro-
jection pursuit, which use higher order statistical information,
are more suited for non-Gaussian distributions [60], [151]. The
basic goal of ICA isto find the components that are most statis-
tically independent from each other [149], [154]. In the context
of blind source separation, ICA aimsto separate theindependent
source signals from the mixed observation signal. This problem
can be formulated in severa different ways [149], and one of
the simplest form (without considering noise) is represented as
x = As, wherex isthe N-dimensiona observable vector, s
is the L-dimensional source vector assumed to be statistically
independent, and A isanonsingular N x L mixing matrix. |CA
canalsoberealized by virtueof multilayer perceptrons, and[158]
illustrates one of such examples. The proposed ICA network
includes whitening, separation, and basis vectors estimation
layers, with corresponding learning algorithms. The authors
also indicated its connection to the auto-associative multilayer
perceptron. Projection pursuit isanother statistical techniquefor
seeking low-dimensional projection structures for multivariate
data[97], [144]. Generally, projection pursuit regardsthe normal
distribution as the least interesting projections and optimizes
some certain indices that measure the degree of nonnormality
[97]. PCA can be considered as a special example of projection
pursuit, as indicated in [60]. More discussions on the relations
among PCA, ICA, projection pursuit, and other relevant tech-
niques are offered in [149] and [158].

Different from PCA, ICA, and projection pursuit, Multidi-
mensional scaling (MDS) is a nonlinear projection technique
[75], [292]. The basic idea of MDS liesin fitting original mul-
tivariate data into a low-dimensional structure while aiming to
maintain the proximity information. The distortion is measured
through some criterion functions, e.g., in the sense of sum
of squared error between the real distance and the projection
distance. The isometric feature mapping (Isomap) agorithm
is another nonlinear technique, based on MDS [270]. Isomap
estimates the geodesic distance between a pair of points, which
is the shortest path between the points on a manifold, by virtue
of the measured input-space distances, e.g., the Euclidean
distance usually used. This extends the capability of MDS to
explore more complex nonlinear structuresin the data. Locally
linear embedding (LLE) algorithm addresses the nonlinear
dimensionality reduction problem from a different starting
point [235]. LLE emphasizesthelocal linearity of the manifold
and assumes that the local relations in the original data space
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(D-dimensional) are also preserved in the projected low-di-
mensional space (L-dimensional). This is represented through
a weight matrix, describing how each point is related to the
reconstruction of another data point. Therefore, the procedure
for dimensional reduction can be constructed as the problem
that finding L-dimensional vectors y; so that the criterion
function 3, |y; — >, wi;y;| is minimized. Another inter-
esting nonlinear dimensionality reduction approach, known as
Laplace eigenmap agorithm, is presented in [27].

Asdiscussed in Section |1-H, SOFM also provide good visu-
dization for high-dimensional input patterns [168]. SOFM map
input patternsinto aoneor usually two dimensional lattice struc-
ture, consisting of nodes associated with different clusters. An
application for clustering of a large set of documental data is
illustrated in [170], in which 6 840 568 patent abstracts were
projected onto a SOFM with 1 002 240 nodes.

Subspace-based clustering addresses the challenge by ex-
ploring the relations of data objects under different combina-
tions of features. clustering in quest (CLIQUE) [3] employs a
bottom-up scheme to seek dense rectangular cells in al sub-
spaces with high density of points. Clusters are generated asthe
connected components in a graph whose vertices stand for the
dense units. The resulting minimal description of the clustersis
obtai ned through the merge of theserectangles. OptiGrid[136] is
designed to obtain an optimal grid-partitioning. Thisisachieved
by constructing the best cutting hyperplanes through a set of
projections. The time complexity for OptiGrid isin the interval
of O(Nd) and O(Ndlog N). ORCLUS (arbitrarily ORiented
projected CLUster generation) [2] defines a generalized pro-
jected cluster as a densely distributed subset of data objectsin
a subspace, along with a subset of vectors that represent the
subspace. The dimensionality of the subspace is prespecified by
users as an input parameter, and several strategies are proposed
in guidance of its selection. The agorithm begins with a set
of randomly selected K seeds with the full dimensionality.
This dimensionality and the number of clusters are decayed
according to some factors at each iteration, until the number
of clusters reaches the predefined values. Each repetition con-
sists of three basic operations, known as assignment, vector
finding, and merge. ORCL US hasthe overall time complexity of
O(K§ + KoNd + K2d*) and space complexity of O(Kyd?).
Obviously, the scalahility to large data sets relies on the number
of initial seeds K. A generalized subspace clustering model,
pCluster was proposed in [279]. These pClusters are formed
by a depth-first clustering algorithm. Several other interesting
applications, including a Clindex (CLustering for INDEXing)
scheme and wavelet transform, are shown in [184] and [211],
respectively.

