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PREFACE 

In the thirty years since the textbook "Vibration and Sound" first appeared, 
the science of acoustics has expanded in many directions. Products of the 
jet age have added economic incentive to the solution of problems related 
to the generation and transmission of noise; the behavior of underwater 
sound now is of commercial as well as of scientific and military importance; 
new mathematical techniques for the solution of problems involving coupled 
acoustic systems have been developed and the correspondingly great improve­
ment in acoustical measurement techniques has made the theoretical solu­
tions of more than academic interest. Acoustical measurements are being 
increasingly used in exploring the properties of matter; the interaction 
between sound fields and electromagnetic waves is an important part of 
plasma physics; and magneto-hydrodynamic wave motion is a phenomenon 
of growing importanc~ in the sciences of meteorology and of astrophysics. 
The phenomena of acoustics have taken on new importance and significance, 
both scientifically and technologically. 

With these devel•prpnt!)~-jn'1:)in9e [he ~e~isions involved in a revision 
of "Vibration and Sound" were difficu)f indeed. The second edition of 
"Vibration and Sound" is still useful as•a fairly elementary text; simple 
addition of much ne~Ai¥~• f ~<::_es~a~I~ more advanced, would destroy 
its compactness and probab7would iednc·e its utility to beginning students. 
What has been decided is to write a new boo-k,.wtth a new title. Some of the 
material in the earlier book has been retained, as introduction to the more 
advanced portions and to keep the book as self-contained as possible. The 
result is a graduate, rather than an undergraduate text, and one which we 
hope will be useful to physical scientists and engineers, who wish to learn 
about new developments in acoustical theory. As with " Vibration and 
Sound," each chapter begins with a discussion of the basic physical con­
cepts and the more elementary theory ; the later sections can be returned 
to later for detailed study or for reference. 

The choice of new material has had to be limited, of course, by the 
constraints of size and unity. Experimental equipment and techniques are 
not discussed; other books cover this field. Specialized aspects of ultra­
sonics, of underwater sound, and of wave motion in elastic solids are not 
treated. Coverage is restricted primarily to the subjects of the generation, 
propagation, absorption, reflection, and scattering of compressional waves 
in fluid media, in the distortion of such waves by viscous and thermal effects 

vii 
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as well as by solid boundaries, and in their coupling through the induced 
vibration of walls and transmission panels. New material has been included 
on the acoustics of moving media, on plasma acoustics, on nonlinear effects, 
and on the interaction between light and sound. Much of this material has 
not previously been presented in unified form. 

Theoretical techniques, developed for quantum mechanics, fie ld theory, 
and communications theory, to mention a few, have been adapted to solve 
these acoustical problems. Autocorrelation functions are introduced to 
deal with the radiation from randomly vibrating surfaces and with the 
scattering of sound from turbulence, for example. The Green's function, 
which enables differential equation and boundary conditions to be combined 
into an integral equation for the wave motion, is introduced early and is 
used extensively throughout the rest of the book. Variational .techniques 
are discussed and are used to obtain improved approximations in many 
complex problems. In all of these subjects we have tried to explain and 
motivate the theoretical methodology, as well as to use it to elucidate the 
physics. Problems, illustrating other applications, are given at the end of 
each chapter. While questions of rigor could not be deeply explored, it is 
hoped the book will be its own introduction to the more advanced mathe­
matical techniques which have been used. Anyone familiar with calculus 
and vector analysis should be able to understand the mathematical techniques 
used here; if he is willing also to spend some time and mental effort, he 
should be able to master them. 

The harmonic oscillator and coupled oscillators are reviewed primarily 
as a simple means of introducing the concepts of resonance, impedance, 
transient and steady-state motion, and the techniques of the Fourier trans­
form. Transverse waves on a string are examined in some detail, again as 
a means of introducing the concepts of wave motion, of the flow of energy 
and momentum, and as a simple model with which to demonstrate the use 
of Green's functions and variational methods. There is a short chapter on 
the vibratory properties of those solid bodies, bars, membranes, and thin 
plates, which are of importance in later discussions. 

The rest of the book is concerned with acoustic wave motion in fluid 
media. The equations of mass, momentum, and energy flow are discussed 
in some detail and the interrelations between pressure, density, velocity, 
temperature, and entropy are examined. The range of validity of the linear 
wave equation, the origin and consequences of the additional terms present 
in the Stokes-Navier equation, and the significance of the elements of the 
stress-energy tensor are developed in a unified manner. Based on these 
equations, the chapters on radiation, scattering, transmission, and acoustical 
coupling follow. The final chapters are concerned with more recent rami­
fications of the theory and with an introductory discussion of nonlinear 
oscillations and the nonlinear behavior of high intensity sound. 
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PREFACE ix 

The authors are indebted to Professors Herman Feshbach and Wallace 
Dean for many suggestions regarding the organization and contents of the 
textual material. The authors must bear the responsibility for any lapses 
in clarity and the errors that may remain. We would welcome notice 
from our readers of such errors they may find, so later printings can be 
corrected. 

Philip M. Morse 
K. Uno Ingard 
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CHAPTER 

INTRODUCTORY 

1.1 DEFINITIONS AND METHODS 

The subject of this book is the application of the methods of classical 
dynamics to the description of acoustical phenomena. lts object is twofold: 
to present the salient facts regarding acoustical phenomena, in both descriptive 
and mathematical form, to students and specialists in the field; and to provide 
an extended series of illustrations of the way mathematical physics can aid 
in the understanding of a small facet of nature. 

The discussion of any problem in science or engineering has two aspects: 
the physical side, the statement of the facts of the case in everyday language 
and of the results in a manner that can be checked by experiment; and the 
mathematical side, the working out of the intermediate steps by means of the 
symbolized logic of calculus. These two aspects are equally important and 
are used side by side in every problem, one checking the other. 

The solution of the problems that we shall meet in this book will, in 
general, involve three steps: the posing of the problem, the intermediate 
symbolic calculations, and the statement of the answer. The stating of the 
problem to be solved is not always the easiest part of an investigation. One 
must decide which properties of the system to be studied are important and 
which can be neglected, what facts must be given in a quantitative manner 
and what others need only a qualitative statement. When all these decisions 
are made for problems of the sort discussed in this book, we can write 
down a statement somewhat as follows : Such and such a system of bodies 
is acted on by such and such a set of forces. 

We next translate this statement in words into a set of equations and 
solve the equations (if we can). 

The mathematical solution must then be translated back into the physical 
statement of the answer: If we do such and such to the system in question, 
it will behave in such and such a manner. It is important to r~zeWt'ljle 
mathematical solution of a set of equations is not the answep i ... ~ physical , 
problem ; we must translate the solution into physical statern'.~ b~fore tt,e ':) 
problem is finished. . tJ ' •• : ;": . 

.. ~: : \ , ,: ' ' ) ' \ • \ t.., , :. -· • ,. I ~ 
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2 INTRODUCTORY 

Units 

The physical concept that force causes a change in the motion of a body 
has its mathematical counterpart in the equation 

cl 
F = - (mv) 

dt 
(I.I.I) 

In order to link the two aspects of this fact, we must define the physical 
quantities concerned in a quantitative manner ; we must tell how each physical 
quantity is to be measured and what standard units of measure are to be used. 
The fundamental quantities, distance, mass, and time, can be measured in 
any arbitrary units, but for convenience we use those arbitrary units which 
most of the scientific world is using: the meter, the kilogram, and the second 
(occasionally, the centimeter, gram, and second). The units of the few other 
quantities needed, electrical, thermal, etc., will be given when we encounter 
them. 

The units of measure of the other mechanical quantities are defined in 
terms of these fundamental ones. The equation F = d(mv)/dt is not only 
the mathematical statement of a physical law, it is a lso the definition of the 
unit of measure of a force. It states that the amount of force, measured in 
newtons, equals the rate of change of momentum, in kilogram meters per 
second per second. If force were measured in other units than newtons, this 
equation would not be true; an extra numerical factor would have to be 
placed on one side or the other of the equality sign. 

Energy 

Another physical concept which we shall often use is that of work, or 
energy. T he wound-up clock spring can exert a force on a gear train for an 
indefinite length of time if the gears do not move. It is only by motion that 
the energy inherent in the spring can be expended. The work done by a 
force on a body equals the distance through which the body is moved by the 
force times the component of the fo rce in the direction of the motion; and 
if the force is in newtons and the distance is in meters, the work is given in 
joules. The mathematical statement of this is 

W = f F- ds (1. 1.2) 

where both the force F and the element of distance traveled ds are vectors 
and their scalar product is integrated. 

If the force is used to increase the velocity of the body on which it acts, 
the work that it does is stored up in energy of motion of the body and can be 
given up later when the body slows down again. This energy of motion is 
called kinetic energy, and when measured in joules, it is equal to 111v 2/2. 
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If the force is used to overcome the forces inherent in the system- the 
"springiness" of a spring, the weight of a body, the pull between two unlike 
charges, etc.-the work can be done without increasing the body's velocity. 
1f we call the inherent force F (a vector), the work done opposing it is 
W = - f F • ds. In general, this amount depends not only on the initial and 
final position of the body, but also on the particular way in which the body 
travels between these positions. For instance, because of friction , it takes 
more work to run an elevator from the basement to the third floor, back to 
the first, and then to the fourth than it does to run it directly to the fourth 
floor. 

In certain ideal cases where we can neglect friction , the integral W 
depends only on the position of the end points of the motion, and in this case 
it is called the potential energy V of the body at its final position with respect 
to its starting point. 1f the body moves only in one dimension, its position 
being given by the coordinate x, then 

V = -f Fdx or 
dV 

F = -­
dx 

( 1.1.3) 

In such a case we can utilize Newton's equation F = m(dv/dt) to obtain a 
relation between the body's position and its velocity. 

or 

V = - f F dx = -mfdv dx = - mf v dv = - ½mv2 + con st 
dt 

{mv2 I- V = const (1.1 .4) 

This is a mathematical statement of the physical fact that when friction can 
be neglected, the sum of the kinetic and potential energies of an isolated 
system is a constant. This proof can be generalized for motion in three 
dimensions. In case V depends on the three rectangular coordinates x, y, z, 
the corresponding force F = - grad Vis a vector, with components 

av 
F=--

x ox 
av 

F = - -
y oy and 

av 
F =- -

z oz ( I. 1.5) 

1.2 A LITTLE MATHEMATICS 

With these definitions given, we can go back to our discussion of the 
twofold aspect of a physical problem. Let us take an example. 

Surpose we have a mass m on the end of a spring. We find that to 
keep this mass displaced a distance x from its equilibrium position requires a 
force of Kx newtons. The farther we push it away from its equilibrium 
position, the harder the spring tries to bring it back. T hese are the physical 
facts about the system. The problem is to discuss its motion. 
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We see physically that the motion must be of an oscillatory nature, but 
to obtain any quantitative predictions about the motion we must have 
recourse to the second aspect, the mathematical method. We set up our 
equation of motion F = m(d2x/dt2), using our physical knowledge of the 
force of the spring F = -Kx. 

d2x - + w2x = 0 (1.2. 1) 
dt2 

where w2 stands for K/m. 
The physical statement corresponding to this equation is that the body's 

acceleration is always opposite in sign and proportional to its displacement, 
i.e., is always toward the equilibrium point x = 0. As soon as the body goes 
past this point in one of its swings, it begins to slow down; eventually it 
stops and then returns to the origin again. It cannot stop at the origin, 
however, for it cannot begin to slow down until it gets past the origin on each 
swing. 

The trigonometric functions 

Equation (l.2.1) is a differential equation. Its solution is well known, 
but since we shall meet more difficult ones later, it is well to examine our 
method of obtaining its solution, to see what we should do in other cases. 
We usually state that the solution to Eq. (1.2.1) is 

x = a0 cos (wt) + a1 sin (wt) (1 .2.2) 

but if we had no table of cos or sin, this statement would be of very little help. 
In fact, the statement that Eq. (I .2.2) is a solution of Eq. ( 1.2. I) is really only 
a definition of the symbols cos and sin. We must have more than just 
symbols in order to compute x for any value of I. 

What we do- what is done in solving any differential equation-is to 
guess the answer and then see if it checks. In most cases the guess was made 
long ago and the solution is familiar to us, but the guess had nevertheless to 
be made. 

So we shall guess the solution to Eq. (1.2.1 ). We shall make a pretty 
general sort of guess, that x can be expanded in a power series in t, and then 
see if some choice of the coefficients of the series will satisfy the equation. 
We set 

(X) 

x = a0 + a1t + a2t 2 + a3t 3 + a4t 4 + · · · = I ant" 
tt=O 

where the symbol l: is shorthand for a sum of terms of the sort shown after 
the l: sign, the limits of the sum being indicated below and above the :E sign. 
For example, 

.Y 
L anf[nx] = a_uf[Mx] + a .u+1/[(M + l)x] + · · · 

n= M 
+ aN_J[(N - l)x] + a,vf[Nx ] 
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For this series, for x to be a solution of Eq. (1.2.1) we must have that d2x/dt2, 

which equals 2a2 +- 6a3 t + 12aJt2 -t- 20a5t 3 , • • · , plus w2x, which equals 

w2a0 + <u2a 1t + w2a2t
2 + co2a 3t3 + · · ·, equals zero for every value of t. 

The only way this can be done is to have the sums of the coefficients of each 

power of t each separately equal to zero, i.e., to have a2 = - w 2a0/2, 

a3 = -w2a1/6, a4 = -w2a 2/12 = w4a0/24, etc. Therefore the series that 

satisfies Eq. (1.2. 1) is 

w212 w4t4 wor G ) 

- 2 + 24 - 720 + ••• 

( 

w21a w4t5 wo11 ) 

+ a l I - 6 + 120 - 5,040 + ••• 

By comparing this with (1.2.2) we see that what we actually mean by the 

symbols cos, sin is 
z2 z4 zG 

cos z = I - - + - - - + · · · 
2 24 720 

z3 z5 z7 

sin z = z - - + - - -- + · · · 
6 120 5,040 

( 1.2.3) 

(in the problem z = o.>t) and that when we wish to compute values of cos or 

sin, we use the series expansion to obtain them. For instance, 

cos 0 = l - 0 + 0 - • • • = l 

cos! = I - 0. 125 + 0.003 - • • • = 0.878 

cos I = I - 0.5 + 0.042 - 0.002 t- • • • = 0.540 

We see that the mathematical solution involves certain arbitrary con­

stants a0 and a1. These must be fixed by the physical conditions of the 

particular experiment we have made, and will be discussed later (Sec. 1.3). 

Of course, we usually mean by the symbols cos z, sin z certain ratios 

between the sides of a right triangle whose oblique angle is z. To make our 

discussion complete, we must show that the trigonometric definitions corre­

spond to the series given above. In any book on elementary calculus it is 

shown that the trigonometric functions obey the fo llowing relations : 

d . 
-
1 

cos z = -sin z 
(Z 

cos O = I 

d . 
- sin: = cos: 
dz 

sin O = 0 

By combining the first two of these relations, we see that both the sine and 

cosine of trigonometry obey the equation d~r/d:2 = - y, which is equivalent 

to (l.2.1 ). Taking into account the third and fourth relations, we see that 

the series solutions of this equation which correspond to the two trigonometric 

functions must be the ones given in {1.2.3). 
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Once this is known, we can utilize the trigonometric properties of the 
sine and cosine to simplify our discussion of the solution (1.2.2) (although, 
when it comes to computing values, the series (1.2.3) are a lways used). For 
instance, we can say that xis a periodic function of time, repeating its motion 
every time that wt increases by 27T or every time t increases by (277/co). The 
value of 277/w is called the period of oscillation of the mass and is denoted by 
the symbol Tr> . The number of periods per second, w/277, is called the 
frequency of oscillation and is denoted by v. The quantity w = 21Tv, which 
equals the rate of increase of the angle wt in the tr igonometric functions 
cos (lut) and sin (wt), is called the angular velocity of the motion. Remem­
bering the definition of w, we see that 

J/11 
T,,, = 21T K 

Bessel functions 

More complicated differential equations can be solved by means of 
the same sort of guess that we used above. For instance, we can solve the 
equation 

cl2J.' I dy ( I ) - +- - + 1- -y = O 
dx2 x dx x 2 

by again guessing that y = a0 + a1x + a2x 2 + a3x3 + · · · and setting this 
guess in the equation. Thus 

j = Go + G1X + a2x
2 + G3.\'.

3 + • • · 

minus 

I dy a1 . .2 3 . . . 
plus -:-- - = - + 2a2 + 3a3x + 4a4,\ + 5a5x + 

xdx x 

plus ~d/
2

~ = 2a2 + 6a3x + 12a4x 2 + 20a5x3 + · · · 
.x 

must equal zero. Equating coefficients of powers of x to zero as before, 
we have 

Go = 0 
ao 

a., = - - = 0 - 3 

G:1 G1 a -- - - - - ··· 5 - 24 - 8 · 24 
Therefore 

( 
xa xs x1 ) r = a 1 x - -- + ------, - ------ . .. 

• 2·4 2·4·4·6 2·4·6 · 4·6 · 8 
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We shall call this series a Bessel function , just as we call each of the series in 
(1.2.3) a trigonometric function. To save having to write the series out 
every time, we shall give it a symbol. We let 

1 ( x3 x5 ) 
Ji(x) = 2 X - 2 · 4 + 2 · 4 · 4 · 6 - ••• 

just as we represent series (1.2.3) by the symbols cos and sin. 
Essentially, this series is no more complicated than series ( 1.2.3). We 

can compute values of Ji(x) in the same manner as we computed values of 
cos z. 

Ji(0) = 0 - • • • = 0 

Ji(½) = 0.250 - 0.008 + · · · = 0.242 

J1(l) = 0.5 - 0.063 + 0.003 - • • • = 0.440 

Once someone has obtained this series, given us the symbol J tCx), and 
computed its values, we can use the symbol with as great freedom as we use 
the symbol cos z. We can say that the solution of (1.2.4) is y = AJ1(x), 
where the arbitrary constant A is to be determined by the physical conditions 
of the problem, as we shall discuss later. 

There are other Bessel functions , in addition to the one we have been 
discussing. The general equation they satisfy, 

dzy I dy ( m2) 0 - + -- + 1- - = dx2 x dx x 2 y 
( 1.2.4) 

is called the Bessel equation. The solution which is finite at x = 0 can be 
represented in terms of the series 

( 1.2.5) 

which is called the nth-order Bessel function of x. The solution Ji(x), 
worked out in detail, is thus the first-order Bessel function. 

Addition and differentiation of the series solution will show that there 
are two fairly simple relationships between Bessel functions of consecutive 
order, 

or 

2n 
J,._1(x) + l 11+1(x) = - J ,,(x) 

X 

d n 
J 11 _i(x) = -

1 
J,,(x) + - J,,(x) 

C,X X 

(1.2.6) 
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These are called recursion formulas. Together they correspond to the differ­
ential equation ( 1.2.4) for J ,i(x); successive use of Eqs. (1.2.6) results in 

d2 I d I d n ._ 1 11 + l 
d .2 1 ,. = -2 -d Jn- l - -2 d . J ,.+l = - J ,. + 2 Jn- 1 + 2 l n+ l X X ,X X X 

_ _ [" - I _ n + I]!!_ [11(11 - I) n(n +. l )] - J" + 2 2 d J n + 2 + 2 1 11 X X X X X 

which reduces to the equation fo r J n- The recursion formulas also reflect 
the choice of the coefficient multiplying the x" term in the series representation 
of Eq. (1.2.5). 

To have these formulas apply for negative values of 11 as well as for 
positive values, we must define the functions for negative order: 

J_,.(x) = (- 1 )"fix) for n an integer 
The validity of the fo llowing useful formulas can be demonstrated by differ­
entiation of the series and application of Eqs. (1.2.6). 

f
11(x) dx = Jo(x) f1.,(x ) dx = 2 f Jn+2m+1(x) 

m- o 
CO 00 

I = L l2 111(x) = J0(x) + 2 L 12m(x) 
m=l 

co 

x = 2 L (2m + l)J2m+l(x) 
,,1 - 0 

So far we have been talking about one solution of Eq. ( 1.2.4); since it is a 
second-order equation, there must be a second solution [just as Eq. ( J.2.1) 
has two solutions]. In the case of the Bessel equation, however, the second 
solution, which is usually denoted by N n(x), becomes infinite at x = 0. Its 
properties will be taken up la ter. We can say here, however, that the com­
plete solution of Eq. (l.2.4) is AJ

111(x) + BN"'(x), where A and Bare arbitrary 
constants. 

Complex quantities 

Another very useful way of dealing with the solution of (1.2. 1) can be 
obtained by the following chain of reasoning: We utilize the series method to 
show that a solution of the equation dy/dz = y is the series called the exponen­
tial: 

z2 z3 z4 zs 
e= = I + z + - -r- - + - + - + ·· · 2 6 24 120 

sometimes written exp z. By repeated differentiation we see that x = Cea 1 

is a solution of the equation (d2x/dt2) - a2x = 0. If a 2 were to equal - w2, 
this equation would be the same as (1.2.1). Therefore we can say that a 
solution of (I .2.1) is ce- twt, where i = v'='i (we could also use e+i"'1). 
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The function e-iz is a complex number, with real and imaginary parts, 
and can be represented in the usual manner by a point on the "complex 
plane" whose abscissa is the real part of the function and whose ordinate is 
the imaginary part. ft is also represented by the vector drawn from the 
origin to this point in the complex plane. 

