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EXHIBIT LIST 

Exhibit No. Description 

1007 Pieter-Tjerk De de Boer et al., “A tutorial on the Cross-Entropy 
Method,” ANNALS OF OPERATIONS RESEARCH 134:19-67 (2005) 
(“de Boer”)  

1008 M. Kirsten et al., “Distance Based Approaches to Relational 
Learning and Clustering,” in Relational Data Mining, Chpt. 9, 
pp. 213-232 (2001) (“Kirsten”)  

1010 S. Mannor, “The Cross Entropy Method For Classification,” 
pp. 561-568 (2005) (“Mannor”)  

1011 F. Friedrichs, et al., “Evolutionary tuning of multiple SVM 
parameters,” pp107-117 (January 7, 2005) (“Friedrichs”) 

1014 T. Horváth et al., “Relational Instance-Based Learning with 
Lists and Terms,” MACHINE LEARNING 43:53-80 (2001) 
(“Horvath”) 

1016 Caruana, Rich, Steve Lawrence, and C. Giles (2000). 
"Overfitting in neural nets: Backpropagation, conjugate 
gradient, and early stopping." Advances in neural information 
processing systems 13 (“Caruana”). 

1017 Xu, Rui, and Donald Wunsch. "Survey of clustering 
algorithms." IEEE Transactions on neural networks 16, no. 3 
(2005): 645-678. (“Rui”). 

1021 Curriculum Vitae of June Munford 
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I, June Ann Munford, hereby state as follows: 

1. I am over the age of 18, have personal knowledge of the facts set forth 

herein, and am competent to testify to the same. 

2. I earned a Master of Library and Information Science (MLIS) from the 

University of Wisconsin-Milwaukee in 2009. I have over ten years of experience in 

the library/information science field. Beginning in 2004, I have served in various 

positions in the public library sector including Assistant Librarian, Youth Services 

Librarian and Library Director. I have attached my Curriculum Vitae as Appendix 

CV and Exhibit 1021. 

3. During my career in the library profession, I have been responsible for 

materials acquisition for multiple libraries. In that position, I have cataloged, 

purchased and processed incoming library works. That includes purchasing 

materials directly from vendors, recording publishing data from the material in 

question, creating detailed material records for library catalogs and physically 

preparing that material for circulation. In addition to my experience in acquisitions, 

I was also responsible for analyzing large collections of library materials, tailoring 

library records for optimal catalog search performance and creating lending 

agreements between libraries during my time as a Library Director.  

4. I am fully familiar with the catalog record creation process in the library 

sector. In preparing a material for public availability, a library catalog record 
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describing that material would be created. These records are typically written in 

Machine Readable Catalog (herein referred to as “MARC”) code and contain 

information such as a physical description of the material, metadata from the 

material’s publisher, and date of library acquisition. In particular, the 008 field of 

the MARC record is reserved for denoting the date of creation of the library record 

itself. As this typically occurs during the process of preparing materials for public 

access, it is my experience that an item’s MARC record indicates the date of an 

item’s public availability. 

5. Typically, in creating a MARC record, a librarian would gather various 

bits of metadata such as book title, publisher and subject headings among others and 

assign each value to a relevant numerical field. For example, a book’s physical 

description is tracked in field 300 while title/attribution is tracked in field 245. The 

008 field of the MARC record is reserved for denoting the creation of the library 

record itself. As this is the only date reflecting the inclusion of said materials within 

the library’s collection, it is my experience that an item’s 008 field accurately 

indicates the date of an item’s public availability. 

6. I am familiar with the Internet Archive, a digital library accessible to 

the general public. Among other services that the Internet Archive makes available 

to the general public is the Wayback Machine, an online archive of the web. The 

Internet Archive’s Wayback Machine service archives webpages as of a certain 
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capture date to track changes in the web over time. The Internet Archive has been in 

operation as a nonprofit library since 1996 and has hosted the Wayback Machine 

service since its inception in 2001. During my time as a librarian, I frequently used 

the Internet Archive’s Wayback Machine for research and instruction purposes. This 

includes teaching instructional classes on using the Wayback Machine to library 

patrons and using the Wayback Machine to research reference inquiries that require 

hard-to-find online resources. I consider the Internet Archive’s recordskeeping to be 

as rigorous and detailed as other formal library recordskeeping practices such as 

MARC records, OCLC records and Dublin Core.  

7. I have been informed that for purposes of this proceeding, a person of 

ordinary skill in the art (“POSITA”) would have had at least a Master’s degree in 

electrical engineering, computer science, or a related discipline, knowledge of 

machine learning classification techniques as of this time, and at least two years of 

experience working in a field involving classifier development in machine learning 

systems.  A person with a different degree but with additional relevant experience 

could still qualify if the additional experience compensates for the different 

educational background. A person with less than two years of experience working 

in a field involving networking and system security could still qualify if the person 

has additional education that compensates for their lesser experience.  
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8. As explained below, each of Exhibits 1007, 1008, 1010, 1011, 1014, 

1016, and 1017 was accessible to the public (including a person of ordinary skill in 

the art) prior to April 25, 2007, which I understand is the earliest claimed priority 

date of U.S. Patent No. 8,438,120. 

9. I have reviewed Exhibit 1007, "A Tutorial on the Cross-Entropy 

Method" by Pieter-Tjerk De Boer, et al. as published in Annals of Operations 

Research February 2005. 

10. Attached hereto as Appendix DEBOER01 is a true and correct copy of 

the MARC record for Annals of Operations Research as held by the Penn State 

University Library. I secured this record myself from the library’s public catalog. 

The MARC record contained within Appendix DEBOER01accurately describes the 

title, publisher and ISSN number of Annals of Operations Research. The Showing 

Results field present on page 3 of this record indicates the library's collection 

includes the February 2005 issue of Annals of Operations Research containing "A 

Tutorial on the Cross-Entropy Method". 

11. Attached hereto as Appendix DEBOER02 is a true and correct copy of 

"A Tutorial on the Cross-Entropy Method" as published in Annals of Operations 

Research as held by the Penn State University Library. These scans were secured 

from the library’s collection. In comparing Exhibit 1007 to Appendix DEBOER02, 

it is my determination that Exhibit 1007 is a true and correct copy of "A Tutorial on 
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the Cross-Entropy Method" by Pieter-Tjerk De Boer, et al. as published in Annals 

of Operations Research. 

12. The 008 field of the MARC record in Appendix DEBOER01 indicates 

the date of record creation. The 008 field of Appendix DEBOER01 indicates the 

Penn State University Library first acquired Annals of Operations Research as of 

December 6, 1999 and held the journal in perpetuity until the publication of "A 

Tutorial on the Cross-Entropy Method". Considering this information, it is my 

determination that Annals of Operations Research February 2005 and therefore "A 

Tutorial on the Cross-Entropy Method" (Exhibit 1007) was publicly accessible and 

made available to the public shortly after its initial publication in February 2005.  

13. I have reviewed Exhibit 1008, "Distance Based Approaches to 

Relational Learning and Clustering" by Mathias Kirsten, et al. as published in 

Relational Data Mining. 

14. Attached hereto as Appendix DZEROSKI01 is a true and correct copy 

of the MARC record for Relational Data Mining as held by the Linda Hall Library. 

I secured this record myself from the library’s public catalog. The MARC record 

contained within Appendix DZEROSKI01 accurately describes the title, publisher 

and ISBN number of Relational Data Mining. 

15. Attached hereto as Appendix DZEROSKI02 is a true and correct copy 

of "Distance Based Approaches to Relational Learning and Clustering" as published 
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in Relational Data Mining as held by the Linda Hall Library. These scans were 

secured from the library’s collection. In comparing Exhibit 1008 to Appendix 

DZEROSKI02, it is my determination that Exhibit 1008 is a true and correct copy 

of "Distance Based Approaches to Relational Learning and Clustering" by Mathias 

Kirsten, et al. as published in Relational Data Mining. 

16. The 008 field of the MARC record in Appendix DZEROSKI01 

indicates the date of record creation. The 008 field of Appendix DZEROSKI01 

indicates the Linda Hall Library first acquired Relational Data Mining as of July 30, 

2001. Considering this information, it is my determination that Relational Data 

Mining and therefore "Distance Based Approaches to Relational Learning and 

Clustering" (Exhibit 1008) was publicly accessible and made available to the public 

shortly after July 30, 2001.  

17. I have reviewed Exhibit 1010, “The Cross Entropy Method For 

Classification” by S. Mannor, et al as published in Proceedings of the 22nd 

International Conference on Machine Learning. 

18. Attached hereto as Appendix MANNOR01 is a true and correct copy 

of the MARC record for Proceedings of the 22nd International Conference on 

Machine Learning as held by the Carnegie Mellon University Library. I secured this 

record myself from the library’s public catalog. The MARC record contained within 
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Appendix MANNOR01 accurately describes the title, publisher and ISBN number 

of Proceedings of the 22nd International Conference on Machine Learning. 

19. Attached hereto as Appendix MANNOR02 is a true and correct copy 

of “The Cross Entropy Method For Classification” as published in Proceedings of 

the 22nd International Conference on Machine Learning as held by the Carnegie 

Mellon University Library. These scans were secured from the library’s collection. 

In comparing Exhibit 1010 to Appendix MANNOR02, it is my determination that 

Exhibit 1010 is a true and correct copy of “The Cross Entropy Method For 

Classification” by S. Mannor, et al as published in Proceedings of the 22nd 

International Conference on Machine Learning. 

20. The 008 field of the MARC record in Appendix MANNOR01 indicates 

the date of record creation. The 008 field of Appendix MANNOR01 indicates the 

Carnegie Mellon University Library first acquired Proceedings of the 22nd 

International Conference on Machine Learning as of September 22, 2005. 

Considering this information, it is my determination that Proceedings of the 22nd 

International Conference on Machine Learning and therefore “The Cross Entropy 

Method For Classification” (Exhibit 1010) was publicly accessible and made 

available to the public shortly after September 22, 2005.  

21. I have reviewed Exhibit 1011, “Evolutionary Tuning of Multiple SVM 

Parameters” by F. Friedrichs, et al as published in Neurocomputing March 2005. 
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22. Attached hereto as Appendix FRIEDRICH01 is a true and correct copy 

of the MARC record for Neurocomputing as held by the Penn State University 

Library. I secured this record myself from the library’s public catalog. The MARC 

record contained within Appendix FRIEDRICH01 accurately describes the title, 

publisher and ISSN number of Neurocomputing. The Showing Results field present 

on page 3 of this record indicates the library's collection includes the March 2005 

issue of Neurocomputing containing “Evolutionary Tuning of Multiple SVM 

Parameters”. 

23. Attached hereto as Appendix FRIEDRICH02 is a true and correct copy 

of “Evolutionary Tuning of Multiple SVM Parameters” as published in 

Neurocomputing as held by the Penn State University Library. These scans were 

secured from the library’s collection. In comparing Exhibit 1011 to Appendix 

FRIEDRICH02, it is my determination that Exhibit 1011 is a true and correct copy 

of “Evolutionary Tuning of Multiple SVM Parameters” by F. Friedrichs, et al as 

published in Neurocomputing. 

24. The 008 field of the MARC record in Appendix FRIEDRICH01 

indicates the date of record creation. The 008 field of Appendix FRIEDRICH01 

indicates the Penn State University Library first acquired Neurocomputing as of May 

11, 1998 and held the journal in perpetuity until the publication of “Evolutionary 

Tuning of Multiple SVM Parameters”. Considering this information, it is my 
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determination that Neurocomputing March 2005 and therefore “Evolutionary 

Tuning of Multiple SVM Parameters” (Exhibit 1011) was publicly accessible and 

made available to the public shortly after its initial publication in March 2005. 

25. I have reviewed Exhibit 1014, "Relational Instance-Based Learning 

with Lists and Terms" by Tamas Horvath, et al as published in Machine Learning 

April 2001. 

26. Attached hereto as Appendix HORVATH01 is a true and correct copy 

of the MARC record for Machine Learning as held by the Penn State University 

Library. I secured this record myself from the library’s public catalog. The MARC 

record contained within Appendix HORVATH01 accurately describes the title, 

publisher and ISSN number of Machine Learning. The Showing Results field present 

on page 3 of this record indicates the library's collection includes the April 2001 

issue of Machine Learning containing "Relational Instance-Based Learning with 

Lists and Terms". 

27. Attached hereto as Appendix HORVATH02 is a true and correct copy 

of "Relational Instance-Based Learning with Lists and Terms" as published in 

Machine Learning as held by the Penn State University Library. This PDF was 

secured from the library’s collection. In comparing Exhibit 1014 to Appendix 

HORVATH02, it is my determination that Exhibit 1014 is a true and correct copy of 
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"Relational Instance-Based Learning with Lists and Terms" by Tamas Horvath, et al 

as published in Machine Learning. 

28. The 008 field of the MARC record in Appendix HORVATH01 

indicates the date of record creation. The 008 field of Appendix HORVATH01 

indicates the Penn State University Library first acquired Machine Learning as of 

January 26, 1998 and held the journal in perpetuity until the publication of 

"Relational Instance-Based Learning with Lists and Terms". Considering this 

information, it is my determination that Machine Learning April 2001 and therefore 

"Relational Instance-Based Learning with Lists and Terms" (Exhibit 1014) was 

publicly accessible and made available to the public shortly after its initial 

publication in April 2001.  

29. I have reviewed Exhibit 1016, “Overfitting in Neural Nets: 

Backpropagation, Conjugate Gradient, and Early Stopping” by Rich Caruana, et al 

as published in Proceedings of the International Conference on Neural Information 

Processing Systems July 2001. 

30. Attached hereto as Appendix CARUANA01 is a true and correct copy 

of the MARC record for Proceedings of the International Conference on Neural 

Information Processing Systems as held by the Penn State University Library. I 

secured this record myself from the library’s public catalog. The MARC record 

contained within Appendix CARUANA01 accurately describes the title, publisher 
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and ISSN number of Proceedings of the International Conference on Neural 

Information Processing Systems. The Availability field present on page 3 of this 

record indicates the library's collection includes the July 2001 issue of Proceedings 

of the International Conference on Neural Information Processing Systems 

containing “Overfitting in Neural Nets: Backpropagation, Conjugate Gradient, and 

Early Stopping”. 

31. Attached hereto as Appendix CARUANA02 is a true and correct copy 

of “Overfitting in Neural Nets: Backpropagation, Conjugate Gradient, and Early 

Stopping” as published in Proceedings of the International Conference on Neural 

Information Processing Systems as held by the Penn State University Library. These 

scans were secured from the library’s collection. In comparing Exhibit 1016 to 

Appendix CARUANA02, it is my determination that Exhibit 1016 is a true and 

correct copy of “Overfitting in Neural Nets: Backpropagation, Conjugate Gradient, 

and Early Stopping” by Rich Caruana, et al as published in Proceedings of the 

International Conference on Neural Information Processing Systems. 

32. The 008 field of the MARC record in Appendix CARUANA01 

indicates the date of record creation. The 008 field of Appendix CARUANA01 

indicates the Penn State University Library first acquired Proceedings of the 

International Conference on Neural Information Processing Systems as of 

September 4, 1998 and held the proceedings in perpetuity until the publication of 
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“Overfitting in Neural Nets: Backpropagation, Conjugate Gradient, and Early 

Stopping”. Considering this information, it is my determination that Proceedings of 

the International Conference on Neural Information Processing Systems July 2001 

and therefore “Overfitting in Neural Nets: Backpropagation, Conjugate Gradient, 

and Early Stopping” (Exhibit 1016) was publicly accessible and made available to 

the public shortly after its initial publication in July 2001. 

33. I have reviewed Exhibit 1017, "Survey of Clustering Algorithms" by 

Rui Xu, et al as published in IEEE Transactions on Neural Networks May 2005. 

34. Attached hereto as Appendix XU01 is a true and correct copy of the 

MARC record for IEEE Transactions on Neural Networks as held by the Penn State 

University Library. I secured this record myself from the library’s public catalog. 

The MARC record contained within Appendix XU01 accurately describes the title, 

publisher and ISSN number of IEEE Transactions on Neural Networks. The 

Showing Results field present on page 3 of this record indicates the library's 

collection includes the May 2005 issue of IEEE Transactions on Neural Networks 

containing "Survey of Clustering Algorithms". 

35. Attached hereto as Appendix XU02 is a true and correct copy of 

"Survey of Clustering Algorithms" as published in IEEE Transactions on Neural 

Networks as held by the Penn State University Library. These scans were secured 

from the library’s collection. In comparing Exhibit 1017 to Appendix XU02, it is 
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my determination that Exhibit 1017 is a true and correct copy of "Survey of 

Clustering Algorithms" by Rui Xu, et al as published in IEEE Transactions on Neural 

Networks. 

36. The 008 field of the MARC record in Appendix XU01 indicates the 

date of record creation. The 008 field of Appendix XU01 indicates the Penn State 

University Library first acquired IEEE Transactions on Neural Networks as of July 

13, 2000 and held the journal in perpetuity until the publication of "Survey of 

Clustering Algorithms". Considering this information, it is my determination that 

IEEE Transactions on Neural Networks May 2005 and therefore "Survey of 

Clustering Algorithms" (Exhibit 1017) was publicly accessible and made available 

to the public shortly after its initial publication in May 2005. 
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37. I have been retained on behalf of the Petitioner to provide assistance in 

the above-illustrated matter in establishing the authenticity and public availability of 

the documents discussed in this declaration. I am being compensated for my services 

in this matter at the rate of $200.00 per hour plus reasonable expenses.  My 

statements are objective, and my compensation does not depend on the outcome of 

this matter. 

38. In signing this Declaration, I understand that the Declaration will be 

filed as evidence in a contested case before the Patent Trial and Appeal Board of the 

United States Patent and Trademark Office. I acknowledge that I may be subject to 

cross-examination in the case and that cross-examination will take place within the 

United States. If cross-examination is required of me, I will appear for cross-

examination within the United States during the time allotted for cross-examination. 

39. I hereby declare under penalty of perjury that the foregoing is true and 

correct. I hereby declare that all statements made herein of my own knowledge are 

true and that all statements made on information and belief are believed to be true; 

and further that these statements were made the knowledge that willful false 

statements and the like so made are punishable by fine or imprisonment, or both, 

under Section 1001 of Title 18 of the United States Code. 

 

Date:  March 19, 2026          ____________________________________ 

      June Ann Munford 
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June A. Munford 
Curriculum Vitae 

Education 

University of Wisconsin-Milwaukee - MS, Library & Information Science, 2009 
Milwaukee, WI 

● Coursework included cataloging, metadata, data analysis, library systems,
management strategies and collection development.
● Specialized in library advocacy, cataloging and public administration.

Grand Valley State University - BA, English Language & Literature, 2008 
Allendale, MI 

● Coursework included linguistics, documentation and literary analysis.
● Minor in political science with a focus in local-level economics and
government.

Professional Experience 

Researcher / Expert Witness, October 2017 – present 
Freelance ● Pittsburgh, Pennsylvania & Grand Rapids, Michigan 

● Material authentication and public accessibility determination. Declarations of
authenticity and/or public accessibility provided upon research completion. Experienced
with appeals and deposition process.

● Research provided on topics of public library operations, material
publication history, digital database services and legacy web resources.

● Past clients include Alston & Bird, Arnold & Porter, Baker Botts, Fish & Richardson,
Erise IP, Irell & Manella, O'Melveny & Myers, Perkins-Coie, Pillsbury Winthrop Shaw
Pittman and Slayden Grubert Beard.

Library Director, February 2013 - March 2015 
Dowagiac District Library ● Dowagiac, Michigan 

● Executive administrator of the Dowagiac District Library. Located in
Southwest Michigan, this library has a service area of 13,000, an annual
operating budget of over $400,000 and total assets of approximately
$1,300,000.
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● Developed careful budgeting guidelines to produce a 15% surplus during the 2013-
2014 & 2014-2015 fiscal years while being audited.

● Using this budget surplus, oversaw significant library investments including the
purchase of property for a future building site, demolition of existing buildings and
building renovation projects on the current facility.

● Led the organization and digitization of the library's archival records.

● Served as the public representative for the library, developing business
relationships with local school, museum and tribal government entities.

● Developed an objective-based analysis system for measuring library services -
including a full collection analysis of the library's 50,000+ circulating items and their
records.

November 2010 - January 2013 
Librarian & Branch Manager, Anchorage Public Library ● Anchorage, Alaska 

● Headed the 2013 Anchorage Reads community reading campaign including event
planning, staging public performances and creating marketing materials for mass
distribution.

● Co-led the social media department of the library's marketing team, drafting social
media guidelines, creating original content and instituting long-term planning via content
calendars.

● Developed business relationships with The Boys & Girls Club, Anchorage
School District and the US Army to establish summer reading programs for
children.

June 2004 - September 2005, September 2006 - October 2013 
Library Assistant, Hart Area Public Library 
Hart, MI 

● Responsible for verifying imported MARC records and original MARC
cataloging for the local-level collection as well as the Michigan Electronic
Library.

● Handled OCLC Worldcat interlibrary loan requests & fulfillment via
ongoing communication with lending libraries.

Professional Involvement 

Alaska Library Association - Anchorage Chapter 

Page 18 of 265



● Treasurer, 2012 
 
Library Of Michigan 

● Level VII Certification, 2008 
● Level II Certification, 2013 

 
Michigan Library Association Annual Conference 2014 

● New Directors Conference Panel Member 
 
Southwest Michigan Library Cooperative 

● Represented the Dowagiac District Library, 2013-2015 
 
 
Professional Development 
 
Library Of Michigan Beginning Workshop, May 2008  
Petoskey, MI 

● Received training in cataloging, local history, collection management, 
children’s literacy and reference service. 

 
Public Library Association Intensive Library Management Training, October 2011  
Nashville, TN 

● Attended a five-day workshop focused on strategic planning, staff 
management, statistical analysis, collections and cataloging theory. 

 
Alaska Library Association Annual Conference 2012 - Fairbanks, February 2012 
Fairbanks, AK 

● Attended seminars on EBSCO advanced search methods, budgeting, 
cataloging, database usage and marketing. 

Depositions 
 
2019 ● Fish & Richardson 

Apple v. Qualcomm (Case No. IPR2018-001281, 39521-00421IP, IPR2018-01282  and 
39521-00421IP2) 
 

2019 ● Erise IP 

 Implicit, LLC v. Netscout Systems, Inc (Case No. 2:18-cv-53-JRG) 
 
2019 ● Perkins-Coie 

 Adobe Inc. v. RAH Color Technologies LLC (Case No. IPR2019-00627, IPR2019-
00628, IPR2019-00629 and IPR2019-00646) 
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2020 ● O’Melveny & Myers 

 Maxell, Ltd. v. Apple Inc. (Case No. 5:19-cv-00036-RWS) 
 
2021 ● Pillsbury Winthrop Shaw Pittman LLP 

 Intel v. SRC (Case No. IPR2020-1449) 
 
2022 ● Perkins-Coie 

 Realtek v. Future Link (Case No. IPR2021-01182) 
 

2023 ● Fish & Richardson 

 Neuroderm Ltd. v. Abbvie, Inc (Case No. PGR2022-00040) 
 

2023 ● Fish & Richardson 

 Nearmap US Inc. v. Pictometry International Corp. (Case No. IPR2022-00735)  
 

2023 ● Fish & Richardson 

 Samsung Electronics v. MemoryWeb LLC (Case No. 39843-0136PS1)  

 

2023 ● Pillsbury Winthrop Shaw Whitman LLP 

Gravel Rating Systems v. Costco Wholesale Corp. (Case No.  
          4:21-cv-149-ALM) 

 

2024 ● Willkie-Farr 

Netflix, Inc. v. VideoLabs. Inc. (Case No. IPR2023-00628) 

 

2024 ● Quinn Emanuel Urquhart & Sullivan 

Purdue University v. Wolfspeed (Case No. 1:21-CV-840) 

 

2024 ● Fish & Richardson 

Dish Network v. Entropic Communications (Case No. IPR2024-00393) 
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2025 ● Perkins Coie 

Amazon.com, Inc. v. Nokia Technologies Oy (Case No. IPR2024-00572) 

 

2025 ● Fish & Richardson 

Dish Network v. Entropic Communications (Case No. IPR2024-00373) 
 
 
Limited Case and Clientele History  
 
Alston & Bird 

● Ericsson 

  v. Collision Communications (Case No. IPR2022-01233) 
 

 ● Nokia  

          v. Neptune Subsea, Xtera (Case No. 1:17-cv-01876) 
 

 ● Universal Electronics Inc  

          v. Roku Inc (Case No. IPR2022-00818) 

 
Alavi & Anaipakos PLLC 

● Stingray Group Inc. and Stingray Music USA, Inc. 

v. Edwin A. Hernandez-Mondragon and Egla Corp. (Case No. 1:24-cv-
21226-RAR) 

 
Arnold & Porter 

● Ivantis  

          v. Glaukos (Case No. 8:18-cv-00620) 
 

● Samsung  

          v. Jawbone (Case No. 2:21-cv-00186) 
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Benesch Friedlander Coplan & Aronoff 

● Voyis 

 v. Cathx (Case No.  5:21-cv-00077-RWS) 

 

Buchanan, Ingersoll & Rooney PC 

● Google LLC, AT&T Service Inc., T Mobile USA Inc., Cellco Partnership, Ericsson 
Inc. & Nokia of America Corp. 

 v. KT Corp & Pegasus Wireless Innovation LLC (Case No.  IPR2025-00293) 

 

Deschert LLP 

 ● Smaxtec Animal Care 

  v. ST Reproductive Technologies, LLC (Case No. IPR2024-00885) 

 

Duane Morris 

 ● Kangxi Communication Technologies 

  v. Skyworks Solutions Inc. (Case No. IPR2025-00373) 

 

 ● Microsoft 

  v. Edge Networking Systems LLC (Case No. 1:24-cv-00215) 

 

Erise I.P. 
 ● Apple 

  v. Ericsson Inc. (Case No. IPR2022-00715) 

v. Future Link Systems (Case No. IPRs 6317804, 6622108, 6807505, and   
 7917680) 

  v. INVT (Case No. 20-1881)  

  v. Navblazer LLC (Case No. IPR2020-01253) 

  v. Qualcomm (Case No. IPR2018-001281, 39521-00421IP, IPR2018-01282,  
  39521-00421IP2) 

Page 22 of 265



  v. Quest Nettech Corp (Case No. 2:19-cv-00118-JRG) 

v. Telefonaktiebolaget LM Ericsson (Case No. IPR2022-00275) 

v. Theta IP, LLC (Case No. IPR2024-00818) 

v. THL Holding Company LLC (Case No. 1:23-cv-00548) 
 

● Fanduel  

          v. CGT (Case No. 19-1393) 
 

● Garmin  

          v. Phillips North America LLC (Case No. 2:19-cv-6301-AB-KS) 

 
● Netscout  

  v. Longhorn HD LLC (Case No. 2:20-cv-00349) 

  v. Implicit, LLC (Case No.  2:18-cv-53-JRG)  

 
● Sony Interactive Entertainment LLC  

  v. Bot M8 LLC (Case No. IPR2020-01288) 

  v. Infernal Technology LLC (Case No. 2:19-CV-00248-JRG) 

 

● Tesla 

  v. Charge Fusion Technologies LLC (Case No. IPR2025-00032) 

 
● Unified Patents  

  v. GE Video Compression (Case No. 2:19-cv-248) 

 

Fish & Richardson 

 ● Apple 

  v. AliveCor (Case No. 3:21-cv-03958) 

v. LBS Innovations (Case No. 2:19-cv-00119-JRG-RSP) 

  v. Koss Corporation (Case No. IPR2021-00305) 
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  v. Masimo (Case No. IPR 50095-0012IP1, 50095-0012IP2, 50095-0013IP1,  
  50095-0013IP2, 50095-0006IP1, 50095-0135IP1) 

  v. Neonode (Case No. 21-cv-08872-EMC) 

  v. Qualcomm (Case No. IPR2018-001281, 39521-00421IP, IPR2018-01282,  
  39521-00421IP2) 

  v. Resonant Sys. (Case No. 7:23-cv-00077-ADA) 
 

 ● AsusTek Computer Inc. 
  v. Videolabs, Inc. (Case No. 22-CV-00720-ADA) 

 

 ● Dell 
  v. Neo Wireless (Case No. IPR2022-00616) 

 

 ● Dish Network  

  v. Entropic Communications, LLC (Case No. 2:2023-CV-01043) 
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Abstract. The cross-entropy (CE) method is a new generic approach to combinatorial and multi-extremal
optimization and rare event simulation. The purpose of this tutorial is to give a gentle introduction to the CE
method. We present the CE methodology, the basic algorithm and its modifications, and discuss applications
in combinatorial optimization and machine learning.

Keywords: cross-entropy method, Monte-Carlo simulation, randomized optimization, machine learning,
rare events

Many everyday tasks in operations research involve solving complicated optimization
problems. The travelling salesman problem (TSP), the quadratic assignment problem
(QAP) and the max-cut problem are a representative sample of combinatorial optimiza-
tion problems (COP) where the problem being studied is completely known and static.
In contrast, the buffer allocation problem (BAP) is a noisy estimation problem where the
objective function needs to be estimated since it is unknown. Discrete event simulation
is one method for estimating an unknown objective function.

The purpose of this tutorial is to show that the CE method provides a simple, efficient
and general method for solving such problems. Moreover, we wish to show that the CE
method is also valuable for rare event simulation, where very small probabilities need to
be accurately estimated – for example in reliability analysis, or performance analysis of
telecommunication systems. This tutorial is intended for a broad audience of operations
research specialists, computer scientists, mathematicians, statisticians and engineers. Our
aim is to explain the foundations of the CE method and consider various applications.

∗Corresponding author.

Page 37 of 265



20 DE BOER ET AL.

The CE method was motivated by an adaptive algorithm for estimating probabilities
of rare events in complex stochastic networks (Rubinstein, 1997), which involves variance
minimization. It was soon realized (Rubinstein, 1999, 2001) that a simple cross-entropy
modification of Rubinstein (1997) could be used not only for estimating probabilities
of rare events but for solving difficult COPs as well. This is done by translating the
“deterministic” optimization problem into a related “stochastic” optimization problem
and then using rare event simulation techniques similar to Rubinstein (1997). Several
recent applications demonstrate the power of the CE method (Rubinstein, 1999) as a
generic and practical tool for solving NP-hard problems.

The CE method involves an iterative procedure where each iteration can be broken
down into two phases:

1. Generate a random data sample (trajectories, vectors, etc.) according to a specified
mechanism.

2. Update the parameters of the random mechanism based on the data to produce a
“better” sample in the next iteration.

The significance of the CE method is that it defines a precise mathematical frame-
work for deriving fast, and in some sense “optimal” updating/learning rules, based on
advanced simulation theory. Other well-known randomized methods for combinatorial
optimization problems are simulated annealing (Aarts and Korst, 1989), tabu search
(Glover and Laguna, 1993), and genetic algorithms (Goldberg, 1989). Recent related
work on randomized combinatorial optimization includes the nested partitioning method
(Shi and Olafsson, 2000) and the ant colony optimization meta-heuristic (Colorni et al.,
1996; Dorigo, Di Caro, and Gambardella, 1999; Gutjahr, 2000).

Many COPs can be formulated as optimization problems concerning a weighted
graph. As mentioned before, in CE a deterministic optimization problem is translated into
an associated stochastic optimization problem. Depending on the particular problem, we
introduce randomness in either (a) the nodes or (b) the edges of the graph. We speak of
stochastic node networks (SNN) in the former case and stochastic edge networks (SEN)
in the latter. Examples of SNN problems are the maximal cut (max-cut) problem, the
buffer allocation problem and clustering problems. Examples of SEN problems are the
travelling salesman problem, the quadratic assignment problem, the clique problem, and
optimal policy search in Markovian decision problems (MDPs).

It should be emphasized that the CE method may be successfully applied to both
deterministic and stochastic COPs. In the latter the objective function itself is random
or needs to be estimated via simulation. Stochastic COPs typically occur in stochastic
scheduling, flow control and routing of data networks and in various simulation-based
optimization problems (Rubinstein and Melamed, 1998), such as the optimal buffer
allocation problem (Alon et al., 2005).

Estimation of the probability of rare events is essential for guaranteeing adequate
performance of engineering systems. For example, consider a telecommunications sys-
tem that accepts calls from many customers. Under normal operating conditions each
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client may be rejected with a very small probability. Naively, in order to estimate this
small probability we would need to simulate the system under normal operating con-
ditions for a long time. A better way to estimate this probability is to use importance
sampling (IS), which is a well-known variance reduction technique in which the system
is simulated under a different set of parameters – or, more generally, a different proba-
bility distribution – so as to make the occurrence of the rare event more likely. A major
drawback of the IS technique is that the optimal reference (also called tilting) parameters
to be used in IS are usually very difficult to obtain. The advantage of the CE method
is that it provides a simple adaptive procedure for estimating the optimal reference pa-
rameters. Moreover, the CE method also enjoys asymptotic convergence properties. For
example, it is shown in Homem-de-Mello and Rubinstein (2002) that for static mod-
els – cf. Remark 2.1 – under mild regularity conditions the CE method terminates with
probability 1 in a finite number of iterations, and delivers a consistent and asymptotically
normal estimator for the optimal reference parameters. Recently the CE method has
been successfully applied to the estimation of rare event probabilities in dynamic mod-
els, in particular queueing models involving both light and heavy tail input distributions
(de Boer, Kroese and Rubinstein, 2002; Kroese and Rubinstein, 2004). In addition to
rare event simulation and combinatorial optimization, the CE method can be efficiently
applied for continuous multi-extremal optimization, see Rubinstein (1999) and the recent
CE book (Rubinstein and Kroese, 2004).

An increasing number of applications is being found for the CE method. Recent pub-
lications on applications of the CE method include: buffer allocation (Alon et al., 2005);
static simulation models (Homem-de-Mello and Rubinstein, 2002); queueing models of
telecommunication systems (de Boer, 2000; de Boer, Kroese, and Rubinstein, 2004);
neural computation (Dubin, 2002, 2004); control and navigation (Helvik and Wittner,
2001); DNA sequence alignment (Keith and Kroese, 2002); scheduling (Margolin, 2002,
2004); vehicle routing (Chepuri and Homem-de-Mello, 2005); reinforcement learning
(Mannor, Rubinstein, and Gat, 2003; Menache, Mannor, and Shimkin, 2005); project
management (Cohen, Golany, and Shtub, 2005); heavy-tail distributions (Asmussen,
Kroese, and Rubinstein, 2005); (Kroese and Rubinstein, 2004); CE convergence (Margolin,
2005); network reliability (Hui et al., 2005); repairable systems (Ridder, 2005); and max-
cut and bipartition problems (Rubinstein, 2002).

It is not our intention here to compare the CE method with other heuristics. Our
intention is mainly to demonstrate its beauty and simplicity and promote CE for further
applications to combinatorial and multi-extremal optimization and rare event simulation.

The rest of the tutorial is organized as follows. In Section 1 we present two toy
examples that illustrate the basic methodology behind the CE method. The general theory
and algorithms are detailed in Section 2. In Section 3 we discuss various applications and
examples of using the CE method for solving COPs. In Section 4 two useful modifications
of the CE method are discussed. Further developments are briefly reviewed in Section 5.

The CE home page, featuring many links, articles, references, tutorials and computer
programs on CE, can be found at: http://www.cemethod.org/
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22 DE BOER ET AL.

Figure 1. Shortest path from A to B.

1. Methodology: Two examples

In this section we illustrate the methodology of the CE method via two toy examples;
one dealing with rare event simulation, and the other with combinatorial optimization.

1.1. A rare event simulation example

Consider the weighted graph of figure 1, with random weights X1, . . . , X5. Suppose
the weights are independent of each other and are exponentially distributed with means
u1, . . . , u5, respectively. Define X = (X1, . . . , X5) and u = (u1, . . . , u5). Denote the
probability density function (pdf) of X by f (·; u); thus,

f (x; u) = exp

(
−

5∑
j=1

x j

u j

)
5∏

j=1

1

u j
. (1)

Let S(X) be the total length of the shortest path from node A to node B. We wish to
estimate from simulation

� = P(S(X) ≥ γ ) = EI{S(X)≥γ }, (2)

that is, the probability that the length of the shortest path S(X) will exceed some fixed γ .
A straightforward way to estimate � in (2) is to use Crude Monte Carlo (CMC)

simulation. That is, we draw a random sample X1, . . . , XN from the distribution of X
and use

1

N

N∑
i=1

I{S(Xi )≥γ } (3)

as the unbiased estimator of �. However, for large γ the probability � will be very small
and CMC requires a very large simulation effort, that is, N needs to be very large in order
to estimate � accurately – that is, to obtain a small relative error, for example of 1%. A
better way is to perform the simulation is to use importance sampling (IS). That is, let
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g be another probability density such that g(x) = 0 ⇒ I{S(x)≥γ } f (x) = 0. Using the
density g we can represent � as

� =
∫

I{S(x)≥γ }
f (x)

g(x)
g(x) dx = Eg I{S(X)≥γ }

f (X)

g(X)
, (4)

where the subscript g means that the expectation is taken with respect to g, which is
called the importance sampling (IS) density. An unbiased estimator of � is

�̂ = 1

N

N∑
i=1

I{S(Xi )≥γ } W (Xi ), (5)

where �̂ is called the importance sampling (IS) or the likelihood ratio (LR) estimator,

W (x) = f (x)/g(x) (6)

is called the likelihood ratio (LR), and X1, . . . , XN is a random sample from g, that is,
X1, . . . , Xn are iid random vectors with density g. In the particular case where there is no
“change of measure”, i.e., g = f , we have W = 1, and the LR estimator in (6) reduces
to the CMC estimator (3).

If we restrict ourselves to g such that X1, . . . , X5 are independent and exponentially
distributed with means v1, . . . , v5, then

W (x; u, v) := f (x; u)

f (x; v)
= exp

(
−

5∑
j=1

x j

(
1

u j
− 1

v j

))
5∏

j=1

v j

u j
. (7)

In this case the “change of measure” is determined by the parameter vector v = (v1, . . . ,

v5). The main problem now is how to select a v which gives the most accurate estimate
of � for a given simulation effort. One of the strengths of the CE method for rare event
simulation is that it provides a fast way to determine/estimate the optimal parameters.
To this end, without going into the details, a quite general CE algorithm for rare event
estimation is outlined below.

Algorithm 1.1

1. Define v̂0 := u. Set t := 1 (iteration counter).

2. Generate a random sample X1, . . . , XN according to the pdf f (·; v̂t−1). Calculate the
performances S(Xi ) for all i , and order them from smallest to biggest, S(1) ≤ · · · ≤
S(N ). Let γ̂t be the (1−ρ) sample quantile of performances: γ̂t := S(�(1−ρ)N�), provided
this is less than γ . Otherwise, put γ̂t := γ .

3. Use the same sample to calculate, for j = 1, . . . , n (= 5),

v̂t, j =
∑N

i=1 I{S(Xi )≥γ̂t }W (Xi ; u, v̂t−1) Xi j∑N
i=1 I{S(Xi )≥γ̂t }W (Xi ; u, v̂t−1)

.
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Table 1
Convergence of the sequence {(γ̂t , v̂t )}.

t γ̂t v̂t

0 0.250 0.400 0.100 0.300 0.200
1 0.575 0.513 0.718 0.122 0.474 0.335
2 1.032 0.873 1.057 0.120 0.550 0.436
3 1.502 1.221 1.419 0.121 0.707 0.533
4 1.917 1.681 1.803 0.132 0.638 0.523
5 2.000 1.692 1.901 0.129 0.712 0.564

4. If γ̂t = γ then proceed to step 5; otherwise set t := t + 1 and reiterate from step 2.

5. Let T be the final iteration. Generate a sample X1, . . . , XN1 according to the pdf
f (·; v̂T ) and estimate � via the IS estimate

�̂ = 1

N1

N1∑
i=1

I{S(Xi )≥γ }W (Xi ; u, v̂T ).

Note that in steps 2–4 the optimal IS parameter is estimated. In the final step (step 5) this
parameter is used to estimate the probability of interest. We need to supply the fraction
ρ (typically between 0.01 and 0.1) and the parameters N and N1 in advance.

As an example, consider the case where the nominal parameter vector u is given by
(0.25, 0.4, 0.1, 0.3, 0.2). Suppose we wish to estimate the probability that the minimum
path is greater than γ = 2. Crude Monte Carlo with 107 samples gave an estimate
1.65 · 10−5 with an estimated relative error, RE, (that is, Var(�̂)1/2/�) of 0.165. With 108

samples we got the estimate 1.30 · 10−5 with RE 0.03.
Table 1 displays the results of the CE method, using N = 1,000 and ρ = 0.1. This

table was computed in less than half a second.
Using the estimated optimal parameter vector of v̂5 = (1.692, 1.901, 0.129, 0.712,

0.564), the final step with N1 = 105 gave now an estimate of 1.34·10−5 with an estimated
RE of 0.03. The simulation time was only 3 seconds, using a Matlab implementation on a
Pentium III 500 MHz processor. In contrast, the CPU time required for the CMC method
with 107 samples is approximately 630 seconds, and with 108 samples approximately
6350. We see that with a minimal amount of work we have reduced our simulation effort
(CPU time) by roughly a factor of 2000.

1.2. A combinatorial optimization example

Consider a binary vector y = (y1, . . . , yn). Suppose that we do not know which compo-
nents of y are 0 and which are 1. However, we have an “oracle” which for each binary
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Figure 2. A black box for decoding vector y.

input vector x = (x1, . . . , xn) returns the performance or response,

S(x) = n −
n∑

j=1

|x j − y j |,

representing the number of matches between the elements of x and y. Our goal is to
present a random search algorithm which reconstructs1 (decodes) the unknown vector y
by maximizing the function S(x) on the space of n-dimensional binary vectors.

A naive way to find y is to repeatedly generate binary vectors X = (X1, . . . , Xn)
such that X1, . . . , Xn are independent Bernoulli random variables with success proba-
bilities p1, . . . , pn . We write X ∼ Ber(p), where p = (p1, . . . , pn). Note that if p = y,
which corresponds to the degenerate case of the Bernoulli distribution, we have S(X) = n,
X = y, and the naive search algorithm yields the optimal solution with probability 1.
The CE method for combinatorial optimization consists of casting the underlying prob-
lem into the rare event framework (2) and then creating a sequence of parameter vectors
p̂0, p̂1, . . . and levels γ̂1, γ̂2, . . . , such that the sequence γ̂1, γ̂2, . . . converges to the opti-
mal performance (n here) and the sequence p̂0, p̂1, . . . converges to the optimal parameter
vector (y here). Again, the CE procedure – which is similar to the rare event procedure
described in Algorithm 1.1 – is outlined below, without detail.

Algorithm 1.2

1. Start with some p̂0, say p̂0 = (1/2, 1/2, . . . , 1/2). Let t := 1.

2. Draw a sample X1, . . . , XN of Bernoulli vectors with success probability vector
p̂t−1. Calculate the performances S(Xi ) for all i , and order them from smallest to
biggest, S(1) ≤ · · · ≤ S(N ). Let γ̂t be (1 − ρ) sample quantile of the performances:
γ̂t = S(�(1−ρ)N�).

1 Of course, in this toy example the vector y can be easily reconstructed from the input vectors (0, 0, . . . , 0),
(1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 0, 1) only.
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Table 2
The convergence of the parameter vector.

t γ̂t p̂t

0 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50
1 7 0.60 0.40 0.80 0.40 1.00 0.00 0.20 0.40 0.00 0.00
2 9 0.80 0.80 1.00 0.80 1.00 0.00 0.00 0.40 0.00 0.00
3 10 1.00 1.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00
4 10 1.00 1.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00

3. Use the same sample to calculate p̂t = ( p̂t,1, . . . , p̂t,n) via

p̂t, j =
∑N

i=1 I{S(Xi )≥γ̂t } I{Xi j =1}∑N
i=1 I{S(Xi )≥γ̂t }

, (8)

j = 1, . . . , n, where Xi = (Xi1, . . . , Xin).

4. If the stopping criterion is met, then stop; otherwise set t := t +1 and reiterate from
step 2.

A possible stopping criterion is to stop when γ̂t does not change for a number of
subsequent iterations. Another possible stopping criterion is to stop when the vector p̂t

has converged to a degenerate – that is, binary – vector.
Note that the interpretation of 8 is very simple: to update the j th success proba-

bility we count how many vectors of the last sample X1, . . . , XN have a performance
greater than or equal to γ̂t and have the j th coordinate equal to 1, and we divide (nor-
malize) this by the number of vectors that have a performance greater than or equal to
γ̂t .

As an example, consider the case n = 10, where y = (1, 1, 1, 1, 1, 0, 0, 0, 0, 0). Us-
ing a sample N = 50, ρ = 0.1 and the initial parameter vector p̂0 = (1/2, 1/2, . . . , 1/2),
Algorithm 1.2 yields the results given in Table 2.

We see that the p̂t and γ̂t converge very quickly to the optimal degenerated CE
parameter vector p∗ = y and optimal performance γ ∗ = n, respectively.

Remark 1.1 (Likelihood ratio term). Note that algorithms 1.1 and 1.2 are almost the
same. The most important difference is the absence of the likelihood ratio term W in
step 3 of Algorithm 1.2. The reason is that the choice of the initial parameter vector
p̂0 is quite arbitrary, so using W would be meaningless, while in rare event simula-
tion it is an essential part of the estimation problem. For more details see Remark 2.4
below.
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2. The main algorithm(s)

2.1. The CE method for rare event simulation

In this subsection we discuss the main ideas behind the CE algorithm for rare event
simulation. When reading this section, the reader is encouraged to refer back to the toy
example presented in Section 1.1.

Let X = (X1, . . . , Xn) be a random vector taking values in some space X . Let
{ f (·; v)} be a family of probability density functions (pdfs) on X , with respect to some
base measure ν. Here v is a real-valued parameter (vector). Thus,

EH (X) =
∫
X

H (x) f (x; v) ν(dx),

for any (measurable) function H . In most (or all) applications ν is either a counting
measure or the Lebesgue measure. In the former case f is often called a probability mass
function, but in this paper we will always use the generic terms density or pdf. For the
rest of this section we take for simplicity v(dx) = dx.

Let S be some real-valued function on X . Suppose we are interested in the prob-
ability that S(x) is greater than or equal to some real number γ , under f (·; u). This
probability can be expressed as

� = Pu(S(X) ≥ γ ) = Eu I{S(X)≥γ }.

If this probability is very small, say smaller than 10−5, we call {S(X) ≥ γ } a rare event.
A straightforward way to estimate � is to use crude Monte-Carlo simulation: Draw

a random sample X1, . . . , XN from f (·; u); then

1

N

N∑
i=1

I{S(Xi )≥γ }

is an unbiased estimator of �. However this poses serious problems when {S(X) ≥ γ }
is a rare event. In that case a large simulation effort is required in order to estimate �

accurately, i.e., with small relative error or a narrow confidence interval.
An alternative is based on importance sampling: take a random sample X1, . . . , XN

from an importance sampling (different) density g on X , and evaluate � using the LR
estimator (see (5))

�̂ = 1

N

N∑
i=1

I{S(Xi )≥γ }
f (Xi ; u)

g(Xi )
. (9)

It is well known that the best way to estimate � is to use the change of measure with
density

g∗(x) := I{S(x)≥γ } f (x; u)

�
. (10)
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Namely, by using this change of measure we have in (9)

I{S(Xi )≥γ }
f (Xi ; u)

g∗(Xi )
= �,

for all i . In other words, the estimator (9) has zero variance, and we need to produce only
N = 1 sample.

The obvious difficulty is of course that this g∗ depends on the unknown parameter
�. Moreover, it is often convenient to choose a g in the family of densities { f (·; v)}. The
idea now is to choose the parameter vector, called the reference parameter (sometimes
called tilting parameter) v such that the distance between the densities g∗ and f (·; v) is
minimal. A particular convenient measure of distance between two densities g and h is
the Kullback-Leibler distance, which is also termed the cross-entropy between g and h.
The Kullback-Leibler distance is defined as:

D(g, h) = Eg ln
g(X)

h(X)
=

∫
g(x) ln g(x) dx −

∫
g(x) ln h(x) dx.

We note that D is not a “distance” in the formal sense; for example, it is not symmetric.
Minimizing the Kullback-Leibler distance between g∗ in (10) and f (·; v) is equiv-

alent to choosing v such that –
∫

g∗(x) ln f (x; v) dx is minimized, which is equivalent to
solving the maximization problem

max
v

∫
g∗(x) ln f (x; v) dx. (11)

Substituting g∗ from (10) into (11) we obtain the maximization program

max
v

∫
I{S(x)≥γ } f (x; u)

�
ln f (x; v) dx, (12)

which is equivalent to the program

max
v

D(v) = max
v

Eu I{S(X)≥γ } ln f (X; v), (13)

where D is implicitly defined above. Using again importance sampling, with a change
of measure f (·; w) we can rewrite (13) as

max
v

D(v) = max
v

Ew I{S(X)≥γ } W (X; u, w) ln f (X; v), (14)

for any reference parameter w , where

W (x; u, w) = f (x; u)

f (x; w)
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is the likelihood ratio, at x, between f (·; u) and f (·; w). The optimal solution of (14) can
be written as

v∗ = argmax
v

Ew I{S(X)≥γ } W (X; u, w) ln f (X; v). (15)

We may estimate v∗ by solving the following stochastic program (also called stochastic
counterpart of (14))

max
v

D̂(v) = max
v

1

N

N∑
i=1

I{S(Xi )≥γ } W (Xi ; u, w) ln f (Xi ; v), (16)

where X1, . . . , XN is a random sample from f (·; w). In typical applications the function
D̂ in (16) is convex and differentiable with respect to v, see also Rubinstein and Shapiro
(1993) and, thus, the solution of (16) may be readily obtained by solving (with respect
to v) the following system of equations:

1

N

N∑
i=1

I{S(Xi )≥γ } W (Xi ; u, w) ∇ ln f (Xi ; v) = 0, (17)

where the gradient is with respect to v.
The advantage of this approach is that the solution of (17) can often be calculated

analytically. In particular, this happens if the distributions of the random variables belong
to a natural exponential family (NEF). For further details see Rubinstein and Kroese
(2004) and Example 2.1 below.

It is important to note that with w = u the CE program (16) is useful only in the case
where the probability of the “target event” {S(X) ≥ γ } is not too small, say � ≥ 10−5.
For rare event probabilities, however (when, say, � < 10−5), the program (16) is difficult
to carry out. Namely, due to the rareness of the events {S(Xi ) ≥ γ }, most of the indicator
random variables I{S(Xi )≥γ }, i = 1, . . . , N will be zero, for moderate N . The same holds
for the derivatives of D̂(v) as given in the left-hand side of (17).

A multi-level algorithm can be used to overcome this difficulty. The idea is to
construct a sequence of reference parameters {vt , t ≥ 0} and a sequence of levels
{γt , t ≥ 1}, and iterate in both γt and vt (see Algorithm 2.1 below).

We initialize by choosing a not very small ρ, say ρ = 10−2 and by defining
v0 = u. Next, we let γ1 (γ1 < γ ) be such that, under the original density f (x; u),
the probability �1 = Eu I{S(X)≥γ1} is at least ρ. We then let v1 be the optimal CE ref-
erence parameter for estimating �1, and repeat the last two steps iteratively with the
goal of estimating the pair {�, v∗}. In other words, each iteration of the algorithm
consists of two main phases. In the first phase γt is updated, in the second vt is up-
dated. Specifically, starting with v0 = u we obtain the subsequent γt and vt as
follows:
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1. Adaptive updating of γt . For a fixed vt−1, let γt be a (1 − ρ)-quantile of S(X) under
vt−1. That is, γt satisfies

Pvt−1 (S(X) ≥ γt ) ≥ ρ, (18)

Pvt−1 (S(X) ≤ γt ) ≥ 1 − ρ, (19)

where X ∼ f (·; vt−1).
A simple estimator γ̂t of γt can be obtained by drawing a random sample X1, . . . , XN

from f (·; vt−1), calculating the performances S(Xi ) for all i , ordering them from
smallest to biggest: S(1) ≤ · · · ≤ S(N ) and finally, evaluating the (1 − ρ) sample
quantile as

γ̂t = S(�(1−ρ)N�). (20)

Note that S( j) is called the j-th order-statistic of the sequence S(X1), . . . , S(XN ). Note
also that γ̂t is chosen such that the event {S(X) ≥ γ̂t} is not too rare (it has a probability
of around ρ), and therefore updating the reference parameter via a procedure such as
(22) is not void of meaning.