M. How Many Clusters?

The clustering process partitions data into an appropriate
number of subsets. Although for some applications, users can
determine the number of clusters, K, interms of their expertise,
under more circumstances, the value of K is unknown and
needs to be estimated exclusively from the data themselves.
Many clustering algorithms ask K to be provided as an input
parameter, and it is obvious that the quality of resulting clusters
is largely dependent on the estimation of K. A division with
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too many clusters complicates the result, therefore, makes it
hard to interpret and analyze, while a division with too few
clusters causes the loss of information and misleads the final
decision. Dubes called the problem of determining the number
of clusters “the fundamental problem of cluster validity” [74].

A large number of attempts have been made to estimate the
appropriate K and some of representative examples are illus-
trated in the following.

1)  \Visualization of the data set. For the data points that
can be effectively projected onto a two-dimensional
Euclidean space, which are commonly depicted with
ahistogram or scatterplot, direct observations can pro-
videgoodinsight onthevalueof K.However, thecom-
plexity of most real data sets restricts the effectiveness
of the strategy only to a small scope of applications.

2) Construction of certain indices (or stopping rules).
These indices usually emphasize the compactness of
intra-cluster and isolation of inter-cluster and consider
the comprehensive effects of several factors, including
the defined squared error, the geometric or statistical
properties of the data, the number of patterns, the dis-
similarity (or similarity), and the number of clusters.
Milligan and Cooper compared and ranked 30 indices
according to their performance over a series of artifi-
cial data sets[202]. Among these indices, the Califiski
and Harabasz index [74] achieve the best performance
and can be represented as

_ Tr(Sg)

CH(K) _ TI‘(SVV)

K-1 N-K

where IV is the total number of patterns and Tr(Sp)
and Tr(Sw) are the trace of the between and within
class scatter matrix, respectively. The K that maxi-
mizes the value of CH(K) is selected as the optimal.
It is worth noting that these indices may be data de-
pendent. The good performance of an index for cer-
tain data does not guarantee the same behavior with
different data. As pointed out by Everitt, Landau, and
Leese, “it is advisable not to depend on a single rule
for selecting the number of groups, but to synthesize
the results of several techniques’ [88].

3)  Optimization of some criterion functions under prob-
abilistic mixture-model framework. In a statistical
framework, finding the correct number of clusters
(components) K , is equivalent to fitting a model with
observed data and optimizing some criterion [197].
Usuadly, the EM agorithm is used to estimate the
model parameters for a given K , which goes through
a predefined range of values. The value of K that
maximizes (or minimizes) the defined criterion is
regarded as optimal. Smyth presented a Monte-Carlo
cross-validation method, which randomly divides data
into training and test setsM  times according to a cer-
tainfraction8 @ = 0.5 workswell from the empirical
results) [252]. TheK is selected either directly based
on the criterion function or some posterior probabili-
ties calculated.
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A large number of criteria, which combine concepts
from information theory, have been proposed in the
literature. Typical examplesinclude,

. Akaike' sinformation criterion (AIC) [4], [282]

)= —2(N — 1= N, — K/2)I(d)
- N

where N is the total number of patterns, n, is the
number of parameters for each cluster, N, is the total
number of parameters estimated, and 1(9) is the max-
imum log-likelihood. K is selected with the minimum
value of AIC(K).

. Bayesian inference criterion (BIC) [226], [242]

AIC(K +3N,

BIC(K) = 1(8) — (N,/2) log(N).

K is selected with the maximum value of BIC(K).

More criteria, such as minimum description length
(MDL) [114],[233], minimum messagelength (MML)
[114], [216], cross validation-based information crite-
rion (CVIC) [254] and covariance inflation criterion
(CIC) [272], with their characteristics, are summarized
in [197]. Like the previous discussion for validation
index, there is no criterion that is superior to othersin
general case. The selection of different criteriais till
dependent on the data at hand.

4)  Other heuristic approaches based on a variety of tech-
niques and theories. Girolami performed eigenvalue
decomposition on the kernel matrix in the high-dimen-
sional feature space and used the dominant x~ compo-
nentsin the decomposition summation asan indication
of the possible existence of K clusters [107]. Kothari
and Pitts described a scal e-based method, in which the
distance from a cluster centroid to other clusters in
its neighborhood is considered (added as a regulariza-
tion term in the original sguared error criterion, Sec-
tion 11-C) [160]. The neighborhood of clusterswork as
a scale parameter and the K that is persistent in the
largest interval of the neighborhood parameter is re-
garded as the optimal.

Besides the previous methods, constructive clustering algo-
rithms can adaptively and dynamically adjust the number of
clusters rather than use a prespecified and fixed number. ART
networks generate a new cluster, only when the match between
the input pattern and the expectation is bel ow some prespecified
confidence value [51]. A functionally similar mechanism is
used in the CDL network [82]. The robust competitive clus-
tering algorithm (RCA) describes a competitive agglomeration
process that progresses in stages, and clusters that lose in the
competition are discarded, and absorbed into other clusters[98].
This process is generalized in [42], which attains the number
of clusters by balancing the effect between the complexity
and the fidelity. Ancther learning scheme, SPLL iteratively
divides cluster prototypes from a single prototype until no
more prototypes satisfy the split criterion [296]. Severa other
constructive clustering agorithms, including the FACS and
plastic neural gas, can be accessed in [223] and [232], re-
spectively. Obviously, the problem of determining the number
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of clusters is converted into a parameter selection problem,
and the resulting number of clusters is largely dependent on
parameter tweaking.