If we expand e-iz in its series form, 

• ( 2 2 z4 ) ( z3 2 5 
) e-" = I - 2 + 24 - • • • - i z - 6 + 120 - ••• 

we see immediately that the relation between the imaginary exponential and 
the trigonometric functions is 

e- "- = cos z - i sin z 

cos z = i(eiz + e- '") ( 1.2.7) 

sin z = -li(ei• - e-i•) 

This shows that the number e- i• can be represented on the complex plane 
(Fig. 1.J) by a vector of unit length inclined at an angle - z with respect to 
the real axis. I t also shows that the complex number a + ib can be expressed 

as Ae;<1>, where A = la + ibl = -V a2 + b2 is calJed the magnitude of a + ib, 
and <D is called its phase. For Aei<I> = A cos <D + iA sin <D, and since 
cos <l) = a/A and sin <D = b/A, we have Ae;<1> = a + ib. The number 
a - ib = Ae-i<D is called the complex conjugate of a + ib and is denoted by 
an asterisk, (a + ib)*. Thus, if C = a + ib is a complex number, its 
magnitude is the square root of C • C* = ICl2 = A 2 = a2 + b2. The factor 
e ; <1> signifies a rotation of the vector A through an angle (1) in the complex 
plane. 

Th us we see that c e-irot is a solution of Eq. ( 1.2.1) and can be expressed 
as a combination of cos (wt) and sin (wt), as is demanded by Eq. (1.2.2). 
But this new solution is a complex number, and the results of physics are, in 
general, real numbers; so the new solution would seem to be of little value to 
us. The compactness and ease of manipulation of the complex notation, 
however, impel us to find a convention which will enable us to express physical 
quantities in terms of complex numbers. Two conventions are possible. 

One convention is to write down the solution as being Ce- iwt and agree 
that we use only the real part of this solution as a representation of the 
physical quantity. The other convention is somewhat more sophisticated, 
but in the end somewhat more convenient ; it is to consider energy and other 
quadratic functions of the variables as the basic physical quantities and re­
quire that they be real quantities in the convention. Since the square of the 
magnitude of a complex number ICl2 = A2 = a2 + b2 is always real and 
nonnegative, we can make the convention that when a complex number C is 
to be squared, we multiply by its complex conjugate C* = a - ib. ·This 
latter convention is particularly convenient for quantities which depend on 
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time through the factor e- iwt , for then the square of the magnitude of the 
quantity does not contain the exponential factor, and is thus independent of 
time. We postpone details as to how this second convention works until 
Chap. 6 [Eq. (6.2.18)]; by that time sufficient background material will have 
been presented so that we can see how to use it. 

fmog 
axis 

lmag 
oxis 

FIGURE I.I 

c, 

I 
Real axis 

; Real ox,s 

i f Direction Fe 1"'1 

of rotot,on 

Representation of complex numbers on the complex plane. 
Integration around a contour G in t he complex plane. 
Relation between i and j. 

Until Chap. 6, therefore, we shall use the former convention, that the 
real part of the complex quantity has physical significance. lt is possible to 
do this with the solution of any linear differential equation (i.e., equations 
containing only the first power of the unknown function and its derivatives); 
for if a complex function is a solution of a linear differential equation, both 
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its real and imaginary parts by themselves are also solutions. (Why is this 
not true for nonlinear differential equations?) We could, of course, make a 
convention that we use only the imaginary part of the function, for the 
imaginary part is also a solution of the equation, but the usual convention is 
to take the real part. 

We can therefore express solution (1.2.2) as the real part of 

This can be checked by the use of (1.2.7), for 

ce- iwt = a0 cos (wt) + ia1 cos (wt) - ia0 sin (wt) + a1 sin (w t) 

and the real part of this corresponds to (1 .2.2). The advantages of this 
method will become apparent as we use it. For instance, since C = Aei<1>, 

A 2 = a/ + a
1

2

, tan (<D) = a
1

/a
0

, we see that the real part of ce- iwt = Ae-i<wt- <l>) 

is A cos (wt + <P). Therefore we can express the solution of (1.2.1) in any 
of four ways: 

x = a0 cos (wt) + a1 sin (cvt ) = A cos (wt - <D) 
or ( 1.2.8) 

where our present convention requires that we take only the real part of the 
last expressions. The constant A is called the amplitude of oscillation of the 
mass, since it is the value of the maximum displacement of the mass from 
equilibrium. 

This convention as to the use of complex quantities must be applied with 
discretion when we come to compute powers and energies, where squares 
of quantities enter. For instance, in a given problem the power radiated 
may turn out to be Rv2, where vis the velocity of a diaphragm and R is a real 
number. The velocity may be represented by the expression v = ce- 2"i"t, 
C = a0 + ia1, just as xis in Eq. (I .2.8). But to compute the average power 
radiated, we must take the real part of the expression before squaring and 
averaging, 

Rv2 = RA2 cos2 (27ivt - $) 

according to Eq. (I .2.8). Since the average value of cos2 is t the average 
power radiated will be 

~RA2 = { R(al + G1
2

) = { R 1c1 2 = ~R lvl2 

lvl 2 = (real part of v)2 + (imaginary part of v)2 

-ff z = x + iy is any complex number, the quantity lzl is called the 
magnitude of z. It is the distance from the origin to the point in the complex 
plane corresponding to z , and it equals the square root of the sum of the 
squares of the real and imaginary parts of z. Therefore another important 
rule concerning the use of complex quantities in physical problems is the 
following: The average value of the square of a quantity represented by the 
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complex function ce-;.,, is equal to one-half of the square of the magnitude 
of C. 

The angle <I> in Eq. (1.2.8) is called the phase angle of the complex 
quantity C, since it measures the angle of Jag of the quantity ce- iwt behind 
the simple exponential e- iwi_ We notice that the phase angle of i is 90°, that 
of - l is 180°, and that of - i is 270°, or 90° lead. If x = ce-i"'', the velocity 
v = dx/clt = - iwCe- iwt leads the displacement x by 90°, as is indicated by 
the fact that v = (- i)wx. 

In the present volume we use the letter i to stand for V - L and the 
symbol e - iwt to express simple-harmonic dependence on time. Many books 
on electrical engineering use the symbol j instead of i and ei"'1 with the positive 
sign in the exponential. Since we intend to take the real part of the result, 
the choice of symbol and sign is but a convention; either convention is satis­
factory if we are consistent about it. 

As long as we are studying simple systems, with displacements a function 
only of ti me, there is little to choose between the two conventions; as a 
matter of fact, the positive exponential efr•t would be slightly preferable. 
However, as soon as we come to study wave motion, with displacement a 
function of position as well as of time, it turns out that the form involving 
the negative exponential e-iwt is rather more satisfactory than the positive. 
This will become apparent later. 

Since we are going to deal with problems of wave motion in this book, 
we shall consistently use the negative exponential e-iwt_ And since this 
convention differs from the positive exponential used in most electrical 
engineering books, we shall use the symbol i instead ofj, to emphasize the 
difference. It will, however, always be possible to transform any of the 
formulas developed in this book into the usual electrical engineering notation 
by replacing every i in the formulas by -j. We might, if we wish, consider 
i and j as the two roots of - 1, so that 

i = - j (i)2 = (j)2 = _ l 

In this notation, the impedance of a circuit with resistance and inductance 
in series will be R - iw L. 

Another example of the interconnections between the various functions 
we have been describi ng, and how they can be extended by the use of the 
complex plane, is the relationship between the exponential function and the 
Bessel functions of Eq . {1.2.5). By expanding the exponential in a power 
series in z and t , and then by equating coefficients of the various powers oft, 
we can show that 

exp[~z(t - ~)] = I t"J ,,(z) = J0(z) + I [t" + ( - ')"]J,.(z) 
I ,,. -o:. n= l I 

Next, by inserting ie'° for t on both sides of this equation, and by using Eq . 
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( 1.2.7), we obtain a relationship between the exponential, the trigonometric, 

and the Bessel functions, 
n 

efz cosO = Jo(z) + 2 Li" cos (nO)J,lz) ( 1.2. 9) 
u a l 

which wiJI be of considerable use later. 

J ncidentally, for future reference, we should point out that the hyperbolic 

functions are related to the real exponential as the trigonometric functions 

are to the complex exponential. 

cosh x = ½(ex + e-x) = cos (ix) sinh x = ½(e"' - e- :r) = -i sin (ix) 

(1.2. 10) 

cosh (ix) = cos x s inh (ix ) = i sin x 
sinh x 

tanh x = - -- = - i tan ( ix) 
cosh x 

Sometimes it is more convenient to use hyperbolic functions than trigono­

metric ones; as Eq . ( 1.2.10) has just demonstrated, one can easily transfo rm 

back and fo rth from one to the other. 

Other solutions 

Power series are not always the best guesses for the solutions of differen­

tial equations. Now that we have defined the exponential function, we can 

sometimes express solutions of other equations in terms of exponentials. 

Consider the equation 

where, to represent a physical problem, we must use our convention on the 

right-hand side of the equation. This could be solved by expanding the 

exponential in a series and solvi ng for the series fo r x as before. But since 

an exponential is in the equation, and since we know that Ce-int is the solu­

tion of this equation when a is zero, it will be simpler to guess that 

Setting this in the equation, we have that n2x = n2Ce- 1" 1 + n2Be- 1"'1 

plus d 2x /dt2 = -112Ce-111 1 - w2 Be- 1"'1 must equal ae-1"'t. Th is means that 

B = a/(n2 - co2). lf we have used our convention on the term ae- 1"'1, we 

must use it on the answer. The real part of 

X = C e- i"I + a e-iwl 

n 2 - w 2 

IS x = a0 cos (nt) + a 1 sin (nt ) + 
2 

a cos (wt ) 
II - W 2 

( 1.2. 11) 
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if a is a real quantity. If a is complex and equals Deiv•, we can write 

D 
x = A cos (nt - <D) + 

2 2 
cos (wt - tp) 

II - (1) 

We notice again that in ( 1.2.1 1) our solution has two arbitrary constants, 
a0 and a1. The arbitrariness corresponds to the fact that this solution must 
represent all the possible sorts of motion which the system can have when it is 
acted on by the forces implied by the equation. A mass on a spring can have 
different motions, depending on how it is started into motion at time t = 0. 
T herefore the particular values of the arbitrary constants a0 and a 1 in ( 1.2.2) 
are determined entirely by the physical statements as to how the system was 
started into motion. These physical statements are called initial conditions 
and are usually stated by giving the position and velocity of the system at 
t = 0. More will be said on this point in the next section. 

Contour integrals 

In a number of cases discussed in this volume it will be necessary to use 
integrals of complex quantities of the general form J F(z) dz, where F = 
U + i Vis a function of the complex variable z = x + iy. Since z can vary 
over the xy plane, it will in general be necessary to specify the path over which 
the integration is carried out. A natural extension of our usual definition of 
integration indicates that the integral is the limit of a series of terms, a typical 
term being the product of the value of F(z) for a value of z on the path, and 
a quantity dz = ldzl ei0

, with length ldzl and with phase angle{} determined by 
the direction of the tangent to the path at the point z. The integral is the 
limit of such a sum as ldzl goes to zero. This is shown in Fig. 1.1. Another 
definition is that J F dz = J ( U + i V)(dx + i dy), where x and y are related 
in such a manner that the integral follows the chosen path. 

When the path chosen is a closed one, the integral is called a contour 
integral (labeled f), and the chosen path is called a contour. Contour 
integrals have certain remarkable properties, proved in standard texts on 
theory of functions of a complex variable. We have space here to outline 
only some of these properties. For simplicity it will be assumed that the 
function F(z) to be dealt with is a smoothly varying, reasonable sort of func­
tion over most of the z plane. 

The value of a contour integral depends largely on whether the integrand 
F(z) becomes zero or infinity for some value or values of z inside the contour. 
Near such points, F(z) would take on the form (z - z0)" R(z), where R(z0) is 
neither zero nor infinity and R(z) is not discontinuous near z0. When II is 
not an integer, positive or negative, the point z0 is call.!d a branch point, and 
the problem becomes more complicated than is necessary to discuss here. 
When n is a negative integer, the point z0 is called a pole of F(z) , the pole for 
n = - I being call.ed a simple pole and that for n = - 2, - 3, ... being called 
a pole of second, third, etc., order. The statement at the beginning of this 
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paragraph can now be made more specific: The value of the contour integral 

f F(z) dz depends on the behavior of Fat the poles and branch points that 

happen to be inside the contour. 

When F has 110 branch points or poles inside the contour, the value of the 

contour integral is zero. This can be verified by a tedious bit of algebraic 

manipulation for those cases where F can be expressed as a convergent power 

series in z. 
When F has a simple pole at = = z0, but has no other pole or branch 

point inside the contour (Fig. I. I), the contour integral can be shown to be 

equal to that around a vanishingly small circle drawn about z0. Since z0 

is specified as being a simple pole, F(z) has the form R(z)/(z - z0) near z0 , 

where R(z) is continuous and finite in value near z0 . We can write the equa­

tion for the resulting circle as z - z0 = Ee;"' and dz = iEei"' dcp, where E is 

vanishingly small. The contour integral then reduces to 

f f 2a iui,p d(f) J 26 

F(z) dz = R(z0) . = iR(z0) d<p = 2TTiR(z0) 

0 Ee"" 0 

where R(z0) = lim [(z - z0)F(z)] is called the residue of F(z) at its simple 

pole Zo. , .,. 

When F(z) has N simple poles, at z0 , zi, ... , Zs, and no other poles or 

branch points, the contour integral f F(z) dz equals 2TTi times the sum of the 

residues of Fat the poles that are inside the chosen contour. We note that 

the direction of integration around the contour is counterclockwise; changing 

the direction will change the sign of the result. 

This is a remarkably simple result; in fact, it seems at first too simple to 

be true, until we realize that the function F(z) we a re dealing with is a very 

specialized form of function. Fis not just any complex function of x and y; 

its dependence on these variables is severely limited by the requirement that 

it be a function of z = x + iy. It can have the form bz2 + (C/z) or z sin z. 

but not the form x sin (z) t- iy or lzl. For such a specialized function F(z), 

which is called an analy tic fu nction, the positions of its branch points and 

poles, and its behavior near these branch points and poles, completely deter­

mine its behavior every,d1ere else on the complex plane. When this is under­

stood, the result we have quoted for the value of a contour integral does not 

seem quite so surprising. 
As an example of the rule of residues, we can take the integral 

f sin (z) dz/(z2 - a2) 

where the contour is a circle of radius greater than a, with center at the origin 

z = 0. The integrand has two si mple poles, at z = a and z = - a, with 

residues (I/2a) sin a and -(J/2a) sin ( - a). The result is therefo re 

T sin z d ·[si n a] z = 27ft --
zZ - a2 a 
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A special case of the residue theorem can be stated in equation form: 

,( _R_(_z)_ dz = 27TiR(z
0

) 
J Z- Zo 

( 1.2.12) 

where the contour of integration does not enclose a branch point or pole of 
R(z). By differentiating once with respect to z0 on both sides of the equation, 
we obtain the equation 

f R(z) , 
( 

2 dz = 27TiR (z0) 
Z - z0) 

(1.2.13) 

where R'(z) = dR(z)/dz. Th is indicates how we can evaluate contour inte­
gra ls around poles of second order. Cases for poles of higher order may be 
dealt with by further differentiation of Eq. (1.2. 13). 

Infinite integrals 

A class of integral often encountered may be evaluated in terms of con­
tour integrals. Consider the integral 

J_: F(z)e-izt dz 

where the integral is taken a long the real axis. If F(z) has no branch points 
or poles of higher order, if the simple poles of Fare not on the real axis, and 
if F(z) goes to zero as lzl goes to infinity, the integral can be made into a 
contour integral by returning from + oo to - oo a long a sem icircle of infinite 
radius. When tis positive (to make it more general we should say, when the 
real part oft is positive, but let us assume that tis real), the exponential factor 
ensu res that the integral alo ng this semicircle is zero if the semicircle encloses 
the /01rer half of the z plane. For a long this path, z = pe;"' = p cos <p + 
ip sin <p, with p infinitely large and with <p going from Oto - 'IT, so that s in <p 
is negative. Therefore, along the semicircle, 

As long as sin <p is negative this vanishes, because of the extremely large value 
of p. Therefore the addition of the integral around the semicircle turns it 
into a contour integral but does not change its value. 

The final result is thar the integral equals - 27Ti times the sum of the 
residues of F(z)e- i;t at every one of its poles located be!o,r the real axis. The 
negative sign is due to the fact that the contour in this case is in the clock,rise 
direction. 

When tis negative, we complete the contour along a semicircle enclosing 
the upper half of the z plane, which now has the vanishing integral, and the 
resulting value is 27Ti times the sum of the residues at each of the poles above 
the real axis. The limitations on F have already been given. 
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As an example, we can write down the result 

- --- dz = 
a2 J oo e-izt {(a/2)eat 

27T -oo z2 + a2 (a/2)e-at 

t < 0 

t > 0 

practically by inspection. Another result of interest later is 

- ---dz = ia J"" e-izt {o 
27T - 00 z + ia ae-at 

t < O 

t > 0 
(1.2.14) 

In some cases of interest, F has poles on the real axis. These cases can 
also be treated by making the convention that the integration is not exactly 
along the real axis but along a line an infinitesimal amount above the real 
axis. With this convention, and for functions F(z) that have only simple poles 
and that vanish at iz l-+ oo, we have the generaJ formula 

1.3 

J+oo 
_

00 

F(z)e-••1 dz = 
(

sum of residues of) 
. Fe-i•t at all its 

- 27TI 
poles on and below 
the real axis 

(

sum of residues of) 
. Fe-i•t at all its 

+ 27TI poles above the 
real axis 

t > 0 

t < 0 

As an example, we can write down the very useful formulas 

- 1 J"" . dz {o t < O 
u(t) = - . e-"' - . = 

t > 0 21Tl -oo z l 

- dz = 
- a f co e-izt {o 
27T -co z2 - a2 sin (at) 

t < O 

t > 0 

-- dz = 1 J"" e- izt {o 
21Ti -oo z - a e-iat 

t < O 

t > 0 

VIBRATORY MOTION 

( 1.2.15) 

(1.2.16) 

(1.2.17) 

( 1.2.18) 

A final introductory topic, appropriate for this chapter, has to do with 
how we are to describe, mathematically, the motion of an acoustic system, 
and how such a description corresponds to the various measurements we can 
make on the system. Most systems of interest in acoustics vibrate ; they move 
to and fro rather than just in one direction. With a few exceptions, such as 
the single pulse produced by an explosion, their mean-square velocity is much 
larger than the square of their mean velocity. In many cases we can ignore 
the mean velocity entirely and concentrate on analyzing their vibrations about 
their average position. 
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The energy equation 

The oscillator o f Eq. ( 1.2. 1) is the simplest example; here the force on 
the mass point is proportional to its displacement and the motion is simple­
harmonic, i.e., proportional to a sine or cosine of wt. The displacement, as 
well as the velocity, averages to zero over a period of the oscillation. Next in 
order of complication would be a mass point moving in one dimension, acted 
on by any sort of force. Such a force may be of several different types. One 
type, like the force of the spring of Eq. ( l.2. l ), depends only on the value of 
the displacement x of the mass at the given instant; we label it F(x) and call it 
the internal force since it depends only on the state of the oscillator. A force 
imposed from outside, on the other hand, would depend explicitly on time t, 
though it may also depend on x; we call this external force G(x,t). In 
addition, there may be a force, or combination of forces, which depends on 
the velocity v = dx/dt of the mass (the viscous drag of the air is such a 
force); we label this frictional force D(v,t). 

The differential equation of motion 

cJ2x 
m dt 2 - F(x) = G(x,t) + D(v,t) (1.3.1) 

then states that the acceleration of the mass is proportional to the sum of all 
the forces acting. A somewhat more enlightening form of this relationship 
can be obtained by integrating the equation with respect to x . As indicated 
in Eq . (I. l .4), the left-hand side can be integrated to give the sum H(v,x) of 
the kinetic energy, ½mv2, and the potential energy, - f F dx = V(x); thus 
the energy equation is 

H(v,x) = ½mv2 + V(x) = J)c(x,t) + D(v,t)] v dt + E ( 1.3.2) 

where Eis the value of Hatt = 0. This states that x and v so adjust them­
sel ves at each succeeding instant that the change in His equal to the change in 
the right-hand integral. The sum H of the kinetic and potential energy of 
the mass point, when explicitly written as a function of x and v, as was done 
here, is called the total energy of the system. 