2. Adaptive updating of vt . For fixed γt and vt−1, derive vt from the solution of the
following CE program

max
v

D(v) = max
v

Evt−1 I{S(X)≥γt }W (X; u, vt−1) ln f (X; v). (21)

The stochastic counterpart of (21) is as follows: for fixed γ̂t and v̂t−1, derive v̂t from
the solution of following program

max
v

D̂(v) = max
v

1

N

N∑
i=1

I{S(Xi )≥γ̂t }W (Xi ; u, v̂t−1) ln f (Xi ; v). (22)

Thus, at the first iteration, starting with v̂0 = u, to get a good estimate for v̂1, the
target event is artificially made less rare by (temporarily) using a level γ̂1 which is chosen
smaller than γ . The value for v̂1 obtained in this way will (hopefully) make the event
{S(X) ≥ γ } less rare in the next iteration, so in the next iteration a value γ̂2 can be used
which is closer to γ itself. The algorithm terminates when at some iteration t a level is
reached which is at least γ and thus the original value of γ can be used without getting
too few samples.

As mentioned before, the optimal solutions of (21) and (22) can often be obtained
analytically, in particular when f (x; v) belongs to a NEF.

The above rationale results in the following algorithm.
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Algorithm 2.1 (Main CE Algorithm for Rare Event Simulation)

1. Define v̂0 = u. Set t = 1 (iteration = level counter).

2. Generate a sample X1, . . . , XN from the density f (·; vt−1) and compute the sample
(1 − ρ)-quantile γ̂t of the performances according to (20), provided γ̂t is less than γ .
Otherwise set γ̂t = γ .

3. Use the same sample X1, . . . , XN to solve the stochastic program (22). Denote the
solution by v̂t .

4. If γ̂t < γ , set t = t + 1 and reiterate from step 2. Else proceed with step 5.

5. Estimate the rare-event probability � using the LR estimate

�̂ = 1

N1

N1∑
i=1

I{S(Xi )≥γ } W (Xi ; u, v̂T ), (23)

where T denotes the final number of iterations (= number of levels used).

Example 2.1 We return to the example in Section 1.1. In this case, from (1) we have

∂

∂v j
ln f (x; v) = x j

v2
j

− 1

v j
,

so that the j th equation of (17) becomes

N∑
i=1

I{S(Xi )≥γ } W (Xi ; u, w)

(
Xi j

v2
j

− 1

v j

)
= 0, j = 1, . . . , 5;

therefore

v j =
∑N

i=1 I{S(Xi )≥γ }W (Xi ; u, w) Xi j∑N
i=1 I{S(Xi )≥γ }W (Xi ; u, w)

, (24)

which leads to the updating formula in step 3 of Algorithm 1.1. Actually, one can show
that if the distributions belong to a natural exponential family, the updating formula
always becomes (24).

We have intentionally used the notation γ̂t and v̂t in Algorithm 2.1 above, rather than
the more obvious γt and vt , in order to distinguish it from its deterministic counterpart,
which is obtained by replacing sample means and sample quantiles by expectations and
quantiles. For easy reference and better insight we present below the deterministic version
of Algorithm 2.1. We have omitted the IS step in the algorithm below.
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Algorithm 2.2 (Deterministic version of the CE algorithm)

1. Define v0 := u. Set t = 1.

2. Calculate γt as

γt := max{s : Pvt−1 (S(X) ≥ s) ≥ ρ}, (25)

provided this is less than γ ; otherwise put γt := γ .

3. Calculate vt as

vt = argmax
v

Evt−1 I{S(X)≥γt }W (X; u, vt−1) ln f (X; v). (26)

4. If γt = γ , then stop; otherwise set t := t + 1 and reiterate from step 2.

Remark 2.1 (Static Simulation). The above method has been formulated for finite-
dimensional random vectors only; this is sometimes referred to as static simulation.
For infinite-dimensional random vectors or stochastic processes we need a more subtle
treatment.

We will not go into details here, but the main point is that Algorithm 2.1 holds true
without much alteration and can be readily applied to estimation problems involving both
light and heavy tail distributions (de Boer, Kroese, and Rubinstein, 2004; Rubinstein and
Kroese, 2004; Asmussen, Kroese, and Rubinstein, 2005).

Remark 2.2 (Variance Minimization). An alternative way to obtain a good reference
parameter is to choose v such that the variance, or equivalently, the second moment, of
the IS estimator is minimal. In other words we wish to find

∗v = argmin
v

Ev
[
I{S(X)≥γ } W (X; u, v)

]2
. (27)

More generally, using again the principle of importance sampling, this is equivalent to
finding

∗v = argmin
v

Ew I{S(X)≥γ } W (X; u, v) W (X; u, w) (28)

for any reference parameter w . As in (16), we can estimate ∗v as the solution to the
stochastic program

min
v

V̂ (v) = min
v

1

N

N∑
i=1

I{S(Xi )≥γ } W (Xi ; u, v) W (Xi ; u, w), (29)

where X1, . . . , XN is a random sample from f (·; w). However, the evaluation of (29) in
general involves complicated numerical optimization, and it is much more convenient to
use the closed-form updating formulas that follow from CE minimization.
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2.2. The CE-method for combinatorial optimization

In this subsection we discuss the main ideas behind the CE algorithm for combinatorial
optimization. When reading this section, the reader is encouraged to refer back to the toy
example in Section 1.2.

Consider the following general maximization problem. LetX be a finite set of states,
and let S be a real-valued performance function on X . We wish to find the maximum
of S over X , and the corresponding state(s) at which this maximum is attained. Let us
denote the maximum by γ ∗. Thus,

S(x∗) = γ ∗ = max
x∈X

S(x). (30)

The starting point in the methodology of the CE method is to associate an estimation
problem with the optimization problem (30). To this end we define a collection of indicator
functions {I{S(x)≥γ }} onX for various thresholds or levels γ ∈ R. Next, let { f (·; v), v ∈ V}
be a family of (discrete) pdfs on X , parameterized by a real-valued parameter (vector) v.

For a certain u ∈ V we associate with (30) the problem of estimating the number

�(γ ) = Pu(S(X) ≥ γ ) =
∑

x

I{S(x)≥γ } f (x; u) = Eu I{S(X)≥γ }, (31)

where Pu is the probability measure under which the random state X has pdf f (·; u), and
Eu denotes the corresponding expectation operator. We will call the estimation problem
(31) the associated stochastic problem (ASP). To indicate how (31) is associated with
(30), suppose for example that γ is equal to γ ∗ and that f (·; u) is the uniform density on
X . Note that, typically, �(γ ∗) = f (x∗; u) = 1/|X | – where |X | denotes the number of
elements in X – is a very small number. Thus, for γ = γ ∗ a natural way to estimate �(γ )
would be to use the LR estimator (23) with reference parameter v∗ given by

v∗ = argmax
v

Eu I{S(X)≥γ } ln f (X; v). (32)

This parameter could be estimated by

v̂∗ = argmax
v

1

N

N∑
i=1

I{S(Xi )≥γ } ln f (Xi ; v), (33)

where the Xi are generated from pdf f (·; u).
It is plausible that if γ is close to γ ∗ then f (·; v∗) assigns most of its probability

mass close to x∗, and thus can be used to generate an approximate solution to (30).
However, it is important to note that the estimator (33) is only of practical use when
I{S(X)≥γ } = 1 for enough samples. This means for example that when γ is close to γ ∗, u
needs to be such that Pu(S(X) ≥ γ ) is not too small. Thus, the choice of u and γ in (31)
are closely related. On the one hand we would like to choose γ as close as possible to
γ ∗, and find (an estimate of) v∗ via the procedure above, which assigns almost all mass
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to state(s) close to the optimal state. On the other hand, we would like to keep γ relative
small in order to obtain an accurate (low RE) estimator for v∗.

The situation is very similar to the rare event simulation case of Section 2.1. The idea,
based essentially on Algorithm 2.1, is again to adopt a two-phase multi-level approach
in which we simultaneously construct a sequence of levels γ̂1, γ̂2, . . . , γ̂T and parameter
(vectors) v̂1, v̂2, . . . , v̂T such that γ̂T is close to the optimal γ ∗ and v̂T is such that the
corresponding density assigns high probability mass to the collection of states that give
a high performance.

This strategy is embodied in the following procedure, see e.g., Rubinstein (1999):

Algorithm 2.3 (Main CE Algorithm for Optimization)

1. Define v̂0 = u. Set t = 1 (level counter).

2. Generate a sample X1, . . . , XN from the density f (·; vt−1) and compute the sample
(1 − ρ)-quantile γ̂t of the performances according to (20).

3. Use the same sample X1, . . . , XN and solve the stochastic program (22) with W = 1.
Denote the solution by v̂t .

4. If for some t ≥ d, say d = 5,

γ̂t = γ̂t−1 = · · · = γ̂t−d, (34)

then stop (let T denote the final iteration); otherwise set t = t + 1 and reiterate from
step 2.

Note that the stopping criterion, the initial vector v̂0, the sample size N and the number
ρ have to be specified in advance, but that the rest of the algorithm is “self-tuning”.

Remark 2.3 (Smoothed Updating). Instead of updating the parameter vector v̂t−1 to v̂t

directly via (33) we often use a smoothed updating procedure in which

v̂t = α ŵ t + (1 − α) v̂t−1, (35)

where ŵ t is the vector derived via (22) with W = 1. This is especially relevant for
optimization problems involving discrete random variables. The main reason why this
heuristic smoothed updating procedure performs better is that it prevents the occurrences
of 0s and 1s in the parameter vectors; once such an entry is 0 or 1, it often will remain
so forever, which is undesirable. We found empirically that a value of α between 0.4 ≤
α ≤ 0.9 gives the best results. Clearly for α = 1 we have the original updating rule in
Algorithm 2.3.

In many applications we observed numerically that the sequence of pdfs f (·; v̂0),
f (·; v̂1), . . . converges to a degenerate measure (Dirac measure), assigning all probability
mass to a single state xT , for which, by definition, the function value is greater than or
equal to γ̂T .
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Remark 2.4 (Similarities and Differences). Despite the great similarity between Algo-
rithm 2.1 and Algorithm 2.3 it is important to note a number of differences. For example,
the role of the initial reference parameter u is significantly different. In Algorithm 2.1 u is
the unique nominal parameter for estimating Pu(S(X) ≥ γ ). However, in Algorithm 2.3
the choice for the initial parameter u is fairly arbitrary; it is only used to define the ASP.
In contrast to Algorithm 2.1 the ASP for Algorithm 2.3 is redefined after each iteration.
In particular, in steps 2 and 3 of Algorithm 2.3 we determine the optimal reference pa-
rameter associated with Pv̂t−1 (S(X) ≥ γ̂t ), instead of Pu(S(X) ≥ γ̂t ). Consequently, the
likelihood ratio term W that plays a crucial role in Algorithm 2.1 does not appear in
Algorithm 2.3.

The above procedure can, in principle, be applied to any discrete and continu-
ous (multi-extremal) optimization problem. However, for each individual problem two
essential ingredients need to be supplied.

1. We need to specify how the samples are generated. In other words, we need to specify
the family of pdfs { f (·; v)}.

2. We need to calculate the updating rules for the parameters, based on cross-entropy
minimization.

In general there are many ways to generate samples from X , and it is not always
immediately clear which way of generating the sample will yield better results or easier
updating formulas.

Example 2.2. We return to the example from Section 1.2. In this case, the random vector
X = (X1, . . . , Xn) ∼ Ber(p), and the parameter vector v is p. Consequently, the pdf
is

f (X; p) =
n∏

i=1

pXi
i (1 − pi )

1−Xi ,

and since each X j can only be 0 or 1,

∂

∂p j
ln f (X; p) = X j

p j
− 1 − X j

1 − p j
= 1

(1 − p j )p j
(X j − p j ).

Now we can find the maximum in (33) by setting the first derivatives w.r.t. p j to zero,
for j = 1, . . . , n:

∂

∂p j

N∑
i=1

I{S(Xi )≥γ } ln f (Xi ; p) = 1

(1 − p j ) p j

N∑
i=1

I{S(Xi )≥γ } (Xi j − p j ) = 0.
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Thus, we get

p j =
∑N

i=1 I{S(Xi )≥γ } Xi j∑N
i=1 I{S(Xi )≥γ }

, (36)

which immediately implies (8).

Several remarks are in order.

Remark 2.5 (Maximum Likelihood Estimation). It is interesting to note the connection
between (33) and maximum likelihood estimation (MLE). In the MLE problem we are
given data x1, . . . , xN which are thought to be the outcomes of i.i.d. random variables
X1, . . . , XN (random sample) each having a distribution f (·; v), where the parameter
(vector) v is an element of some set V . We wish to estimate v on the basis of the
data x1, . . . , xN . The maximum likelihood estimate (MLE) is that parameter v̂ which
maximizes the joint density of X1, . . . , XN for the given data x1, . . . , xN . In other words,

v̂ = argmax
v

N∏
i=1

f (xi ; v).

The corresponding random variable, obtained by replacing xi with Xi is called the max-
imum likelihood estimator (MLE as well), also denoted by v̂. Since ln(·) is an increasing
function we have

v̂ = argmax
v

N∑
i=1

ln f (Xi ; v). (37)

Solving (37) is similar to solving (33). The only difference is the indicator function
I{S(Xi )≥γ }. We can write Step 3 in Algorithm 2.3 as

v̂t = argmax
v

∑
Xi :S(Xi )≥γ̂t

ln f (Xi ; v).

In other words, v̂t is equal to the MLE of v̂t−1 based only on the vectors xi in the
random sample for which the performance is greater than or equal to γ̂t . For example, in
Example 2.2 the MLE of p j based on a random sample X1, . . . , XN is

p̂ j =
∑N

i=1 Xi j

N
.

Thus, if we base the MLE only on those vectors that have performance greater than or
equal to γ , we obtain (36) immediately.

Remark 2.6 (Parameters). The choice for the sample size N and the parameter ρ depends
on the size of the problem and the number of parameters in the ASP. In particular, for
a SNN-type problem it is suggested to take the sample size as N = c n, where n is the
number of nodes and c a constant (c > 1), say 5 ≤ c ≤ 10. In contrast, for a SEN-type
problem it is suggested to take N = c n2, where n2 is the number of edges in the network.
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It is crucial to realize that the sample sizes N = c n and N = c n2 (with c > 1) are
associated with the number of ASP parameters (n and n2) that one needs to estimate for
the SNN and SEN problems, respectively (see also the max-cut and the TSP examples
below). Clearly, in order to reliably estimate k parameters, one needs to take at least a
sample N = c k for some constant c > 1. Regarding ρ, it is suggested to take ρ around
0.01, provided n is reasonably large, say n ≥ 100; and it is suggested to take a larger ρ,
say ρ ≈ ln(n)/n, for n < 100.

Alternatively, the choice of N and ρ can be determined adaptively. For example, in
Homem-de-Mello and Rubinstein (2002) an adaptive algorithm is proposed that adjusts
N automatically. The FACE algorithm of Section 4 is another option.

3. Various applications

In this section we discuss applications of the CE method to two typical COPs. We start
in Section 3.1 with an SNN problem – the max-cut problem. We explain how to apply
the CE method for this problem and provide two simple examples. In Section 3.2 we
consider a typical SEN problem – the travelling salesman problem. We demonstrate the
usefulness of the CE method and its fast convergence in a number of numerical examples.
We further illustrate the dynamics of the CE method and show how fast the reference
parameters converge.

3.1. The max-cut problem

The max-cut problem in a graph can be formulated as follows. Given a weighted graph
G(V, E) with node set V = {1, . . . , n} and edge set E , partition the nodes of the graph
into two subsets V1 and V2 such that the sum of the weights of the edges going from
one subset to the other is maximized. We assume the weights are non-negative. We
note that the max-cut problem is an NP-hard problem. Without loss of generality, we
assume that the graph is complete. For simplicity we assume the graph is not directed. We
can represent the possibly zero edge weights via a non-negative, symmetric cost matrix
C = (ci j ) where ci j denotes the weight of the edge from i to j .

Formally, a cut is a partition {V1, V2} of V . For example, if V = {1, . . . , 6}, then
{{1, 3, 4}, {2, 5, 6}} is a possible cut. The cost of a cut is the sum of the weights across
the cut. As an example, consider the following 6 × 6 cost matrix

C =




0 c12 c13 0 0 0

c21 0 c23 c24 0 0

c31 c32 0 c34 c35 0

0 c42 c43 0 c45 c46

0 0 c53 c54 0 c56

0 0 0 c64 c65 0




(38)

corresponding to the graph in figure 3.
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Figure 3. A 6-node network with the cut {{1, 3, 4}, {2, 5, 6}}.

For example, the cost of the cut {{1, 3, 4}, {2, 5, 6}} is

c12 + c32 + c35 + c42 + c45 + c46.

It will be convenient to represent a cut via a cut vector x = (x1, . . . , xn), where xi = 1
if node i belongs to the same partition as node 1, and 0 otherwise. By definition x1 = 1.
For example, the cut in figure 3 can be represented via the cut vector (1, 0, 1, 1, 0, 0).

Let X be the set of all cut vectors x = (1, x2, . . . , xn) and let S(x) be the corre-
sponding cost of the cut. We wish to maximize S via the CE method. Thus, (a) we need
to specify how the random cut vectors are generated, and (b) calculate the correspond-
ing updating formulas. The most natural and easiest way to generate the cut vectors is
to let X2, . . . , Xn be independent Bernoulli random variables with success probabilities
p2, . . . , pn , exactly as in the second toy example, see Section 1.2. It immediately follows,
see Example 2.2, that the updating formula in Algorithm 2.3 at the t th iteration is given
by

p̂t, j =
∑N

i=1 I{S(Xi )≥γ̂t } I{Xi j =1}∑N
i=1 I{S(Xi )≥γ̂t }

, j = 2, . . . , n. (39)

Remark 3.1 (r -partitions). We can readily extend the procedure to the case in which the
node set V is partitioned into r > 2 subsets {V1, . . . , Vr } such that the sum of the total
weights of all edges going from the subset Vi to subset Vj , i, j = 1, . . . , r, (i �= j) is
maximized. In this case one can follow the basic steps of Algorithm 2.3 using independent
r point distributions instead of independent Bernoulli distributions.

To illustrate the convergence of the CE algorithm we provide an example in which
the exact optimal updating parameter is computed via (32) rather than estimated via (33).
In other words, instead of Algorithm 2.3 its deterministic version Algorithm 2.2 is used
(with W = 1 in (26)).
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Example 3.1. Consider the 5-node graph with the cost matrix

C =




0 1 3 5 6

1 0 3 6 5

3 3 0 2 2

5 6 2 0 2

6 5 2 2 0




. (40)

It is readily seen that in this case the optimal cut vector is x∗ = (1, 1, 0, 0, 0) with
S(x∗) = γ ∗ = 28.

We shall show next that in the “deterministic” version of Algorithm 2.3 the param-
eter vectors p0, p1, . . . converge to the optimal p∗ = (1, 1, 0, 0, 0) after two iterations,
provided ρ = 10−1 and p0 = (1, 1/2, 1/2, 1/2, 1/2).

In the first step of the first iteration, we have to determine γ1 from

γt = max
{
γ s.t. Ept−1 I{S(X)≥γ } ≥ 0.1

}
. (41)

Under parameter vector p0, S(X) can take values, {0, 10, 15, 18, 19, 20, 21, 26, 28} with
probabilities {1, 1, 4, 2, 2, 2, 2, 1, 1}/16. Hence, we find γ1 = 26. In the second step, we
need to solve

pt = argmax
p

Ept−1 I{S(X)≥γt } ln f (X; p), (42)

which has a solution similar to (36), namely

pt, j = Ept−1 I{S(X)≥γt } X j

Ept−1 I{S(X)≥γt }
.

There are only two vectors x for which S(x) ≥ 26, namely (1, 1, 1, 0, 0) and (1, 1, 0, 0, 0),
and both have probability 1/16 under p0. Thus,

p1, j =




2/16

2/16
= 1 for j = 1, 2,

1/16

2/16
= 1

2
for j = 3,

0

2/16
= 0 for j = 4, 5.

In the second iteration S(X) is 26 or 28 with probability 1/2. Thus, step (41) yields the
(optimal) γ2 = 28, and step (42) gives p2 = (1, 1, 0, 0, 0).

Example 3.2 (A synthetic max-cut problem). Since the max-cut problem is NP hard
(Garey and Johnson, 1979; Papadimitriou and Yannakakis, 1991), no efficient method
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for solving the max-cut problem exists. The naive total enumeration routine is only
feasible for small graphs, say for those with n ≤ 30 nodes. Although the Branch-and-
Bound heuristic can solve medium size problems exactly, it too will run into problems
when n becomes large.

In order to verify the accuracy of the CE method we construct an artificial graph
such that the solution is available in advance. In particular, for m ∈ {1, . . . , n} consider
the following symmetric cost matrix:

C =
(

Z11 B12

B21 Z22

)
, (43)

where Z11 is an m × m symmetric matrix in which all the upper-diagonal elements
are generated from a U(a, b) distribution (and all lower-diagonal elements follow by
symmetry), Z22 is a (n − m) × (n − m) symmetric matrix which is generated in a similar
way as Z11, and all the other elements are c, apart from the diagonal elements, which are
of course 0.

It is not difficult to see that for c > b(n − m)/m, by construction, the optimal cut
is given by V ∗ = {V ∗

1 , V ∗
2 }, with

V ∗
1 = {1, . . . , m} and V ∗

2 = {m + 1, . . . , n}, (44)

and the optimal value of the cut is

γ ∗ = c m (n − m).

Of course the same optimal solution and optimal value can be found for the general
case where the elements in Z11 and Z22 are generated via an arbitrary bounded support
distribution with the maximal value of the support less than b.

Table 3 lists a typical output of Algorithm 2.3 applied to the synthetic max-cut
problem, for a network with n = 400 nodes. In this table we list besides the (1 − ρ)-
quantile of the performances γ̂t also the best of the performances in each iteration, denoted
by St,(N ), and the Euclidean distance

‖ p̂t − p∗‖ =
√

( p̂t,i − p∗
i )2,

as a measure how close the reference vector is to the optimal reference vector p∗ =
(1, 1, . . . , 1, 0, 0, . . . , 0).

In this particular example, m = 200 and the Z11 and Z22 are generated from the
U(0, 1) distribution. The elements in B12 and B21 are constant c = 1. The CE parameter
are chosen as follows: rarity parameter ρ = 0.1; smoothing parameter α = 1.0 (no
smoothing); stopping constant d = 3; and number of samples per iteration N = 1000.

The CPU time is only 100 seconds, using a Matlab implementation on a pentium
III, 500 MHz processor. We see that the CE algorithm converges quickly, yielding the
exact optimal solution 40000 in less than 23 iterations.
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Table 3
A typical performance of Algorithm 2.3 for the syn-
thetic max-cut problem with n = 400, d = 3, ρ = 0.1,

α = 1.0, N = 1000.

t γ̂t St,(N ) ‖ p̂t − p∗‖
1 30085.3 30320.9 9.98
2 30091.3 30369.4 10.00
3 30113.7 30569.8 9.98
4 30159.2 30569.8 9.71
5 30350.8 30652.9 9.08
6 30693.6 31244.7 8.37
7 31145.1 31954.8 7.65
8 31711.8 32361.5 6.94
9 32366.4 33050.3 6.27
10 33057.8 33939.9 5.58
11 33898.6 34897.9 4.93
12 34718.9 35876.4 4.23
13 35597.1 36733.0 3.60
14 36368.9 37431.7 3.02
15 37210.5 38051.2 2.48
16 37996.7 38654.5 1.96
17 38658.8 39221.9 1.42
18 39217.1 39707.8 1.01
19 39618.3 40000.0 0.62
20 39904.5 40000.0 0.29
21 40000.0 40000.0 0.14
22 40000.0 40000.0 0.00
23 40000.0 40000.0 0.00

Figures 4 and 5 illustrate the convergence of the reference vectors pt to the optimal p∗.

3.2. The travelling salesman problem

The travelling salesman problem (TSP) can be formulated as follows. Consider a weighted
graph G with n nodes, labelled 1, 2, . . . , n. The nodes represent cities, and the edges
represent the roads between the cities. Each edge from i to j has weight or cost ci j ,
representing the length of the road. The problem is to find the shortest tour that visits all
the cities exactly once2 (except the starting city, which is also the terminating city), see
figure 6.

Without loss of generality, let us assume that the graph is complete, and that some of
the weights may be +∞. LetX be the set of all possible tours and let S(x) the total length

2 In some versions of the TSP cities can be visited more than once.
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Figure 4. Sequence of reference vectors for the synthetic max-cut problem with 400 nodes. Iterations
0,1,. . . ,9.
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Figure 5. Sequence of reference vectors for the synthetic max-cut problem with 400 nodes. Iterations
10,. . . , 19.
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Figure 6. Find the shortest tour x visiting all nodes.

of tour x ∈ X . We can represent each tour via a permutation of (1, . . . , n). For example
for n = 4, the permutation (1, 3, 2, 4) represents the tour 1 → 3 → 2 → 4 → 1. In
fact, we may as well represent a tour via a permutation x = (x1, . . . , xn) with x1 = 1.
From now on we identify a tour with its corresponding permutation, where x1 = 1. We
may now formulate the TSP as follows:

min
x∈X

S(x) = min
x∈X

{
n−1∑
i=1

cxi ,xi+1 + cxn,1

}
. (45)

Note that the number of elements in X is typically very large:

|X | = (n − 1)! (46)

This is exactly the setting of Section 2.2, so we can use the CE-Method to solve (45).
Note however that we need to modify Algorithm 2.3 since we have here a minimization
problem.

In order to apply the CE algorithm we need to specify (a) how to generate the
random tours, and (b) how to update the parameters at each iteration.

The easiest way to explain how the tours are generated and how the parameters are
updated is to relate (45) to an equivalent minimization problem. Let

X̃ = {(x1, . . . , xn) : x1 = 1, xi ∈ {1, . . . , n}, i = 2, . . . , n},
be the set of vectors that correspond to paths that start and end in 1 and can visit the
same city more than once. Note that |X̃ | = nn−1, and X ⊂ X̃ . When n = 4, we have for
example x = (1, 3, 1, 3) ∈ X̃ , corresponding to the path 1 → 3 → 1 → 3 → 1. Again
we will identify the vectors with their corresponding paths. Define the function S̃ on X̃
by S̃(x) = S(x), if x ∈ X and S̃(x) = ∞, otherwise. Then, obviously (45) is equivalent
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to the minimization problem

minimize S̃(x) over x ∈ X̃ . (47)

A simple method to generate a random path X = (X1, . . . , Xn) in X̃ is to use a Markov
chain of the graph G, starting at node 1, and stopping after n steps. Let P = (pi j )
denote the one-step transition matrix of this Markov chain. We assume that the diagonal
elements of P are 0, and that all other elements of P are strictly positive, but otherwise
P is a general n × n stochastic matrix.

The pdf f (·; P) of X is thus parameterized by the matrix P and its logarithm is
given by

ln f (x; P) =
n∑

r=1

∑
i, j

I{x∈X̃ i j (r )} ln pi j ,

where X̃ i j (r ) is the set of all paths in X̃ for which the r th transition is from node i to
j . The updating rules for this modified optimization problem follow from 22 (W = 1),
with {S(Xi ) ≥ γ } replaced with {S̃(Xi ) ≤ γ }, under the condition that the rows of
P sum up to 1. Using Lagrange multipliers u1, . . . , un we obtain the maximization
problem

max
P

min
u

[
EP I{S̃(X)≤γ } ln f (X; P) +

n∑
i=1

ui

(
n∑

j=1

pi j − 1

)]
.

Differentiating the expression within square brackets above with respect to pi j , yields,
for all j = 1, . . . , n,

EP I{S̃(X)≤γ }
∑n

r=1 I{X∈X̃ i j (r )}
pi j

+ ui = 0.

Summing over j = 1, . . . , n gives EP I{S̃(X)≤γ }
∑n

r=1 I{X∈X̃ i (r )} = −ui , where X̃ i (r ) is
the set of paths for which the r -th transition starts from node i . It follows that the optimal
pi j is given by

pi j = EP I{S̃(X)≤γ }
∑n

r=1 I{X∈X̃ i j (r )}
EP I{S̃(X)≤γ }

∑n
r=1 I{X∈X̃ i (r )}

.

The corresponding estimator is

p̂i j =
∑N

k=1 I{S̃(Xk )≤γ }
∑n

r=1 I{Xk∈X̃ i j (r )}∑N
k=1 I{S̃(Xk )≤γ }

∑n
r=1 I{Xk∈X̃ i (r )}

. (48)
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This has a very simple interpretation. To update pi j we simply take the fraction of times
that the transitions from i to j occurred, taking only those paths into account that have
a total length less than or equal to γ .

This is how we could, in principle, carry out the sample generation and parameter
updating for problem (47). We generate the path via a Markov process with transition
matrix P , and use updating formula (48). However, in practice, we would never generate
the paths in this way, since the majority of these paths would be irrelevant since they
would not constitute a tour, and therefore their S̃ values would be ∞. In order to avoid
the generation of irrelevant paths, we proceed as follows.

Algorithm 3.1 (Generation of permutations (tours) in the TSP)

1. Define P (1) = P and X1 = 1. Let k = 1.

2. Obtain P (k+1) from P (k) by first setting the Xk-th column of P (k) to 0 and then
normalizing the rows to sum up to 1. Generate Xk+1 from the distribution formed by
the Xk-th row of P (k).

3. If k = n − 1 then stop; otherwise set k = k + 1 and reiterate from step 2.

It is important to realize that the updating formula remains the same; by using
Algorithm 3.1 we are merely speeding-up our naive way of generating the tours. More-
over, since we now only generate tours, the updated value for pi j can be estimated
as

p̂i j =
∑N

k=1 I{S(Xk )≤γ } I{Xk∈Xi j }∑N
k=1 I{S(Xk )≤γ }

, (49)

where Xi j is the set of tours in which the transition from i to j is made. This has the
same “natural” interpretation as discussed for (48).

To complete the algorithm, we need to specify the initialization conditions and
the stopping criterion. For the initial matrix P̂0 we could simply take all off-diagonal
elements equal to 1/(n − 1) and for the stopping criterion use formula (34).

Numerical Examples

To demonstrate the usefulness of the CE algorithm and its fast and accurate convergence
we provide a number of numerical examples. The first example concerns the benchmark
TSP problem ft53 taken from the URL

http://www.iwr.uni-heidelberg.de/groups/comopt/software/TSPLIB95/atsp/
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Table 4
A typical performance of Algorithm 2.3 for the TSP problem ft53

with n = 53 nodes, d = 5, ρ = 0.01, α = 0.7, N = 10 n2 = 28090.

t γ̂t St,(1) Pmm
t fdiff

1 23234.00 21111.00 0.0354 0.3243
2 20611.00 18586.00 0.0409 0.3744
3 18686.00 16819.00 0.0514 0.3707
4 17101.00 14890.00 0.0465 0.3676
5 15509.00 13459.00 0.0698 0.3635
6 14449.00 12756.00 0.0901 0.3492
7 13491.00 11963.00 0.0895 0.3404
8 12773.00 11326.00 0.1065 0.3250
9 12120.00 10357.00 0.0965 0.3291

10 11480.00 10216.00 0.1034 0.3167
11 11347.00 9952.00 0.1310 0.3017
12 10791.00 9525.00 0.1319 0.3111
13 10293.00 9246.00 0.1623 0.3049
14 10688.00 9176.00 0.1507 0.2726
15 9727.00 8457.00 0.1346 0.3203
16 9263.00 8424.00 0.1436 0.2929
17 9422.00 8614.00 0.1582 0.2490
18 9155.00 8528.00 0.1666 0.2468
19 8661.00 7970.00 0.1352 0.2543
20 8273.00 7619.00 0.1597 0.2360
21 8096.00 7485.00 0.1573 0.2163
22 7868.00 7216.00 0.1859 0.1889
23 7677.00 7184.00 0.2301 0.1737
24 7519.00 7108.00 0.2421 0.1569
25 7420.00 7163.00 0.2861 0.1495
26 7535.00 7064.00 0.3341 0.1508
27 7506.00 7072.00 0.3286 0.1576
28 7199.00 7008.00 0.3667 0.1341
29 7189.00 7024.00 0.3487 0.1212
30 7077.00 7008.00 0.4101 0.0998
31 7068.00 7008.00 0.4680 0.1051

Table 4 presents the performance of the CE Algorithm for the problem ft53, which
defines an asymmetric fully connected graph of size 53, where the value of each edge
ci j is given.
The CE parameters were: stopping parameter d = 5, rarity parameter ρ = 0.01, sample
size N = 10 n2 = 28090 and smoothing parameter α = 0.7. The relative experimental
error of the solution is

ε = γ̂T − γ ∗

γ ∗ = 1.5%,
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Table 5
Case studies for the TSP.

File n T̄ γ̄1 γ̄T γ ∗ ε̄ ε∗ ε∗ CPU

br17 17 23.8 68.2 39.0 39 0.0 0.0 0.0 9
ftv33 34 31.2 3294.0 1312.2 1286 2.0 0.0 6.2 73
ftv35 36 31.5 3714.0 1490.0 1473 1.2 0.4 1.8 77
ftv38 39 33.8 4010.8 1549.8 1530 1.3 0.4 3.2 132
p43 43 44.5 9235.5 5624.5 5620 0.1 0.0 0.1 378
ftv44 45 35.5 4808.2 1655.8 1613 2.7 1.3 3.3 219
ftv47 48 40.2 5317.8 1814.0 1776 2.1 0.6 4.1 317
ry48p 48 40.8 40192.0 14845.5 14422 2.9 1.9 5.0 345
ft53 53 39.5 20889.5 7103.2 6905 2.9 2.5 3.5 373
ftv55 56 40.0 5835.8 1640.0 1608 2.0 0.2 4.3 408
ftv64 65 43.2 6974.2 1850.0 1839 0.6 0.0 1.4 854
ftv70 71 47.0 7856.8 1974.8 1950 1.3 0.4 3.7 1068
ft70 70 42.8 64199.5 39114.8 38673 1.1 0.3 1.9 948

whereγ ∗ = 6905 is the best known solution. The CPU time was approximately 6 minutes.
In Table 4 St,(1) denotes the length of smallest tour in iteration t . We also included the two
quantities Pmm

t and fdiff, which give extra information about the dynamics. Specifically,
fdiff is the proportion, out of N , of different values for the performance function, for the
current iteration t ; and Pmm

t is the minimum of the maximum elements in each row of
matrix P̂t .

Similar performances were found for other TSP problems in the benchmark library
above. Table 5 presents the performance of Algorithm 2.3 for a selection of case studies
from this library. In all numerical results we use the same CE parameters as for the ft53

problem, that is ρ = 10−2, N = 10 n2, α = 0.7 (smoothing parameter in (35)) and
d = 5 (in (34)). To study the variability in the solutions, each problem was repeated
10 times. In Table 5 n denotes the number of nodes of the graph, T̄ denotes the aver-
age total number of iterations needed before stopping, γ̄1 and γ̄ T denote the average
initial and average final estimates of the optimal solution, γ ∗ denotes the best known
(optimal) solution, ε̄ denotes the average percentage relative experimental error based
on 10 replications, ε∗ and ε∗ denote the smallest and the largest percentage relative error
among the 10 generated solutions, and finally CPU denotes the average CPU time in
seconds.

We found that decreasing the sample size N from N = 10 n2 to N = 5 n2 all
relative experimental errors ε in Table 5 increase at most by a factor of 1.5.

Dynamics

Finally, as an illustration of the dynamics of the CE algorithm, we display below the
sequence of matrices P̂0, P̂1, . . . for a TSP with n = 10 cities, where the optimal tour is
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(1, 2, 3, . . . , 10, 1).

P̂0 =




0.00 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11

0.11 0.00 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11

0.11 0.11 0.00 0.11 0.11 0.11 0.11 0.11 0.11 0.11

0.11 0.11 0.11 0.00 0.11 0.11 0.11 0.11 0.11 0.11

0.11 0.11 0.11 0.11 0.00 0.11 0.11 0.11 0.11 0.11

0.11 0.11 0.11 0.11 0.11 0.00 0.11 0.11 0.11 0.11

0.11 0.11 0.11 0.11 0.11 0.11 0.00 0.11 0.11 0.11

0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.00 0.11 0.11

0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.00 0.11

0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.00




.

P̂1 =




0.00 0.31 0.04 0.08 0.04 0.19 0.08 0.08 0.12 0.08

0.04 0.00 0.33 0.08 0.17 0.08 0.08 0.04 0.04 0.12

0.08 0.08 0.00 0.23 0.04 0.04 0.12 0.19 0.08 0.15

0.12 0.19 0.08 0.00 0.12 0.08 0.08 0.08 0.19 0.08

0.08 0.08 0.19 0.08 0.00 0.23 0.08 0.04 0.15 0.08

0.04 0.04 0.08 0.04 0.12 0.00 0.50 0.08 0.08 0.04

0.23 0.08 0.08 0.04 0.08 0.04 0.00 0.27 0.08 0.12

0.08 0.15 0.04 0.04 0.19 0.08 0.08 0.00 0.27 0.08

0.08 0.08 0.04 0.12 0.08 0.15 0.08 0.04 0.00 0.35

0.21 0.08 0.17 0.08 0.04 0.12 0.08 0.12 0.08 0.00




.

P̂2 =




0.00 0.64 0.03 0.06 0.04 0.04 0.06 0.04 0.04 0.06

0.03 0.00 0.58 0.07 0.07 0.05 0.05 0.03 0.03 0.08

0.05 0.05 0.00 0.52 0.04 0.03 0.08 0.04 0.05 0.15

0.04 0.13 0.05 0.00 0.22 0.18 0.05 0.04 0.25 0.05

0.06 0.04 0.09 0.04 0.00 0.60 0.04 0.03 0.04 0.06

0.03 0.03 0.05 0.03 0.04 0.00 0.71 0.05 0.05 0.03

0.20 0.04 0.05 0.03 0.05 0.03 0.00 0.51 0.05 0.04

0.05 0.08 0.03 0.04 0.23 0.05 0.05 0.00 0.42 0.05

0.05 0.05 0.04 0.07 0.07 0.10 0.05 0.03 0.00 0.54

0.50 0.05 0.04 0.05 0.04 0.08 0.05 0.14 0.05 0.00




.
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P̂3 =




0.00 0.76 0.02 0.04 0.03 0.03 0.04 0.03 0.03 0.04

0.02 0.00 0.73 0.05 0.05 0.04 0.04 0.02 0.02 0.05

0.03 0.03 0.00 0.70 0.02 0.02 0.05 0.02 0.03 0.09

0.02 0.07 0.03 0.00 0.59 0.10 0.03 0.02 0.13 0.03

0.04 0.03 0.06 0.03 0.00 0.73 0.03 0.02 0.03 0.04

0.02 0.02 0.04 0.02 0.03 0.00 0.79 0.04 0.04 0.02

0.12 0.02 0.03 0.02 0.03 0.02 0.00 0.69 0.03 0.02

0.03 0.05 0.02 0.02 0.14 0.03 0.03 0.00 0.66 0.03

0.03 0.03 0.02 0.05 0.05 0.06 0.03 0.02 0.00 0.71

0.69 0.03 0.02 0.03 0.02 0.05 0.03 0.09 0.03 0.00




.

P̂4 =




0.00 0.82 0.01 0.03 0.02 0.02 0.03 0.02 0.02 0.03

0.01 0.00 0.80 0.03 0.03 0.03 0.03 0.01 0.01 0.04

0.02 0.02 0.00 0.79 0.02 0.01 0.03 0.02 0.02 0.07

0.01 0.04 0.02 0.00 0.73 0.06 0.02 0.01 0.09 0.02

0.03 0.02 0.04 0.02 0.00 0.81 0.02 0.01 0.02 0.03

0.01 0.01 0.03 0.01 0.02 0.00 0.84 0.03 0.03 0.01

0.09 0.02 0.02 0.01 0.02 0.01 0.00 0.78 0.02 0.02

0.02 0.03 0.01 0.02 0.09 0.02 0.02 0.00 0.76 0.02

0.02 0.02 0.02 0.03 0.03 0.05 0.02 0.01 0.00 0.79

0.78 0.02 0.02 0.02 0.02 0.03 0.02 0.06 0.02 0.00




.

P̂5 =




0.00 0.86 0.01 0.02 0.02 0.02 0.02 0.02 0.02 0.02

0.01 0.00 0.85 0.03 0.03 0.02 0.02 0.01 0.01 0.03

0.02 0.02 0.00 0.84 0.01 0.01 0.03 0.01 0.02 0.05

0.01 0.03 0.01 0.00 0.80 0.05 0.01 0.01 0.06 0.01

0.02 0.02 0.03 0.02 0.00 0.85 0.02 0.01 0.02 0.02

0.01 0.01 0.02 0.01 0.02 0.00 0.88 0.02 0.02 0.01

0.06 0.01 0.02 0.01 0.02 0.01 0.00 0.84 0.02 0.01

0.02 0.02 0.01 0.01 0.07 0.02 0.02 0.00 0.82 0.02

0.02 0.02 0.01 0.02 0.02 0.03 0.02 0.01 0.00 0.84

0.84 0.02 0.01 0.02 0.01 0.03 0.02 0.05 0.02 0.00




.

An illustration of the dynamics is given in figure 7.
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Figure 7. Convergence of the reference parameter (matrix) for a 10 node TSP.
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4. Modifications

In this section we consider several modifications of the basic CE algorithm. We start by
discussing alternative loss functions that favor samples with higher performance more
than other samples. We continue with a fully automated version of the CE algorithm.
This modified version allows automatic tuning of all the parameters of the CE algorithm.

4.1. Alternative performance functions

Consider the maximization problem, see (30),

max
x∈X

S(x),

where S(x) is some positive objective function defined on X . In the associated stochastic
problem, see (31), we consider instead estimating the rare-event probability

�(γ ) = Eu I{S(X)≥γ }.

Note that this can be written as

�(γ ) = Euϕ(S(X); γ ),

where ϕ(s; γ ) is the indicator I{s≥γ }, that is,

ϕ(s; γ ) =
{

1 if s ≥ γ,

0 if s < γ,
(50)

for s ≥ 0. Recall that the main CE Algorithm 2.3 contains the steps (a) updating γ̂t

via (20) and (b) updating v̂t via the (analytic) solution of (22). A natural modification
of Algorithm 2.3 would be to update vt using an alternative function ϕ(s; γ ). For a
maximization problem such a function should be increasing in s for each fixed γ ≥ 0,
and decreasing in γ for each fixed s ≥ 0. In particular one could use

ϕ(s; γ ) = ψ(s)I{s≥γ },

for some increasing function ψ(s).
Using such a ϕ(s; γ ) instead of the indicator (50) we now proceed similar as before.

Specifically, the updating step (a) of γ̂t remains exactly the same, and the updating step
(b) of v̂t now reduces to the solution of the following program

max
v

D̂(v) = max
v

1

N

N∑
i=1

I{S(Xi )≥γ̂t } ψ(S(Xi )) ln f (Xi ; v). (51)
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Numerical evidence suggests that ψ(s) = s can lead to some speed-up of the algorithm.
As an example, for the max-cut problem we obtain in this case (see (39)) the analytic
updating formulas

p̂t,i =
∑N

k=1 I{S(Xk )≥γ̂t } S(Xi ) Xki∑N
k=1 I{S(Xk )≥γ̂t } S(Xi )

, (52)

i = 2, . . . , n.
However, other numerical experiments suggest that high power polynomials,

ψ(s) = sβ with large β, and the Boltzmann function ψ(s) = e−s/β are not advisable, as
they may lead more easily to local minima.

4.2. Fully adaptive CE algorithm

We present a modification of Algorithm 2.3, called the fully automated CE (FACE)
algorithm in which the sample size is updated adaptively at each iterations t of the
algorithm, i.e., N = Nt . In addition, this modification is able to identify some “difficult”
and pathological problems.

Consider a maximization problem and let

St,(1) ≤ · · · ≤ St,(Nt )

denote the ordered sample performances of the Nt samples at the t-th iterations. To ease
notations, we denote St,(Nt ) by S∗

t .
The main assumption in the FACE Algorithm is that at the end of each iteration t the

updating of the parameters is done on the basis of a fixed number, N elite say, of the best
performing samples, the so-called elite samples. Thus, the set of elite samples Et consist
of those N elite samples in {X1, . . . , XNt } for which the performances S(X1), . . . , S(XNt )
are highest. The updating steps 2 and 3 of Algorithm 2.3 are modified such that

γ̂t = S(Nt −N elite+1),

and

v̂t = argmax
v

∑
Xi ∈Et

ln f (Xi ; v).

Note that γ̂t is equal to the worst sample performance of the best N elite sample perfor-
mances, and S∗

t is the best of the elite performances (indeed, of all performances).
In the FACE algorithm the parameters ρ and N of Algorithm 2.3 are updated

adaptively. Specifically, they are “replaced” by a single parameter: the number of elite
samples N elite. The above updating rules are consistent with Algorithm 2.3 provided we
view ρ in Algorithm 2.3 as the parameter which changes inversely proportional to Nt :
ρt = N elite/Nt .
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Figure 8. The flowchart for the FACE algorithm.

It was found experimentally that a sound choice is N elite = c0 n and N elite = c0 n2

for SNNs and SENs, respectively, where c0 is a fixed positive constant (usually in the
interval 0.01 ≤ c0 ≤ 0.1). The easiest way to explain FACE is via the flow chart in
figure 8.

For each iteration t of FACE algorithm we design a sampling plan which ensures
with high probability that

S∗
t > S∗

t−1. (53)

Note that (53) implies improvement of the maximal order statistics (best elite perfor-
mance) at each iteration. To ensure (53) with high probability, we allow Nt to vary at
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each iteration t in a quite wide range

N min ≤ Nt ≤ N max,

where, say, for an SNN-type problem, N min = n and N max = 20 n. Note that we always
start each iteration by generating N min samples. If at any iteration t , while increasing
Nt we obtain simultaneously that Nt = N max and (53) is violated, then we directly
proceed with updating (γ̂t , v̂t ) according to Algorithm 2.3 before proceeding with the
next iteration of the FACE Algorithm. However, if FACE keeps generating samples of
size N max for several iterations in turn, say, for c = 3 iterations and (53) is violated then
we stop, and announce that FACE identified a “hard” problem for which the estimate of
the optimal solution is unreliable.

Besides if St,(Nt ) > St−1,(Nt−1), we also continue with the next iteration if

γ̂t > γ̂t−1. (54)

Note that (54) implies improvement of the worst elite sample performance γ̂t at each
iteration.

Similar to Algorithm 2.3 we initialize by choosing some v̂0. For example, for the
max-cut problem we choose (using p instead of v) p̂0 = p0 = (1, 1/2, . . . , 1/2). We
assume that the FACE parameters N min, N max, α and the stopping constant d are chosen
in advance. For example, for the max-cut problem we take N min = n. We let t = 1 and
N1 = N min and proceed as follows:

Algorithm 4.1 (FACE Algorithm)

1. At iteration t, t = 1, 2, . . . take an initial sample of size Nt , with N min ≤ Nt ≤ N max

from f (·; v̂t−1).

2. If (53) or (54) holds, proceed with the updating steps (20) and (22) using the Nt

samples in Step 1.

3. If (53) and (54) are violated, check whether or not

S∗
t = · · · = S∗

t−d . (55)

If so, stop and deliver S∗
t as an estimate of the optimal solution. Call such S∗

t a reliable
estimate of the optimal solution. If (55) does not hold, and if Nt < N max, increase Nt

by 1, recalculate S∗
t and γ̂t , and go to Step 2.

4. If Nt = N max and each of (53), (54) and (55) is violated, proceed with (20) and (22)
using the N max samples mentioned in Step 1 and go to step 2.

5. If Nt = N max for several iterations in turn, say for c = 3 iterations, and each of (53),
(54) and (55) are violated, stop and announce that FACE identified a “hard” problem.
Call St,(Nt ) an unreliable estimate of the optimal solution.
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The stopping criterion (55) means that the best samples in the last d iterations are
the same. Note that if (53) holds for all t ≥ 1 we automatically obtain that Nt = N min

for all t . In such case FACE reduces to the original Algorithm 2.3. We found that FACE
typically speeds up the convergence up to 2 times as compared to CE with fixed N and ρ.

5. Further developments

In this section we present two additional applications of the CE method. In Section 5.1 we
consider the problem of vector quantization and clustering. We describe a straightforward
application of the CE method to this problem, and demonstrate high performance of the
CE method. In Section 5.2 we consider the problem of learning the optimal policy in
Markovian decision processes.

5.1. Vector quantization and clustering analysis

The clustering problem reads as follows: given a dataset Z = {z1, . . . , zn} of points in
some d-dimensional Euclidean region, partition the data into K “clusters” R1, . . . , RK

(with Ri ∩ R j = ∅, for i �= j , and ∪ j R j = Z), such that some empirical loss function
is minimized. A typical loss function is (Webb, 1999):

K∑
j=1

∑
z∈R j

‖z − c j‖2, (56)

where

c j = 1

|R j |
∑
z∈R j

z (57)

presents the centroid of the points of cluster R j . Denoting by x = (x1, . . . , xn) the vector
with xi = j when zi ∈ R j , and letting zi j = I{xi = j} zi , we can write (56) as the following
function of x:

S(x) =
K∑

j=1

n∑
i=1

I{xi = j} ‖zi j − c j‖2, (58)

where the centroids are given as

c j = 1

n j

n∑
i=1

zi j ,

with n j = ∑n
i=1 I{xi = j} the number of points in the j th cluster.

As we mentioned, our goal is to find a partition {R j } and a corresponding vector
of centroids (c1, . . . , cK ) that minimizes (56). In the terminology of vector quantization
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(Webb, 1999), we wish to “quantize” or “encode” the vectors in Z in such a way that
each vector is represented by one of K source vectors c1, . . . , cK , such that the loss (56)
of this representation is minimized. Most well-known clustering and vector quantization
methods update the vector of centroids, starting from some initial choice (c0,1, . . . , c0,K )
and using iterative (typically gradient-based procedures). It is important to realize that
in that case (56) is seen as a function of the centroids, where each point z is assigned
to the nearest centroid, thus determining the clusters. It is well known these type of
problems (optimization with respect to the centroids) are multi-extremal and depending
on the initial value of the clusters the gradient-based procedures converge to a local
minimum rather than global minimum. A standard heuristic to minimize (57) is the
K-means algorithm (Webb, 1999).

We can optimize (58) via the CE method, by viewing it as a minimal cut (min-cut)
problem with K partitions. In particular, each partition R1, . . . , RK is represented via a
partition vector x ∈ X = {1, . . . , n}K as defined above. The “trajectory generation” of
the CE Algorithm 2.3 consists of drawing random X ∈ X according to an n-dimensional
discrete distribution with independent marginals, such that P(Xi = j) = pi j , i =
1, . . . , m, j = 1, . . . , K . The updating rules are again very simple. For K = 2 we may,
alternatively, use X ∼ Ber(p). In that case the updating rules are given in (39), with ≥
replaced with ≤.

Example 5.1. Let n = 5 and K = 2. To generate a feasible cluster we draw X from a 5-
dimensional Bernoulli distribution Ber(p) with independent marginals. Assume that the
outcome from a particular generation from Ber(p) is x = (1, 0, 0, 1, 0). The associated
partition is, clearly, {R1, R2} = {{1, 4}, {2, 3, 5}}. In this case the loss and the centroids
can be explicitly calculated, provided the points z1, z2, z3, z4, z5 are given. Namely,
the loss is

(‖z1 − c1‖2 + ‖z4 − c1‖2)
+ (‖z2 − c2‖2 + ‖z3 − c2‖2 + ‖z5 − c2‖2),

(59)

and the centroids are

c1 = 1

2
(z1 + z4), c2 = 1

3
(z2 + z3 + z5), (60)

respectively.

The CE method for clustering works well even if the dataset is noisy. This is in con-
trast to most clustering methods that often require stochastic approximation procedures,
which are very slow.
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Figure 9. The CE results for vector quantization of the 2-D banana data set. Circles designate the final cluster
centers produced by CE. Triangles are cluster centers of the K -means algorithm.

Numerical example

Consider as an application of CE the minimization of the loss function, given by (56) for
a simple 2-dimensional clustering data set with m = 5 clusters and 700 points (depicted
by the small dots in figure 9). The resulting locations of the cluster centers obtained
by the CE Algorithm are depicted in figure 9 by the large filled circles. Figure 9 also
compares the performance of the CE method with the standard K -means one (circles
and triangles in figure 9 correspond to the final cluster centers produced by CE and the
K -means algorithm, respectively). Although we found that K -means is a little faster (it
takes approximately 2 seconds for K -means versus 49 for CE), it readily follows from
figure 9 that CE is more accurate than K -means, (the average distortion is 1.428 and
2.408 for CE and K -means, respectively).