I1l. APPLICATIONS

Weillustrate applications of clustering techniquesinthreeas-
pects. Thefirst isfor two classical benchmark data sets that are
widely used in pattern recognition and machine learning. Then,
we show an application of clustering for the traveling salesman
problem. Thelast topic is on bicinformatics. We deal with clas-
sical benchmarks in Sections I11-A and 111-B and the traveling
salesman problemin Section I11-C. A more extensive discussion
of bioinformaticsisin Sections 111-D and I11-E.

A. Benchmark Data Sets—RIs

The iris data set [92] is one of the most popular data
sets to examine the performance of novel methods in pat-
tern recognition and machine learning. It can be down-
loaded from the UCI Machine Learning Repository at
http://www.ics.uci.edu/~mlearn/M L Repository.html. There are
three categories in the data set (i.e., iris setosa, iris versicolor
and iris virginical), each having 50 patterns with four features
[i.e., sepal length (SL), sepal width (SW), peta length (PL),
and petal width (PW)]. Iris setosa can be linearly separated
fromirisversicolor and iris virginical, whileiris versicolor and
irisvirginical are not linearly separable (see Fig. 4(a), in which
only three features are used). Fig. 4(b) depicts the clustering
result with astandard K -means algorithm. It is clear to see that
K -means can correctly differentiate iris setosa from the other
two iris plants. But for iris versicolor and virginical, there exist
16 misclassifications. This result is similar to those (around
15 errors) obtained from other classical clustering algorithms
[221]. Table Il summarizes some of the clustering results
reported in the literature. From the table, we can see that many
newly developed approaches can greatly improve the clustering
performance on iris data set (around 5 misclassifications); some
even can achieve 100% accuracy. Therefore, the data can be
well classified with appropriate methods.

B. Benchmark Data Sets—MuUSHROOM

Unlike the iris data set, all of the features of the mushroom
data set, which can aso be accessible at the UCI Machine
Learning Repository, are nominal rather than numerical. These
23 species of gilled mushrooms are categorized as either edible
or poisonous. The total number of instances is 8 124 with 4
208 being edible and 3 916 poisonous. The 22 features are
summarized in Table IV with corresponding possible values.
Table V illustrates some experimental results in the literature.
Asindicated in[117] and [277], traditional clustering strategies,
like K-means and hierarchical clustering, work poorly on the
data set. The accuracy for K-means is just around 69% [277]
and the clusters formed by classical HC are mixed with nearly
similar proportion of both edible and poisonous objects [117].
The results reported in the newly devel oped algorithms, which
are specifically used for tackling categorical or mixture data,
greatly improvethesituation [117], [183]. The agorithm ROCK

|IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 16, NO. 3, MAY 2005

Fig.4. (a) Irisdatasets. Therearethreeiris categories, each having 50 samples
with4features. Here, only threefeaturesareused: PL, PW, and SL. (b) /< -means
clustering result with 16 classification errors observed.

TABLE 11
SOME CLUSTERING RESULTS FOR THE IRIS DATA SET
Number of
Algorithm errors Percentage of errors
GLVQ [221] 17 11.3%
FCM [129] 16 10.6%
GFMM [100] 0~7 0~4.7%
Mercer kernel based
clustering algorithm 3 2%
[107]
SVC [31] 4 2.7%
CDL [82] 6 4%
HC [203] 13~17 8.7~11.3%
RHC [203] 5~6 3.3~4%
FA [23] 6.77~46.4 4.5~30.9%

GLVQ: general learning vector quantization;

GFMM: general fuzzy min-max neural network;

SVC: support vector clustering; FCM: fuzzy c-means;

CDL: cluster detection and labeling network;

HC: hierarchical clustering; RHC: relative hierarchical clustering;
FA: fuzzy adaptive resonance theory.

divides abjects into 21 clusters with most of them (except one)
consisting of only one category, which increases the accuracy
almost to 99%. The agorithm SBAC works on a subset of
200 randomly selected objects, 100 for each category and the
general results show the correct partition of 3 clusters (two for
edible mushrooms, one for poisonous ones). In both studies, the
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TABLE IV

FEATURES FOR THE MUSHROOM DATA SET

Features

Potential values

Cap-shape

bell=b, conical=c, convex=x, flat=f,
knobbed=k, sunken=s

Cap-surface

fibrous=f, grooves=g, scaly=y, smooth=s

brown=n, buff=b, cinnamon=c, gray=g,

Cap-color green=r, pink=p, purple=u, red=e, white=w,
yellow=y
bruises bruises=t, no=f
almond=a, anise=l, creosote=c, fishy=y,
odor foul=f, musty=m, none=n, pungent=p,
spicy=s
Gill-attachment attached=a, descending=d, free=f,
notched=n
Gill-spacing close=c, crowded=w, distant=d
Gill-size broad=b, narrow=n
black=k, brown=n, buft=b, chocolate=h,
Gill-color gray=g, green=r, orange=o, pink=p,
purple=u, red=e, white=w, yellow=y
Stalk-shape enlarging=e, tapering=t
Stalk-root bulbous=b, club=c, cup=u, equal=e,

rhizomorphs=z, rooted=r, missing=?

