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function g(x|x,) of Eq. (4.4.14) in a Fourier series. But g satisfies the
equation of motion (4.4.9),
d*g w |2
7+ (2)g = ot — x
The boundary conditions on g (and on Y) are that they go to zero at x =0

and x = /. According to the arguments leading up to Eq. (4.3.13), it must
be expressible in terms of a Fourier series,

80x| x0) = 3 B, sin T

n=0

Inserting this in the equation for g, we have
w AL 2
S Bm[(f) s (”_"_’):I e A )
st c / !

Multiplying both sides by sin (mnx/l) and integrating, utilizing Eqgs. (4.3.11)
and (1.3.24), we find that

l'[(:rrn)z (m)a]g G TG
L) el

so that the Green’s function of Eq. (4.4.14) equals the Fourier series.

< 8in (mnxyfl) sin (wnx/l)
G = 2/
1) =8 = — Gty
This form again demonstrates the fact that G is symmetric to interchange of
X and x,, thus satisfying the principle of reciprocity.
The series can be inserted in the integral equation (4.5.36), giving

Y(x) = 2 wl § sin (wnx/[l)

€ n=o (m1)* — (wlfc)?

This equation can be modified to obtain the allowed frequencies of free

vibration, and also to obtain the series expansion for the shapes of the
corresponding standing waves of the loaded string.

For example, if {/ < 1, the load cannot distort the shape very much;
s0 the allowed values of w must be close to the values mnc[l which hold for
an unloaded string. Therefore, for the mth allowed frequency, wlfc must
be close to 7m in value, and thus the mth term in the series for ¥ must be
very much larger than any of the others. Consequently, Y,(x) must be
approximately equal to A sin (wmx/l), and Eq. (4.5.39) is approximately
equivalent to

flé(x) Y(x) sin ”—;’f dx  (4.5.39)

. Tmx .ol sin (mmx/)
A s S ey
M= e myE — (wljo

which can be rearranged into an equation for the value w,,/27 of the mth

!
J‘ {(x)A sin? _m::_x dx
0
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natural frequency, with

2
e 0L
Q)i (-—) —2i— Dy

[ ]
or
2
| iD= (Dawd® ...
c 2mm
where
i
B J. sin(l;x) £(x) sin "T—’:’x dx (4.5.40)
0

With these first approximations, we can go on to higher approximations.
Inserting ¥ =~ A sin (mmx/l) and (4.5.40) into the right-hand side of (4.5.39),

we obtain
. aTmXx ) sin (wnx/[l) ]
Y rot — 42 D
(%) Al:sm I - mmﬂgm o) — G 2

Inserting this for Y,(x) on the left-hand side of (4.5.39) and Y, (x) =
A sin (wmx/l) in all but the n = m term in the right-hand series, we obtain

sk TmX 5i wl  sin (wmx/[l)
mn—— —_
l ¢ (mm)? — (wlfc)?

which allows us to calculate the next approximation for @,.

2
(ﬂ) ~ (mn)? — 2i WC"I[DM + 2i(mn) ¥ e 2]

¢ myn (ﬂ-m)z == ('JT."I)

'rsin If? {(x) Y, (x)dx

or
!

(4.5.41)

1 B..D
: ) et D a o 2 mn nmnt
7 — 1D — 5 (Do) = 27 3, )

Returning again to the load {(x), which is equal to Z|ec(b — a) between
x — g and x = b and is zero elsewhere, the matrix components are

C

Z I sin(2nf) — sin (.'anx)] md b
D _ — 1 _ —_ = —
e ZEC[ b—a 2mn = e p !
& [sin B(m — n) — sin a(m — n)
" echb—a 2m(m — n)

__sin f(m + n) — sin a(m + n):l

2m(m -+ n)
so that, to the first approximation,

w,, [ iZ [ [ sin (2mf) — sin (2m:t)jl
L ~am——| 1 —
c 2ec b—a 2mm
7
—:--arm——i—sinzlm—? b—a <l
eC {
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The limiting form for b — a < [ agrees with the first-order-approximation
solution of Eq. (4.5.34). 1If the load is masslike (Z = —iwm), each natural
frequency is reduced, and the higher allowed frequencies are no longer
integral multiples of the fundamental. Introduction of a resistance brings
an imaginary part to w,, which corresponds to an exponential damping of
the vibrations.

Problems

[

A string clamped at one end is struck at a point a distance D from the clamp
by a hammer of width Df4. The head of the hammer is shaped so that the
initial velocity given the string is maximum at the center of the head and is
zero at the edge, the initial “velocity shape™ of this portion being like an
inverted V. Plot the shapes of the string at the times ¢ = 0, D/2¢, DJe,
3D|2¢, 2D[e. Draw a curve showing the vertical component of the force on
the clamp as a function of time.

A harp string is plucked so that its initial velocity is zero and its initial shape is

r(zml.!c G{I{E
aF 20
’(x)=~‘.@£—x R o )
o I \3 70 20
204 11/

Plot the successive shapes of the string during one cycle of the motion. Draw
a curve showing the vertical component of the force on one of the supports as a
function of time.

What are the total energies of the two strings shown in Fig. 4.117

An infinite string with tension T and wave velocity ¢ is subjected to a transient
transverse force of the form

T

. mt
f(xr)zlAsmicos%x O<r<r; —3L<x<i3L
0 otherwise

Show that the resulting motion of the string is given by

1L —
y0e,) = A-C—T t::(:nsﬂr—;’r']I Fle—=2 i dx,
c

wlJpz Kk
where
0 z<0
wZ
Y = {sin®— 0 <
(z) sin 5T zZ<T
1 Z >

A uniform string with no friction is stretched between rigid supports a distance
lapart. It is driven by a force Fye i@t concentrated at its midpoint. Show
that the amplitude of motion of the midpoint is (Fy/2ecw) tan (wlf2¢). What
is the amplitude of motion of the point x = //4?
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A uniform string of small electric resistance is stretched between rigid supports
a distance / apart, in a uniform magnetic field of B webers per sq m perpendic-
ular to the string. A current [ye "t amp is sent through the string; what is
the force on the string per unit length? Show that the velocity shape of the
string (assume zero friction) is

_ Blye it {cos [(w/c)x — D]
iwe cos (wlf2c)

Use the formula E = [ Bv dx volts to compute the motional emf induced in
the string by the motion.

A condenser 1s discharged through the string of Prob. 6, producing a current of
d(r) amp. Compute the subsequent shape of the string.

The string of Prob. 5 is acted on by a force F(&)u(r) concentrated at the point
= & [see Eq. (1.2.16) for a definition of w, and Eq. (2.3.10) for its use].
Show that the shape of the string after ¢+ = 0 is

IF(&) & wHX wnet
yuld.x) = mec? Z 112 Hn (T)(I e _;')

From this formula compute the shape of the string when it has been subjected

to the constant (independent of time) force F(&) up to r = 0 and then released
to vibrate freely.

A length D of an infinite string is in a magnetic field B, perpendicular to the
string; the rest of the string is not in a field. A current Je~*®* is sent through
the string, which is conductive. What is the displacement of the string?
Suppose the string is finite in length and is stretched between rigid supports a
distance L apart, with the magnetic field centered along its length (D < L).
What, then, is the displacement of the string if a current fe=*? is passed through
it?

An electrically conducting string of length / and total electric resistance R is
clamped at both ends. The ends are connected electrically by a wire of
negligible resistance. The string is set into oscillation transverse to a magnetic
field B(x), thus generating a current in the string, which in turn gives rise to a
force on the string. Show that the equation of motion of the string is

m per sec

1
Ey B ¥y _ B
ar ax® R J, ot

T
B(x,) dx, ¢ =—
€

When both y and B are expanded in Fourier series,

THX

y = 2 yu(f)sin _{: B(x} ~ ZB sin 'y

m

show that the equations for the time-dependent amplitudes are given by the
set of coupled equations

dazy,, ame \° dy,,
% aE (T) Y = 2 amn Gy
where the mode-coupling coefficients are given by
1
amﬂ T m BmBn
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For the case where y = Y(x)e !, show that a variational expression
: P

1 1 2
J. (dY]dxy dx — (iw] TR](f Bde)
0 0

1
J. Y2dx
0

has a stationary value equal to (@/c)? the shape of ¥ for which Vis stationary
being the solution of the equation of motion. For B = B, sin (=x/l), compute
the frequency and damping factor for the lowest resonance, first by usin
equation (a), then by using equation (b) and setting ¥ = sin (=x/l); compare
the results. Carry out the same calculations and comparisons, to second
order in B,, for the case when B(x) is constant from x — O tox = /.

A string of mass e per unit length and length L is whirled about one end, with
angular velocity w,, so that the motion is in a plane (neglect gravity). Show
that the tension in the string is § ew%(L? — x?), where x is the distance from the
stationary end. Show that the equation of motion of a string with variable

tension T(x) is
d ay %y
“a;(""a) =

(b) Yy =

and thus that the equation for simple-harmonic motion of the string perpendic-
ular to the plane of rotation is

d 2 a1 w \2 x =]z
it = —— - — 1Y = h
dz{“ . az] % z(wn) O ) — e

Show that when @ = w,Va(2n — 1) (n =1, 2, 3,...) the displacement is
proportional to the Legendre function P,, ,(z) [see Eq. (7.2.4)] and that no
other frequencies are possible. Is the general motion periodic ?

A string of length / and mass e g per cm is hung from one end, so that gravita-
tional forces are the only ones acting. Show that if the free end of the string
is taken as origin, the normal modes of vibration have the form

Y= J{l('?-rﬁu ﬁ)ﬂ_mrw"t

where v, = (8,/4) \/gf!; the function Jy(z) is given in Eq. (1.2.5) and further in
Egs. (5.2.21); and the constants /3, are the solutions of the equation Jy(=f,) = 0
[Eq. (5.2.23)]. Is the motion periodic in general? What are the ratios of the
lowest three allowed frequencies to the frequency of oscillation that the string
would have if all its mass were concentrated at its lower end?

Utilizing the general formulas of Eqgs. (4.3.13) and (5.2.26), obtain formulas for
the shape of the string of Prob. 12 when driven by a periodic force and when
struck by an impulsive force.

Choosing suitable values for the properties of the string of Prob. 12, plot the
shape of the string when it is vibrating at its lowest three allowed frequencies.

Plot its shape when driven at its free end at a frequency 1.5. times its funda-
mental.