The effect of the frictional-force term D is such as to diminish H con­
tinually ; the external force G may increase or decrease H. When both G and 
D are zero, when the mass moves under the influence of forces which depend 
only on the position of the mass, then H is equal to the constant value £. 
Therefore force F(x), responsible for the potential energy V(x), is called a 
conservative force, because energy is conserved when it alone acts; and a 
system acted on solely by conservative forces is called a conservative system. 
For the time being, we shall concentrate on the one-dimensional conservative 
system. 
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Periodic motion 

The nature of the motion of such a system depends, of course, on the 

shape of the potential energy curve, V against x. Jf it has a minimum, where 

dV/dx = - F = 0, the mass can stay at rest at this point of equilibrium (which 

can be placed for convenience at the origin x = 0). If it really is a·minimum, 

then d2 V/dx2 would be positive there, so that if the mass is displaced a small 

amount dx, the force o n it, (dF/dx) dx = - (d2V/dx2) dx, wo uld be in the 

t 

0 

I al 

FIGURE 1.2 
Potent ial-energy curves for bounded (curves o and b, E) 

and unbounded (curve b, E2) motion of a one-dimensional 

oscillator. 

0 x -
( b l 

opposite direction of dx, forcing the mass to return to equilibrium. Thus a 

minimum of the potential energy is a point of stable equilibrium. 

In a conservative system , when D and G are zero, the energy equation, 

½mv2 + V(x) = E (a constant), indicates that at every instant the kinetic 

energy must adjust itself so that it equals £ - V(x) . For a stable system the 

kinetic energy (and therefore the speed of the mass point) is a maximum at 

the minimum point of V, at x = 0 ; it is zero whenever V = E, for example, 

at x 1 and x 2 in Fig. 1.2a. We can make the relationship between v and x in 

a. conservative system more specific by writing 

dx 
V = - = ± 

dt 

2 
- [E - V(x)] 
Ill 

G and D zero 

and more graphic by plotting v as a function of x , as in Fig. 1.3. The vx 

plane is called the phase plane (no relatio n to the phase angle <I>), and the 

curve of v against x, for a given value of£, is called a phase contour. The 



Page 42 of 933

20 INTRODUCTORY 

position and velocity of the system at any given instant are represented by a 
point on the phase plane, called the system point; as time goes on this system 
point traces out a curve on the phase plane, the phase contour. The speed of 
traverse of the contour is determined by the ordinate of the point, for v is 

VO 
r---
1 

I 
I 

_......,.,._-_ --- ------7 

Xtl 
I 
I 
I 
I 
I 
L _ _____ _ 

FIGURE 1.3 
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- vo 

Phase contours, plotted on the phase plane for (o) bounded, 
periodic motion, (b) unbounded motion, and (c) nonperiodic, 
bounded motion. 

the rate of change of x with time. The contour crosses the v axis (x = 0) at 
v = ± v0, where the speed is maximum ; it crosses the x axis (v = 0) at 
x = x 1 and x 2 , where V(x) = £ and the mass is farthest from the origin. 

If the potential energy has only the one minimum at x = 0 and rises 
monotonically with increasing lxl, approaching infinity as lxl -► oo (as in Fig. 
1.2a), the contour is a closed loop, and neither lvl nor lxl will ever become 
infinite. In this case the motion is bounded and, as we shall see shortly, is 
periodic. On the other hand, if V(x) does not go to infinity as x - oo (as 
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shown in Fig. 1.2b), then whenever £ is larger than the asymptotic value of V 
(as with £ = £2), the contour is an open curve (as shown in contour b of 
Fig. 1.3), and the motion is unbounded. 

To see that the bounded motion is periodic, we note that we can integrate 
fort. Since 

dx ✓2 v = - =- [E - V(x)] 
dt m 

(1.3.3) 

then 

gives t as a function of x; by inversion we can obtain x as a function oft. 
If the path of the system point on the phase plane is a closed loop, as with Fig. 
1.3a, the point retraces its path periodicaJly, once a cycle. The mean value 
of v over the cycle is zero, the mean values of v2, of x, and of x2 are finite and 
are the same for each cycle. Each traverse of the contour is exactly like all 
the others, which is what we mean when we call the motion periodic. 

Thus, when the one-dimensional system is conservative, when G and D 
are zero, the total energy H(v,x) of the system is constant, and the motion, if 
it is bounded, is periodic. From the symmetry of the phase contour with 
respect to the x axis, we see that the time required to go from x1 to x2 is equal 
to the time to go from x 2 back to x1 [from Eq. (1.3.3)], so that the period T'P 
of the oscillation, the length of time it takes the mass point to go through a 
full cycle, is 

( 1.3.4) 

where £ = V(xi) = V(xJ. 
Jf the restoring force is linear, F(x) = -Kx, the potential energy 

V = ½mw/x2, where w0
2 = K/m, is quadratic in x and Eq. (l.3.3) becomes 

( 1.3 .5) 

where we have set E = ½mw0
2x 1

2, relating £ and the maximum displacement 
Xi. Inversion of this result produces 

( 1.3.6) 

which is equivalent to Eq. (l.2.2). An oscillation of this sort, with displace­
me;1t which is a sinusoidal function of time (and thus with velocity and accel­
eration which also are sinusoidal), is called simple-harmonic oscillation. As 
was shown in Sec. J .2, and was shown again in the preceding paragraphs, the 
motion is periodic, with period T 'P = 2TT/w0 = 2TTVm/K. 
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Simple-harmonic motion is a particularly simple sort of periodic motion ; 
the phase contour is an ellipse, or if the scale of the v coordinate of the phase 
plane is adjusted properly, it is a circle. lfwe plot v/w0 against x, we obtain 

~ = _I J~ (E - ½mw0
2x2) = Vx1

2 - x2 

w0 w0 m 
( 1.3.7) 

which is the equation of a circle of radius Xi = V 2£/mw0
2, with center at the 

ongm. In this simple case the system point moves with uniform speed 
around a circle of radius proportional to the square root of the system's 
energy. The angular velocity w0 of the radius vector to the system point is, 
in this case, ind_ependent both of time and of the radius of the circle (and 
thus of£). This is not true of other periodic oscillations, when V(x) is not 
a quadratic function of x. 

Fourier series representation 

When Vis not proportional to x2, the free oscillations of the mass point 
are still periodic as long as the motion is bounded, but x is not a simple 
sinusoidal function oft. However , the motion can be expressed in terms of 
a series of trigonometric functions, a generalization of (I .2.8). 

00 00 

x(t) = I A,1 cos (nwt - <I>n) = Iran cos (nwt) + bn sin (nwt)] 
n =O n- o 

co 
= L Cne-in<0t ( 1.3.8) 

11=-CO 

where A.,2· = a,,2 + b.,,2·, an.= An cos <l>n, bn = An sin <I> ,, 
C0 = a0 , C,. = ½(an + ibn), C_n = ½(an - ib,,) for n =I= 0 

If all the C's are real, then all the b's are zero, x(t) is real and an even function 
oft, that is, x(- t) = x(t). ff C_,. = C,~ (i.e., if all the a's and b's are real), 
then x(t) is real but not necessarily symmetric about t = 0. 

If we take <()0 = 0 in Eq. (1.3.8), then A0 = a0 is the mean value of x, 
averaged over the cycle. The values of the amplitudes A11 and of the phase 
angles <I>,. (or of the C's) are, of course, determined by the value of£ and 
the form of V(x). How they are computed will be taken up shortly. Here 
we wish only to discuss the general properties of the series, assuming that 
the values of the A's and <D's are known. As long as only integer values of 
n are included in the sums of Eq. (1.3.8), each term in the sum will return to 
its original value when t increases by Tv = 27T/w. The nth term will mean­
while have executed n cycles, but at the end of time T P it will be back where it 
was originally, ready to start the (n + l)st cycle. Therefore any series of 
the general form of Eq. (1.3.8) is periodic in time, with period T 'f) = 27T/w 
(provided that the series converges, of course). Fourier first showed that 
the inverse is true; that any periodic motion which is physically feasible 
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(i.e., continuous and bounded) can be expressed in terms of such a series; 
therefore the series is called a Fourier series. 

The quantity 1/ TP = w/27T is caJled the fundamental frequency of the 
oscillation; the higher terms, for n > 1, are called harmonics. Motion 
of the sort which can be represented by a Fourier series is the basis of all 
musical sounds. We shall see later in this volume that the vibrations of 
string and wind instruments can be (approximately) so represented and that 
the "tone quality" of the sounds produced by these instruments is determined 
to a great extent by the relative amplitudes of the various harmonics present 
in the series. Therefore the representation of periodic motion in terms of a 
Fourier series is more than a mathematical dodge to express a complicated 
function in terms of a series of simple functions. It corresponds somehow 
to the way we hear and distinguish musical sounds; specifying the relative 
amplitudes and phases of the different harmonics is an appropriate way to 
specify the tone quality of a musical sound ( or a nonmusical one, as long as it 
is periodic). Experimentally, we use electric filters to analyze periodic 
sounds into their component harmonics, though the analyzers usually 
measure only the amplitudes A 11 , and not the phase angles <I>,,. 

The mathematical counterpart to the filter analyzer is based on the 
integral properties of the trigonometric functions, 

re (T• 
J o • cos (nwt) cos (mwt) dt = ½TPo,,.,. = Jo sin (nwt) sin (mwt) dt 

r '1' 
Jo • cos (nwt) sin (mwt) dt = O n > O; m > 0 ( 1.3.9) 

where T P = 2rr/w, and the Kronecker delta symbol o n m is zero if n =I= m and 
unity if n = m. Thus, if we multiply Eq. ( I .3.8) by cos (mwt) dt and inte­
grate over a cycle, the only term in the second form of the series which does 
not integrate to zero is the term with n = m, which integrates to ½ T'Pa.,.. 
Therefore, if we know the form of the curve of x(t) as periodic function oft 
for one cycle, the coefficients a,1> bn in the Four;er series expansion of x(t) 
can be obtained by computing the integrals. 

21~ 21~ am = - x (t) cos (mwl) dt b .,.= - x(I) sin (mwt) dt 
T 'I) o T 'I) o 

J IT• a0 = - x(t) dt 
T » o 

(1.3. 10) 

where T » = 2rr/w . Alternatively, 

l 5.1· .,~ 
C = - • x(t )e+mwt dt 

"' T • 
J) 0 

The electric filter analyzer essentially carries out these integrals when it 
measures the amplitude of the mth harmonic in a periodic sound. 
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To return to the one-dimensional, conservative system of Eq. (I .3.3), 
we have shown that its motion is periodic and that its period can be computed 
in terms of its potential energy and its total energy £. Jts motion can be 
expressed in terms ofa Fourier series of the sort shown in Eq. (1.3.8). How 
the coefficients an, bn are computed from V(x) and £ will be taken up in 
Chap. 2. 

Mean and mean-square displacement and velocity may be given in 
terms of the Fourier series coefficients. 

((> 

(x2) = al + ~ LA.,2 
n - 1 

00 

(v) = 0 (v2) = ½ _Ln2w2A.,2 
11= 1 

We note that these averages depend on the amplitudes An, but not on the 
phases <I),.. We note also that the ratio between (v2) and (x2) provides a 
rough measure of the degree of presence of the higher harmonics. The 
ratio (v2)/ (x2 ) is equal to w2 for simple-harmonic oscillations (for which 
A 11 = 0 for n > l). lf a large number of harmonics are present in the 
motion, (v2)/ (x2) would be considerably large than w2. 

We can now return to Eq. ( l .2.9) to point out that the right-hand side is 
the Fourier series expansion of the periodic function eizcos 0• This, together 
with Eqs. (1.3.10) (setting 0 = wt), provides us with integral representations 
of the Bessel functions 

J n(z) = ½7Ti"f
0

2
~ exp (iz cos 0) cos (n0) d0 ( 1.3.1 I) 

giving the function J,,(z) in terms of an integral of the exponential of a trigo­
nometric function. These expressions will be of use in later calculations. 

Non periodic vibration; autocorrelation 

When the vibrating system has several degrees of freedom, such as the 
systems to be discussed in Chap. 3, the equations of motion are less simple 
than Eq. (1 .3.1), and the motion is correspondingly more complicated. The 
complete description of the configuration of the system requires the specifica­
tion of more than one displacement (let it be N > I), some of the coordinates 
being components of linear displacements in several dimensions, and some 
possibly being angles of rotation of solid portions of the system. The nth 
displacement component, whether it be angle or distance, will have a corre­
sponding moment of inertia or effective mass, which we can call mm and a 
corresponding set of torques or forces, F,,, G,,, and D,,, corresponding to 
Eq. ( 1.3. 1 ). The displacements can be considered to be the N components of 
a vector displacement in N-dimensional space, which vector can be symbolized 
by r. The corresponding N velocities can also be treated as components of a 
vector v = dr/dt. 
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The equations of motion for each degree of freedom, the generalization 

of Eqs. (J.3.1 ), are 

n = 1, 2, ... , N 

where the fo rces depend , in general, upon aJI the x's or v's, and perhaps on t 

for G n and D n. To obtain the energy equation we multiply the nth equation 

by dxn = v,. dt, integrate, and sum over n, obtaining 

N N r t 
H(r,v) = n~L ½mnv/ + V(r) = n~t Jo [G n(r,t) + D11(v,t)]v11 dt + E (1.3. 12) 

where V(r) is the N-dimensional potential energy, such that 0V/ox11 = - F..(r). 

When all the G's and D's are zero, the system is conservative and the func­

tion H bas the constant value £. 
With most acoustical systems the potential function V has a minimum 

at the configuration of stable equilibrium of the system. Tf £ is larger than 

this minimal value of V, the system will move in accord with the equations of 

motion. As long as £ is not too large, the equation E = V(r) defines a 

surface of finite extent, within which the N-dimensional vector r moves 

about. Because the kinetic energy of the system is a sum of the terms 

½m..(dx,./dt)2, however, we cannot solve directly for the nth component v., 

of velocity, as we were able to for one dimension in Eq. (1.3.3). At a given 

configuration, represented by vector r, and for a total energy£, the magnitude 

of vector v is determined, but its direction is undetermined by the energy 

equation. The configuration point r will bounce around inside the surface 

V(r) = E, but will not usually do it periodically, returning always along the 

same path ; each bounce will usually start it off in a different direction. 

Thus, if we plot the behavior of one component, the x,. and related v., 

on the nth phase plane, for example, the contour will not be closed-loop as in 

F ig. 1.3a, but usually will be a complicated nonperiodic curve such as the one 

shown in Fig. 1.3c, confined within definite Limits determined by £, but never 

repeating itself. See, for example, the curves of Fig. 3.3 for a system of two 

degrees of freedom. We shall see in Chap. 3 that the motion of a system 

with N degrees of freedom involves N different frequencies, usually mutually 

incommensurate, so that the combination is not periodic. In later chapters 

we shall see that an extended system has an infinite number of frequencies in 

its motion, so that the motion of any part may be quite complicated indeed. 

Thus, for more complex systems, the displacement component x,. will 

not usually be a periodic function of time; so it cannot be represented by a 

Fourier series. In special cases, of course, it may be periodic, though seldom 

simple-harmonic; it may be as shown in Fig. 1.4a. [n other cases the motion 

will be nearly periodic, as in Fig. I .4b, but if the intercoupling is large, the 

motion will be completely aperiodic, though bounded, as shown in Fig. I .4c. 
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FIGURE 1.4 
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Solid lines are curves of displacement x(t) versus time t; 
dashed curves are for corresponding autocorrelation index 
tp(r) against r. Curves a are for periodic motion; curves b 
and c for bounded, nonperiodic motion. 

K (t) 
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The pressure fluctuation in the sound from a turbulent jet of air is also of this 
type; in fact , curves of this type are characteristic of stea9y nonperiodic 
sound. We should Jearn how to describe mathematically these motions, too. 

Oscillations like those pictured in Fig. 1 .4b and c are bounded, non­
periodic, and stationary. The average values of x or x2 vary with time, but 
we can take their averages over a sufficiently Jong interval of time to even out 
these fluctuations. 

I l'+ JT 
(x) = - x(t) dt 

T t - ½T 

I l t+¼T 
(x2) = - x2 cit 

T t - ½T 

In the li mit of very large T, these averages are independent of T. If the 
vibrations are stationary, they are independent oft also. There are two ways 
of describing such motion, one corresponding to the action of a frequency 
analyzer, the other amounting to a comparison of the motion at one instant 
with the motion a time -r later. Periodic motion repeats itself exactly, every 
successive cycle. Some nonperiodic motion tends to repeat itself, but not 
exactly, the degree of duplication departing further and further from the 
original as time goes on (an example is the curve of F ig. 1 .4b). 

This tendency toward duplication, or lack of it, can be measured by the 
autocorrelation function Y, which is defined as follows: 

[
l J ½T ] 1'(-r) = lim - x(t)x(t + -r) dt 

T - • 00 T - ½1.' 
(1.3.13) 

We see that 1'(0) = (x2) ; thus it is sometimes useful to express correlation 
in terms of the dimensionless autocorrelation index "P = (Y/(x2)). 

J ½T x(t)x(t + -r) dt 
'1/J(-r) = Iim - ½7

' 1P(0) = l (1.3. 14) 
1., f ¼T - •oo - x2(t) dt 

- ½'l' 

We can find the autocorrelation function for either periodic or non­
periodic functions of time. If x is periodic and can be represented by the 
Fourier series (1.3.8) (curve of Fig. 1.4a), its autocorrelation index is 

00 

al + ½ 2 A ,.2 cos (nw-r) 
n --1 '1/J(T) = _____ oo __ _ ( 1.3.15) 

a2 + .!. 'A2 o 2 k n 
n.= l 

which is itself a Fourier series, with its maximum values, unity, occurring at 
-r = 0, T 1,, 2T,,, . .. (T,, = 27T/w ). Jf xis periodic, then x(t)x(t + -r) is exactly 
equal to x2(t) whenever -r = nTP; so 1(-r) will equal (x2 ) whenever -r = nT1>, 
and thus 1 (-r) will also be periodic in -r with period T ,,. Note that 1' and '1/J de­
pend only on the amplitudes A,, of the Fourier series for x, not on the phase 
angles <D11 ; Y and '1/J a lways have their maxima at -r = nT'P if x is periodic. 
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Now suppose x(t) is "not quite periodic," as with the curve of Fig. I .4b. 
Jt almost repeats itself in the next cycle, but not quite, and it differs more and 
more from the original cycle as time goes on. In this case x(t)x(t + r) will 
almost equal x2(t) if r is a small integer times T,,, but will differ considerably 
from x 2(t) if r is large. Instead of being positive everywhere (as x 2 is), it will 
be as often negative as positive when -r is large. In this case the autocorrela­
tion index will start at unity when r = 0 and will have a succession of maxima, 
spaced Tv apart, of decreasing magnitude until, for very large -r, lJJ(r) ~ 0. 
If there is very li ttle correlation between x at one instant and x at the next 
instant as in the curve of Fig. 1.4c, then -ip(-r) will drop rapidly to zero as r 
is increased. In fact, the rapidity with which Y(r) drops to zero as -r is 
increased is a measure of the degree of randomness of the oscillations of x . 

Therefore the autocorrelation function ( or index) is one way of measuring 
the nature of bounded vibratory motion. It is not a complete measure of 
the vibrations, however, for it neglects the phase angles ct>. Thus a knowledge 
of 1(-r) is not sufficient to allow us to compute x(t). 

The Fourier integral 

Another way of representing bounded vibrations is to analyze the 
motion into its various component frequencies. We did this already for 
periodic motion, with the Fourier series of Eq. (1.3.8). Nonperiodic motion 
cannot be represented in terms of a fundamental component plus a sequence 
of harmonics; it must be considered as a superposition of motions of all 
frequencies. Thus the series of harmonic terms must be generalized into an 
integral over all values of w. Using the complex exponential form for the 
component simple-harmonic terms, the basic equations for the Fourier inte­
gral representation, corresponding to Eq. (l.3.12) for the series, are that 

If /(t ) = J_: F(w)e- iwt dw then 1 J oo F(w) = - f(t)e'"'' dt (1.3.16) 
277 -00 

Function F(w) is called the Fourier transform of f(t) , and f(t) is the 
inverse Fourier transform of F(w). The first equation shows that any func­
tion oft (within certain limits, which we shall discuss shortly) can be expressed 
in terms of a superposition of simple-harmonic motion of all possible fre­
quencies w/277, each frequency having for its amplitude the magnitude 
IF(w )I of the complex quantity F(lv) and having for its phase angle the phase 
angle of F(w). A little thought will show that if/(t) is to be real (when tis 
real), then F(- w) must equal the complex conjugate of F(w) [that is, 
F(-w) = F*(w) = IFle-i<t>, so that F(w)F( - w) = 1Ff2 is real]. Quantity 
IF(w)l2 is called the spectrum density of f(t) at the frequency w/277. An 
electric filter which cuts out all the frequencies in f(t) except those between 
w/2,r and (w + dw)/2,r would deliver a measurable power proportional to 
IF(w)l2 and also proportional to dw/2,r, the width of the frequency band 
passed by the filter. 
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T he second equation of ( 1.3.16) shows how the Fourier transform F(w) 
can be computed if we know the mathematical form of J(t). It is analogous 
to Eqs. (1.3.10) or (1.3.8) for the Fourier series coefficients. It is, of course, 
the reason we discussed the infinite integrals of Eqs. ( 1.2.14) to (1.2.18). The 
reciprocal relationship displayed in Eqs. ( l.3.16) has meaning only if the 
infinite integrals converge, and are of practical interest only .if they converge 
for real values of t and w. Books on the theory of the Fourier transform 
-prove that convergence will certainly occur if the integral of l/(t)l2 over t 
from - oo to oo is finite, in which case 

f _:lf(t) l2 dt = 27T J _: IF(w)l2 
dw (1.3. 17) 

and thus the integral of IF(w)l2 is also fi nite. 
T his last relationship makes it look as though we should have difficulty 

in using the Fourier integral to represent stationary nonperiodic motion, of 
the sort we discussed in the previous subsection and portrayed in Fig. 1.4. 
If the vibration is stationary, lx(t)l2 does not diminish as t -+ oo and the 
integral of Jxl2 will not converge. We can get around the difficulty by a trick, 
however. Suppose we shut off x(t)except for the time interval -½ T < t < ½T, 
and study the function 

- oo < t < -½T 
- ½T < I < ½T (1.3.18) 

½T < t < oo 

T he integral of the square of this function will converge; in fact, 

T large ( 1.3.19) 

where now 
l J 1T F(w) = - x(t)eiwt dt 

27T - 1T 

is a function which falls off sufficiently rapid ly as w goes to -!: oo, so that the 
integral of JF l2 converges as long as Tis not infinite. Thus IF(w)l2/ T, which 
we can call the spectrum density per unit time, is a quantity whose integral 
over w is equal to (I /27T)(x2) for T sufficiently large. This trick of analyzing 
only an interval T worth of x(t) has its counterpart in measurement. T he 
length of time required for the filter to separate out the components within a 
band dw is longer, the narrower the bandwidth dw ; however, we certainly 
cannot afford to wait forever. although the only way we could obtain a 
minutely detailed analysis would be to analyze it over an infinite length of 
time. 