Stalk-surface-above-ring

ibrous=t, scaly=y, silky=k, smooth=s

TABLE V
SOME CLUSTERING RESULTS FOR THE MUSHROOM DATA SET

Algorithm Percentage of accuracy
K-means [277] 69%
COP-K-means [277] 96%

Hierarchical clustering [117]

Fail to discriminate the two
types of mushroom

ROCK [117] About 99%

SBAC [183]" Correctly classify instances
into 3 groups

ARTMAP [56] Over 99% with 1000 training

samples

AutoClass [183] *

Correctly classify instances
into 4 groups

* A subset with 50 instances and 21 features was used.
+ A subset with 200 instances was used.

COP: constraint-partitioning;

ROCK: robust clustering using links;

SBAC: similarity-based agglomerative clustering.

Stalk-surface-below-ring

ibrous=t, scaly=y, silky=k, smooth=s

Stalk-color-above-ring

brown=n, buff=b, cinnamon=c, gray=g,

orange=o, pink=p, red=e, white=w,
yellow=y
brown=n, buff=b, cinnamon=c, gray=g,
orange=o, pink=p, red=e, white=w,
yellow=y
partial=p, universal=u
brown=n, orange=0, white=w, yellow=y
none=n, one=o, two=t
cobwebby=c, evanescent=e, flaring=f,
large=l, none=n, pendant=p, sheathing=s,
zone=z
black=k, brown=n, buff=b, chocolate=h,
green=r, orange=o, purple=u, white=w,
yellow=y

Stalk-color-below-ring

Veil-type
Veil-color
Ring-number

Ring-type

Spore-print-color

population abundant=a, clustered=c, numerous=n,
scattered=s, several=v, solitary=y
habitat grasses=g, leaves=], meadows=m

paths=p, urban=u, waste=w, wcods=d

congtitution of each feature for generated clustersis also illus-
trated and it is observed that some features, like cap-shape and
ring-type, represent themselves identically for both categories
and, thus, suggest poor performance of traditional approaches.
Meanwhile, feature odor shows good discrimination for the
different types of mushrooms. Usualy, value amond, anise,
or none indicates the edibility of mushrooms, while value
pungent, foul, or fishy means the high possibility of presence
of poisonous contents in the mushrooms.

C. Traveling Salesman Problem

The traveling salesman problem (TSP) is one of the most
studied examples in an important class of problems known as
NP-complete problems. Given a complete undirected graph
G = (V,E), where V is a set of verticesand E is a set of
edges each relating two vertices with an associated nonnegative
integer cost, the most general form of the TSP is equivalent
to finding any Hamiltonian cycle, which is a tour over G that
begins and ends at the same vertex and visits other vertices
exactly once. The more common form of the problem is the

optimization problem of trying to find the shortest Hamiltonian
cycle, and in particular, the most common is the Euclidean
version, where the vertices and edges dl lie in the plane.
Mulder and Wunsch applied a divide-and-conquer clustering
technique, with ART networks, to scale the problem to a mil-
lion cities [208]. The divide and conquer paradigm gives the
flexibility to hierarchically break large problems into arbitrarily
small clusters depending on what tradeoff between accuracy
and speed is desired. In addition, the subproblems provide an
excellent opportunity to take advantage of parallel systems
for further optimization. As the first stage of the algorithm,
the ART network is used to sort the cities into clusters. The
vigilance parameter is used to set a maximum distance from the
current pattern. A vigilance parameter between 0 and 1 is used
as a percentage of the global space to determine the vigilance
distance. Values were chosen based on the desired number and
size of individual clusters. The clusters were then each passed to
aversion of the Lin-Kernighan (LK) algorithm [187]. The last
step combines the subtours back into one complete tour. Tours
with good quality for city levels up to 1 000 000 were obtained
within 25 minuteson a2 GHz AMD Athlon MP processor with
512 M of DDR RAM. Fig. 5 shows the visualizing results for 1
000, 10 000, and 1 000 00O cities, respectively.

It is worthwhile to emphasize the relation between the TSP
and very large-scaleintegrated (VL SI) circuit clustering, which
partitions a sophisticated system into smaller and simpler sub-
circuits to facilitate the circuit design. The object of the par-
titions is to minimize the number of connections among the
components. One strategy for solving the problem is based on
geometric representations, either linear or multidimensional [8].
Alpert and Kahng considered a solution to the problem as the
“inverse” of the divide-and-conquer TSP method and used a
linear tour of the modules to form the subcircuit partitions [7].
They adopted the spacefilling curve heuristic for the TSPto con-
struct the tour so that connected modules are till close in the
generated tour. A dynamic programming method was used to
generate the resulting partitions. More detailed discussion on
VLSI circuit clustering can be found in the survey by Alpert
and Kahng [7].
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Fig.5. Clustering divide-and-conquer TSP resulting toursfor (a) 1k, (b) 10k,
(c) 1 M cities. The clustered LK algorithm achieves a significant speedup and
shows good scalability.