The tip of the string of Prob. 11 is struck an impulsive blow §(¢) in a direction
perpendicular to the equilibrium plane of motion. Calculate the series repre-
senting the subsequent displacement. What is the amplitude of motion of the

lowest mode? -
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A string carrying an electric current J is stretched along the lines of a homo-
geneous magnetic field B (in the x direction). As a result, the z and y motions
of the string will be coupled. (@) Obtain the equations of motion dcscribing
this coupled motion, for small amplitudes. (b) Show that the solution predicts
two characteristic modes of motion, representing a right- and left-hand “cir-
cularly polarized™ motion of the string, with displacements y and z related
eitheras y = izor y = —iz. Calculate the phase velocity for these two modes
and show that for small B they are related as "v’ﬁ — 0 and *V'T_fg + 4,
Determine o.

A uniform string of length / and tension T is fastened at x =/ to a support
having transverse mechanical resistance R = ec tanh (72 — }i7) and zero
reactance. The string is originally at equilibrium, and the end at x = 0 is
suddenly acted on by a transverse impulsive force o(z). Utilize the Laplace
transform to obtain the formula for the shape of the string.

e—lma/Dxtet) [

E
wx,t) = e ﬂéﬂ T -.(rr + 1) sin l:-; (n + #Ux + cr):l

+ ® cos [l; (n + Dlx + cr)]}

e—l7ajiMa—ct)

1 < . ECl
e XAl b [Fe b -]

+ @ cos I}: (n + Plx — CF)]] + i tanh (7o)

A string of density 0.1 g per cm is stretched with a tension of 10° dynes from a
support at one end to a device for producing transverse periodic oscillations
at the other end. When the driving frequency has a given value, it is noted
that the points of minimum amplitude are 10 cm apart, that the amplitude of
motion of the minimum is 0.557 times the amplitude at the maximum, and that
the nearest maximum is 6 cm from the support. What is the driving fre-
quency and what is the value of the transverse impedance of the support?

A string is stretched between two supports having transverse mechanical
resistance R large compared with ¢c, and zero reactance. The string is driven
by a periodic force concentrated at x = £ What are the amplitudes of motion
of the end supports, and by how much do they lag behind the driving force?
The string of Prob. 19 is struck an impulsive blow at the point x = § Com-
pute the subsequent motion of the two end supports.

An infinite string has a distribution of additional mass corresponding to the
impedance ratio

Z(x) ) X . :
N = it —CO5 — —od < X < 44
;(x) — e C a

0 otherwise

By use of Eq. (4.5.17), obtain the Born approximation for the ratio between
the amplitude of the wave reflected from the load to the amplitude of the
incident wave. By use of Egs. (4.5.25) and (4.5.26), obtain a variational value
of this ratio, using the trial functions y = e'*/¢, y* = e¢~'@x/¢.  Compare the
results.
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Show that an alternative variational expression to Eq. (4.5.37), equivalent to
Eq. (4.5.11) plus the boundary conditions ¥ =0 at x = 0 and x = /, is

!
f [(dY]dx)? — i(w[c) ¥?] dx
F(Y) =2

f
f Y2dx
0

where the shape of Y(x) is varied, and the stationary values of V are the allowed
values of (w/c).

A string of length / is loaded at its center by a point mass equal to 4 ¢/, half the
total mass of the string, so that Z = —liwe/ and { = —i(wlf2c) 6(x — 31).
Use Eq. (4.5.34) to show that the lowest frequency of the system is o, /2,
where @,/fc =2.1418.... Plot the shape of the string. Show that the
variational formula of Eq. (4.5.37), using ¥ — sin (=x/l), yields the same value
of w/fe. Show that the variational formula of Prob. 2, again using Y =
sin (mx[l) and the same {, gives w,lfc ~2.22. Show that the first-approxima-
tion formula (4.5.40) also yields w,lfe ~2.22.

Integral equation (4.5.39) is homogeneous, so that the amplitude of the dis-
placement Y(x) is undetermined. Suppose we “normalize” this amplitude so
that

2i(wl/c)

: . TX
ol ), Y0 S T e =

in which case there results an inhomogeneous integra] equation

ch}qan(f;).u(ﬂ’)ﬁ U(¥) o

¢ /.=, (7n)® — (wl/c)? 2 !

where
1
Un(Y) = if £Y(x) sin %"’ dx
0

which is particularly useful in computing the standing wave of lowest frequency.
(Can a similar equation be obtained for the nth wave?) Show that this equa-
tion can be manipulated to yield still another variational form,

- 3 t o U,XY)
V(Y) = 2U,(Y) :LUE@*) S S = Sy

n=1

Show that, when Y is varied to make V stationary, the resulting value of ¥ is
the correct value of U;. This can then be inserted in the normalizing equation,

which becomes
‘[ 2
c ¢

and which thus will result in the exact value of wlfc for the lowest frequency
of the system. Show that if a trial function ¥ ~ u(x), with one or more
parameters, is inserted in the variational expression, setting the derivatives of
V with respect to these parameters will produce a “best™ form for « and a
“best” value for U, from which to compute a value of w//c which will be good
to second order in the difference between « and Y.
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For the point load of Prob. 23 (£ = —3jiwel), use the variational technique of
Prob. 24 to determine the lowest eigenvalue w,/fc. Use u = A sin (wx/l) as
trial function, and use the relation

- 1

Il
i

“2n +1p—1
to show that the “best” value of A is [ — (w//27¢)*]"". Thence, by use of the

normalizing equation, show that the “best” value of w,/[c is 2.145. Compare
this with the other solutions discussed in Prob. 23.

A string of length /, stretched between rigid supports with tension T, has mass
density e between x = 0 and x = «/, mass density fi*e between x = a/ and
x = [. By joining appmprlate sine functions in value and slope at x = al,
obtain an implicit equation for the natural frequencies of oscillation. For
o« =4 and f = 2, compute the lowest frequency. Use Eqs. (4.5.37) and
(4.5.41) to obtain approximate expressions for this lowest frequency. How
close do they come to the exact value?

A coil spring has a relaxed length /;; when it is stretched to length /, the tension
in the spring is K(/ — /). Accounting for the fact that the mass per unit
length € = mfl depends on the stretched length of the spring, show that the
ratio between the speed of transverse and longitudinal waves on the spring is

and hence show that the transverse wave velocity is always less than the
longitudinal wave velocity.

A string of mass density e, under tension T, extends at equilibrium along the x
axis from x = 0to x = w. The x = 0 end is attached to a mass M, which
slides on a frictionless guide bar in the y direction, the mass also being attached
to a spring with stiffness constant K = Mw,?, tending to keep it at y = 0.

(a) With the system originally in equilibrium, show that, if the mass is given
an initial velocity v, at ¢+ = 0, the transverse displacement of the string there-
after is

: s 28 i i = i =
y(x,0) = 5 exp[ 577 & x)]sm [k et — x)]

g (2[5 {2y
¢ 2Muw,
(b) If an incident step wave Au(ct + x) comes from -+ co along the string,
impinging on the mass originally at rest, show that the string displacement is

where

y(x,0) = Aulet + x) — Au(ct — x)

2¢ € X
. ME exp[— 2_;"71'(” — x)]sm [k (et — x)]

(¢) In case a, what is the energy in the string after the mass has come to
rest ?
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BARS, MEMBRANES, AND PLATES

5. THE FLEXIBLE BAR

Although the primary subject of study of this book is acoustic wave
motion in fluids, the first five chapters are concerned with the vibration of
solid objects. The reasons for the roundabout approach are twofold.
Vibrating systems produce sound waves in the medium surrounding them,
or they are affected by sound waves striking them, and any analysis of the
waves must take this into account. But also, many computational techniques
are more easily explained in connection with vibrating systems than with
acoustic waves. Although our discussion of vibration has been lengthy, it
has been limited to examples which conform to one or both of these reasons.

This restraint in choice of material will be particularly noticeable in this
chapter. A detailed discussion of wave motion in elastic solids would be a
lengthier task than the one set for this book. All we can do here is to touch
on those aspects of elasticity which will be needed later in discussing sound
waves in fluids.

It must have been rather obvious in the preceding chapter that we were
analyzing the motions of a somewhat idealized string. In the first place,
we assumed that the string was perfectly flexible; that the only restoring
force was due to the tension. Second, we made no mention of the possibility
of longitudinal motion of alternate compression and tension, which can be
St up in any actual string, as well as in any other piece of solid material.
This longitudinal wave motion will be disregarded for a while longer; we
shall spend the rest of this book discussing it. However, we can no longer
put off studying the effect of stiffness on the string’s motion. And we shall
begin the study by discussing the transverse vibrations of bars.

There is no sharp distinction between what we mean by a bar and what
We mean by a string. In general, tension is more important as a restoring
force than stiffness for a string, and stiffness is more important for a bar;
but there is a complete sequence of intermediate cases from stiff strings to
bars under tension. The perfectly flexible string is one limiting case, where
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the restoring force due to stiffness is negligible compared with that due to
the tension. The rod or bar under no tension is the other limiting case, the
restoring force being entirely due to stiffness. The first limiting case was
studied in the preceding chapter. The second case, the bar under no tension,
will be studied in the first part of this chapter, and the intermediate cases
will be dealt with in a later part.

Stresses in a bar

To start with, we shall study the bending of a straight bar, with uniform
cross section, symmetrical about a central plane. The motion of the bar is
supposed to be perpendicular to this plane, and we shall call the displacement
from equilibrium of the plane y. (See Fig. 5.1.)

When the bar is bent, its lower half is compressed and its upper half
stretched (or vice versa). This bending requires a moment M, whose relation
to the amount of bending we must find. To compress a rod of cross-
sectional area S and length / by an amount d/ requires a force QS(dl/l),
where Q is a constant, called Young's modulus. Now, imagine the bar to
be a bundle of fibers of cross-sectional area dS, all running parallel to the
center plane of the bar. If the bar is bent by an angle ¢ in a length dx, then
the fibers which are a distance z down from the center surface (it is no longer
a plane now that the bar is bent) will be compressed by a length z¢; the
force required to compress each fiber will be Q dS(z¢/dx); and the moment
of this force about the center line of the bar’s cross section will be (Q¢/dx)z2dS.
The total moment of these forces required to compress and to stretch all the
fibers in the bar will be
04

Mzdx

z*dS (5.1.1)
where the integration is over the whole area of the cross section.

We define a constant «, such that «* = (1/S) | z2 dS, where S is the area
of the cross section. This constant is called the radius of gyration of the

FIGURE 5.1
Moment acting on a bent element of a bar,

| [
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cross section, by analogy with the radius of gyration of solids. Its values
for some of the simpler cross-sectional shapes are as follows.

Rectangle, length parallel to center line b, width perpendicular to center
line a:

E

o
ol

Circle, of radius a:

A
|

bol 2

Circular ring, outer radius a, inner radius b:

k= 3}Va® + b?