5.2. Markovian decision process

The Markovian decision process (MDP) model is standard in artificial intelligence,
machine learning, operation research and related fields. We review briefly some basic
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definitions and concepts related to the MDP model. For details see for example Puterman
(1994) and Bertsekas (1995).

An MDP is defined by a tuple (Z,A,P, r ) where

1. Z = {1, . . . , n} is a finite set of states.

2. A = {1, . . . , m} is the set of possible actions by the decision maker. We assume it is
the same for every state – to ease notations.

3. P is the transition probability matrix with elements P(z′ | z, a) presenting the tran-
sition probability from state z to state z′, when action a is chosen.

4. r (z, a) is the reward for performing action a in state z (r may be a random variable).

At each time instance k the decision maker observes the current state zk , and
determines the action to be taken (say ak). As a result, a reward given by r (zk, ak),
denoted by rk , is received and a new state z′ is chosen according to P(z′ | zk, ak). A
policy π is a rule that determines, for each history Hk = z1, a1, . . . , zk−1, ak−1, zk of
states and actions, the probability distribution of the decision maker’s actions at time
k. A policy is called Markov if each action depends only on the current state zk and
time k. A Markov policy is called stationary if it does not depend on the time k. The
goal of the decision maker is to maximize a certain reward as a function of the policy.
There are several reward criteria of interest, see Puterman (1994) for a discussion. In this
exposition we consider the total reward criterion which applies when there exists a finite
stopping time τ at which the process terminates. The objective is to maximize the total
reward

V (π, z0) = Eπ

τ−1∑
k=0

rk, (61)

starting from some fixed state z0. Here Eπ denotes the expectation with respect to some
probability measure induced by the policy π . We will restrict our attention to stochastic
shortest path MDPs, where it is assumed that the process starts from a specific initial state
z0 = zstart, and that there is a absorbing state zfin with zero reward. The objective is given
in (61), with τ being the stopping time at which zfin is reached (which we will assume
will always happen eventually). For stochastic shortest path MDPs, it is a well known
(Puterman, 1994) fact that there exists a stationary Markov policy which maximizes
V (π, z0).

If the model (r and P) is known, then there are several efficient methods, such
as value iteration and policy iteration, for finding the optimal policy (Puterman, 1994).
However, when the transition probability or the reward in an MDP are unknown, the prob-
lem is much more difficult, and is referred to as a learning one. A well-known framework
for learning algorithms is reinforcement learning (RL), where an agent learns the be-
havior of the system through trial-and-error with an unknown dynamic environment,
see Kaelbling, Littman, and Moore (1996). For reviews of RL see Barto and Sutton
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(1998), Bertsekas and Tsitsiklis (1995), Kaelbling, Littman, and Moore (1996). Note
that many of learning algorithm for MDPs rely on the Stochastic Approximation Algo-
rithm and convergence is typically slow. Using the CE method to search for the optimal
policy is similar to certain approaches in RL that attempt to search the policy space (or
a subset thereof). Notable policy search algorithms used in RL are: a direct search in
the policy space of Rosenstein and Barto (2001); a policy gradient search approach of
Baxter, Bartlett, and Weaver (2001); and the actor critic framework of Barto, Sutton, and
Anderson (1983). See also Sutton et al. (2000), and Konda and Tsitsiklis (2003).

Policy learning via the CE method

Since for the shortest path MDP an optimal stationary policy exists, we can represent
each stationary policy as a vector x = (x1, . . . , xn) with xi ∈ {1, . . . , m} being the action
taken when visiting state i . Writing the expectation in 61 as

S(x) = Ex

τ−1∑
k=0

r (Zk, Ak), (62)

where Z0, Z1, . . . are the states visited, and A0, A1, . . . the actions taken, we see that the
optimization problem 61 is of the form 30. From a CE point of view we consider the
maximization problem 62 as a noisy maximization problem. The idea now is to combine
the random policy generation and the random trajectory generation in the following way:
At each stage of the CE algorithm we generate random policies and random trajectories
using an auxiliary n × m matrix P = (pza), such that for each state z we choose action
a with probability pza . Once this “policy matrix” P is defined, each iteration of the CE
algorithm comprises the following two standard phases:

1. Generation of N random trajectories (Z0, A0, Z1, A1, . . . , Zτ , Aτ ) using the auxiliary
policy matrix P . The cost of each trajectory is computed via

Ŝ(X) =
τ−1∑
j=0

r (Zk, Ak). (63)

2. Updating of the parameters of the policy matrix (pza) on the basis of the data collected
at the first phase.

The matrix P is typically initialized to a uniform matrix (pi j = 1/m). Generation
of random trajectories for MDP is straightforward and is given for completeness. All one
has to do is to start the trajectory from the initial state z0 = zstart and follow the trajectory
by generating at each new state according to the probability distribution of P , until the
absorbing state zfin is reached at time τ , say.
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Algorithm 5.1 (Trajectory generation for MDP)
Input: P auxiliary policy matrix.

1. Start from the given initial state Z0 = zstart, set k = 0.

2. Generate an action Ak according to the Zk th row of P , calculate the reward rk =
r (Zk, Ak) and generate a new state Zk+1 according to P(· | Zk, Ak). Set k = k + 1.
Repeat until zk = zfin.

3. Output the total reward of the trajectory (Z0, A0, Z1, A1, . . . , Zτ ), given by (63).

Given the N trajectories X1, . . . , XN and their scores, Ŝ(X1), . . . , Ŝ(XN ), one can
update the parameter matrix (pza) using the CE method, namely as per

p̂t,za =
∑N

k=1 I{Ŝ(Xk )≥γ̂t } I{Xk∈Xza}∑N
k=1 I{Ŝ(Xk )≥γ̂t } I{Xk∈Xz}

, (64)

where the event {Xk ∈ Xz} means that the trajectory Xk contains a visit to state z and
the event {Xk ∈ Xza} means the trajectory corresponding to policy Xk contains a visit to
state z in which action a was taken.

We now explain how to take advantage of the Markovian nature of the problem.
Let us think of a maze where a certain trajectory starts badly, that is, the path is not
efficient in the beginning, but after some time it starts moving quickly towards the goal.
According to (64), all the updates are performed in a similar manner in every state in
the trajectory. However, the actions taken in the states that were sampled near the target
were successful, so one would like to “encourage” these actions. Using the Markovian
property one can substantially improve the above algorithm by considering for each state
the part of the reward from the visit to that state onwards. We therefore use the same
trajectory and simultaneously calculate the performance for every state in the trajectory
separately. The idea is that each choice of action in a given state affects the reward from
that point on, disregarding the past.

The sampling Algorithm 5.1 does not change in Steps 1 and 2. The difference is in
Step 3. Given a policy X and a trajectory (Z0, A0, Z1, A1, . . . , Zτ , Aτ ) we calculate the
performance from every state until termination. For every state z = Z j in the trajectory
the (estimated) performance is Ŝz(X) = ∑τ−1

k= j rk . The updating formula for p̂za is
similar to (64), however each state z is updated separately according to the (estimated)
performance Ŝz(X) obtained from state z onwards.

p̂t,za =
∑N

k=1 I{Ŝz(Xk )≥γ̂t,z} I{Xk∈Xza}∑N
k=1 I{Ŝz(Xk )≥γ̂t,z} I{Xk∈Xz}

. (65)

A crucial point here is to understand that in contrast to (64) the CE optimization is carried
for every state separately and a different threshold parameter γ̂t,z is used for every state
z, at iteration t . This facilitates faster convergence for “easy” states where the optimal
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policy is easy to find. Numerical results indicate that the CE algorithm with updating
(65) is much faster then that with updating (64).

Numerical results

The CE method with the updating rule (65) and trajectory generation according to
Algorithm 5.1 was implemented for a maze problem, which presents a two-dimensional
grid world. We assume that

1. The moves in the grid are allowed in four possible directions with the goal to move
from the upper-left corner to the lower-right corner.

2. The maze contains obstacles (“walls”) into which movement is not allowed.

3. The reward for every allowed movement until reaching the goal is −1.

In addition we introduce:

1. A small (failure) probability not to succeed moving in an allowed direction.

2. A small probability of succeeding moving in the forbidden direction (“moving through
the wall”).

3. A high cost for the moves in a forbidden direction.

In figure 10 we present the results for 20×20 maze. We set the following parameters:
N = 1000, ρ = 0.03, α = 0.7. The initial policy was a uniformly random one. The
cost of the moves were assumed to be random variables uniformly distributed between
0.5 and 1.5 and uniformly distribute between 25 and 75 for the allowed and forbidden
moves, respectively. Note that the expected cost for the allowed and forbidden moves are
equal to 1 and 50, respectively. The success probabilities in the allowed and forbidden
states were taken 0.95 and 0.05, respectively. The arrows z → z′ in figure 10 indicate
that at the current iteration the probability of going from z to z′ is at least 0.01. In other
words, if a corresponds to the action that will lead to state z′ from z then we will plot an
arrow from z to z′ provided pza > 0.01.

In all our experiments CE found the target exactly, within 5–10 iterations and
CPU time was less than one minute (on a 500 MHz Pentium processor). Note that the
successive iterations of the policy in figure 10 quickly converge to the optimal policy.

Additional numerical results can be found in Dubin (2002). Extensions, other reward
criteria, and further applications appear in Mannor, Rubinstein, and Gat (2003). These
results demonstrate that the CE algorithm may serve as a policy learning algorithm. In
contrast to the popular Q-learning (e.g. Dayan and Watkins, 1992) and value iteration
(e.g. Bertsekas and Tsitsiklis, 1995) based algorithms, no information is propagated back,
but rather the policy is learned directly.
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Figure 10. Performance of the CE Algorithm for the 20×20 maze. Each arrow indicates a probability > 0.01
of going in that direction.

6. Discussion and future directions

In this tutorial we introduced the CE method, a new generic approach to efficiently
solve difficult deterministic and stochastic optimization problems (both combinatorial
and continuous multi-extremal), and to adaptively find efficient estimators for rare event
probabilities. We presented the CE methodology, the basic algorithm and its modifica-
tions, and discussed its applications to several combinatorial optimization and machine
learning problems. We showed that the CE method is a simple, versatile and easy usable
tool. Another virtue of the CE method is its robustness with respect to its parameters. In
most cases, there is a wide range of parameters N , ρ, α and p, P that leads to the desired
solution with high probability, although sometimes choosing an appropriate parametriza-
tion and sampling scheme is more of an art than a science. Moreover, the foundations
of the CE method are based on some well known classical probabilistic and statistical
principles, and are therefore fairly problem-independent.

Although, as mentioned, it is out of the scope of this tutorial to give a detailed com-
parison between the CE method and other heuristics we shall point out a few similarities
and differences. The main difference between the CE method and simulating annealing
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(Aarts and Korst, 1989) is that the latter can be viewed as a local search algorithm
whereas the CE is a global search one, and thus, it is less likely – at least in principle – to
get stuck in a local optimal solution. The CE method and genetic algorithms (Goldberg,
1989) share the common idea of picking samples at random and improve the way the
samples are generated from generation to generation. In both methods, the solutions
fitness is estimated according to a score/performance function. When running genetic
algorithms the genetic encoding of the solution is problem-specific and often requires sig-
nificant effort. In addition, there are many parameters that appear to be critical - crossover
and mutation probabilities and sample size. The way the CE method chooses the next
sample is less ambiguous, as the change of population generation parameter is optimal
in “Kullback-Leiber distance” sense. Also the ant colony optimization (ACO) method
(Dorigo, Di Caro, and Gambardella, 1999) bears similarities with the CE method, espe-
cially for SEN. The difference is the way the next generation of solutions is generated.
In ACO good solutions in the previous generation increase the probability that solutions
in subsequent generations follow a similar path. The generation of future solutions is not
based on a principled calculation, but rather on problem dependent heuristics. We note
that methods in the spirit of tabu search (Glover and Laguna, 1993) and guided local
search (Voudouris, 2003) that penalize the neighborhood of previously examined solu-
tions, use a completely different mechanism. Finally, we do not claim that the CE method
always finds the optimal solution. Although the numerical results with CE are typically
quite reliable, there is no guarantee that it will not get trapped in a local minimum, at
times.

There are several research topics that call for further development. First, the re-
silience of the CE method to local minima has been observed in many applications but
is still not well understood. It seems that the CE method tends to overcome local min-
ima based on both the randomization mechanism involving the elite sampling and the
smoothed updating.

Second, the convergence of the CE method deserves further study. Convergence
results concerning the CE method can be found in several sources. Typically, these
are asymptotic in nature, similar to existing convergence results for genetic algorithms,
simulated annealing and ant colony algorithms. As a result they do not always shed much
light on the actual (non-asymptotic) behavior of the algorithm. In the context of rare event
simulation, which can be readily adopted to combinatorial optimization, convergence of
CE is given in Homem-de-Mello and Rubinstein (2002). The basic assumption there
is that the probability of a rare event does not vanish in a neighborhood of the optimal
solution. The algorithm proposed in Homem-de-Mello and Rubinstein (2002) is the same
as Algorithm 2.1, only that ρ and N are determined adaptively. Another convergence
theorem in the rare event setting is given in Lieber (1998). Margolin (2005) provides
asymptotical convergence results of two modifications of the main CE Algorithm 2.3. The
proof is similar to that of Gutjahr (2000) for the ant colony optimization. This asymptotic
result provides no guidance on convergence rates. Much more on the convergence of CE
should be done, in particular finding bounds of convergence rates, at least for some
particular difficult optimization problems.
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Another research issue is to develop and investigate some alternative stopping rules.
The current heuristic rule only indicates the lack of improvement in the past few iterations
and when the CE method stops it may happen that it is not even a local optimum. Finally,
we consider application of the CE method to constrained optimization problems, and in
particular to constrained integer programs, as a challenging topic which would be worth
exploring.

For further reading we refer to the monograph (Rubinstein and Kroese, 2004).
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Foreword 

The area of data mining, or knowledge discovery in databases, started to 
receive a lot of attention in the 1990s. Developments in sensing, communi-
cations and storage technologies made it possible to collect and store large 
collections of scientific and industrial data. The abilities to analyze such data 
sets had not developed as fast. Data mining research arouse at the intersec-
tion of several different research areas, notably statistics, databases, machine 
learning and algorithms. The area can loosely be defined as the analysis of 
large collections of data for finding models or patterns that are interesting or 
valuable. 

The development of data mining methods requires the solution of sev-
eral different types of problems. The data can have a very large number of 
dimensions, indicating that for example examining every pair of variables 
is impractical. The data can have hundreds of millions of observations, and 
therefore only a limited number of passes through the data can be done. The 
data can be observations of a process about which very little is known; hence 
there is no background knowledge available, and thus selection of appropriate 
models can be challenging. Or there can be heaps of background knowledge 
available, and methods that overlook it are destined to fail. 

Most data mining methods have been developed for data in the traditional 
matrix form: rows represent observations, and columns represent variables. 
This representation has been the traditional one used in statistics, and it has 
many advantages. For example, matrix operations can be used to represent 
several data analytic procedures quite succintly, and these representations 
make it possible to devise efficient algorithms. 

However, data about the real world is seldom of this form. Rather, the 
application domain contains several different types of entities, of which dif-
ferent types of data are known. Only recently has a large body of research 
aimed at data mining on such data emerged. 

Relational data mining studies methods for knowledge discovery in data-
bases when the database has information about several types of objects. 
This, of course, is usually the case when the database has more than one 
table. Hence there is little doubt as to the relevance of the area; indeed, one 
can wonder why most of data mining research has concentrated on the single 
table case. 

LINDA HALL LIBRARY 
Kansas City, Mo. 
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9. Distance Based Approaches 
to Relational Learning and Clustering 

Mathias Kirstenl , Stefan Wrobe12 , and Tamas Horvathl 
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Schlof3 Birlinghoven, D-53754 Sankt Augustin, Germany 

2  School of Computer Science, IWS, University of Magdeburg 
Universitatsplatz 2, D-39016 Magdeburg, Germany 

Abstract 
Within data analysis, distance-based methods have always been very 

popular. Such methods assume that it is possible to compute for each pair 
of objects in a domain their mutual distance (or similarity). In a distance-
based setting, many of the tasks usually considered in data mining can be 
carried out in a surprisingly simple yet powerful way. In this chapter, we 
give a tutorial introduction to the use of distance-based methods for re-
lational representations, concentrating in particular on predictive learning 
and clustering. We describe in detail one relational distance measure that 
has proven very successful in applications, and introduce three systems 
that actually carry out relational distance-based learning and clustering: 
RIBL2, RDBC and FoRc. We also present a detailed case study of how 
these three systems were applied to a domain from molecular biology. 

9.1 Introduction 

Within data analysis, distance-based methods have always been very popular 
[9.23]. The central assumption of distance-based methods is that it is possi-
ble, for a particular domain under consideration, to specify for each pair of 
objects their mutual distance (or similarity). In certain settings, these dis-
tance values can be assumed to be given as part of the application, e.g., 
when humans are asked to rate distances between pairs of choices as done in 
certain psychological experiments. More often, however, in data analysis we 
are starting with objects described in a certain representation language (our 
instance space X) and use appropriate algorithms to compute distances for 
these objects. 

Once we have such distances between object pairs, many of the tasks 
usually considered in data mining can be carried out in a disarmingly simple 
yet powerful way. 

9.1.1 Predictive learning 

Let us first consider how it is possible to perform predictive learning from 
examples given only distances between pairs of objects. Instead of forming 
an explicit hypothesis in the form of first-order clauses, we simply store all 
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available examples. Later, when we are asked to classify an unseen object, 
we compare this new object to all previously seen objects, and predict the 
function value associated with the nearest neighbor or our query object, i.e., 
the example object that has the smallest distance to our query object. 

Considering only one object makes this algorithm very sensitive to noise, 
so generally, the method of choice is k-nearest neighbor, where the k near-
est objects get to vote by majority on the prediction. Since this method of 
learning is strongly based on the instances available as examples, it is often 
referred to as instance-based learning. Many authors also call it lazy learning, 
emphasizing the fact that the learner does not bother to explicitly form a 
hypothesis, but lazily waits until an object to be classified comes along, and 
only then forms a (local, query-specific) hypothesis. 

9.1.2 Clustering 

The task of cluster analysis is, roughly speaking, the task of grouping a set 
of instances I from an instance space X into different subsets (clusters) such 
that objects belonging to the same cluster are maximally similar to each 
other while simultaneously being maximally dissimilar to objects from other 
clusters. Finding a clustering that is guaranteed to be optimal in terms of a 
chosen quality measure is an infeasible task, as it would require an exhaustive 
search through the space of all possible groupings of objects. 

Hence, the available distance-based clustering algorithms use heuristic 
strategies, two of the more prominent of which are bottom-up agglomerative 
clustering strategies, and iterative k-means clustering . Hierarchical agglom-
erative clustering (c.f. [9.3]) constructs a hierarchy of nested clusterings by 
repeatedly merging the two existing clusters that are closest to each other, 
starting with all the individual instances as one-element clusters. The k-
means method [9.15], on the other hand, first randomly selects k cluster 
centers, then repeatedly (a) assigns each instance to the cluster of the near-
est cluster center, and (b) computes the new cluster center for each of the k 
current clusters, until a termination criterion is satisfied. 

In this chapter, we give a tutorial introduction into the use of the above-
described distance-based methods for learning and clustering. As a key com-
ponent, in Section 9.2, we first explain what are the special challenges in 
defining a distance for first-order representations, and show in detail one first-
order distance measure that has proven very successful in applications. We 
then turn to three systems that actually carry out first-order distance-based 
learning and clustering: RLBL2 (Section 9.3) is an instance-based learner, 
while RDBC and FoRc (Sections 9.4 and 9.5) are agglomerative and k-means 
clustering systems, respectively. In each of the system's descriptions, we also 
provide more detail as to the workings of the chosen basic method, and dis-
cuss the particular adaptations to first-order problems. Finally, in Section 9.6, 
we present a detailed case study of how these three systems were applied to 
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Let us assume that I = P(set1,125,personal) is an instance in our ex. 
ample and is further described by the ground atoms 

cheese(setl, camembert, 150, f rance) 
wine(setl, mouton, 1988, 0.75) 
wine(setl, gallo, 1995, 0.5) 
vineyard(gallo, famous, large, usa) 
vineyard(mouton, famous, small, f ranee) . 

The set consisting of I and the above five ground atoms is the case of I. 

Our example indicates that a type defining the set of possible values can 
be assigned to each argument of the predicate symbols. Furthermore, the case 
of an instance is usually not explicitly given. Instead, a set B of ground atoms 
also referred to as background knowledge, is given, and for a given instance I 
a subset of B is computed that defines (together with I) the case of I. This 
approach allows for a more succinct representation, as ground atoms may 
occur in more than one case. 

More precisely, when applying one of our algorithms, the user has first to 
define the vocabulary of the predicate symbols to be used in the relational 
representation. Among these symbols there is a distinguished predicate sym-
bol P that will be used to represent the elements of the set X of all possi-
ble instances, also called instance space. The other predicate symbols, called 
background predicates, are used to describe the user's background knowledge 
about the task. Each predicate symbol is associated (also by the user) with 
a declaration defining the types and modes of its arguments. The type of an 
argument is one of the basic types from {number, discrete, list, term, name}, 
while its mode defines whether or not the argument must be compared with 
corresponding arguments during the distance computation. The type `name' 
is used for arguments that contain identifiers representing objects. 

Example 9.2.2. The vocabulary of Example 9.2.1 consists of P and the 
background predicates `cheese', `wine', and `vineyard' that are associated 
with the following declaration: 

P(ai  : name, a2  : number, a3  : discrete) 
cheese(ai : name, a2  : discrete, a3  : number, a4  : discrete) 
wine(ai : name, a2  : discrete, a3  : number, a4  : number) 
vineyard(al  : name, a2  : discrete, a3  : discrete, a4  : discrete) . 

In order to compute a case of an instance I E X, we rely on the instance 
I, the background knowledge B, and a non-negative integer d > 0 called 
depth bound. A case of I with respect to B and d is defined as the largest set 
{/} U B' such that B' C B and for every background atom B E B' it holds 
that there are d' < d and Bo, B1, • • • , Bcp-1,Bdi satisfying 

— Bo  = I, Bcp = B, and Bi  E B' for i = 1, ..., cli — 1, 
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— Bi  and Bi±i  contain at least one common identifier for every i = 0, d' —
1 

Example 9.2.3. To illustrate the above definition let us assume that the 
background knowledge 13 in Example 9.2.1 consists of the following facts: 

% set ID:name, cheese type:discrete, weight:number, origin:discrete 
cheese(setl, camembert, 150, f ranee) 
cheese(set25, rogue f ort, 200, f ranee) 
cheese(set25, ricotta, 100, italy) 

% set ID:name, vineyard ID:name, year:number, bottle size:number 
wine(setl, mouton, 1988, 0.75) 
wine(setl, gallo, 1995,0.5) 
wine(set25, mouton, 1995, 0.75) 

% vineyard ID:name, popularity:discrete, size:number, country:discrete 
vineyard(gallo, f amous, large, usa) 
vineyard (mouton, f amous, small, f ranee) 

Then the case defined by the instance P(setl, 125, personal) with respect to 
13 and d = 2 is given in Figure 9.1. 

P(setl, 125, personal) 

cheese(setl, camembert,150, f rance 

wine(setl, mouton, 1988, 0.75) 

vineyard(mouton, f amous, small, trance 

wine(setl, gallo, 1995, 0.5) 

vineyard(gallo, f amous, large, usa) 

Fig. 9.1. The case defined by II  with respect to 13 and d = 2 in Example 9.2.1. 

9.2.2 The distance measure 

Before giving an informal description of the algorithm for computing the 
distance between two instances, we first give an example to illustrate how 
this algorithm works. 
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Now the distance Dcheese  between the sets Lsetl,cheese 
defined by 

Dcheese = 

= 

min dist (cheese(setl, camembert, 150, f rance),l) 
1EL act25,cheese 

(9.4) 
I Lset25,cheesel 

min  (0. + liso-
00 3

2ool  + 00 ,  (1  + lis00ioot  + 10) 
3  

2 . 

and Lset25,cheese 

(9.5) 

is 
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Example 9.2.4. Suppose we are given 

—the instances II  = P(set1,125, personal), 12  = P(set25, 195, mail), 
—the background knowledge B of Example 9.2.3, 
—the depth bound d = 2, 

and want to compute the distance between cases of II  and 12 with respect to 
8 and d. 

This distance is computed as the normalized sum of the distances between 
the instances' corresponding arguments, i.e., 

dist(Ii  , .12 , 8, d) = —3 
(dist(setl, set25) + dist(125, 195) + 

+ dist(personal, mail)). (9.1) 

For computing the last two terms, standard propositional distance measures 
can be applied, i.e., 

dist(125, 195) = 1195 - 1251/500 = 0.14 (9.2) 

(here the denominator denotes the highest possible price) and 

dist(personal, mail) = 1 (9.3) 

(as they are different). In order to compute the distance between the object 
identifiers setl and set25, from the cases of setl and set25 we first collect the 
sets of literals containing setl and set25, respectively, and partition them by 
the predicate symbols. That is, we obtain the sets 

Lsetl,cheese = {cheese(setl, camembert, 150, france)} 

Lsetl,wsne = {wine(setl, mouton, 1988, 0.75), 
wine(setl, gallo, 1995, 0.5)) 

Lset25,cheese = {cheese(set25, roquefort, 200, /ranee), 
cheese(set25, ricotta, 100, Italy)} 

Lset25,wsne = {wine( set25, mouton, 1995, 0.75)} 

= 0.1944 . 

We note that in (9.4) we normalize by the cardinality of the larger set 
Lset25,cheese , and by 3 the two terms in (9.5), as we do not compare again 
the first arguments containing the set identifiers. Applying that 
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dist(mouton, gallo) = 

min d (iSt(famous,famous)±diSt(small,large)-1-diSt(france,usa)  ) 
3 

=  
1 

= 0.6666 , 

the distance DW1Re  between liset1 ,wine and Lset25mine  is computed in a similar 
manner, i.e., 

min dist (wine(set25, mouton, 1995, 0.75), 1) 
1E Lacti, wine = 

I L setl,wine I 

= 
min ((0 + J199 5143019881  + 0)/3, (0.6666 + 0 + 10.750.51  ) /3) 

2 

Dwine 

= 0.0117 . 

Using the above values, the distance between object identifiers sell and set25 
is then computed by 

dist(setl, set25) = Dcheese ± Dwine  
2 

= 0.1031 . 

Combining (9.2), (9.3), and the above equation with (9.1), we finally obtain 

dist(h , /2  , B, d) = (0.1031+0.14+ 0)/3 = 0.081 . 

As shown by the above example, the algorithm for computing the distance 
between two instances is given 

—a vocabulary of the above form associated with an argument type and 
mode declaration for each of its predicate symbols, 

—the two instances 1-1  and 12  from the instance space X (i.e., two P-atoms), 
—background knowledge B consisting of background atoms, 
—a depth bound d > 0 (used to control the recursion) . 

I1, /2 , and the atoms in B are all ground (i.e., they do not contain variables). 
For the two instances II  and 12 , the algorithm first computes their corre-
sponding cases with respect to the given background knowledge B and the 
depth bound d as described in the previous subsection. To compare II  and 
I2, the distance function recursively descends into their corresponding cases, 
beginning with the ground P-atoms II  and /2 . In general, when comparing 
two ground atoms, each with the same predicate symbol, one first computes 
the distance between their corresponding arguments that have been marked 
for comparison in the mode declaration, then sums up these distances, and 
normalizes finally this sum with the number of marked arguments. Depending 
on their common type, two arguments are compared as follows. 

number and discrete: For arguments of these basic types, some corre-
sponding elementary distance function is called. 
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list and term: For arguments of these types, our measure employs edit dis-
tances. Intuitively, with an edit distance, we are given a set of edit oper-
ations such as insert, delete, and change with an associated cost function 
that tells us how expensive it is to delete or insert an element of the un-
derlying alphabet, or how expensive it is to change one into another. The 
edit distance is then defined as the smallest cost of a sequence of such 
operations that turns the first object into the second. For both of lists 
and terms, there are efficient algorithms for computing the edit distance 
(see, e.g., [9.22, 9.24]). 

name: When comparing two arguments of this type, the algorithm first 
checks whether the depth of the recursion has already reached the in-
put parameter d (i.e., the depth bound d is used to ensure limited effort 
for the recursive computation). If yes, the arguments are compared as 
that of type discrete. Otherwise, all further facts from the cases about 
the respective named objects are first collected. Each of these two sets is 
then partitioned by the predicate symbols, and for every predicate sym-
bol we compare its corresponding subsets from the two sets as follows. 
For each fact from the smallest set we compute recursively its distance 
from the larger set (i.e., the distance between this fact and its nearest 
fact from the larger set), then sum up these distances and normalize with 
the cardinality of the larger set. 

9.3 Instance-based learning with RIBL2 

RIBL2 is a first-order instance-based learner applying the classical k-nearest 
neighbor (kNN) classifier in a relational representation, using the distance 
measure described in the preceding section. In more detail, a k-nearest neigh-
bor algorithm determines its predictions as follows. To simplify the discussion, 
note that our distance measure takes on values in the range [0, 1], so we can 
equivalently work with the function 

sim(x, y) := 1 — dist(x, y) 

which is 1 for identical objects and falls towards 0 with increasing distance 
between objects. Given a set of examples E and a new instance anew  from 
X to be classified, let us call N C E the set of k nearest neighbors of anew 
according to sim. Further details depend on whether we are predicting a 
discrete or continuous variable. For a discrete variable, denote by 

:= {e = (x,yj) E N}. 

those neighbors that are voting for value The algorithm will then predict 

h(xnew) SiM(X, Xnewr := argmaxyj —e=(x,x0ENyi 
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where a is a parameter that determines how much an influence is allocated 
to farther-away neighbors. If we are predicting a continuous variable, we use 
a weighted average instead: 

Ee=(x,y)EN SiM(X)Xnew)a  

In order to determine k, most k-nearest neighbor algorithm internally esti-
mate the accuracy that can be achieved (e.g., by cross-validation), and then 
choose the value of k that has ranked highest for all future classifications. 
Despite this very simple principle, k-nearest neighbor methods are known 
to be competitive with and often superior to other approaches in terms of 
predictive accuracy. Thus, they are attractive choices whenever an explicit 
hypothesis is not needed. 

9.4 Hierarchical agglomerative clustering with RDBC 

Finding a clustering that is guaranteed to be optimal in terms of a chosen 
quality measure is an infeasible task, as it would require an exhaustive search 
through the space of all possible clusterings. Hence, the available distance-
based clustering algorithms use heuristic strategies. The RDBC algorithm 
employs one of the most basic distance-based clustering methods, namely 
hierarchical agglomerative clustering (c.f. [9.3]). 

9.4.1 Forming a cluster hierarchy 

Together with the distance measure described in Section 9.2, hierarchical ag-
glomerative clustering does not build flat partitions of the data but iteratively 
constructs a list of nested clusterings C1 , ...,Cn. Figure 9.2 shows an example 
together with the typical visualization of such a clustering in a dendrogram. 

The construction of the hierarchical clustering is done in a bottom-up 
manner by starting with the clustering C1  where each case forms its own one-
elemental cluster. The next clustering is built by combining the two closest 
respectively most similar clusters to a new cluster. In this case, the distance 
between two clusters is simply the distance between the two cases, as each 
cluster consists of a single element. For all subsequent clusterings the step of 
combining the two most similar clusters is repeated until finally the cluster-
ing (Cn) consists of a single cluster only. When joining two clusters to a new 
one, the distances between the new cluster and all other clusters can be com-
puted from the already known distances of the current clusters. Depending 
on the chosen computation rule we get different variants of the hierarchical 
agglomerative clustering: 

dist(Ci  U C2, C3) := f(dist(Ci , C3), dist(C2, C3)). 

Ee.=(,,y)EN sim(x,xnewr • y 
h(xnew) := 
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RDBC includes the four most popular variants: f = min, the so called single-
link clustering, f = max the complete-link clustering, and for f = average 
the average-link clustering. A somewhat more complicated choice of f results 
in Ward's method, which guarantees that the sum of (squared) distances is 
minimized for each aggregation step (this does not necessarily hold for the 
final result though). 

So, suppose we have a set of instances Ii , ..., 15  together with their pair-
wise distance information computed by RIBL's distance measure: 

Ii 12 13 14 15 

II 0 0.12 0.60 0.64 0.77 
12 0 0.70 0.80 0.84 
.6 0 0.35 0.45 
14 0 0.40 
15 0 

Employing the complete-link variant of RDBC on this data yields the cluster 
hierarchy shown in Figures 9.2 and 9.3. 

9.4.2 Turning the cluster hierarchy into flat partitions 

The chosen agglomerative approach renders a distance-based hierarchy of 
cases where the distance between subtrees decreases as we move from root 
towards the leaves. For many applications, such a hierarchical tree is all that 
is required. If however, the clustering task requires the selection of a single 
set of clusters, we need a technique for turning the tree into such a set. 
Since we are trying to minimize intra-cluster distance (respectively maximize 
intra-cluster similarity), it is natural to base cluster selection from the tree 
on this criterion. RDBC therefore uses a search procedure that "cuts up" 
the tree according to growing intra-cluster similarity thresholds, and selects 
the threshold and its corresponding group of clusters that minimizes average 
intra-cluster distance. Thus the exact number of clusters does not have to 
be predefined by the user but is automatically computed according to the 
quality function. More precisely, in RDBC the quality of a set of clusters C is 
defined as: 

1.1  12  13  14  15 

CI  = {(Ii), (12 ), (13), (.14 ), (1.5)1 

C2 = {(Ii , 12), (13),(1.4), (1.5)} 

C3  = {(I1, 12), (13,14), (h)} 

C4 -= { ( 1.1  , 12 ), (13, 14 , 1.5)} 

C5  = WI , 12 , 13  , 1 4 , 1.5)} 

• 

Fig. 9.2. Hierarchical clustering and its visualization in a dendrogram. 
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EcEc  diStintra  (C) 
qual(C) = 

where dist _intra(C) denotes the intra-cluster distance of a cluster C, which is 
the averaged sum of all distances between element pairs of the cluster, and 
is hence a measure of the cluster's compactness. 

It should be noted, that the above quality measure cannot be applied 
directly as it reaches its maximum for a partitioning where each cluster con-
sists of a single case. RDBC solves the problem by moving all single-element 
clusters into an outlier cluster, and the optimization of qual(C) takes place 
on the resulting clustering. 

So, coming back to our example involving I1, ..., 15, the transformation 
of the hierarchy into a set of partitions firstly requires to find a threshold for 
which the above quality function qual(C) is maximal. 

All potential thresholds are evaluated by removing those connections from 
the hierarchical tree structure which lay below the given threshold. Thus, 
the result is a clustering forest rather than a tree. A cluster (respectively a 
partition) is then the set of instances belonging to a single tree'. 

In the example, cutting up the hierarchy at d = 0.5 results in two par-
titions Cl  = 12 } and C2 = {13,14,15}. The quality for this clustering is 
calculated as 

qUal({C1)  C2}) = 
dist(11,.12)+(dist(h,h )-Fdist(14,/5)+distf14,15))/3 

2 
= 0.26 

Finding the best threshold in the example is left as an exercise to the reader. 
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Fig. 9.3. Transforming a hierarchical clustering into flat partitions. 

9.5 FORC - k-means for multirelational data 

A very popular clustering technique for finding clusterings of a predefined 
size k is the k-means method [9.15]. FORC is the first clustering system to 

1  Isolated instances without any connections are not handled as one-elemental 
clusters but are gathered into the outlier cluster. 
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carry this algorithm over to first-order, relying on the distance measure of 
Section 9.2. 

The basic idea of k-means is as follows. Firstly, an initial state has to be 
constructed by selecting or creating k cluster centers from X. In practice this 
is mostly done by randomly drawing k elements from the set of cases. With 
this initial state a two-step iteration is started: 

1. Assign each case to the cluster of the nearest cluster center. 
2. Compute the new cluster center for each of the k current cluster. 
3. Go to step 1 unless clustering quality does not increase any more. 

Thus, in each iteration the centers of the current clusters are determined 
in order to subsequently rebuild the k clusters on basis of the new centers. 
Figure 9.4 shows an example of this process for X = E 2  (the corresponding 
cluster centers are pictured by the large circle respectively box). 

Initially selected Initially selected 

IEF4-, cluster centers 
Y '9 0 

g21 -4-, cluster centers 
V O 4® • 0 

O CI  4® 
o 

0 

0 
0 p 
0 

0 
0 0 

oo 0 

Fig. 9.4. Example for k-means and k-medoids in the R2  space. 

Obviously, k-means requires a distance measure on the given instance 
space X, for which as pointed out above, the distance measure described in 
Section 9.2 is used. However, k-means also requires that in X the center of 
a set of cases can be computed, i.e., the center of a set of points is the point 
whose summed distances to the cases of the set is minimal. This is most easy 
if X = IRn, i.e., for strictly numerical instance spaces. There the center of a 
set C C X is simply given by its mean: 

1 
center(C) IC I  c 

cEC 

The corresponding (and usual) distance measure is the n-dimensional Eu-
clidean metric but the Mahalanobis distance is [9.6, 9.14] also used. 

For first-order data the problem is more challenging, since similarly obvi-
ous solutions for finding a center are not at hand. In fact, on multirelational 
data there is no longer any geometric or intuitive notion of the phrase "cluster 
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center". In addition, an analytic solution for the construction of the cluster 
center does not exist, therefore we have to make do with approximation. 

FORC employs a solution that alleviates the problem of how to construct 
a previously not existing cluster center, which is to take an existing case as an 
approximation for the cluster center. This should be the most central instance 
of the set, i.e., the instance whose sum of squared distances to all other 
instances in the set is minimal and which is thus closest to the (unknown) 
cluster center. This approach is already known as the k-medoids method 
[9.10, 9.11], and first results of FORC obtained on the mutagenesis data set 
[9.21] using RIBL's distance measure show k-medoids' promising potential on 
first-order data [9.13]. 

Obviously, the whole process relies on distance information only, and is 
hence applicable to any representation for which an appropriate distance mea-
sure is available (e.g., a first-order representation + RIBL'S distance measure). 
On the downside, when making no prior assumptions about the representa-
tion used, the computational complexity suffers from the expensive search 
for the medoid which requires time proportional to the squared number of 
instances in a cluster. 

9.6 A case study in mRNA signal structures 

In this section we present a case study designed to illustrate how relational 
distance-based learning and clustering algorithms can be applied in a real-
world domain: the mRNA signal structure prediction and the automatic dis-
covery of uncharacterized mRNA signal structure classes, respectively. More 
detail on this domain of application, and on the results of using RIBL for 
predictive learning in this domain, is given in [9.8]. For further applications, 
see [9.4, 9.7]. In the following, we first define the prediction and clustering 
problems arising in the mRNA signal structure application domain, describe 
the relational representation used for both problems, and briefly discuss the 
kinds of results that can be obtained. 

9.6.1 The mRNA prediction and clustering problems 

During the process of protein synthesis, messenger RNA (mRNA) molecules, 
a special kind of RNA molecules, mediate between the sites of information 
storage (i.e., DNA, which is functionally inactive) and protein synthesis. In 
general, an RNA is a linear sequence of the four bases (adenine - A, cytosine -
C, guanine - G, and uracil - U) folded and coiled into specific conformations. 
The three-dimensional conformation of an RNA contains local regions of short 
complementary base-pairing, i.e., the two stable Watson-Crick base pairs A-
U, G-C, and the weak G-U. The structure of RNA molecules is usually 
described at the following levels of abstraction: 
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primary structure: It is the linear sequence of the four bases that make 
up an RNA. 

secondary structure: It is the collection of the base pairs occurring in the 
RNA's three-dimensional structure. 

tertiary structure: It is the three-dimensional conformation of the RNA. 

In addition, for the primary structures of messenger RNA molecules it also 
holds that they can be divided into three parts; they consist of a coding region 
(in their middle) defining the amino acid sequence of the target protein to be 
synthesized, and two non-coding regions (in their two ends) that contain reg-
ulatory motifs. Such regulatory motifs, called signal structures, control gene 
expression at the posttranscriptional level of the protein synthesis. Depend-
ing on their regulatory roles during the process of protein synthesis, signal 
structures are grouped into different signal structure classes. In this field 
of research, there are (at least) the following two challenging computational 
tasks: 

— Detect (possibly new) signal structures belonging to known signal structure 
classes on a given uncharacterized mRNA. 

— Find uncharacterized signal structure classes. 

As a first step towards the direction of finding good algorithmical solutions 
to the above two problems, we consider the following two related problems, 
respectively. (In the description below, X denotes the set of all signal struc-
tures.) 

signal structure prediction task: Given a set C of signal structure 
classes, a set i C X of characterized signal structures (i.e., each with 
known class) belonging to one of the classes from C, and a signal struc-
ture I E X of unknown class from C, the aim is to give a good prediction 
of the class of I. 

automatic discovery of uncharacterized signal structure classes: 
In this task, we are given a set i C X of uncharacterized signal structures 
(i.e., with unknown class information), the aim is to find a clustering 
(h,...,4) of i with k as small as possible such that each cluster is a 
subset of some (possibly uncharacterized) signal structure class. 

Now we turn to the problem of how to represent the components of the 
above computational tasks. When viewing the secondary structures of mRNA 
molecules, one can observe a set of different patterns [9.25], like hairpin loops, 
internal loops, etc, that make them up (see also Figure 9.5). These patterns 
are also referred to as structure elements. Furthermore, it also holds that 
mRNA's secondary structures can be viewed as trees (for more details see e.g., 
[9.20]), where the nodes represent the structure elements. As signal structures 
are (continuous) subsequences of the primary structures, this observation 
holds for them as well. 

As an example, we consider a signal structure belonging to the class Se-
lenocysteine Insertion Sequence (SECIS). Its primary structure is 
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Fig. 9.5. mRNA structure with marked structure elements. 

AUGACGAGCUAGGCAAUAGGCGAGACCUAGACUUAGCUCUGAG , 

and its secondary structure is given by the following complementary base 
pairs 

AUGACGAGCUAGGCAAUAGGCG 
I 1 11111111 MIA 

GAGU CUCGAUUCAG AUCCAG 

In Figure 9.6, we give the structure elements that make up this secondary 
structure, and also the tree structure of these structure elements. As shown 
in the figure, the inner nodes on the longest path from the root all correspond 
to the pattern `stem'. The root itself on this path is a dummy node, i.e., it 
does not represent any part of the signal structure. The other endpoint of 
the path corresponds to the hairpin loop (i.e., CGAGA) in the signal structure. 
This example indicates the following description of signal structures in our 
relational representation language. 

The instances of this application are the signal structures. Using their 
tree structures, a signal structure, an instance from X, is described by the 
binary predicate 

structure(struct_id, tree_structure) 

where the first argument of type `name' defines its identifier, and the second 
argument of type `term' is used to describe its tree structure. For instance, 
the signal structure given in Figure 9.6 can be described by the ground atom 

structure(si , dummy(sei,i, sei,2 (sei,3 , sei,4(...), sei,12)) 
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Fig. 9.6. The representation and the tree structure of a SECIS signal structure. 

where `dummy' is a constant denoting the root for each signal structure, and 
sei,i,..., sei,12 are further identifiers denoting the structure elements of sr . 
(We note that the identifiers sell, • • • , sei,12 are assigned to the descendants 
of the root of the tree given in Figure 9.6 according to preorder tree traversal.) 
The structure elements of the given signal structures are further described 
in the background knowledge. Depending on their types, structure elements 
are either helical (e.g., stems) or single (e.g., hairpin loop, bulge5, bulge3). A 
pattern of type single is described by the background predicate 

single(se_id, type, sequence) 

where the argument seid of type `name' is an identifier denoting the structure 
element, type of type `discrete' gives the structure element's pattern, and 
sequence of type `list' defines the primary structure of the structure element. 
Patterns of type helical are described by the background predicate 

helical(se_id, type, sequencer , sequence2) 
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where the arguments have similar semantics as in the case of predicate single. 
For instance, the structure elements of the signal structure in our example 
could be described by the background atoms: 

single(sei,I , single, [a]), 
helical(sei,2 , stem, [u], [a]), 
single(sei,3, bulge5, [g]), 
helical(sei,4, stem, [a], [u]), 
single(sei,5, bulge5, [c]), 
helical(sei,6, stem, [g, a, g, c, u, a, g, g], [c, u, u, a, g, c, u, c]), 
single(sei ,7, bulge5, [c, a, a]), 
helical(sei,8, stem, [u, a, g, g], [c, c, u, a]), 
single(sei,9, hairpin, [c, g, a, g, a]), 
single(sei,io, bulge3, [g, a]), 
single(sei , bulge3, [g]), 
single(sei,12, single, [g]). 

9.6.2 Results 

For our experiments we have chosen a small domain consisting of 66 signal 
structures over 5 signal structure classes. For predictive learning, the optimal 
number of neighbors (k) has been estimated by leave-one-out cross-validation. 
The results for the different values of k are given in the following table (for 
more details see also [9.8]). 

Table 9.1. Results for estimating the optimal number of neighbors (k). 

#instances #correctly classified for best accuracy 
k= 1 2 3 4 5 6 7 8 9 10 k (%) 

66 63 63 59 60 62 60 60 61 60 61 1 95.4 

Clustering experiments were conducted with RDBC. Using all 66 instances 
for clustering, RDBC returned ten clusters (see Figure 9.7). While some of the 
actual classes were rediscovered by RDBC (s_tar, s_ire, s_histone, and s_secise2), 
the clustering of class s_secisel appears to be hard. Whereas the mixed cluster 
C8 made up of s_secisel, and ssecise2 may be caused by a folding which those 
instances have in common, cluster C6 is hard to explain. In addition the 
misplaced instances s_secisel(5) and s_secisel(10) in cluster C2 would better 
fit into cluster C5. 

To further evaluate the quality of RDBc's results, we used the computed 
clusters for prediction. Two experiments were conducted and the prediction 
accuracy was determined via a leave-one-out-approach. In both experiments 
class information was not used during the clustering stage. In the first exper-
iment all instances except the test instance were available for building the 

I 
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clusters. The test instance's class was then determined by a majority vote 
over instances of the most similar of the obtained clusters (according to the 
distance measure). In contrast to that, for the second setup we included the 
test instance during clustering. As in the first experiment, we employed ma-
jority voting for determining the test instance's class2. Table 9.2 gives the 
accuracies obtained by our two experiments. 

Table 9.2. Rpac's accuracies on the mRNA domain. 

RDBC with Rpacmithout 
test instance test instance  

87.9% 83.3% 
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Fig. 9.7. Sample cluster hierarchy on the mRNA data. Shaded bars at the bottom 
mark the clusters found by RDBC. 

9.7 Conclusion 

First-order distance-based learning and clustering methods offer a lot of po-
tential for applications involving complex and structured objects. For learn-
ing, distance-based "lazy" methods are known to often outperform their non-
lazy counterparts; for clustering, a distance-based formulation is naturally at 
the heart of cluster quality. As shown in this chapter and the work on which 

2  In nine cases the majority vote resulted in a draw between two equally frequent 
classes. We resolved this by assigning the class of the instance most similar to 
our test instance. For this nearest-neighbor voting only instances of the cluster 
belonging to one of the two equally frequent classes were taken into account. 
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it is based, it is possible to define useful distance measures for first-order ob-
jects, making the strengths of distance-based methods available to first-order 
problems. Whenever an explicit generalization is not needed, the methods 
presented here are very strong contenders in terms of solution quality. 

However, a few words of caution are also in order with respect to scala-
bility. Firstly, instance-based learning methods must store all (or, when opti-
mized variants are used, at least some) of their instances until classification 
time. Thus, the compression effect that can be obtained with explicit hy-
potheses is not achieved here. Secondly, computing distances between first-
order objects is not as cheap an operation as computing a Euclidean distance 
(see [9.8] for details). While still faster than most generalization algorithms, 
this distance computation must be carried out at classification time, so such 
methods are not suitable if very rapid classification is a primary concern. As 
to the clustering methods, once the distance matrix is computed, they largely 
inherit the known computational properties of standard distance-based clus-
tering algorithms; however, convergence of k-means may be somewhat slower 
since no exact cluster centers are computed. 

In sum, all three of the methods described here are most suitable for 
domains with no more than several thousands of objects; more research is 
needed to scale them to the very large databases sometimes found in KDD. 
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We consider support vector machines for bi-
nary classification. As opposed to most ap-
proaches we use the number of support vec-
tors (the -L0  norm-) as a regularizing term 
instead of the L1  or L2 norms. In order to 
solve the optimisation problem we use the 
cross entropy method to se2rch over the pos-
sible sets of support vectors. The algorithm 
consists of solving a sequence of efficient lin-
ear programs. We report experiments where 
our method produces generalization errors 
that are similar to support vector machines, 
while using a considerably smaller number of 
support vectors. 

1. Introduction 

Many classification algorithms are focused on finding 
a classifier which minimizes the sum of the training 
error (or some related cost functional) and a complex-
ity penalty. The intuition is that a classifier which 
is too complex might be tailored to the data and re-
sult in overfitting. The exact choice of a complex-
ity penalty is often motivated by generalization abil-
ities of the resulting classifier. However, this choice 
is also restricted by guaranteeing that the optimiza-
tion problem is tractable. In Support Vector Ma-
chines (SVMs) one typically considers an L2 complex-
ity term (e.g.. Cristianini & Shawe-Taylor, 2000: Vap-
nik, 1998), which can be justified in terms of minimiz-
ing the margin. This yields a quadratic optimization 
problem which can be solved remarkably efficiently up 
to a few thousand samples (see Platt, 1998; Keerthi 
et al., 2001). The main problem with using the L2 

Appearing in Proceedings of the 22'd  International Confer-
ence on Machine Learning, Bonn, Germany, 2005. Copy-
right 2005 by the author(s)/owner(s). 

complexity term is that it does not encourage sparse 
solutions. That is. the resulting classifier involves a 
significant fraction of the training points. Moreover, 
it was observed (e.g.. Downs et al., 2001) that the 
solution produced by SVMs can even be made more 
sparse without changing the resulting classifier. Other 
kernel-based methods (e.g., SchOlkopf & Smola. 2002) 
attempt to guarantee that the obtained classifier is 
sparse using different ideas. Most notably, the ii-SVNI 
formulation (Chang & Lin, 2002) attempts to control 
the fraction of Support Vectors (SVs) by introducing 
a parameter used to tradeoff the number of SVs with 
the size of errors. Still, regularization is done using 
L2 norm. In the context of classification, using the 
L1  norm for regularization was used in Bradley and 
Mangasarian (1998) and Zhu et al. (2003). 

A classifier with a small number of SVs is termed 
"sparse-. Such classifiers enjoy several merits. First, 
sparse classifiers typically have better generalization 
error (e.g., Floyd & Warmuth. 1995 and more re-
cently within the luckiness framework of Herbrich and 
Williamson (2002) and via compression bounds of Her-
brich, 2002). Second, such classifiers are considered 
more robust to noise in the data (in the context of 
L1  classification see Zhu et al., 2003, for a discussion). 
Third, the resulting classifier can be computed more 
quickly on test data, as it involves less terms. Improv-
ing the complexity of classification (over the test data) 
was considered Burges (1996): Burges and Scholkopf 
(1997): Downs et al. (2001), who considered simpli-

fying a classifier obtained from solving an SVM. Typ-

ically, some SVs are discarded with little (or no. as 

in Downs et al., 2001) effect on the resulting classifier. 

Our approach is different. Instead of trying to simplify 

a solution obtained from solving an SVNI, we directly 

solve an optimization problem aimed at producing a 

sparse classifier. 