D. Bioinformatics—Gene Expression Data

Recently, advancesin genome sequencing projects and DNA
microarray technologies have been achieved. The first draft of
the human genome sequence project was completed in 2001,
several years earlier than expected [65], [275]. The genomic se-
guence data for other organizms (e.g., Drosophila melanogaster
and Escherichia coli) are also abundant. DNA microarray tech-
nologies provide an effective and efficient way to measure gene
expression levels of thousands of genes simultaneously under
different conditions and tissues, which makes it possible to in-
vestigate gene activities from the angle of the whole genome
[79], [188]. With sequences and gene expression datain hand,
to investigate the functions of genes and identify their rolesin
the genetic process become increasingly important. Analyzes
under traditional laboratory techniques are time-consuming and
expensive. They fall far behind the explosively increasing gen-
eration of new data. Among the large number of computational
methods used to accelerate the exploration of life science, clus-
tering can reveal the hidden structures of biological data, and is
particularly useful for helping biologists investigate and under-
stand the activities of uncharacterized genes and proteins and
further, the systematic architecture of the whole genetic net-
work. We demonstrate the applications of clustering algorithms
in bioinformatics from two aspects. The first part is based on
the analysis of gene expression data generated from DNA mi-
croarray technologies. The second part describes clustering pro-
cesses that directly work on linear DNA or protein sequences.
The assumption is that functionally similar genes or proteins
usually share similar patterns or primary sequence structures.
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DNA microarray technologies generate many gene ex-
pression profiles. Currently, there are two major microarray
technologies based on the nature of the attached DNA: cDNA
with length varying from several hundred to thousand bases,
or oligonucleotides containing 20-30 bases. For cDNA tech-
nologies, a DNA microarray consists of a solid substrate to
which a large amount of cDNA clones are attached according
to a certain order [79]. Fluorescently labeled cDNA, obtained
from RNA samples of interest through the process of reverse
transcription, is hybridized with the array. A reference sample
with adifferent fluorescent label is also needed for comparison.
Image analysis techniques are then used to measure the fluores-
cence of each dye, and the ratio reflects relative levels of gene
expression. For a high-density oligonucleotide microarray,
oligonuclectides are fixed on a chip through photolithography
or solid-phase DNA synthesis [188]. In this case, absolute
gene expression levels are obtained. After the normalization
of the fluorescence intensities, the gene expression profiles
are represented as a matrix £ = (e;;), where e;; is the ex-
pression level of the ith gene in the jth condition, tissue, or
experimental stage. Gene expression data analysis consists of a
three-level framework based on the complexity, ranging from
the investigation of single gene activitiesto the inference of the
entire genetic network [20]. The intermediate level explores
the relations and interactions between genes under different
conditions, and attracts more attention currently. Generaly,
cluster analysis of gene expression data is composed of two
aspects: clustering genes [80], [206], [260], [268], [283], [288]
or clustering tissues or experiments [5], [109], [238].

Results of gene clustering may suggest that genesin the same
group have similar functions, or they share the same transcrip-
tiona regulation mechanism. Cluster analysis, for grouping
functionally similar genes, gradually became popular after
the successful application of the average linkage hierarchical
clustering algorithm for the expression data of budding yeast
Saccharomyces cerevisiae and reaction of human fibroblasts to
serum by Eisen et al. [80]. They used the Pearson correlation
coefficient to measure the similarity between two genes, and
provided a very informative visualization of the clustering re-
sults. Their results demonstrate that functionally similar genes
tend to reside in the same clusters formed by their expression
pattern, even under arelatively small set of conditions. Herwig
et al. developed avariant of K-means algorithm to cluster a set
of 2 029 human cDNA clones and adopted mutual information
as the similarity measure [230]. Tomayo et al. [268] made
use of SOFM to cluster gene expression data and its applica-
tion in hematopoietic differentiation provided new insight for
further research. Graph theories based clustering algorithms,
like CAST [29] and CLICK [247], showed very promising
performances in tackling different types of gene expression
data. Since many genes usually display more than one function,
fuzzy clustering may be more effective in exposing these rela-
tions [73]. Gene expression data is also important to elucidate
the genetic regulation mechanism in a cell. By examining
the corresponding DNA sequences in the control regions of a
cluster of co-expressed genes, we may identify potential short
and consensus sequence patterns, known as motifs, and further
investigate their interaction with transcriptional binding factors,
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leading to different gene activities. Spellman et al. clustered
800 genes according to their expression during the yeast cell
cycle [260]. Analyzes of 8 mgjor gene clusters unravel the
connection between co-expression and co-regulation. Tavazoie
et al. partitioned 3 000 genesinto 30 clusters with the K -means
algorithm [269]. For each cluster, 600 base pairs upstream
sequences of the genes were searched for potential motifs. 18
motifs were found from 12 clusters in their experiments and 7
of them can be verified according to previous empirical results
in the literature. A more comprehensive investigation can be
found in [206].