Bending moments and shearing forces

Equation (5.1.1), giving the moment required to bend a length dx of
rod by an angle ¢, is then
Q¢ Sk?

.7 G
dx

(5.1.2)

If the rod does not bend much, we can say that ¢ is practically equal to the
difference between the slopes of the axial line of the rod at the two ends of

( atdx &

Therefore the bending moment is
%
M= —0QSk—= 5.1.3
0sKe =% (5.1.3
This bending moment is not the same for every part of the rod; it is a
function of x, the distance from one end of the rod. In order to keep the
element of bar in equilibrium, we must have the difference in the moments
acting on the two ends of the element balanced by a shearing force represented
by F in Fig. 5.2 (moment and shear are, of course, two different aspects of
the single stress which is acting on the bar). The moment of the shearing
force is F dx, and this must equal dM for equilibrium, which means that
oM d%y
F=— =_08Si8—~ 5.1.4
dx e ox® el
This equation is not exactly true when the bar is vibrating (since a certain
part of the moment must be used in getting the element of bar to turn as it
bends), but it is very nearly correct when the amplitude of vibration is not
large compared with the length of bar.
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FIGURE 5.2

F F+af Bending moments and shearing forces to
balance.

Properties of the motion of the bar

The shearing force F is also a function of x and may be different for
different ends of the element of bar. This leaves a net force dF = (dF/dx) dx
acting on the element, perpendicular to the bar’s axis; and this force must
equal the element’s acceleration times its mass pS dx, where p is the density
of the material of the rod. Therefore the equation of motion of the bar is
dx (0F/0x) = pS dx (9%y/dt?), or

i N 1§
i O or

This equation differs from the wave equation in that it has a fourth
derivative with respect to x instead of a second derivative. The general
function F(x - ct) is not a solution, so that a bar, satisfying Eq. (5.1.5),
cannot have waves traveling along it with constant velocity and unchanged
shape. In fact, the term “‘wave velocity” has no general meaning in this
case, although it can be given certain special meanings. For instance, a
simple-harmonic solution of Eq. (5.1.5) is

y = Ceritwe—) — 4 cos [2m(ux — vt) — @] (5.1.6)

vip \t
where "= ( T QK"’) v = 2mulx \/_-g_

This represents a sinusoidal wave traveling in the positive direction, of] just
the sort one finds on strings. There is an important difference between the
two waves, however: in the case of the bar, the velocity of the wave u =

vu = (4n2Qx?p)iVv depends on the frequency of oscillation of the wave,
whereas in the case of the string it does not. The velocity of propagation
of a simple-harmonic wave is called the phase velocity, and is one of the
special kinds of “velocity” that have meaning for a bar. In the case of the
string, the phase velocity is independent of » and is equal to the velocity of
all waves ¢. For the bar the phase velocity depends on v, and there is no

(5.1.5)
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eneral velocity for all waves. This is analogous to the case of the trans-

mission of light through glass, where light of different frequencies (i.e., of
different colors) travels with different velocities and dispersion results. A
bar is sometimes said to be a dispersing medium for waves of bending.

Wave motion of an infinite bar

Although the phase velocity is not a constant, nevertheless we should
be able to build up any sort of wave out of a suitably chosen combination
of sinusoidal waves of different frequencies, in a Fourier integral. At
present we are considering the bar to be infinite in length, so that all fre-
quencies are allowed, and the sum is an integral

¥ :f i e* WF[B(u) cos (y*uPt) + C(u) sin (y*u?t)] du (5:1.7)

where 3% = 472\ Q/p, and the functions B(x) and C(u), corresponding to
the coefficients B, and C, of a Fourier series, are determined by the initial
conditions. This integral is analogous to the Fourier integral of Eq. (1.3.16).
If the initial shape and velocity shape of the bar are y,(x) and vy(x), Eq.
(1.3.16) shows that

L @ .
B(u) = 1 J._ myn(x)e‘z‘”” dx
(5.1.8)

oo

1 :
) = s f_m“e}(x)f' satie

This may seem a rather roundabout way of obtaining solutions of Eq.
(5.1.5) which satisfy given initial conditions; but since the useful functions
F(x — ct) and f(x + cr) are not solutions of (5.1.5), there is no other feasible
method.

The case y, = e*"/4* p, = 0, is one that can be integrated, and can be
used to show the change in shape of the wave as it traverses the bar. Solving
Egs. (5.1.8) and (5.1.7), we obtain

A2 ~%  atat : I: 12t x? }121]
—_— |- i1 ety —_— — % t -1 5. I.g
¥ ( T ) : o5 | Sm oo reoy] B49)

We can now see the utility of Eq. (5.1.7); we can easily see that (5.1.9) is a
solution of the equation of motion (5.1.5) by direct substitution; we can also
see that it would be exceedingly difficult to obtain (5.1.9) from (5.1.5) directly.

The shape of this function, at successive instants of time, is shown by
the solid lines in Fig. 5.3. For comparison, the sequence of dotted lines
shows the variation in shape of a flexible string with equal initial conditions.
In the case of the string, the two partial waves move outward with unchanged
shape. The shape of each “‘partial wave” for the bar, however, changes
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FIGURE 5.3

Comparison between the motion of waves on a bar (solid line)
and on a string (dotted line), both of infinite length. Each
sequence shows the shapes at successive instants, after starting
from rest in the form given at the top of the sequence. The
constant 3 was chosen to make the average “velocity” of the
waves on the bar approximately equal to c, the velocity of
the waves on the string.

continuously as the wave travels outward. In particular, notice the forma-
tion of subsidiary “ripples” ahead of the principal “crest” of each wave.
This is due to the fact, which we have already noted, that the high-frequency
short-wavelength parts of the wave spread outward faster than the rest.

Simple-harmonic motion

We cannot pursue our study of the motions of the bar much further
without examining its normal modes of vibration. As with the string, we
must ask if there are any ways in which the bar can vibrate with simple-
harmonic motion. We try setting y = Y(x)e **"! and find that Y must
satisfy the equation

daty v? v
= l6miuty #4=4W’2’QK2=4W2;2 (5.1.10)
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The general solution of this is

- C1€2'TFI + Cze. 27T -+ Caezziy,r T C,;E_ Zripx

— g cosh (2mux) + b sinh (27px) + ¢ cos (2mux) + dsin (2wzux) (5.1.11)

where cosh u = cos (iu) and sinhu = —isin(iv). See Eq. (1.2.10) and
Tables 1 and 11

This general solution satisfies Eq. (5.1.10) for any value of the frequency
». It is, of course, the boundary conditions that pick out the set of allowed
frequencies.

Bar clamped at one end

For example, if we have a bar of length / clamped at one end x = 0,
the boundary conditions at this end are that both y and its slope dy/dx must
be zero at x = 0. The particular combination of the general solution
(5.1.11) that satisfies these two conditions is the one with ¢ = —a and
d= —=b.

Y = a[cosh (2mux) — cos (2mux)] + b[sinh (27ux) — sin 2mux)]  (5.1.12)

If the other end is free, y and its slope will not be zero, but the bending
moment M = QS«*d?Y/dx®) and the shearing force F = — QSw*(d*Y[dx?)
must both be zero, since there is no bar beyond x = / to cause a moment or
a shearing stress. We see that fwe conditions must be specified for each
end instead of just one, as in the string. This is due to the fact that the
equation for Yis a fourth-order differential equation, and its solution involves
four arbitrary constants whose relations must be fixed, instead of two for
the string. It corresponds to the physical fact that whereas the only internal
stress in the string is tension, the bar has two, bending moment and shearing
force, each depending in a different way on the deformation of the bar.

d*Y
The two boundary conditions at x = /can be rewritten as —— — =
1Y 472u® dx?
and —— = 0 at x = [. Substituting expression (5.1.12) in these, we

87 u? dx®
obtain two equations that fix the relationship between @ and b and between
M and [:

alcosh (2mul) -+ cos (27 ul)] + b[sinh 27ul) + sin 27ul)] = 0
a[sinh (27 ul) — sin (27ul)] <+ blcosh (2mul) + cos 27ul)] =0
or

sin (2mul) — sinh 2mwul) cos (2mul) + cosh (2mul) (5.1.13)
cos (2mul) + cosh (Zmul)  © sin (2mul) + sinh Qapl)

By dividing out @ and multiplying across, we obtain an equation for u:

[cosh (27rul) + cos (2mul)]? = sinh? (2wul) — sin® (2mul)
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Utilizing some trigonometric relationships, this last equation can be reduced
to two simpler forms:

cosh (2mul) cos (2mul) = —1 or coth? (mul) = tan® (wul) (5.1.14)
where coth z = cosh z/sinh z.

The allowed frequencies

We shall label the solutions of this equation in order of increasing value,
They are 2mu,l = 1.8751, 2mpu,l = 4.6941, 27wu,l — 7.8548, etc.  To simplify
the notation, we let 1/ times the numbers given above have the labels f,,
so that

ﬁﬂ
Sk 5.1.15
where f3; = 0.597, f, = 1.494, §; = 2.500, etc. It turns out that f, is prac-
tically equal to n — } when n is larger than 2.

By fixing u, we fix the allowed values of the frequency. Using Eq.
(5.1.10), we have

Wik T [

= = 2 5.1.16
N2
or Py = 0.5;52966\/Qx vy = 6.267v,
P vy = 17.548,

..........

Notice that the allowed frequencies depend on the inverse square of the
length of the bar, whereas the allowed frequencies of the string depend on
the inverse first power.

Equation (5.1.16) shows how far from harmonics are the overtones for
a vibrating bar. The first overtone has a higher frequency than the sixth
harmonic of a string of equal fundamental. If the bar were struck so that
its motion contained a number of overtones with appreciable amplitude, it
would give out a shrill and nonmusical sound. But since these high-frequency
overtones are damped out rapidly, the harsh initial sound will quickly change
to a pure tone, almost entirely due to the fundamental. A tuning fork can
be considered to be two vibrating bars, both clamped at their lower ends.
The fork exhibits the preceding behavior, the initial metallic **ping” rapidly
dying out and leaving an almost pure tone.