In this paper we consider the classical soft SVM prob-

11111 
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lem, but regularize using the number of SVs (the so-

called Lo norm). As a result we obtain a discontin-

uous and non-convex optimization problem. We for-

mulate the problem as a search problem where one 

looks for the set of SVs. We apply the Cross Entropy 

(CE) method for efficiently searching for the set of 

SVs. The CE method provides a sequence of candi-

date sets of SVs. For each such candidate set, find-

ing the weights of the SVs amounts to solving a rea-

sonably sized linear program provided that the size of 

the candidate set is not too large. The CE method is 

a state-of-the-art heuristic method for solving combi-

natorial optimization problems and continuous multi-

extremal problems (Rubinstein & Kroese., 2004). The 

basic idea behind the CE method is to transform a 
combinatorial optimization problem into a stochastic 
optimization problem, and then solve the stochastic 
optimization method adaptively. In many problems 
of practical interest, such as the travelling salesperson 
problem and the Max-cut problem, the CE method 
was observed to quickly reach a solution close to op-
timal (for a discussion and examples, see Rubinstein 
& Kroese., 2004). We note that it is not claimed that 
the CE method is capable of solving every instance of 
some NP-hard problem efficiently, but rather that it 
typically performs well. For a convergence proof of the 
CE method see Rubinstein and Kroese. (2004). We 
will use the CE-method to search over possible subsets 
of SVs. 

We are concerned with the classical classification 
setup, i.e., given a training set of pairs {x(2), y(2) L i, 
where x(2) E Rd  are input patterns and y(2) E {-1, 1} 
are the corresponding labels, find a classifier f (x) 
which will classify new patterns with as few errors as 
possible. We are also given a kernel K :Rd x Rd —) R. 
For a vector a E Rn let Hallo = E in_i  1{aioo}  denote 
the "Lo  norm" that counts how many elements are 
not zero. The objective of this paper is to solve the 
problem 

0
Hallo + CI E:1=1 0(y,f(x2)) 
<a<C, 

with variables a E Rn and b E R, and where the hinge loss : R R+  is defined as 4)(z) = 1 — z if z ≤ 1, and zero otherwise; C is a hyperparameter; and the classifier f is defined by: 

f(x) Ectiy,K(xi, x) + b. 
:=1 

The reminder of the paper is organized as follows. In Section 2 we review the CE method and provide the  

essential details needed here. In Section 3 we describe the  classification algorithm based on the  CE 
method, 

In Section 4 we report experimental results with 
an. artificial data set and with several common data sets. In Section 5 we discuss the results and offer some 

con.. clusions. 

2. The Cross Entropy Method 

In this section we recapitulate the principles of the 
CE method. The reader is referred to Rubinstein and 
Kroese. (2004); de-Boer et al. (2005) and references 
therein for context, extensions, and applications. As 
mentioned, the basic idea behind the CE method is 
to transform the original (combinatorial) optimization 
problem to an associated stochastic optimization prob-
lem, and then to tackle the stochastic problem effi-
ciently by an adaptive sampling algorithm. By doing 
so one constructs a random sequence of solutions which 
converges (probabilistically) to the optimal or at least 
a reasonable solution. Once the associated stochastic 
optimization is defined, the CE method alternates the 
following two phases: 

1. Generation of a sample of random data (trajecto-
ries, vectors, etc.) according to a specified random 
mechanism. 

2. Update of the parameters of the random mecha-
nism, on the basis of the data, in order to produce 
a "better" sample in the next iteration. 

We now present a proto-typical version of the CE 
method. Suppose we wish to minimize some cost func-
tion S(z) over all z in some set Z. Let us denote the 
minimum by ry*, thus 

 (2) 7* = min S(z) . 
zEZ 

We randomize our deterministic problem by defining a 
family of auxiliary pdfs {f (.; v),v E V} on Z and we 

associate with Eq. (2) the following estimation prob-
lem for a given scalar 7: 

IPu(S(Z) ≤ 'y) = Eu [Ifs(z)≤71] 

where u is some known (initial) We con-

,y}  of interest. To estimate this event, the  C t 

parameter. 
sider the event "cost  is  low" to  be  the rare event

E 
I{s(z)< 

tha method generates a sequence of tuples irt)}, 
converge (with high probability) to a small neighbor-
hood of the optimal tuple  (-y*, v"), where 7* 

is the 

solution of the program (2) and v* is a pdf that em-
t 

phasizes values in 2 with a  low cost. We note tha 

minimize 
subject to (1) 
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typically the optimal v* is degenerated as it concen-

trates on the optimal solution (or a small neighbor-

hood 
thereof). Let p denote the fraction of the best 

samples used to find the threshold y. The process that 
is  based on sampled data is termed the stochastic coun-

terpart since it is based on stochastic samples of data. 

The number of samples in each stage of the stochas-

tic counterpart is denoted by N, which is a predefined 
parameter. The following is a standard CE procedure 

for minimization borrowed from de-Boer et al. (2005). 

We initialize by setting ire = vo = u and choose a not 
very small p, say 10-2  ≤ p. We then proceed itera-

tively as follows: 

1.Adaptive updating of -ye. For a fixed vt_1i 
let 7t  be a p100%-percentile of 8(Z) under vt_ t . 
That is, -yt  satisfies IP,,_,(S(Z) < 11) > p and 
1Pvt_i (S(Z) ≥ 1— p where Z f (-; vt_i). A 
simple estimator 'it  of -yt  can be obtained by tak-
ing a random sample Z(1), ..., Z(N) from the pdf 
f (.; vt_i), calculating the performances S(Z(t)) 
for all €, ordering them from smallest to biggest 
as S(i) < ≤ S(N) and finally evaluating the 
p100% sample percentile as 3t  = Sa on). 

2. Adaptive updating of vt. For a fixed -),t  and 
vt_1, derive vt  from the solution of the program 

max D(v) = max {s(z)<7,} log f (Z; v) . 

(3) 
The stochastic counterpart of (3) is as follows: for 
fixed ;-y't  and cr-t_ i, derive vt  from the following 
program: 

N 
max D(v) = max 1 

N 
E

1. 
- l-{s(z(,)}<7} (€) log, f(Z , v) . 

v t= 
 

(4) 

how many times a value of 0 led to a significant result, and normalize the value of the parameter accordingly. Instead of the updating the parameter vector v di-rectly via the solution of Eq. (4) we use the following smoothed version 

V't = 3V.e + (1 — 0)Ve _ t , (5) 
where ire  is the parameter vector obtained from the solution of (4), and is a smoothing parameter, with 0.7 < < 1. The reason for using the smoothed (5) instead of the original updating rule is to smooth out the values of vt, and to reduce the probability that some component ilt,t  of vt  will be zeros or unities at 
an early stage, and the algorithm will get stuck in a 
local maxima. Note that for 0 < < 1 we always 
have that vt,, > 0, while for /3 = 1 one might have 
(even at the first iterations) that either vt,;  = 0 or 

= 1 for some indices i. As a result, the algorithm 
may converge to a wrong solution. 

Algorithm 2.1 The CE Method for Stochas-
tic Optimization 

1. Choose some Ve. Set t = 1 (level counter). 

2. Generate a sample Z(1), ..., Z(N) from the den-
sity f (.;vt_i) and compute the sample 07o-
percentile 'it  of the sample scores. 

3. Use the same sample Z(1), ..., Z(N) and solve 
the stochastic program (4). Denote the solu-
tion by 

4. Apply (5) to smooth out the vector 

5. If for some t > d, say d = 3, it = = • • • = 
57t_d  then stop; otherwise set t = t + 1 and 
reiterate from step 2. 

We note that if f belongs to the Natural Exponen-
tial Family (e.g., Gaussian, Bernoulli), then Eq. (4) 
has a closed form solution (see de-Boer et al., 2005). 
The CE optimization algorithm is summarized in Al-
gorithm 2.1. In this paper we will assume that f be-
longs to a Bernoulli family. In our case Z = {0,1}n 
and v is an n dimensional vector of numbers between 
0 and 1. The update formula of the kth element in v 
(Eq. (4)) in this case simply becomes: 

N 
= Ee=1 I{s(z(0)≤y,}I{zk )̀=1} 

Et=11{S(Z(1))<iel 
This formula has the interpretation that it counts how 
many times a value of 1 (in I {42=1}) led to a signifi-

cant  result (matches with the indicator Ifs(z(o)cit} )' 

Figure 1. A proto-typical CE algorithm. 

It is found empirically (Rubinstein & Kroese., 2004) 

that the CE method is robust with respect to the 

choice of its parameters N, p and 0, as long as p is 

not too small, 0 < 1, and N is large enough. Typ-

ically those parameters satisfy that 0.01 ≤ p < 0.1, 

0.5 < < 0.9, and N ≥ 3n, where n is the number 

of parameters. Improvements of Algorithm 2.1 include 

the Fully Adaptive CE (FACE) variant, where the pa-

rameters N and p are updated online. See de-Boer 

et al. (2005) for more details. 

3. The CE classifier algorithm 

Problem (1) is a difficult non-convex discontinuous op-

timization problem due to the `zero norm' of a. In 
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order to circumvent the discontinuity we introduce a 

vector of n binary variables  a  E {0,  1}" 
and define 

E = diag(ai, ..., an). We replace  a  with  Ea, 
i.e., the 

vector a multiplies the n dimensional vector a corn-

ponentwise. Thus (1) is transformed to  the 
problem 

minimize + 
subject to Y (KYEex + ≥ 1 — 

> 0 
0 < Ea < C 
a E {0, 1}n, 

with variables ii,cr,6 and E Rn, where 1 is a vec-

tor of ones, K is the kernel matrix satisfying Kij = 

K(x21  xj), and Y = diag(yi, yn). Since any com-

ponent of a can be written as 1 • a if a > 0 or 0 - a if 

a = 0 then problems (1) and (6) are equivalent. 

The zero norm counts the number of non-zero elements 
in a vector. Therefore IlEallo = a n- 1  0, equals the 
number of SVs (in practice a is never exactly zero). 
Denote by a the vector of non-zero elements of vec-
tor Ea. Denote K as the kernel matrix K without 
the columns indicated by the zeros of a and Y as the 
diagonal matrix of labels without the labels indicated 
by the zeros of a. For a given vector a, the problem 
(6) is reduced to: 

minimize 
subject to y (kka-  + bi) ≥ 1 — 

> o 
o < < C, 

with variables (I, b. Notice that the dimension of is equal to the number of SVs, i.e., E in_i  ai. This is typically a much smaller number than the number of training patterns n. Problem (7) is a Linear Program-ming (LP) problem which can be solved with highly efficient optimization algorithms. The number of vari-ables is (E7 ai)+n+1 and the number of constraints is 2n +2 (E7_, ai). Therefore the algorithm is affected by the number of features only when the kernel matrix is initially calculated. We propose to solve problem (1) by using the CE algorithm for the combinatorial opti-mization problem of selecting the set of SVs. We use Bernoulli distribution for f(-; v), with the variable a playing the role of z in the CE method. The objective function is 
S(a) = 1Ta + CiTt, 

where was calculated by  solving 
(7). We chose  p 0. 

, training patterns. The values of parameters p, 13, d are standard' and the value of N was determined via trial 'We found that the CE algorithm is not sensitive  to  

and error to be the lowest number which co • produces the same results as with  a larger jiki.811PrItl, 
Consider the following optimization  
as the "one norm SVM": problem, 

k nrAri 

i +a  

Y + bl.) ≥ 
>0 

0 < a < C, 

Problem (8) is an upper bound on the "zero How 
problem (1). This approach was introduced by stn;i 
et at, (2000, pp. 141-142) and produces

 less spar': solutions than those generated by the "zero norm: problem. From a computational point of view, this 
problem can be solved efficiently. In order to reduce 
the complexity of our algorithm, we first run a one norm SVM, and then only consider the SVs that were 
computed by the one norm as potential SVs. It is rea-
sonable to assume that the majority of SVs of the zero 
norm problem are SVs of the one-norm problem be. 
cause these SVs are representative in some sense. A 
similar approach was adopted in Burges and Scholkopf 
(1997). Thus we suggest to use the solution of problem 
(8) as an initial solution for problem (6). 

Three modifications were made to the standard CE 
algorithm: 

1. The solution a of (7) may have nearly zero ele-
ments. To remove redundancy and to make the 
term of number of SVs in the target function S(e) 
slightly less rigid, we decided that if the value of 

< 10-6  then the corresponding cr)  was set to 
zero. 

2. In a CE iteration frequently identical a vec-
tors are generated (especially near convergence). 
Given the same a, the solution of the convex prob-
lem (7) is identical. Thus computing (7) again is 

superfluous. To avoid this redundancy we used a 
cache for the results of (7). We note that caching 
can be done in an extremely simple way. Each a 
(a vector of ones and zeros) is assigned a bin* 

number corresponding to its value. The a s are 
sorted in ascending order. For each a problem (7) 

tishe( sortd
computed

e)
 only if its value does not apPear 

list of already computed values2. 

3. Before the CE algorithm is executed the non 5Vs 

of the solution of Problem (8) are excluded fram 
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After the target function is calculated with° 
woe of 

dancy, the a vectors are sorted according to the 
their target function as explained in (2.1). 

minimize 
subject to 

(6) 
(8) 

0 
0 
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consideration as potential SVs. All the training 
points (including the "removed" SVs) are still 
taken into account when solving (7). Note that 
this steps guarantees sparser solution than those 1 
generated by Smola et al. (2000). 

In summary, the training phase of the CE classifier al-
gorithm consists of solving typically several thousand 
LP problems. We note that the number of variables 
used by each LP is independent of the number of fea-
tures that only affects the computation of the kernel —4 
matrix, which is performed once. 

2 

0 
CNI 

X -1 

—2 

—3 

—4 —2 0 2 4 
xi 

4. Experiments 

The CE classifier algorithm was compared to the SVM 
and the one-norm SVM (Smola et al., 2000) algorithms 
on one synthetic dataset and five real world two class 
problem datasets taken from the UCI repository (see 
Table 1). 

4.1. Synthetic data 

The synthetic dataset was generated in the following 
manner. The probability of y = 1 or —1 was equal. 
Features xi, x2 were drawn as xlY Ar(Y1, A), with 
the covariance matrix A = VDVT  and 1 a vector 
of ones. The matrix D was diagonal with the values 
1,2 and V a randomly generated unitary matrix. The 
number of training patterns was 300 and the test set 
consisted of 1000 patterns. 

The linear kernel was used for all algorithms. The 
value of hyperparameter C for each algorithm was set 
as the minimizer of the errors on the test set. The SVM 
algorithm achieved 24.5% with 56.7% of the train-
ing patterns. The one-norm SVM algorithm achieved 
24.5% with 0.667% of the training patterns. The CE 
algorithm achieved 24.3% with 0.333% of the train-
ing patterns. Figures 2-4 illustrate the sparsity of the 
one-norm SVM and CE algorithm in comparison to the 
SVM algorithm. The class of each training pattern is 
marked by a circle or a square. If the shape is full, 
this means that the training pattern acts as a support 
vector. Note that the CE algorithm utilizes only one 
training pattern out of 300 for the best results. 

4.2. Real-world data 
Each dataset was divided ten times into a training set 
of 150 patterns and a test set of the remaining pat-
terns. Three kernels were used: 

1. Linear:  
2. Polynomial of degree 5: Kid  = ((Xi, X3) ± 1)5'  

Figure 2. SVM classifier for synthetic problem (56.7% 
SVs). 
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Figure 3. One-norm SVM classifier for synthetic problem 
(0.667% SVs). 
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Figure 4. CE classifier for synthetic problem (0.333% SVs). 

3. Gaussian, or radial basis functions (RBF): Kid  = 

exp(—((Xi, xj) 2), /( .262RBF))• 

I 
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polynomial kernels the 
5-fold cross 

validation error was calculated for C 
 

where d had values between 0.1  and 
0.9 in increments 

The RBF kernel is strongly 
depen 

hyperparameter cyni3F. 
Therefore we set  C 

1 an 
of 0.1.  

the 5-fold cross validation error was calculated for 9 

linearly spaced values of Cr RBF between 1 and 5. Nine 

values were used to match the number of hyperParame 

ter values for the other kernels. This particular range 

of value of hyperparameter aRBF was used because 

we observed that typically for these datasets the kernel 

matrix shifted from an almost unit matrix (9.R.BF = 1) 

to a matrix of ones (49.RBF = 5). 

The training features of all the datasets, algorithms 

and kernels were preprocessed to have zero mean. In 

the case of the linear kernel only zero mean preprocess-

ing was used. In the case of the polynomial kernel 

all datasets but the first dataset were preprocessed to 

have a unit variance (in addition to zero mean). In the 

case of the Gaussian kernel for all but the first dataset 

and only the SVM algorithm for the second and third 

datasets the data were preprocessed to have a unit 

variance (all datasets were preprocessed to have zero 

mean). The test examples were processed accordingly. 

Table 1. The real-world datasets. The value of hyperpa-
rameter C was equal to A for the Bupa dataset to allow 
convergence. 

No. Name Features Patterns 
1 Ionosphere 34 351 
2 Pima 8 768 
3 Wdbc 30 569 
4 Bupa 6 345 
5 Sonar 60 208 

The algorithms are compared by two criteria: the er-ror rate and the number of Support Vectors (SVs). Re-sults for linear kernel, polynomial kernel, and Gaussian kernel are presented in Tables 2, 3, and 4, respec-tively. The criteria was averaged over the partitions into training and test sets. 
The CE classifier produced error rates comparable to the standard SVM algorithm. Yet it consistently did so by using a significantly smaller percentage of SVs. On average, across the real-world datasets, the CE classifier used 29%, 70% 40% less SVs than the one-norm algorithm with the linear, polynomial and Gaussian kernels, respectively. It is interesting to note that this behavior was observed for both a "local" ker-nel (such as the RBF kernel) and a "global" kernel (such as the linear kernel), indicating that this phe-nomena cannot be attributed to the locality of the 
kernel. 

In this paper we considered solving SVM t 

5. Discussion 

regularization Since 

..ype class 

cation problems with zero norm reg 

the optimization problem is non-convex and 

continuous we formulated it as a combinatorial opi&.• 

mization problem and applied the CE method to soiti. 
it. The suggested method was shown to be able to cope 
well with several rather difficult problems. It -  producedeend 
test errors that were statistically similar to SVNi 
L2  regularization. The main benefit of the inethsi

 w

odtihs 
the sparsity of the solution which was significant in all 
the instances we experienced with. 

A natural question at this point would be why did we 
employ the CE method and not some other heuristic 
search method such as genetic algorithms or simulated 
annealing for searching over the set of SVs. There are 
two broad types of heuristic search methods. The first 
type is based on having a proximity relation that fa-
cilitates efficient local search. Examples of this type 
include simulated annealing (Aarts & Korst, 1989) and 
guided local search (Voudouris & Tsang, 1999). The 

second type includes global methods that are typically 

based on iteratively creating collections of solutions, 

improving the quality of the collection from iteration 

to iteration. The first type of search algorithms is 

not suitable for the zero-norm minimization problem 

because the problem has many discontinuities, and al-

gorithms that are based on local search are likely to 

get stuck. Algorithms that employ some penalty func-

tion on traversed areas (such as the guided local search 

algorithm) are not likely to perform well since there 

are many discontinuities leading to an overly compli-

cated penalty function. The CE method belongs to 

the second type of algorithms. As opposed to other 

algorithms of this type, such as genetic algorithms, 

the CE method naturally fits the classification prob-

lem and is easy to use. The CE method does not 

require tedious tweaking or definition of unnatural op-

erators as genetic algorithms do. Finally, similarly to 

simulated annealing the CE method is guaranteed to 

converge to the optimal solution in the large sample 

limit. This provides some theoretical guarantees on 

the performance of the algorithm. 

The computational cost of running the CE based cies: 

sifier is determined by the size of the LP problems ali 

by the available computational resources. Currently'

d 

e
 

r
 

there are excellent and highly optimized LP solvers
  

that are readily available. In the problems we des 
above, a  typical run of the  CE method required 

soli 

mg a few thousand small linear  programs, whuoht the 
be done  rather efficiently. It is worth noting that 

CE classification algorithm is "embarrassingly 
p_ 
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Table 3. degree 5. 
No. SVM One-norm SVM CE 

_ 1 15.3±2.7 (36.1±3.7) 13.7±2.6 (20.5±8.4) 12.5±1.3 (7.1±1.1) 
2 33.2±1.5 (48.8±5.2) 30.6±1.8 (29.5±4.6) 30.2±2.4 (11.2±6.6) 
3 6.0±2.1 (21.9±2.7) 8.5±2.8 (15.1±3.2) 5.6±1.3 (2.5±0.7) 
4 33.7±5.2 (58.0±6.0) 36.3±2.2 (33.9±3.5) 37.9±4.4 (14.4±9.9) 
5 15.9±4.7 (70.3±1.7) _ 20.3±7.0 (51.1±6.8) 23.3±5.3 (6.9±1.6) 

The cross entropy method for classification 

,_,J„ 2.  The error and SV  percentage (in  parentheses) for the real-world datasets with a linear kernel. The 
number

 
after  the 
Jou.- ± represents the standard deviation of either the error or the percentage of SVs. The Iowest error and sparsest solut ion for even. dataset are in boldface. 

No. SVM One-norm SVM _ CE 
1 - 14.7±2.0 (36.4±8.9) 13.0±1.8 (15.1±2.5) 14.6±1.8 (7.7±2.6) 
2 24.3±1.4 (51.2±6.2) 24.6±1.1 (4.9±0.5) 24.8±1.5 (3.9±1.2)  
3 5.7±1.2 (10.1±2.5) 5.9±1.4 (4.8±1.1) 5.9±0.8 (3.7±1.4) -
4 32.6±2.1 (71.9±3.8) 32.5±1.7 (4.0±0.0) 33.4±2.8 (3.1±0.6) 
5 25.9±3.7 (53.7±7.9) 25.5±4.7 (14.7±2.4) 25.5±4.7 (10.3±1.9) 

Table 4. The error and SV percentage (in parentheses) for the real-world datasets with a Gaussian kernel and C = 1. 
No. SVM One-norm SVM CE 
1 9.8±2.3 (76.3±2.2) 6.2±1.5 (19.3±3.1) 6.6±2.3 (14.1±2.6) 
2 27.5±1.7 (67.9±5.1) 25.2±3.0 (12.9±4.9) 25.4±3.3 (8.5±1.7) 
3 7.5±0.8 (42.4±3.4) 4.6±1.5 (14.4±1.5) 4.7±1.4 (9.7±1.2) 
4 34.4±3.0 (93.4±1.6) 36.9±3.9 (28.3±25.5) 36.9±4.6 (10.4±4.3) 

5 46.7±6.3 (100.0±0.0) 24.3±3.5 (41.7±6.2) 24.5±3.7 (22.5±2.5) 

lel" since the sampling method and calculation of the 
score (solving the LP) can be efficiently divided across 
processors. As a result, a speedup which is linear in 
the number of available CPUs can be obtained. 

We observed in experiments that using the CE method 
as a second phase after running one norm SVM re-
sults in a sparser solution with a similar error. The 
CE method can therefore be considered as a post-
Prwssing phase, where classifiers that are obtained 
using a "standard" method are being made sparser. 
I‘e expect that even greater gain would be obtained 
for regression problems. For such problems, the frac-
tIce of SVs that is typically obtained by kernel meth-
°cIsi  is large. The issue of using the  CE method to 
tether sparsify regressors is left for future research. 

T
a

il! classification algorithm we suggested operates on tatsmgle data set. In order to speed-up the compu-
ksel°11 for  large data sets, it may be of interest to 

active set methods (see Mangasarian & Musicant, 
The  for

id
 consideration of active set methods  in  SVMs). 

roultiple ea  to partition the classification problem to 
smaller optimization problems. After each of 

Problems is solved obtained  , separately a global solution 
by merging the solutions of the smaller  

problems. This may be done, perhaps, by interleaving 
activation of one norm SVMs with CE method type 

iterations on different parts of the data set. This issue 

is left for future research. 
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Evolutionary tuning of multiple SVM parameters

Frauke Friedrichs, Christian Igel�

Institut für Neuroinformatik, Ruhr-Universität Bochum, 44780 Bochum, Germany
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Abstract

The problem of model selection for support vector machines (SVMs) is considered. We

propose an evolutionary approach to determine multiple SVM hyperparameters: The

covariance matrix adaptation evolution strategy (CMA-ES) is used to determine the kernel

from a parameterized kernel space and to control the regularization. Our method is applicable

to optimize non-differentiable kernel functions and arbitrary model selection criteria. We

demonstrate on benchmark datasets that the CMA-ES improves the results achieved by grid

search already when applied to few hyperparameters. Further, we show that the CMA-ES is

able to handle much more kernel parameters compared to grid-search and that tuning of the

scaling and the rotation of Gaussian kernels can lead to better results in comparison to

standard Gaussian kernels with a single bandwidth parameter. In particular, more flexibility of

the kernel can reduce the number of support vectors.

r 2004 Elsevier B.V. All rights reserved.

Keywords: Support vector machines; Model selection; Evolutionary algorithms

1. Introduction

Support vector machines (SVMs, e.g., [5,22,24]) are learning machines based on
two key elements: a general purpose linear learning algorithm and a problem specific
kernel that computes the inner product of input data points in a feature space. The
choice of the kernel function is the crucial step in handling a learning task with an
SVM. For example, it is important to achieve a distribution of the data in the feature

ARTICLE IN PRESS

www.elsevier.com/locate/neucom

0925-2312/$ - see front matter r 2004 Elsevier B.V. All rights reserved.

doi:10.1016/j.neucom.2004.11.022

�Corresponding author. Tel.: +492343225558; fax: +49 2343214209.

E-mail address: christian.igel@neuroinformatik.rub.de (C. Igel).

Page 153 of 265

 Available online at www.sciencedirect.com 

SCIENCE/!? DIRECT• 

 

N E U ROC OM PUTI NG 

  

www.elsevier.com/locate/neucom


space that reflects the affiliation to the class labels. Often a parameterized family of
kernel functions is considered and the problem reduces to finding an appropriate
parameter vector for the given problem. In case of noisy, non-separable data one
also has to choose a regularization parameter, which controls the trade-off between
minimizing the training error and the complexity of the decision function. The kernel
parameters together with the regularization parameter are called the hyperpara-
meters of the SVM.

In practice the hyperparameters are usually determined by grid search. That is, the
hyperparameters are varied with a fixed step-size through a wide range of values and
the performance of every combination is assessed using some performance measure.
Because of the computational complexity, grid search is only suitable for the
adjustment of very few parameters. Perhaps, the most elaborate systematic technique
for choosing multiple hyperparameters are gradient descent methods [3,4,8,15].
These algorithms iterate the following procedure: The SVM is trained using the
current hyperparameter vector, the gradient of some generalization error bound
w.r.t. the hyperparameters is calculated, and a step is performed in the parameter
space based on this gradient. However, this approach has some significant
drawbacks. The kernel function has to be differentiable. The score function for
assessing the performance of the hyperparameters (or at least an accurate
approximation of this function) also has to be differentiable with respect to kernel
and regularization parameters. This excludes reasonable measures such as the
number of support vectors. In [3, Section 6.2] separability of the dataset is assumed
when computing the derivative, which is a very restrictive assumption. Iterative
gradient-based algorithms, which usually rely on smoothed approximations of a
score function, do not ensure that the search direction points exactly to an optimum
of the original, often discontinuous generalization performance measure.

We propose an evolutionary method for hyperparameter selection that does not
suffer from the limitations described above. Evolutionary algorithms have been
successfully applied to model selection for neural networks [11,18,25]. This includes
the recent applications of genetic algorithms for feature selection of SVMs
[6,7,14,17]. We use the covariance matrix adaptation evolution strategy (CMA-ES,
[10]) to search for an appropriate hyperparameter vector. The fitness function that is
optimized directly corresponds to some generalization performance measure. We
apply our method to tuning Gaussian kernels, where not only the scaling but also the
orientation is adapted.

We give a short description of SVMs in Section 2 and of the CMA-ES in Section 3.
The parameterization of general Gaussian kernels is introduced in Section 4. We
present experimental results in Section 5 and draw our conclusions in Section 6.

2. Support vector machines

We consider L1-norm soft margin SVMs for the discrimination of two classes. Let
ðxi; yiÞ; 1pip‘; be the training examples, where yi 2 f�1; 1g is the label associated
with input pattern xi 2 X : The main idea of SVMs is to map the input vectors to a
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feature space F and to classify the transformed data by a linear function. The
transformation f : X ! F is implicitly done by a kernel K : X � X ! R; which
computes an inner product in the feature space, i.e., Kðxi; xjÞ ¼ hfðxiÞ;fðxjÞi: The
linear function for classification in the feature space is chosen according to a
generalization error bound considering a target margin and the margin slack vector,
i.e., the amounts by which individual training patterns fail to meet that margin (cf.
[5,22,24]). This leads to the SVM decision function f ðxÞ ¼ signð

P‘
i¼1 yia

�
i Kðxi; xÞ þ

bÞ; where the coefficients a�i are the solution of the following quadratic optimization
problem: Maximize W ðaÞ ¼

P‘
i¼1 ai �

1
2

P‘
i;j¼1 yiyjaiajKðxi; xjÞ subject to

P‘
i¼1 aiyi ¼

0 and 0paipC for i ¼ 1; :::; ‘: The optimal value for b can then be computed based
on the solution a�: The vectors xi with ai40 are called support vectors. The
regularization parameter C controls the trade-off between maximizing the target
margin and minimizing the L1-norm of the margin slack vector of the training data.

3. Evolution strategies

Evolution strategies (ES, [2,20,23]) are one of the main branches of evolutionary
algorithms, i.e., a class of iterative, direct, randomized optimization methods
mimicking principles of neo-Darwinian evolution theory. Here, we use the highly
efficient CMA-ES [9,10]. A set of m individuals that form the parent population is
maintained. Each individual has a genotype that encodes a candidate solution for the
optimization problem at hand, in this study an m-dimensional real-valued object
variable vector representing the SVM hyperparameters. The fitness of an individual
is equal to the objective function value at the point in the search space it represents.
In each iteration of the algorithm, l4m new individuals, the offspring, are generated
by partially stochastic variations of parent individuals. The fitness of the offspring is
computed and the m best of the offspring form the next parent population. This loop
of variation and selection is repeated until a termination criterion is met.

In the following, we describe the covariance matrix adaptation ES (CMA-ES)
proposed in [9,10], which performs efficient real-valued optimization. Each
individual represents an m-dimensional real-valued object variable vector. These
variables are altered by two variation operators, intermediate recombination and
additive Gaussian mutation. The former corresponds to computing the center of
mass of the m individuals in the parent population. Mutation is realized by adding a
normally distributed random vector with zero mean. In the CMA-ES, the complete
covariance matrix of the Gaussian mutation distribution is adapted during evolution
to improve the search strategy. More formally, the object parameters gðtÞ

k of offspring
k ¼ 1; . . . ; l created in generation t are given by

g
ðtÞ
k ¼ h~giðtÞ þ sðtÞBðtÞDðtÞz

ðtÞ
k ,

where h~giðtÞ ¼ ð1=mÞ
Pm

i¼1 ~gi
ðtÞ is the center of mass of the parent population in

generation t and the zðtÞk � Nð0; IÞ are independent realizations of an m-dimensional

normally distributed random vector with zero mean and covariance matrix equal to
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the identity matrix I : The covariance matrix C ðtÞ of the random vectors

sðtÞBðtÞDðtÞz
ðtÞ
k � Nð0;C ðtÞ

Þ

is a symmetric positive m � m matrix with

C 0ðtÞ
¼ C ðtÞ=sðtÞ

2
¼ BðtÞDðtÞðBðtÞDðtÞÞ

T.

The columns of the orthogonal m � m matrix BðtÞ are the normalized eigenvectors of

C 0ðtÞ and DðtÞ is a m � m diagonal matrix with the square roots of the corresponding
eigenvalues.

The strategy parameters, both the matrix C 0ðtÞ and the so-called global step-size
sðtÞ; are updated online using the covariance matrix adaptation (CMA) method. The
key idea of the CMA is to alter the mutation distribution in a deterministic way such
that the probability to reproduce steps in the search space that have led to the
current population is increased. This enables the algorithm to detect correlations
between object variables and to become invariant under orthogonal transformations
of the search space (apart from the initialization). In order to use the information
from previous generations efficiently, the search path of the population over a
number of past generations is taken into account.

In the CMA-ES, rank-based ðm; lÞ-selection is used for environmental selection.
That is, the m best of the l offspring form the next parent population. After selection,
the strategy parameters are updated:

sðtþ1Þ ¼ ð1 � cÞsðtÞ þ cu
ffiffiffi
m

p
BðtÞDðtÞhziðtÞm|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}ffiffi

m
p

sðtÞ
ðh~giðtþ1Þ�h~giðtÞÞ

,

C 0ðtþ1Þ
¼ ð1 � ccovÞC

0ðtÞ
þ ccovsðtþ1Þðsðtþ1ÞÞ

T.

Herein, sðtþ1Þ 2 Rm is the evolution path—a weighted sum of the centers of

the population over the generations starting from sð1Þ ¼ 0: The factor
ffiffiffi
m

p

compensates for the loss of variance due to computing the center of mass. The

parameter c 2 �0; 1� controls the time horizon of the adaptation of s; we set c ¼

1=
ffiffiffiffi
m

p
: The constant cu ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cð2 � cÞ

p
normalizes the variance of s (viewed as a

random variable) as 12 ¼ ð1 � cÞ2 þ c2
u: The expression hziðtÞm ¼ ð1=mÞ

Pm
i¼1 z

ðtÞ
i:l is the

average of the realizations of the random vector that led to the new parent
population, where i : l denotes the index of the offspring having the ith best fitness

value of all offspring in the current generation (~gðtþ1Þ
i ¼ gðtÞ

i:l; i ¼ 1; . . . ; m). The

parameter ccov 2 ½0; 1½ controls the update of C 0ðtÞ and we set it to ccov ¼ 2=ðm2 þ mÞ:

This update rule shifts C 0ðtÞ towards the m � m matrix sðtþ1Þðsðtþ1ÞÞ
T making mutation

steps in the direction of sðtþ1Þ more likely. The evolution path does not only represent
the last (adaptive) step of the parent population, but a time average over all previous
adaptive steps. The influence of previous steps decays exponentially, where the decay
rate is controlled by c.
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The adaptation of the global step-size parameter s is done separately on a shorter
timescale (a single parameter can be estimated based on less samples compared to the
complete covariance matrix). We keep track of a second evolution path ss without
the scaling by D:

sðtþ1Þ
s ¼ ð1 � csÞs

ðtÞ
s þ cus

ffiffiffi
m

p
BðtÞhziðtþ1Þ

m ,

sðtþ1Þ ¼ sðtÞ exp
ksðtþ1Þ

s k � v̂n

dv̂n

	 

,

where v̂n is the expected length of a m-dimensional, normally distributed random
vector with covariance matrix I : The damping parameter dX1 decouples the
adaptation rate from the strength of the variation. We set d ¼

ffiffiffiffi
m

p
and start from

sð1Þs ¼ 0: The parameter cs 2 �0; 1� controls the update of ss: Here, we use cs ¼ c:
Setting cus ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
csð2 � csÞ

p
normalizes the variance of ss: The evolution path ss is the

sum of normally distributed random variables. Because of the normalization, its
expected length would be v̂n if there were no selection. Hence, the update rule
basically increases the global step size if the steps leading to selected individuals have
been larger than expected and decreases the step size in the opposite case.

The CMA-ES needs only small population sizes. In the following, they are chosen
according to the heuristics l ¼ maxð5;minðm; 4 þ b3 ln mcÞÞ and m ¼ maxð1; bl=4cÞ

based on [10], where m is the number of object variables. The initializations of C 0ð1Þ

and sð1Þ allow for incorporation of prior knowledge about the scaling of the search
space (see Section 5.1). Note that all other parameters of the algorithm can be set to
the carefully determined default values given in [9,10]. Of course, tuning for example
the cumulation by changing c and cs for a particular class of cost functions can
increase the search performance, but without additional knowledge about the
objective function we stick to the robust default values, see [10] for a detailed
discussion.

4. Encoding general Gaussian kernels

We consider SVMs with general Gaussian kernels

KAðx; zÞ ¼ e�ðx�zÞTAðx�zÞ,

where A is a symmetric positive definite matrix. We use three different
parameterizations of these kernels yielding three nested spaces of kernel functions.
Firstly, there are the ordinary Gaussian kernels KtI ; where I is the unit matrix and
t40 the only adjustable parameter. Secondly, we allow independent scalings of the
components of the input vectors and consider the kernel family KD; where D is a
diagonal matrix with positive entries. Finally, we allow arbitrary symmetric positive
definite matrices A; i.e., the input space can be scaled and rotated. This kernel family
is denoted simply by KA:
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The individuals in the ES encode the regularization parameter C and the kernel
parameters. The ES obeys restrictions of parameters to Rþ when necessary (see
below). However, when encoding KA kernels, we have to ensure that after variation
the genotype still corresponds to a feasible (i.e., symmetric, positive definite) matrix.
We use the fact that for any symmetric and positive definite n � n matrix A there
exists an orthogonal n � n matrix T and a diagonal n � n matrix D with positive
entries such that A ¼ TTDT and

T ¼
Yn�1

i¼1

Yn

j¼iþ1

Rðai;jÞ,

see [21]. The n � n matrices Rðai;jÞ are elementary rotation matrices which are equal
to the unit matrix except for ½Rðai;jÞ�ii ¼ ½Rðai;jÞ�jj ¼ cos aij and ½Rðai;jÞ�ji ¼

�½Rðai;jÞ�ij ¼ sin aij : Each genotype encodes the n þ ðn2 � nÞ=2 þ 1 parameters

ðC0; d1; . . . ; dn; a1;2; a1;3; . . . ; a1;n; a2;3; a2;4; . . . ; a2;n; . . . ; an�1;nÞ,

and we set D ¼ diagðjd1j; . . . ; jdnjÞ and C ¼ jC0j:

5. Experimental evaluation

5.1. Experiments

For the evaluation of our hyperparameter optimization method we used the
common medical benchmark datasets Breast-Cancer, Diabetes, Heart, and Thyroid

with input dimension n equal to 9, 8, 13, and 5, and total number of patterns 277,
768, 270, and 215, respectively. The data were preprocessed and partitioned as in
[19]. Each component of the input data is normalized to zero mean and unit standard
deviation. There are 100 partitions of each dataset into disjoint training and test sets.
In [16], appropriate SVM hyperparameters for the Gaussian kernel KtI were
determined using a two-stage grid-search and the following score function: For each
hyperparameter combination, five SVMs are built using the training sets of the first
five data partitions and the average of the classification rates on the corresponding
five test sets determines the score value (Test-5) of this parameter vector. The
hyperparameter vector with the best score is selected and its performance is
measured by calculating the score function using all 100 partitions (Test-100).1

We used this scenario as a basis for our evolutionary hyperparameter adaptation
approach: We took the results of the grid search performed in [16] as initial values
for the CMA-ES and used the score function described above to determine the
fitness. The initializations of t and C were approximately 0:00661 and 280, 0:00090
and 274, 0:00120 and 8:8; and 0:05863 and 401 for Breast-Cancer, Diabetes, Heart,
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[16,19], the data for computing Test-5 and Test-100 overlap and hence Test-100 is only a weak indicator

for the generalization performance. However, we tested other evaluation criteria which gave qualitatively

the same results.
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and Thyroid, respectively. Grid-search reveals that the hyperparameter optimization
problem is indeed multi-modal, see Fig. 1 for an example. It is not necessary to
determine the starting points for the ES by grid search. Typically, we start the CMA-
ES from a randomly chosen point or in an area which was roughly determined by a
very coarse grid search.

For each benchmark dataset and each of the three kernel families, 20 evolutionary
optimizations over 250 generations were performed. In each trial, the hyperpara-
meter vector with the best fitness value (Test-5) was regarded as the solution. The
performance of each solution was assessed by calculating the score using all 100 data
partitions (Test-100). The SVMs were trained using SVMlight [13]. We set the
parameters of the initial CMA mutation distribution to sð1Þ ¼ 1 and C 0ð1Þ

¼

diag ð0:001; 0:00001; . . . ; 0:00001Þ; because the regularization parameter C should be
varied stronger compared to the kernel parameters in the beginning.

5.2. Results

We compared the start values of Test-5 and Test-100 with the results obtained by
the ES, see Table 1. Except for a few cases, we achieved significantly (t-test, po0:05)
better results by evolutionary optimization. The ES could even improve the
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Fig. 1. Score function (average classification rates on the five test sets, Test-5, in percent) for the Heart

dataset using KtI with different combinations of C and t:
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performance when adapting KtI in some cases, although the initial values were
already tuned for KtI by intensive grid search.

We also used a t-test to compare the performance of the resulting SVMs when the
evolutionary search was performed in the three spaces of kernel functions. The
scaled kernels KD as well as the scaled and rotated kernels KA led to significantly
(po0:05) better results compared to the ordinary Gaussian kernel KtI (except for
Diabetes: Test-100 with kernel KA). The major improvement was already achieved
by allowing scaling. However, in one case (Breast-Cancer: Test-5) the kernel KA with
the additional rotation parameters gave significantly (po0:05) better results than just
scaling.

There is another remarkable advantage of the scaled kernel KD and the scaled and
rotated kernel KA: The number of support vectors decreases. Evolutionary
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Table 1

Results averaged over 20 trials � standard deviations

Data Kernel t̂ l Test-5 Test-100 #SV-100

init 73:77 74:51 113:52
KtI 10 � 15 5 74:00� 0:08* 74:56 � 0:04* 114:58 � 1

C KD 83 � 42 10 76:91� 0:96* 75:17 � 0:65* 113:10 � 0:89*

KA 179� 59 15 77:47� 0:53* 75:38 � 0:42* 112:70 � 0:68*

init 76:34 76:67 247:83
KtI 102� 78 5 76:84� 0:11* 76:67 � 0:04 251:63 � 8:14

D KD 149� 56 9 78:10� 0:22* 76:88 � 0:25* 239:31 � 2:84*

KA 181� 56 14 78:07� 0:19* 76:73 � 0:32 235:73 � 3:43*

init 83:80 84:79 106:33
KtI 10 � 17 5 83:81� 0:04 84:74 � 0:04 103:37 � 0:97*

H KD 97 � 41 11 85:71� 0:43* 84:98 � 0:36* 76:52� 2:10*

KA 153� 47 17 85:86� 0:17* 85:14 � 0:33* 75:51� 1:5*

init 96:27 95:83 16:36
KtI 3 � 5 5 96:56� 0:08* 95:74 � 0:2 15:99� 1:01

T KD 16 � 35 6 97:29� 0:1* 96:01 � 0:04* 15:46� 0:12*

KA 5 � 3 12 97:33� 0* 96:01 � 0:05* 15:42� 0:18*

The first column specifies the benchmark: Breast-Cancer (C), Diabetes (D), Heart (H), and Thyroid (T).

The second column indicates whether the results refer to the initial grid search values (init, [16]) or to the

evolutionary optimized kernels KtI ; KD; or KA: The t̂ values are the generations needed to evolve the final

solution on average and l is the number of offspring per generation (m is chosen according to the heuristic

given in Section 3). Thus, t̂ � l indicates the average computational costs to find the final parameters, of

course, good values are already found earlier in the evolutionary process. The percentages of correctly

classified patterns on the 5 and 100 test sets are given by Test-5 and Test-100. The average numbers of

support vectors over the 100 training sets is #SV-100. Results statistically significantly better compared to

grid-search (init) are marked with.

The average numbers of support vectors over the 100 training sets is #SV-100.
*(significantly better compared to grid-search (init), two-sided t-test, po0:05).
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adaptation of kernels KD and KA led to SVMs having significantly less support
vectors compared to the ordinary kernel KtI optimized by the ES or grid-search, see
Table 1. Again, in one case (Diabetes) the kernel KA with additional rotation
parameters yielded a significantly (po0:05) better result than just scaling.

6. Conclusions

The CMA evolution strategy is a powerful, general method for SVM
hyperparameter selection. It can handle a large number of kernel parameters and
does neither require differentiable kernels and model selection criteria nor
separability of the data. As typical selection criteria exhibit multiple local optima
(e.g., see Fig. 1 and [8]), we claim that evolutionary optimization is generally better
suited for SVM model selection than gradient-based methods.

It is often argued that evolutionary optimization of kernels is too time consuming
for real-world applications. Given a certain amount of time for designing the
classifier, there is a maximum number of objective function evaluations—and the
question is how to spend these evaluations. Grid-search, for example, scales
exponentially in the number of objective parameters. In contrast, a simple evolution
strategy scales linearly on functions that are monotone with respect to the distance to
the optimium [1,12]. The objective functions in case of SVM optimization seem to be
well suited for evolution strategies (see Fig. 1), which can follow a global trend that is
superposed by local minima. Thus, in problems which are currently addressed by
grid-search the number of objective parameters and the accuracy of the optimization
can be increased when using an evolutionary algorithm.

We demonstrated that extended Gaussian kernels with scaling (and rotating)
parameters can lead to a significantly better performance than standard Gaussian
kernels. To our knowledge, for the first time a method that adapts the orientation of
Gaussian kernels—i.e., that can detect correlations in the input data space relevant

for the kernel machine—was presented. Our experiments show that by increasing the
flexibility of the kernels the number of support vectors can be reduced. Future work
will address other, especially non-differentiable kernels and optimization criteria.
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Abstract. The similarity measures used in first-order IBL so far have been limited to the function-free case. In
this paper we show that a lot of power can be gained by allowing lists and other terms in the input representation and
designing similarity measures that work directly on these structures. We present an improved similarity measure
for the first-order instance-based learnerRIBL that employs the concept ofedit distancesto efficiently compute
distances between lists and terms, discuss its computational and formal properties, and empirically demonstrate its
additional power on a problem from the domain of biochemistry. The paper also includes a thorough reconstruction
of RIBL’s overall algorithm.

Keywords: inductive logic programming, relational instance-based learning

1. Introduction

For propositional learning problems instance-based learning (IBL) algorithms have always
been a very popular and well studied choice (Aha, 1997; Aha, Kibler & Albert, 1991;
Wettschereck & Dietterich, 1995). An instance-based algorithm does not compute a gener-
alization of the examples at learning time, but simply stores the examples or variants thereof
and then arrives at a classification based on comparing a new instance to the previously
stored instances. Since generalization is delayed until classification time, such algorithms
are also referred to aslazy learningalgorithms (Aha, 1997; Aha, Kibler & Albert, 1991).
Even the simplest instance-based learning algorithm, thek-nearest neighbor (kNN) clas-
sifier, is known to outperform other approaches for many application problems. More
advanced variants address the problem of sensitivity to irrelevant features by learning fea-
ture weights (Wettschereck, Mohri & Aha, 1997) and the problem of overly large instance
sets by storing selected examples or generalized prototypes (Aha, Kibler & Albert, 1991;
Salzberg, 1991).
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54 T. HORVÁTH, S. WROBEL AND U. BOHNEBECK

In first-order relational learning, as it is studied e.g. in the field of Inductive Logic
Programming (ILP) (Muggleton & De Raedt, 1994; Wrobel, 1996) the use of instance-based
learning techniques was first described in Emde and Wettschereck (1996), and implemented
in the first version of the Relational Instance-Based Learning systemRIBL. Even though this
original version ofRIBL was limited to function-free relational representations, it was applied
very successfully to practical problems such as the classification of Diterpene molecules
based on their nuclear magnetic resonance (NMR) spectra (Dz̆eroski et al., 1996).

In this paper we present the most recent version ofRIBL which has been extended to
now handle relational representations with lists and other functional terms as well. To this
end we define an improved similarity measure forRIBL that employs the concept ofedit
distancesto efficiently compute distances between lists and terms. With experiments in
a real-world domain (signal structure prediction in mRNA-molecules) we show that the
new similarity measure allows significant additional power to be gained. The paper also
includes a thorough reconstruction of the basic originalRIBL algorithm and can thus serve
as a precise reference toRIBL which has previously only been described in the conference
paper (Emde & Wettschereck, 1996).

The paper is organized as follows: In the next section we briefly review the basics of IBL
and propositional similarity measures. In Section 3, we then give a detailed reconstruction
of theRIBL algorithm that supplements the original paper of (Emde & Wettschereck, 1996).
Section 4 then presents the main technical contribution of this paper, the new similarity
measure for constants, lists and terms. We discuss its computational properties and prove
that the measure is a semi-metric. Section 5 is devoted to the empirical evaluation on
the mRNA signal structure prediction problem first presented in Bohnebeck, Horváth and
Wrobel (1998a). In Section 6 we discuss related work. Section 7 contains our conclusions
and pointers to future work.

2. Instance-based learning and RIBL

In function learning from examples, a learner is given a set of examplesE from an instance
spaceI along with a class label or target valuec(e) ∈ Y for eache ∈ E. If Y contains
only a few discrete values, one often speaks of a classification learning problem; ifY has
only two values, the task is referred to as concept learning, and one of the target function
values (e.g.,c(e) = 1) is taken to mean “e is a member of the target concept”, and the other
value (e.g.,c(e) = 0) is taken to mean “eis not a member of the target concept”. IfY is a
continuous set such asR, the problem is also named a regression learning problem. From
these examples, most inductive learners would induce a hypothesish that is a generalization
of the examples, e.g., a decision tree, and use it to classify new, unseen examples, i.e., the
learner’s predictionc′ for a new instanceenew ∈ I would be

c′(enew) := h(enew).

An instance-basedlearner, on the other hand, in its simplest form just stores all of the
examplesE. It then bases its prediction on thosek examples fromE that are “closest” toenew

(wherek is a user-given or system determined parameter). To this end, the instance-based
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learner possesses (or is given) adistance measureDIST

DIST : I × I → R

that assigns a real number to each pair of instances such that “closer” pairs of instances are
assigned smaller numbers. In the following, we will assume that DIST is bounded between
0 and 1, so we can equivalently speak of thesimilarity measureSIM defined as

SIM(x, y) := 1− DIST(x, y).

The learner uses SIM (or DIST) to determine thek nearest neighbors N(enew) = {en1, . . . ,

enk} ⊆ E of enew (breaking ties arbitrarily), and lets these nearest neighbors “vote” to arrive
at a prediction forenew. Usually, each neighbor’s vote is weighted according to its distance,
so that closer neighbors have larger influence.

For a discrete prediction problem with class valuesY = {c1, . . . , cm}, we select the class
which individually has received the highest weighted vote. More precisely, letNcj (enew) :=
{e∈ N(enew) | c(e) = cj } denote the neighbors ofenew voting for classcj . Then the voting
procedure is:

h(enew) := argmaxcj∈C

∑
e∈Ncj (enew)

SIM(enew, e).

For a continuous prediction problem, instead of selecting the value that received the
highest vote, we predict the weighted average of the neighbors’ class values:

h(enew) :=
∑

e∈N(enew)
SIM(enew, e) · c(e)∑

e∈N(enew)
SIM(enew, e)

.

For obvious reasons, this simplest instance-based learner is also called ak-nearest neigh-
bor classifier(kNN). The valuek is usually determined by the learner using cross validation
on the training set, choosing the value ofk that performs best.

Since an instance-based learner delays generalization until classification time, such algo-
rithms are also referred to aslazy learningalgorithms. Based on the kNN algorithm, various
more sophisticated approaches have been studied to address some of the open issues with
kNN. First, for large example sets, storing all the examples might require too much storage
and too much time for finding the nearest neighbors. This problem can be addressed by
storing only selected examples (Aha, Kibler & Albert, 1991) or using generalized proto-
types or rectangles in instance space (Salzberg, 1991). Second, the problem of sensitivity to
irrelevant features has been addressed by different weight learning schemes (Wettschereck,
Mohri & Aha, 1997).

2.1. Propositional similarity measures

Since the similarity measure is the central element of an instance-based learner, let us have
a closer look at its required properties. These are easier to express for distance measures.
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Ideally, a distance measure should be ametric:

DIST(x, y) ≥ 0 (1)

DIST(x, y) = 0 iff x = y (2)

DIST(x, y) = DIST(y, x) (3)

DIST(x, y) ≤ DIST(x, z)+ DIST(z, y) (4)

for everyx, y, z ∈ I. A metric DIST is said to betrivial if for every x, y ∈ I

DIST(x, y) =
{

0 i fx = y

1 otherwise.

DIST is a semi-metricif Condition (4) (thetriangle inequality) does not hold. Relaxing
Condition (2) to DIST(x, x) = 0 for ∀x ∈ I, we get the definition ofpseudo-metric. A
metric, semi-metric or pseudo-metric DIST is r -bounded(r ∈ R) if r is an upper bound on
the values of DIST. In this paper, all distance (and thus similarity) measures considered are
1-bounded.

Depending on how instances inI are represented, defining a distance measure (or simi-
larity measure, respectively) that satisfies the above conditions is more or less difficult. For
propositional representations including both numeric and discrete attributes, one usually
defines distance measures on individual attributes depending on their type.

Let TYPE(A) denote the type of an attributeA. For a numerical attributeA with value
range [a, b] (TYPE(A) := number (a, b)), we define the similarity of two attribute values
r1 andr2 as

SIMatt(r1, r2, A) = 1− |r1− r2|
b− a

.