As to another application, clustering tissues or experiments
are valuable in identifying samples that are in the different dis-
ease states, discovering, or predicting different cancer types, and
evaluating the effects of novel drugs and therapies [5], [109],
[238]. Golub et al. described the restriction of traditional cancer
classification methods, which are mostly dependent on mor-
phological appearance of tumors, and divided cancer classifi-
cation into two challenges: class discovery and class predic-
tion. They utilized SOFM to discriminate two types of human
acuteleukemias: acute myeloid leukemia(AML) and acute lym-
phoblastic leukemia (ALL) [109]. According to their results,
two subsets of ALL, with different origin of lineage, can be
well separated. Alon et al. performed a two-way clustering for
both tissues and genes and revealed the potential relations, rep-
resented as visualizing patterns, among them [6]. Alizadeh et
al. demonstrated the effectiveness of molecular classification of
cancers by their gene expression profiles and successfully dis-
tinguished two molecularly distinct subtypes of diffuse large
B-cell lymphoma, which cause high percentage failure in clin-
ical treatment [5]. Furthermore, Scherf et al. constructed agene
expression database to study the rel ationship between genesand
drugs for 60 human cancer cell lines, which provides an im-
portant criterion for therapy selection and drug discovery [238].
Other applications of clustering algorithms for tissue classifi-
cation include: mixtures of multivariate Gaussian distributions
[105], ellipsoidal ART [287], and graph theory-based methods
[29], [247]. In most of these applications, important genes that
aretightly related to the tumor types are identified according to
their expression differentiation under different cancerous cate-
gories, which are in accord with our prior recognition of roles
of these genes, to alarge extent [5], [109]. For example, Alon et
al. found that 5 of 20 statistically significant genes were muscle
genes, and the corresponding muscleindices provided an expla-
nation for false classifications [6].

Fig. 7 illustrates an application of hierarchical clustering
and SOFM for gene expression data. This data set is on the
diagnostic research of small round blue-cell tumors (SRBCT’s)
of childhood and consists of 83 samples from four categories,
known as Burkitt lymphomas (BL ), the Ewing family of tumors
(EWS), neuroblastoma (NB), and rhabdomyosarcoma (RMS),
and 5 non-SRBCT samples [164]. Gene expression levels of
6 567 genes were measured using cDNA microarray for each
sample, 2 308 of which passed the filter and were kept for fur-
ther analyzes. These genes are further ranked according to the
scores calculated by some criterion functions [109]. Generally,
these criterion functions attempt to seek a subset of genes that
contribute most to the discrimination of different cancer types.
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This can be regarded as a feature selection process. However,
problems like how many genes are really required, and whether
these genes selected are redly biologically meaningful, are
still not answered satisfactorily. Hierarchical clustering was
performed by the program CLUSTER and the results were
visualized by the program TreeView, developed by Eisen in
Stanford University. Fig. 7(a) and (b) depicts the clustering
results for both the top 100 genes, selected by the Fisher
scores, and the samples. Graphic visualization is achieved by
associating each data point with a certain color according to the
corresponding scale. Some clustering patterns are clearly dis-
played in theimage. Fig. 7(c) depicts a 5-by-5 SOFM topology
for al genes, with each cluster represented by the centroid
(mean) for each feature (sample). 25 clusters are generated
and the number of genes in each cluster is aso indicated.
The software package GeneCluster, developed by Whitehead
Institute/MIT Center for Genome Research (WICGR), was
used in this analysis.

Although clustering techniques have already achieved many
impressive resultsin the analysis of gene expression data, there
are still many problems that remain open. Gene expression data
sets usually are characterized as

1)  small set sampleswith high-dimensional features;
2)  high redundancy;

3)  inherent noise;

4)  sparsity of the data.

Most of the published data sets include usualy less than 20
samples for each tumor type, but with as many as thousands of
gene measures [80], [109], [238], [268]. This is partly caused
by thelag of experimental condition (e.g., sample collection), in
contrast to the rapid advancement of microarray and sequencing
technologies. In order to evaluate existing algorithms more
reasonably and develop more effective new approaches, more
data with enough samples or more conditional observations are
needed. But from the trend of gene chip technologies, which
also follows Moore's law for semiconductor chips [205], the
current status will till exist for along time. This problem is
more serious in the application of gene expression data for
cancer research, in which clustering agorithms are required to
be capable of effectively finding potential patterns under alarge
number of irrelevant factors, as a result of the introduction of
too many genes. At the same time, feature selection, which is
aso called informative gene selection in the context, also plays
avery important role. Without any doubt, clustering algorithms
should be feasible in both time and space complexity. Due to
the nature of the manufacture process of the microarray chip,
noise can be inevitably introduced into the expression data
during different stages. Accordingly, clustering agorithms
should have noise and outlier detection mechanismsin order to
remove their effects. Furthermore, different algorithms usually
form different clusters for the same data set, which is a general
problem in cluster analysis. How to evaluate the quality of the
generated clusters of genes, and how to choose appropriate
algorithms for a specified application, are particularly crucial
for gene expression data research, because sometimes, even
biologists cannot identify the real patterns from the artifacts of
the clustering algorithms, due to the limitations of biological
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Fig. 6. Basic procedure of cDNA microarray technology [68]. Fluorescently labeled cDNAs, obtained from target and reference samples through reverse
transcription, are hybridized with the microarray, which is comprised of a large amount of cDNA clones. Image analysis measures the ratio of the two dyes.
Computational methods, e.g., hierarchical clustering, further disclose the relations among genes and corresponding conditions.