The characteristic functions

The characteristic function corresponding to the allowed frequency v,
is given by the equation

P, = aﬂ(cosh Wﬁﬂx — COos wﬁ;‘x) -+ bn(sinh w,finx — sin = f”x) (5.1.17)
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where
cosh (7f,) + cos (wB,) _  sinh (ap,) — sin(7f,)

0 = O Gah (f,) + sin (nf,) " cosh () + cos (nf,)

t
We shall choose the value of @, so that f p,2dx = 1|2, by analogy with the

0
sine functions for the string. The resulting values for @, and b, are a, =

0707, by = —0.518, a, = 0.707, by = —0.721, ay = 0.707, bs = —0.707,
etc. For n larger than 2, both a, and b, are practically equal to lf\/2.
Some of the properties of these functions that will be of use are

; 0 m == n
J. Y0P, (x) dx = (1 D) = (—1)V2
i - m=n
2
d‘i’x) 7y (d%) [y
—) =1.040— ) = —1.440—
(dx =1 ! dx x=1 f
(5.1.18)
=Tf
(@ﬁ‘) ~ (=12 il and B,~n—% n2
dx =1 I
w, ~ _l_ [E” afaxil | (_l)n—lenﬁnix—ﬂhl _|_ sin (‘?Tﬁ"x : o f) ns2
BT ’\/‘i ' ! 4

The shapes of the first five characteristic functions are shown in Fig. 5.4.
Note that for the higher overtones most of the length of the bar has the
sinusoidal shape of the corresponding normal mode of the string, with the
nodes displaced toward the free end. In terms of the approximate form
given above for w,, the sine function is symmetrical about the center of the
bar; the first exponential alters the sinusoidal shape near x = 0 enough to
make v, have zero value and slope at this point; and the second exponential
adds enough near x = / to make the second and third derivatives vanish.
Note also that the number of nodal points in ¥, is equal to n — 1, as it is
for the string.

In accordance with the earlier discussion of series of characteristic
functions, we can now show that a bar started with the initial conditions, at
t = 0, of y = y,(x) and dy/dt = vo(x) will have a subsequent shape given by
the series 2

y =3 p(x)[B, cos (2mv,t) + C, sin (2mv,1)] (5:1:19)
n=1

=

where

2 [
Bn = ? J- }’0(-‘5)%1(-"5) dx
0

1 1
Cﬂ- = J. vﬂ(x)wﬂ(x} dx
™y :" 0

n

Page 205 of 933



184 BARS, MEMBRANES, AND PLATES

[

FIGURE 5.4
Shapes of the first five char-
n=5

acteristic functions for a vi-
\-/ brating bar clamped at one
end and free at the other.

Plucked and struck bar

Two examples of such calculations will be given. The first example is
that of a rod suddenly released from an initial shape y, = hx//, an undesirable
case in actual practice (for it bends the bar quite severely at x = 0) but one
that can be easily solved. The values of the coefficients B, turn out to be

2/
B, = !,; w.v,,(l) dx
2h . ’
x m ﬁ R la"[z Wﬂ,‘{SIﬂh ?Tﬁn — sIn ﬂ-ﬁn) — cosh wﬁn — COs Trﬁn]
+ b,[7f,(cosh #f3, 4 cos =f,) — sinh =f8, — sin =3, ]}
4h
= Tral")lﬂﬂ

when the ratios between @, and b, given in Eq. (5.1.17), are used to simplify
the expression. Since the overtones are not harmonics, the motion is not

periodic.
The other case to be considered is that of a rod struck at its free end in
such a manner that its initial velocity is zero everywhere except at x = /,
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where it is very large, large enough so that [rydx — U. This case corre-
sponds to that of a tuning fork struck at one end. 1f the total impulse given
to the end of the fork is P, then U = P[pS. The coefficients B, are zero and

1 U :U 8p.
R ) — = n—1__
Cﬂ ‘]T],.'"[ u l'{lifl"u d"r ﬂ-'pnf wﬂ(’) ( ) Q.‘cg

when the value given for (/) in Eqs. (5.1.18) is used. This motion is also
nonperiodic, as are all motions of the bar that correspond to more than one
normal mode of vibration.

Clamped-clamped and free-free bars

Other boundary conditions will give rise to other characteristic functions
and frequencies. The bar may be clamped at both ends, in which case

expression (5.1.12) must again be used for Y, but instead of Eq. (5.1.13) we
must have

sin (2ul) + sinh Q2mul) cos (2mul) — cosh (2mul)

@ cos 2mul) — cosh 2mul)  * sin (2mul) — sinh (2muld)
and instead of Eq. (5.1.14) we have

cosh (2mrul) cos (2mul) = 1 or tanh® (wul) = tan® (wul)
The allowed frequencies can be obtained from the formula

B, = 1.5056

= . = 2. 5. 1.20
=T 7 (2 = 2497 (5.1.20)
~n+1 (n>2)

Still another set of boundary conditions is the one for a completely
free bar, where the second and third derivatives must be zero at both ends.
The characteristic functions (which we can call %)) for this case can be
obtained from the ones for the bar clamped at both ends (which we can call
¥, to distinguish them from ) by simply differentiating twice with respect
to x, y) = 0%, /0x% By using Eq. (5.1.10) we can show that 0%y [0x* =
(472 ,2p/ Ox?)y,, so that if y, and dy,/0x are both zero at x = 0 and x = /,
then 0%y’ /0x* and d*y”/dx® are both zero at the end points. The functions
v, therefore satisfy the boundary conditions for a completely free bar. It
is not difficult to see that 3" is a solution of the equation of motion, corre-
sponding to the same allowed frequency as does the functiony,. The allowed
values are given in Eq. (5.1.20).

We thus obtain the rather surprising result that the allowed frequencies
for a free bar are the same as those for a similar bar clamped at both ends
and that the corresponding characteristic functions are related by simple
differentiation, although their shapes are quite different.
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Energy of vibration

It is sometimes useful to know the energy of vibration of a bar. This
energy can be computed by using the expressions obtained in the previous
section. We saw there [Eqgs. (5.1.2) and (5.1.3)] that the moment required
to bend an element dx of the bar by an angle ¢ is M = QS«k*¢/dx). The
amount of work required to bend it from equilibrium to this angle 1s

é %.QSK%E (azy 2
W st G | LY i
J; Mdtf) = 108k axz)dx

Therefore the potential energy of the bar, the work required to bend the bar
into its final instantaneous shape y(x.,t), is

! 32},)2
AR 2 i,
V =105k J.u (3)(2 dx

The kinetic energy is, of course,

:ay‘z
s L(ar) &

so that the total energy turns out to be

[0 (Efle e

The energy of a bar, subject to one or another of the various boundary
conditions discussed above, is obtained by substituting y = XA,p, cos
(2mv,t — £2,) in Eq. (5.1.21). This results in a superfluity of terms, each
containing a product of two trigonometric functions of time and an integral
of a product of two characteristic functions, or two second derivatives of
these functions. The Kinetic-energy terms, containing integrals of the
products of two functions, can be integrated by means of the first of Eqs.
(5.1.18) and reduced to the single sum

Xty 2plSA,2% sin® (2my,t — Q,)

The integrals in the potential-energy terms can be integrated by parts twice:

Ly, Oy, [aw aﬂw,}* [ &% ]’ f a'y
L= —ﬂ .—-——E e m i md
f o OxF ox® - dx 0x% 1o ¥ 3 St ﬂw" At X

dmty,2p [
= QK; J;w,,wm dx

by using the equation of motion. The terms in the square brackets are zero
no matter which of the boundary conditions discussed above are used. The
resulting potential-energy series is therefore X%, 2pISA4,2 cos? (27,1 — £2,).
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The sin? of the kinetic-energy terms combines with the cos® in the potential-
energy terms and gives for the total energy the simple series

E= Zzﬂﬂ”’f v,2A 2 (5.1.22)

n=1

Note the similarity with the corresponding expression for the energy of the
string, given in Eq. (4.3.12).
Forced motion

We can discuss the forced motion of a uniform bar, now that we know
the characteristic functions. If the bar is driven by a force F(x)e 27*** dynes
per cm length, the equation for shape of the bar during the steady state is

%"fg =8 Tsfle) g F(x) y = Y(x)e ™t (5.1.23)

If we expand Y and f in series of characteristic functions,

2 i
Y= Z hn‘lﬂni-x} f= z gﬂw'n(x) gn e _J. F(-*)‘Pn(x) dx
PSf 0

we obtain for the steady-state motion

e l |:§ g (x):l —2mrivie (5 | 24)
A =1 Vgt — 2 ¥n ik
Resonance occurs whenever the driving frequency » equals one of the
natural frequencies »,,, unless the corresponding g, is zero.
These results are analogous to those discussed at the beginning of
Sec. 4.4. The effects of friction can be handled as they were handled for the
string on page 142 and in Sec. 4.3. The results are so similar that we do not

need to go into detail about them here. Some cases will be taken up in the
problems.

The stiff string

When a string is under a tension of 7" dynes, and also has stiffness, its
equation of motion is
d% d'y

92
@_Q_gz Y

1
= PS55 (5.1.25)
This equation can be obtained by combining the derivations in Secs. 4.1 and
3.1 The constant S is the area of cross section, « its radius of gyration, and
pand Q are the density and modulus of elasticity of the material.
Sinusoidal waves can travel along such a wire, for if we set y = Ce*™i(#=1),
we obtain an equation relating u and »:

T + 47 QSkPut = pSr?
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or

T T : vEp
e e v ia g +
8w 0 Sk® 8m20Sk* 472 Quc?

If the frequency is very small (i.e., if »* is very much smaller than
T%[167*pQS%«?), we expand the radical by the binomial theorem and keep
only the first two terms, and u® turns out to be approximately equal to
pS»¥T. The phase velocity »/u is practically equal to the constant value

V/T]pS, which would be the velocity of every wave if the wire had no stiffness
(if QS«®* were zero). The phase velocity for the wire is not constant, however.

It increases with increasing » until for very high frequencies itis V' 2m» (Q«2/p)i,
the phase velocity given in Eq. (5.1.6) for a stiff bar without tension. In other
words, the wire acts like a flexible string for long wavelengths and like a stiff
bar for short ones. This is not surprising.

The boundary conditions

The usual boundary conditions correspond to clamping the wire at both
ends, making y =0 and also dy/dx =0 at x =0 and x = [. Setting
y = Y(x)e 2", we have for Y

dy &y T
-7 i G, 1 T G SR g
T i P = riose

dx?
ﬁzzi\/ ,
4 27\ Oxk?

Setting Y = Ae*#*, we obtain an equation for the allowed values of u:
u— 260 — 4 =0
This equation has two roots for u* and therefore four roots for u:
p= -t pt = VB 4+
or p= i pt =V £yt — B (5.1.27)
p? =20+ p? s = 2
The general solution of Eq. (5.1.26) can then be written

(5.1.26)

ael™mT | pemiTmE L cplTikeT | de‘g"’_""ﬂ"“
Y = { A cosh (27, x) + B sinh (27p,x) (5.1.28)
+ C cos (2musx) + D sin (27 u,x)
If the boundary conditions are symmetrical, it will be useful to place the
point x = 0 midway between the supports. The normal functions will then
be even functions, p(—x) = p(x); or they will be odd ones, p(—x) = —p(x).