Thus the Fourier transform, with the use of the tricks of Eqs. ( l.3.18) 
and (1.3.19), is another way of representing the bounded vibrations x(t), 
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which emphasizes its frequency analysis rather than its temporal correlation, 
as 1(-r) did. It is a more complete representation than is Y, for Eqs. ( 1.3.16) 
show that if F(w) is known completely, then x(t) can be reproduced in its 
entirety. This is usually more detailed than is usefu l, however ; usually we 
are interested only in the spectrum density IF(w)l2 and are willing to remain 
ignorant of the phase of F. 

Actually, the two methods of representation are closely related . If we 
consider 1(-r), the autocorrelation function of x(t), defined in Eq . ( 1.3.13) 
as a function which a lso can have a Fourier transform, by using the trick of 
Eq. (1.3. l8), then this transform would be 

_I J .., e;"'' t(-r)d-r =-'-J ¼T ei"''d-rf½T x(t)x(t 1- -r)dt 
27T - oo 2TTT - P' - !T 

I J ½T f t+ ¼T 2TT IF(w)l2 = - e- iwl x(t) dt e1'"''x(u) du--► ---- (1.3 .20) 2TTT - ½7' t- !T 7'1:1r11c T 
where F(w) is defined in Eq. (1.3. 19) as the transform ofx(t) over the interval 
T. We thus reach the interesting and rather unexpected result that the 
Fourier transform of the autocorrelation function of x(t) over the interval 
Tis 2r./Tti mes the spectrum density IF(w)l2 of x, the square of the magnitude 
of the Fourier transform of x. Vice versa, if we know the spectrum density 
of x for a time interval T , its correlation function for the same interval is the 
inverse transform 

( 1.3.21) 

T hus i(O), which equals (x 2) , is proportional to the frequency integral of 
IF l2, which also is apparent from Eq. ( 1.3.19). 

Properties of Fourier t ransforms 

A few general properties of Fourier transforms will be useful when we 
come to use them later. In the first place, mathematically speaking, both t 
and rn can be considered to be co mplex quanti ties, and thus the integrals of 
Eqs. ( 1.3.16) are contour integrals, of the sort discussed in connection with 
Eqs. ( 1.2.1 5). From Eqs. (1.2. 16) to( l.2.18) we can obtain Fourier transforms 
for several important functions of t. 

lf/(t) = 11(1) = {~ 
t < O I 

I > 0 
then 2TTF(w) = -

w 

If J(t) = 11(1) sin (at) then 2TTF(w) = a 
0

2 _ (1)2 ( 1.3.22) 

If /(t) = 11(t)e-iat then 2r.F(w) = i 

w - a 
where the imaginary part of co must be posit ive in order that the integral for 
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F converge. (n each of these cases F(w) has a pole or poles on the real a> 
axis. Setting w = 11· + fr, the integrand eiwlj(t) of Eqs. (1 ).16) for F has 
an exponential factor eiwt- <1, which ensures convergence of the integral as 
long as E is positive. We noted, in the discussion of Eqs. ( 1.2. I 5), that the 
contour over which w is integrated should go somewhat above the real axis of 
w, which is the same thing as saying that E should be positive. 

This arrangement for bringing convergence to the integrals is most useful 
in representing functions/(!), which are zero for negative values oft, for then 
we need only worry about convergence at t ->- co. In fact, if we are only 
interested in representing functions/(!) which are zero fort < 0 (as would be 
the case if the system were at rest till t = 0, when it is started into motion), 
it may be more convenient to rotate the real-imaginary axes of w, setting 
w = is (s > 0), so that 

F L(s) = 27TF(is) = i "' f(t)e- st dt 

Function Fr,(s) is called the Laplace transform of f(t). As we can see, it is 
just a different way of writing the Fourier transform, which happens to be 
useful for those functions which are zero for t < 0. We use the Fourier 
transform in this book, since it is more immediately related to the physical 
process of frequency analysis. We also shall use the Laplace transform when 
it is more convenient. Tables of the Fourier and Laplace transforms of 
various functions have been published; we mention only a few here. A short 
table of Laplace transforms is given in Chap. 2 (Table 2. !). 

Differentiation of the integral for f(t) or integration by parts of the inte­
gral for F(w)shows that if F(w) is the Fourier transform of/(t), then - iwF(w) 
is the Fourier transform of df/dt, and - w2F(w) is the transform of d3//dt2

. 

From this we can obtain the transform of a differential equation; the trans­
form of 

(/2.'I; 2 () 
dt2 + Wo x = fl is 

where X(w) is the Fourier transform of x(t), and F(w) is the transform of 
f(t). If f(t ) is known, we can compute X(w) = F(w)/(w0

2 - w2) and then 
compute the inverse transform x (t) (or else look it up in a table of Fourier 
transforms). 

The pathological, but extremely useful, Dirac delta function is defined as 
follows: 

d 
c5(t ) = - u(t) 

dt 
J_: c5(t - a)g(t) dt = g(a) ( 1.3.24) 

where u(t) is defined in Eqs. ( 1.3.22) and where g(t) is any function which is 
finite and continuous at t = a. The curve for c5(t) is the limiting form for a 
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very high, very narrow peak, centered at t = 0, having unit area under the 
peak. Direct insertion in Eqs. (1.3.16) shows that 

1 
The Fo urier transform of o(t - t0) is - e i wto 

27T 
( 1.3.25) 

The inverse transform of e - iwol is o(w - Wo) 

This shows us that the Fourier transform of the Fourier series 

CX) 

x(t) = L A ne-i(>1wot- <l>n) 

n =O 

CQ 

JS X(w) = L A .,.ei <l>n o(w - nwo) ( 1.3.26) 
n = O 

Therefore the frequency analysis of a periodic motion results in a set of 
equally spaced isolated peaks, one for the fundamental frequency w0 and one 
for each harmonic (w = nw0). The magnitude of these peaks is proportional 
to A,,, the respective Fourier amplitude. 

We shall use the Fourier transform often in our subsequent discussions, 
because it is natural, in acoustics, to analyze sounds into their simple-har­
monic motions. We shall use the Laplace transform rather less often, when 
we are interested in studying the transient effects caused by the sudden initia­
tion of some driving force. But there are still other integral transforms, which 
we shall have occasional recourse to. For example, there is the so-called 
Hankel transform , 

F,,,(µ) = i 00 

f(w)J,,.(µw)w dw f( w) = i 00 

Fm(µ)J,n,(µw)µ dµ ( 1.3.27) 

which we shall use in connection with cylindrical waves. 

Problems 

A mass m slides without friction on a horizontal table. It is attached to a 
light string which runs, without friction , through a hole in the table. The 
other end of the string is pulled downward by' a constant force F. The mass 
(which is too large to drop through the hole) is held at rest a distance D from 
the hole and then let go. Set up the equation of motion of the mass, and solve 
it. Is the motion periodic? If so, what is its frequency, and how does the 
frequency depend on D? 

2 A bead of mass m slides without friction on a straight wire that is whirling in 
a horizontal plane, about one end, with a constant angular velocity w radians 
per sec. rt is found that the centrifugal "force" on the bead is mw2r, where r 
is the distance of the bead from the center of rotation. The direction of the 
force is away from the center. Set up the equation of motion of the bead, and 
solve it. Is the motion periodic, and if so, what is the frequency? 
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3 Show that a solution of the equation 

d 2y 1 dy - + - - + n2y = 0 
dx2 xdx 

can be represented by the series 

( 
n2x2 n4:x4 n6x6 ) 

y = C 1 - ~ + 22 . 42 - 22 . 42 . 62 • • • 

The series inside the parentheses is called the Bessel function J0(nx), where 
J0(z) = l - (z2/22) + · · · . Compute values of 10(0), Jo(½), and 10(1) to three 
places of decimals. 

4 Show that the solution of the equation 

is 

d2y 
- + (J - kx2)y = 0 
dx2 

where De and D0 are symbols for the following series : 

, _ . !::_ _ 1k 6 l lk + 15k2 
_ .. 

D.(k ,x) - cos x + 12 x4 360 x + 10 080 x8 
' 

_ . . k 
5 

_ 13k 
7 

17 k + 63k2 

9 

. _ . 

Do(k,x) - Sm .x + 20 x 2,520 x + 90,720 x 

Compute values of D. and D0 to three places of decimals for k = I and for 
x = 0,½, and I. 

S Show that the solution of the equation 

!!...[(1 - x 2) dy] + ly = 0 is y = a0 P.(J..,x) + a1Pq(l,x) 
dx dx 

where P. and P0 are symbols for the following series : 

P ( ' ) = - ~ 2 - J.(6 - J..) 4 - }.(6 - J.)(20 - A) . .A - ... 
• ll, X I 2 I X I X 6 I -~-. 4. . 

Po(l.,x) = x --1 
2 - l 

3 
(2 - J.)(12 - l) _

5 
-)-!-X + 5! X 

(2 - J.)(12 - l)(30 - J.) , 
--1 - -------- x· + . . . 

7! 

Compute values of Pc and P0 , to three places of decimals, for i. ~ 0, I , and 2, 
for x = 0, ½, and I. 

6 Show that the solution of the equation 

I d ( • <fr) ( 2 ) -- X--'-- + 1 - - l' - 0 
x 2 dx dx x2 • 

is 

where_ii and "tare symbols for the following functions: 

. ( sin x cos x 
I I X) = -2- - --
• X X 

cos x sin x 
11/,:) = - - 2- - --

x X 
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What are the values of ji and 111 at x = 0, {, and I? What is the solution of 
the equation 

!_ ~ (x2 dy') + y = 0 
x2 dx dx, 

7 What is the length of the line drawn from the origin to the point on the complex 
plane represented by the quantity (a + ib)- 1 ? What is the angle that thi.s line 
makes with the real axis? What are the amplitudes and phase angles of the 
following quantities: 

(a - ib)- ½; (a + ib)- 1 + (c + ic/)- 1 ; (a + ib)"e-i<<>t 

8 What are the real and imaginary parts, amplitudes, and phase angles of 

v a + ib, tog (a + ib), 

9 T he hyperbolic functions are defined in a manner analogous to the trigonometric 
functions [Eq. (1.2.10)]. 

sinh z I 
tanh (z) = -- = - -:---,-~ 

cosh z coth (z) 
(Tables l and 11) 

Show that cosh (iy) = cosy; cos (iy) = cosh y; sinb (iy) = i sin y; sin (iy) = 
i sin y. Find the real and imaginary parts of cosh (x + iy), cos (x + iy), 
sinh (x + iy), sin (x + iy). What are the magnitudes and phase angles of 
these quantities? 

10 Find the real part Rand imaginary part X of tanh (x + iy). Show that 

R2 + [X + cot (2y)J2 = . 2

1
(
2 

) 
Sm y 

l 
[R - coth (2x)]2 + X 2 = . 112 (2 

) 
SIil X 

Plot the curves on the complex plane for tanh (x + iy) when y is allowed to 
vary but x = 0, 1r/ I 0, co ; when x is allowed to vary but y = 0, 1r/4, 1r/2. 

11 Where on the complex plane are the poles of the functions 1/cosh z ; tan z; 
e•=f z2(z 2 

- a2
); tan z/z(z2 + a2)? Are they all simple poles? Calculate the 

residues at all the simple poles of these functions. 
12 Compute the values of the integrals 

J"' . d• 
tan (z)e- iz t ~ 

- «> z 

13 T ransform the ordinary integral 12

~(1 - 2p cos O + p2) - 1 dO to a contour 

integral over z by setting e10 = z. What is the shape of the contour? Where 
are the poles of the integrand when p is rea l and sma ller than unity? Calculate 
the value of the integral when 0 < p < I. 

14 Calculate the value of the integral 

J"' x2 dx 

- -» ( I + x 2)(1 - 2x cos O -i x2) 
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15 Show that 

0 t < 0 

w J 00 
[1 - ( - l)»eiz(n~/ro)] - - e-iz t -------,,-----,,--- dz = sin (wt) 

/ltr 
0 < t < -

2tr -oo z2 - w2 

0 
lltr 
- < t 
w 

w 

16 A mass m moves in the x direction under the influence of a potential energy 
V(x) = Ax2/(x + d)2. Plot the potential energy and use the plot to discuss 
the behavior of the system for different total energies E. Plot the phase 
contour for E = ¾A and for E = fA. Show that, for E < A, the motion is 
periodic, with period T'P = v'2m Adtr/(A - E)t 

17 Plot the Fourier series x = 10 cos (wt) + 5 cos (3wt) + cos (5wt). Compute 
and plot the autocorrelation function \J' ( 'T) for this x. 

18 Compute the coefficients and phase angles for the Fourier series expansion of 
the following periodic function oft: 

x(t) = {: - t 
t - 2tr 
. . .... 

-½tr < t < ½1T 

½tr < t < i1T 

½1T < t < f1T 

19 A particular function x(t) can be represented by the sum 

N 

x(t) = 2 COS ( w,.t - 1>n) 
n = l 

where no pair of the w,/ s are commensurate, and the <I>n's are arbitrary 
functions of 11. Show that x is nonperiodic but bounded, that the mean value 
of x 2 is ½N, and that the maximum possible value of x2 is N 2. What is the 
expression for the autocorrelation function for x? 

20 Compute the Fourier transforms of the following functions: e- 0t2, a2/(a2 + t2) . 

What are the inverse transforms of - 1/2trw2 and A/(w4 - a4)? 
21 Frequency analysis of a certain noise shows that its spectrum density ]F(w)l2 

is independent of w over the range lwl < wm and is zero for lwl > wm. What 
is the autocorrelation function? 

22 The autocorrelation function for pressure in a turbulent gas is 'Y( 'T) = 
P 0

2e- wml rl . What is the spectrum density? 
23 If 

I J 00 

F(w) = - f(t)eiwt dt 
27T - oo 

and I J 00 

G( w) = - g(t)eiwt dt 
27T - 00 

show that the inverse transform of the product FG,J 
00 

F(w)G(w)e- i<ot dw, 
I f 00 - oo 

is equal to -
2 

f( 'T)g(t - 'T) d'T, which is called the co11volution integral of 
7T - 00 

f and g. What about the Fourier transform of f(t) times g(t)? Demonstrate 
both these results in the special case where F(w) = (w + ia)- 1, G(w) = 
(w + ibr1, by performing all the integrals, using Eqs. (1.2.15) when necessary. 
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THE LINEAR OSCILLATOR 

2. 1 FREE OSCILLATIONS 

Now that we have discussed, to some extent, the mathematical methods 

that we shall need in our work, we shall come back to the physics. 

The whole study of sound is a study of vibrations. Some part of a 

system bas stiffness; when it is pulled away from its position of equilibrium 

and then released, the system oscillates. We shall first study the simplest 

possible sort of vibrations for the simplest sort of system, a mass m fastened 

.to some sort of spring, so that it can oscillate back and forth in just one direc­

tion . A very large number of vibrators with which we deal in physics and 

engineering are of this type or are approximately like it. All pendulums (the 

"spring" here is the force of gravity) are like this, and all watch balance 

wheels. Loudspeaker diaphragms which are loaded so that their mass is 

concentrated near their center are approximately like this (at least at low 

frequencies), as are loaded tuning forks, etc. Even when an oscillating 

system is more complex than the simple oscillator, many of its properties are 

like it. Later, when we study these more complicated systems, we can sim­

plify our discussion considerably by pointing out first the properties wherein 

the system behaves like the simple case and then showing where it differs. 

In this chapter we shall simplify the problem sti ll further ; we shall 

investigate the motion of the one-dimensional oscillator with an internal 

stiffness force which is linearly proportional to x, Fix) = - Kx. As men­

tioned in Sec. 1.3, if the system is to perform bounded vibrations, F; must be 

zero at some equilibrium point (which can be set at x = 0) and must be 

negative when x is positive and positive when x is negative, so as to push the 

mass back to x = 0. This usually means that F, can be expanded in a Taylor 

series about the equilibrium point, 

F1(x) = - Kx + K2x2 + K3x3 + · · · 
If x is sufficiently small, the terms in x2 , x3, etc., can be neglected compared 

with the linear term - Kx. Many acoustical vibrations are sufficiently small 

in amplitude for this linear approximation to be quite good. For instance, 
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an air molecule needs to vibrate with an amplitude of motion of only about a 
tenth of a millimeter to do its full part in transmitting away the racket gene­
rated at Times Square in New York on New Year's Eve. Seldom does the 
amplitude of oscillation of a loudspeaker diaphragm exceed a millimeter. 

The general solution 

We shall assume, then, that the "springiness" force acting on the simple 
oscillator can be expressed by the equation 

F = - Kx (2. I. I) 

where x is the displacement of the mass from equilibrium, K is called the 
stiffness constant (i ts value depends on the sort of spring we use), and the 
minus sign indicates that the force opposes the displacement. This will be a 
very good assumption to make fo r most of the cases dealt with in this book. 
The reciprocal of the stiffness constant, c ... = 1/K, is called the compliance 
of the spring. 

To start with, we shall consider that no other forces act on the oscillator. 
This is, of course, not a good assumption in many cases; usually there are 
frictional forces acting, and sometimes external forces come in. There are 
many cases, however, where the frictional force is negligible compared with 
the springiness force, and we shall treat these first , bringing in friction and 
external forces later. 

This brings us to the equation of motion discussed in Sec. 1.2: 

K l 
w2 = - = --

m mCm 
(2. 1.2) 

We have already seen that the solution of this equation can be expressed, in 
terms of our convention, as 

X = ce-io:,f C = ao + ia1 

or as x = a0 cos (<vt) + a1 sin (wt) (2. 1.3) 

We must now discuss the physical implications of this soluti.on. 
It has been shown in Sec. 1.2 that the motion of the body is periodic, 

having a frequency v0 = w/21r = (I/21r)V K/m. This frequency is larger for 
a stiffer spring (for a la rger K) and is smaller for a heavier mass. 

Initial conditions 

We have seen that the specific values of the constants a0 and a1 are deter­
mined by the way the mass is started into motion. Ordinarily, we start an 
oscillator into motion by giving it a push or by pulling it aside and lett ing it 
go, i.e., by giving it, at t = 0, some specified initia l displacement and initial 
velocity. Once we have fixed these two initial conditions, the motion is 
completely determined from then o n, unless we choose to interfere with it 
again. It is not hard to see that a0 is the value of the initial displacement 
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and ci>a1 that of the initial velocity. Solution (2.1.3) can then be rewritten 
in the following forms: 

x = x0 cos (2771101) + ~sin (27TP0t) 
27TVo 

= A cos (27TP0t - W) Po = -
1 

J K 
27T 111 

(2. 1.4) 

where x0 is the initial displacement, and v0 the initial velocity of the mass. 
These equations reemphasize the fact that only the initia l value of x 

and of dx/dt need be given to determine the subsequent motion of an osci llator 
completely. Once x0 and v0 are specified, then, even if we did not have a 
completely worked-out solution of (2.1.2), we could find the initial value of 
the body's acceleration by inserting x0 on the right-hand side of(2.l.2). The 
initial value of the third derivative can be obtained by differentiating (2. 1.2) 
with respect tot and placing the value of v0 on the right-hand side in place of 
dx/dt; and so on. If it is recalled that the behavior of a function is completely 
specified by its Taylor's-series expansion 

(df') t
2
(d2f) t

3(d3/) f(t) = f(O) + t - + - -
2 

+ - - + . . . 
dt ,~o 2 dt 1= 0 6 dt3 1= 0 

(within a certain range oft whose limits are of interest in specific problems, 
but which need not bother us here), we see that once x 0 and v0 are given, thus 
fixing the values of all the higher derivatives at t = 0, the future motion is 
determined. 