For a discrete attributeA (TYPE(A) := discrete ), we define the similarity of two attribute
valuesd1 andd2 by

SIMatt(d1, d2, A) =
{

1 i fd1 = d2

0 otherwise.

From these, the overall similarity of two instances is computed as the average of the
similarities of all attributes. More precisely, letA1, . . . , An denote the attributes describing
the instances, and leti [ j ] denote the value of attributeAj for a particular instancei . Then
define the similarity of two instancesi1, i2 ∈ I as

SIM(i1, i2) :=
∑

j=1,...,n SIM(i1[ j ], i2[ j ], Aj )

n
.

We note that if desired, attribute weights may be assigned or learned (Wettschereck,
Mohri & Aha, 1997); in this case, the weighted average is used in the above formula.
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3. First-order instance-based learning inRIBL

RIBL, as first introduced in Emde and Wettschereck (1996), is a first-order instance-based
learner that applies the basic principles of IBL as described above to an instance space con-
sisting of first-order descriptions. More precisely,RIBL uses ak-nearest-neighbor algorithm
that determines the value ofk through cross-validation on the training set. It differs from
the basic algorithm firstly through its first-order learning task and similarity measure, and
secondly through its use of a special weight learning scheme for predicates and arguments.
Due to space reasons, we do not describe this weight learning approach here, and refer
the reader to Emde and Wettschereck (1996) for details. Instead, in this section, we give
a detailed definition of the learning task addressed byRIBL and then provide a thorough
reconstruction of the first-order similarity measure that supplements the short description
in Emde and Wettschereck (1996).

3.1. Learning task

RIBL turns the basic instance-based learning problem into a first-order version by allowing
each instance to be described not only by numerical and discrete attributes, but also by
attributes of type object (TYPE(A) = object ) containing object identifiers that point to
further information in a separately specified body ofbackground knowledgeB, a database
consisting of first-order ground atoms (first-order facts). Let us first illustrate this with an
example.

Assume we want to send a culinary present to a friend, and want to classify a number
of prepackaged present sets from different vendors according to whether they aresuitable
for our friend or not. Based on a few manually classified examples, we want further offers
to be classified automatically byRIBL. Assume that about each set, we know its price
and delivery mode (personal, mail, or pick-up). Each instance will be represented by three
attributes: its identifier, price, and delivery mode. In addition, we know the contents of each
package which for simplicity we assume consist of different red wines and cheeses. We also
know something about different vineyards. Thus, our first package might be represented as
follows:

e : (set1,125,personal) with c(e) = suitable,

whereas a new package to be classified might be represented by

enew : (set25,195,mail) without classification, i.e.,c(enew) =?.

In these instances the first argument (set1 and set25, respectively) is of typeobject and
refers to further information in the background knowledgeB, such as:

% set ID, cheese type, weight, and origin of cheese
cheese(set1,camembert, 150,france)
cheese(set25,roquefort, 200,france)
cheese(set25,ricotta,100,italy)
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% set ID, vineyard ID, vintage year, and bottle size
wine(set1,mouton,1988,0.75)
wine(set1,gallo,1995,0.5)
wine(set25,mouton,1995,0.75)

% vineyard ID, popularity, size, country
vineyard(gallo,famous,large,usa)
vineyard(mouton,famous,small, france)

Note thatB contains both general background knowledge and knowledge specific to in-
dividual instances. This particular example uses the function-free representation of Emde
and Wettschereck (1996); below, we also allow arguments of typeconstant (with custom
defined distances),list (which may contain lists), and arguments of typeterm (which
may contain arbitrary first-order terms). Thus, the exact task considered in this paper is
defined as follows.

Given:

• a set of examplesE, each described by a set of attributes{A1, . . . , An} of typenumber ,
discrete , object , constant , list , or term ,
• a target value1 c(e) for everye∈ E,
• background knowledgeB consisting of first-order atoms with arguments of type

number , discrete , object , list , or term , and
• a set of unseen instancesEnew each described by the same attributes asE.

Find: A predictionc′(e) of the target value for eache∈ Enew.

3.2. Similarity Computation inRIBL

To compute the similarity of two first-order instances, naturally we want to take into account
not only the attributes of the instances, but also the available background knowledge. To this
end,RIBL uses a recursive descent strategy similar to the one employed in Bisson (1992b).
We first illustrate the idea using our wine and cheese running example (see also figure 1).
So assume we want to compareeandenew. For the arguments expressing price and delivery
mode, we simply rely on the standard distances for numerical and discrete attributes. To
compare the object identifiersset1 andset25, however, we first collect all we know about
these two objects from the background knowledge. In our example we obtain the two sets
Lset1 andLset25 of logical atoms

Lset1 = {cheese(set1,camembert, 150,france),

wine(set1,mouton,1988,0.75),

wine(set1,gallo,1995,0.5)},
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Figure 1. The recursive scheme for computing the similarity betweene andenew.

Lset25 = {cheese(set25,roquefort, 200,france)

cheese(set25,ricotta,100,italy)

wine(set25,mouton,1995,0.75)},
respectively.
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We now have to compute the similarity between these two sets of atoms. We do this
separately for each predicate that is used, and then average across all of them. So taking
the atoms using “wine” as an example, we get the subsets

L′set1 = {wine(set1,mouton,1988,0.75),wine(set1,gallo,1995,0.5)},
L′set25 = {wine(set25,mouton,1995,0.75)},

respectively. For each atom in the smaller set, which in this case is the setL′set25 for enew,
we determine which of the atoms in the other set is most similar. Thus in our example we
compute the similarity between

wine(set25,mouton,1995,0.75) and wine(set1,mouton,1988,0.75),

and between

wine(set25,mouton,1995,0.75) and wine(set1,gallo,1995,0.5).

To do this, we apply the same principle recursively: We treat the two atoms as instances to
be compared (however, we ignore the first argument to avoid infinite recursion). Thus in our
example, we use the basic similarity measures on the third and fourth argument and collect
further background knowledge about the objectsmoutonandgallo, i.e., for the second pair
of atoms we need to compare the sets of literals

{vineyard(gallo,famous,large,usa)}and

{vineyard(mouton,famous,small, france)}.

Once we know the most similar partner for each literal of the smaller set, we sum up all
these similarities and normalize with the size of thelarger set. This is done to ensure that
with an increasing number of extra literals in one of the sets, similarity becomes smaller
(if one of the sets is empty, similarity is 0 for this pair of atom sets). In our example
the most similar atom for wine (set25,mouton,1995,0.75) is wine (set1,mouton,1988,0.75),
the similarity of which is divided by two since the larger set contained two atoms. A
similar computation is made for the cheese literals, arriving at the overall similarity for
set1 andset25 by adding the cheese and wine literal set similarities, and dividing by
two.

In our example, we have used all of the available background knowledge; for larger
problems, a depth bound is used to ensure limited effort for the recursive computation.

We precisely define the similarity computation as follows. LetB(e, 1) denote the set of
background facts containing at least one object from the arguments of an instancee, and let
B(e, d+1)⊆ B\⋃d

i=1B(e, i )denote the set of facts containing at least one object occurring
in a fact fromB(e, d). Note that the above language includes propositional representations
as special cases. For instance, in our example,B(enew, 1) is the setLset25.
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The similarity function used byRIBL to compare two instancese1 ande2 with attributes
A1, . . . , An with respect to background knowledgeB is defined as

SIM(B, e1, e2) :=
∑

j=1,...,n SIMILARITY (B, e1, e2, 0,e1, e2, j )

n
. (5)

The algorithmic definition of the term SIMILARITY in (5) is given in Algorithm 1. In
the algorithm we generally usee[i ] to denote thei -th argument value of an atome, or
the i -th element of a liste. Furthermore, by aq-atom we mean an atom with predicate
symbolq. The algorithm computes, in the context of comparinge1 ande2, the normalized
similarity between thei th arguments of the atomsl1, andl2, wherel1, andl2 are both of
depthd with respect toe1 ande2. (For the sake of consistency, we define the depth of an
instance to be 0, and also refer to instances as atoms.) We use the similarity measure of
Section 2 for arguments of typenumber , anddiscrete , respectively (see Lines 3, and 5
in Algorithm 1). In order to compare objectso1, ando2 (i.e., arguments of typeobject ),
the algorithm first checks whetherd has already reached the value of the depth parameter.
If yes, it outputs 1, or 0 depending on the truth ofo1 = o2 (Line 8). Otherwise, we first
collect fromB the setLi of literals with depthd + 1 containingoi (Line 12) for i = 1,2.
The similarity betweeno1, ando2 is defined by the similarity between the setsL1, andL2.
The comparison of two sets of facts is based on a similarity measure between two facts. In
RIBL the similarity between two facts is reduced again to the similarity between arguments
thus making the algorithm recursive. The formal definition of similarity between facts is
given by SIMlit in Line 18.

Now we can turn back to the problem of similarity between the setsL1, andL2 induced
by o1, ando2, respectively. LetPi denote the set of pairs(q′, k) for which there is aq′-atom
in Li such that itskth argument isoi for i = 1,2. For each argument position(q′, k) from
P1∪P2 we collect theq′-atoms fromL1 (resp.L2) with kth argumento1 (resp.o2). From
these two sets letL′max denote the set that has greater or equal cardinality, andL′min the
other one (Lines 16–17). For each atom fromL′min we choose its most similar atom from
L′max, and take the sum of the similarities of these pairs of atoms divided by the cardinality
of Lmax (fraction in Line 18). Finally, the similarity betweeno1, ando2 is computed as
the sum of the above similarities for every(q′, k) ∈ P1 ∪ P2 divided by the cardinality of
P1 ∪ P2 (Line 20).

4. A similarity measure for lists and terms

In order to directly computer similarity of instances with non-flat components (lists, terms),
we have chosen to rely on the idea ofedit distancesbetween objects. Intuitively, with an
edit distance, we are given a set of edit operations (insert, delete, change) with an associated
cost functionδ that tells us how expensive it is to delete or insert an element of our alphabet
6, or how expensive it is to change one element into another. The edit distance is given by
the smallest cost sequence of such operations that turns the first object into the second, and
there are efficient algorithms for computing it (see below).
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Input: l1, l2 areq-atoms of depthd, 1≤ i ≤ ρ(q).
Output: Normalized similarity between thei th arguments ofl1, l2,

respectively.
1: leto1 = l1[i ], o2 = l2[i ]
2: if Type (q[i ]) = number(a,b) then

3: return 1− |o1− o2|
b− a

4: else ifType (q[i ]) = discrete then
5: return 1 if o1 = o2, and 0 otherwise
6: else ifType (q[i ]) = object then
7: if d = DEPTH then
8: return 1 if o1 = o2, and 0 otherwise
9: else ifo1 = o2 then

10: return 1
11: else
12: letL j = {l ∈ B(ej , d + 1) : oj occurs inl }
13: for j = 1,2 let

P j = {(q′, k) : q′ is a background predicate, 1≤ k ≤ ρ(q′),
there exists aq′-atoml ∈ L j such thatl [k] = oj }

14: S= 0
15: for all (q′, k) ∈ P1 ∪ P2 do
16: letL′j = {l ∈ L j : l is a q′-atom, andl [k] = oj } for j = 1,2
17: letL′min be the smaller set fromL′1,L′2, and letL′max denote

the other one

18: S = S +

∑
l x∈L′min

max
l y∈L′max

SIMlit (B, e1, e2, d + 1, l x, l y)

|L′max|
where

SIMlit (B, e1, e2, d + 1, l x, l y) =
1

|I |
∑
i ′∈I

SIMILARITY (B, e1, e2, d + 1, l x, l y, i
′)

with I = {u : 1≤ u ≤ ρ(q′), l x[u] 6= o1 ∨ l x[u] 6= o2}
19: end for
20: return S

|P1 ∪ P2|
21: end if
22: end if

Algorithm 1: SIMILARITY (B, e1, e2, d, l1, l2, i )

In the following, we will precisely specify the edit distance measure used in the current
version ofRIBL (henceforth referred to asRIBL 2.0). Even though both constants and lists
could be considered as terms, we distinguish them from each other for the sake of efficiency
(see Section 4.4).
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4.1. Constants

An argument typeconstant is given by a set of constant symbols6constantand a 1-bounded
semi-metricδ on6constant. Thedistancebetweena, b ∈ 6constantis then defined directly by
δ, i.e.,

DISTconstant(a, b) = δ(a, b).

We note that the argument typediscrete can be considered as a special case of this type.

4.2. Lists

Let L(6list) be the set of finite lists over the alphabet6list, and let6list,⊥ = 6list ∪ {⊥},
where⊥ denotes theempty list.|l | denotes thelengthof the listl ∈ L(6list). Consider the
following operations on the elements ofL(6list):

– insert(l , i,a): insertsthe symbola ∈ 6list before thei -th symbol inl ,
– delete(l , i ): deletesthe i -th symbol inl ,
– change(l , i,a): changesthe i -th symbol inl to anewsymbola

for everya ∈ 6list, l ∈ L(6list) andi = 1, . . . , |l |. Thus, an operation can be considered as
an application of arewriting rule a→ b for a, b ∈ 6list,⊥, i.e., insert, delete and change
correspond to the application of a rewriting rule⊥ → a, a→ ⊥ anda→ b, respectively
(a, b 6= ⊥).

Let l1, l2 ∈ L(6list). We say thatl2 can bedirectly derivedfrom l1 (denoted byl1⇒ l2) if
there exists an operation that producesl2 from l1. Thederivation(denoted byl1⇒∗σ1···σn

l2)
is thereflexive, transitive closureof⇒. The indexσ1 · · · σn denotes the sequence of the
applied rewriting rules. Alist type is given by a 1-bounded metric space(6list,⊥, δ). Here,
δ(a → b) is considered as thecostof the rewriting rulea → b for everya, b ∈ 6list,⊥.
Sinceδ is a metric, it can be given by a symmetriccost matrixwith zero elements in its
diagonal. Theeditor Levenshtein distance2 betweenl1, l2 ∈ L(6list) is defined by

EDITDISTlist(l1, l2)

= min

{
n∑

i=1

δ(σi ) : ∃σ1, . . . , σn such thatl1⇒∗σ1...σn
l2

}
.

Sinceδ is a distance metric on6list,⊥, EDITDISTlist is a distance metric onL(6list). The
next theorem is a special case of Theorems 2 and 3 in Wagner and Fischer (1974):

Theorem 1. Let l1 = [a1, . . . ,an], l2 = [b1, . . . ,bm] ∈ L(6list), and (6list,⊥, δ) be a
metric space. Let Di, j denote the edit distance between[a1, . . . ,ai ], and [b1, . . . ,bj ]
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Table 1. The distance matrixDi, j .

⊥ c u u a g c u c

⊥ 0 1 2 3 4 5 6 7 8

c 1 0 1 2 3 4 5 6 7

c 2 1 1 2 3 4 4 5 6

u 3 2 1 1 2 3 4 4 5

a 4 3 2 2 1 2 3 4 5

for i = 0, . . . ,n, and j = 0, . . . ,m. Then

D0,0 = 0, D0, j =
j∑

k=1

δ(⊥→ bk), Di,0 =
i∑

k=1

δ(ak →⊥), and

Di, j = min(Di−1, j−1+ δ(ai → bj ),

Di−1, j + δ(ai →⊥), Di, j−1+ δ(⊥→ bj ))

for every i, j > 0.

By Theorem 1, EDITDISTlist(l1, l2) can be computed intimeandspace O(mn).

Example 2. Let6list={a, c, g, u}, andδ be the trivial metric on6list,⊥. Letl1= [c, c, u,a],
andl2= [c, u, u,a, g, c, u, c]. The value ofDi, j for i = 0, . . . ,4, and j = 0, . . . ,8 is given
in Table 1. The edit distance is EDITDISTlist(l1, l2)= D4,8 = 5.

An improved algorithm for computing the edit distance between lists and the next theorem
can be found in Ukkonen (1985).

Theorem 3. The edit distance d= EDITDISTlist(l1, l2) between lists l1 and l2 can be
computed in time and space

O(d ·min(|l1|, |l2|)) and O(min(d, |l1|, |l2|)),

respectively.

We define distance between lists inRIBL as:

DISTlist(l1, l2) = EDITDISTlist(l1, l2)

max(|l1|, |l2|) . (6)

Proposition 4. If (6list,⊥, δ) is a 1-bounded metric space thenDISTlist is a 1-bounded
semi-metric onL(6list).
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Proof: Since EDITDISTlist is a metric onL(6list), DISTlist satisfies Conditions (1)–(3)
defined in Section 2.1. We show that (6) violates the triangle inequality. Consider the
alphabet6list = {a, b} with the trivial metricδ. Then

DISTlist([a, b], [b,a]) = 2/2

> DISTlist([a, b], [a, b,a])

+DISTlist([a, b,a], [b,a])

= 1/3+ 1/3.

As δ is a 1-bounded metric on6list,⊥,

EDITDISTlist(l1, l2) ≤ max(|l1|, |l2|)

for everyl1, l2 ∈ L(6list). Hence, DISTlist is also 1-bounded. 2

4.3. Terms

In RIBL 2.0, terms are considered aslabeled ordered treesand hence, the distance between
terms is computed as theedit distancebetween labeled ordered trees.

Let 6term be an alphabet. We note that6term is not arankedalphabet, i.e., no arity
function is assigned to6term. The set of allfinite terms with nodes labeled by the elements
of 6term including theemptyterm (⊥) is denoted byT (6term).

For a given termt ∈ T (6term), |t | denotes the number of nodes oft , and t [i ] (1 ≤
i ≤ |t |) denotes thei th node oft according to the preorder traversal oft . Let t1, and
t2 be terms fromT (6term). A mappingfrom t1 to t2, denoted byMt1→t2, is a subset of
{1, . . . , |t1|} × {1, . . . , |t2|} such that for every(i1, j1), (i2, j2) ∈ M it holds that

(i) i1 = i2 iff j1 = j2,
(ii) i1 < i2 iff j1 < j2,

(iii) t1[i1] is an ancestor (resp. descendant) oft2[i2] iff t 1[ j1] is an ancestor (resp. descen-
dant) oft2[ j2].

A mappingMt1→t2 can be considered as a one-to-one correspondence between subsets of
nodes oft1 andt2, respectively, such that by deleting the ’untouched’ nodes fromt1 andt2,
respectively, the remaining terms are identical up to relabeling. For a detailed discussion
of mapping the reader is referred to Tai (1979). If there is no confusion we define a
mapping by using the nodes’ labels instead of their positions according to the preorder
walk. Furthermore, ift1 andt2 follow from the context we writeM instead ofMt1→t2.

Example 5. Consider the terms

t1 = a(b, c(d, e( f, g), h)) and t2 = a′(c(d, e( f, g), h), b′).

Page 182 of 265
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Figure 2. Mapping between two terms.

Then M1 = {(a,a′), (b, c)} is a mapping fromt1 to t2, as the corresponding positions
{(1,1), (2,2)} according to preorder traversal satisfy conditions (i)–(iii). Note that the
treesa(b) anda′(c) obtained fromt1 by deleting the nodesc, d, e, f, g, h and fromt2 by
deletingb′, d, e, f, g, h, respectively, are identical up to relabeling.

M2 = {(a,a′), (c, c), (d, d), (e, e), (h, h), ( f, f ), (g, g)} is also a mapping betweent1,
andt2 (see figure 2).

A mappingM between termst1, andt2 defines a transformation fromt1 into t2 by the
following sequence ofeditoperations:

– deleteeach untouched node fromt1 (i.e., each nodex of t1 such that there is no pair
(x, y) ∈ M for any y), then

– inserteach untouched node oft2 with its corresponding label (i.e., each nodey of t2 such
that there is no pair(x, y) ∈ M for anyx), and then

– for every(x, y) ∈ M such thatx, y have different labels,replacethe label ofx by the
label of y.

The above edit operations on terms can also be considered as applications ofterm rewrit-
ing rules a→ b (a, b ∈ 6term,⊥ anda→ b 6= ⊥ → ⊥). Let δ be a 1-bounded metric on
6term,⊥. As for lists,δ is considered as acost matrixfor the term rewriting rules. Thecost
of a mappingM betweent1, t2 is the sum of the costs of the applied term rewriting rules
transformingt1 into t2. Theedit distancebetweent1, t2, denoted by EDITDISTterm(t1, t2),
is the cost of the mapping with the smallest cost with respect toδ. Since(6term,⊥, δ) is a
metric space,(T (6term),EDITDISTterm) is also a metric space.

The algorithm for computing the edit distance between terms and the following theorem
can be found in Zhang and Shasha (1989) (we denote bydepth(t), andleaves(t) the depth,
and the number of leaves of the termt , respectively):
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Theorem 6. The edit distance between terms t1 and t2 can be computed in time

O(|t1| × |t2| ×min(depth(t1), leaves(t1))×min(depth(t2), leaves(t2)))

and space O(|t1| × |t2|).

In contrast to lists, in the next example we show that max(|t1|, |t2|) is notanupper bound
on EDITDISTterm.

Example 7. Letδ be the trivial metric on{⊥,a, b, c}, and consider the termst1 =
a(a · · · (a)) · · ·) (i.e., achain of a’s) and t2= b(c, . . . , c) with |t1| = |t2| =n. The edit
distance between the two terms is 2n− 2.

Although|t1|+ |t2| is an upper bound on EDITDISTterm(t1, t2) for every 1-bounded metric
space(6term,⊥, δ), andt1, t2 ∈ T (6term), we normalize with another function measuring
thestructural differenceof t1, andt2 and giving a tighter upper bound.

Let Mt1→t2 be a mapping. By the definition of mapping,M is a set of ordered pairs. We
denote byU1(M) (resp.U2(M)) the set of nodes oft1 (resp.t2) untouchedby M . Thesize
of a mapping is defined by

size(M) = |M | + |U1(M)| + |U2(M)|. (7)

Theoptimal mapping MOPT
t1→t2 is a mapping with the smallest size.

In RIBL distance between terms is defined by

DISTterm(t1, t2) = EDITDISTterm(t1, t2)

size
(
MOPT

t1→t2

) . (8)

Example 8. Lett1 = a(b, c(d)), andt2 = a(b(d)) be terms.

EDITDISTterm(t1, t2) = 2

using the trivial metric. The optimal mapping is

MOPT
t1→t2 = {(a,a), (c, b), (d, d)}.

SinceU1
(
MOPT

t1→t2

) = {b}, andU2
(
MOPT

t1→t2

) = ∅,
size

(
MOPT

t1→t2

) = 3+ 1+ 0
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by (7). Applying (8) we get

DISTterm(t1, t2) = 2/4.

In RIBL, size
(
MOPT

t1→t2

)
is computed as follows: lett1/a (resp. t2/b) denote the terms

obtained fromt1 (resp.t2) by replacing the label of each node witha (resp.b). Then

size
(
MOPT

t1→t2

) = EDITDISTterm(t1/a, t2/b)

using the trivial metric on{⊥,a, b}.

Proposition 9. If (6term,⊥, δ) is a 1-bounded metric space thenDISTterm is a 1-bounded
semi-metric onT (6term).

Proof: Since DISTterm is a metric onT (6term), and the size of a mapping between terms
is symmetric, (8) satisfy Conditions (1)–(3). However, it does not satisfy the triangle
inequality, e.g. let({⊥,a, b}, δ) be a trivial metric space, and consider the termsa(b), and
b(a). Then

DISTterm(a(b), b(a)) = 2/2

> DISTterm(a(b),a(b(a)))

+ DISTterm(a(b(a)), b(a))

= 1/3+ 1/3.

It remains to be proven that DISTterm is 1-bounded. Lett1, t2 be terms, andMt1→t2 be any
mapping. Sinceδ is 1-bounded,

size(Mt1→t2) ≥ EDITDISTterm(t1, t2). (9)

As M is any arbitrary mapping fromt1 to t2, (9) holds forMOPT
t1→t2 as well. 2

4.4. Lists as terms

The standard term representation of lists is given by the function symbol./2, and the empty
list ⊥ (or [] in the standard Prolog notation). However, in this representation, DISTlist and
DISTterm may differ on the same lists, e.g.

2/2= DISTlist([a, b], [b,a])

6= DISTterm(.(a, .(b,⊥)), .(b, .(a,⊥)))
= 2/5

using the trivial metric on{⊥,a, b}.
As an alternative, letl = [a1, . . . ,an] be a list inL(6list). Thechain termrepresentation

of l isa1(a2(· · · (an) · · ·). Letl c
1, andl c

2 denote the chain representations ofl1 = [a1, . . . ,an],
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andl2 = [b1, . . . ,bm], respectively. Since EDITDISTlist(l1, l2) = EDITDISTterm(l c
1, l

c
2), and

max(|l1|, |l2|) = size(MOPT
l c
1→l c

2
),

DISTlist(l1, l2) = DISTterm(l
c
1, l

c
2)

for every metric used in both representations.
Applying Theorem 6 tol c

1, andl c
2, the edit distance of lists in the chain term representation

can be computed inO(mn). The reason why we handle lists and terms separately is that
the time and space complexity for computing edit distance between lists given in Ukkonen
(1985) is always as good as the complexity of computing their edit distance in the chain
term representation, and the norm function of lists can be computed in linear time.

4.5. Definingδ for the alphabets

In Sections 4.2 and 4.3, we have treated list and term distances as basic (non-recursive)
distance functions which rely on metricsδ for comparing individual symbols from the
alphabet. Clearly, one possibility is to use user-defined metrics which allows the encoding
of additional domain knowledge of the user. Another attractive possibility is to useRIBL’s
basic idea again, and compute the editing cost of two symbols by usingRIBL’s similarity
measure.

To do this, the elements of the corresponding alphabet must be considered as objects
that are further described in the background knowledge. Each object is considered as an
instance (without a target value). In contrast to the original IBL prediction problem, we are
interested only in the similarities between such instances. These similarity values are then
used for determining the editing costs between the corresponding symbols.

The editing costsδ on an alphabet6 can be computed automatically by the following
two steps:

1. we compute asemi-metricδ′ on6 by recursively recallingRIBL’s similarity measure,
i.e.,

δ′(a, b) := 1− SIMILARITY (B, (a), (b), 0, (a), (b), 1)

(we use notation(x) for denoting the instance corresponding tox),
2. and then we transform it into ametricδ by

δ(a, b) = min(1, δ′(a, b)+ C) (10)

for everya, b ∈ 6term,⊥, whereC is the maximum of

δ′(x, y)− δ′(x, z)− δ′(z, y)

2

for everyx, y, z ∈ 6 violating the triangle inequality.
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5. Empirical evaluation

In this section we discuss our experiments with the revised version ofRIBL (RIBL 2.0) in
a real-world domain, themRNA signal structure predictionproblem. The experiments
are designed to show that the addition of lists and terms enables the easy construction of
background knowledge representing complex objects, and that this representation leads to
excellent results on a significant real-world problem, greatly improving on simpler,RIBL

1.0-style background knowledge. In fact, the mRNA application can also be considered a
success in terms of the application domain (Bohnebeck et al., 1998b).

5.1. mRNA signal structures

Protein synthesis involves atranslationstep of copying specific regions (the genes) of DNA
into a complementary strand of RNA. RNA molecules thatmediatebetween the spatially
distinct localizations of information storage (i.e., the DNA) and protein synthesis are called
messengerRNA (mRNA). Beside the genetic information on the amino acid sequence of
proteins, mRNA contains two regions, calleduntranslated regions, that do not code for
protein. These untranslated regions contain continuous parts, calledsignal structures, that
control gene expression at the posttranscriptional level. Depending on their biological
functions (i.e., regulatory roles during protein synthesis), signal structures are grouped
into different signal structureclasses.

In general, RNA is composed of a linear sequence of the four basesadenine(A), cyto-
sine(C), guanine(G), anduracil (U). This sequence is itsprimary structure. In contrast
to DNA, RNA is a single-stranded, and relatively short molecule. The linear sequence
of an RNA folds back on itself thus giving the RNA athree-dimensionalconformation.
The three-dimensional conformation contains local regions of short complementary base-
pairing, i.e., the two stable Watson-Crick base pairs A-U, G-C, and the weak G-U. The
secondary structureof an RNA is defined as the collection of the base pairs occurring in its
three-dimensional structure (see Figure 3). Such a secondary structure can be viewed as a
tree (Shapiro & Zhang, 1990) with nodes, also calledstructure elements, corresponding to
continuous regions that belong to basicpatterns.3 This observation holds for signal struc-
tures as well (i.e., the secondary structure of a signal structure can be considered as a tree),
as their primary structures are (continuous) subsequences of the RNA’s primary structure
(see also the right upper part of Figure 3 for a signal structure).

Since the biological function of a given signal structure class is based on the common
characteristic binding site of its instances, signal structures belonging to the same class
are not necessarily identical butvery similar to each other. They can slightly vary in
their topology, in the sizes of their structure elements, and in their primary structures (see,
e.g., Figure 4 for instances of the Iron Responsive Element signal structure class).

5.2. The learning task and data

In this field of research, one of the challenging problems for computational biology is to
detectinstances of known signal structure classes on uncharacterized mRNA. In order to
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Figure 3. mRNA structure with marked structure elements.

Figure 4. Example for IRE signal structure instances and the corresponding consensus structure described in
the IUB-IUPAC code.

solve this problem, one has to consider the related problem ofpredicting the class of an
uncharacterized signal structure. That is, we aregiven

– a set of signal structuresE, each identified by a single attribute of typeobject , and
background knowledgeB describing the structure of each instance with structure elements
as determined by biological analysis software,

– each signal structure inE is associated with a target value representing its signal structure
class,

– a set of uncharacterized (i.e., without class information) signal structuresEnew, each
described in the same way asE.
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The aim is tofind a prediction of the signal structure class (target value) for each
e∈ Enew.

For our experiments, two different example sets were used. The first example set consists
of 66 signal structures, composed of 15 IRE (Iron Responsive Element) (Klausner, Rouault
& Harford, 1993), 15 TAR (Trans Activating Region) (McCarthy & Kollmus, 1995), 2×15
SECIS (Selenocysteine Insertion Sequence) (Low & Berry, 1996), and 6 histone stemloops
(Belasco & Brawerman, 1993). This example set was used for detailed comparative experi-
ments with different representations and background knowledge. To confirm the scalability
of the accuracy figures that were obtained, a second experiment was carried out on a larger
example set containing 400 signal structures by using the term representation (Bohnebeck
et al., 1998b).

5.3. Background knowledge and representations

As mentioned above, training and unseen signal structure instances were described in
each representation by a single attribute of typeobject pointing to facts on structure
information in the background knowledge. Thus, the difference between the experiments
is in the complexity and representation of the background knowledge.

5.3.1. Flat representations. In these representations we have used neither lists, nor terms.
The most simple description of signal structures is thechainrepresentation, in which they
are considered as simple sequences of structure elements. Depending on its type (i.e., is
it a singlesequence, or ahelical consisting of two attached sequences), thei th structure
element of a signal structure is described by a background fact of the form

<se type>(structid, i , size,bases) or
<se type>(structid, i , size,bases,bases)

where<se type> is a background predicate symbol from the set{stem, hairpin, bulge5,
bulge3, single}defining the type of thei th structure element (i is of typenumber ). Argu-
mentsizeof typenumber stores the length of the primary structure of the corresponding
structure element. Finally,basesof typediscrete is a special symbol representing the
nucleotid sequence of thei th structure element (i.e., the whole sequence is coded by a
single symbol in this representation).

The other flat representation we investigated is theneighbor represent, which is the
chainrepresentation extended by additional information on the neighborhoods of structure
elements: for each element, both neighboring elements were represented explicitly.

5.3.2. Representations with lists.The two representations used here are basically the same
as in the previous case, but instead of typediscrete , we used typelist (over the alphabet
{A,C,G,U }) for describing sequences in argumentsbases.
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Figure 5. The representation and the tree structure of a SECIS signal structure.

5.3.3. Representation with terms.In this representation (see also Figure 5) we described
the tree structure of signal structures by using background predicates of the form

structure(structid, topology)
single(seid, type,size,bases)
helical(seid, type,size,bases,bases).

Argumenttopologyof type term is the tree structure of the signal structure identified
by struct id. Its nodes are structure elements identified by the argumentse id, and are
further described by the last two predicates. Depending on its type, a structure element is
represented by either thesingle/4 or thehelical/5 predicate. Their second argument of type
constant is used to describe the type of the structure element identified by argumentse id
(this information was stored by using different predicate symbols in the flat representations).
Finally, the last argumentssize, andbasesare the same as in the case of representations
with lists.

5.4. Definingδ for the different types

In this particular application, we have used a manual definition ofδ for constants (referred
to asδconstantin the following), the trivial edit costs for the list alphabet{A,C,G,U }, and
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the recursively computed editing cost as defined in Section 4 for the nodes of terms. The
values ofδconstantwere as follows:

⊥ single bulge3 bulge5 hairpin stem

⊥ 0 0.03 0.03 0.03 0.90 0.03

single 0 0.03 0.03 0.18 1.0

bulge3 0 0.06 0.12 1.0

bulge5 0 0.12 1.0

hairpin 0 1.0

stem 0

These are heuristic costs and still under development. Two properties are essential. First,
helical and single-stranded regions are morphologically substantially different and should
therefore not be mapped. Secondly the hairpin loop takes up an exceptional position because
its insertion or deletion produces also a quite substantial morphological difference.

5.5. Results and discussion

In order to compare the different levels of representation and background knowledge, ex-
periments were performed using the smaller of the two example sets. Each experiment
was performed using leave-one-out cross-validation, determining the best value ofk on the
training instances, and then classifying the held-out instance. The following table shows
the results, where times were taken on a Sun Ultrasparc with OS Solaris 2.5.

background knowledge/ accuracy cpu time
representation depth (%) k (sec)

chain 1 77.2 1 0.5

chain with lists 1 78.8 1 4.3

neighbor 2 83.3 3 2.8

neighbor with lists 2 83.3 1 15.5

term 1 95.4 1 32.8

As can be seen in this table, making the list and term background knowledge available has
had significant influence on the obtained accuracy, ultimately reaching a level which can be
considered as a success in the domain (Bohnebeck et al., 1998b). To confirm the scalability
of this result, the final experiment was repeated in the larger example set containing 400
signal structures, yielding a similar level of accuracy:

background knowledge/ accuracy cpu time
representation depth (%) k (sec)

term 1 96.2 3 9861.0
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As for differences between experiments, besides the remarkable overall increase in accu-
racy, we see that in this particular domain, the information contained in the base sequences
represented by lists did not produce a marked difference in accuracy. To understand why
this is so, recall that in thechain representations a structure was basically considered as
a linear ordered set of its structure elements. The linear ordering was described by an
attribute of typenumber thus not supporting the direct reference to a next or previous
structure element. This was improved by theneighborrepresentation. The whole topology
was described adequately by theterm representation. In other words, as suspected by the
domain experts, the mRNA signal structure problem appears to be inherently structural in
nature, and the topology of the molecule, which inRIBL 2.0 can easily be represented using
terms, seems to play an important role in prediction.

The experiments also show a marked increase in computation time when terms are used.
This is due to the optimizing nature of the edit distance measure which considers the
optimal mapping of one term to another. Clearly, this leads to very effective use of the
information contained in terms, but may mean that running time becomes problematic for
very large applications. This is thus one of the concerns for future work (order-of-magnitude
optimizations appear possible e.g. through the use of distance caching), and we are planning
to work on a re-implementation of the system.

6. Related work

As an IBL system,RIBL is of course related to the large body of work on instance-based
learning, e.g., Aha et al. (1991), Salzberg (1991), Wettschereck and Dietterich (1995). For
all variants of IBL that are exclusively based on similarity measures, these variants could be
used as a basis forRIBL without problems. For feature weighting approaches (Wettschereck
et al., 1997), as pointed out above, the more powerful representation ofRIBL requires dif-
ferent weighting schemes, which have been developed by Emde and Wettschereck (1996).
Finally, IBL approaches that rely on generalized prototypes or generalized regions in in-
stance space (Salzberg, 1991) do not carry over directly, since in a first-order space, different
generalization operators would have to be used. Of course, it would be an interesting topic
of further work to see whether for example restricted first-order LGGs (least-general gen-
eralizations) are suitable for this purpose.

As for the distance measure used inRIBL, it is most closely related to the recursive
computations used in the KBG system (Bisson, 1992a); there, however, they were not
used as the basis of an instance-based learning approach, but rather to select objects for
generalization. Furthermore,RIBL’s similarity measure can be regarded as a generalization
of propositional similarity measures, which is not the case in Bisson (1992a).

Recently, several other measures for first-order distances have appeared which we briefly
want to contrast withRIBL’s measure. Two different ways are distinguished in the lit-
erature of distance definitions for first-order logic:semantical(Sebag, 1997) andsyn-
tactical (Hutchinson, 1997; Nienhuys-Cheng, 1997; Nienhuys-Cheng, 1998; Ramon &
Bruynooghe, 1998) distances. A semantical distance maps the first-order space into an-
other space by redescribing it in terms of a number of given or learned elementary concepts.
Thus, the form of description of the instance is not directly used in similarity computation.
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RIBL belongs to the second direction, the syntactical measures, which compute distances
directly from the representation of instances. In contrast toRIBL, where distance between
atoms is recursively computed based on other background knowledge atoms, most other
syntactical first-order distances are based on introducing an appropriate basic metric or
pseudo-metric on ground expressions (i.e., on terms and atoms), and then using this basic
metric to induce a metric on clauses. Thus, it appears useful to compare such basic metrics
on terms withRIBL’s term distance metric which is based on edit distances.

6.1. Distances on terms

First, we discuss the relevant results on distances between expressions. By using simple
examples, we also show that the behavior of the term editing distance differs fundamentally
from the term distances of Hutchinson (1997), Nienhuys-Cheng (1997).

In Hutchinson (1997), a family of pseudo-metrics between termst1 andt2 is defined by

D1(t1, t2) = S(θ1)+ S(θ2)

whereθi is themost general unifierof ti andlgg(t1, t2) (i.e., theleast general generalization
(Plotkin, 1970)) fori = 1,2, andS is asizefunction on substitutions (see Hutchinson, 1997
for the details).

For two terms with small edit distance, the pseudo-distance with the size functionS on
substitutions given in Hutchinson (1997) may be unreasonably large. Another property
of this pseudo-metric is that the distance between the standard term representations(n :
sn(⊥)) of two different natural numbers is always a constant depending onS, while it is a
function ofn andm, in our case (see Section 6.1.1).

In Nienhuys-Cheng (1997), the 1-bounded recursive metricD2 is defined as follows:

D2( f (s1, . . . , sn), g(t1, . . . , tm))

=


0 if f = g, n = m andti = si for i = 1, . . . ,n
1

2n

n∑
i=1

D2(si , ti ) if f = g andn = m si 6= ti for some 1≤ i ≤ n

1 otherwise

The idea is that the positions of the differences are implicitly weighted (i.e., distance on lower
position has higher weight). Considering the term representations of lists,
(Nienhuys-Cheng, 1997) does not take into account thesuffixof the longer list, i.e., the
distance betweenl1 andl2 is equal to the distance betweenl1 andl2+ l , for all lists l1, l2, l
with |l1| ≤ |l2|. Furthermore, it may happen that terms with big and other terms with small
edit distances may have very close distances by Nienhuys-Cheng (1997). In the case of
distance between different natural numbers, the result is independent of the larger number
(see Section 6.1.1).

6.1.1. Quantitative comparison of metrics on examples.Since D1 is a pseudo-metric
with no upper bound, andD2 is a 1-bounded metric on terms, we compareD1 andD2 with
EDITDISTterm and DISTterm, respectively. We consider the following three cases:
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Table 2. Comparison of different distances on terms.

Terms D1 EDITDISTterm D2 DISTterm

(t1,1, t1,2) 2n+ 1 2 1+25−2n

3
2

2n−1

(t2,1, t2,2) 2 n 1+23−2n

3
n

2n−1

(t3,1, t3,2) 2 n−m 2−m n−m
n+1

1. Let f,a1, . . . ,an (n > 1) be different symbols and consider the terms

t1,1 = f (a1, f (a2, · · · f (an−1,an) · · ·)
t1,2 = f (a2, f (a3, · · · f (an−1,an) · · ·).

2. Let f,a1,a2 be different symbols and consider the terms

t2,1 = f (a1, f (a1, · · · f (a1,a1) · · ·)
t2,2 = f (a2, f (a2, · · · f (a2,a2) · · ·)

with |t2,1| = |t2,2| = 2n− 1 (n > 1).
3. Let sn(⊥) denote then applications of the unary function symbols (successor) to⊥,

i.e., sn(⊥) denotes the integern (n > 0). Lett3,1 = sn(⊥) andt3,2 = sm(⊥) for some
n > m≥ 0 (all the distances are 0 forn = m).

Table 2 contains a comparison of the different term metrics on the above terms (forD1 we
used the size functionSof Hutchinson (1997) withwt⊥ = 0 andwtai = 1 for i = 1, . . . ,n
and the trivial metrics for the edit distances).

6.2. Distances between sets of literals

One of the most frequently used extension of a distance between expressions to a distance
between sets of expressions is the Hausdorff-metric (Hutchinson, 1997; Nienhuys-Cheng,
1997) defining the distance between setsS1, andS2 by

max

(
max
x∈S1

min
y∈S2

DIST(x, y),max
x∈S2

min
y∈S1

DIST(x, y)

)
,

where DIST is a metric. Although it can be computed inO(|S1| · |S2|) for finite sets, and
remains a metric, by reducing the distance between sets to a distance between two chosen
points it “loses” the information on the whole sets.

Following the approach of Eiter and Mannila (1997), the distance between two sets of
atoms is considered as aweighted matchingproblem in Ramon and Bruynooghe (1998),
where the weights are defined by the distance between the literals. Although this distance
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has a number of nice properties, its complexity is cubic in contrast toRIBL’s quadratic
complexity (see Lines 17–18 in Algorithm 1).

7. Conclusion

In this paper, we have presented the most recent version of the relational instance-based
learning systemRIBL (RIBL 2.0). After giving a detailed reconstruction of the original
RIBL algorithm and similarity measure which was limited to function-free representations,
we presented an enhanced similarity measure that can directly handle lists and terms in
instance descriptions. As shown by experiments in the domain of mRNA signal structure
classification, significant additional power is gained by adding list and term descriptions
to the background knowledge. Lists and terms have also proven useful in experiments in
other domains, such as part-of-speech tagging for the Hungarian language (Horváth et al.,
1999).

While these experiments, and previous experiments with the first version ofRIBL, indicate
that RIBLs similarity measure is general enough to produce excellent results on a variety
of domains, we must of course emphasize that there can be no “best” similarity measure
across all problems and goals, so that in other situations, other similarity measures might
be preferable. For example, in contrast to Hutchinson (1997), Nienhuys-Cheng (1997),
RIBL’s distance measure isstable, meaning that small changes on a term do not cause big
distances. This is usually desirable, but may not always be appropriate. Finally, as with
most ILP systems, learning success forRIBL also depends on how background knowledge
is represented; here, the addition of lists and terms increases flexibility and allows the user
to better fit the background knowledge to the problem domain.

As for future work, above we have already remarked upon further potential for complex-
ity optimization. Firstly,RIBL 2.0 currently uses a non-optimized implementation that does
not use indexing nor caching, so that order of magnitude improvements appear possible by
eliminating recomputation of previously computed distances. Secondly, further improve-
ments are possible within the algorithm for similarity computation which currently checks
all literal matches to find the best partner for each literal. Here it would be possible to use a
stochastic approach instead, along the lines of the stochastic matching principle introduced
by Sebag and Rouveirol (1997), Sebag (1998). Thirdly, the size of an optimal mapping
between termst1, andt2 is currently computed inRIBL by EDITDISTterm(t1/a, t2/b) using
the trivial metric on{⊥,a, b}. As this is a special case of Theorem 6, it might be possible
to find a faster algorithm here.

Furthermore, there are some areas where it appears attractive to further enhance the
current similarity measure. Firstly, throughout this paper terms have been considered as
labeled ordered trees, i.e., the arities of the function symbols (labels) have not been taken
into account. In certain situations, it might be desirable to be able to differentiate between
different arities or even automatically extend a given distance measure to varying arities.
Secondly, in this paper, lists and terms have been defined above alphabets consisting of
only constants. It appears interesting to extend the similarity metric toarbitrary lists and
terms, i.e., where the alphabet belongs to anaggregatetype, so that non-constant functors
would also be allowed.
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Notes

1. In RIBL, examples are actually represented by first-order atoms, and the target value can be provided as an
additional argument of this atom, or by using several different example predicates representing different classes.
We omit these variants for simplicity.

2. Some authors (e.g. Aho, 1990) use different definitions for the edit and for the Levenshtein distances, respec-
tively.

3. The most frequently used structure elements arestacking regions,hairpin loops,internal loops, bulge loops,
multibranch loops, anddangling ends(Zuker, 1989).
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80 T. HORVÁTH, S. WROBEL AND U. BOHNEBECK

Klausner, R. D., Rouault, T. A., & Harford J. B. (1993). Regulating the fate of mRNA: The control of cellular iron
metabolism.Cell, 72, 19–28.

Low, S. L. & Berry, M. J. (1996). Knowing when not to stop: Selenocysteine incorporation in eukaryotes.Trends
in Biochemistry Sciences,21, 203–208.

McCarthy, J. E. G. & Kollmus, H. (1995). Cytoplasmic mRNA-protein interactions in eukaryotic gene expression.
Trends in Biochemistry Sciences,20, 191–197.

Muggleton, S. & De Raedt, L. (1994). Inductive logic programming: Theory and methods.Journal of Logic
Programming,19/20, 629–679.

Nienhuys-Cheng, S.-H. (1997). Distance Between Herbrand Interpretations: A measure for approximations to a
target concept. InProceedings of the Seventh International Workshop on Inductive Logic Programming, (pp.
213–226). Berlin: Springer. Vol. 1297 ofLecture Notes in Artificial Intelligence.

Nienhuys-Cheng, S.-H. (1998). Distances and limits on Herbrand interpretations. InProceedings of the Eighth
International Conference on Inductive Logic Programming, (pp. 250–260). Berlin: Springer. Vol. 1446 of
Lecture Notes in Artificial Intelligence.

Plotkin, G. (1970). A note on inductive generalization. In B. Meltzer & D. Michie (Eds.),Machine intelligence,
(Vol. 5). Edinburgh University Press.

Ramon, J. & Bruynooghe, M. (1998). A framework for defining distances between first-order logic objects. In
Proceedings of the Eighth International Conference on Inductive Logic Programming, (pp. 271–280). Berlin:
Springer. Vol. 1446 ofLecture Notes in Artificial Intelligence.

Salzberg, S. (1991). A nearest hyperrectangle learning method.Machine Learning,6, 251–276.
Sebag, M. (1997). Distance induction in first order logic. InProceedings of the Seventh International Workshop

on Inductive Logic Programming, (pp. 264–272). Berlin: Springer. Vol. 1297 ofLecture Notes in Artificial
Intelligence.

Sebag, M. (1998). A Stochastic Simple Similarity. InProceedings of the Eighth International Conference on
Inductive Logic Programming, (pp. 95–105). Berlin: Springer. Vol. 1446 ofLecture Notes in Artificial Intelli-
gence.

Sebag, M. & Rouveirol, C. (1997). Tractable induction and classification in first order logic via stochastic matching.
In Proceedings of the Fifteenth International Joint Conference on Artificial Intelligence. (pp. 888–893). San
Francisco: Morgan Kaufmann.

Shapiro, B. A. & Zhang, K. (1990). Comparing multiple RNA secondary structures using tree comparisons.
Computer Applications in Biosciences,6(4), 309–318.

Tai, K.-C. (1979). The tree-to-tree correction problem.Journal of the ACM,26(3), 422–433.
Ukkonen, E. (1985). Algorithms for approximate string matching.Information and Control,64, 100–118.
Wagner, R. A. & Fischer, M. J. (1974). The string-to-string correction problem.Journal of the ACM, 21(1),

168–173.
Wettschereck, D. & Dietterich, T. G. (1995). An experimental comparison of the nearest-neighbor and nearest-

hyperrectangle algorithms.Machine Learning,19(1), 5–27.
Wettschereck, D., Mohri, T., & Aha, D. W. (1997). A review and comparative evaluation of feature weighting

methods for lazy learning algorithms.AI Review Journal,11, 273–314.
Wrobel, S. (1996). Inductive logic programming. In G. Brewka (Ed.),Advances in knowledge representation and

reasoning. Studies in Logic, Language and Information. Stanford, CSLI-Publishers.
Zhang, K. & Shasha, D. (1989). Simple fast algorithms for the editing distance between trees and related problems.

SIAM Journal on Computing,18(6), 1245–1262.
Zuker, M. (1989). On finding all suboptimal foldings of an RNA Molecule,Science 244, 48–52.

Received March 31, 1999
Accepted September 8, 1999
Final manuscript June 11, 2000

Page 197 of 265



 

 

 

 

 

 

APPENDIX CARUANA01 

Page 198 of 265



Page 199 of 265

https //catalog libraries psu.edu/catalog/1295069/marc_view March 3, 2026 

Catalog PennState 
University Libraries Bookmarks 0 Course Reserves My Account 

Search... Keyword Search CZ 

ASK IPA 
A LIBRARIAN 

4/13/2001 xl Czl 215201040411006 

949 al QP363.3.A43 v.12 w I LCPER cl III 21520404005 d i 3/19/2004 el 12/16/200311 CATO-PARK m l UP-ANNEX n 1 104;11 1 r I Ysl Ytl 

SERIAL u 1 4/13/2001 xl Czl 2152 01 0404 11 005 

949 al QP363.3.A43 v.13 20001.4,1 LCPER cl 1 i 1 21520404004 d l 12/17/2003 el 12/16/200311 CATO-PARK m l UP-ANNEX n 16 rlYsi Y t 

SERIAL u 1 10/15/2001 xl Czl 2152 01 0404 11 004 

Advanced search Start Over 

https://catalog.libraries.psu.edu/catalog/1295069/marc_view


Page 200 of 265

(814) 865-6368 

PennState PENN STATE 
UNIVERSITY LIBRARIES 

Libraries Home 

Libraries Intranet (Staff 

Only) 

5  Accessibility Help 

Website Feedback 

Policies and Guidelines 

Staff Directory 

CONNECT WITH 
PENN STATE UNIVERSITY 
LIBRARIES 

I] Facebook 

D Twitter 

@ Instagram 

Copyright O2019 The Pennsylvania State University. All rights 

reserved. Except where otherwise noted, this work is subject to 

a  Creative Commons Attribution 4.0 license. Details and 

exceptions. 