In either case, if we fit the boundary conditions at one end, x = //2, they will
also fit at the other end, x = —(//2). The even functions are built up out of
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the combination
Y = A cosh (2mu,x) + C cos (2mru,x)

and the odd functions from the combination
Y = Bsinh (27p,x) + D sin (2mp,x)

The boundary conditions ¥ = 0 and dY/dx = 0 at x = /2 correspond to the
following equations for the even functions:

A cosh () = —C cos (musl) A sinh () = pusC sin (mp,l)

The allowed frequencies
By the use of Eq. (5.1.27), these reduce to

2
tan (wlu,) = —\/1 + fﬁ tanh (7lV uy? + 25%) (5:1:29)
2

which can be solved for the allowed values of u,. The allowed values of the
frequency are obtained from the equation

Ol 2
= 2FV2JQK = 2”#2J(F22 + 28%) s
P p
These allowed values of » can be labeled »,, vy, v, . . ., in order of increasing

size.
The corresponding equation for u, for the odd functions is

2
\/1 + Eﬁ—a tan (wlu,) = tanh (7/V p,® + 2p2%) (5.1.30)
Mz

The allowed values of » obtained from this equation can be labeled v,, v,,
Vg, - . . 5 and then the whole sequence of allowed values will be in order of

increasing size, », being the smallest (the fundamental), v, the next (the first
overtone), and so on.

When f§ (= \/ngrerSrf?') goes to zero (1.e., when the tension is zero),
the equations reduce to those of a bar clamped at both ends, with the following
allowed values of »,

3.5608 [Qx® vy — 5.4039,
=22 / = o (5.1.31)

obtained from Eq. (5.1.20). When f is infinity (i.e., when the stiffness is

zero), the equations reduce to those of a flexible string, and the allowed values
of » are

s vy = 2,

0.5000 | T vy = 39y

M=V n=dn

(5.1.32)
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If 5 is large but not infinite (1.e., if the wire is stiff but the tension is the
more important restoring force), it is possible to obtain an approximate
expression for the allowed frequencies. When fis large, tanh (#/V/252 + Hs®)
is very nearly unity, and A1 4 (2/3%/us?) 1s a large quantity for the lower
overtones (1.e., as long as u,* 1s small compared with ). Equation (5.1.29)
for the even functions then states that tan (7/u,) is a very large negative
number, which means that 7/u, is a small amount larger than =/2 or a small
amount larger than 3#/2. In general, wlu, = (m + §)7 + 0, where d is a
small quantity and m is some integer. Expanding both sides of Eq. (5.1.29)
and retaining only the first terms, we obtain

1 =
3= Y D
- 0Sk?
or 6—17{2m+1)\/ —

where 2m - 1 is any odd integer.

Equation (5.1.30) for the odd functions states that tan (mu,/) must be
very small, which means that for these cases m/u, is a small amount larger
than 7 or a small amount larger than 2=, or in general, nlu, = k= + 6, where
0 is small and k is some integer. The corresponding equation for o is
0 = m(2k)V QSk?TI%, where 2k is any even integer.

We have shown that for either even or odd functions we must have
mluy = (nm(2) + 6, where n is any integer and where 6 = mﬂ/QS:c*,,’TF.
The even solutions correspond to the odd values of n (n = 2m + 1), and the
odd functions correspond to the even values of n (n = 2k). The allowed
values of u, are given approximately by

o ”'(1 4 2\/QSK2)
HER=Ta) - TR

and the allowed values of the frequency are

2
{}ﬂ:£ _T;(] _|_2\/QSK)
21\ pS IN' T

A more accurate formula can be obtained by retaining the next terms in the
series expansions that we have made:

i T 2 [OSk? ( nﬂﬂz) stﬂ]
T o el [ B s
s ZNPS[ +:\/ T T \Yrer

g=123..: Bik33)

This formula is valid as long as »n? is smaller than 2T/72QS«?2.
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When the “stiffness constant™ QS«® becomes negligible compared with
2T, this formula reduces to (5.1.32), the equation for the allowed frequencies
of a flexible string. As the stiffness is increased, the allowed frequencies
increase, the frequencies of the overtones increasing relatively somewhat more
rapidly than the fundamental, so that they are no longer harmonics.

To obtain values for the higher overtones or for the cases where QSx*
is the same size as, or larger than, /*T, we must solve Egs. (5.1.29) and (5.1.30)

numerically.

5.2 WAVE MOTION IN MEMBRANES

Before going on to study wave motion in air, it also is useful to consider
some examples of two-dimensional wave motion, as illustrated by the vibra-
tions of a flexible membrane under tension or of an elastic plate. We shall
find that the addition of another dimension introduces a number of additional
phenomena, which are most easily exhibited in the case of the membrane.

For example, the tension in the membrane, which tends to return the
membrane to its equilibrium configuration, cannot be expressed in terms of a
single magnitude, as was the case with the string. Here the tension at a point
must be given in terms of the pull across an elementary length of a line drawn
through the point, equaling the force tending to split the membrane along this
line. The pull T'ds will be proportional to the length ds of the line element;
the proportionality factor T, the force per unit length of line, is called a stress.
It is a vector, which may or may not be perpendicular to the line element.
Thus the stress in the membrane, in general, is a function of the position of
the line element on the membrane, but also of its orientation.

We shall not enter into any discussion of the general case, but confine
our attention to membranes in which the tensile stress is the same at every
point on the membrane and for every orientation of the line element, being
always perpendicular to this line element. In this special case the stress can
be specified by a single quantity 7, which we can call the tension. For this
to be the case, the membrane must be elastic and deformabile, like a sheet of
rubber rather than a sheet of paper. Also, the outward pull across each unit
length of the membrane’s perimeter must be 7.

It is possible for a membrane of this sort to behave like an assemblage of
parallel strings, having waves whose crests are in parallel lines, perpendicular
to their direction of propagation (like waves on the ocean). The behavior
of such waves is exactly like the behavior of waves on a flexible string: the
waves travel with unchanged shape (when friction is neglected), and every
such wave travels with equal speed. But this is only the simplest form of
wave motion that the membrane can have. It can have circular waves,
radiating out from a point or in toward it; it can have elliptical ones, going
out from or in to a line segment; and so on. This more complicated sort of
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wave motion does not conserve its form as it travels, nor does it have a speed
independent of its form. Much of it is so complicated in behavior that we are
unable to analyze it at all. In this book we shall content ourselves with a
treatment of parallel and circular waves.

If the sheet of material is not perfectly flexible (i.c., is a plate), the motion
is still more complicated than that for a membrane. We shall deal only with
the simplest possible case of such motion later in this chapter.

Forces on a membrane

Our first task is to set up the equation of motion for the membrane.,
The procedure is similar to that for the string. We shall find that any part
of the membrane having a bulge facing away from the equilibrium plane will
be accelerated toward the plane, and vice versa. In general, the acceleration
of any portion is proportional to its “bulginess™ and opposite in direction.
We must find a quantitative measure of this bulginess.

Suppose that the membrane has a density of ¢ g per sq cm and that it is
pulled evenly around its edge with a tension 7 dynes per cm length of edge.
If it is perfectly flexible, this tension will be distributed evenly throughout its
area, the material on opposite sides of any line segment of length dx being
pulled apart with a force of Tdx dynes. The displacement of the membrane
from its equilibrium position will be called #. It is a function of time and of
the position on the membrane of the point in question. If we use rectangular
coordinates to locate the point, » will be a function of x, y, and 1.

Referring to the analogous argument on page 98 for the string and to the
first drawing of Fig. 5.5, we see that the net force on an element dx dy of the

Tody—-a— | dy —-Tdy

ol

rir +o‘rld\‘p

\:‘dr FIGURE 5.5
L Forces on an element of a membrane in
rectangular and polar coordinates.
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membrane due to the pair of tensions 7 dy will be

3??) (3?3) 32??
& [(ar o \o%s 3 PRl

and that due to the pair T dx will be T(9%y/dy*) dx dy. The sum of these is
the net force on the element and must equal the element’s mass ¢ dx dy times
its acceleration. The wave equation for the membrane is therefore

oy d*n 1 d% \/?
= — = [ 5.2.1
Ox® + dy* % or? ® ( )

The Laplacian operator

The left-hand side of this equation is the expression giving the measure
of the bulginess (or rather, the negative bulginess) of the portion of the mem-
brane under consideration.

We now encounter one of the extra difficulties of the two-dimensional
analysis; for we find that if we had picked polar instead of rectangular
coordinates, so that # was a function of r and ¢, then the resulting wave
equation would have a different aspect. The net force due to the tensions
perpendicular to the radius (shown in the second drawing of Fig. 5.5) is

Tdrl:(ra;?qs)diJrM__( % )j 3:2:52 rdr di

and that due to the tensions parallel to the radius is

ra(r51) 5] = Ta () e

The resulting equation of motion in polar coordinates is

2 2
I 3( an)T!iEZ 1 0% (52.2)
or 2ot or?

The left-hand side of this equation has a different form from the left-hand
side of (5.2.1). This does not mean that it represents a different property of
the membrane; for the value of the left side of (5.2.2) for some point on a
given membrane will have the same value as the left side of (5.2.1) for the same
point on the same membrane. 1t simply means that when we wish to measure
the bulginess of a portion of a membrane by using polar coordinates, we must
go at it differently from the way we should have gone at it if we had used
rectangular coordinates.

We often emphasize the fact that the left side of both equations represents
the same property of the surface 7, by writing the wave equation as
1 32??

va?j = } F (5.2.3)

= >
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where the symbol V2 is called the Laplacian operator, or simply the Laplacian,
It stands for the operation of finding the bulginess of the surface at some
point. In different coordinates the operator takes on different forms:

0% d*

5t + a3 (rectangular coordinates)
x 44

tfz

1 @ ( 8) 1 0 l di
R ) e (polar coordinates)

The fact that we have different forms for the Laplacian operator corre-
sponds to the fact that the membrane can have different sorts of waves. The
form for rectangular coordinates is the natural one for parallel waves; that
for polar coordinates is best for circular waves; and so on. Although the
Laplacian is a measure of the same property of the membrane, no matter what
coordinate system we use, nevertheless there is a great variation in the facility
with which we can solve the wave equation in different coordinate systems.
In fact, the known methods for its solution are successful only in the case of a
few of the simpler coordinate systems.