It is not hard to generalize this reasonjng, to see that a body, acted on by 
any sort of force that depends on x and v, will have its motion specified com­
pletely just by assigning definite values to its initial position and velocity. 
The mathematical counterpart to this statement is the rule that the solution 
of any second-order differential equation (one having a second derivative 
term in it but no higher derivative) has two arbitrary constants in it. 

Another very important physical fact which can be deduced from (2. 1.4) 
is that the frequency of the oscillation depends o'nly on Kand m and not at all 
on x0 or v0. This means that for a given mass and a given spring, as long as 
the law of force of the spring is F = - Kx, the frequency of oscillation will 
be the same no matter how we start the system to oscillate, whether it oscillates 
with an amplitude of motion of I cm or 0.001 mm. T his is a very important 
fact in its practical applications, for if the law of force of actual springs were 
not nearly F = - Kx , or if this property did not hold for solutions of Eq. 
(2.1.2), no musical instrument could be played in tune. Imagine trying to 
play a piano when the frequency of each note depended on how hard one 
struck the keys! Compare this with Probs. I and 16 of Chap. I. 
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We might have fou nd this fact for a number of cases by a Jong series of 
experimental observations, but our mathematical analysis tells us immediately 
that every mass acted on by a force F = - Kx has this property. Oscillations 
of this type are called simple-harmonic oscillations, as noted in the discussion 
of Eq. (1.3.6). 

Energy of vibration 

We shall need an expression for the energy of a mass oscillating with 
simple-harmonic motion of amplitude A and frequency v0• The energy is the 
sum of the potential and kinetic energies 

E = ½mv2 + i "' Kx dx = ½mv2 + ½Kx2 

= 27T2mv0
2A2 sin2 (27Tv0 t - ¢) + ½KA2 cos2 (27Tv0t - ¢) 

But 47T2v0
2 = K/m, so that 

or 

E = ½KA2(sin2 (27Tv0t - ¢ ) + cos2 (27Tv0t - ¢)] 

E = ½KA2 = 27T2mva2A2 = ½mU2 

where U = 27Tv0A is the velocity amplitude of the motion. 

(2. 1.5) 

The total energy is thus equal to the potential energy at the body's 
greatest displacement, ½KA2, or is equal to the kinetic energy at the body's 
greatest speed, ½mU2. Expressed in terms of v0 and A , we see that E depends 
on the square of these two quantities. 

2.2 DAMPED OSCILLATIONS 

So far, we have not considered the effects of friction on oscillating sys­
tems. In general, friction does not play a very important role in the problems 
we shall consider in the first part of the book. lf we show its effects on the 
simplest system with which we deal, we can deduce its effect, by analogy, on 
more complicated systems. 

One variety of friction that is important in vibrational problems is 
the resistance to motion which the air surrounding the body manifests. 
Energy in the form of sound waves is sent out into the air. From the point 
of view of the vibrating system, this can be looked on as friction, for the energy 
of the system diminishes, being drained away in the form of sound. This 
resisting force depends on the velocity of the vibrator, and unless the velocity 
is large (much larger than those with which we shall usually deal), it is 
proportional to the velocity. It can be expressed mathematically as 
- R ,,.(dx/dt), where the constant Rm is called the resistance constant. The 
total force on a simple oscillator acted on by both friction and springiness is 
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therefore -R.,,(dx/dt) - Kx, and the equation of motion becomes 

k = R.,. 
2m 

(2.2.1) 

The value of v0 is the frequency that the oscillator would have if the friction 
were removed (R.,, were zero), and is called the natural frequency of the 
oscillator. Other resistive forces, representing the transformation of acoustic 
energy into heat, also are proportional to the velocity for small-amplitude 
motion; so Eq .. (2.2.1) again holds. It is interesting to notice that the 
equation for the free oscillation of charge in a circuit containing inductance, 
resistance, and capacitance has the same fo rm as (2.2.1). The inductance is 
analogous to the mass m, the resistance to the resistance factor R m, and the 
inverse of the capacitance to the stiffness constant K. 

The general solution 

To solve Eq. (2.2.1 ) we make use of the exponential function again. We 
guess that the solution is Ceb t and solve for b. Substitution in (2.2.1) shows 
that (b2 + 2kb + 41r2v0

2)ebt must be zero for all values of the time. Therefore 

or 

In all the problems that we shall consider, the stiffness constant K is much 
larger than the resistance constant R m (i.e., friction will not be big enough to 
make the motion much different from that discussed in the last section). 
Since 41r

2v0
2 is supposed to be larger than k 2, the square root in the expression 

for b is an imaginary quantity, and we had better write 

(2.2.2) 

This means that, following our convention, we can write 

or 

The values of a0 and a1 are again fixed by the initial conditions for the 
oscillator; a0 must equal the initial displacement x0, and the initial velocity 
in this case is equal to 21rv,a1 - ka0 , so that 

v0 + kx0 
al = 
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The solution is not periodic, since the motion never repeats itself, each 
swing being of somewhat smaller amplitude than the one before it. However, 
if k is quite small compared with v1, we can say that it is very nearly periodic. 
In any case, the frequency of the oscillations is v1, which is very nearly equal 
to v0 if k is small. It again turns out that the frequency is independent of the 
amplitude of the motion. Of course, strictly speaking, we should not use 
the word frequency in connection with nonperiodic motion. But when the 
damping is small, the motion is almost periodic, and the word will have some 
meaning, although a rather vague one. 

There are several respects in which the motion of the damped oscillator 
differs from that of the simple oscillator. T he most important difference is 
that the amplitude of motion of the damped oscillator decreases exponentially 
with time; it is A0e- k

1
, instead of being just A (A0 is the initial value of the 

amplitude). The amplitude decreases by a factor 1/e in a time l /k sec 
(e = 2.718). This length of time is a measure of how rapidly the motion is 
damped out by the friction, and is called the modulus of decay T of the oscilla­
tions. The fraction of this decrease in amplitude which occurs in one cycle, 
i.e., the ratio between the period of vibration and the modulus of decay, is 
called the decrement o of the oscillations. Another method of expressing 
this is in terms of the "Q of the system," where Q = w0m/R ,,. is the number 
of cycles required for the amplitude of motion to reduce to I /e" of its original 
value. If these quantities are expressed in terms of the constants of the 
system (the small difference between v1 and v0 being neglected), it turns out 
that 

Q = Wo/11 = 1T'Vo 

Rm k 

I Q 
T = - = -

k 1T'Vo 

1r k I 
0 = - = - = -

Q Vo T'Vo 

(2.2.4) 

The smaller R ,,. is, the larger Q and r are, indicating that it takes a 
longer time for the oscillations to da mp out, and the smaller o is, indicating 
that the reduction in amplitude per cycle is smaller. These properties, of 
course, are independent of the way the oscillator is started into motion. 

Another difference between the damped and the undamped oscillator is 
the difference in frequency. When k /2m,0 is small, the expression for v1 can 
be expanded by means of the binomial theorem, and all but the first two 
terms can be neglected. 

·1•, = l'oJ I - (-k-)2 = JJo - k: + ... 
21rk0 81r-J10 

(2.2.5) 

In most of the cases with which we shall be dealing, k and ,,0 have such 
values that even the second term in the series is exceedingly small, so that the 
change in frequency is usually too small to notice. 
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Energy relations 

T he subject of damped oscillations can be considered from a quite 

different point of view-that of energy loss. We must first develop an 

expression for the average energy of the system at any instant. We cannot 

use the formulas (2.2.5) because the amplitude of oscillation in the present 

case is not constant. The sum of the kinetic and potential energies of a body 

of mass m acted on by a springiness force Kx, whose displacement is given by 

the formula A(t) cos (21rvr - <l>), is 

E(t) = {mv2 + !Kx2 

= 21r2mv2A2 - 21rmv dA A sin (21rvt - <1>) cos (21rvt - <1>) 
dt 

(
dA\2 

+ !m dt J cos2 (21rvt - <1>) 

When averaging this value over a single osciJlation, the second term on the 

right drops o ut. If A is very slowly varying, so that dA /dt is small compared 

with vA, then the third term can be neglected, and we have the approximate 

formula for the energy of motion and position (i.e., the energy that can be 

recovered, that is not yet irrevocably lost in heat): 

(2.2.6) 

where the symbol ~ means "is approximately equal to ." In the case of the 

damped oscillator, this " free energy" is 21r2mv0
2Ale- 2k 1, wllich diminishes 

exponentially with time. 

The rate of loss of energy due to friction is equal to the frictional force 

opposing the motion R mv multiplied by the velocity v (since force times 

distance is energy, rate of change of energy is force times velocity). T he 

rate of loss of energy is 

P = R ,,.v2 = [4"2R .,,,v,2 sin2 (2m,,t - <ll) 

+ 4TTR,,.v1k sin (2TTv1t - <I>) cos (2m,1t - <1>) 

+ R ,,,k2 cos2 (2m,1 t - <l>)]Ale- zkt 

Using the same approximations as before, we have for the average loss of 

energy per second 

p = - dE ,.._, 21r2 v 2R A 2e - 2k' = 1 R [U(t)]2 

dt - o 111 o 2 m 
(2.2.7) 

If we had started out without fo rmula (2.2.3) for the details of the 

motion but had simply said that the free energy at any instant was given by 

(2.2.6) and that the energy loss was given by (2.2.7), where R ,,. is small, we 

could have found the dependence of£ on the time by means of (2.2.7). 

Eliminating U from Eqs. (2.2.6) and (2.2.7) results in P ~ (R,,./m)E = 2k£, 
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dE 

P = - dt '.::::'. 2kE 

The solution of this is 

or 

2.3 FORCED OSCILLATIONS 43 

dE 
-'.::::'.-2kE 
dt 

(2.2.8) 

which checks with Eq. (2.2.6). We see from this that the damping out of the 
motion is required by the fact that the energy is being lost by friction. We 
might point out here that the fraction of free energy lost per cycle is just 
2k/v1 '.::::'. 2k/v0 = 2TT/Q, where Q is given in Eq. (2.2.4). 

Jn nearly every more complicated case of vibrations, the effect of friction 
is the same as in this simple case. The amplitude of vibration slowly 
decreases, and the frequencies of natural oscillation are very slightly 
diminished . Usually, the change of frequency is too smaH to be of interest. 

2.3 FORCED OSCILLATIONS 

It often happens that a system is set into vibration because it is linked 
in some way with another oscillating system (which we shall call the driving 
system). For instance, the diaphragm of a microphone vibrates because 
it is Jinked, by means of sound waves, to the vibrations of a violin string; 
and a loudspeaker diaphragm vibrates because it is Jinked to the current 
oscillations in the output circuit of an amplifier. The system picks up energy 
from the driving system and oscillates. In the two instances mentioned, 
and in many others, the driven system does not feed back any appreciable 
amount of energy to the driving system, either because the linkage between 
the two is very weak (as is the case with the violin and microphone) or else 
because the driving system has so m~ch reserve energy that the amount fed 
back is comparatively negligible (as is the case with the amplifier and loud­
speaker). In these cases the only property of the driving system that we 
need to know is that it supplies a periodic force which acts on the driven 
system. The more complicated case, where the feedback of energy cannot 
be neglected, will be considered later. 

The general solution 

For the present, we ask what happens to a simple oscillator when it is 
acted on by a periodic force Fcos (2TTvt) , or Fe- 2~ivt, according to our 
convention. We wish to know what its motion is just after the force has 
been applied, and more important, what its motion is after the force has been 
acting for a long time. We are also interested in how this behavior depends 
on the frequency v of the driving force (which does not have to be the same 
as the natural frequency v0 of the oscillator). 
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The total force on the oscillator is a combination of the springiness and 
the frictional and the driving force - R 111v - Kx + Fe- 2· i ••

1
• The equation 

of motion is 

F 
a= ­

m 

d2x dx - + 2k- + w 2x = ae- 2irivt 
dt 2 dt 0 

k = R.,,. 
2m 

W = 27TV 
2 K 

Wo = ­
m 

(2.3. 1) 

We discussed a similar equation in Sec. 1.2, where we showed that a choice 
of two exponentials, one corresponding to the free vibration of the oscillator 
and the other to the forced motion, was a good guess for the solution. We 
try x = ce- kt- ;,,,,i + De-iwt in Eq. (2.3.1), where k and w1 = 2m,, are the 
damping and frequency parameters of free oscillation, as defined in Eqs. 
(2.2.2) and (2.2.5). The differential operator on the left side of Eq. (2.3. I) 
cancels out the free-oscillation term in x. For the second term, however, 
the equation is not satisfied unless 

( - mw2 - iR,,.w + K)De-iwt = Fe- 1wt or 
F 

D =-- ­
-iwZm 

where 
K . 

z ,,. = -iwm + R m + i- = R m - iX"' = IZ,,.I e-•9 
w 

K 
x fll = wm - (iJ 

Xm m(wZ - Wo2) 
tan rp = - = - -----'-

R,,. wR,.. 

(2.3.2) 

Some time after the motion has started, the free-oscillation term 
ce-kt-iw,t has died out, and the second term remains. 

I 
t ► -

k 

The ratio between the driving force and the velocity of the steady-state 
driven motion, in amplitude and phase angle, is thus equal to the quantity 
Zm = R ,,. - iX

111
• The steady-state amplitude of motion IDI is F/K for a 

static (w = 0) force . As the driving frequency is increased from zero, the 
amplitude IDI increases (if R m is not too large) from the static val ue 
D.1 = F/K to a peak (Fig. 2.2) at reso11a11ce, when cv2 = wa2 - 2k2 :::= wa2. 
The resonance amplitude is F/2kmw1 '.:::'. QD81 , where Q = w0m/R ,,. is dis­
cussed in connection with (2.2.4). For higher frequencies the ampl itude 
drops back toward zero. Thus the Q of the oscillator is the ratio between 
the displacement amplitude at resonance to displacement for an equal­
amplitude static force (of course, if Q < 1, there is no peak at resonance, 
I DI is maximum at w = 0). 
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We recall that the usual electrical-engineering notation is obtained by 
substituting - ) for i; so we can see that the equation for Z,,. is exactly 
analogous to the equation for the complex electric impedance of a series 
circuit, with the mechanical resistance R ,,. analogous to the electric resistance, 
the mass m analogous to the electric inductance, and the mechanical com­
pliance C,,, = I /K analogous to the electric capacitance. The quantity 
X.,, = wm - (K/w) can be called the mechanical reactance of the system. 
The units in which this mechanical impedance is expressed are not ohms, 
for the quantity is a ratio between force and velocity rather than between 
voltage and current. The symbolic analogy is close enough, however, to 
warrant the use of the same symbol Z with the subscript m to indicate 
" mechanical." The units of mechanical impedance are dyne-seconds per 
centimeter, or grams per second . 

The solution of Eq. (2.3.1 ) can therefore be written in either of the two 
alternative forms 

or 

where {} = <p + ½1T. The constants a0 and a 1 are determined, as before, by 
the initial position and velocity of the mass. 

Transient and steady state 

When the force is first applied, the motion is very complicated, being a 
combination of two harmonic motions of (in general) different frequencies. 
But even if the friction is small, the first term, representing the free, or 
"transient," vibrations, damps out soon, leaving only the second term, which 
represents simple-harmonic motion of frequency equal to that of the driving 
force (see examples of this in Fig. 2.1 ). 

where 

F 
X - ____ e -iwt 

21TiVZ m 
or x - F sin (21rvt - <p) 

21TV IZ,,.1 

F . 
[' - - e - ,wt 

z,,, 
F 

or t• - -- cos (21rvt - <p) 
IZ,,.I 

wm- (K/w) 
tan rp = - cot ,{} = ----­

R ,,, 
w = 21rv 

(2.3.3) 

This part of the motion is called the steady state. We see that it is com­
pletely independent of the way in which the oscillator is started into motion, 
its amplitude, phase, and frequency depending only on the constants F and v 
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of the force and on the oscillator constants m, Rm, and K. No matter how 
we start the oscillator, its motion will eventually settle down into that 
represented by (2.3.3). 

Steady-state motion is motion of a system that has forgotten how it 
started. 

FIGURE 2.1 
Forced motion of a damped-harmonic oscillator (k = w1/ IO). 
Curve a shows free oscillations, and curves b, c, and d show 
forced oscillations due to sudden application of force at t = 0. 
Dotted curves give force as function of time; solid curves.give 
displacement. Effect of transient is apparent at the left side 
of the curves; at the right side the steady state is nearly 
reached. 

Impedance and phase angle 

The amplitude and velocity amplitude are proportional to the amplitude 
of the driving force and are inversely proportional to the magnitude of the 
mechanical impedance Z,,,. The analogy with electric circuits is therefore 
complete. The velocity corresponds to the current, the mass to the induct­
ance, the frictional constant to the resistance, and the stiffness constant to 
the reciprocal of the capacitance. 
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The impedance is large except when 11 = 110, but at this freq uency, 
if the friction is small , it has a sharply defined minimum. Therefore the 
amplitude of motion in the steady state is small except when 11 = 110, where 
it has a sharp maximum. T he case where the frequency 11 of the driving 
force equals the natural frequency 110 of the oscillator, when the response is 

1ao 0·, - - ----- --==========~ -----

900 

/ 
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I 
I 

I 
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/ 

I 
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I ..,-::;_;;_.;,..,,..=::::_ __ _[_ ___________ _ oo ,-

B 

0 

FIGURE 2.2 
Phase {} and ampl itude B = IF/wZ,.I of forced motion as func­
tions of the frequency 11 of the driving force. The frictional 
constant R,., for the dotted curve is eleven times that for 
the solid curve, al l other constants being equal. 

large, is called the condition of resonance. The peak in the curve of amplitude 
against 11 is sharp if R ,,, is small and is broad and low if R,,. is large, as is shown 
in Fig. 2.2. This figure also shows that the steady-state motion of the 
oscillator is not very sensitive to the value of the frictional constant except 
in the range of frequencies near resonance. The dotted curve for the 
amplitude of motion is for a value of R,,. eleven times that for the solid curve, 
yet the two are practically equal except in this frequency range. 

The motion is not usually in phase with the force, the angle of lag of the 
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displacement behind the force being given by the angle fJ, which is zero when 
v = 0, is rr/2 when v = v0 , and approaches rr as v approaches infinity (i ndi­
cating that the displacement is opposite in direction to the force). The angle 
of lag of the velocity behind the force, <p = -(rr/2) + fJ, is analogous to the 
phase angle in ac theory. It is -rr/2 when v = 0, zero when v = v0, and 
+ rr/2 when v is very large. 

In other words, when the frequency v of the driving force is much 
smaller than the natural frequency v0 of the oscillator, the amplitude is small 
and the displacement is in phase with the force. As 1, is increased, the ampli­
tude increases and gets more and more out of phase with the force, until at res­
onance the amplitude is very large (if R ,,. is small) and the velocity is in phase 
with the force. As v is still further increased, the amplitude drops down and 
eventually becomes very small. For these large values of 1, the displacement 
is opposed to the force. Figures 2.1 and 2.2 illustrate this behavior. 

We use systems driven by periodic forces in two very different ways. 
One type of use requires the system to respond strongly only to particular 
frequencies ( examples of th.is are the resonators below the bars of a xylophone, 
the strings of a violin, and the human mouth when shaped for a sung vowel) . 
In this case we must make the friction as small as possible, for then the only 
driving frequency that produces a large response is that equal to the natural 
frequency of the driven system. The other type of use requires the system to 
respond more or less equally well to all frequencies (examples are the 
diaphragms of microphones and loudspeakers and the sounding board of a 
violin). r n some cases we wish the steady-state amplitude to be independent 
of the frequency; in others we wish the amplitude of the velocity to be 
constant; and in still other cases we should like the acceleration to have a 
constant amplitude. One or another of these requirements can be met 
within a certain range of frequencies by making the stiffness, the friction, or 
the mass large enough so that its effects outweigh those of the other two in the 
desired range of frequency. 

These three limiting types of driven oscillators are called stijfness­
controlled, resistance-controlled, and mass-controlled oscillators, respectively. 
Their properties and useful ranges of frequency are 

Stijf11ess-co11trol/ed: K large 
K 

z ,,. '.:::'. i2-
7Tl' 

l J K K v considerably less than both - - and --
2rr m 2rrR,,, 

Resistance-co111rolled: R ,,. large Z ,,, '.:::'. R 111 

dx '.::'. F e- iwt 
dt R,,. 

v considerably less than R,,, , larger than K 
2nm 2rrRm 

(2.3.4) 



Page 71 of 933

2.3 FORCED OSCILLATIONS 49 

Mass-conrrolled: m large 

. ✓-. l K R ,,1 
11 considerably larger than both - - and - -

27T m 21Tm 

It is to be noticed tha t every driven oscillator is mass-controlled in the 
frequency range well above its natural frequency v0, is resistance-controlled 
near v0 (though this range may be very small), and is stiffness-controUed for 
frequencies much smaller than v0. lt simply requires the proper choice of 
mechanical constants to place one or another of these ranges in the desired 
place in the frequency scale. lt is also to be noted that there is ahvays an 
upper limit to the frequency range over which an oscillator is stiffness­
controlled, a lower limit to the range over which one is mass-controlled, and 
both an upper and a lower limit to the range over which an oscillator can be 
resistance-controlled. We can move these limits about by changing the 
mechanical constants, but we never remove the limits entirely. 