Legal Statements I PSU Hotlines 

949 al QP363.3.A43 v.14 2001 v.2 wl LCPER cl 1 il 21520404002 d 12/3/2010 el 1/4/201011 CATO-PARK ml UP-ANNEX nl 6 ql 1 rl Ysl Ytl 

SERIAL ul 6/10/2003 xl Czl 2152 01 0404 11 002 

949 al QP363.3.A43 v.15 2002 wl LCPERcl 1 il 21520404001 dl 9/1/2004 el 8/9/200411 CATO-PARK ml UP-ANNEX n 13 rlYsl Ytl SERIAL 

1111/5/2003 xl Czl 215201040411001 

949 al QP363.3.A43 v.16 2003 wl LCPERcl 11121510802013d11/25/2010 el 12/14/200911 CATO-PARK ml UP-ANNEX nl 13 rl Y sl Ytl 

SERIAL ul 11/3/2004 xl Czl 2151 01 0802 11 013 

949 al QP363.3.A43 v.17 2004w1 LCPERcl 1 il 21510802012 dl 7/2/2009 el 5/4/200911 CATO-PARK ml UP-ANNEX n 1 12 rl Y sl Yt1 SERIAL 

ul 7/1/2005 xl C z I 2151 01 0802 11 012 

949 al QP363.3.A43 v.18 2005 wl LCPER cl 1 il 21510802011 dl 7/2/2009 el 5/4/200911 CATO-PARK ml UP-ANNEX n 18 rlYsl Ytl SERIAL 

ul 8/11/2006 xl CzI 2151 01 0802 11 011 

949 al QP363.3.A43 v.19 2006 wl LCPER cl 1 il 000061068902 c11 3/4/2024 el 1/8/201011 PATERNO-4 ml UP-PAT nl 1 r! Ysl Ytl SERIAL ul 

1/10/2008 

852 0 1 al PSt bl UP-ANNEXcI ANNEX hl QP363.3 .A43 

866 0 81 0 al v.1-v.18(2005) 

852 0 al PSt bl UP-PAT cl PATERNO-4h1 QP363.3il .A43 

866 0 81 0 al v.19(2006) 

949 al QP363.3.A43 v.14 2001 v.1 WI LCPERcl 1 il 21520404003 d I 1/19/2010 el 1/4/201011 CATO-PARK ml UP-ANNEX n 1 6 rl Ysl Ytl 

SERIAL ul 6/10/2003 xl Czl 2152 01 0404 11 003 



Page 201 of 265

https://catalog.libraries.psiteduicatalog/1295069 March 3, 2026 

PennState 
University Libraries Catalog Bookmarks  0 Course Reserves My  Account 

Keyword •• Search... Search CZ Advanced search Start Over    

I Share
-II

 Bookmark I Report an Issue 

 

Advances in neural information processing 
systems 
Additional Titles 

Published 

Copyright Date 

Physical Description 

Additional Creators 

NIPS 

San Mateo, CA: Morgan Kaufmann Publishers, [1989-] 

©1989-

volumes : illustrations ; 24 cm 

IEEE Conference on Neural Information Processing Systems--Natural and Synthetic 

Availability 

Browse Nearby on Shelf   
Pattee Library and Paterno Library Stacks (1 item) 

Call number 

Paterno - 4th Floor: Holdings Summary 

v.19(2006) 

Material Location 

 
QP363.3.A43 v.19 2006 Book Paterno - 4th Floor 

Library Storage (19 items) 

Call number Material Location 

Annexed Material: Holdings Summary 

v.1-v.18(2005) 

QP363.3.A43 v.18 2005 Book Annexed Material 

QP363.3.A43 v.17 2004 Book Annexed Material 

QP363.3.A43 v.16 2003 Book Annexed Material 

QP363.3.A43 v.15 2002 Book Annexed Material 

QP363.3.A43 v.14 2001 v.2 Book Annexed Material 

QP363.3.A43 v.14 2001 v.1 Book Annexed Material 

QP363.3.A43 v.13 2000 Book Annexed Material 

QP363.3.A43 v.12 Book Annexed Material 

QP363.3.A43 v.11 Book Annexed Material 

QP363.3.A43 v.10 Book Annexed Material 

QP363.3.A43 v.9 Book Annexed Material 

QP363.3.A43 v.8 Book Annexed Material 

QP363.3.A43 v.7 Book Annexed Material 

QP363.3.A43 v.6 Book Annexed Material 

QP363.3.A43 v.5 Book Annexed Material 

QP363.3.A43 v.4 Book Annexed Material 

QP363.3.A43 v.3 Book Annexed Material 

QP363.3.A43 v.2 Book Annexed Material 

QP363.3.A43 v.1 Book Annexed Material 

ASK •• 
A LIBRARIAN 

Dates of Publication and/or Sequential Designation 

https://catalog.libraries.psu.edu/catalog/1295069


Page 202 of 265

Subject(s) 

Neural computers—Periodicals 

Neural networks (Computer science)—Periodicals 

ISSN 

1049-5258 

Publication Frequency 

Annual 

Note 

Vols. 1- contain the collected papers of the 1988- IEEE Conference on Neural Information Processing Systems--Natural and Synthetic. 

Published: Cambridge, Mass. : MIT Press, 1995-

Special Numbering 

None held 2001. 

Vol. 14 (2002) issued in 2 vols. 

View MARC record I catkey: 1295069 

• PennState Copyright O2019 The Pennsylvania State University. All rights 

reserved. Except where otherwise noted, this work is subject to 

a  Creative Commons Attribution 4.0 license. Details and 

exceptions. 

Legal Statements  I  PSU Hotlines 

PENN STATE 
UNIVERSITY LIBRARIES 

Libraries Home 

Libraries Intranet (Staff 

Only) 

5  Accessibility Help 

Website Feedback 

Policies and Guidelines 

Staff Directory 

(814) 865-636 

CONNECT WITH 
PENN STATE UNIVERSITY 
LIBRARIES 

El  Fd,ebuuk 

D Twitter 

N Instagram 



 

 

 

 

 

 

APPENDIX CARUANA02 

Page 203 of 265



Page 204 of 265

I -) 

• ) 
) 

TE) vANC  1,, $ N 

P'DFCE ,',1) BY" 

[(r)f --) 

0.m.
 (I\ DI: r 

C 

AN(  ) [ :K 
-) 



Page 205 of 265

A
 

V
A

N
 

(7
) 

ri 
[\1[: o

R
 ivii s

ri O
N

 

C
 

[N
C

I 

C
O

I 
tO

 
M

M
U

S, 
stihn 

r-i G
 

O
 

W
 

C
124

(11
4
 

•S
• 

• 

) 



Page 206 of 265

The MIT Press 
Massachusetts Institute of Technology 
Cambridge, Massachusetts 02142 
http://nUtpress.mit.edu 

  

 

LEI AU 0-262.-122.41-.3 



Page 207 of 265

ADVANCES IN NEURAL INFORMATION 
PROCESSING SYSTEMS 13 



Page 208 of 265

ADVANCES IN NEURAL INFORMATION 

PROCESSING SYSTEMS 13 

Proceedings of the 2000 Conference 

edited by 

Todd K. Leen, Thomas G. Dietterich and Volker Tresp 

A Bradford Book 
The MIT Press 

Cambridge, Massachusetts 
London, England 



Page 209 of 265

C) 2001 Massachusetts Institute of Technology 

All rights reserved. No part of this book may be reproduced in any form by any electronic or 
mechanical means (including photocopying, recording or information storage and retrieval) 
without permission in writing from the publisher. 

This book was printed and bound in the United States of America. 

ISSN: 1049-5258 
ISBN: 0-262-12241-3 



Page 210 of 265

1 

1 

Contents 

Preface  xv 

NIPS Committees  xvii 

Reviewers  xix 

Part I Cognitive Science 

Who Does What? A Novel Algorithm to Determine Function Localization, 
Ranit Aharonov-Barki, Isaac Meilijson and Eytan Ruppin  3 

A Productive, Systematic Framework for the Representation of Visual Structure, 
Shimon Edelman and Nathan Intrator  10 

The Interplay of Symbolic and Subsymbolic Processes in Anagram Problem 
Solving, David B. Grimes and Michael C. Mozer  17 

Hippocampally-Dependent Consolidation in a Hierarchical Model of Neocortex, 
Szabolcs Kali and Peter Dayan  24 

Position Variance, Recurrence and Perceptual Learning, 
Zhaoping Li and Peter Dayan  31 

The Use of MDL to Select among Computational Models of Cognition, 
In J. Myung, Mark A. Pitt, Shaobo Zhang and Vijay Balasubramanian  38 

Active Inference in Concept Learning, Jonathan D. Nelson and Javier R. Movellan 45 

The Early Word Catches the Weights, 
Mark A. Smith, Garrison W. Cottrell and Karen L. Anderson  52 

Structure Learning in Human Causal Induction, 
Joshua B. Tenenbaum and Thomas L. Griffiths  59 

Adaptive Object Representation with Hierarchically-Distributed Memory Sites, 
Bosco S. Tjan  66 

Part II Neuroscience 

What Can a Single Neuron Compute?, 
Blaise Agiiera y Arcas, Adrienne L. Fairhall and William Bialek 75 

Dendritic Compartmentalization Could Underlie Competition and Attentional 
Biasing of Simultaneous Visual Stimuli, Kevin A. Archie and Bartlett W. Mel . . 82 

Place Cells and Spatial Navigation Based on 2D Visual Feature Extraction, Path 
Integration, and Reinforcement Learning, 
Angelo Arleo, Fabrizio Smeraldi, Stephane Hug and Wulfram Gerstner  89 

Modelling Spatial Recall, Mental Imagery and Neglect, 
Suzanna Becker and Neil Burgess  96 



Page 211 of 265

vi Contents 

Stability and Noise in Biochemical Switches, William Bialek  103 

Temporally Dependent Plasticity: An Information Theoretic Account, 
Gal Chechik and Naftali Tishby  110 

A New Model of Spatial Representation in Multimodal Brain Areas, 
Sophie Deneve, Jean-Rene Duhamel and Alexandre Pouget  117 

Multiple Timescales of Adaptation in a Neural Code, Adrienne L. Fairhall, 
Geoffrey D. Lewen, William Bialek and Robert R. de Ruyter van Steveninck   124 

Dopamine Bonuses, Sham Kakade and Peter Dayan  131 

Finding the Key to a Synapse, Thomas Natschlager and Wolfgang Maass  138 

Processing of Time Series by Neural Circuits with Biologically Realistic Synaptic 
Dynamics, 
Thomas Natschlager, Wolfgang Maass, Eduardo D. Sontag and Anthony Zador 145 

Spike-Timing-Dependent Learning for Oscillatory Networks, 
Silvia Scarpetta, Zhaoping Li and John Hertz  152 

Universality and Individuality in a Neural Code, Elad Schneidman, 
Naama Brenner, Naftali Tishby, Robert R. de Ruyter van Steveninck and 
William Bialek  I 5 9 

Natural Sound Statistics and Divisive Normalization in the Auditory System, 
Odelia Schwartz and Eero P. Simoncelli  16() 

Development of Hybrid Systems: Interfacing a Silicon Neuron to a Leech Heart 
Interneuron, Mario F. Simoni, Gennady S. Cymbalyuk, Michael Q. Sorensen, 
Ronald L. Calabrese and Stephen P. DeWeerth  173 

Whence Sparseness?, Carl van Vreeswijk  180 

Part III Theory 

Efficient Learning of Linear Perceptrons, Shai Ben-David and Hans Ulrich Simon  189 

Algorithmic Stability and Generalization Performance, 
Olivier Bousquet and Andre Elisseeff  196 

Competition and Arbors in Ocular Dominance, Peter Dayan  203 

From Margin to Sparsity, Thore Graepel, Ralf Herbrich and Robert C. Williamson 210 

Permitted and Forbidden Sets in Symmetric Threshold-Linear Networks, 
Richard H.R. Hahnloser and H. Sebastian Seung  217 

A PAC-Bayesian Margin Bound for Linear Classifiers: Why SVMs work, 
Ralf Herbrich and Thore Graepel  224 

On Reversing Jensen's Inequality, Tony Jebara and Alex Pentland  231 

Second Order Approximations for Probability Models, 
Hilbert J. Kappen and Wim Wiegerinck  238 



Page 212 of 265

Contents vii 

Some New Bounds on the Generalization Error of Combined Classifiers, 
Vladimir Koltchinskii, Dmitriy Panchenko and Fernando Lozano  245 

Sparsity of Data Representation of Optimal Kernel Machine and Leave-one-out 
Estimator, Adam Kowalczyk  252 

Foundations for a Circuit Complexity Theory of Sensory Processing, 
Robert A. Legenstein and Wolfgang Maass  259 

A Tighter Bound for Graphical Models, Martijn A. R. Leisink and Hilbert J. Kappen 266 

Learning Curves for Gaussian Processes Regression: A Framework for Good 
Approximations, Dorthe Malzahn and Manfred Opper  273 

Weak Learners and Improved Rates of Convergence in Boosting, 
Shie Mannor and Ron Meir  280 

Learning Continuous Distributions: Simulations With Field Theoretic Priors, 
Ilya Nemenman and William Bialek  287 

Occam's Razor, Carl Edward Rasmussen and Zoubin Ghahramani  294 

The Kernel Trick for Distances, Bernhard Scholkopf  301 

Regularization with Dot-Product Kernels, 
Alex J. Smola, Zoltan L. Ovari and Robert C. Williamson  308 

Analysis of Bit Error Probability of Direct-Sequence CDMA Multiuser 
Demodulators, Toshiyuki Tanaka  315 

Error-correcting Codes on a Bethe-like Lattice, 
Renato Vicente, David Saad and Yoshiyuki Kabashima  322 

Algebraic Information Geometry for Learning Machines with Singularities, 
Sumio Watanabe  329 

Computing with Finite and Infinite Networks, Ole Winther  336 

Stagewise Processing in Error-correcting Codes and Image Restoration, 
K. Y. Michael Wong and Hidetoshi Nishimori  343 

Learning Winner-take-all Competition Between Groups of Neurons in Lateral 
Inhibitory Networks, Xiaohui Xie, Richard H.R. Hahnloser and H. Sebastian Seung 350 

Convergence of Large Margin Separable Linear Classification, Tong Zhang . . . . 357 

Part IV Algorithms and Architecture 

A Support Vector Method for Clustering, 
Asa Ben-Hur, David Horn, Hava T. Siegelmann and Vladimir Vapnik  367 

A Variational Mean-Field Theory for Sigmoidal Belief Networks, 
Chiranjib Bhattacharyya and S. Sathiya Keerthi  374 

Direct Classification with Indirect Data, Timothy X Brown  381 

Model Complexity, Goodness of Fit and Diminishing Returns, 
Igor V. Cadez and Padhraic Smyth  388 



Page 213 of 265

viii Contents 

A Linear Programming Approach to Novelty Detection, 
Colin Campbell and Kristin P. Bennett  395 

Ovetfitting in Neural Nets: Backpropagation, Conjugate Gradient, and Early 
Stopping, Rich Caruana, Steve Lawrence and Lee Giles  402 

Incremental and Decremental Support Vector Machine Learning, 
Gert Cauwenberghs and Tomaso Poggio  409 

Vicinal Risk Minimization, 
Olivier Chapelle, Jason Weston, Leon Bottou and Vladimir Vapnik  416 

Gaussianization, Scott Saobing Chen and Ramesh A. Gopinath  423 

The Missing Link - A Probabilistic Model of Document Content and Hypertext 
Connectivity, David Cohn and Thomas Hofmann  430 

Improved Output Coding for Classification Using Continuous Relaxation, 
Koby Crammer and Yoram Singer  437 

Sparse Representation for Gaussian Process Models, 
Lehel Csato and Manfred Opper  444 

Explaining Away in Weight Space, Peter Dayan and Sham Kakade  451 

An Adaptive Metric Machine for Pattern Classification, 
Carlotta Domeniconi, Jing Peng and Dimitrios Gunopulos  458 

High-temperature Expansions for Learning Models of Nonnegative Data, 
Oliver B. Downs  465 

Incorporating Second-Order Functional Knowledge for Better Option Pricing, 
Charles Dugas, Yoshua Bengio, Francois Belisle, Claude Nadeau and Rene Garcia . 472 

Discovering Hidden Variables: A Structure-Based Approach, 
Gal Elidan, Noam Lotner, Nir Friedman and Daphne Koller  479 

Accumulator Networks: Suitors of Local Probability Propagation, 
Brendan J. Frey and Anitha Kannan  486 

Sequentially Fitting "Inclusive" Trees for Inference in Noisy-OR Networks, 
Brendan J. Frey, Relu Patrascu, Tommi S. Jaakkola and Jodi Moran  493 

A New Approximate Maximal Margin Classification Algorithm, Claudio Gentile .  500 

Propagation Algorithms for Variational Bayesian Learning, 
Zoubin Ghahramani and Matthew J. Beal  507 

The Kernel Gibbs Sampler, Thore Graepel and Ralf Herbrich  514 

'N-Body' Problems in Statistical Learning, 
Alexander G. Gray and Andrew W. Moore  521 

Large Scale Bayes Point Machines, Ralf Herbrich and Thore Graepel  528 

Beyond Maximum Likelihood and Density Estimation: A Sample-Based Criterion 
for Unsupervised Learning of Complex Models, 
Sepp Hochreiter and Michael C. Mozer  535 



Page 214 of 265

Contents ix 

Ensemble Learning and Linear Response Theory for ICA, 
Pedro A.d.F.R. Hojen-Sorensen, Ole Winther and Lars Kai Hansen  542 

Generalizable Singular Value Decomposition for Ill-posed Datasets, 
Ulrik Kjems, Lars Kai Hansen and Stephen C. Strother  549 

Algorithms for Non-negative Matrix Factorization, 
Daniel D. Lee and H. Sebastian Seung  556 

Text Classification using String Kernels, 
Huma Lodhi, John Shawe-Taylor, Nello Cristianini and Chris Watkins  563 

Constrained Independent Component Analysis, Wei Lu and Jagath C. Rajapakse 570 

Active Support Vector Machine Classification, 
Olvi L. Mangasarian and David R. Musicant  577 

The Unscented Particle Filter, 
Rudolph van der Merwe, Arnaud Doucet, Nando de Freitas and Eric Wan  584 

A Mathematical Programming Approach to the Kernel Fisher Algorithm, 
Sebastian Mika, Gunnar Ratsch and Klaus-Robert Muller  591 

Automatic Choice of Dimensionality for PCA, Thomas P. Minka  598 

On Iterative Krylov-Dogleg Trust-Region Steps for Solving Neural Networks 
Nonlinear Least Squares Problems, Eiji Mizutani and James W. Demmel  605 

An Information Maximization Approach to Overcomplete and Recurrent 
Representations, Oren Shriki, Haim Sompolinsky and Daniel D. Lee  612 

Sparse Greedy Gaussian Process Regression, Alex J. Smola and Peter Bartlett . 619 

Kernel Expansions with Unlabeled Examples, 
Martin Szummer and Tommi S. Jaakkola  626 

Sparse Kernel Principal Component Analysis, Michael E. Tipping  633 

Data Clustering by Markovian Relaxation and the Information Bottleneck 
Method, Naftali Tishby and Noam Slonim  640 

Active Learning for Parameter Estimation in Bayesian Networks, 
Simon Tong and Daphne Koller  647 

Mixtures of Gaussian Processes, Volker Tresp  654 

Tree-Based Modeling and Estimation of Gaussian Processes on Graphs with 
Cycles, Martin J. Wainwright, Erik B. Sudderth and Alan S. Willsky  661 

Feature Selection for SVMs, Jason Weston, Sayan Mukherjee, Olivier Chapelle, 
Massimiliano Pontil, Tomaso Poggio and Vladimir Vapnik  668 

On a Connection between Kernel PCA and Metric Multidimensional Scaling, 
Christopher K. I. Williams  675 

Using the Nystrom Method to Speed Up Kernel Machines, 
Christopher K. I. Williams and Matthias Seeger  682 

Generalized Belief Propagation, 
Jonathan S. Yedidia, William T. Freeman and Yair Weiss  689 



Page 215 of 265

x Contents 

A Gradient-Based Boosting Algorithm for Regression Problems, 
Richard S. Zemel and Toniann Pitassi  696 

Regularized Winnow Methods, Tong Zhang  703 

Part V Implementation 

A Silicon Primitive for Competitive Learning, 
David Hsu, Miguel Figueroa and Chris Diorio  713 

Smart Vision Chip Fabricated Using Three Dimensional Integration Technology, 
Hiroyuki Kurino, M. Nakagawa, Kang Wook Lee, Tomonori Nakamura, 
Yuusuke Yamada, Ki Tae Park and Mitsumasa Koyanagi  720 

Homeostasis in a Silicon Integrate and Fire Neuron, 
Shih-Chii Liu and Bradley A. Minch  727 

Fast Training of Support Vector Classifiers, Fernando Perez-Cruz, 
Pedro L. Alarcon-Diana, Angel Navia-Vazquez and Antonio Artes-Rodriguez . 734 

Four-legged Walking Gait Control Using a Neuromorphic Chip Interfaced to a 
Support Vector Learning Algorithm, 
Susanne Still, Bernhard Scholkopf, Klaus Hepp and Rodney J. Douglas  741 

Part VI Speech, Handwriting and Signal Processing 

New Approaches Towards Robust and Adaptive Speech Recognition (invited 
paper), Herve Bourlard, Samy Bengio and Katrin Weber  751 

Speech Denoising and Dereverberation Using Probabilistic Models, 
Hagai Attias, John C. Platt, Alex Acero and Li Deng  758 

Combining ICA and Top-Down Attention for Robust Speech Recognition, 
Un-Min Bae and Soo-Young Lee  765 

Learning Joint Statistical Models for Audio-Visual Fusion and Segregation, 
John W. Fisher III, Trevor Darrell, William T. Freeman and Paul Viola  772 

Factored Semi-fled Covariance Matrices, Mark J.F. Gales  779 

Higher-Order Statistical Properties Arising from the Non-Stationarity of Natural 
Signals, Lucas Parra, Clay Spence and Paul Sajda  786 

One Microphone Source Separation, Sam T. Roweis  793 

Minimum Bayes Error Feature Selection for Continuous Speech Recognition, 
George Saon and Mukund Padmanabhan  800 

Periodic Component Analysis: An Eigenvalue Method for Representing Periodic 
Structure in Speech, Lawrence K. Saul and Jont B. Allen  807 

FaceSync: A Linear Operator for Measuring Synchronization of Video Facial 
Images and Audio Tracks, Malcolm Slaney and Michele Covell  814 



Page 216 of 265

Contents xi 

Noise Suppression Based on Neurophysiologically-motivated SNR Estimation for 
Robust Speech Recognition, 
Jurgen Tchorz, Michael Kleinschmidt and Birger Kollmeier  821 

Part VII Visual Processing 

Shape Context: A New Descriptor for Shape Matching and Object Recognition, 
Serge Belongie, Jitendra Malik and Jan Puzicha  831 

Emergence of Movement Sensitive Neurons' Properties by Learning a Sparse 
Code for Natural Moving Images, 
Rafal Bogacz, Malcolm W. Brown and Christophe Giraud-Carrier  838 

The Manhattan World Assumption: Regularities in Scene Statistics which Enable 
Bayesian Inference, James M. Coughlan and Allen L. Yuille  845 

Feature Correspondence: A Markov Chain Monte Carlo Approach, 
Frank Dellaert, Steven M. Seitz, Sebastian Thrun and Charles Thorpe  852 

Keeping Flexible Active Contours on Track using Metropolis Updates, 
Trausti T. Kristjansson and Brendan J. Frey  859 

Color Opponency Constitutes a Sparse Representation for the Chromatic 
Structure of Natural Scenes, 
Te-Won Lee, Thomas Wachtler and Terrence J. Sejnowski  866 

Learning Segmentation by Random Walks, Marina Meila and Jianbo Shi  873 

Partially Observable SDE Models for Image Sequence Recognition Tasks, 
Javier R. Movellan, Paul Mineiro and Ruth J. Williams  880 

Learning Sparse Image Codes using a Wavelet Pyramid Architecture, 
Bruno A. Olshausen, Phil Sallee and Michael S. Lewicki  887 

Learning and Tracking Cyclic Human Motion, 
Dirk Ormoneit, Hedvig Sidenbladh, Michael J. Black and Trevor Hastie  894 

Redundancy and Dimensionality Reduction in Sparse-Distributed 
Representations of Natural Objects in Terms of Their Local Features, Penio S. Penev 901 

Rate-coded Restricted Boltzmann Machines for Face Recognition, 
Yee Whye Teh and Geoffrey E. Hinton  908 

Divisive and Subtractive Mask Effects: Linking Psychophysics and Biophysics, 
Barbara Zenger and Christof Koch  915 

Part VIII Applications 

From Mixtures of Mixtures to Adaptive Transform Coding, 
Cynthia Archer and Todd K. Leen  925 

A Neural Probabilistic Language Model, 
Yoshua Bengio, Mean Ducharme and Pascal Vincent  932 



Page 217 of 265

xii Contents 

A Comparison of Image Processing Techniques for Visual Speech Recognition 
Applications, Michael S. Gray, Terrence J. Sejnowski and Javier R. Movellan 939 

Support Vector Novelty Detection Applied to Jet Engine Vibration Spectra, 
Paul Hayton, Bernhard Scholkopf, Lionel Tarassenko and Paul Anuzis  946 

Recognizing Hand-written Digits Using Hierarchical Products of Experts, 
Guy Mayraz and Geoffrey E. Hinton  953 

Sex with Support Vector Machines, Baback Moghaddam and Ming-Hsuan Yang 960 

Probabilistic Semantic Video Indexing, 
Milind R. Naphade, Igor Kozintsev and Thomas Huang  967 

Interactive Parts Model: An Application to Recognition of On-line Cursive 
Script, Predrag Neskovic, Philip C. Davis and Leon N. Cooper  974 

Learning Switching Linear Models of Human Motion, 
Vladimir Pavlovi6, James M. Rehg and John MacCormick  981 

Bayes Networks on Ice: Robotic Search for Antarctic Meteorites, 
Liam Pedersen, Dimi Apostolopoulos and Red Whittaker  988 

The Use of Classifiers in Sequential Inference, Vasin Punyakanok and Dan Roth  995 

Machine Learning for Video-Based Rendering, Arno Schodl and Irfan Essa . .   1002 

Bayesian Video Shot Segmentation, Nuno Vasconcelos and Andrew Lippman .   1009 

Part IX Control, Navigation and Planning 

Programmable Reinforcement Learning Agents, David Andre and Stuart J. Russell . 1019 

Exact Solutions to Time-Dependent MDPs, Justin A. Boyan and Michael L. Littman 1026 

Decomposition of Reinforcement Learning for Admission Control of Self-Similar 
Call Arrival Processes, Jakob Carlstrom  1033 

Reinforcement Learning with Function Approximation Converges to a Region, 
Geoffrey J. Gordon  1040 

Hierarchical Memory-Based Reinforcement Learning, 
Natalia Hernandez-Gardiol and Sridhar Mahadevan  1047 

Automated State Abstraction for Options using the U-Tree Algorithm, 
Anders Jonsson and Andrew G. Barto  1054 

Robust Reinforcement Learning, Jun Morimoto and Kenji Doya  1061 

Kernel-Based Reinforcement Learning in Average-Cost Problems: An 
Application to Optimal Portfolio Choice, Dirk Ormoneit and Peter Glynn  1068 

Using Free Energies to Represent Q-values in a Multiagent Reinforcement 
Learning Task, Brian Sallans and Geoffrey E. Hinton  1075 

Balancing Multiple Sources of Reward in Reinforcement Learning, 
Christian R. Shelton  1082 



Page 218 of 265

Contents xiii 

APRICODD: Approximate Policy Construction Using Decision Diagrams, 
Robert St-Aubin, Jesse Hoey and Craig Boutilier  1089 

Index of Authors  1097 

Keyword Index  1101 



Page 219 of 265

Overfitting in Neural Nets: Backpropagation, 
Conjugate Gradient, and Early Stopping 

Rich Caruana 
CALD, CMU 

5000 Forbes Ave. 
Pittsburgh, PA 15213 
caruana@cs.cmu.edu 

Steve Lawrence 
NEC Research Institute 
4 Independence Way 
Princeton, NJ 08540 

lawrence@research.nj.nec.com 

Lee Giles 
Information Sciences 
Penn State University 

University Park, PA 16801 
giles@ist.psu.edu 

Abstract 

The conventional wisdom is that backprop nets with excess hidden units 
generalize poorly. We show that nets with excess capacity generalize 
well when trained with backprop and early stopping. Experiments sug-
gest two reasons for this: 1) Overfitting can vary significantly in different 
regions of the model. Excess capacity allows better fit to regions of high. 
non-linearity, and backprop often avoids overfitting the regions of low 
non-linearity. 2) Regardless of size, nets learn task subcomponents in 
similar sequence. Big nets pass through stages similar to those learned 
by smaller nets. Early stopping can stop training the large net when it 
generalizes comparably to a smaller net. We also show that conjugate 
gradient can yield worse generalization because it overfits regions of low 
non-linearity when learning to fit regions of high non-linearity. 

1 Introduction 
It is commonly believed that large multi-layer perceptrons (MLPs) generalize poorly: nets 
with too much capacity overfit the training data. Restricting net capacity prevents overfit-
ting because the net has insufficient capacity to learn models that are too complex. This 
belief is consistent with a VC-dimension analysis of net capacity vs. generalization: the 
more free parameters in the net the larger the VC-dimension of the hypothesis space, and 
the less likely the training sample is large enough to select a (nearly) correct hypothesis [2]. 

Once it became feasible to train large nets on real problems, a number of MLP users noted 
that the overfitting they expected from nets with excess capacity did not occur. Large nets 
appeared to generalize as well as smaller nets - sometimes better. The earliest report 
of this that we are aware of is Martin and Pittman in 1991: "We find only marginal and 
inconsistent indications that constraining net capacity improves generalization" [7]. 

We present empirical results showing that MLPs with excess capacity often do not over-
fit. On the contrary, we observe that large nets often generalize better than small nets of 
sufficient capacity. Backprop appears to use excess capacity to better fit regions of high 
non-linearity, while still fitting regions of low non-linearity smoothly. (This desirable be-
havior can disappear if a fast training algorithm such as conjugate gradient is used instead 
of backprop.) Nets with excess capacity trained with backprop appear first to learn models 
similar to models learned by smaller nets. If early stopping is used, training of the large net 
can be halted when the large net's model is similar to models learned by smaller nets. 
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Figure 1: Top: Polynomial fit to data from y = sin(x/3) + v. Order 20 overfits. Bottom: Small and 
large MLPs fit to same data. The large MLP does not overfit significantly more than the small MLP. 

2 Overfitting 
Much has been written about overfitting and the bias/variance tradeoff in neural nets and 
other machine learning models [2, 12, 4, 8, 5, 13, 6]. The top of Figure 1 illustrates 
polynomial overfitting. We created a training dataset by evaluating y = sin(x /3) + v 
at 0, 1, 2, ..., 20 where v is a uniformly distributed random variable between -0.25 and 
0.25. We fit polynomial models with orders 2-20 to the data. Underfitting occurs with 
order 2. The fit is good with order 10. As the order (and number of parameters) increases, 
however, significant overfitting (poor generalization) occurs. At order 20, the polynomial 
fits the training data well, but interpolates poorly. 

The bottom of Figure 1 shows MLPs fit to the data. We used a single hidden layer MLP, 
backpropagation (BP), and 100,000 stochastic updates. The learning rate was reduced 
linearly to zero from an initial rate of 0.5 (reducing the learning rate improves convergence, 
and linear reduction performs similarly to other schedules [3]). This schedule and number 
of updates trains the MLPs to completion. (We examine early stopping in Section 4.) As 
with polynomials, the smallest net with one hidden unit (HU) (4 weights weights) underfits 
the data. The fit is good with two HU (7 weights). Unlike polynomials, however, networks 
with 10 HU (31 weights) and 50 HU (151 weights) also yield good models. MLPs with 
seven times as many parameters as data points trained with BP do not significantly overfit 
this data. The experiments in Section 4 confirm that this bias of BP-trained MLPs towards 
smooth models is not limited to the simple 2-D problem used here. 

3 Local Overfitting 
Regularization methods such as weight decay typically assume that overfitting is a global 
phenomenon. But overfitting can vary significantly in different regions of a model. Figure 
2 shows polynomial fits for data generated from the following equation: 

Y = 
 

cos(3(x — 7r)) +v 7r <x < 27r 
0 < x < 7r 

Five equally spaced points were generated in the first region, and 15 in the second region, 
so that the two regions have different data densities and different underlying functions. 
Overfitting is different in the two regions. In Figure 2 the order 6 model fits the left region 

(Equation 1) 
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Figure 2: Polynomial approximation of data from Equation 1 as the order of the model is increased 
from 2 to 16. The overfitting behavior differs in the left and right hand regions. 

Order 10 

well, but larger models overfit it. The order 6 model underfits the region on the right, and 
the order 10 model fits it better. No model performs well on both regions. Figure 3 shows 
MLPs trained on the same data (20,000 batch updates, learning rate linearly reduced to 
zero starting at 0.5). Small nets underfit. Larger nets, however, fit the entire function well 
without significant overfitting in the left region. 

The ability of MLPs to fit both regions of low and high non-linearity well (without over-
fitting) depends on the training algorithm. Conjugate gradient (CG) is the most popular 
second order method. CG results in lower training error for this problem, but overfits sig-
nificantly. Figure 4 shows results for 10 trials for BP and CG. Large BP nets generalize 
better on this problem — even the optimal size CG net is prone to overfitting. The degree 
of overfitting varies in different regions. When the net is large enough to fit the region of 
high non-linearity, overfitting is often seen in the region of low non-linearity. 

4 Generalization, Network Capacity, and Early Stopping 
The results in Sections 2 and 3 suggest that BP nets are less prone to overfitting than 
expected. But MLPs can and do overfit. This section examines overfitting vs. net size 
on seven problems: NETtalk [10], 7 and 12 bit parity, an inverse kinematic model for a 
robot arm (thanks to Sebastian Thrun for the simulator), Base 1 and Base 2: two sonar 
modeling problems using data collected from a robot wondering hallways at CMU, and 
vision data used to learn to steer an autonomous car [9]. These problems exhibit a variety 
of characteristics. Some are Boolean. Others are continuous. Some have noise. Others are 
noise-free. Some have many inputs or outputs. Others have few inputs or outputs. 

4.1 Results 
For each problem we used small training sets (100-1000 points, depending on the problem) 
so that overfitting was possible. We trained fully connected feedforward MLPs with one 
hidden layer whose size varied from 2 to 800 HU (about 500-100,000 parameters). All the 
nets were trained with BP using stochastic updates, learning rate 0.1, and momentum 0.9. 

We used early stopping for regularization because it doesn't interfere with backprop's abil-
ity to control capacity locally. Early stopping combined with backprop is so effective that 
very large nets can be trained without significant overfitting. Section 4.2 explains why. 
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Figure 3: MLP approximation using backpropagation (BP) training of data from Equation 1 as the 
number of hidden units is increased. No significant overfitting can be seen. 
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Figure 4: Test Normalized Mean Squared Error for MLPs trained with BP (left) and CG (right). 
Results are shown with both box-whiskers plots and the mean plus and minus one standard deviation. 

Figure 5 shows generalization curves for four of the problems. Examining the results for 
all seven problems, we observe that on only three (Base 1, Base 2, and ALVINN), do 
nets that are too large yield worse generalization than smaller networks, but the loss is 
surprisingly small. Many trials were required before statistical tests confirmed that the 
differences between the optimal size net and the largest net were significant. Moreover, the 
results suggest that generalization is hurt more by using a net that is a little too small than 
by using one that is far too large, i.e., it is better to make nets too large than too small. 

For most tasks and net sizes, we trained well beyond the point where generalization per-
formance peaked. Because we had complete generalization curves, we noticed something 
unexpected. On some tasks, small nets overtrained considerably. The NETtalk graph in 
Figure 5 is a good example. Regularization (e.g., early stopping) is critical for nets of all 
sizes — not just ones that are too big. Nets with restricted capacity can overtrain. 

4.2 Why Excess Capacity Does Not Hurt 

BP nets initialized with small weights can develop large weights only after the number of 
updates is large. Thus BP nets consider hypotheses with small weights before hypotheses 
with large weights. Nets with large weights have more representational power, so simple 
hypotheses are explored before complex hypotheses. 
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Figure 5: Generalization performance vs. net size for four of the seven test problems. 

We analyzed what nets of different size learn while they are trained. We compared the 
input/output behavior of nets at different stages of learning on large samples of test pat-
terns. We compare the input/output behavior of two nets by computing the squared error 
between the predictions made by the two nets. If two nets make the same predictions for 
all test cases, they have learned the same model (even though each model is represented 
differently), and the squared error between the two models is zero. If two nets make dif-
ferent predictions for test cases, they have learned different models, and the squared error 
between them is large. This is not the error the models make predicting the true labels, but 
the difference between predictions made by two different models. Two models can have 
poor generalization (large error on true labels), but have near zero error compared to each 
other if they are similar models. But two models with good generalization (low error on 
true labels) must have low error compared to each other. 

The first graph in Figure 5 shows learning curves for nets with 10, 25, 50, 100, 200, and 400 
HU trained on NETtalk. For each size, we saved the net from the epoch that generalized 
best on a large test set. This gives us the best model of each size found by backprop. We 
then trained a BP net with 800 HU, and after each epoch compared this net's model with 
the best models saved for nets of 10-400 HU. This lets us compare the sequence of models 
learned by the 800 HU net to the best models learned by smaller nets. 

Figure 6 shows this comparison. The horizontal axis is the number of backprop passes 
applied to the 800 HU net. The vertical axis is the error between the 800 HU net model 
and the best model for each smaller net. The 800 HU net starts off distant from the good 
smaller models, then becomes similar to the good models, and then diverges from them. 
This is expected. What is interesting is that the 800 HU net first becomes closest to the best 
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Figure 6: 1/O similarity during training between an 800 hidden unit net and smaller nets (10, 25, 50, 
100, 200, and 400 hidden units) trained on NETtalk. 

10 HU net, then closest to the 25 HU net, then closest to the 50 HU net, etc. As it is trained, 
the 800 HU net learns a sequence of models similar to the models learned by smaller nets. 
If early stopping is used, training of the 800 HU net can be stopped when it behaves similar 
to the best model that could be learned with nets of 10, 25, 50, ... HU. Large BP nets 
learn models similar to those learned by smaller nets. If a BP net with too much capacity 
would overfit, early stopping could stop training when the model was similar to a model 
that would have been learned by a smaller net of optimal size. 

The error between models is about 200-400, yet the generalization error is about 1600. 
The models are much closer to each other than any of them are to the true model. With 
early stopping, what counts is the closest approach of each model to the target function, 
not where models end up late in training. With early stopping there is little disadvantage 
to using models that are too large because their learning trajectories are similar to those 
followed by smaller nets of more optimal size. 

5 Related Work 
Our results show that models learned by backprop are biased towards "smooth" solutions. 
As nets with excess capacity are trained, they first explore smoother models similar to 
the models smaller nets would have learned. Weigend [11] performed an experiment that 
showed BP nets learn a problem's eigenvectors in sequence, learning the 1st eigenvector 
first, then the 2nd, etc. His result complements our analysis of what nets of different sizes 
learn: if large nets learn an eigenvector sequence similar to smaller nets, then the models 
learned by the large net will pass through intermediate stages similar to what is learned by 
small nets (but iff nets of different sizes learn the eigenvectors equally well, which is an 
assumption we do not need to make.) 

Theoretical work by [1] supports our results. Bartlett notes: "the VC-bounds seem loose; 
neural nets often perform successfully with training sets that are considerably smaller than 
the number of weights." Bartlett shows (for classification) that the number of training 
samples only needs to grow according to A21  (ignoring log factors) to avoid overfitting, 
where A is a bound on the total weight magnitudes and 1 is the number of layers in the 
network. This result suggests that a net with smaller weights will generalize better than a 
similar net with large weights. Examining the weights from BP and CG nets shows that BP 
training typically results in smaller weights. 
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6 Summary 
Nets of all sizes overfit some problems. But generalization is surprisingly insensitive to 
excess capacity if the net is trained with backprop. Because BP nets with excess capacity 
learn a sequence of models functionally similar to what smaller nets learn, early stopping 
can often be used to stop training large nets when they have learned models similar to those 
learned by smaller nets of optimal size. This means there is little loss in generalization 
performance for nets with excess capacity if early stopping can be used. 

Overfitting is not a global phenomenon, although methods for controlling it often assume 
that it is. Overfitting can vary significantly in different regions of the model. MLPs trained 
with BP use excess parameters to improve fit in regions of high non-linearity, while not 
significantly overfitting other regions. Nets trained with conjugate gradient, however, are 
more sensitive to net size. BP nets appear to be better than CG nets at avoiding overfitting 
in regions with different degrees of non-linearity, perhaps because CG is more effective 
at learning more complex functions that overfit training data, while BP is biased toward 
learning smoother functions. 
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Survey of Clustering Algorithms
Rui Xu, Student Member, IEEE and Donald Wunsch II, Fellow, IEEE

Abstract—Data analysis plays an indispensable role for un-
derstanding various phenomena. Cluster analysis, primitive
exploration with little or no prior knowledge, consists of research
developed across a wide variety of communities. The diversity,
on one hand, equips us with many tools. On the other hand,
the profusion of options causes confusion. We survey clustering
algorithms for data sets appearing in statistics, computer science,
and machine learning, and illustrate their applications in some
benchmark data sets, the traveling salesman problem, and bioin-
formatics, a new field attracting intensive efforts. Several tightly
related topics, proximity measure, and cluster validation, are also
discussed.

Index Terms—Adaptive resonance theory (ART), clustering,
clustering algorithm, cluster validation, neural networks, prox-
imity, self-organizing feature map (SOFM).

I. INTRODUCTION

WE ARE living in a world full of data. Every day, people
encounter a large amount of information and store or

represent it as data, for further analysis and management. One
of the vital means in dealing with these data is to classify or
group them into a set of categories or clusters. Actually, as one
of the most primitive activities of human beings [14], classi-
fication plays an important and indispensable role in the long
history of human development. In order to learn a new object
or understand a new phenomenon, people always try to seek
the features that can describe it, and further compare it with
other known objects or phenomena, based on the similarity or
dissimilarity, generalized as proximity, according to some cer-
tain standards or rules. “Basically, classification systems are ei-
ther supervised or unsupervised, depending on whether they as-
sign new inputs to one of a finite number of discrete supervised
classes or unsupervised categories, respectively [38], [60], [75].
In supervised classification, the mapping from a set of input data
vectors ( , where is the input space dimensionality), to
a finite set of discrete class labels ( , where is
the total number of class types), is modeled in terms of some
mathematical function , where is a vector of
adjustable parameters. The values of these parameters are de-
termined (optimized) by an inductive learning algorithm (also
termed inducer), whose aim is to minimize an empirical risk
functional (related to an inductive principle) on a finite data set
of input–output examples, , where is
the finite cardinality of the available representative data set [38],
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[60], [167]. When the inducer reaches convergence or termi-
nates, an induced classifier is generated [167].

In unsupervised classification, called clustering or ex-
ploratory data analysis, no labeled data are available [88],
[150]. The goal of clustering is to separate a finite unlabeled
data set into a finite and discrete set of “natural,” hidden data
structures, rather than provide an accurate characterization
of unobserved samples generated from the same probability
distribution [23], [60]. This can make the task of clustering fall
outside of the framework of unsupervised predictive learning
problems, such as vector quantization [60] (see Section II-C),
probability density function estimation [38] (see Section II-D),
[60], and entropy maximization [99]. It is noteworthy that
clustering differs from multidimensional scaling (perceptual
maps), whose goal is to depict all the evaluated objects in a
way that minimizes the topographical distortion while using as
few dimensions as possible. Also note that, in practice, many
(predictive) vector quantizers are also used for (nonpredictive)
clustering analysis [60].

Nonpredictive clustering is a subjective process in nature,
which precludes an absolute judgment as to the relative effi-
cacy of all clustering techniques [23], [152]. As pointed out by
Backer and Jain [17], “in cluster analysis a group of objects is
split up into a number of more or less homogeneous subgroups
on the basis of an often subjectively chosen measure of sim-
ilarity (i.e., chosen subjectively based on its ability to create
“interesting” clusters), such that the similarity between objects
within a subgroup is larger than the similarity between objects
belonging to different subgroups””1.

Clustering algorithms partition data into a certain number
of clusters (groups, subsets, or categories). There is no univer-
sally agreed upon definition [88]. Most researchers describe a
cluster by considering the internal homogeneity and the external
separation [111], [124], [150], i.e., patterns in the same cluster
should be similar to each other, while patterns in different clus-
ters should not. Both the similarity and the dissimilarity should
be examinable in a clear and meaningful way. Here, we give
some simple mathematical descriptions of several types of clus-
tering, based on the descriptions in [124].

Given a set of input patterns ,
where and each measure
is said to be a feature (attribute, dimension, or variable).

• (Hard) partitional clustering attempts to seek a -par-
tition of , such that

1) ;
2) ;
3) and .

1The preceding quote is taken verbatim from verbiage suggested by the
anonymous associate editor, a suggestion which we gratefully acknowledge.

1045-9227/$20.00 © 2005 IEEE
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Fig. 1. Clustering procedure. The typical cluster analysis consists of four steps with a feedback pathway. These steps are closely related to each other and affect
the derived clusters.

•) Hierarchical clustering attempts to construct a
tree-like nested structure partition of

, such that
, and imply or for all

.
For hard partitional clustering, each pattern only belongs to

one cluster. However, a pattern may also be allowed to belong
to all clusters with a degree of membership, , which
represents the membership coefficient of the th object in the
th cluster and satisfies the following two constraints:

and

as introduced in fuzzy set theory [293]. This is known as fuzzy
clustering, reviewed in Section II-G.

Fig. 1 depicts the procedure of cluster analysis with four basic
steps.

1) Feature selection or extraction. As pointed out by Jain
et al. [151], [152] and Bishop [38], feature selection
choosesdistinguishingfeatures fromasetofcandidates,
while feature extraction utilizes some transformations
to generate useful and novel features from the original
ones. Both are very crucial to the effectiveness of clus-
tering applications. Elegant selection of features can
greatly decrease the workload and simplify the subse-
quentdesignprocess.Generally,idealfeaturesshouldbe
of use in distinguishing patterns belonging to different
clusters, immune to noise, easy to extract and interpret.
We elaborate the discussion on feature extraction in
Section II-L, in the context of data visualization and
dimensionality reduction. More information on feature
selection can be found in [38], [151], and [250].

2) Clustering algorithm design or selection. The step is
usually combined with the selection of a corresponding
proximity measure and the construction of a criterion
function. Patterns are grouped according to whether
they resemble each other. Obviously, the proximity
measure directly affects the formation of the resulting
clusters. Almost all clustering algorithms are explicitly
or implicitly connected to some definition of proximity
measure. Some algorithms even work directly on the
proximity matrix, as defined in Section II-A. Once
a proximity measure is chosen, the construction of a

clustering criterion function makes the partition of
clusters an optimization problem, which is well defined
mathematically, and has rich solutions in the literature.
Clusteringisubiquitous,andawealthofclusteringalgo-
rithmshasbeendevelopedto solvedifferentproblems in
specificfields.However, there isnoclusteringalgorithm
that can be universally used to solve all problems. “It has
been very difficult to develop a unified framework for
reasoning about it (clustering) at a technical level, and
profoundly diverse approaches to clustering” [166], as
proved through an impossibility theorem. Therefore, it
is important to carefully investigate the characteristics
of the problem at hand, in order to select or design an
appropriate clustering strategy.

3) Cluster validation. Given a data set, each clustering
algorithm can always generate a division, no matter
whether the structure exists or not. Moreover, different
approaches usually lead to different clusters; and even
for the same algorithm, parameter identification or
the presentation order of input patterns may affect the
final results. Therefore, effective evaluation standards
and criteria are important to provide the users with a
degree of confidence for the clustering results derived
from the used algorithms. These assessments should
be objective and have no preferences to any algorithm.
Also, they should be useful for answering questions
like how many clusters are hidden in the data, whether
the clusters obtained are meaningful or just an artifact
of the algorithms, or why we choose some algorithm
instead of another. Generally, there are three categories
of testing criteria: external indices, internal indices,
and relative indices. These are defined on three types
of clustering structures, known as partitional clus-
tering, hierarchical clustering, and individual clusters
[150]. Tests for the situation, where no clustering
structure exists in the data, are also considered [110],
but seldom used, since users are confident of the pres-
ence of clusters. External indices are based on some
prespecified structure, which is the reflection of prior
information on the data, and used as a standard to
validate the clustering solutions. Internal tests are not
dependent on external information (prior knowledge).
On the contrary, they examine the clustering structure
directly from the original data. Relative criteria place
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the emphasis on the comparison of different clustering
structures, in order to provide a reference, to decide
which one may best reveal the characteristics of the
objects. We will not survey the topic in depth and refer
interested readers to [74], [110], and [150]. However,
we will cover more details on how to determine the
number of clusters in Section II-M. Some more recent
discussion can be found in [22], [37], [121], [180],
and [181]. Approaches for fuzzy clustering validity
are reported in [71], [104], [123], and [220].

4) Results interpretation. The ultimate goal of clustering
is to provide users with meaningful insights from the
original data, so that they can effectively solve the
problems encountered. Experts in the relevant fields in-
terpret the data partition. Further analyzes, even exper-
iments, may be required to guarantee the reliability of
extracted knowledge.

Note that the flow chart also includes a feedback pathway.
Clusteranalysis isnotaone-shotprocess. Inmanycircumstances,
it needs a series of trials and repetitions. Moreover, there are no
universal and effective criteria to guide the selection of features
and clustering schemes. Validation criteria provide some insights
on the quality of clustering solutions. But even how to choose the
appropriate criterion is still a problem requiring more efforts.

Clustering has been applied in a wide variety of fields,
ranging from engineering (machine learning, artificial intelli-
gence, pattern recognition, mechanical engineering, electrical
engineering), computer sciences (web mining, spatial database
analysis, textual document collection, image segmentation),
life and medical sciences (genetics, biology, microbiology,
paleontology, psychiatry, clinic, pathology), to earth sciences
(geography. geology, remote sensing), social sciences (soci-
ology, psychology, archeology, education), and economics
(marketing, business) [88], [127]. Accordingly, clustering is
also known as numerical taxonomy, learning without a teacher
(or unsupervised learning), typological analysis and partition.
The diversity reflects the important position of clustering in
scientific research. On the other hand, it causes confusion, due
to the differing terminologies and goals. Clustering algorithms
developed to solve a particular problem, in a specialized field,
usually make assumptions in favor of the application of interest.
These biases inevitably affect performance in other problems
that do not satisfy these premises. For example, the -means
algorithm is based on the Euclidean measure and, hence, tends
to generate hyperspherical clusters. But if the real clusters are
in other geometric forms, -means may no longer be effective,
and we need to resort to other schemes. This situation also
holds true for mixture-model clustering, in which a model is fit
to data in advance.

Clustering has a long history, with lineage dating back to Aris-
totle [124]. General references on clustering techniques include
[14], [75], [77], [88], [111], [127], [150], [161], [259]. Important
survey papers on clustering techniques also exist in the literature.
Starting from a statistical pattern recognition viewpoint, Jain,
Murty,andFlynnreviewedtheclusteringalgorithmsandotherim-
portant issues related to cluster analysis [152], while Hansen and
Jaumard described the clustering problems under a mathematical
programming scheme [124]. Kolatch and He investigated appli-

cationsofclusteringalgorithmsforspatialdatabasesystems[171]
and information retrieval [133], respectively. Berkhin further ex-
panded the topic to the whole field of data mining [33]. Murtagh
reported the advances in hierarchical clustering algorithms [210]
andBaraldisurveyedseveralmodels for fuzzyandneuralnetwork
clustering [24]. Some more survey papers can also be found in
[25], [40], [74], [89], and [151]. In addition to the review papers,
comparative research on clustering algorithms is also significant.
Rauber, Paralic, and Pampalk presented empirical results for five
typical clustering algorithms [231]. Wei, Lee, and Hsu placed the
emphasison thecomparisonof fast algorithmsfor largedatabases
[280]. Scheunders compared several clustering techniques for
color image quantization, with emphasis on computational time
and thepossibilityofobtainingglobaloptima[239].Applications
and evaluations of different clustering algorithms for the analysis
of gene expression data from DNA microarray experiments were
described in [153], [192], [246], and [271]. Experimental evalua-
tionondocumentclusteringtechniques,basedonhierarchicaland

-means clustering algorithms, were summarized by Steinbach,
Karypis, and Kumar [261].

In contrast to the above, the purpose of this paper is to pro-
vide a comprehensive and systematic description of the influ-
ential and important clustering algorithms rooted in statistics,
computer science, and machine learning, with emphasis on new
advances in recent years.

The remainder of the paper is organized as follows. In Sec-
tion II, we review clustering algorithms, based on the natures
of generated clusters and techniques and theories behind them.
Furthermore, we discuss approaches for clustering sequential
data, large data sets, data visualization, and high-dimensional
data through dimension reduction. Two important issues on
cluster analysis, including proximity measure and how to
choose the number of clusters, are also summarized in the
section. This is the longest section of the paper, so, for conve-
nience, we give an outline of Section II in bullet form here:

II. Clustering Algorithms

• A. Distance and Similarity Measures
(See also Table I)

• B. Hierarchical
— Agglomerative

Single linkage, complete linkage, group average
linkage, median linkage, centroid linkage, Ward’s
method, balanced iterative reducing and clustering
using hierarchies (BIRCH), clustering using rep-
resentatives (CURE), robust clustering using links
(ROCK)

— Divisive
divisive analysis (DIANA), monothetic analysis
(MONA)

• C. Squared Error-Based (Vector Quantization)
— -means, iterative self-organizing data analysis

technique (ISODATA), genetic -means algorithm
(GKA), partitioning around medoids (PAM)

• D. pdf Estimation via Mixture Densities
— Gaussian mixture density decomposition (GMDD),

AutoClass
• E. Graph Theory-Based

— Chameleon, Delaunay triangulation graph (DTG),
highly connected subgraphs (HCS), clustering iden-
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TABLE I
SIMILARITY AND DISSIMILARITY MEASURE FOR QUANTITATIVE FEATURES

tification via connectivity kernels (CLICK), cluster
affinity search technique (CAST)

• F. Combinatorial Search Techniques-Based
— Genetically guided algorithm (GGA), TS clustering,

SA clustering
• G. Fuzzy

— Fuzzy -means (FCM), mountain method (MM), pos-
sibilistic -means clustering algorithm (PCM), fuzzy
-shells (FCS)

• H. Neural Networks-Based
— Learning vector quantization (LVQ), self-organizing

feature map (SOFM), ART, simplified ART (SART),
hyperellipsoidal clustering network (HEC), self-split-
ting competitive learning network (SPLL)

• I. Kernel-Based
— Kernel -means, support vector clustering (SVC)

• J. Sequential Data
— Sequence Similarity
— Indirect sequence clustering
— Statistical sequence clustering

• K. Large-Scale Data Sets (See also Table II)
— CLARA, CURE, CLARANS, BIRCH, DBSCAN,

DENCLUE, WaveCluster, FC, ART
• L. Data visualization and High-dimensional Data

— PCA, ICA, Projection pursuit, Isomap, LLE,
CLIQUE, OptiGrid, ORCLUS

• M. How Many Clusters?