Tension and shear in the membrane

As with the string, the equation of motion (5.2.3) is valid only when the
displacement is small enough so that |d7/dx| and |dn/dy| are everywhere small
compared with unity, and even then only when the membrane is flexible
enough so that resistance to bending and shear is negligible compared with
the transverse force produced by the tension acting on a bulge in the membrane.
The membrane must be flexible in bending (as when a sheet of paper is rolled
up); it also must not resist the sort of shear distortion produced by a bulge
(such as that which causes a sheet of paper to wrinkle or tear when it is forced
to conform to a sphere). A small circle drawn on the membrane at equilib-
rium is no longer a circle when the membrane is displaced if the curvatures
0%y/dx* and @%;/dy? differ in value. In addition, if a circle is drawn on the
displaced surface #(x,y), the ratio between its length of perimeter / and its
radius s, measured along the curved membrane surface, is

2 A2 2 2 2 2 -
{ = 2-;71:] - @ @ = S_( i ) -+~ higher-order terms]
6 \ox dy

This usually differs from the ratio 27 for a plane surface, implying a distortion
of the surface, which material like paper, for example, would resist with
internal forces, independent of any tension. For a membrane to move in
accordance with Eq. (5.2.3), these forces must be negligible compared with
the force of tension.

This limitation is not trivial. Although the shape distortion is second
order in the derivatives of 1, compared with the first-order terms produced
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by the tension, the deflection of the membrane produced by a transverse force
can be quite large if the force is applied to a small area of the membrane. To
show this we work out the static deflection of a circular membrane, subject
to a transverse force F, distributed evenly over a circular area of radius s
at the center of the membrane, as shown in Fig. 5.6. The equation for static
deflection, under the influence of a transverse applied force of density f(x,y)
per unit area, is, according to Eq. (5.2.3),

T Vi = —f(x.y)

For the membrane of Fig. 5.6, the force density is F/ms* for 0 < r < s and
zero for s < r <~ R. Therefore the equation for 7 is

Y 8.f 8 1 02 — 4 D raty
__(r_.ﬂ) ._.__._T}: 'JT.S‘2T S
ror\ or r? od?

0 s R

with the boundary condition that = 0 at r = R.

Symmetry requires that % be independent of ¢. The solution in the
region of application of the force is 5(r) = A + (F/4ns*T)(s* — r*), and in
the outer region it is 4 In (R/r) (which goes to zero at r = R), where A and 4
must be adjusted so that 7 and dn/dr are continuous at r = 5. The result is

FIGURE 5.6

Top and sectional view of circular mem-
brane displaced by force F concentrated on
a small circular area at its center. Section through ag
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A = Ff27T and A = (F/2=T) In (R/s), so that

F R |
z_n:?['"?+ﬁ“2_’2)} e
. 5.2.4
d F | R i ( )
—In — r=
2aT r

The displacement A of the region of application of the force goes to infinity
as s — 0, as the area of application of the force is made small enough. No
matter how small the applied force F is, compared with the tension T, the
deflection caused by F can be made as large as we wish by concentrating its
push into a small enough area of the membrane.

This is in contrast with the flexible string. A transverse force F con-
centrated at a point x of the string is balanced by the discontinuity in slope

g'

If Fis small compared with T, the discontinuity is small and the slopes them-
selves are small. But to balance a force F concentrated within a circle of
radius s requires a downward slope at the edge of the circle of

e 2 (on J‘” an) B F
F_ﬁTJ; ('a—r)s”% - < > 27 W=

If radius s is made small enough, the mean downward slope — (dn/dr), at the
edge of the circle can be large even if Fis much smaller than 7. The reason
is that the tension is applied over a length of perimeter, and if this length 27s
is small, the mean slope must be large to balance the force F.

As a result, Eq. (5.2.3) is not adequate to describe the actual motion of a
membrane if the forces involved are concentrated or if the membrane is not
flexible to shear as well as to bending. The formulas which follow are all
subject to this limitation.

Energy and momentum density

The energy and stress densities in the membrane are given by expressions
similar to Egs. (4.1.9) and (4.1.12) for the string. In continuation of this
earlier discussion, and in preparation for the similar discussion for sound
waves, we shall work out in some detail the formalism of the Lagrange
equation for the membrane. If the mass of the membrane is o per unit area,
its kinetic energy of transverse motion of an element dx dy of its area can be
written 1o ,%dx dy, where we have written 7, instead of d/dt, to save space.
To place a membrane which is elastic enough to satisfy the requirements
mentioned in the previous pages under a tension T will stretch its dimensions
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Jaterally by an amount proportional to 7, even when the membrane is not
displaced transversally (i.e., when # = 0). Transverse displacement from
equiiibrium (n # 0) will increase its area still further, and thus will require
further work, equal to the increase in area times the tension per unit length.
If the displacement is not large, the increase in area caused by the dis-
placement 7 is the integral of

dx dp(V'1 + grad®* 9 — 1) = §(n,* + »,*) dx dy

where 7, = 0n/dx and #, = dn/dy. Because the additional increase in area
is small (if 77, and #, are small), the tension is not changed, to the first order,
so that the work required to displace the membrane is the integral of
1T(n,2 -+ n,?) dx dy, which is the potential energy of displacement.

The Lagrange density L is, as before, the difference between the kinetic
and the potential energy densities,

L(nmmzm,) = dont — 372 + 1,%) (5.2.5)

and the total Lagrange function for the membrane is the integral of L over
the whole area of the membrane. Hamilton’s principle of dynamics states
that the displacement of the system (in this case #) adjusts itself in shape and
velocity so that the integral of this Lagrange function over time, from some
initial time ¢, to a specified final time f,, is minimal.

For example, if #7,(x,y,t) is the correct solution, any slight deviation away
from this form, such as that given by n = #, + 0{(x,y.r), which does not
change the membrane’s boundary conditions or its shape at 1o or 7, (i.e., where
{ is zero at t, and ¢, and along the membrane’s boundary) will produce no
first-order change in the integral of L over ! and over area. Any deviation
in the value of 1 from its correct value 7, will increase the kinetic energy over
certain parts of the region and increase the potential energy over some other
parts, and if the departure from correct shape is not large, the two kinds of
changes will cancel to the first order. Thus Hamilton’s principle provides us
with a mathematical test, which we can apply to some assumed #, to tell
whether the assumed # does satisfy the equations of motion.

In fact, Hamilton’s principle is equivalent to the equation of motion of
the membrane, plus the boundary and initial conditions, as the following
argument will show. We substitute 5 = , -+ oL in the form for L(7.7.%,.7,)
and expand L in a power series in o; the change in L caused by the change in#
is then

0L = L(n, + 0L, mei + 0L fex + 080 Ney + 06,) — Lo seMiasMey)

(3, - E G G

N=Me = =Ry
| ac ;

(aL) L. Bigher-ordert }
B gy Lol -+ higher-order terms
a}* a’?v =t
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where 7, = d»/dt, etc. The integral of this difference can be simplified by
integration by parts. For example,

- )] e )
J;ua(éa e ggf_t to fuzar(%_:dr

and the first term on the right-hand side is zero because ¢ goes to zero at ¢,
and t,. Therefore

: oL @ [oJL d (0L d (oL :[

plus terms in higher powers of 8. For this to be zero to the first order in d,
7, must satisfy the equation

3 (3L\ 3 aL), ) (EL) aL
2 (2hy, @ [dEy, @ (OEY 8L 5.2,
af(am)—i_ax (an,, "\ )

which is the Lagrange-Euler equation for the membrane.

If, in addition, a transverse driving force f(x,p,t) dx dy is applied to the
element of membrane at x, y, the Lagrange density has a term f added to it
and the Lagrange-Euler equation is still Eq. (5.2.6). For a Lagrange density
of the form of Eq. (5.2.5), plus f#, with the first part quadratic in the partials
of 7 and only the fi term dependent on 7 itself, this becomes

d d 0*

0 7
_ — i' — — ? — ﬂE P i
ot (7.) ax( ") ay( ) =@ PN (5.2.7)

drt

which is, of course, the wave equation.

We note that if we had used polar coordinates r, @ instead of x, y, the
integral would have been ([ dLr dr dg dt, and the integration by parts over
the space derivative part of AL is

oA 2o 11342
(2w

9\,

which leads, when L = }on,2 — 1T9,2 — 3(T[r*)m,? is used, to

Jd 12 d (T%): 3%_ .
ETI(G'?I:) —“—é';(r”?r] i E e GEE Vi = f(r,1)

precisely the modified form for the differential operator V2 which was given
following Eq. (5.2.3).
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The stress-energy tensor
We now can extend the symbolism of Egs. (4.1.8) to (4.1.12) to obtain the
energy density and energy flux for wave motion. We define

vonl@) -t @[] o2

which is called the Hamiltonian density. It is the sum of the kinetic and
potential energy densities of transverse motion of the element dx dy of
membrane at x, y. Related to this is the two-dimensional vector W,, with

compnnents

ve=nlg)=-TGG)  re=nls)- -GG
(5.2.9)

which is the generalization of the energy flux W, of Eq. (4.1.9) for the string.
The direction of W, is the direction of the energy flow; the magnitude is the
rate of energy flow, along the membrane, per unit length perpendicular to the

flow.
That W, is actual energy flux is shown in several ways. In the first place,

the dimensions of W, are force per unit length times velocity, in other words,
power per unit length. More importantly, however, is the relationship
between W, and the energy density W, If W, is really the energy flux
vector, the divergence of W,,

ow,, ; aw,,
ox dy-

larw, 1aw,,
r or r oo

div(W,) = (for rectangular coordinates)

(for polar coordinates)

represents the net outflow of energy from a unit area of membrane, and thus
must equal the rate of loss —(dW,,/dt) of energy from this unit area. The
resulting equation is (dW,,[dt) + div(W,) = Q, where Q, the rate of intro-
duction of energy into the area, is called the equation of continuity. It has
been used before [Eq. (4.1.11)] and will be used many times again [see, for
example, Eq. (6.1.12)]. That W,, and W, do satisfy the equation of con-
tinuity, and thus, that if W,, is energy density, W, must be energy flux, is
demonstrated by inserting Egs. (5.2.8) and (5.2.9) into

oW

5= -+ div W, = 09 + T(1700 + 010s)

— Ty N+ Tifle + %)
= 1,007 e — T (Mo + Ma)] = 7ef (e p,1)
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where we have used the wave equation (5.2.7) to obtain the last expression,
This is, of course, the rate of introduction of energy into the membrane by
the applied force density f. If f = 0, then div W, is just equal to —(e W ,,/d1),
which again demonstrates that W, is energy flux.