Fig. 7. Hierarchical and SOFM clustering of SRBCT's gene expression data set. (a) Hierarchical clustering result for the 100 selected genes under 83 tissue
samples. The gene expression matrix is visualized through a color scale. (b) Hierarchical clustering result for the 83 tissue samples. Here, the dimension is 100 as
100 genes are selected like in (a). () SOFM clustering result for the 2308 genes. A 5 x 5 SOFM is used and 25 clusters are formed. Each cluster is represented by

the average values.
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knowledge. Some recent results can be accessed in [29], [247],
and [291].

E. Bioinformatics—DNA or Protein Sequences Clustering

DNA (deoxyribonucleic acid) is the hereditary material ex-
istinginall living cells. A DNA molecule isadouble helix con-
sisting of two strands, each of which is alinear sequence com-
posed of four different nucl eotides—adenine, guanine, thymine,
and cytosine, abbreviated as the letters A, G, T, and C, respec-
tively. Each letter in a DNA sequence is also called a base.
Proteins determine most of cells structures, functions, prop-
erties, and regulatory mechanisms. The primary structure of a
protein is also alinear and alphabetic chain with the difference
that each unit represents an amino acid, which has twenty types
in total. Proteins are encoded by certain segments of DNA se-
quences through a two-stage process (transcription and trans-
lation). These segments are known as genes or coding regions.
Investigation of therelations between DNA and proteins, aswell
astheir own functions and properties, isone of theimportant re-
search directions in both genetics and bioinformatics.

The similarity between newly sequenced genes or proteins
and annotated genes or proteins usually offers a cue to identify
their functions. Searching corresponding databases for a new
DNA or protein sequence has already becomeroutinein genetic
research. In contrast to sequence comparison and search, cluster
analysis provides a more effective means to discover compli-
cated relations among DNA and protein sequences. We summa:
rize the following clustering applications for DNA and protein
sequences:

1) function recognition of uncharacterized genes or pro-
teins [119];
2)  structure identification of large-scale DNA or protein
databases [237], [257];
3) redundancy decrease of large-scale DNA or protein
databases [185];
4)  domain identification [83], [115];
5)  expressed sequence tag (EST) clustering [49], [200].
Asdescribed in Section I1-J, classical dynamic programming
algorithms for global and local sequence alignment are too in-
tensive in computational complexity. This becomes worse be-
cause of the existence of a large volume of nucleic acids and
amino acids in the current DNA or protein databases, e.g., bac-
teria genomes are from 0.5 to 10 Mbp, fungi genomes range
from 10 to 50 Mbp, while the human genome is around 3 310
Mbp [18] (Mbp means million base pairs). Thus, conventional
dynamic programming algorithms are computationally infea-
sible. In practice, sequence comparison or proximity measure
is achieved via some heuristics. Well-known examples include
BLAST and FASTA with many variants [10], [11], [224]. The
key idea of these methods is to identify regions that may have
potentially high matches, with alist of prespecified high-scoring
words, at an early stage. Therefore, further search only needsto
focus on these regions with expensive but accurate algorithms.
Recognizing the benefit coming from the separation of word
matching and sequence alignment to computational burden re-
duction, Miller, Gurd, and Brass described three algorithms fo-
cusing on specific problems [199]. The implementation of the

671

scheme for large database vs. database comparison exhibits an
apparent improvement in computation time. Kent and Zahler de-
signed athree-pass a gorithm, called wobble aware bulk aligner
(WABA) [162], for aligning large-scale genomic sequences of
different species, which employs a seven-state pairwise hidden
Markov model [78] for more effective alignments. In [201],
Miller summarized the current research status of genomic se-
guence comparison and suggested valuable directions for fur-
ther research efforts.