Energy relations 

The average energy lost per second by the oscillator due to friction, 
when in the steady state, is P = ½R111 U2 = ½R,,.(F/1Zml)2 [Eq. (2.2.7) of 
last section]. The rate of supply of energy from the driver to the driven 
oscillator is 

F2 
vF cos (21Tvt) = -- cos (21Tvt) cos (21Tvt - <p) 

IZ,,,1 

= F
2 

cos (21T11t)[cos <p cos (21Tvt) + sin <p sin (21T11t)] 
1z,,.1 

The average value of this energy supplied per second by the driver is 
½(F2/ IZ111I) cos <p = ~ Rm(F/IZ ,,,1)2 (since cos <p = R,,./IZ,,,1), which equals the 
loss of energy to friction P. One can say that the amplitude and phase of 
the driven oscillator so arrange themselves that the energy delivered by the 
driver just equals the energy lost by friction. Note the correspondence with 
the discussion following Eq. (1.3.2). 

Response to transient forces 

A simple-harmonic driving force is, of course, a very specialized way 
of setting the simple oscillator in motion. Driving forces are much more 
likely to be nonperiodic. For example, the force setting the piano string 
into motion is the blow of a hammer, and the oscillatory forces acting on an 
airplane wing are the nonperiodic reactions of turbulent air. As long as 
the internal restoring force F;(x) is linear in x, however, this complication 
adds no basically new complication. For if a ll the terms on the left-hand 
side of Eq . (2.3. l) are linear in x or its derivatives, a superposition of solutions 
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is a sol ution. For example, if the driving force has two components, 
F. = F1e-iw,t + F2e- iwzt, then the steady-state solution of (2.3. I) is the sum 
(-F1/iw 1Z 1)e-iw,t + ( - F2/iw2Z 2)e- iw2 t of the responses for each component 
separately, Z1 being the impedance of the system, given in Eq. (2.3.2), for 
w = w1 , and Z 2 is the impedance appropriate for the driving frequency 
w2/21r. Since, as we saw in Sec. 1.3, any function bf t can be built up as a 
sum or integral of simple-harmonic terms, the corresponding motion of the 
linear oscillator is the corresponding sum or integral of the responses to each 
of the components separately. 

This additive property of the solution works only for the linear oscillator; 
in Chap. 14 we shall see that it does not work if either or both the frictional 
and elastic restoring forces are nonlinear. J n the linear case, the equation 
for a non periodic driving force f(t), 

d2x dx 
m dt2 + R ,,. dt + Kx = f(t) 

has a Fourier transform which can be expressed in terms of the transforms 
X and F of x and/, respectively. From page 31 we see that we obtain 

(- mw2 - iRmw + K)X(w) = -iwZ(w)X(w) = F(w) (2.3.5) 

where I J"' X(w) = - x(t)eiwt dt 
21r -oo 

I J"' F(w) = - f(t)eiwt dt 
27T -(0 

[Eqs. (1.3.16)] and where Z(w) is the impedance defined in Eq. (2.3.2) 
for a simple-harmonic driving force of frequency w/21r. Therefore, for the 
linear oscillator, the response to any driving force can be computed by first 
analyzing the force into its frequency components F(w), finding the response 
X(w) for each component separately, and finally combining these by the 
Fourier integral 

x(t) =f 00 X(w)e- iwtdw =f 00 ~(w) e- iwtdw (2.3.6) 
- ro -ro -twZ(w) 

to make up the complete response x(t). 

Examples of the Fourier transform method 

Suppose, for example, the mass is given a push centered at t = 0, 
represented by the formula 

J(t) = 

a 
- e01 t < 0 
2 

t > 0 

where the mean duration of the push is proportional to I /a, and the magni­
tude, ~[..th~, p~s~--~~~. ~~e~, a~justed so that its total impulse J / dt is unity. 
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The Fourier transform of this function is 

1 J 00 
• a/4TT a/4TT a2/2TT 

F(w) = - f(t)e'"' 1 dt = . + . = --
2TT - oo a + 1w a - 1w a2 + w2 

Thus, according to Eq. (2.3.5), the Fourier transform of the displacement is 

X(w) = 2 F(~J) 
-mw - 1R,,.w + K 

- (a2/2TTm) - - ------ ----------(w + ia)(w - ia)(w - w1 + ik)(w + w1 + ik) 

where k = R,,J2m, w/ = wl - k2, and w0
2 = K /m are the damping 

constant, the squares of the resonance and natural frequencies (times 2TT) 
discussed earlier in this section. 

We are now in a position to use Eq. (1.2.15) to compute x(t), the inverse 
transform of X(w), from Eq. (2.3.6). The integrand of the integral for x, 
as a function of the complex variable w, has four poles, at w = ± ia and 
w = ± w1 - ik, one above the real axis and the other three below. The 
residue of X(w)e-irot at w = ia is aea1/4TTim[wl + (k + a)2], that at w = - ia 
is -ae- 01/4TTim[wl + (k - a)2], and those at the other two poles are 
-a 2e- kt- im,t+i<l>j4TTmw

1
A and a2e-"1+i«,,t- i<I>j4TTmw 

1
A, respectively, where 

a2 + (w1 + ik)2 = Aei<l> (A being real). Consequently, the instructions of 
Eq. (1.2.15) produce 

x(t) = 2m[w/ + (k + a)2] 

t > 0 

Since A2 = (a2 + w/ + k2) 2 - 4k2a2 and sin<]) = 2kw1/A, it is not difficult 
to verify that x(t) and dx/dt are both continuous at t = 0, though df/dt is 
discontinuous at t = 0. The displacement x increases exponentially during 
the time t < 0, when the applied force is smoothly increasing. At t = 0 
there is a discontinuity in the rate of change of the force , which generates a 
transient free vibration in x , exhibiting the damped oscillations of Eq. (2.2.3). 

When a - oo, the force f(t) becomes the Dirac delta function of Eq . 
(1.3.24), corresponding to an instantaneous unit impulse applied at t = 0. 
In this case F(w) -► 1/2TT, and the solution becomes 

x(t) = {O I . 
-- e- H sm (w1t) 
m<o1 

t < 0 

(2.3.7) 

which could, of course, have been obtained from Eqs. (2.2.3) (for initial 
displacement zero, initial velocity 1/m). 

0 
.. 

0 
NACIONAL 

UNIVERSI " 
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When the driving force starts at t = 0 and the oscillator is at rest 
before this, the specialized techniques of the Laplace transform [see Eq. 
(1.3.22)) are useful. For example, suppose the driving force is 

f(t) = 
(

0 

sin (111) 

t < 0 

t > 0 
which has a transform 

1 l 00 
u/211' - (u/211') F(w) = F(is) = - e- s1 sin (ut) cit = --- = - -----

211' o u2 + s2 (w + u)(w - u) 

The Fourier transform of the displacement is then 

X(w) = F(w) _ u/21Tm 
- iwZ(w) (w + u)(w - u)(w - w1 + ik)(w + w1 + ik) 

with all its poles on or below the real axis of w. Thus, according to Eqs. 
(1.2.15), x(t) = 0 for , < 0 (as, of course, it should, since no force acts on 
the system until t = 0). The inverse transform for t > 0 is 

x(t) = -1
- [sin (ut - {}) - ~ e- kt sin (w1 t- <l>)] 

mA w1 
(2.3.8) 

where w/ - (u - ik)2 = Aeil> 
2uk uRm 

tan fJ = ., 
2 -

2 ( w0 • - u ) K - mu 

(w
1 

+ ik)2 - 112 = Aei<I> 
, <D _ 2kw1 

t,tn - 2 k2 2 w, - - u 

Curves for x against t , for different values of 11/277', the driving frequency, 
are shown in Fig. 2.1. At, = 0 the oscillator starts from zero displacement 
and velocity, with linearly increasing acceleration at first; its motion for a 
while is a combination of forced and transient oscillations; eventually, the 
transient term [the second term in (2.3.8)] dies out and leaves the steady­
state motion (the first term). T he angles {) and <D are those discussed in 
Eqs. (2.3.2) and (2.3.3). This time we have used u/211' for the driving 
frequency , instead of v or w/211', since we are now using was the variable in 
the Fourier transform . 

There is still another way of looking at Eq. (2.3.6), which will have 
some application later. We insert the definition of F(w) into Eq. (2.3.6) 
and invert the order of integration. 

J «> e - iwt dw I J oo J co [ l J oo e-iw(t-r) ] x(r) = . z )
2
- j(T)e;"''ciT = j(T) dT - . Z( ) dw - oo - ,w (w 1T -oo - oo 277' -oo - ,w w 
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To elucidate the implications of this expression, we return to Eq. (2.3.7) for 
the response of an oscillator to a unit impulsive driving force. FormaUy 
speaking, this can be represented by the inverse Fourier transform of the 
product of 1/- iwZ(w) and the Fourier transform of a delta function, which 
is unity. If an impulsive force f(r) 6(t - -r) is applied at t = r, the Fourier 
transform of the force is 

1 J c,:, . 1 . 
F(w) = - f(-r)e"''t c5(t - r) dt = - f(r)e"'" 

2rr -oo 2w 

and the response of the oscillator isf(r)g(t - r), where 

l (TJ e - "»ct- ,> 
(t - r) = - dw = 1 

. {o 
g 2rrf-c,:, - iwZ(w) -- e-k<t-r) sin [wtCI - r)] 

mw1 

d2g dg 
m - + R - + Kg = o(t - r) 

dt 2 m dt 

is just the quantity in brackets in the double integral for x(t). 

t < -r 

f > T 

In other words, the effect of each portion f ( r) of the force , for each 
separate time interval dr, can be computed separately, and the separate 
responses can then be combined, 

x(t) = J_: f(r)g(t - r) dr (2.3.9) 

to obtain the complete response. Instead of analyzing the force into its 
frequency components, we can analyze it into its time componentsf(r) o(t - r), 

solve the equation of motion for each impulsive force separately, and then 
combine the solutions to obtain x(t). Again, this is possible only because 
the equation of motion is linear in x . 

To finish this discussion, we write down the general rule for finding the 
response of the simple oscillator to a driving force J(t), which starts at t = 0 

[ l oo and has a Fourier transform F(w) = - e;w'f(t) dt, as long as F(w) 
2rr o 

has only simple poles (none of them will be above the real axis if f = 0 for 
t < 0). Using Eqs. (I .2.15), we have 

x(/) = 0 for t < 0 

w I . 
x(t) = - -. - e- k1[e""11F(-w - ik ) - e- 1'"1 1F(w - ik)] 

m IW1 I I 

(

2ni times the sum of the residues of) 
- Fe- i"'1/( - iwZ) at all simple poles of 

Fon and below the real axis of w 

k = R,,, 
2m 

fort > 0 (2.3.10) 
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The first term is the transient motion of the system due to the sudden onset 
of F(t) at t = 0. The terms due to the poles of F(w) are a sort of generalized 
steady-state motion and depend on the specific form of f(t). 

The corresponding expression for v(t) is 

v(t) = 0 

v(t) = _!!_ e- 1-i[(w1 + ik)ei'"t1F(- w1 - ik) 
mw1 

for l < 0 

+ (w1 - ik)e- iw11F(w1 - ik)) 

(

2-rri times the sum of the residues of) 
- Fe-i'"1/Z at all poles of Fon or below 

the real axis of w 
for I > 0 

Further discussion requires choosing specific forms for f and F. 
The two examples we have worked out have displayed both transient 

and steady-state terms. 

Autocorrelation of the response 

ln addition to impulses and other suddenly applied forces, acoustic 
systems are often subjected to stationary, bounded, nonperiodjc driving 
forces. The pressure fluctuations caused by turbulent flow and the random 
impulses imparted to automobile springs, while moving over a rough road, 
are examples. The spectrum density IF(w)l2 and autocorrelation function 
1(-r), discussed in Sec. 1.3, are appropriate means of describing such forces; 
we can also use them to describe the response of the acoustic system. 

A typical driving force of this kind is the random fluctuation called 
"white noise," which is a superposition of all frequencies below some natural 
limit w 11/2-rr, the amplitude of each frequency component below this limit 
being roughly equal. A white-noise driving force will thus have a spectrum 
density IF(<v)l2, that is independent of co for lwl < w11 and drops to zero for 
lwl > cu,,. ln such a random noise, the phase of each frequency component, 
and thus the phase angle of F(w), is a random function of w, any value from 
0 to 21T being equally likely. Thus the magnitude of F(w) is a rather simple 
function of w, but its phase cannot be expressed in terms of any simple, 
continuous function. Because of this irregula·r dependence of phase angle 
<Pon w, it is impossible to carry out the inverse Fourier transform and express 
a white-noise force f(t) as an analytic function of r. 

We can approximate white-noise behavior by taking the sum (instead 
of the integral) of a number of sinusoidal terms, with randomly chosen 
frequencies and phase angles. The curve for J(r) shown in Fig. 2.3, for 
example, has been computed from a series of 10 unit-amplitude terms, 

10 

J<r> = I cos c(l),,.t - <P,,,) 
1,, - 1 
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where the ct>'s were chosen at random from the range O to 21r and the w's 
were random choices from the range O to 107T. Thus the plotted curve for 
J(t) approximates white noise with a " natural limit frequency" of 5. No 
periodjcity is apparent; once in a while the components nearly all reinforce 
each other and a peak occurs, but these peaks are not periodically related. 
Most of the time the curve meanders aimlessly above and below the t axis. 

t 

-I 0 

t 
.,._ 
,: 

0 

,_ 
FIGURE 2.3 
White-noise force f(t). its autocorrelation function T1(-r); 
corresponding response x(t) of simple oscillator and its auto­
correlation function T~(-r). Solid curves are for the sample 
curve shown; dotted curves are the mean autocorrelation 
function for white noise. 
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As we pointed out in Sec. 1.3, the appropriate way to describe such a 
random force is in terms of its autocorrelation function 

1'/,) = lim [ ~JP' f(t)f(t + ,) d1] 
T-o> T - !T 

(2.3.11) 

and its related Fourier transform [Eq. ( 1.3.20)] 

I 
1

,,, . v,. ) 27TIF(w)l 2 

- e""' 1 1(, d, = ----
21T _,,, T 

which is proportional to the spectrum density IFl2 of f(I). Although the 
phase angle of the Fourier transform F(w) of /(1) is a random function of 
w, the spectrum density IFl2 is a fairly smooth function of w, which can be 
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measured and approximated in terms of simple analytic functions. Similarly 
with the autocorrelation function: dealing with squares of amplitudes avoids 
difficulties with irregularities of phase. For example, the f(t) of Fig. 2.3 
corresponds roughly to a density IFl2 which is constant (F = F0) for the 
frequency range -wn < w < w,, (w,, = I01T in the figure) and is zero for 
lwl > w,, . The autocorrelation function of /(I) is therefore 

,r ( ) 2,rF0
2f "'• . . 4;rw 11F/ sin (cv,,r) 

l. 1 T = - - e- •w. dw = ------
T - w,, T W,.T 

(2.3.12) 

which is the dotted line in the right-hand top part of Fig. 2.3. The solid 
line was obtained by integrating the product f(t)J(t + T) as read from the 
plot, over t from t = - I to t = + 1 [i.e., for T = 2 in Eq. (2.3.11 )]. This 
is, of course, only approximately equal to the Y1 for a function which has 
uniform spectrum density from -w,, to + w ,, , given by the dotted line, but 
the correspondence is fairly good. 

The white-noise forces encountered in practice do not usually have 
quite as sharp a cutoff in their spectrum density at w = wn- All frequencies 
are represented in the pressure fluctuations of turbulence, for example, 
though the density diminishes in magnitude for w larger than some w,.. A 
better approximation for the spectrum density would be 

-w2 

IF(w)l 2 =F/exp -
2 2 w,, 

which has an autocorrelation function 

(2.3. 13) 

having a "peak" at T = 0, of "width" 2/w,., dropping exponentially to zero 
on both sides of the peak, without any of the oscillations of the Y1 of Eg. 
(2.3.12). The small amount of high frequencies present in this variety of 
white noise makes the plot of f(t) more jagged than that shown in Fig. 2.3; 
this high frequency cancels out the last trace of oscillations in Y 1. 

Having now seen how a randomly fluctuating force can be described in 
terms of its spectrum density and its autocorrelation function, we must next 
determine the response of a simple oscillator to such a driving force. 
Reference to Eq. (2.3.5) shows that the spectrum density for the motion of 
the system is 

IX(rv)J2 = l~(w)I: 
co- JZ I· 

- ------ - - --------- ------
(w + nJ1 + ik)(w - w1 + ik)(w + w1 - ik)(w - w1 - ik) 

(2.3.1 4) 

where w1 and k are defined in Eqs. (2.2. 1) and (2.2.2) and after Eq. (2.3. IO). 
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In most cases of practical interest the "cutoff' ' frequency w 11/2rr for the 
random fo rce is considerably la rger than the resonance frequency w1/2rr of 
the oscillator, so that, over the range of cv, where I X(w) l2 is nonnegligible, 
JF(w)l2 is practically eq ual to F0

2, and we may substitute Fa2 for IF(w)l2 in 
Eq. (2.3. 14). 

Several interesting results are immedia tely apparent. In the first place, 
as long as the driving fo rce is essentially white noise over the range 
covering w1, then the spectrum density I X(w )12 of the oscillator displacement 
is determined primarily by the properties of the oscillator (its w1 and k or Q), 
and not by the presence or absence of frequency components in f(t), for 
frequencies much larger than w1/2rr. In fact, the only effect of the white 
noise on the spectrum density of the displacement is on its magnitude, which 
is proportional to F0

2 . In the second place, unless the frictional term 

k = R ,,,/2m is larger than w0 = ~. the resonance peak in I/IZl 2 ensures 
that the spectrum density 1Xl2 of the displacement has a peak a t w = w1. 

If k is much smaller than w1 (Q ~ I), the frequencies near w1/2rr predominate 
in the motion of the oscillator; the system has picked out those frequencies 
in the driving force which are near its own resonance frequency. This, of 
co urse, has an effect on the fo rm of the autocorrelation function 1.,( T) of the 
oscillator's displacement, which can be seen as soon as we compute it. 

2rrFlf 00 
e -iwr dw ( rr2F0

2 
) . 

I / T) = --Y- -oo w2 IZ(w) J2 = rn2kwow,T e -kr cos (wr7 - 0) (2.3.15) 

where w, + ik = w0ei0, or sin 0 = k/w0 = ~ Q, and Tis very large compared 
with 2rr/w1. T he expression given is for positive values of T ; for negative 
values, change the sign of T and of 0 in the exponential and the cosine. This 
function Y., has zero slope at T = 0, drops down to zero value at T = 
± [(!rr + 0)/w1], exhibiting damped oscillations beyond this, showing that, 
when k is small, there is considerable Jong-range correlation in x(t). Indeed, 
the behavior of Y x is similar to the free vibrations of x, as a mental analysis 
of the system's response will demonstrate it should be. The factor in 
parentheses, multiplying the damped cosine, is of course the mean-square 
amplitude of motion of the osci llator. 

The curve for x(t ) in Fig. 2.3 is a typical response curve fo r a simple 
oscillator with ,v1 = 5rr and k = 0.5 to a random driving fo rce of the sort 
shown above it. The increased emphasis of the frequencies near v1 = 2.5 
(period = 0.4) is apparent, but it is also apparent that x(t) is far from being 
periodic in time; the non periodic driving force continually interferes with 
whatever resonance oscillations it may start. When one calculates the 
autocorrelation function , the random distu rbances average o ut, and Y., 
resembles the undisturbed vibration of the oscillator. The solid curve for 
Y., is obtained by integrating the curve for x(t) for T = 2; it checks fairly well 
with the dotted curve, obtained from Eq. (2.3.15), considering the smallness 
of the value of T. 
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Use of the Laplace transform 

In many cases we do not know, or do not wish to know, what has 
happened to the system in the past. We know the position and velocity at 
t = 0 and the nature of the fo rces acting after t = 0, and we wish to compute 
the motion thereafter. r n such a case it is somewhat easier to use the 
modification of the Fourier transform called the Laplace transform. It was 
defined in Eqs. ( 1.3.23). The basic properties may be obtained from those 
of the Fourier transform. The following equations will be of use later: 
FL(s) is the Laplace_transforrn of f(t) if 

where w = is is the corresponding variable for the Fourier transform. 
To solve the equation for the forced motion of a simple oscillator, for 

l > 0, when the force is suddenly applied at t = 0, 

d2x dx 
m dt2 + R dt + Kx = f(t)u(t) 

we take its Laplace transform, 

(ms2 + Rs + K)X1,(s) - mx'(0) - (ms+ R)x(0) = F1~(s) 

where x(O) is the initial displacement of the oscillator and x'(O) is its initial 
velocity. We can then solve for XL(s), the Laplace transform of x(t) . 

X (s) = (l/m)F1,(s) + x'(0) + (s + 2k)x(0) 
L (s + k)2 + w,2 

(2.3.16) 

where k = R/2m, and w/ = (K/m) - k2 as before [Eq. (2.3. 10) et seq.]. 
Since x(O) and x'(O) are present, this formula already includes initial 
conditions. 