The quantities

oL
Wr.r = T}r(%‘) — L = %U?hg S "}-T(?:"::E T nyz]

W — aL_,L:L L - 2
w = Ty tons® + 4T(n2 — D

o,
aL" daL
W-l‘!a' = Tl'-r(_a?) = _anﬁy = Wy:r = ?}'F(E)
o x

are components of the tensor which represents the stress in the membrane
surface produced by the deflection. For example, the force W, dy =
(W,,dy, W,,dy) is the stress across a line of length dy, perpendicular to the x
axis, at point x, y. Its x component, W, dy, is the increment of tension in
the x direction produced by the displacement; its y component, W,, dy, is the
component of shear, discussed on page 194. The force W, dx = (W,, dx,
W,, dx) is the related force across a line element perpendicular to y.

Corresponding to these stress components there is an along-the-mem-
brane momentum vector, with components

oL oL
Wa = ??x(—) = a"]‘:"‘]’z Wyt = f‘h(a) = ONy1,y
f

an,
analogous to the longitudinal momentum of the string, discussed on page 103.
These quantities also satisfy equations of continuity

oW, ;
P ) + div w;r . 1-;.*1,[0'??“ = T(T}a'.r + ??Hr-')] = nzf

where 7, f = (0n/dx)f(x,p,1) is the effective applied force density in the x
direction at point x, y which produces momentum flow in the x direction
(Fig. 4.6).

Beyond setting up the foregoing equations, to be compared with those
for sound, it is not advantageous to investigate the motion of the membrane
in much detail here. Motion of an actual membrane is strongly affected by
its reaction with the air, and calculations of such coupled motion must be
discussed later. Here we treat a few simple motions of membranes in vacuo.

Wave motion on an unlimited membrane

First let us neglect even the effects of the membrane boundaries, which
support its perimeter and maintain its tension, and discuss traveling waves,
as we did‘at the bﬁglmgﬁzpﬁggcussmn of the string.
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As was mentioned earlier, a membrane can act like an assemblage of
strings, each transmitting an identical wave, in parallel. For example, the
function

n(x,p,t) = Fg(x cos 0 + y sin 0 — ct)

is a solution of the wave equation (5.2.1). This represents a wave traveling

in a direction at angle ) with respect to the x axis, with velocity ¢ = \fT,fcr.
The wavefronts [for example, the line xcosf + ysinf — ¢t = 0 corre-
sponding to F(0)] are all lines perpendicular to this direction; so it can be
called a linear wave. The membrane bends like a sheet of paper, and there
is no surface shear; the wave continues, without change of form until it
strikes a boundary, just as does a wave on a flexible string.

If this were the only possible kind of wave, there would be little to say
beyond what has been said for the string. But since the wave equation is
linear in 7, a superposition of waves, going in different directions, is also a
solution. This superposition is also possible in the case of the string, of
course, but in the case of the membrane, the waves may be in different
directions, producing a motion which cannot be duplicated by waves in
parallel strings. A general sort of wave can be built up by superposing a
sequence of linear waves, each going in a different direction 0, and each, if we
wish, having a different form, the combination represented by the integral

n(x,p,t) szFB(x cos 0 -} ysin 0 — ct) dfl (5.2.10)
0

Since each component of the integral is a solution of the wave equation, the
integral is a solution. However, this solution is not a linear wave; it will
exhibit properties differing from waves on a string.

We can see the difference more clearly if we express the waveform in
terms of its initial conditions, as we did in Eq. (4.2.1), by specifically putting
in the formula and limits for S and by integrating and differentiating y,.
The displacement of the string, in terms of its initial displacement yy(x) and its
initial velocity vy(x), is

ztct xtet
d ]

1
o Y i s ; S.2:11
y(x,1) 5% 3 Jr:_“}?{,(.Jr'] dXx i . vo(X)dX ( )

Point x is the point of observation, where the displacement of the string is
observed attimes. Point X is an initial point used to specify the displacement
and velocity of the string at 1 = 0. Equation (5.2.11) states that the dis-
Placement of the observation point at time 7 is a sum of the effects of all
initial points within a distance ¢t of the observation point. When 1 is small,

only the initial values for nearby parts of the string play a part; when s
large, the initial values of a long segment of the string contribtte to tfw
displacement at x. unl\rgul‘m NALYONAL 5

\,r

.r‘r‘h\': L .-I“‘._ :
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FIGURE 5.7

Dependence of the wave motion of a
string and membrane on initial conditions.
The displacement of the point (x,y) on the
membrane at the time t depends on the
initial conditions forthat part of the mem-
brane enclosed by a circle of radius ct
with center (xy). The displacement of

r—cr 4""*75?4"[ point x on the string depends on the
;‘ X

initial conditions for the portion within
a distance ct on either side of x.

+

For the string, all initial values between x — ¢f and x - c¢f contribute
with equal weight, which ensures that the waveform is unchanged as it
progresses. For example, if y, and v, differ from zero only in the range
—A < X < 0, then at x > 0 the string will be at rest until time 7 = x/e,
since neither of the integrals of Eq. (5.2.11) would include the active region
of X before that time. Moreover, after r = (1/c)(x + A), the string at point
x is again at rest. A simple example is shown in Fig. 5.8; we see that waves
on the string propagate without change of form, leaving no “wake” behind.

The analogous expression for the displacement of a point x, y on a
membrane at time 7, in terms of the initial displacement 7, and velocity v,
of the point X, Y, is

. 1 a [2r J‘rr y&(xsy)
?j(l,y,!)— QE‘J‘“ do g ?ﬁiRdR

bt Vg T HEE pap (s2:12)

2mcJo  Jo Ver— R
where R is the magnitude of the vector joining the observation point x, y to
the initial point X, Y, and 6 is its direction, as shown in Fig. 5.7. Thus all
initial points within a range ¢t of the observation point contribute to the
displacement # at time ¢, but in contrast to the string, different points con-
tribute different amounts, in accord with the factor (¢%* — R?)~:. The
initial points on the perimeter of the circle of radius c7, around the observation
point, contribute the most; the points inside this circle contribute progressively
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less, the closer they are to the observation point. If the nearest point on the
membrane for which #, or v, is nonzero is a distance R, from the observation
point, the observation point will be first displaced at time (Ry/c). Thus the
initial rise of the circular wave generated by a localized disturbance travels

—

FIGURE 5.8

Comparison between the behavior of a struck string and a
struck membrane. The initial displacements are zero, and
the center portions are started upward; the lower sketches
show the shapes at successive instants later. One-quarter

of the membrane has been cut away to show the shape of the
Cross section.

with velocity ¢, as for the string. But for the membrane, the shape of the
wave changes, its amplitude decreases as it spreads out, and the wave leaves a
“wake” of residual motion behind it. Figure 5.8 illustrates this effect and
compares it with the simpler behavior of waves on the string,
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Rectangular membrane; standing waves

As with the string, when the motion has gone on long enough so that
reflections from the membrane boundaries contribute to the motion, standing
waves are set up, and the motion resembles that of a series of simple oscillators,
For example, suppose the membrane is stretched between a rectangular
frame of sides @ and b, each unit length of boundary exerting a pull 7" on the
membrane. The motion can most easily be expressed in terms of the
rectangular coordinates, x being the axis parallel to the side of length 4, and y
being in the direction of the sides of length b, with the origin at one corner of
the boundary.

The wave equation for the displacement #(x,p,t) of the point x, y of the
membrane, away from its equilibrium position, at time 7 is

g4 d'm 1% -
axz 9yt o =

- (5.2.13)
T
if we can assume that there is no force on the membrane other than that
caused by the tension 7, and if the magnitude of grad # is everywhere small
compared with unity. To analyze the motion we can first ask whether the
membrane can oscillate with simple-harmonic motion.

If we wish to fit rectangular boundaries, we must use a standing wave
having a set of nodal lines (lines along which the displacement is zero)
parallel to the x axis and another set parallel to the y axis. Now, the only
way that we can have a nodal line parallel to the y axis (i.e., for # to be zero
for a given value of x for all values of y) is to have a factor of » which is a
function of x only and which goes to zero at the value of x corresponding to
the nodal line. The nodal lines parallel to the x axis would require a factor
depending on y only. Finally, if the motion is simple harmonic, the time
dependence must come in the factor e 27!, Therefore an expression for the
form of the membrane satisfying our requirements must be

n = X(x)Y(y) e 2mivt

where substitution in Eq. (5.2.13) shows that

a2 X 4722 0ty
i L A W
ox? et ' dy?
| 32X ! (4n2:-2 B 1’)
T o MR an
: X ox® G O dy? ,

The left-hand side of this equation is a function of x only, whereas the
right-hand side is a function of y only. Now, a function of y cannot equal a
function of x for all values of x and y if both functions really vary with x and y,
respectively; so that the only possible way for the equation to be true is for
both sides to be independent of both x and y, that is, to be a constant. Suppose
that we call the constant —(47%{*/c®*). Then the equation reduces to two
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simpler equations:

22X 4202 2y 4o
e Rl S

The solution of this pair of equations is

2
7 = A COS (ET—C Rre= Q:) COS(ﬂy = ﬂy) cos (2mt V' {® + 7 — D)
c c
(5.2.14)

where we have set 7 = V32 — (2,

The normal modes

If the boundary conditions are that  must be zero along the edges of a
rectangle composed of the x and y axes, the line x = @ and the line y = b,
it is not difficult to see that {2, = (), = =/2, that 2{a/c must equal an integer,
and that 27b/c must equal an integer (not necessarily the same integer). The
characteristic functions, giving the possible shapes of the membrane as it
vibrates with simple-harmonic motion, are

7 = Ay,.(x,p) cos 2mv,,,t — D)

Yo%) = sin = sin 1;" (5.2.15)
(7}

1\/T\/m"3| n\* sl Y

where P =—c: (o (—J 4 (—)

2V o a b, =123

The shapes of the first normal modes are shown in Fig. 5.9. We notice that
the number of nodal lines parallel to the y axis is m — 1 and the number
parallel to the x axis, n — 1.

The fundamental frequency is vy, depending on 7 and ¢ in a manner
qQuite analogous to the case of the string. Among the allowed frequencies are
all the harmonics of the fundamental, v,y = 2¥,,, 53 = 3%, etc. But there
are many more allowed frequencies which are not harmonics. When a is
nearly equal to b, 2 extra overtones, v,, and »,,, come in between the first and
second harmonic; 6 extra, v, v3;, Vag, Va2, Y145 V41, all come between the second
and third; 10 extra come between the third and fourth: and so on. No
Mmatter what the ratio between ¢ and b is, it is possible to show that the average
number of overtones between the nth and the (1 + 1)st harmonics is
tmn(a? + b*)[ab, or that the average number of allowed frequencies in the
frequency range between » and » + Av is (2mvab/c®)Av.