Many clustering techniques have been applied to organize
DNA or protein sequence data. Some directly operate on a
proximity measure; some are based on feature extraction,
while others are constructed on statistical models. Somervuo
and Kohonen illustrated an application of SOFM to cluster
protein sequences in SWISSPROT database [257]. FASTA
was used to calculate the sequence similarity. The resulting
two-dimensional SOFM provides a visualized representation
of the relations within the entire sequence database. Based
on the similarity measure of gapped BLAST, Sasson et al.
utilized an agglomerative hierarchical clustering paradigm to
cluster al protein sequencesin SWISSPROT [237]. The effects
of four merging rules, different from the interpretation of
cluster centers, on the resulting protein clusters were examined.
The advantages as well as the potentia risk of the concept,
transitivity, were also elucidated in the paper. According to
the transitivity relation, two sequences that do not show high
sequence similarity by virtue of direct comparison, may be
homologous (having a common ancestor) if there exists an
intermediate sequence similar to both of them. This makes it
possible to detect remote homol ogues that can not be observed
by similarity comparison. However, unrelated sequences may
be clustered together due to the effects of these intermediate
sequences [237]. Bolten et al. addressed the problem with the
construction a directed graph, in which each protein sequence
corresponds to a vertex and edges are weighted based on the
alignment score between two sequences and self alignment
score of each sequence [41]. Clusters were formed through
the search of strongly connected components (SCCs), each of
which is a maximal subset of vertices and for each pair of ver-
tices w and v in the subset, there exist two directed paths from
u tov and viceversa. A minimum normalized cut algorithm for
detecting protein families and a minimum spanning tree (MST)
application for seeking domain information were presented in
[1] and [115], respectively. In contrast with the af orementioned
proximity-based methods, Guralnik and Karypis transformed
protein or DNA sequences into a new feature space, based
on the detected subpatterns working as the sequence features,
and clustered with the K'-means algorithm [119]. The method
is immune from all-against-all expensive sequence compar-
ison and suitable for analyzing large-scale databases. Krogh
demonstrated the power of hidden Markov models (HMMs)
in biological sequences modeling and clustering of protein
families [177]. Fig. 8 depicts a typical structure of HMM, in
which match states (abbreviated with letter M), insert states (1)
and delete states (D) are represented as rectangles, diamonds,
and circles, respectively [78], [177]. These states correspond
to substitution, insertion, and deletion in edit operations. For
convenience, a begin state and an end state are added to the

Authorized licensed use limited to: Penn State University. Downloaded on March 02,2026 at 21:22:43 UTC from IEEE Xplore. Restrictions apply.

Page 258 of 265



672

Fig. 8. HMM architecture [177]. There are three different states, match (M),
insert (1), and delete (D), corresponding to substitution, insertion, and deletion
operation, respectively. A begin (B) and end (E) state are also introduced to
represent the start and end of the process. This process goes through a series of
states according to the transition probability, and emits either 4-letter nucleotide
or 20-letter amino acid alphabet based on the emission probability.

model, denoted by |etter B and E. L etters, either fromthe 4-letter
nucleotide alphabet or from 20-letter amino acid alphabet,
are generated from match and insert states according to some
emission probability distributions. Delete states do not produce
any symbols, and are used to skip the match states. K HMMsare
requiredinordertodescribe K clusters, or families(subfamilies),
which are regarded as a mixture model and proceeded with
an EM learning algorithm similar to single HMM case. An
example for clustering subfamilies of 628 globins shows the
encouraging results. Further discussion can be found in [78]
and [145].

IV. CONCLUSION

As an important tool for data exploration, cluster analysis
examines unlabeled data, by either constructing a hierarchical
structure, or forming a set of groups according to a prespecified
number. This process includes a series of steps, ranging from
preprocessing and algorithm development, to solution validity
and evaluation. Each of them is tightly related to each other
and exertsgreat challengesto the scientific disciplines. Here, we
place the focus on the clustering algorithms and review a wide
variety of approaches appearing in the literature. These algo-
rithms evolve from different research communities, aimto solve
different problems, and have their own pros and cons. Though
we have already seen many examples of successful applications
of cluster analysis, there still remain many open problems due
to the existence of many inherent uncertain factors. These prob-
lems have already attracted and will continue to attract intensive
efforts from broad disciplines. We summarize and conclude the
survey with listing some important issues and research trends
for cluster algorithms.

1) There is no clustering algorithm that can be univer-
sally used to solve al problems. Usually, agorithms
are designed with certain assumptions and favor some
type of biases. In this senseg, it is not accurate to say
“best” in the context of clustering algorithms, although
some comparisonsare possible. These comparisonsare
mostly based on some specific applications, under cer-
tain conditions, and the results may become quite dif-
ferent if the conditions change.

2) New technology has generated more complex and
challenging tasks, requiring more powerful clustering
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algorithms. The following properties are important to
the efficiency and effectiveness of a novel algorithm.
)] generate arbitrary shapes of clustersrather than be
confined to some particular shape;
I1)  handlelargevolumeof dataaswell ashigh-dimen-
sional features with acceptable time and storage
complexities;
detect and remove possible outliers and noise;
decrease the reliance of agorithms on users-de-
pendent parameters;
V)  have the capability of dealing with newly occur-
ring data without relearning from the scratch;

1)
V)

V1) beimmuneto theeffectsof order of input patterns;

VII) provide some insight for the number of potential
clusters without prior knowledge;

VIII) show good data visualization and provide users
with results that can simplify further anaysis,

IX) be capable of handling both humerical and nom-

inal data or be easily adaptable to some other data
type.
Of course, some more detailed requirements for spe-
cific applications will affect these properties.

3) At the preprocessing and post-processing phase, fea-
ture selection/extraction (as well as standardization
and normalization) and cluster validation are asimpor-
tant asthe clustering algorithms. Choosing appropriate
and meaningful features can greatly reduce the burden
of subsequent designs and result evaluations reflect
the degree of confidence to which we can rely on the
generated clusters. Unfortunately, both processes lack
universal guidance. Ultimately, the tradeoff among
different criteria and methods is still dependent on the
applications themselves.
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