When we take the inverse transform of this expression, the initial values 
x(O) and x '(0) are numerical constants, independent of s, so that the tran­
sient part of the solution can be obtained from (9), (15), and (16) of Table 
2.1. 

. . x'(O) + kx(0) + (s + k)x(0) 
x 1,. = inverse transform of ( k)2 • 

s + + w,-
x'(O) + kx(0) . 

= ----- e- N sin (w/) + x(0)e- kl cos (w1t ) (2.3.17) 
w, 

which holds for the transient part for t > 0. To this must be added the 
inverse transform of FL(s)/ [(s + k) 2 + <u,2] to obtain the complete expression 
for x fort > 0. It is not difficult to see that x tr reduces to x(0) at t = 0, and 
that its time derivative reduces to x'(0). 
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l n most cases of interest the inverse transform of the FL term (the 
steady-state motion) can be obtained by appropriate manipulation of 
Table 2.1. For example, if the mass is hit by a hammer just after t = 0, being 
given an impulse I0, then the driving force is f(t) = I0 <5(t - 1:) ( 1:-+ 0), and 
FL(s) = 10e-c• (1:-+ 0). The initial values x(0) and x'(0) are the displace­
ment and velocity of the oscillator just before the hammer stroke. Formula 

TABLE 2.1 
FUNCTION 

( I) fa(t) 
(2) ((at} 
(3) f'(t) = df/dt 
(4) f "(t) = d2f/d1 2 

(5) f ot f(x)dx 

(6) t"f(t) 

(7) (l/1)/(1) 

(8)/(t - a) t > a 
0 I <. a 

(9) e•'J(I ) 

(10) f
0

tf(x}g(1 - x) dx 

( 11 ) <5(t - a)[Eq. ( 1.3.25)] 
(12) 11(1 - a) [Eq. (1.3.22)] 
(13) e•111(1) 
(14) t "eb1u(I) 
(15) sin (b1)11(1) 
(16) cos (b1)11(1) 

(17) t" sin (b1)11(1) 

(18) I" cos (b1)11(1) 

00 

(19) 2 L .((1 - 211a - a)u(t - 211a - a) 
n =-0 

ex, 

(20) 2 L (- 1)"/(I - 2na - a)11(1 - 2na - a) 
11= 0 

co 

(21) 2 L e-< 2•i+1 >• 6(1 - 2na - a) 
tt=O 

LAPLACE TRANSFORM 

aFL(s) 
( I /a)FL(s/a) 
sFL(s) - /(0) 
s2F1.(s) - J'(0) - sf(0) 

(1/s)FL(s) 

( - l )"(d"FL/ds") l co FL(q)dq 

e-••FL(s) 

FL(s - b) 

G L(s)F1,(s) 

e-•• 
( I /s)e-•• 
1/(s - b) 
n !/(s - b)•+1 

b/(s2 + b2
) 

s/(s2 + b2
) 

11! 
l i [(s - ib)- •- 1 - (s + ib)- •- 1

] 

11! 
- [(s - ib)-•-1 + (s + ib)- •-1) 
2 

FL(s)/sinh (as) 

FL(s)/cosh (as) 

1/sinh (as + b) 

(15) of Table 2.1 can then be used to complete the formula for the displace­
ment of the oscillator after the hammer blow, 

/0 + mx'(0) + mkx(0) . 
x(t) = -------- e-kt sin (w1t) + x(0)e-kt cos (w1t) (2.3. 18) 

mw1 

the velocity just after the hammer blow being greater than that just before 
by the amount 10/m. 
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In some cases the FL term must be expanded in partial fractions before 
the inverse transforms can be found in Table 2.1. The following partial 
fraction expansions will be useful later: 

l I l 
---- --=------ + ----- -
(s - a)(s - b) (s - a)(a - b) (s - b)(b - a) 

l l 1 
--------=--------- + ------- --
(s - a)(s - b)(s - c) (s - a)(a - b)(a - c) (s - b)(b - a)(b - c) 

+ I (2.3.19) 
(s - c)(c - a)(c - b) 

l 1 I l 
(s - a)2(s - b) = (s - a)2(a - b) - (s - a)(a - b)2 + (s - b)(b - a)2 

The last expression has a pole of second order at s = a; its inverse transform 
would have a term proportional to ie-at. 

For example, if f(t) = sin (ut)u(t), so that FL = u/(s2 + u2), the steady­
state term in XL can be expanded into two terms, one inversely proportional 
to (s + k)2 + w,2, the other to s2 + u2 ; the resulting inverse transform is, 
of course, equal to Eq. (2.3.8). 

Problems 

A vibrator consists of a 100-g weight on tbe end of a spring. The spring's 
restoring force is proportional to the weight's displacement from equilibrium; 
if the weight is displaced I cm, this force is 10,000 dynes. The frictional force 
opposing its motion is proportional to its velocity and is 100 dynes when its 
velocity is 1 cm per sec. What is the modulus of decay of the oscillator? 
What is its decrement? What "frequency" do the vibrations have ? What 
frequency would they have if there were no friction? If the weight were 
originally at rest and then were struck so that its initial velocity was I cm per sec, 
what would be its subsequent motion? What would be its maximum dis­
placement from equilibrium? 

2 The diaphragm of a loudspeaker weighs I g, and the displacement of its driving 
rod l mm from equilibrium requires a force of J million dynes. The frictional 
force opposing motion is proportional to the diaphragm's velocity and is 
300 dynes when the velocity is J cm per sec. If it is assumed that the dia­
phragm moves like a simple oscillator, what will be its natural frequency, and 
what its modulus of decay? The driving rod is driven by a force of 100,000 
cos (21rvt) dynes. Plot curves of real and imaginary parts of the mechanical 
impedance of the diaphragm as function of frequency, from v = 0 to v = 
1,000 cps. 

3 The diaphragm of Prob. 2 is driven by a force of 100,000 cos (21rvt) dynes. 
Plot a curve of the amplitude of motion of the diaphragm as function of 
frequency, from v = 0 to v = 1,000 cps. Over what frequency range is this 
loudspeaker mass-controlled? 
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4 What is the mechanical impedance of a mass 111 without spring or friction? 
What is the impedance of a spring without mass? What will be the angle by 
which rhe displacement of the mass lags behind an osci llating force? What 
will be the angle of lag of the velocity of the mass behind the force? What are 
the corresponding angles for the spring? 

S The driving rod of the loudspeaker of Prob. 2 is driven by a force of 
10,000[15 sin (2001rt) - 10 sin (600,rt) + 3 s in (10007Tt)J dynes. Plot the dis­
placement of the diaphragm during one cycle, and compare it with the curve 
for the force. 

6 T he sharpness of resonance of a forced damped oscillator is given by the 
" half-breadth of the resonance peak,'' the difference between the two frequencies 
for which the amplitude of oscillation is half that at the resonance frequency v0• 

Prove that if the natural period of oscillation is negligibly small compared with 
27T times the modulus of decay (i .e., if k/41r is small compared with v0), then this 
half breadth equals v3/1r times the reciprocal of the modulus of decay of the 
oscillator. What is the half breadth for the diaphragm of Prob. 2? What 
would the frictiona.l force have to be in order that the half breadth may be 
20 cycles? 

7 A mass m is attached to the lower end of a spring of stiffness constant K. The 
upper end of the spring is moved up and down with an amplitude Be-i<ot, and 
the frictional force on the mass is proportional to the relative velocity of the 
mass and the upper end of the spring (dr/dt), where r = x - Be- iwt. Show 
that the equation of motion of the mass is 

d2x R dx K . - ( - • R )B - iwt 
m dt2 + ,,. dt + x - K 1w ,,. e 

that the steady-state motion of the mass is 

x = R,,. + i(K/w) Be- iwt 
Rm - i[wm - (K/w)] 

and that the phase lag of x behind the displacement of the top of the spring is 
tan- 1 {[wm - (K/w)]/R,.,} + tan- 1 (K/ wR ,,,). What is the amplitude of motion 
of x? What are the phase and amplitude of x at very low frequencies? At 
very high frequencies? 

8 A simple mechanical system of impedance Zm = R111 - i[wm - (K/w)] has 
applied to it a force 

0 t < 0 

sin (at) 
111T 

F(t) = 
0 < t < -

a 

0 
117T 
- < t 
a 

Use the results of Prob. IS of Chap. 1 and of Eq. (2.3. 10) to compute the dis­
placement of the system. 

9 Using the integral formula 

J _'°roexp[ - iwt -
2

; 2Jdt =J~ Texp( -½w2T2) 
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calculate the response of a simple linear oscillator with mass, resistance, and 
stiffness to a transient driving force 

/(t) = F0 exp[ - ~ ( ~ J] 
10 A simple oscillator of mass m, stiffness constant K, and resistance R is acted 

on by a stationary, non periodic driving force J(I) having an autocorrelation 
function 

'J 't< ,-) = (F2) exp ( - a H) 

where (F 2) is the mean-square amplitude of the force. Use Eq. (1.3.20) to 
compute the spectrum density IF(w)l2 of the driving force over a long time 
period T. Show that the spectrum density of the amplitude of the steady-state 
motion of the simple oscillator, under lhe influence of the force, is 

w) 2 - (aT/2r.2m2)(F2) 
IX( I - (w2 + a2)[(w2 - wt2)2 + 2(wi + wr2)k2 + k4 ) 

where k and w1 are given in Eqs. (2.2. I) and (2.3.10). Discuss (and sketch) the 
shape of this frequency-response curve as a function of w, relating the heights 
and widths of its peaks when k < w0 < a, k = w0 < a, and k < w0 <" a. 

11 A force f(t) = Q1e➔111(t) is applied to a simple oscillator of mass rn, stiffness 
K, and resistance R, initialJy at rest. Use the Laplace transform to calculate 
the displacement of the mass as a function of time for t > 0. 

12 A periodically pulsating force 

f(t) = F0 I <5 [r - .:!._. (211 + l)] [see Eq. (1.3.24) for <5) 
n=O Wt 

is applied to a simple oscillator, where the w1 of the force is adjusted to be 
equal to the w1 of the oscillator, as defined in the discussion preceding Eqs. 
(2.3.7). Show that, between the Nth and the (N + 1 )st pulse, when N ► w1/k, 
so that steady state has been reached, the displacement of the oscillator is 

x(t) = 
1 

Fof mw, - kt v . ( ) 
( 2 kl ) 

e • sm w1t,v 
- exp - "' w1 

"' 2Tr 
for 0 < I v = t - - (2N + I) < -

• w, w, 
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CHAPTER 

COUPLED LINEAR OSCILLATORS 

3.1 TWO DEGREES OF FREEDOM 

Perhaps the next step in a purely logical presentation of the subject 
would be to discuss the motion of a one-dimensional oscillator under the 
influence of a nonlinear stiffness force. However, the effects of a nonlinear 
force are complicated enough, and the techniques used in solving nonlinear 
equations differ sufficiently from those developed in Chap. 2, so that it wiJl be 
preferable to defer nonlinear problems until a later chapter. Instead, we 
shall turn to the study of the behavior of two or more simple linear oscillators 
coupled together by forces which also are linear. 

Examples of coupled oscillators 

The simplest coupled system is that shown in Fig. 3. la, two masses 
constrained to move in one direction and coupled by three springs to each 
other and to rigid supports. If the motion is longitudinal and of small 

FIGURE 3.1 
Examples of coupled oscillators. (cl 

L ") 
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enough amplitude so that the springs' restoring forces are linear functions of 

their extension, the equations of motion for the two masses are 

(3. 1.1) 

where K., K3, K2 are the stiffness constants of the three springs, and Ku = 
Ki + K3, K22 = K 2 + K3, K 12 = K 21 = K 3. If we hold m2 at y = 0, then 

the restoring for-ce on m1 is - K11x, and thus m1 will oscillate with isolated 

simple-harmonic motion of frequency 11
1 = w1/21r, where w/ = K11/m1. 

Similarly, the frequency of isolated vibration of m2 is w2/21r, where w2
2 = 

K22/m2. To simplify the wording of our discussion, we shall assume that m1 

has the higher frequency, w 1 > w2. 

The transverse oscillations of two masses on a string under tension, as in 

Fig. 3.1 c, correspond to equations of motion like (3. I. I), as long as the 

displacements of the masses are small compared with the length of the string. 

Similarly, the system shown in Fig. 3. lb, where a bar of mass Mand moment 

of inertia I about its center of mass moves up and down and rotates in a 

·vertical plane about its center of mass. Here again there are two degrees of 

freedom, the ver tical displacement of the center of mass, z, and the angle 0 

of rotation of the bar. The eq uations of motion are 

if the displacements are small enough. T hese equations are similar to Eqs. 

(3.1. 1), M and I taking the place of m 1 and m2 and K; + K~, L1
2K: + L2

2K~, 

and L2K~ - L1 K~ taking the place of K11, K22, and K21 = K12 , respectively. 

Analysis of the motion 

Both of the equations of motion (3.1.1) involve the d isplacements of both 

oscillators; the equation for x 1 has a term K12x2, and the equation fo r x 2 has a 

similar one, K21x1 , where K12 = K 21• T he coupling spring, which these 

terms represent, enables momentum and energy to pass from one oscilla tor 

to the other and back again. Instead of each oscillator performing simple­

harmonic motion with its own frequency of isolated motion, v1 or v2 , as the 

case may be, both oscillators exhibit a combination of two frequencies in 

their motion. 
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But if the general motion of the linear system is a combination of 
periodic motions of different frequencies, it should be possible, by starting 
the system properly, to suppress all but one of these frequencies and have the 
system perform simple-harmonic motion. To see whether this is possible 
and, if it is, to find the possible frequencies of such motion, we try inserting 
x = Ae-iwt andy = Be-'"'' into Eqs. (3.1.1). Performing the differentiation 
and then dividing out the exponential, we obtain 

These two equations can be solved for A/Band w; therefore it is possible for 
the system to perform simple-harmonic motion if it is started just right (i.e., 
if A/B has the right value). For the two equations to be mutually consistent, 
w2 must satisfy the quadratic equation 

or (w2 - W12)(w2 - W22) = µ4 

(3.1 .2) 

where w/ = (277v1) 2 = K11/m1 and o.>2
2 = (277112) 2 = K22/m 2 define the fre­

quencies of isolated oscillation, 11l and v2 , of the two masses (we have assumed, 
to simplify the discussion, that v1 > 112), and µ 4 = K1l/m1m2 is a measure of 
the coupling between the two oscillators. 

The two roots of Eq. (3.1 .2) 

W+2 = 1(W12 + Wz2) + ½V(w12 - W22)2 + 4µ4 

(3.1.3) 

determine the frequencies 11+ = w+/277 and 11_ = w_/277 at which the system 
can oscillate with simple-harmonic motion. We note that, if there is no 
coupling(µ = 0), W + equals the Jarger of the isolated angular velocities, wi, 

and w_ equals the smaller, w2. When µ =I= 0, the oscillators are no longer 
isolated, and W + is a bit larger than w1 and w_ a bit smaller than w2. Since 
K12 = K21 is a lways smaller than K11 or K22 , and thusµ is always smaller than 
co1 or w2 , w_2 can never be negative. 

We have thus shown that if the system is started into motion with just 
the right relationship between the displacements of m1 and m2 (the right value 
of A/B), it can oscillate with simple-harmonic motion of frequency w_/277. 
The appropriate amplitude ratio is given by the equation (wi2 - w_ 2)A = 
µ 2

, m2/m 1 B, or what is the same thing, µ 2 \l mifm2 A = (w2
2 - w_2)B, since 

<v_ is a root of Eq. (3.1.2). In other words, a possible motion of the system 
is represented by the foJlowing equations: 
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Another possible simple-harmonic motion has frequency w+f21r, for which 
the displacements are 

. 
x = - (w+2 - w22)C+e-•w+t 

1 

where the complex constants C+ and C_ may have any magnitude or phase 
angle. 

These are very specialized kinds of motion of the system; in each case a 
particular relationship between the amplitudes and phases of the two masses 
is required. For example, if the system is to oscillate with frequency w_/21r, 
the two masses must move in phase (we have assumed that w1 > w2) and the 
amplitude of motion of m1 must be Vm2/m1[µ 2/(w1

2 - w_2)] times that of 
mass m2• Whenµ - 0, this ratio tends to zero; in the limit of small coupling, 
m2 carries most of the energy of the system, and m1 moves only a relatively 
small amount (as though m 2 were the driver and m1 a driven oscillator). 
When µ = 0, this mode of oscillation corresponds to m2 vibrating with its 
isolated frequency w2/21r and m1 being at rest. 

Correspondingly, the mode of oscillation with frequency w+f21r has the 
two masses moving with opposing displacements, with 

and ifµ is small, m1 has the majority of the energy and m2 acts like the driven 
oscillator. 

Neither of these vibrations is the general sort of motion which the system 
would exhibit if it were started into motion in an arbitrary manner. The 
more general motion, however, is just a sum of both modes. Since Eqs. 
(3.1.1) are linear in both x and y, a sum of solutions is also a solution. 
Consequently, the general motion of the system is given by the real part 
of 

(3.1.4) 

where the phases and amplitudes of C+ and C_, or the values of A+, A_, and 
<1>+, <I>_, are adjusted to fit the initial conditions for both x and y. 



Page 89 of 933

3.1 TWO DEGREES OF FREEDOM 67 

Transfer of energy 

For example, if m1 is held motionless a distance A from equilibrium and 
m2 is held at its equilibrium position, and both are released at t = 0, the 
subsequent motion is 

A x = 
2 2 

[(w+2 - w2
2) cos (w+t) + (wl - w_2

) cos (w_t)] 
W+ -W_ 

= A cos [½Cw+ - cv_)t] cos [½(w1 + w2)t] 

ft 2·v m /m 
y = 

2 

1 2

2 
A[- cos (w+t) + cos (w_t)] 

W+ -W_ 

(3.1.5) 

µ 2v m1/ m2 = 2A 
2 2 

sin l½(w+ - w_)t] sin [½(w1 + w2)t] 
W+ -w_ 

where we have used Eqs. (3.1.2) and (3.1.3) several times to simplify the 
formulas . Displacement y is zero at t = 0 (as required by the initial con­
ditions), but it does not stay zero long. lf w+ does not differ much from w_, 
the two cosine terms in y take several cycles to get out of phase. The second 
formula for y shows that when W+ - w_ < W + , the motion of m2 may be 
described, roughly, as that of an oscillator with frequency equal to the average 
of w+/2rr and w_/2rr, having an amplitude of motion proportional to the 
magnitude of sin [½Cw+ - w_)t], a relatively slowly varying, periodic function. 
At t = 0, m1 has all the energy and m2 is at rest. As time goes on, energy is 
fed to m2, and its amplitude of motion increases to its maximum value, 

2µ2AV m1/m2/(w+2 - w_2), after which the energy flows back again to m1. 

An approximate expression for the energy possessed by each of the 
masses can be obtained by using the second forms of Eqs. (3.1.5). It is, 
of course, not strictly correct to speak of the energy of only part of a system, 
nor is it correct to use Eq . (2.2.5), appropriate for the energy of a simple 
oscillator, for an oscillator with sinusoidally varying amplitude. But if the 
variation in amplitude is slow (i.e., if w+ - w_ < w+), the following formulas 
are a fairly good approximation: 

E1 ::::'. ½m1A2[½(w+ + w_)]2 { I - (w/ _ ~:)2 + 4µ4 sin2 [½(,u+ - w_)t]} 

(3.1.6) 

E ,._., ½ A2 µ
4
(w+ + 01

- )
2 

• 2 (I( ) ] 
2 - m1 ( 2 2)2 4 4 S ill 2 W + - w _ I 

W1 - Wz + µ 

for the mean "energies of vibrati on" of m1 and m2 , respectively. We see that 
the energy surges back and forth from m1 to m2 with a period 4rr/(w+ - w_), 
part of m1' s energy going to m2 and then back again. I f w1 = w 2, then m 2 

will drain all the energy from m1 before returning it. 
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The case of weak coupling 

We have already mentioned that when the coupling spring is weak, so 
that µ 2 ~ <v 1

2 or w?, the system behaves like two separate simple oscillators, 
each slightly influencing the motion of the other. If m1 has the majority of 
the energy, m 2 acts like a driven oscillator, and vice versa. To show this 
more clearly, we work out the first approximations to Eqs. (3.1.3) when µ 2 

is small. 

or 

or 

where wif2TT is, as we said, the larger of the two isolated frequencies of 
oscillation and w2/2TT is the smaller. 

Now suppose we set the system into oscillation with frequency w.t-/211. 
The displacements will be, to the first approximation, 

and since K12/m2 ~ w+ 2 
- w/, the amplitude of motion of m2 is considerably 

smaller than that of m1. If coupling constant K12 were zero, m1 would be 
oscillating by itself, with its own frequency, w1/211. If K

12 
is small but not 

zero, m1 still has most of the energy, but its frequency of oscillation is slightly 
increased by the coupling, becoming w+/211. Mass m 2 behaves like a driven 
oscillator, vibrating with the frequency w+/211 of the driver and having an 
amplitude of motion equal to K12A+ divided by m2(wl - w+2

). However, 
K 12A+ = Fis the amplitude of the force applied to m2, caused by the motion 
of m., and mlw/ - W+ 2) = - iw+Z2, where Z2 = i(K22/w+) - iw+m2 is m2's 
mechanical impedance [Eqs. (2.3.2)). Therefore m2's motion is just the 
steady-state motion of a simple undamped oscillator, driven by m1. 