Applications in two benchmark data sets, the traveling
salesman problem, and bioinformatics are illustrated in Sec-
tion III. We conclude the paper in Section IV.

II. CLUSTERING ALGORITHMS

Different starting points and criteria usually lead to different
taxonomies of clustering algorithms [33], [88], [124], [150],
[152], [171]. A rough but widely agreed frame is to classify
clustering techniques as hierarchical clustering and parti-
tional clustering, based on the properties of clusters generated
[88], [152]. Hierarchical clustering groups data objects with
a sequence of partitions, either from singleton clusters to a
cluster including all individuals or vice versa, while partitional
clustering directly divides data objects into some prespecified
number of clusters without the hierarchical structure. We
follow this frame in surveying the clustering algorithms in the
literature. Beginning with the discussion on proximity measure,
which is the basis for most clustering algorithms, we focus on
hierarchical clustering and classical partitional clustering algo-
rithms in Section II-B–D. Starting from part E, we introduce
and analyze clustering algorithms based on a wide variety of
theories and techniques, including graph theory, combinato-
rial search techniques, fuzzy set theory, neural networks, and
kernels techniques. Compared with graph theory and fuzzy set
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TABLE II
COMPUTATIONAL COMPLEXITY OF CLUSTERING ALGORITHMS

theory, which had already been widely used in cluster analysis
before the 1980s, the other techniques have been finding their
applications in clustering just in the recent decades. In spite of
the short history, much progress has been achieved. Note that
these techniques can be used for both hierarchical and parti-
tional clustering. Considering the more frequent requirement of
tackling sequential data sets, large-scale, and high-dimensional
data sets in many current applications, we review clustering
algorithms for them in the following three parts. We focus
particular attention on clustering algorithms applied in bioin-
formatics. We offer more detailed discussion on how to identify
appropriate number of clusters, which is particularly important
in cluster validity, in the last part of the section.

A. Distance and Similarity Measures

It is natural to ask what kind of standards we should use to
determine the closeness, or how to measure the distance (dis-
similarity) or similarity between a pair of objects, an object and
a cluster, or a pair of clusters. In the next section on hierarchical
clustering, we will illustrate linkage metrics for measuring prox-
imity between clusters. Usually, a prototype is used to represent
a cluster so that it can be further processed like other objects.
Here, we focus on reviewing measure approaches between in-
dividuals due to the previous consideration.

A data object is described by a set of features, usually repre-
sented as a multidimensional vector. The features can be quan-
titative or qualitative, continuous or binary, nominal or ordinal,
which determine the corresponding measure mechanisms.

A distance or dissimilarity function on a data set is defined
to satisfy the following conditions.

1) Symmetry. ;
2) Positivity. for all and .

If conditions

3) Triangle inequality.

for all and

and (4) Reflexivity. also
hold, it is called a metric.

Likewise, a similarity function is defined to satisfy the con-
ditions in the following.

1) Symmetry. ;
2) Positivity. , for all and .
If it also satisfies conditions

3)

for all and

and (4) , it is called a simi-
larity metric.

For a data set with input patterns, we can define an
symmetric matrix, called proximity matrix, whose th

element represents the similarity or dissimilarity measure for
the th and th patterns .

Typically, distance functions are used to measure continuous
features, while similarity measures are more important for qual-
itative variables. We summarize some typical measures for con-
tinuous features in Table I. The selection of different measures
is problem dependent. For binary features, a similarity measure
is commonly used (dissimilarity measures can be obtained by
simply using ). Suppose we use two binary sub-
scripts to count features in two objects. and represent
the number of simultaneous absence or presence of features in
two objects, and and count the features present only in
one object. Then two types of commonly used similarity mea-
sures for data points and are illustrated in the following.

•

simple matching coefficient
Rogers and Tanimoto measure.

Gower and Legendre measure

These measures compute the match between two objects
directly. Unmatched pairs are weighted based on their
contribution to the similarity.

•

Jaccard coefficient
Sokal and Sneath measure.

Gower and Legendre measure
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These measures focus on the co-occurrence features while
ignoring the effect of co-absence.

For nominal features that have more than two states, a simple
strategy needs to map them into new binary features [161], while
a more effective method utilizes the matching criterion

where

if and do not match
if and match

[88]. Ordinal features order multiple states according to some
standard and can be compared by using continuous dissimi-
larity measures discussed in [161]. Edit distance for alphabetic
sequences is discussed in Section II-J. More discussion on se-
quences and strings comparisons can be found in [120] and
[236].

Generally, for objects consisting of mixed variables, we can
map all these variables into the interval (0, 1) and use mea-
sures like the Euclidean metric. Alternatively, we can trans-
form them into binary variables and use binary similarity func-
tions. The drawback of these methods is the information loss.
A more powerful method was described by Gower in the form
of , where indicates the
similarity for the th feature and is a 0–1 coefficient based
on whether the measure of the two objects is missing [88], [112].

B. Hierarchical Clustering

Hierarchical clustering (HC) algorithms organize data into a
hierarchical structure according to the proximity matrix. The re-
sults of HC are usually depicted by a binary tree or dendrogram.
The root node of the dendrogram represents the whole data set
and each leaf node is regarded as a data object. The interme-
diate nodes, thus, describe the extent that the objects are prox-
imal to each other; and the height of the dendrogram usually
expresses the distance between each pair of objects or clusters,
or an object and a cluster. The ultimate clustering results can
be obtained by cutting the dendrogram at different levels. This
representation provides very informative descriptions and visu-
alization for the potential data clustering structures, especially
when real hierarchical relations exist in the data, like the data
from evolutionary research on different species of organizms.
HC algorithms are mainly classified as agglomerative methods
and divisive methods. Agglomerative clustering starts with
clusters and each of them includes exactly one object. A series
of merge operations are then followed out that finally lead all
objects to the same group. Divisive clustering proceeds in an
opposite way. In the beginning, the entire data set belongs to
a cluster and a procedure successively divides it until all clus-
ters are singleton clusters. For a cluster with objects, there
are possible two-subset divisions, which is very ex-
pensive in computation [88]. Therefore, divisive clustering is
not commonly used in practice. We focus on the agglomera-
tive clustering in the following discussion and some of divisive
clustering applications for binary data can be found in [88]. Two
divisive clustering algorithms, named MONA and DIANA, are
described in [161].

The general agglomerative clustering can be summarized by
the following procedure.

1) Start with singleton clusters. Calculate the prox-
imity matrix for the clusters.

2) Search the minimal distance

where is the distance function discussed be-
fore, in the proximity matrix, and combine cluster
and to form a new cluster.

3) Update the proximity matrix by computing the dis-
tances between the new cluster and the other clusters.

4) Repeat steps 2)–3) until all objects are in the same
cluster.

Based on the different definitions for distance between two
clusters, there are many agglomerative clustering algorithms.
The simplest and most popular methods include single linkage
[256] and complete linkage technique [258]. For the single
linkage method, the distance between two clusters is deter-
mined by the two closest objects in different clusters, so it
is also called nearest neighbor method. On the contrary, the
complete linkage method uses the farthest distance of a pair of
objects to define inter-cluster distance. Both the single linkage
and the complete linkage method can be generalized by the
recurrence formula proposed by Lance and Williams [178] as

where is the distance function and , and are
coefficients that take values dependent on the scheme used.

The formula describes the distance between a cluster and a
new cluster formed by the merge of two clusters and . Note
that when , and , the formula
becomes

which corresponds to the single linkage method. When
and , the formula is

which corresponds to the complete linkage method.
Several more complicated agglomerative clustering algo-

rithms, including group average linkage, median linkage,
centroid linkage, and Ward’s method, can also be constructed
by selecting appropriate coefficients in the formula. A detailed
table describing the coefficient values for different algorithms
is offered in [150] and [210]. Single linkage, complete linkage
and average linkage consider all points of a pair of clusters,
when calculating their inter-cluster distance, and are also called
graph methods. The others are called geometric methods since
they use geometric centers to represent clusters and determine
their distances. Remarks on important features and properties
of these methods are summarized in [88]. More inter-cluster
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distance measures, especially the mean-based ones, were intro-
duced by Yager, with further discussion on their possible effect
to control the hierarchical clustering process [289].

The common criticism for classical HC algorithms is that they
lack robustness and are, hence, sensitive to noise and outliers.
Once an object is assigned to a cluster, it will not be considered
again, which means that HC algorithms are not capable of cor-
recting possible previous misclassification. The computational
complexity for most of HC algorithms is at least and
this high cost limits their application in large-scale data sets.
Other disadvantages of HC include the tendency to form spher-
ical shapes and reversal phenomenon, in which the normal hier-
archical structure is distorted.

In recent years, with the requirement for handling large-scale
data sets in data mining and other fields, many new HC tech-
niques have appeared and greatly improved the clustering per-
formance. Typical examples include CURE [116], ROCK [117],
Chameleon [159], and BIRCH [295].

The main motivations of BIRCH lie in two aspects, the ability
to deal with large data sets and the robustness to outliers [295].
In order to achieve these goals, a new data structure, clustering
feature (CF) tree, is designed to store the summaries of the
original data. The CF tree is a height-balanced tree, with each
internal vertex composed of entries defined as child

, where is a representation of the cluster and
is defined as , where is the number of
data objects in the cluster, is the linear sum of the objects,
and SS is the squared sum of the objects, child is a pointer to the
th child node, and is a threshold parameter that determines

the maximum number of entries in the vertex, and each leaf
composed of entries in the form of , where
is the threshold parameter that controls the maximum number of
entries in the leaf.Moreover, the leavesmust followtherestriction
that the diameter
of each entry in the leaf is less than a threshold . The CF
tree structure captures the important clustering information of
the original data while reducing the required storage. Outliers
are eliminated from the summaries by identifying the objects
sparsely distributed in the feature space. After the CF tree is
built, an agglomerative HC is applied to the set of summaries to
perform global clustering. An additional step may be performed
to refine the clusters. BIRCH can achieve a computational
complexity of .

Noticing the restriction of centroid-based HC, which is
unable to identify arbitrary cluster shapes, Guha, Rastogi, and
Shim developed a HC algorithm, called CURE, to explore more
sophisticated cluster shapes [116]. The crucial feature of CURE
lies in the usage of a set of well-scattered points to represent
each cluster, which makes it possible to find rich cluster shapes
other than hyperspheres and avoids both the chaining effect
[88] of the minimum linkage method and the tendency to favor
clusters with similar sizes of centroid. These representative
points are further shrunk toward the cluster centroid according
to an adjustable parameter in order to weaken the effects of
outliers. CURE utilizes random sample (and partition) strategy
to reduce computational complexity. Guha et al. also proposed
another agglomerative HC algorithm, ROCK, to group data
with qualitative attributes [117]. They used a novel measure

“link” to describe the relation between a pair of objects and their
common neighbors. Like CURE, a random sample strategy is
used to handle large data sets. Chameleon is constructed from
graph theory and will be discussed in Section II-E.

Relative hierarchical clustering (RHC) is another exploration
that considers both the internal distance (distance between a
pair of clusters which may be merged to yield a new cluster)
and the external distance (distance from the two clusters to the
rest), and uses the ratio of them to decide the proximities [203].
Leung et al. showed an interesting hierarchical clustering based
on scale-space theory [180]. They interpreted clustering using
a blurring process, in which each datum is regarded as a light
point in an image, and a cluster is represented as a blob. Li
and Biswas extended agglomerative HC to deal with both nu-
meric and nominal data. The proposed algorithm, called simi-
larity-based agglomerative clustering (SBAC), employs a mixed
data measure scheme that pays extra attention to less common
matches of feature values [183]. Parallel techniques for HC are
discussed in [69] and [217], respectively.

C. Squared Error—Based Clustering (Vector Quantization)

In contrast to hierarchical clustering, which yields a succes-
sive level of clusters by iterative fusions or divisions, partitional
clustering assigns a set of objects into clusters with no hier-
archical structure. In principle, the optimal partition, based on
some specific criterion, can be found by enumerating all pos-
sibilities. But this brute force method is infeasible in practice,
due to the expensive computation [189]. Even for a small-scale
clustering problem (organizing 30 objects into 3 groups), the
number of possible partitions is . Therefore, heuristic
algorithms have been developed in order to seek approximate
solutions.

One of the important factors in partitional clustering is the
criterion function [124]. The sum of squared error function is
one of the most widely used criteria. Suppose we have a set of
objects , and we want to organize them
into subsets . The squared error criterion
then is defined as

where
a partition matrix;

if cluster
otherwise

with

cluster prototype or centroid (means) matrix;

sample mean for the th cluster;

number of objects in the th cluster.
Note the relation between the sum of squared error criterion

and the scatter matrices defined in multiclass discriminant anal-
ysis [75],
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where
total scatter matrix;
within-class scatter matrix;

between-class scatter matrix; and

mean vector for the whole data set.

It is not difficult to see that the criterion based on the trace
of is the same as the sum of squared error criterion. To
minimize the squared error criterion is equivalent to minimizing
the trace of or maximizing the trace of . We can obtain
a rich class of criterion functions based on the characteristics of

and [75].
The -means algorithm is the best-known squared

error-based clustering algorithm [94], [191].

1) Initialize a -partition randomly or based on some
prior knowledge. Calculate the cluster prototype ma-
trix .

2) Assign each object in the data set to the nearest cluster
, i.e.

if

for and

3) Recalculate the cluster prototype matrix based on the
current partition.

4) Repeat steps 2)–3) until there is no change for each
cluster.

The -means algorithm is very simple and can be easily
implemented in solving many practical problems. It can work
very well for compact and hyperspherical clusters. The time
complexity of -means is . Since and are usu-
ally much less than -means can be used to cluster large
data sets. Parallel techniques for -means are developed that
can largely accelerate the algorithm [262]. The drawbacks of

-means are also well studied, and as a result, many variants of
-means have appeared in order to overcome these obstacles.

We summarize some of the major disadvantages with the pro-
posed improvement in the following.

1) There is no efficient and universal method for iden-
tifying the initial partitions and the number of clus-
ters . The convergence centroids vary with different
initial points. A general strategy for the problem is
to run the algorithm many times with random initial
partitions. Peña, Lozano, and Larrañaga compared the
random method with other three classical initial parti-
tion methods by Forgy [94], Kaufman [161], and Mac-
Queen [191], based on the effectiveness, robustness,
and convergence speed criteria [227]. According to
their experimental results, the random and Kaufman’s
method work much better than the other two under the
first two criteria and by further considering the conver-
gence speed, they recommended Kaufman’s method.
Bradley and Fayyad presented a refinement algorithm
that first utilizes -means times to random sub-
sets from the original data [43]. The set formed from
the union of the solution (centroids of the clusters)

of the subsets is clustered times again, setting
each subset solution as the initial guess. The starting
points for the whole data are obtained by choosing the
solution with minimal sum of squared distances. Likas,
Vlassis, and Verbeek proposed a global -means algo-
rithm consisting of a series of -means clustering pro-
cedures with the number of clusters varying from 1 to

[186]. After finding the centroid for only one cluster
existing, at each , the previous
centroids are fixed and the new centroid is selected by
examining all data points. The authors claimed that the
algorithm is independent of the initial partitions and
provided accelerating strategies. But the problem on
computational complexity exists, due to the require-
ment for executing -means times for each value
of .

An interesting technique, called ISODATA, devel-
oped by Ball and Hall [21], deals with the estimation
of . ISODATA can dynamically adjust the number of
clusters by merging and splitting clusters according to
some predefined thresholds (in this sense, the problem
of identifying the initial number of clusters becomes
that of parameter (threshold) tweaking). The new is
used as the expected number of clusters for the next it-
eration.

2) The iteratively optimal procedure of -means cannot
guarantee convergence to a global optimum. The sto-
chastic optimal techniques, like simulated annealing
(SA) and genetic algorithms (also see part II.F), can
find the global optimum with the price of expensive
computation. Krishna and Murty designed new opera-
tors in their hybrid scheme, GKA, in order to achieve
global search and fast convergence [173]. The defined
biased mutation operator is based on the Euclidean
distance between an object and the centroids and aims
to avoid getting stuck in a local optimum. Another
operator, the -means operator (KMO), replaces the
computationally expensive crossover operators and
alleviates the complexities coming with them. An
adaptive learning rate strategy for the online mode

-means is illustrated in [63]. The learning rate is
exclusively dependent on the within-group variations
and can be adjusted without involving any user activi-
ties. The proposed enhanced LBG (ELBG) algorithm
adopts a roulette mechanism typical of genetic algo-
rithms to become near-optimal and therefore, is not
sensitive to initialization [222].

3) -means is sensitive to outliers and noise. Even if an
object is quite far away from the cluster centroid, it is
still forced into a cluster and, thus, distorts the cluster
shapes. ISODATA [21] and PAM [161] both consider
the effect of outliers in clustering procedures. ISO-
DATA gets rid of clusters with few objects. The split-
ting operation of ISODATA eliminates the possibility
of elongated clusters typical of -means. PAM utilizes
real data points (medoids) as the cluster prototypes and
avoids the effect of outliers. Based on the same con-
sideration, a -medoids algorithm is presented in [87]
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by searching the discrete 1-medians as the cluster cen-
troids.

4) The definition of “means” limits the application
only to numerical variables. The -medoids algo-
rithm mentioned previously is a natural choice, when
the computation of means is unavailable, since the
medoids do not need any computation and always exist
[161]. Huang [142] and Gupta et al. [118] defined dif-
ferent dissimilarity measures to extend -means
to categorical variables. For Huang’s method, the
clustering goal is to minimize the cost function

, where

and

with a set of -dimensional vectors
, where .

Each vector is known as a mode and is defined to
minimize the sum of distances . The
proposed -modes algorithm operates in a similar
way as -means.

Several recent advances on -means and other squared-error
based clustering algorithms with their applications can be found
in [125], [155], [222], [223], [264], and [277].

D. Mixture Densities-Based Clustering (pdf Estimation via
Mixture Densities)

In the probabilistic view, data objects are assumed to be gen-
erated according to several probability distributions. Data points
in different clusters were generated by different probability dis-
tributions. They can be derived from different types of density
functions (e.g., multivariate Gaussian or -distribution), or the
same families, but with different parameters. If the distributions
are known, finding the clusters of a given data set is equivalent
to estimating the parameters of several underlying models. Sup-
pose the prior probability (also known as mixing probability)

for cluster (here, is assumed to
be known and methods for estimating are discussed in Sec-
tion II-M) and the conditional probability density
(also known as component density), where is the unknown
parameter vector, are known. Then, the mixture probability den-
sity for the whole data set is expressed as

where , and . As long as
the parameter vector is decided, the posterior probability for
assigning a data point to a cluster can be easily calculated with
Bayes’s theorem. Here, the mixtures can be constructed with
any types of components, but more commonly, multivariate

Gaussian densities are used due to its complete theory and
analytical tractability [88], [297].

Maximum likelihood (ML) estimation is an important statis-
tical approach for parameter estimation [75] and it considers the
best estimate as the one that maximizes the probability of gen-
erating all the observations, which is given by the joint density
function

or, in a logarithm form

The best estimate can be achieved by solving the log-likelihood
equations .

Unfortunately, since the solutions of the likelihood equa-
tions cannot be obtained analytically in most circumstances
[90], [197], iteratively suboptimal approaches are required to
approximate the ML estimates. Among these methods, the
expectation-maximization (EM) algorithm is the most popular
[196]. EM regards the data set as incomplete and divides
each data point into two parts , where
represents the observable features and
is the missing data, where chooses value 1 or 0 according
to whether belongs to the component or not. Thus, the
complete data log-likelihood is

The standard EM algorithm generates a series of parameter
estimates , where represents the reaching of
the convergence criterion, through the following steps:

1) initialize and set ;
2) e-step: Compute the expectation of the complete data

log-likelihood

3) m-step: Select a new parameter estimate that maxi-
mizes the -function, ;

4) Increase ; repeat steps 2)–3) until the conver-
gence condition is satisfied.

The major disadvantages for EM algorithm are the sensitivity
to the selection of initial parameters, the effect of a singular co-
variance matrix, the possibility of convergence to a local op-
timum, and the slow convergence rate [96], [196]. Variants of
EM for addressing these problems are discussed in [90] and
[196].

A valuable theoretical note is the relation between the EM
algorithm and the -means algorithm. Celeux and Govaert
proved that classification EM (CEM) algorithm under a spher-
ical Gaussian mixture is equivalent to the -means algorithm
[58].
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Fraley and Raftery described a comprehensive mix-
ture-model based clustering scheme [96], which was im-
plemented as a software package, known as MCLUST [95]. In
this case, the component density is multivariate Gaussian, with
a mean vector and a covariance matrix as the parameters
to be estimated. The covariance matrix for each component can
further be parameterized by virtue of eigenvalue decomposi-
tion, represented as , where is a scalar, is
the orthogonal matrix of eigenvectors, and is the diagonal
matrix based on the eigenvalues of [96]. These three elements
determine the geometric properties of each component. After
the maximum number of clusters and the candidate models are
specified, an agglomerative hierarchical clustering was used to
ignite the EM algorithm by forming an initial partition, which
includes at most the maximum number of clusters, for each
model. The optimal clustering result is achieved by checking
the Bayesian information criterion (BIC) value discussed in
Section II-M. GMDD is also based on multivariate Gaussian
densities and is designed as a recursive algorithm that sequen-
tially estimates each component [297]. GMDD views data
points that are not generated from a distribution as noise and
utilizes an enhanced model-fitting estimator to construct each
component from the contaminated model. AutoClass considers
more families of probability distributions (e.g., Poisson and
Bernoulli) for different data types [59]. A Bayesian approach is
used in AutoClass to find out the optimal partition of the given
data based on the prior probabilities. Its parallel realization is
described in [228]. Other important algorithms and programs
include Multimix [147], EM based mixture program (EMMIX)
[198], and Snob [278].

E. Graph Theory-Based Clustering

The concepts and properties of graph theory [126] make it
very convenient to describe clustering problems by means of
graphs. Nodes of a weighted graph correspond to data
points in the pattern space and edges reflect the proximities
between each pair of data points. If the dissimilarity matrix is
defined as

if
otherwise

where is a threshold value, the graph is simplified to an
unweighted threshold graph. Both the single linkage HC and
the complete linkage HC can be described on the basis of
the threshold graph. Single linkage clustering is equivalent to
seeking maximally connected subgraphs (components) while
complete linkage clustering corresponds to finding maximally
complete subgraphs (cliques) [150]. Jain and Dubes illustrated
and discussed more applications of graph theory (e.g., Hubert’s
algorithm and Johnson’s algorithm) for hierarchical clustering
in [150]. Chameleon [159] is a newly developed agglomerative
HC algorithm based on the -nearest-neighbor graph, in which
an edge is eliminated if both vertices are not within the
closest points related to each other. At the first step, Chameleon
divides the connectivity graph into a set of subclusters with the
minimal edge cut. Each subgraph should contain enough nodes
in order for effective similarity computation. By combining
both the relative interconnectivity and relative closeness, which

make Chameleon flexible enough to explore the characteristics
of potential clusters, Chameleon merges these small subsets
and, thus, comes up with the ultimate clustering solutions.
Here, the relative interconnectivity (or closeness) is obtained
by normalizing the sum of weights (or average weight) of the
edges connecting the two clusters over the internal connectivity
(or closeness) of the clusters. DTG is another important graph
representation for HC analysis. Cherng and Lo constructed a
hypergraph (each edge is allowed to connect more than two
vertices) from the DTG and used a two-phase algorithm that is
similar to Chameleon to find clusters [61]. Another DTG-based
application, known as AMOEBA algorithm, is presented in
[86].

Graph theory can also be used for nonhierarchical clusters.
Zahn’s clustering algorithm seeks connected components as
clusters by detecting and discarding inconsistent edges in the
minimum spanning tree [150]. Hartuv and Shamir treated clus-
ters as HCS, where “highly connected” means the connectivity
(the minimum number of edges needed to disconnect a graph)
of the subgraph is at least half as great as the number of the
vertices [128]. A minimum cut (mincut) procedure, which
aims to separate a graph with a minimum number of edges, is
used to find these HCSs recursively. Another algorithm, called
CLICK, is based on the calculation of the minimum weight
cut to form clusters [247]. Here, the graph is weighted and the
edge weights are assigned a new interpretation, by combining
probability and graph theory. The edge weight between node
and is defined as shown in

belong to the same cluster
does not belong to the same cluster

where represents the similarity between the two nodes.
CLICK further assumes that the similarity values within clus-
ters and between clusters follow Gaussian distributions with
different means and variances, respectively. Therefore, the
previous equation can be rewritten by using Bayes’ theorem as

where is the prior probability that two objects belong to
the same cluster and are the means and
variances for between-cluster similarities and within-clusters
similarities, respectively. These parameters can be estimated
either from prior knowledge, or by using parameter estimation
methods [75]. CLICK recursively checks the current subgraph,
and generates a kernel list, which consists of the components
satisfying some criterion function. Subgraphs that include only
one node are regarded as singletons, and are separated for
further manipulation. Using the kernels as the basic clusters,
CLICK carries out a series of singleton adoptions and cluster
merge to generate the resulting clusters. Additional heuristics
are provided to accelerate the algorithm performance.

Similarly, CAST considers a probabilistic model in designing
a graph theory-based clustering algorithm [29]. Clusters are
modeled as corrupted clique graphs, which, in ideal conditions,
are regarded as a set of disjoint cliques. The effect of noise
is incorporated by adding or removing edges from the ideal
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model, with a probability . Proofs were given for recovering
the uncorrupted graph with a high probability. CAST is the
heuristic implementation of the original theoretical version.
CAST creates clusters sequentially, and each cluster begins
with a random and unassigned data point. The relation between
a data point and a cluster being built is determined by the
affinity, defined as , and the affinity threshold
parameter . When , it means that the data point is
highly related to the cluster and vice versa. CAST alternately
adds high affinity data points or deletes low affinity data points
from the cluster until no more changes occur.

F. Combinatorial Search Techniques-Based Clustering

The basic object of search techniques is to find the global
or approximate global optimum for combinatorial optimization
problems, which usually have NP-hard complexity and need to
search an exponentially large solution space. Clustering can be
regarded as a category of optimization problems. Given a set of
data points , clustering algorithms aim
to organize them into subsets that optimize
some criterion function. The possible partition for points into

clusters is given by the formula [189]

As shown before, even for small and , the computa-
tional complexity is extremely expensive, not to mention the
large-scale clustering problems frequently encountered in recent
decades. Simple local search techniques, like hill-climbing al-
gorithms, are utilized to find the partitions, but they are easily
stuck in local minima and therefore cannot guarantee optimality.
More complex search methods (e.g., evolutionary algorithms
(EAs) [93], SA [165], and Tabu search (TS) [108] are known as
stochastic optimization methods, while deterministic annealing
(DA) [139], [234] is the most typical deterministic search tech-
nique) can explore the solution space more flexibly and effi-
ciently.

Inspired by the natural evolution process, evolutionary com-
putation, which consists of genetic algorithms (GAs), evolution
strategies (ESs), evolutionary programming (EP), and genetic
programming (GP), optimizes a population of structure by using
a set of evolutionary operators [93]. An optimization function,
called the fitness function, is the standard for evaluating the opti-
mizing degree of the population, in which each individual has its
corresponding fitness. Selection, recombination, and mutation
are the most widely used evolutionary operators. The selection
operator ensures the continuity of the population by favoring the
best individuals in the next generation. The recombination and
mutation operators support the diversity of the population by ex-
erting perturbations on the individuals. Among many EAs, GAs
[140] are the most popular approaches applied in cluster anal-
ysis. In GAs, each individual is usually encoded as a binary bit
string, called a chromosome. After an initial population is gener-
ated according to some heuristic rules or just randomly, a series
of operations, including selection, crossover and mutation, are
iteratively applied to the population until the stop condition is
satisfied.

Hall, Özyurt, and Bezdek proposed a GGA that can be re-
garded as a general scheme for center-based (hard or fuzzy)
clustering problems [122]. Fitness functions are reformulated
from the standard sum of squared error criterion function in
order to adapt the change of the construction of the optimiza-
tion problem (only the prototype matrix is needed)

for hard clustering

for fuzzy clustering

where , is the distance between
the th cluster and the th data object, and is the fuzzification
parameter.

GGA proceeds with the following steps.

1) Choose appropriate parameters for the algorithm. Ini-
tialize the population randomly with individuals,
each of which represents a prototype matrix and
is encoded as gray codes. Calculate the fitness value for
each individual.

2) Use selection (tournament selection) operator to
choose parental members for reproduction.

3) Use crossover (two-point crossover) and mutation (bit-
wise mutation) operator to generate offspring from the
individuals chosen in step 2).

4) Determine the next generation by keeping the individ-
uals with the highest fitness.

5) Repeat steps 2)–4) until the termination condition is
satisfied.

Other GAs-based clustering applications have appeared
based on a similar framework. They are different in the
meaning of an individual in the population, encoding methods,
fitness function definition, and evolutionary operators [67],
[195], [273]. The algorithm CLUSTERING in [273] includes
a heuristic scheme for estimating the appropriate number of
clusters in the data. It also uses a nearest-neighbor algorithm
to divide data into small subsets, before GAs-based clustering,
in order to reduce the computational complexity. GAs are very
useful for improving the performance of -means algorithms.
Babu and Murty used GAs to find good initial partitions [15].
Krishna and Murty combined GA with -means and devel-
oped GKA algorithm that can find the global optimum [173].
As indicated in Section II-C, the algorithm ELBG uses the
roulette mechanism to address the problems due to the bad
initialization [222]. It is worthwhile to note that ELBG are
equivalent to another algorithm, fully automatic clustering
system (FACS) [223], in terms of quantization level detection.
The difference lies in the input parameters employed (ELBG
adopts the number of quantization levels, while FACS uses
the desired distortion error). Except the previous applications,
GAs can also be used for hierarchical clustering. Lozano and
Larrañag discussed the properties of ultrametric distance [127]
and reformulated the hierarchical clustering as an optimization
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problem that tries to find the closest ultrametic distance for a
given dissimilarity with Euclidean norm [190]. They suggested
an order-based GA to solve the problem. Clustering algorithms
based on ESs and EP are described and analyzed in [16] and
[106], respectively.

TS is a combinatory search technique that uses the tabu list to
guide the search process consisting of a sequence of moves. The
tabu list stores part or all of previously selected moves according
to the specified size. These moves are forbidden in the current
search and are called tabu. In the TS clustering algorithm devel-
oped by Al-Sultan [9], a set of candidate solutions are generated
from the current solution with some strategy. Each candidate so-
lution represents the allocations of data objects in clusters.
The candidate with the optimal cost function is selected as the
current solution and appended to the tabu list, if it is not already
in the tabu list or meets the aspiration criterion, which can over-
rule the tabu restriction. Otherwise, the remaining candidates
are evaluated in the order of their cost function values, until all
these conditions are satisfied. When all the candidates are tabu, a
new set of candidate solutions are created followed by the same
search process. The search process proceeds until the maximum
number of iterations is reached. Sung and Jin’s method includes
more elaborate search processes with the packing and releasing
procedures [266]. They also used a secondary tabu list to keep
the search from trapping into the potential cycles. A fuzzy ver-
sion of TS clustering can be found in [72].

SA is also a sequential and global search technique and is mo-
tivated by the annealing process in metallurgy [165]. SA allows
the search process to accept a worse solution with a certain prob-
ability. The probability is controlled by a parameter, known as
temperature and is usually expressed as , where

is the change of the energy (cost function). The tempera-
ture goes through an annealing schedule from initial high to
ultimate low values, which means that SA attempts to explore
solution space more completely at high temperatures while fa-
vors the solutions that lead to lower energy at low temperatures.
SA-based clustering was reported in [47] and [245]. The former
illustrated an application of SA clustering to evaluate different
clustering criteria and the latter investigated the effects of input
parameters to the clustering performance.

Hybrid approaches that combine these search techniques are
also proposed. A tabu list is used in a GA clustering algorithm to
preserve the variety of the population and avoid repeating com-
putation [243]. An application of SA for improving TS was re-
ported in [64]. The algorithm further reduces the possible moves
to local optima.

The main drawback that plagues the search techniques-based
clustering algorithms is the parameter selection. More often
than not, search techniques introduce more parameters than
other methods (like -means). There are no theoretic guide-
lines to select the appropriate and effective parameters. Hall
et al. provided some methods for setting parameters in their
GAs-based clustering framework [122], but most of these
criteria are still obtained empirically. The same situation exists
for TS and SA clustering [9], [245]. Another problem is the
computational complexity paid for the convergence to global
optima. High computational requirement limits their applica-
tions in large-scale data sets.

G. Fuzzy Clustering

Except for GGA, the clustering techniques we have discussed
so far are referred to as hard or crisp clustering, which means
that each object is assigned to only one cluster. For fuzzy clus-
tering, this restriction is relaxed, and the object can belong to all
of the clusters with a certain degree of membership [293]. This
is particularly useful when the boundaries among the clusters
are not well separated and ambiguous. Moreover, the member-
ships may help us discover more sophisticated relations between
a given object and the disclosed clusters.

FCM is one of the most popular fuzzy clustering algorithms
[141]. FCM can be regarded as a generalization of ISODATA
[76] and was realized by Bezdek [35]. FCM attempts to find a
partition ( fuzzy clusters) for a set of data points

while minimizing the cost function

where
is the fuzzy partition matrix and

is the membership coefficient of the
th object in the th cluster;

is the cluster prototype (mean or center)
matrix;
is the fuzzification parameter and usually
is set to 2 [129];
is the distance measure between and

.
We summarize the standard FCM as follows, in which the

Euclidean or norm distance function is used.

1) Select appropriate values for , and a small positive
number . Initialize the prototype matrix randomly.
Set step variable .

2) Calculate (at ) or update (at ) the member-
ship matrix by

for and

3) Update the prototype matrix by

for

4) Repeat steps 2)–3) until .
Numerous FCM variants and other fuzzy clustering algo-

rithms have appeared as a result of the intensive investigation
on the distance measure functions, the effect of weighting
exponent on fuzziness control, the optimization approaches for
fuzzy partition, and improvements of the drawbacks of FCM
[84], [141].

Like its hard counterpart, FCM also suffers from the presence
of noise and outliers and the difficulty to identify the initial par-
titions. Yager and Filev proposed a MM in order to estimate the
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centers of clusters [290]. Candidate centers consist of a set of
vertices that are formed by building a grid on the pattern space.
The mountain function for a vertex is defined as

where is the distance between the th data object and
the th node, and is a positive constant. Therefore, the closer
a data object is to a vertex, the more the data object contributes
to the mountain function. The vertex with the maximum
value of mountain function is selected as the first center.
A procedure, called mountain destruction, is performed to get
rid of the effects of the selected center. This is achieved by sub-
tracting the mountain function value for each of the rest ver-
tices with an amount dependent on the current maximum moun-
tain function value and the distance between the vertex and the
center. The process iterates until the ratio between the current
maximum and is below some threshold. The connection
of MM with several other fuzzy clustering algorithms was fur-
ther discussed in [71]. Gath and Geva described an initialization
strategy of unsupervised tracking of cluster prototypes in their
2-layer clustering scheme, in which FCM and fuzzy ML esti-
mation are effectively combined [102].

Kersten suggested that city block distance (or norm) could
improve the robustness of FCM to outliers [163]. Furthermore,
Hathaway, Bezdek, and Hu extended FCM to a more universal
case by using Minkowski distance (or norm, ) and
seminorm for the models that operate either di-
rectly on the data objects or indirectly on the dissimilarity mea-
sures [130]. According to their empirical results, the object data
based models, with and norm, are recommended. They
also pointed out the possible improvement of models for other

norm with the price of more complicated optimization oper-
ations. PCM is another approach for dealing with outliers [175].
Under this model, the memberships are interpreted by a possi-
bilistic view, i.e., “the compatibilities of the points with the class
prototypes” [175]. The effect of noise and outliers is abated with
the consideration of typicality. In this case, the first condition for
the membership coefficient described in Section I is relaxed to

. Accordingly, the cost function is reformu-
lated as

where are some positive constants. The additional term
tends to give credits to memberships with large values. A
modified version in order to find appropriate clusters is pro-
posed in [294]. Davé and Krishnapuram further elaborated
the discussion on fuzzy clustering robustness and indicated its
connection with robust statistics [71]. Relations among some
widely used fuzzy clustering algorithms were discussed and
their similarities to some robust statistical methods were also
reviewed. They reached a unified framework as the conclusion
for the previous discussion and proposed generic algorithms
for robust clustering.

The standard FCM alternates the calculation of the member-
ship and prototype matrix, which causes a computational burden
for large-scale data sets. Kolen and Hutcheson accelerated the
computation by combining updates of the two matrices [172].
Hung and Yang proposed a method to reduce computational
time by identifying more accurate cluster centers [146]. FCM
variants were also developed to deal with other data types, such
as symbolic data [81] and data with missing values [129].

A family of fuzzy -shells algorithms has also appeared to de-
tect different types of cluster shapes, especially contours (lines,
circles, ellipses, rings, rectangles, hyperbolas) in a two-dimen-
sional data space. They use the “shells” (curved surfaces [70])
as the cluster prototypes instead of points or surfaces in tra-
ditional fuzzy clustering algorithms. In the case of FCS [36],
[70], the proposed cluster prototype is represented as a -di-
mensional hyperspherical shell ( for circles),
where is the center, and is the radius. A dis-
tance function is defined as to
measure the distance from a data object to the prototype .
Similarly, other cluster shapes can be achieved by defining ap-
propriate prototypes and corresponding distance functions, ex-
ample including fuzzy -spherical shells (FCSS) [176], fuzzy
-rings (FCR) [193], fuzzy -quadratic shells (FCQS) [174], and

fuzzy -rectangular shells (FCRS) [137]. See [141] for further
details.

Fuzzy set theories can also be used to create hierarchical
cluster structure. Geva proposed a hierarchical unsupervised
fuzzy clustering (HUFC) algorithm [104], which can effec-
tively explore data structure at different levels like HC, while
establishing the connections between each object and cluster in
the hierarchy with the memberships. This design makes HUFC
overcome one of the major disadvantages of HC, i.e., HC
cannot reassign an object once it is designated into a cluster.
Fuzzy clustering is also closely related to neural networks [24],
and we will see more discussions in the following section.

H. Neural Networks-Based Clustering

Neural networks-based clustering has been dominated by
SOFMs and adaptive resonance theory (ART), both of which
are reviewed here, followed by a brief discussion of other
approaches.

In competitive neural networks, active neurons reinforce
their neighborhood within certain regions, while suppressing
the activities of other neurons (so-called on-center/off-surround
competition). Typical examples include LVQ and SOFM [168],
[169]. Intrinsically, LVQ performs supervised learning, and is
not categorized as a clustering algorithm [169], [221]. But its
learning properties provide an insight to describe the potential
data structure using the prototype vectors in the competitive
layer. By pointing out the limitations of LVQ, including sen-
sitivity to initiation and lack of a definite clustering object,
Pal, Bezdek, and Tsao proposed a general LVQ algorithm
for clustering, known as GLVQ [221] (also see [157] for its
improved version GLVQ-F). They constructed the clustering
problem as an optimization process based on minimizing a
loss function, which is defined on the locally weighted error
between the input pattern and the winning prototype. They also
showed the relations between LVQ and the online -means
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algorithm. Soft LVQ algorithms, e.g., fuzzy algorithms for
LVQ (FALVQ), were discussed in [156].

The objective of SOFM is to represent high-dimensional
input patterns with prototype vectors that can be visualized in
a usually two-dimensional lattice structure [168], [169]. Each
unit in the lattice is called a neuron, and adjacent neurons are
connected to each other, which gives the clear topology of
how the network fits itself to the input space. Input patterns
are fully connected to all neurons via adaptable weights, and
during the training process, neighboring input patterns are
projected into the lattice, corresponding to adjacent neurons. In
this sense, some authors prefer to think of SOFM as a method
to displaying latent data structure in a visual way rather than a
clustering approach [221]. Basic SOFM training goes through
the following steps.

1) Define the topology of the SOFM; Initialize the proto-
type vectors randomly.

2) Present an input pattern to the network; Choose
the winning node that is closest to , i.e.,

.
3) Update prototype vectors

where is the neighborhood function that is often
defined as

where is the monotonically decreasing learning
rate, represents the position of corresponding neuron,
and is the monotonically decreasing kernel width
function, or

if node belongs to the neighborhood
of the winning node
otherwise

4) Repeat steps 2)–3) until no change of neuron position
that is more than a small positive number is observed.

While SOFM enjoy the merits of input space density ap-
proximation and independence of the order of input patterns, a
number of user-dependent parameters cause problems when ap-
plied in real practice. Like the -means algorithm, SOFM need
to predefine the size of the lattice, i.e., the number of clusters,
which is unknown for most circumstances. Additionally, trained
SOFM may be suffering from input space density misrepresen-
tation [132], where areas of low pattern density may be over-rep-
resented and areas of high density under-represented. Kohonen
reviewed a variety of variants of SOFM in [169], which improve
drawbacks of basic SOFM and broaden its applications. SOFM
can also be integrated with other clustering approaches (e.g.,

-means algorithm or HC) to provide more effective and faster
clustering. [263] and [276] illustrate two such hybrid systems.

ART was developed by Carpenter and Grossberg, as a so-
lution to the plasticity and stability dilemma [51], [53], [113].
ART can learn arbitrary input patterns in a stable, fast, and

self-organizing way, thus, overcoming the effect of learning in-
stability that plagues many other competitive networks. ART is
not, as is popularly imagined, a neural network architecture. It
is a learning theory, that resonance in neural circuits can trigger
fast learning. As such, it subsumes a large family of current
and future neural networks architectures, with many variants.
ART1 is the first member, which only deals with binary input
patterns [51], although it can be extended to arbitrary input
patterns by a variety of coding mechanisms. ART2 extends
the applications to analog input patterns [52] and ART3 intro-
duces a new mechanism originating from elaborate biological
processes to achieve more efficient parallel search in hierar-
chical structures [54]. By incorporating two ART modules,
which receive input patterns ART and corresponding labels
ART , respectively, with an inter-ART module, the resulting

ARTMAP system can be used for supervised classifications
[56]. The match tracking strategy ensures the consistency of
category prediction between two ART modules by dynamically
adjusting the vigilance parameter of ART . Also see fuzzy
ARTMAP in [55]. A similar idea, omitting the inter-ART
module, is known as LAPART [134].

The basic ART1 architecture consists of two-layer nodes, the
feature representation field and the category representation
field . They are connected by adaptive weights, bottom-up
weight matrix and top-down weight matrix . The pro-
totypes of clusters are stored in layer . After it is activated
according to the winner-takes-all competition, an expectation
is reflected in layer , and compared with the input pattern.
The orienting subsystem with the specified vigilance parameter

determines whether the expectation and the
input are closely matched, and therefore controls the generation
of new clusters. It is clear that the larger is, the more clusters
are generated. Once weight adaptation occurs, both bottom-up
and top-down weights are updated simultaneously. This is called
resonance, from which the name comes. The ART1 algorithm
can be described as follows.

1) Initialize weight matrices and as
, where are sorted in a descending order and sat-

isfies for and any
binary input pattern , and ;

2) For a new pattern , calculate the input from layer
to layer as

if is an uncommitted node
first activated

if is a committed node

where represents the logic AND operation.
3) Activate layer by choosing node with the winner-

takes-all rule .
4) Compare the expectation from layer with the input

pattern. If , go to step 5a), other-
wise go to step 5b).
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5)
a) Update the corresponding weights for the active

node as new old
old and new old .;

b) Send a reset signal to disable the current active node
by the orienting subsystem and return to step 3).

6) Present another input pattern, return to step 2) until all
patterns are processed.

Note the relation between ART network and other clustering
algorithms described in traditional and statistical language.
Moore used several clustering algorithms to explain the clus-
tering behaviors of ART1 and therefore induced and proved a
number of important properties of ART1, notably its equiva-
lence to varying -means clustering [204]. She also showed
how to adapt these algorithms under the ART1 framework. In
[284] and [285], the ease with which ART may be used for
hierarchical clustering is also discussed.

Fuzzy ART (FA) benefits the incorporation of fuzzy set theory
and ART [57]. FA maintains similar operations to ART1 and
uses the fuzzy set operators to replace the binary operators, so
that it can work for all real data sets. FA exhibits many desirable
characteristics such as fast and stable learning and atypical pat-
tern detection. Huang et al. investigated and revealed more prop-
erties of FA classified as template, access, reset, and the number
of learning epochs [143]. The criticisms for FA are mostly fo-
cused on its inefficiency in dealing with noise and the defi-
ciency of hyperrectangular representation for clusters in many
circumstances [23], [24], [281]. Williamson described Gaussian
ART (GA) to overcome these shortcomings [281], in which each
cluster is modeled with Gaussian distribution and represented as
a hyperellipsoid geometrically. GA does not inherit the offline
fast learning property of FA, as indicated by Anagnostopoulos et
al. [13], who proposed different ART architectures: hypersphere
ART (HA) [12] for hyperspherical clusters and ellipsoid ART
(EA) [13] for hyperellipsoidal clusters, to explore a more effi-
cient representation of clusters, while keeping important prop-
erties of FA. Baraldi and Alpaydin proposed SART following
their general ART clustering networks frame, which is described
through a feedforward architecture combined with a match com-
parison mechanism [23]. As specific examples, they illustrated
symmetric fuzzy ART (SFART) and fully self-organizing SART
(FOSART) networks. These networks outperform ART1 and FA
according to their empirical studies [23].

In addition to these, many other neural network architectures
are developed for clustering. Most of these architectures uti-
lize prototype vectors to represent clusters, e.g., cluster detec-
tion and labeling network (CDL) [82], HEC [194], and SPLL
[296]. HEC uses a two-layer network architecture to estimate
the regularized Mahalanobis distance, which is equated to the
Euclidean distance in a transformed whitened space. CDL is
also a two-layer network with an inverse squared Euclidean
metric. CDL requires the match between the input patterns and
the prototypes above a threshold, which is dynamically adjusted.
SPLL emphasizes initiation independent and adaptive genera-
tion of clusters. It begins with a random prototype in the input
space and iteratively chooses and divides prototypes until no fur-
ther split is available. The divisibility of a prototype is based on
the consideration that each prototype represents only one natural

Fig. 2. ART1 architecture. Two layers are included in the attentional
subsystem, connected via bottom-up and top-down adaptive weights. Their
interactions are controlled by the orienting subsystem through a vigilance
parameter.

cluster, instead of the combinations of several clusters. Simpson
employed hyperbox fuzzy sets to characterize clusters [100],
[249]. Each hyperbox is delineated by a min and max point, and
data points build their relations with the hyperbox through the
membership function. The learning process experiences a se-
ries of expansion and contraction operations, until all clusters
are stable.

I. Kernel-Based Clustering

Kernel-based learning algorithms [209], [240], [274] are
based on Cover’s theorem. By nonlinearly transforming a set
of complex and nonlinearly separable patterns into a higher-di-
mensional feature space, we can obtain the possibility to
separate these patterns linearly [132]. The difficulty of curse
of dimensionality can be overcome by the kernel trick, arising
from Mercer’s theorem [132]. By designing and calculating
an inner-product kernel, we can avoid the time-consuming,
sometimes even infeasible process to explicitly describe the
nonlinear mapping and compute the corresponding points in
the transformed space.

In [241], Schölkopf, Smola, and Müller depicted a kernel-
-means algorithm in the online mode. Suppose we have a set of
patterns and a nonlinear map

. Here, represents a feature space with arbitrarily high di-
mensionality. The object of the algorithm is to find centers so
that we can minimize the distance between the mapped patterns
and their closest center

where is the center for the th cluster and lies in a span of
, and is the inner-

product kernel.
Define the cluster assignment variable

if belongs to cluster
otherwise.
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Then the kernel- -means algorithm can be formulated as the
following.

1) Initialize the centers with the first , ob-
servation patterns;

2) Take a new pattern and calculate as
shown in the equation at the bottom of the page.

3) Update the mean vector whose corresponding
is 1

where .
4) Adapt the coefficients for each as

for
for

5) Repeat steps 2)–4) until convergence is achieved.
Two variants of kernel- -means were introduced in [66],

motivated by SOFM and ART networks. These variants con-
sider effects of neighborhood relations, while adjusting the
cluster assignment variables, and use a vigilance parameter to
control the process of producing mean vectors. The authors also
illustrated the application of these approaches in case based
reasoning systems.

An alternative kernel-based clustering approach is in [107].
The problem was formulated to determine an optimal partition

to minimize the trace of within-group scatter matrix in the
feature space

where
,

and is the total number of patterns in the th cluster.
Note that the kernel function utilized in this case is the radial

basis function (RBF) and can be interpreted as a mea-
sure of the denseness for the th cluster.

Ben-Hur et al. presented a new clustering algorithm, SVC,
in order to find a set of contours used as the cluster bound-
aries in the original data space [31], [32]. These contours can
be formed by mapping back the smallest enclosing sphere in
the transformed feature space. RBF is chosen in this algorithm,

and, by adjusting the width parameter of RBF, SVC can form ei-
ther agglomerative or divisive hierarchical clusters. When some
points are allowed to lie outside the hypersphere, SVC can deal
with outliers effectively. An extension, called multiple spheres
support vector clustering, was proposed in [62], which combines
the concept of fuzzy membership.

Kernel-based clustering algorithms have many advantages.

1) It is more possible to obtain a linearly separable hyper-
plane in the high-dimensional, or even infinite feature
space.

2) They can form arbitrary clustering shapes other than
hyperellipsoid and hypersphere.

3) Kernel-based clustering algorithms, like SVC, have the
capability of dealing with noise and outliers.

4) For SVC, there is no requirement for prior knowledge
to determine the system topological structure. In [107],
the kernel matrix can provide the means to estimate the
number of clusters.

Meanwhile, there are also some problems requiring further
consideration and investigation. Like many other algorithms,
how to determine the appropriate parameters, for example, the
width of Gaussian kernel, is not trivial. The problem of compu-
tational complexity may become serious for large data sets.

The process of constructing the sum-of-squared clustering
algorithm [107] and -means algorithm [241] presents a good
example to reformulate more powerful nonlinear versions
for many existing linear algorithms, provided that the scalar
product can be obtained. Theoretically, it is important to investi-
gate whether these nonlinear variants can keep some useful and
essential properties of the original algorithms and how Mercer
kernels contribute to the improvement of the algorithms. The
effect of different types of kernel functions, which are rich in
the literature, is also an interesting topic for further exploration.

J. Clustering Sequential Data

Sequential data are sequences with variable length and many
other distinct characteristics, e.g., dynamic behaviors, time
constraints, and large volume [120], [265]. Sequential data can
be generated from: DNA sequencing, speech processing, text
mining, medical diagnosis, stock market, customer transactions,
web data mining, and robot sensor analysis, to name a few [78],
[265]. In recent decades, sequential data grew explosively. For
example, in genetics, the recent statistics released on October
15, 2004 (Release 144.0) shows that there are 43 194 602
655 bases from 38 941 263 sequences in GenBank database
[103] and release 45.0 of SWISSPROT on October 25, 2004
contains 59 631 787 amino acids in 163 235 sequence entries
[267]. Cluster analysis explores potential patterns hidden in the
large number of sequential data in the context of unsupervised
learning and therefore provides a crucial way to meet the cur-
rent challenges. Generally, strategies for sequential clustering
mostly fall into three categories.

if
otherwise
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1) Sequence Similarity: The first scheme is based on the
measure of the distance (or similarity) between each pair of se-
quences. Then, proximity-based clustering algorithms, either hi-
erarchical or partitional, can group sequences. Since many se-
quential data are expressed in an alphabetic form, like DNA
or protein sequences, conventional measure methods are inap-
propriate. If a sequence comparison is regarded as a process of
transforming a given sequence to another with a series of substi-
tution, insertion, and deletion operations, the distance between
the two sequences can be defined by virtue of the minimum
number of required operations. A common analysis processes is
alignment, illustrated in Fig. 3. The defined distance is known
as edit distance or Levenshtein distance [120], [236]. These edit
operations are weighted (punished or rewarded) according to
some prior domain knowledge and the distance herein is equiva-
lent to the minimum cost to complete the transformation. In this
sense, the similarity or distance between two sequences can be
reformulated as an optimal alignment problem, which fits well
in the framework of dynamic programming.