The other mode of oscillation corresponds to the slower oscillator, m2, 

being the driver. Its natural frequency is decreased slightly by the coupling; 
the fact that m

1 
is moving changes the effective restoring force on m

2
. As 

before, the amplitude of motion of m 1 is equal to K12A_, the amplitude of the 
driving force on m

1
, divided by m

1
(w

1

2 
- ,v_2

) , which is -iw_ times the 
mechanical impedance of m1-plus-spring at frequency w_/211. [n each case 
the driver, the oscillator having the majority of the energy, has its frequency 
of motion slightly modified by the presence of the second osci llator, coupled 
to it. 

Of course, when the coupling is large, the interchange of energy between 
the oscillators is more rapid, and it no longer is appropriate to call one the 
driver and the other the driven. 
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So far we have been assuming that w 1 is larger than cv2 and, recently, 
have been assuming that µ 2 ~ w/ - w/ . What happens when w

1 

= w
2

, 

when the two oscillators are identical? Clearly, Eqs. (3.1. 7) no longer hold. 
(n this case, when µ

2 ~ w1
2 = w/, Eqs. (3.1.3) become, to the first 

approximation, 

w/ = W12 + µ2 

Thus the coupled system still cannot oscillate with the isolated frequencies 
w1/2rr of either oscillator by itself; its frequency of oscillation is either a bit 
larger o r a bit smaller than this. 

The reason for the continued difference between the natural frequencies 
is not hard to find. lf m 1 were the driver and oscillated at a frequency w1/2rr, 
equal to the resonance frequency of m 2 , the impedance of m 2 at this frequency 
would be zero and m 2 could only reach steady state if it could absorb an 
infinite amount of energy from m 1 (since we neglect friction in this example). 
But m1 does not have an infinite amount of energy to donate to m 2 ; so it has 
to change its frequency enough so that m2 is no longer in exact resonance and 
the system can reach steady state with a reasonable amo unt of energy given 
to m 2 . 

The motion with frequency W ; /2rr is 

§. y-:::= - A+ cos(w+t - $ +) 
. 

corresponding to an equal sharing of the energy of the system (energy of 
m1 = } m 1A 2w+ 2 = energy of m2). The same would be true if the system were 
oscillating with frequency w_/2rr, except that the two masses would move in 
phase instead of having opposed motions. 

On the other hand, if we try to start the system with frequency w1/27T = 
w2/2rr by, for example, setting m 1 into motion with m 2 initially at rest, the 
subsequent motions are 

µ2t 
x = 1A[cos (w_r) + cos (w+I)] = A cos - cos (w11) 

2w1 

/

ml 

Y = -
4 

A[cos (cv_t) - cos (w .• ..t)] 
\ 1n2 • 

2 . µ2t . ( ) = A srn - Stn <1.1 11 
\ m 2 2w1 

(3.1.9) 

This is really an oscillation consisting of equal components of the two freq uen­
cies w ... /2rr and w_/2rr, but whenµ ~ w1, we can consider both masses as oscil­
lating with frequency w1/2rr, each having a periodically varying amplitude, with 
the comparatively long period 2r.<v1//t2 . Although m 1 starts off with all the 
energy, in a timerrw1/µ2 it will be at rest and m2 will have all the energy, and so 
on, energy being fed back and forth from one mass to the other, ad infinitum. 
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3.2 NORMAL MODES OF OSCILLATION 

Two noncoupled linear oscillators have two natural frequencies of 
oscillation, one exhibited when one mass is in motion, the other when the 
other mass is moving. We have just seen that two coupled oscillators also 
have two frequencies of oscillation, but to perform motion exhibiting just 
one of these frequencies, both masses must be moving, with a particular 
relationship between the motions. This relationship can be given a geo­
metrical interpretation, which will help to visualize the behavior of more 
complex systems, to be considered later. But let us start with a simple 
example. 

Normal coordinates 

Figure 3.2 .is a vertical view of a mass m, suspended at the lower end of a 
long stiff bar of rectangular cross section, represented in the figure by the 
shaded rectangle. The mass can thus move in two directions, each parallel 
to the plane of the paper. The displacement of the mass from equilibrium 
can be expressed either in terms of the coordinates X, Y, in line with the bar's 
cross section, or else in terms of x, y, also with origin at the equilibrium 
point, but inclined at an angle a with respect to X, Y. 

Suppose we find that a displacement X, in the direction of the greater 
cross-sectional dimension of the bar, is resisted by a force -K+X, pointed 
in the negative X direction, and that a displacement Y, perpendicular to this, 
is opposed by a force - K_ Y, anti parallel to the Yax is. Therefore, if the mass 
m is set in motion in the X direction, it will keep swinging in the X direction, 

with a frequency w+f27T = (~7r)V K+fm; likewise, oscillations in the Y direc­
tion will remain in the Y direction and will have frequency w_/27T = 
(1/27T),! K_/m. Coordinates X and Y are the "normal" coordinates to 
describe the motion . 

.Y 
, y 
\ 

\ 
\ 

\ 
\ 
\ 

\ 
\ 

\ 
\ 

\ 
\ 

\ 

X 

\ 

' 

FIGURE 3.1 
Vertical view of a two-d imensional oscil­
lator, a mass on the lower end of stiff bar 
of rectangular cross section. 
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But suppose we wish to set the mass into oscillation in the x direction, 
at an angle('/.. with respect to the X axis. What will its subsequent motion be? 
First we have to find out what force acts on m when it is displaced a distance x 
in this direction. This force can be calculated by transformation of axes. 
We find that the restoring force caused by the displacement x is not in the 
direction of the displacement; it has a component - (K+ cos2 ('/.. + K_ si n2 o:)x 
in the x direction, but it also has a component - (K+ - K_)(sin tx cos tx)x in 
they direction, perpendicular to x (assuming still that the displacement is 
small enough so that the fo rce is linearly proportional to the displacement). 
The angle between the displacement and the force is small if the bar is nearly 
rectangular, so that K+ is nearly equal to K_, but the two are not parallel 
unless o: = 0, 90, 180, or 270° if K+ ¥= K_. 

This is also true for a displacement a long they axis; the restoring fo rce 
will then have a component - CK+ sin2 ()( + K_ cos2 ()()y along y and a com­
ponent - CK+ - K_)(sin ()( cos <X)y along x . The equations of motion of the 
mass, expressed in terms of tlie coordinates x, y, are thus 

d2 
m d: = -CK+ cos2 ('/.. + K_ sin2 ()()x - CK+ - K_)(sin ()( cos ('/..)y 

t 
(3.2.1) d2 

m dt{ = - (.K+ sin2 
()( + K_ cos2 ()()y - (K+ - K_)(sin ()( cos ()()x 

which are just Eqs. (3.1. l ) fo r coupled oscillators, if we set 

K11 = K+ cos2 
()( + K_ sin2 

()( K22 = K+ sin2 
()( + K_ cos2 

()( 

K12 = K21 = -CK+ - K_) sin ()(cos()( 

Therefore, for the system of Fig. 3.2, the use of axes at an angle()( to the 
normal coordinates converts a problem equivalent to two uncoupled oscilla­
tors into one eq uivalent to two coupled oscillators. The change occurs 
because a displacement in any direction other than " normal" produces a 
restoring force not in line with the displacement, and therefore gives rise to 
motion which is not in a straight line through the origin. Figure 3.3 shows 
the motion, both as plots of x and y as functions of time, and also as the path 
of m in the xy plane. 

Transformation of coordinates 

lt would be well to work a ll this out in vector notation. The potential 
energy for a small displacement away from equilibrium, in terms of the normal 
coordinates X, Y, is [Eq. ( 1.1.3)] 

(3.2.2) 

_ The corresponding force vector F = - grad V has component -(oV/oX) = 
- K+X along X and component - (oV/o Y ) = - K_ Y in the Y direction. 
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FIGURE 3.3 
Motion of two coupled oscillators. Curves to the right 
show the displ_acements x and y as functions of time; those to 
the left show the path of the point representing the system in 
the xy plane (configuration space). Cases a and b show the 
two normal modes of vibration when the system point travels 
along a normal coordinate. Case c shows the general type of 
motion. 

1f we change to new axes, at an angle o: to the normal coordinates, so that 

x = Xcos o: - Ysin <X 

X = x cos o: + y sin <X 

y = X sin <X + Y cos ix 

Y = -x sin o: + y cos CJ. 

then simple substitution shows that the potential energy is 

V(x, y) = HK+ cos2 CJ. + K _sin2 CJ.)x2 + (K+ - K_)(sin o: cos o:)xy 

(3.2.3) 

+ ½CK+ sin2 <X + K_ cos2 «)y2 (3.2.-4) 
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The components of force F = - grad Vin the x and y directions are thus 

F., = - :v = - CK+ cos2 ex + K_ sin2 cx)x - (K+ - .K_)(sin cx cos cx)y ux 

F11 = - ; ~ = - (K+ sin2 cx + K_ cos2 cx)y - (K+ - K_)(sin IX cos cx)x 

T he vector equation of motion of the mass m is thus 

d2R 
m- = - grad V (3.2.5) dt2 

where R is the vector displacement of the mass from equilibrium. 
If we express this equation in terms of the normal coordinates X, Y, the 

component equations are 

d2 Y 
m- + mw 2 Y = 0 dt 2 -

where w+2 = K+fm and w_2 = K_/m, which are the equations for two un­
coupled harmonic oscillators. But if we insist on using the x, y coordinates 
to describe the motion, the component equations (3.2.1) are those for a pair 
of coupled oscillators. Evidently, we can change from coupled to uncoupled 
oscillators by rotating the axes into line with the normal axes of the bar. 
Use of Eqs. (3.1.3), with the special values 

w1
2 = w+2 cos2 <1. + w_2 sin2 cx wl = W+2 sin2 <1. + w_2 cos2 <1. 

µ2 = (w_2 - w+2) sin cx cos IX 
(3.2.6) 

appropriate for the system of Fig. 3.2, results in the following values of 
natural frequencies for the system: 

w+2 = ~(w+2 + w_2
) + H(w/ - w_2)2(cos2 

(1. - sin2 
1X)

2 

+ 4(w+2 
- w_2

) sin2 o: cos2 <1.]l = w+2 

and similarly for <o_2, which always come out equal to the frequencies of the 
normal coordinates, independent of the angle !X of rotation of the axes. Also 
use of £qs. (3. 1.4), resulting in 

X = / 1 (,,,_ 2 - (•I 2)(cos2 !XC e - iw,I - sin !X cos Cl. C _ e - iw_ l) 
\m 

y = J ~
1 
(w+ 2 - ,,J_ 2)(sin oc cos :x C ~ e- i«>+ 1 + cos2 et.C_ e- i<• - 1

) 

reduces these equations to those of transformation of coordinates [£qs. 
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(3.2.3)] when we set 

X = J ~ (w+' - w_2) cos <XC+r'w+f = A+e-iw+l 

Y =J ~ (w+' - w_2) COS <XC_,-iw_t = A_,-;w_, 

where C+ and C_ are arbitrary constants. Thus each of the components of 
the motion, along each of the normal coordinates, has just one frequency, 
w+/2-rr or w_/2-rr, respectively. 

In other words, it is possible to describe the motion most simply in 
terms of a pair of normal coordinate axes, the component of motion along 
either of which exhibits just one of the natural frequencies of the system. 
Components of the motion along any other axes exhibit both frequencies. 
The motion is, of course, the same, no matter which axes are used; we have 
only changed our way of describing it by transforming axes. 

More complex systems 

The methods discussed for analyzing the motion of two coupled oscilla­
tors can be extended to systems of more than two oscillators. One determines 
the ways in which the system can oscillate with simple-harmonic motion and 
then builds up the free oscillations of the system as combinations of these 
various normal modes of oscillation. The complexities of the mathematics 
of this direct approach make it preferable to use the machinery of the Laplace 
transform to work out the general solution, even though this machinery 
obscures the physical picture to some extent. 

We consider a system of N degrees of freedom, held together by linear 
forces which tend to bring each of the N displacements back to equilibrium. 
Thus each of the N coordinates ~i (i = 1, 2, . . . , N), which together specify 
the configuration of the system, can be given as displacements from equi­
librium. Some of the coordinates may be displacements, in some specified 
direction, of some portion of the system, measured in units of distance; 
others could be angular displacements of some portion from its equilibrium 
direction; and so on. To the ith coordinate_ corresponds an effective mass 
or moment of inertia, which can be labeled mi. The coordinates themselves, 
the units in which they are measured, and the units of the corresponding mass 
factors are chosen so that the total kinetic energy of the system is the sum of 
terms of the form {mldtJdt)2. 

The internal forces and torques which hold the system together are 
linear functions of the displacements as long as these displacements are all 
small enough. Of course, the displacement of one degree of freedom may 
tend to make other degrees of freedom move away from their equilibrium 
positions; this is the usual situation with coupled systems. In mathematical 
language, if x,y, z, ... are the displacements from equilibrium of the various 
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degrees of freedom, expressed as distances or angles or any other units, the 
force ( or torque) acting on the x coordinate, tending to make it return to 
equilibrium, is 

The coefficients Axx, etc. , can be called stiffness coefficients. If the forces are 
conservative, they can be obtained by partial differentiation of a potential 
energy function 

V = ½A x2 + 1-A xy + · · · + 1 A yx + 1-A y2 + • · · XX 2XY 2YX 2yy 

where Ayx = Axv and Fex = -( o VJ ox ), etc. As mentioned, the kinetic 
energy of the system is 

(
dx)

2 
(dy)2 ½mx dt + ½my dt + • • • 

If there are frictional forces, they will be proportional to the rates of 
change of the various displacements and, for small displacements, should be 
linear functions 

dx 
D = -R - - • • • 

X X dt 

Therefore, for small displacements, the equations of motion are 

d 2x dx 
mx dt2 = - Rx dt - AxxX - AxyY - ••• 

d 2y dy 
m - = - R - - A x - A y - • • • y dt2 y dt YX yy (3.2.7) 

We now simplify these equations by reducing all coordinates, whether 
distances or angles, to the dimensionality of distance multiplied by the square 
root of mass. We set x1 = ~ x, x2 = v' my y, etc. We also reduce the 
stiffness coefficients to dimensions of frequency squared (1 /t2) by setting 
U11 = Axxfmx, U12 = Axyl~ = U21 , etc. The frictional resistances also 
are changed, by defining k1 = Rx/2mv etc. In terms of these reduced 
coordinates and coefficients, the equations of motion of the system take on 
the simplified form 

l 

d2x - dx- ~v - • + 2k --• = - _LU -x -dt2 z dt i=l Z } 1 
i = I, 2, ... , N (3.2.8) 
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To begin with, we shall neglect the frictional forces, setting the k 's equal 
to zero. In this case the total energy of the system, 

(
dx)2 E = .t m - + · · · + V 2 

"' dt 
(3.2.9) 

is constant. As before, we ask whether it is possible for the system to 
perform simple-barmonic motion. We set x i = Cie-irot and try to fi nd 
solutions for the N simultaneous eq uations, 

N 

I V;,C; - w2C.; = 0 i = I, 2, ... , N (3.2.10) 
1- 1 

The frequencies for which such solutions are possible are given by the roots 
of the equation !10(- iw) = 0, called the secular equation, where tio(- iw) is 
the determinant of the coefficients of the C's in Eqs. (3.2.10). 

V11 - w2 U12 V13 

tio(-iw) = V21 V22 - w2 U23 = 0 (3.2. 11) 

This is an Nth-order equation for the quantity w2, having N roots, w012, . . . , 
w0,v2, usually all distinct. It can be shown that, since all the coefficients Ui, 
are positive and since the nondiagonal coefficients V i; are symmetric 
( V ii = V 1;), none of the roots Won 2 can be negative. 

Once the roots of the secular equation have been fo und, we could 
substitute them back into Eqs. (3.2.10) to find the particular combination of 
amplitudes C1 which allows the system to vibrate in a single normal mode, 
with one frequency w0 ,,/2-rr, and then find the combination of normal modes 
which satisfies specified initial conditions. This procedure is often tedious 
and does not lead to better understanding; so we shall turn to a discussion of 
the forced motion of the system, using the Laplace transform as the means 
of solution. 

Forced motion 

Suppose the system defined by Eqs. (3.2.8) is acted on by applied forces, 
the ith degree of freedom (distance or angle) being acted on by the applied 
force (or torque, as the case may be) F a;• In reduced form the force would 
become/;= F0 if~ , with dimensions l'\lm/1 2 , and the equations of motion 
are 

(3.2.12) 
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If the applied forces are simple-harmonic, so that f ; = Fie- 1o,r, the steady­
state motion of the system can be obtained in terms of the determinant 

s2 + 2k1s + U11 U12 

t.(s) = 0 21 s2 + 2k2s + U22 (3.2.13) 

and the cofactors t.W(s) = ot./ oVii• 

x . = IF- Ji e- i<ol .v [t,<cl(-iw)] 
i ; ~ 1 ' t.(-iw) 

(3.2.14) 

for steady-state motion. 
The equation t.(s) = 0 has 2N roots for s. Because s occurs in the 

diagonal terms only and since V,; > 0 and Vii = Vii, these roots occur in 
pairs, 

t.(s) = 0 for s = - K ., ± iw,,; n = I, 2, .. . , N (3.2.15) 

where, if all the frictional coefficients k ; are zero, all the K.,'s are zero and the 
w,,'s are equal to the roots won of the determinant of Eq. (3.2.11 ). Expansion 
of determinant t.(s), 

t.(s) = s2:V + 2(,I ki)s2.v- 1 + (I Vii)s2N- 2 + ... 
indicates that the real and imaginary parts of the roots of t.(s) are related to 
the frictional and elastic coefficients by 

L (K,,
2 + w,.2) = L vii (3.2.16) 

" i 

and also that we can express t.(s) as a product of N factors, 

t.(s) = [(s + K 1)2 + w1
2][(s + K 2)2 + w/] • • • [(s + K ,v)

2 + w,v2] (3.2.17) 

Thus we can write Eqs. (3.2.14), for the steady-state motion of a system 
driven by simple-harmonic forces of frequency w/2TT, as 

N F,t,<~l(-iw)e-iwt 
X-= I ',. 

• i = t [w1
2 - (w + iK1) 2 ] • • • [w.v2 - (w + iK_v)2] 

Jf the frictional coefficients ki are small, the real parts K n of the roots are 
small, and the steady-state motion will exhibit resonance. Whenever w 
nearly equals one of the values w.v of free vibration of the system, one of the 
factors in the denominator of the expressions for X ; will become small and 
the x/s will become large, as illustrated in Fig. 2.2 for the simple oscillator. 

To find the response of the system to a more general driving force, we 
use the Laplace transform. If the system is at rest and the driving forces are 
all zero when t < 0, then the transform of Eq. (3.2.12) is 

(s2 + 2k;s)X; + I V;;X1 = F,(s) 
; 

(3.2.18) 
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where F; is the transform of the known function / 1, and X; is the transform 
of the unknown function x 1. 

The simultaneous equations (3.2.18) can be solved in terms of the determinant 
~(s) already defined, and its cofactors ~lf(s), 

x [~W<s)] 
X;(s) =

1
~

1
F1(s) ~(s) (3.2. 19) 

Cofactor ~W(s) is ( - 1);- i times the (N - l)st-order determinant formed by 
removing the jth row and the ith column from the determinant ~(s) of 
Eq. (3.2.13). Use of the factored form of ~(s), given in Eq. (3.2.17), shows 
that the transforms X;(s) have poles whens equals any of the roots -K,,. ± iw,,. 
of the secular equation .1.(s) = 0. Usually, aU 2N roots are distinct, in which 
case all these poles are simple poles. There may, of course, be additional 
poles if any of the transforms F; have poles. The cofactors ~W(s) have 
zeros but no poles. 

To calculate the inverse transforms of the X/s, we use an extension of 
Eqs. (2.3.19). 1f G(s) .is a function which is finite and continuous for all 
finite values of s, and if H(s) is the simple product (s - ai)(s - a2) • • • (s - a M), 

with roots a,,. all differing from each other, the ratio G(s)/ H(s), which has M 
simple poles at the locations s = a.,, may be expanded in terms of its residue 
at each pole. 

G(s) = I G(a,,) Jim s - a .. 
H(s) >1 = 1 s - an $- •a., H(s) 

(3.2.20) 

This partial fraction expansion enables us to express the transforms Xls) in 
terms of quantities contained in Table 2 . . 1 so that an inverse transform can be 
found. 

For example, if the jth degree of freedom of the system is given a sudden 

blow, at t = 0, of an impulse equal to 1/Vm;, so that/;(t) = o(t) and all the 
other f's are zero, the transforms of the applied forces are 

F;(s) = 0 

and the expansion of the transforms of the displacements become 

X {s) = ~W(s) 
' (s + Ki + iwi)(s + Ki - iwi) • • • (s + Ks - iws) 

.v 
= 2 I [(s + K,,)(A};'l + ro71B~; >)][(s + K,.)2 + w/J-1 (3.2.21) 

n ~ l 

where 