Given two sequences, and
, the basic dynamic program-

ming-based sequence alignment algorithm, also known as
the Needleman-Wunsch algorithm, can be depicted by the
following recursive equation [78], [212]:

where is defined as the best alignment score be-
tween sequence segment of and

of , and , or
represent the cost for aligning to , aligning to

a gap (denoted as ), or aligning to a gap, respectively. The
computational results for each position at and are recorded
in an array with a pointer that stores current optimal operations
and provides an effective path in backtracking the alignment.
The Needleman-Wunsch algorithm considers the comparison
of the whole length of two sequences and therefore performs
a global optimal alignment. However, it is also important to
find local similarity among sequences in many circumstances.
The Smith-Waterman algorithm achieves that by allowing the
beginning of a new alignment during the recursive computa-
tion, and the stop of an alignment anywhere in the dynamic
programming matrix [78], [251]. This change is summarized
in the following:

For both the global and local alignment algorithms, the com-
putation complexity is , which is very expensive, es-
pecially for a clustering problem that requires an all-against-all
pairwise comparison. A wealth of speed-up methods has been
developed to improve the situation [78], [120]. We will see
more discussion in Section III-E in the context of biological
sequences analysis. Other examples include applications for
speech recognition [236] and navigation pattern mining [131].

Fig. 3. Illustration of a sequence alignment. Series of edit operations
is performed to change the sequence CLUSTERING into the sequence
CLASSIFICATION.

2) Indirect Sequence Clustering: The second approach
employs an indirect strategy, which begins with the extraction
of a set of features from the sequences. All the sequences
are then mapped into the transformed feature space, where
classical vector space-based clustering algorithms can be
used to form clusters. Obviously, feature extraction becomes
the essential factor that decides the effectiveness of these
algorithms. Guralnik and Karypis discussed the potential de-
pendency between two sequential patterns and suggested both
the global and the local approaches to prune the initial feature
sets in order to better represent sequences in the new feature
space [119]. Morzy et al. utilized the sequential patterns as
the basic element in the agglomerative hierarchical clustering
and defined a co-occurrence measure, as the standard of fusion
of smaller clusters [207]. These methods greatly reduce the
computational complexities and can be applied to large-scale
sequence databases. However, the process of feature selection
inevitably causes the loss of some information in the original
sequences and needs extra attention.

3) Statistical Sequence Clustering: Typically, the first two
approaches are used to deal with sequential data composed of
alphabets, while the third paradigm, which aims to construct
statistical models to describe the dynamics of each group of se-
quences, can be applied to numerical or categorical sequences.
The most important method is hidden Markov models (HMMs)
[214], [219], [253], which first gained its popularity in the appli-
cation of speech recognition [229]. A discrete HMM describes
an unobservable stochastic process consisting of a set of states,
each of which is related to another stochastic process that emits
observable symbols. Therefore, the HMM is completely speci-
fied by the following.

1) A finite set with states.
2) A discrete set with observa-

tion symbols.
3) A state transition distribution , where

th state at time th state at time

4) A symbol emission distribution , where

at th state at

5) An initial state distribution , where

th state at

After an initial state is selected according to the initial dis-
tribution , a symbol is emitted with emission distribution .
The next state is decided by the state transition distribution
and it also generates a symbol based on . The process repeats
until reaching the last state. Note that the procedure generates
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a sequence of symbol observations instead of states, which is
where the name “hidden” comes from. HMMs are well founded
theoretically [229]. Dynamic programming and EM algorithm
are developed to solve the three basic problems of HMMs as the
following.

1) Likelihood (forward or backward algorithm). Com-
pute the probability of an observation sequence given
a model.

2) State interpretation (Vertbi algorithm). Find an op-
timal state sequence by optimizing some criterion
function given the observation sequence and the
model.

3) Parameter estimation (Baum–Welch algorithm). De-
sign suitable model parameters to maximize the prob-
ability of observation sequence under the model.

The equivalence between an HMM and a recurrent
back-propagation network was elucidated in [148], and a
universal framework was constructed to describe both the
computational and the structural properties of the HMM and
the neural network.

Smyth proposed an HMM-based clustering model, which,
similar to the theories introduced in mixture densities-based
clustering, assumes that each cluster is generated based on some
probability distribution [253]. Here, HMMs are used rather than
the common Gaussian or -distribution. In addition to the form
of finite mixture densities, the mixture model can also be de-
scribed by means of an HMM with the transition matrix

where is the transition distribution for the th
cluster. The initial distribution of the HMM is determined based
on the prior probability for each cluster. The basic learning
process starts with a parameter initialization scheme to form
a rough partition with the log-likelihood of each sequence
serving as the distance measure. The partition is further re-
fined by training the overall HMM over all sequences with
the classical EM algorithm. A Monte-Carlo cross validation
method was used to estimate the possible number of clusters.
An application with a modified HMM model that considers
the effect of context for clustering facial display sequences is
illustrated in [138]. Oates et al. addressed the initial problem by
pregrouping the sequences with the agglomerative hierarchical
clustering, which operates on the proximity matrix determined
by the dynamic time warping (DTW) technique [214]. The area
formed between one original sequence and a new sequence,
generated by warping the time dimension of another original
sequence, reflects the similarity of the two sequences. Li and
Biswas suggested several objective criterion functions based
on posterior probability and information theory for structural
selection of HMMs and cluster validity [182]. More recent
advances on HMMs and other related topics are reviewed in
[30].

Other model-based sequence clustering includes mixtures of
first-order Markov chain [255] and a linear model like autore-
gressive moving average (ARMA) model [286]. Usually, they

are combined with EM for parameter estimation [286]. Smyth
[255] and Cadez et al. [50] further generalize a universal prob-
abilistic framework to model mixed data measurement, which
includes both conventional static multivariate vectors and dy-
namic sequence data.

The paradigm models clusters directly from original data
without additional process that may cause information loss.
They provide more intuitive ways to capture the dynamics
of data and more flexible means to deal with variable length
sequences. However, determining the number of model com-
ponents remains a complicated and uncertain process [214],
[253]. Also, the model selected is required to have sufficient
complexity, in order to interpret the characteristics of data.

K. Clustering Large-Scale Data Sets

Scalability becomes more and more important for clustering
algorithms with the increasing complexity of data, mainly man-
ifesting in two aspects: enormous data volume and high dimen-
sionality. Examples, illustrated in the sequential clustering sec-
tion, are just some of the many applications that require this ca-
pability. With the further advances of database and Internet tech-
nologies, clustering algorithms will face more severe challenges
in handling the rapid growth of data. We summarize the com-
putational complexity of some typical and classical clustering
algorithms in Table II with several newly proposed approaches
specifically designed to deal with large-scale data sets. Several
points can be generalized through the table.

1) Obviously, classical hierarchical clustering algo-
rithms, including single-linkage, complete linkage,
average linkage, centroid linkage and median linkage,
are not appropriate for large-scale data sets due to the
quadratic computational complexities in both execu-
tion time and store space.

2) -means algorithm has a time complexity of
and space complexity of . Since is usu-
ally much larger than both and , the complexity be-
comes near linear to the number of samples in the data
sets. -means algorithm is effective in clustering large-
scale data sets, and efforts have been made in order to
overcome its disadvantages [142], [218].

3) Many novel algorithms have been developed to cluster
large-scale data sets, especially in the context of data
mining [44], [45], [85], [135], [213], [248]. Many of
them can scale the computational complexity linearly
to the input size and demonstrate the possibility of han-
dling very large data sets.

a) Random sampling approach, e.g., CLARA clus-
tering large applications (CLARA) [161] and CURE
[116]. The key point lies that the appropriate sample
sizes can effectively maintain the important geomet-
rical properties of clusters. Furthermore, Chernoff
boundscanprovideestimation for the lowerboundof
the minimum sample size, given the low probability
that points in each cluster are missed in the sample
set [116]. CLARA represents each cluster with a
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medoid while CURE chooses a set of well-scattered
and center-shrunk points.

b) Randomized search approach, e.g., clustering
large applications based on randomized search
(CLARANS) [213]. CLARANS sees the clustering
as a search process in a graph, in which each node
corresponds to a set of medoids. It begins with an
arbitrary node as the current node and examines a set
of neighbors, defined as the node consisting of only
one different data object, to seek a better solution,
i.e., any neighbor, with a lower cost, becomes the
current node. If the maximum number of neighbors,
specified by the user, has been reached, the current
node is accepted as a winning node. This process
iterates several times as specified by users. Though
CLARANS achieves better performance than algo-
rithms like CLARA, the total computational time is
still quadratic, which makes CLARANS not quite
effective in very large data sets.

c) Condensation-based approach, e.g., BIRCH [295].
BIRCH generates and stores the compact sum-
maries of the original data in a CF tree, as discussed
in Section II-B. This new data structure efficiently
captures the clustering information and largely
reduces the computational burden. BIRCH was
generalized into a broader framework in [101] with
two algorithms realization, named as BUBBLE and
BUBBLE-FM.

d) Density-based approach, e.g., density based spatial
clustering of applications with noise (DBSCAN)
[85] and density-based clustering (DENCLUE)
[135]. DBSCAN requires that the density in a
neighborhood for an object should be high enough
if it belongs to a cluster. DBSCAN creates a new
cluster from a data object by absorbing all objects in
its neighborhood. The neighborhood needs to sat-
isfy a user-specified density threshold. DBSCAN
uses a -tree structure for more efficient queries.
DENCLUE seeks clusters with local maxima of
the overall density function, which reflects the
comprehensive influence of data objects to their
neighborhoods in the corresponding data space.

e) Grid-based approach, e.g., WaveCluster [248] and
fractal clustering (FC) [26]. WaveCluster assigns
dataobjects toasetofunitsdividedintheoriginalfea-
ture space, and employs wavelet transforms on these
units, to map objects into the frequency domain. The
key idea is that clusters can be easily distinguished in
the transformed space. FC combines the concepts of
both incremental clustering and fractal dimension.
Data objects are incrementally added to the clusters,
specified through an initial process, and represented
as cells in a grid, with the condition that the fractal
dimension of cluster needs to keep relatively stable.

4) Most algorithms listed previously lack the capability of
dealing with data with high dimensionality. Their per-
formances degenerate with the increase of dimension-
ality. Some algorithms, like FC and DENCLUE, have

shown some successful applications in such cases, but
these are still far from completely effective.

In addition to the aforementioned approaches, several other
techniquesalsoplaysignificantrolesinclusteringlarge-scaledata
sets. Parallel algorithms can more effectively use computational
resources,andgreatly improveoverallperformance in thecontext
ofboth time andspace complexity [69], [217], [262]. Incremental
clustering techniques do not require the storage of the entire data
set, and can handle it in a one-pattern-at-a-time way. If the pat-
tern displays enough closeness to a cluster according to some
predefined criteria, it is assigned to the cluster. Otherwise, a new
cluster is created to represent the object. A typical example is
the ART family [51]–[53] discussed in Section II-H. Most incre-
mental clustering algorithms are dependent on the order of the
input patterns [51], [204]. Bradley, Fayyad, and Reina proposed
a scalable clustering framework, considering seven relevant im-
portant characteristics in dealing with large databases [44]. Ap-
plications of the framework were illustrated for the -means al-
gorithm and EM mixture models [44], [45].

L. Exploratory Data Visualization and High-Dimensional
Data Analysis Through Dimensionality Reduction

For most of the algorithms summarized in Table II, although
they can deal with large-scale data, they are not sufficient for
analyzing high-dimensional data. The term, “curse of dimen-
sionality,” which was first used by Bellman to indicate the ex-
ponential growth of complexity in the case of multivariate func-
tion estimation under a high dimensionality situation [28], is
generally used to describe the problems accompanying high di-
mensional spaces [34], [132]. It is theoretically proved that the
distance between the nearest points is no different from that
of other points when the dimensionality of the space is high
enough [34]. Therefore, clustering algorithms that are based on
the distance measure may no longer be effective in a high dimen-
sional space. Fortunately, in practice, many high-dimensional
data usually have an intrinsic dimensionality that is much lower
than the original dimension [60]. Dimension reduction is impor-
tant in cluster analysis, which not only makes the high-dimen-
sional data addressable and reduces the computational cost, but
provides users with a clearer picture and visual examination of
the data of interest. However, dimensionality reduction methods
inevitably cause some loss of information, and may damage the
interpretability of the results, even distort the real clusters.

One natural strategy for dimensionality reduction is to
extract important components from original data, which can
contribute to the division of clusters. Principle component
analysis (PCA) or Karhunen-Loéve transformation is one of
the typical approaches, which is concerned with constructing
a linear combination of a set of vectors that can best describe
the variance of data. Given the input pattern matrix

, the linear mapping
projects into a low-dimensional
subspace, where is the resulting matrix and is the

projection matrix whose columns are the eigenvectors
that correspond to the largest eigenvalues of the co-
variance matrix , calculated from the whole data set (hence,
the column vectors of are orthonormal). PCA estimates the
matrix while minimizing the sum of squares of the error
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of approximating the input vectors. In this sense, PCA can
be realized through a three-layer neural network, called an
auto-associative multilayer perceptron, with linear activation
functions [19], [215]. In order to extract more complicated
nonlinear data structure, nonlinear PCA was developed and one
of the typical examples is kernel PCA. As methods discussed
in Section II-I, kernel PCA first maps the input patterns into a
feature space. The similar steps are then applied to solve the
eigenvalue problem with the new covariance matrix in the fea-
ture space. In another way, extra hidden layers with nonlinear
activation functions can be added into the auto-associative
network for this purpose [38], [75].

PCA is appropriate for Gaussian distributions since it relies on
second-order relationships in the covariance matrix, Other linear
transforms, like independent component analysis (ICA) and pro-
jection pursuit, which use higher order statistical information,
are more suited for non-Gaussian distributions [60], [151]. The
basic goal of ICA is to find the components that are most statis-
tically independent from each other [149], [154]. In the context
of blind source separation, ICA aims to separate the independent
source signals from the mixed observation signal. This problem
can be formulated in several different ways [149], and one of
the simplest form (without considering noise) is represented as

, where is the -dimensional observable vector,
is the -dimensional source vector assumed to be statistically
independent, and is a nonsingular mixing matrix. ICA
can also be realized by virtueof multilayer perceptrons, and [158]
illustrates one of such examples. The proposed ICA network
includes whitening, separation, and basis vectors estimation
layers, with corresponding learning algorithms. The authors
also indicated its connection to the auto-associative multilayer
perceptron. Projection pursuit is another statistical technique for
seeking low-dimensional projection structures for multivariate
data [97], [144]. Generally, projection pursuit regards the normal
distribution as the least interesting projections and optimizes
some certain indices that measure the degree of nonnormality
[97]. PCA can be considered as a special example of projection
pursuit, as indicated in [60]. More discussions on the relations
among PCA, ICA, projection pursuit, and other relevant tech-
niques are offered in [149] and [158].

Different from PCA, ICA, and projection pursuit, Multidi-
mensional scaling (MDS) is a nonlinear projection technique
[75], [292]. The basic idea of MDS lies in fitting original mul-
tivariate data into a low-dimensional structure while aiming to
maintain the proximity information. The distortion is measured
through some criterion functions, e.g., in the sense of sum
of squared error between the real distance and the projection
distance. The isometric feature mapping (Isomap) algorithm
is another nonlinear technique, based on MDS [270]. Isomap
estimates the geodesic distance between a pair of points, which
is the shortest path between the points on a manifold, by virtue
of the measured input-space distances, e.g., the Euclidean
distance usually used. This extends the capability of MDS to
explore more complex nonlinear structures in the data. Locally
linear embedding (LLE) algorithm addresses the nonlinear
dimensionality reduction problem from a different starting
point [235]. LLE emphasizes the local linearity of the manifold
and assumes that the local relations in the original data space

( -dimensional) are also preserved in the projected low-di-
mensional space ( -dimensional). This is represented through
a weight matrix, describing how each point is related to the
reconstruction of another data point. Therefore, the procedure
for dimensional reduction can be constructed as the problem
that finding -dimensional vectors so that the criterion
function is minimized. Another inter-
esting nonlinear dimensionality reduction approach, known as
Laplace eigenmap algorithm, is presented in [27].

As discussed in Section II-H, SOFM also provide good visu-
alization for high-dimensional input patterns [168]. SOFM map
input patterns into a one or usually two dimensional lattice struc-
ture, consisting of nodes associated with different clusters. An
application for clustering of a large set of documental data is
illustrated in [170], in which 6 840 568 patent abstracts were
projected onto a SOFM with 1 002 240 nodes.

Subspace-based clustering addresses the challenge by ex-
ploring the relations of data objects under different combina-
tions of features. clustering in quest (CLIQUE) [3] employs a
bottom-up scheme to seek dense rectangular cells in all sub-
spaces with high density of points. Clusters are generated as the
connected components in a graph whose vertices stand for the
dense units. The resulting minimal description of the clusters is
obtained through the merge of these rectangles. OptiGrid [136] is
designed to obtain an optimal grid-partitioning. This is achieved
by constructing the best cutting hyperplanes through a set of
projections. The time complexity for OptiGrid is in the interval
of and . ORCLUS (arbitrarily ORiented
projected CLUster generation) [2] defines a generalized pro-
jected cluster as a densely distributed subset of data objects in
a subspace, along with a subset of vectors that represent the
subspace. The dimensionality of the subspace is prespecified by
users as an input parameter, and several strategies are proposed
in guidance of its selection. The algorithm begins with a set
of randomly selected seeds with the full dimensionality.
This dimensionality and the number of clusters are decayed
according to some factors at each iteration, until the number
of clusters reaches the predefined values. Each repetition con-
sists of three basic operations, known as assignment, vector
finding, and merge. ORCLUS has the overall time complexity of

and space complexity of .
Obviously, the scalability to large data sets relies on the number
of initial seeds . A generalized subspace clustering model,
pCluster was proposed in [279]. These pClusters are formed
by a depth-first clustering algorithm. Several other interesting
applications, including a Clindex (CLustering for INDEXing)
scheme and wavelet transform, are shown in [184] and [211],
respectively.

M. How Many Clusters?

The clustering process partitions data into an appropriate
number of subsets. Although for some applications, users can
determine the number of clusters, , in terms of their expertise,
under more circumstances, the value of is unknown and
needs to be estimated exclusively from the data themselves.
Many clustering algorithms ask to be provided as an input
parameter, and it is obvious that the quality of resulting clusters
is largely dependent on the estimation of . A division with
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too many clusters complicates the result, therefore, makes it
hard to interpret and analyze, while a division with too few
clusters causes the loss of information and misleads the final
decision. Dubes called the problem of determining the number
of clusters “the fundamental problem of cluster validity” [74].

A large number of attempts have been made to estimate the
appropriate and some of representative examples are illus-
trated in the following.

1) Visualization of the data set. For the data points that
can be effectively projected onto a two-dimensional
Euclidean space, which are commonly depicted with
a histogram or scatterplot, direct observations can pro-
vide good insight on the value of . However, the com-
plexity of most real data sets restricts the effectiveness
of the strategy only to a small scope of applications.

2) Construction of certain indices (or stopping rules).
These indices usually emphasize the compactness of
intra-cluster and isolation of inter-cluster and consider
the comprehensive effects of several factors, including
the defined squared error, the geometric or statistical
properties of the data, the number of patterns, the dis-
similarity (or similarity), and the number of clusters.
Milligan and Cooper compared and ranked 30 indices
according to their performance over a series of artifi-
cial data sets [202]. Among these indices, the Caliñski
and Harabasz index [74] achieve the best performance
and can be represented as

CH

where is the total number of patterns and
and are the trace of the between and within
class scatter matrix, respectively. The that maxi-
mizes the value of CH is selected as the optimal.
It is worth noting that these indices may be data de-
pendent. The good performance of an index for cer-
tain data does not guarantee the same behavior with
different data. As pointed out by Everitt, Landau, and
Leese, “it is advisable not to depend on a single rule
for selecting the number of groups, but to synthesize
the results of several techniques” [88].

3) Optimization of some criterion functions under prob-
abilistic mixture-model framework. In a statistical
framework, finding the correct number of clusters
(components) , is equivalent to fitting a model with
observed data and optimizing some criterion [197].
Usually, the EM algorithm is used to estimate the
model parameters for a given , which goes through
a predefined range of values. The value of that
maximizes (or minimizes) the defined criterion is
regarded as optimal. Smyth presented a Monte-Carlo
cross-validation method, which randomly divides data
into training and test sets times according to a cer-
tain fraction ( works well from the empirical
results) [252]. The is selected either directly based
on the criterion function or some posterior probabili-
ties calculated.

A large number of criteria, which combine concepts
from information theory, have been proposed in the
literature. Typical examples include,

• Akaike’s information criterion (AIC) [4], [282]

AIC

where is the total number of patterns, is the
number of parameters for each cluster, is the total
number of parameters estimated, and is the max-
imum log-likelihood. is selected with the minimum
value of AIC .

• Bayesian inference criterion (BIC) [226], [242]

BIC

is selected with the maximum value of BIC .
More criteria, such as minimum description length

(MDL) [114], [233], minimum message length (MML)
[114], [216], cross validation-based information crite-
rion (CVIC) [254] and covariance inflation criterion
(CIC) [272], with their characteristics, are summarized
in [197]. Like the previous discussion for validation
index, there is no criterion that is superior to others in
general case. The selection of different criteria is still
dependent on the data at hand.

4) Other heuristic approaches based on a variety of tech-
niques and theories. Girolami performed eigenvalue
decomposition on the kernel matrix in the high-dimen-
sional feature space and used the dominant compo-
nents in the decomposition summation as an indication
of the possible existence of clusters [107]. Kothari
and Pitts described a scale-based method, in which the
distance from a cluster centroid to other clusters in
its neighborhood is considered (added as a regulariza-
tion term in the original squared error criterion, Sec-
tion II-C) [160]. The neighborhood of clusters work as
a scale parameter and the that is persistent in the
largest interval of the neighborhood parameter is re-
garded as the optimal.

Besides the previous methods, constructive clustering algo-
rithms can adaptively and dynamically adjust the number of
clusters rather than use a prespecified and fixed number. ART
networks generate a new cluster, only when the match between
the input pattern and the expectation is below some prespecified
confidence value [51]. A functionally similar mechanism is
used in the CDL network [82]. The robust competitive clus-
tering algorithm (RCA) describes a competitive agglomeration
process that progresses in stages, and clusters that lose in the
competition are discarded, and absorbed into other clusters [98].
This process is generalized in [42], which attains the number
of clusters by balancing the effect between the complexity
and the fidelity. Another learning scheme, SPLL iteratively
divides cluster prototypes from a single prototype until no
more prototypes satisfy the split criterion [296]. Several other
constructive clustering algorithms, including the FACS and
plastic neural gas, can be accessed in [223] and [232], re-
spectively. Obviously, the problem of determining the number
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of clusters is converted into a parameter selection problem,
and the resulting number of clusters is largely dependent on
parameter tweaking.

III. APPLICATIONS

We illustrate applications of clustering techniques in three as-
pects. The first is for two classical benchmark data sets that are
widely used in pattern recognition and machine learning. Then,
we show an application of clustering for the traveling salesman
problem. The last topic is on bioinformatics. We deal with clas-
sical benchmarks in Sections III-A and III-B and the traveling
salesman problem in Section III-C. A more extensive discussion
of bioinformatics is in Sections III-D and III-E.

A. Benchmark Data Sets—IRIS

The iris data set [92] is one of the most popular data
sets to examine the performance of novel methods in pat-
tern recognition and machine learning. It can be down-
loaded from the UCI Machine Learning Repository at
http://www.ics.uci.edu/~mlearn/MLRepository.html. There are
three categories in the data set (i.e., iris setosa, iris versicolor
and iris virginical), each having 50 patterns with four features
[i.e., sepal length (SL), sepal width (SW), petal length (PL),
and petal width (PW)]. Iris setosa can be linearly separated
from iris versicolor and iris virginical, while iris versicolor and
iris virginical are not linearly separable (see Fig. 4(a), in which
only three features are used). Fig. 4(b) depicts the clustering
result with a standard -means algorithm. It is clear to see that

-means can correctly differentiate iris setosa from the other
two iris plants. But for iris versicolor and virginical, there exist
16 misclassifications. This result is similar to those (around
15 errors) obtained from other classical clustering algorithms
[221]. Table III summarizes some of the clustering results
reported in the literature. From the table, we can see that many
newly developed approaches can greatly improve the clustering
performance on iris data set (around 5 misclassifications); some
even can achieve 100% accuracy. Therefore, the data can be
well classified with appropriate methods.

B. Benchmark Data Sets—MUSHROOM

Unlike the iris data set, all of the features of the mushroom
data set, which can also be accessible at the UCI Machine
Learning Repository, are nominal rather than numerical. These
23 species of gilled mushrooms are categorized as either edible
or poisonous. The total number of instances is 8 124 with 4
208 being edible and 3 916 poisonous. The 22 features are
summarized in Table IV with corresponding possible values.
Table V illustrates some experimental results in the literature.
As indicated in [117] and [277], traditional clustering strategies,
like -means and hierarchical clustering, work poorly on the
data set. The accuracy for -means is just around 69% [277]
and the clusters formed by classical HC are mixed with nearly
similar proportion of both edible and poisonous objects [117].
The results reported in the newly developed algorithms, which
are specifically used for tackling categorical or mixture data,
greatly improve the situation [117], [183]. The algorithm ROCK

Fig. 4. (a) Iris data sets. There are three iris categories, each having 50 samples
with 4 features. Here, only three features are used: PL, PW, and SL. (b)K-means
clustering result with 16 classification errors observed.

TABLE III
SOME CLUSTERING RESULTS FOR THE IRIS DATA SET

divides objects into 21 clusters with most of them (except one)
consisting of only one category, which increases the accuracy
almost to 99%. The algorithm SBAC works on a subset of
200 randomly selected objects, 100 for each category and the
general results show the correct partition of 3 clusters (two for
edible mushrooms, one for poisonous ones). In both studies, the
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GLVQ [221] 17 11.3% 
FCM [129] 16 10.6% 

GFMM [100] 0-7 0-4.7% 
Mercer kernel based 
clustering algorithm 

[107] 
3 2% 

SVC [31] 4 2.7% 
CDL [82] 6 4% 
HC [203] 13-17 8.7-11.3% 

RHC [203] 5-6 3.3-4% 
FA [23] 6.77-46.4 4.5-30.9% 

GLVQ: general learning vector quantization; 
GFMM: general fuzzy min-max neural network; 
SVC: support vector clustering; FCM: fuzzy c-means; 
CDL: cluster detection and labeling network; 
HC: hierarchical clustering; RHC: relative hierarchical clustering; 
FA: fuzzy adaptive resonance theory. 

25 

K 

K 



XU AND WUNSCH II: SURVEY OF CLUSTERING ALGORITHMS 667

TABLE IV
FEATURES FOR THE MUSHROOM DATA SET

constitution of each feature for generated clusters is also illus-
trated and it is observed that some features, like cap-shape and
ring-type, represent themselves identically for both categories
and, thus, suggest poor performance of traditional approaches.
Meanwhile, feature odor shows good discrimination for the
different types of mushrooms. Usually, value almond, anise,
or none indicates the edibility of mushrooms, while value
pungent, foul, or fishy means the high possibility of presence
of poisonous contents in the mushrooms.

C. Traveling Salesman Problem

The traveling salesman problem (TSP) is one of the most
studied examples in an important class of problems known as
NP-complete problems. Given a complete undirected graph

, where is a set of vertices and is a set of
edges each relating two vertices with an associated nonnegative
integer cost, the most general form of the TSP is equivalent
to finding any Hamiltonian cycle, which is a tour over that
begins and ends at the same vertex and visits other vertices
exactly once. The more common form of the problem is the

TABLE V
SOME CLUSTERING RESULTS FOR THE MUSHROOM DATA SET

optimization problem of trying to find the shortest Hamiltonian
cycle, and in particular, the most common is the Euclidean
version, where the vertices and edges all lie in the plane.
Mulder and Wunsch applied a divide-and-conquer clustering
technique, with ART networks, to scale the problem to a mil-
lion cities [208]. The divide and conquer paradigm gives the
flexibility to hierarchically break large problems into arbitrarily
small clusters depending on what tradeoff between accuracy
and speed is desired. In addition, the subproblems provide an
excellent opportunity to take advantage of parallel systems
for further optimization. As the first stage of the algorithm,
the ART network is used to sort the cities into clusters. The
vigilance parameter is used to set a maximum distance from the
current pattern. A vigilance parameter between 0 and 1 is used
as a percentage of the global space to determine the vigilance
distance. Values were chosen based on the desired number and
size of individual clusters. The clusters were then each passed to
a version of the Lin-Kernighan (LK) algorithm [187]. The last
step combines the subtours back into one complete tour. Tours
with good quality for city levels up to 1 000 000 were obtained
within 25 minutes on a 2 GHz AMD Athlon MP processor with
512 M of DDR RAM. Fig. 5 shows the visualizing results for 1
000, 10 000, and 1 000 000 cities, respectively.

It is worthwhile to emphasize the relation between the TSP
and very large-scale integrated (VLSI) circuit clustering, which
partitions a sophisticated system into smaller and simpler sub-
circuits to facilitate the circuit design. The object of the par-
titions is to minimize the number of connections among the
components. One strategy for solving the problem is based on
geometric representations, either linear or multidimensional [8].
Alpert and Kahng considered a solution to the problem as the
“inverse” of the divide-and-conquer TSP method and used a
linear tour of the modules to form the subcircuit partitions [7].
They adopted the spacefilling curve heuristic for the TSP to con-
struct the tour so that connected modules are still close in the
generated tour. A dynamic programming method was used to
generate the resulting partitions. More detailed discussion on
VLSI circuit clustering can be found in the survey by Alpert
and Kahng [7].
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Algorithm Percentage of accuracy 

K-means [277] * 69% 
COP-K-means [277]* 96% 

Hierarchical clustering [117] Fail to discriminate the two 
types of mushroom 

ROCK [117] About 99% 
SBAC [183]' Correctly classify instances 

into 3 groups 
ARTMAP [56] Over 99% with 1000 training 

samples 
AutoClass [183] * Correctly classify instances 

into 4 groups 
* A subset with 50 instances and 21 features was used. 
+ A subset with 200 instances was used. 
COP: constraint-partitioning; 
ROCK: robust clustering using links; 
SBAC: similarity-based agglomerative clustering. 

Features Potential values 
Cap-shape bell=b, conical=c, convex=x, flat=f, 

knobbed=k, sunken=s 
Cap-surface fibrous=f, grooves=g, scaly=y, smooths 

Cap-color 
brown=n, buff=b, cinnamon=c, gray=g, 

green=r, pink=p, purple=u, red=e, white=w, 
yellow =y 

bruises bruises=t, no=f 

odor 
almond=a, anise=1, crcosotc=c, fishy=y, 
foul=f, musty=m, none=n, pungent=p, 

spicy=s 
Gill-attachment attached=a, descending=d, free=f, 

notched=n 
Gill-spacing close=c, crowded=vv, distant=d 

Gill-size broad=b, narrow 

Gill-color 
black=k, brown=n, buff=b, chocolate=h, 

gray=g, green=r, orange=o, pink=p, 
purple=u, red e, white=w, yellow=y 

Stalk-shape enlarging=e, tapering=t 
Stalk-root bulbous=b, club=c, cup=u, equate, 

rhizomorphs=z, rooted=r, missing=? 
Stalk-surface-above-ring ibrous=f, scaly=y, silky=k, smooth=s 
Stalk-surface-below-ring ibrous=f, scaly=y, silky=k, smooth=s 
Stalk-color-above-ring brown=n, buff=b, cinnamon=c, gray=g, 

orange=o, pink=p, red=e, white=w, 
yellow=y 

Stalk-color-below-ring brown=n, buff=b, cinnamon=c, gray=g, 
orange=o, pink=p, red=e, white=w, 

yellow =y 
Veil-type partial=p, universal=u 
Veil-color brown=n, orange=o, white=w, yellow=y 

Ring-number none=n, one=o, two=t 

Ring-type 
cobwebby=e, evanescent=e, flaring=f, 

large=l, none=n, pendant=p, sheathing=s, 
zone=z 

Spore-print-color 
black=k, brown=n, buff=b, chocolate=h, 
green=r, orange=o, purple=u, white=w, 

yellow =y 
population abundant=a, clustered=c, numerous=n, 

scattered=s, several=v, solitary=y 
habitat grasses=g, leaves=l, meadows=m 

paths=p, urban=u, waste=w, wcods=d 

G = (V, E) V 
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Fig. 5. Clustering divide-and-conquer TSP resulting tours for (a) 1 k, (b) 10 k,
(c) 1 M cities. The clustered LK algorithm achieves a significant speedup and
shows good scalability.

D. Bioinformatics—Gene Expression Data

Recently, advances in genome sequencing projects and DNA
microarray technologies have been achieved. The first draft of
the human genome sequence project was completed in 2001,
several years earlier than expected [65], [275]. The genomic se-
quence data for other organizms (e.g., Drosophila melanogaster
and Escherichia coli) are also abundant. DNA microarray tech-
nologies provide an effective and efficient way to measure gene
expression levels of thousands of genes simultaneously under
different conditions and tissues, which makes it possible to in-
vestigate gene activities from the angle of the whole genome
[79], [188]. With sequences and gene expression data in hand,
to investigate the functions of genes and identify their roles in
the genetic process become increasingly important. Analyzes
under traditional laboratory techniques are time-consuming and
expensive. They fall far behind the explosively increasing gen-
eration of new data. Among the large number of computational
methods used to accelerate the exploration of life science, clus-
tering can reveal the hidden structures of biological data, and is
particularly useful for helping biologists investigate and under-
stand the activities of uncharacterized genes and proteins and
further, the systematic architecture of the whole genetic net-
work. We demonstrate the applications of clustering algorithms
in bioinformatics from two aspects. The first part is based on
the analysis of gene expression data generated from DNA mi-
croarray technologies. The second part describes clustering pro-
cesses that directly work on linear DNA or protein sequences.
The assumption is that functionally similar genes or proteins
usually share similar patterns or primary sequence structures.

DNA microarray technologies generate many gene ex-
pression profiles. Currently, there are two major microarray
technologies based on the nature of the attached DNA: cDNA
with length varying from several hundred to thousand bases,
or oligonucleotides containing 20–30 bases. For cDNA tech-
nologies, a DNA microarray consists of a solid substrate to
which a large amount of cDNA clones are attached according
to a certain order [79]. Fluorescently labeled cDNA, obtained
from RNA samples of interest through the process of reverse
transcription, is hybridized with the array. A reference sample
with a different fluorescent label is also needed for comparison.
Image analysis techniques are then used to measure the fluores-
cence of each dye, and the ratio reflects relative levels of gene
expression. For a high-density oligonucleotide microarray,
oligonucleotides are fixed on a chip through photolithography
or solid-phase DNA synthesis [188]. In this case, absolute
gene expression levels are obtained. After the normalization
of the fluorescence intensities, the gene expression profiles
are represented as a matrix , where is the ex-
pression level of the th gene in the th condition, tissue, or
experimental stage. Gene expression data analysis consists of a
three-level framework based on the complexity, ranging from
the investigation of single gene activities to the inference of the
entire genetic network [20]. The intermediate level explores
the relations and interactions between genes under different
conditions, and attracts more attention currently. Generally,
cluster analysis of gene expression data is composed of two
aspects: clustering genes [80], [206], [260], [268], [283], [288]
or clustering tissues or experiments [5], [109], [238].

Results of gene clustering may suggest that genes in the same
group have similar functions, or they share the same transcrip-
tional regulation mechanism. Cluster analysis, for grouping
functionally similar genes, gradually became popular after
the successful application of the average linkage hierarchical
clustering algorithm for the expression data of budding yeast
Saccharomyces cerevisiae and reaction of human fibroblasts to
serum by Eisen et al. [80]. They used the Pearson correlation
coefficient to measure the similarity between two genes, and
provided a very informative visualization of the clustering re-
sults. Their results demonstrate that functionally similar genes
tend to reside in the same clusters formed by their expression
pattern, even under a relatively small set of conditions. Herwig
et al. developed a variant of -means algorithm to cluster a set
of 2 029 human cDNA clones and adopted mutual information
as the similarity measure [230]. Tomayo et al. [268] made
use of SOFM to cluster gene expression data and its applica-
tion in hematopoietic differentiation provided new insight for
further research. Graph theories based clustering algorithms,
like CAST [29] and CLICK [247], showed very promising
performances in tackling different types of gene expression
data. Since many genes usually display more than one function,
fuzzy clustering may be more effective in exposing these rela-
tions [73]. Gene expression data is also important to elucidate
the genetic regulation mechanism in a cell. By examining
the corresponding DNA sequences in the control regions of a
cluster of co-expressed genes, we may identify potential short
and consensus sequence patterns, known as motifs, and further
investigate their interaction with transcriptional binding factors,
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leading to different gene activities. Spellman et al. clustered
800 genes according to their expression during the yeast cell
cycle [260]. Analyzes of 8 major gene clusters unravel the
connection between co-expression and co-regulation. Tavazoie
et al. partitioned 3 000 genes into 30 clusters with the -means
algorithm [269]. For each cluster, 600 base pairs upstream
sequences of the genes were searched for potential motifs. 18
motifs were found from 12 clusters in their experiments and 7
of them can be verified according to previous empirical results
in the literature. A more comprehensive investigation can be
found in [206].

As to another application, clustering tissues or experiments
are valuable in identifying samples that are in the different dis-
ease states, discovering, or predicting different cancer types, and
evaluating the effects of novel drugs and therapies [5], [109],
[238]. Golub et al. described the restriction of traditional cancer
classification methods, which are mostly dependent on mor-
phological appearance of tumors, and divided cancer classifi-
cation into two challenges: class discovery and class predic-
tion. They utilized SOFM to discriminate two types of human
acute leukemias: acute myeloid leukemia (AML) and acute lym-
phoblastic leukemia (ALL) [109]. According to their results,
two subsets of ALL, with different origin of lineage, can be
well separated. Alon et al. performed a two-way clustering for
both tissues and genes and revealed the potential relations, rep-
resented as visualizing patterns, among them [6]. Alizadeh et
al. demonstrated the effectiveness of molecular classification of
cancers by their gene expression profiles and successfully dis-
tinguished two molecularly distinct subtypes of diffuse large
B-cell lymphoma, which cause high percentage failure in clin-
ical treatment [5]. Furthermore, Scherf et al. constructed a gene
expression database to study the relationship between genes and
drugs for 60 human cancer cell lines, which provides an im-
portant criterion for therapy selection and drug discovery [238].
Other applications of clustering algorithms for tissue classifi-
cation include: mixtures of multivariate Gaussian distributions
[105], ellipsoidal ART [287], and graph theory-based methods
[29], [247]. In most of these applications, important genes that
are tightly related to the tumor types are identified according to
their expression differentiation under different cancerous cate-
gories, which are in accord with our prior recognition of roles
of these genes, to a large extent [5], [109]. For example, Alon et
al. found that 5 of 20 statistically significant genes were muscle
genes, and the corresponding muscle indices provided an expla-
nation for false classifications [6].

Fig. 7 illustrates an application of hierarchical clustering
and SOFM for gene expression data. This data set is on the
diagnostic research of small round blue-cell tumors (SRBCT’s)
of childhood and consists of 83 samples from four categories,
known as Burkitt lymphomas (BL), the Ewing family of tumors
(EWS), neuroblastoma (NB), and rhabdomyosarcoma (RMS),
and 5 non-SRBCT samples [164]. Gene expression levels of
6 567 genes were measured using cDNA microarray for each
sample, 2 308 of which passed the filter and were kept for fur-
ther analyzes. These genes are further ranked according to the
scores calculated by some criterion functions [109]. Generally,
these criterion functions attempt to seek a subset of genes that
contribute most to the discrimination of different cancer types.

This can be regarded as a feature selection process. However,
problems like how many genes are really required, and whether
these genes selected are really biologically meaningful, are
still not answered satisfactorily. Hierarchical clustering was
performed by the program CLUSTER and the results were
visualized by the program TreeView, developed by Eisen in
Stanford University. Fig. 7(a) and (b) depicts the clustering
results for both the top 100 genes, selected by the Fisher
scores, and the samples. Graphic visualization is achieved by
associating each data point with a certain color according to the
corresponding scale. Some clustering patterns are clearly dis-
played in the image. Fig. 7(c) depicts a 5-by-5 SOFM topology
for all genes, with each cluster represented by the centroid
(mean) for each feature (sample). 25 clusters are generated
and the number of genes in each cluster is also indicated.
The software package GeneCluster, developed by Whitehead
Institute/MIT Center for Genome Research (WICGR), was
used in this analysis.

Although clustering techniques have already achieved many
impressive results in the analysis of gene expression data, there
are still many problems that remain open. Gene expression data
sets usually are characterized as

1) small set samples with high-dimensional features;
2) high redundancy;
3) inherent noise;
4) sparsity of the data.

Most of the published data sets include usually less than 20
samples for each tumor type, but with as many as thousands of
gene measures [80], [109], [238], [268]. This is partly caused
by the lag of experimental condition (e.g., sample collection), in
contrast to the rapid advancement of microarray and sequencing
technologies. In order to evaluate existing algorithms more
reasonably and develop more effective new approaches, more
data with enough samples or more conditional observations are
needed. But from the trend of gene chip technologies, which
also follows Moore’s law for semiconductor chips [205], the
current status will still exist for a long time. This problem is
more serious in the application of gene expression data for
cancer research, in which clustering algorithms are required to
be capable of effectively finding potential patterns under a large
number of irrelevant factors, as a result of the introduction of
too many genes. At the same time, feature selection, which is
also called informative gene selection in the context, also plays
a very important role. Without any doubt, clustering algorithms
should be feasible in both time and space complexity. Due to
the nature of the manufacture process of the microarray chip,
noise can be inevitably introduced into the expression data
during different stages. Accordingly, clustering algorithms
should have noise and outlier detection mechanisms in order to
remove their effects. Furthermore, different algorithms usually
form different clusters for the same data set, which is a general
problem in cluster analysis. How to evaluate the quality of the
generated clusters of genes, and how to choose appropriate
algorithms for a specified application, are particularly crucial
for gene expression data research, because sometimes, even
biologists cannot identify the real patterns from the artifacts of
the clustering algorithms, due to the limitations of biological
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Fig. 6. Basic procedure of cDNA microarray technology [68]. Fluorescently labeled cDNAs, obtained from target and reference samples through reverse
transcription, are hybridized with the microarray, which is comprised of a large amount of cDNA clones. Image analysis measures the ratio of the two dyes.
Computational methods, e.g., hierarchical clustering, further disclose the relations among genes and corresponding conditions.

Fig. 7. Hierarchical and SOFM clustering of SRBCT’s gene expression data set. (a) Hierarchical clustering result for the 100 selected genes under 83 tissue
samples. The gene expression matrix is visualized through a color scale. (b) Hierarchical clustering result for the 83 tissue samples. Here, the dimension is 100 as
100 genes are selected like in (a). (c) SOFM clustering result for the 2308 genes. A 5� 5 SOFM is used and 25 clusters are formed. Each cluster is represented by
the average values.
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knowledge. Some recent results can be accessed in [29], [247],
and [291].

E. Bioinformatics—DNA or Protein Sequences Clustering

DNA (deoxyribonucleic acid) is the hereditary material ex-
isting in all living cells. A DNA molecule is a double helix con-
sisting of two strands, each of which is a linear sequence com-
posed of four different nucleotides—adenine, guanine, thymine,
and cytosine, abbreviated as the letters A, G, T, and C, respec-
tively. Each letter in a DNA sequence is also called a base.
Proteins determine most of cells’ structures, functions, prop-
erties, and regulatory mechanisms. The primary structure of a
protein is also a linear and alphabetic chain with the difference
that each unit represents an amino acid, which has twenty types
in total. Proteins are encoded by certain segments of DNA se-
quences through a two-stage process (transcription and trans-
lation). These segments are known as genes or coding regions.
Investigation of the relations between DNA and proteins, as well
as their own functions and properties, is one of the important re-
search directions in both genetics and bioinformatics.

The similarity between newly sequenced genes or proteins
and annotated genes or proteins usually offers a cue to identify
their functions. Searching corresponding databases for a new
DNA or protein sequence has already become routine in genetic
research. In contrast to sequence comparison and search, cluster
analysis provides a more effective means to discover compli-
cated relations among DNA and protein sequences. We summa-
rize the following clustering applications for DNA and protein
sequences:

1) function recognition of uncharacterized genes or pro-
teins [119];

2) structure identification of large-scale DNA or protein
databases [237], [257];

3) redundancy decrease of large-scale DNA or protein
databases [185];

4) domain identification [83], [115];
5) expressed sequence tag (EST) clustering [49], [200].
As described in Section II-J, classical dynamic programming

algorithms for global and local sequence alignment are too in-
tensive in computational complexity. This becomes worse be-
cause of the existence of a large volume of nucleic acids and
amino acids in the current DNA or protein databases, e.g., bac-
teria genomes are from 0.5 to 10 Mbp, fungi genomes range
from 10 to 50 Mbp, while the human genome is around 3 310
Mbp [18] (Mbp means million base pairs). Thus, conventional
dynamic programming algorithms are computationally infea-
sible. In practice, sequence comparison or proximity measure
is achieved via some heuristics. Well-known examples include
BLAST and FASTA with many variants [10], [11], [224]. The
key idea of these methods is to identify regions that may have
potentially high matches, with a list of prespecified high-scoring
words, at an early stage. Therefore, further search only needs to
focus on these regions with expensive but accurate algorithms.
Recognizing the benefit coming from the separation of word
matching and sequence alignment to computational burden re-
duction, Miller, Gurd, and Brass described three algorithms fo-
cusing on specific problems [199]. The implementation of the

scheme for large database vs. database comparison exhibits an
apparent improvement in computation time. Kent and Zahler de-
signed a three-pass algorithm, called wobble aware bulk aligner
(WABA) [162], for aligning large-scale genomic sequences of
different species, which employs a seven-state pairwise hidden
Markov model [78] for more effective alignments. In [201],
Miller summarized the current research status of genomic se-
quence comparison and suggested valuable directions for fur-
ther research efforts.

Many clustering techniques have been applied to organize
DNA or protein sequence data. Some directly operate on a
proximity measure; some are based on feature extraction,
while others are constructed on statistical models. Somervuo
and Kohonen illustrated an application of SOFM to cluster
protein sequences in SWISSPROT database [257]. FASTA
was used to calculate the sequence similarity. The resulting
two-dimensional SOFM provides a visualized representation
of the relations within the entire sequence database. Based
on the similarity measure of gapped BLAST, Sasson et al.
utilized an agglomerative hierarchical clustering paradigm to
cluster all protein sequences in SWISSPROT [237]. The effects
of four merging rules, different from the interpretation of
cluster centers, on the resulting protein clusters were examined.
The advantages as well as the potential risk of the concept,
transitivity, were also elucidated in the paper. According to
the transitivity relation, two sequences that do not show high
sequence similarity by virtue of direct comparison, may be
homologous (having a common ancestor) if there exists an
intermediate sequence similar to both of them. This makes it
possible to detect remote homologues that can not be observed
by similarity comparison. However, unrelated sequences may
be clustered together due to the effects of these intermediate
sequences [237]. Bolten et al. addressed the problem with the
construction a directed graph, in which each protein sequence
corresponds to a vertex and edges are weighted based on the
alignment score between two sequences and self alignment
score of each sequence [41]. Clusters were formed through
the search of strongly connected components (SCCs), each of
which is a maximal subset of vertices and for each pair of ver-
tices and in the subset, there exist two directed paths from

to and vice versa. A minimum normalized cut algorithm for
detecting protein families and a minimum spanning tree (MST)
application for seeking domain information were presented in
[1] and [115], respectively. In contrast with the aforementioned
proximity-based methods, Guralnik and Karypis transformed
protein or DNA sequences into a new feature space, based
on the detected subpatterns working as the sequence features,
and clustered with the -means algorithm [119]. The method
is immune from all-against-all expensive sequence compar-
ison and suitable for analyzing large-scale databases. Krogh
demonstrated the power of hidden Markov models (HMMs)
in biological sequences modeling and clustering of protein
families [177]. Fig. 8 depicts a typical structure of HMM, in
which match states (abbreviated with letter M), insert states (I)
and delete states (D) are represented as rectangles, diamonds,
and circles, respectively [78], [177]. These states correspond
to substitution, insertion, and deletion in edit operations. For
convenience, a begin state and an end state are added to the
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Fig. 8. HMM architecture [177]. There are three different states, match (M),
insert (I), and delete (D), corresponding to substitution, insertion, and deletion
operation, respectively. A begin (B) and end (E) state are also introduced to
represent the start and end of the process. This process goes through a series of
states according to the transition probability, and emits either 4-letter nucleotide
or 20-letter amino acid alphabet based on the emission probability.

model, denoted by letter B and E. Letters, either from the 4-letter
nucleotide alphabet or from 20-letter amino acid alphabet,
are generated from match and insert states according to some
emission probability distributions. Delete states do not produce
any symbols, and are used to skip the match states. HMMs are
required inorder to describe clusters,or families (subfamilies),
which are regarded as a mixture model and proceeded with
an EM learning algorithm similar to single HMM case. An
example for clustering subfamilies of 628 globins shows the
encouraging results. Further discussion can be found in [78]
and [145].

IV. CONCLUSION

As an important tool for data exploration, cluster analysis
examines unlabeled data, by either constructing a hierarchical
structure, or forming a set of groups according to a prespecified
number. This process includes a series of steps, ranging from
preprocessing and algorithm development, to solution validity
and evaluation. Each of them is tightly related to each other
and exerts great challenges to the scientific disciplines. Here, we
place the focus on the clustering algorithms and review a wide
variety of approaches appearing in the literature. These algo-
rithms evolve from different research communities, aim to solve
different problems, and have their own pros and cons. Though
we have already seen many examples of successful applications
of cluster analysis, there still remain many open problems due
to the existence of many inherent uncertain factors. These prob-
lems have already attracted and will continue to attract intensive
efforts from broad disciplines. We summarize and conclude the
survey with listing some important issues and research trends
for cluster algorithms.

1) There is no clustering algorithm that can be univer-
sally used to solve all problems. Usually, algorithms
are designed with certain assumptions and favor some
type of biases. In this sense, it is not accurate to say
“best” in the context of clustering algorithms, although
some comparisons are possible. These comparisons are
mostly based on some specific applications, under cer-
tain conditions, and the results may become quite dif-
ferent if the conditions change.

2) New technology has generated more complex and
challenging tasks, requiring more powerful clustering

algorithms. The following properties are important to
the efficiency and effectiveness of a novel algorithm.

I) generate arbitrary shapes of clusters rather than be
confined to some particular shape;

II) handle large volume of data as well as high-dimen-
sional features with acceptable time and storage
complexities;

III) detect and remove possible outliers and noise;
IV) decrease the reliance of algorithms on users-de-

pendent parameters;
V) have the capability of dealing with newly occur-

ring data without relearning from the scratch;
VI) be immune to the effects of order of input patterns;
VII) provide some insight for the number of potential

clusters without prior knowledge;
VIII) show good data visualization and provide users

with results that can simplify further analysis;
IX) be capable of handling both numerical and nom-

inal data or be easily adaptable to some other data
type.

Of course, some more detailed requirements for spe-
cific applications will affect these properties.

3) At the preprocessing and post-processing phase, fea-
ture selection/extraction (as well as standardization
and normalization) and cluster validation are as impor-
tant as the clustering algorithms. Choosing appropriate
and meaningful features can greatly reduce the burden
of subsequent designs and result evaluations reflect
the degree of confidence to which we can rely on the
generated clusters. Unfortunately, both processes lack
universal guidance. Ultimately, the tradeoff among
different criteria and methods is still dependent on the
applications themselves.
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