In the case of the string, the allowed frequencies are equally spaced along

the frequency scale, but in the case of the membrane, the allowed frequencies
get closer and closer together, the higher the pitch. The higher the pitch,
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the more overtones there are in a range of frequency of a given size. This
property is true of all membranes, no matter what shape their boundary has,
It can be shown for any membrane that the average number of allowed
frequencies between » and » -+ Av is (27v/c?)Aw times the area of the mem-
brane. We shall show later how this can be proved.

L >
o WF A7

LI5S

m=1 n=2 m=2/n=1

FIGURE 5.9
Shapes of the first four normal modes of a rectangular mem-
brane. Arrows point to the nodal lines.

The degenerate case

An interesting phenomenon occurs when the rectangular membrane is a
square one (that is, @ = b), for then the allowed frequencies become equal in
pairs, »,,,, being equal to »,,,. There are fewer different allowed frequencies,
but there are just as many characteristic functions as when a is not equal to b.
This is called a condition of degeneracy. There are two different functions,
Yo and .., each corresponding to the same frequency (except for the cases
n = m, which are not degenerate). In such cases the membrane can vibrate
with simple-harmonic motion of frequency v,,, with any one of an infinite
number of different shapes, corresponding to the different values of y in the
combination

Wmn COS Y = ¥ um sin b 4

Figure 5.10 shows the shapes of the normal moaes of vibration of the
square membrane corresponding to v, and vy, for different values of y. The
vibrations can be standing waves, corresponding to

N = (Ppun COS ¥ + P, SiN ¥) COS 271V ,,,8)
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The nodal lines have a different shape for each different value of p. Itis also

possible to have traveling waves, corresponding to the expression

?? = w‘mn COS {27Tvmnr) —f_ w:lli’l Sin (Zwvmur)
In this case the nodal lines go through the whole range of possible shapes

during each cycle. Itis only in degenerate cases that it is possible to have
traveling waves of simple-harmonic motion in a membrane of finite size.

FIGURE 5.10

Various modes of simple-harmonic vibration of a square
membrane, for the degenerate cases v,, = v,, and v, = vy,.
Arrows point to the nodal lines.

The characteristic functions

The characteristic functions for the rectangular membrane have the
following integral properties:

. 0 m' # m or 0 LR
j j WM illl.;t"'m'u' df‘- f{}' - ﬂ'b 5 (5.2. I6)
0 <0

7 m =m and n=n

The behavior of a membrane having an initial shape #,(x,y) and an initial
velocity vy(x,y) is therefore

n=2 2 YuX:Y)B,., cos 2nv,,,t) + Cpp sin 2nv,,,1)] (5.2.17)
m=1 n=1
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where

4
B,y = ‘E fJ.?}‘D?,Dm 7L d_}’

2
C T — k]
mmn my,, “ab J:[L 0¥ mn dx dy

This expression is the correct one for both the degenerate and the non-
degenerate cases.

FIGURE 5.11
Successive shapes of a rectangular membrane struck at its

center. Times are given in terms of fractions of the funda-
mental period of vibration.

Figure 5.11 shows the motion of a membrane that has been struck so that
a small area around its center is started downward at t = 0. In this case
1o = 0, and v, is zero except near the point x = a2, y = b/2, where it

has a laree enourh value so that [ dy v — I7T  The intacratinne Fae tha
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coefficients C,,. become simple, and the resulting expression for 7,

2U 1 a b

y = ;{E,m;:n %“mn(i : i)‘fpmn(,’f,y) sin (27v,,,t)

The series does not converge if m and n both run to infinity, a corollary of the
fact that a concentrated force produces an infinite displacement of the
membrane. However, if the series does not continue for m larger than some
qumber M or for n larger than N, there will be only a finite number of terms
to be added together, and the result will never be infinite.  Such a finite series
corresponds approximately to a starting area of dimensions a/M by b/N.

The case shown in Fig. 5.11 is for M = N = 10. The initial shape and
the shapes of successive eighths of the fundamental cycle are shown.  We see
the initial pulse spread out and then reflect back to pile up in the center in a
“splash.”  Since not all the overtones are harmonics, the motion is not
periodic. We notice that the shape of the pulse changes as it spreads out to
the edge, as has been mentioned in connection with Fig. 5.8.

The circular membrane

Rectangular coordinates are useful to describe parallel waves and normal
modes for a rectangular boundary, but for the discussion of circular waves
and for the study of the normal modes for a circular boundary, we shall find
it easiest to use polar coordinates. In this study we shall encounter more
forcibly than before the essential differences between wave motion on a string
and on a membrane. We have already seen, in Fig. 5.8, that circular waves,
spreading out from a concentrated source, do not maintain shape or amplitude
as they progress. We also have noted that the Laplace operator V2, the
analogue of the curvature operator for the string, has a form, for polar
coordinates, quite different from that of a sum of second derivatives. For
this reason even the standing waves in a circular membrane differ markedly
from stringlike behavior.

Simple-harmonic waves

To show this we turn to the circular waves that vibrate with simple-
harmonic motion.  As in the rectangular case, we separate the wave equation.
In polar coordinates the equation is

18( an)llazn 1 %y
r or\ ar r:o¢*  ¢*or?
and by setting = R(r)®(4)e27!, we obtain the equations for R and ®:

E—? = —u*d D = cos (ud) or sin () (5.2.18)

d¢?
@R 1dR (4172»2 ,uz)R
dr, rdr

For these circular waves one “boundary condition™ is required even
before the shape of the boundary line is decided upon. The requirement is

e (5.2.19)

o2 r
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simply that the displacement # be a single-valued function of position; for
the coordinate ¢ is a periodic one, repeating itself after an angle 27, and we
must have 7(r,¢) equal to n(r, ¢ + 2m). This restricts the allowed values of
p to integers:

®,, =cos(mp) ®, =sin(m$) m=0,1,23,...

This is not true for a membrane whose boundary is shaped like a sector of a
circle, where ¢ cannot go from zero clear around to 27, but such cases are of
no great practical importance.

The foregoing requirement is the third different type of boundary
condition that we have encountered, the first type being the fixing of the
displacement or its slope (or both) at some point or along some line (as with
the string, the bar, and the rectangular membrane), the second being simply
that the displacement have no infinite values in the range of interest. The
third, the condition of periodicity, will be used whenever any of the coordinates
are angles that repeat themselves.

Bessel functions

Equation (5.2.19) for the radial factor is Bessel’s equation (1.2.4). The
general solution J,,(z), where z = 2myr/c and m is an integer, has the following

properties: T E. me
bl e N P =
e dZ (2’ dz Jm) ( 72) J‘m 0
J(z) = : (z)m 1 (z)’“-!—z r 1 (z)m-“. e
D=3 "m0 \2) T 2im 2 \2

2 + 1
J(z) —> | — cos (z - e n‘)

wZ 4
2r
T 7y = o J.D €2 %% cos (mw) dw (5.2.20)

‘Im—l(z) + Jm t l(z) = ?ZEJ:-:-!(Z)

d

d_'jm(z) = %{Jrn—l(z) == m-‘.—l(z)]

Z

2 (D) = 5 ald
jil(z) dz = —Jy(2) fzju{z) dz = zJ(2)

d
(] = 2 a(2)

Jjuz(z}z dz = zg [J,2(z) + J,%(2)] (5.2.21)
2
fjﬂlz{Z)Z dz = % [sz(z) _ Jm—l(z)"rm+1(z)]

[ 2 b = 2 B2 (B — 2 B i)
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All these properties are proved in books on Bessel functions. Values of J,,
J,, and J, are given in Table V.

The function J,, (27vr/c) is not the only solution of Eq. (5.2.19), foritis a
second-order equation, and there must be a second solution. This other
solution, however, becomes infinite at r = 0, and so is of no interest to us at
present. It will be discussed in Sec. 7.3. We should note, however, that the
use of J,, is in accord with the boundary condition of the second kind,
mentioned above.

The allowed frequencies

Coming back to our problem, we can now say that a simple-harmonic
solution of the wave equation which is finite over the range from r = 0 to
r = oo, which is single-valued over the range from ¢ = 0 to ¢ = 27, is

n =cosm(¢ — «)J, (Z_wv_r) cos (2mvt — Q) (5.2.22)
¢

If the membrane is fastened along a boundary circle of radius a, the allowed
frequencies must be those that make J,,(27vafc) = 0. For each value of m
there will be a whole sequence of solutions. We shall label the allowed values
of the frequency »,,,, 50 that vy, ¥gs, ¥gs, . . . are the solutions of Jy(27va/c) = 0;
Vq1s V15 V13, - - - are the solutions of J;(27va/c) = 0; and so on. The values of
Yy are given by the equations

ﬁ[n = 0.?655, ﬁug — I.?S?l, ,303 — 2.7546, ‘oo
B 12197, Bligwe 22330 Bipom 32383, 0

'321 = 1634?, .ﬁ22 :2.6?93, ﬁz:;: 3.698?, e
........... eadtEE el

¢
Voun = E ﬁmn

m 1
Bins S50 S if nis large

The frequency v, is the fundamental.  Another way of writing these results is

1 T
v = 0.38274 - \/E’ vy = 1.5933v,, s = 2.1355vy

(5.2.24)
vuz = 2.29541"01! 1’31 == 2.6531”01, 1"12 — 2.91731’01, 5
It is to be noticed that none of these overtones is harmonic.

The characteristic functions

Corresponding to the frequency »,, is the characteristic function

Veon(rs @) = Ja(w ou-")

a
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and corresponding to the frequency »,,,(m > 0) are the two characteristic
functions

Yemn = COS (M) Jm(ﬁ) PYomn = Sin (m) J,, (ﬂﬁ:“r) (5.2.25)

Except for m = 0, the normal modes are degenerate, there being two charac-
teristic functions for each frequency. The shapes of a few of the normal
modes are shown in Fig. 5.12. We notice that the (m,n)th characteristic
function has m diametrical nodal lines and n — 1 circular nodes.

FIGURE 5.12

Shapes of some of the normal modes of vibration of the
circular membrane. Arrows point to the nodal lines.

The integral properties of these functions are obtained from Egs. (5.2.21):

J f Yemn¥em n'l dr d‘#’ :J f- Yomn¥Pom nt dr d¢
0J0 0

0

[0 m#=m' or nEn

— (5.2.26)
mall\,,, m=m' and n=1u

where ‘P\ﬂn = ["'r]"L""Tﬁlllr‘!::']2 A"“‘i ==

s

[Jrra—l{'”ﬂm n]’]2 m >0

The values of the constants A,,, can be computed from the following values
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of Jm'
Jl(ﬂ.ﬂm) = +0.5191 Jl('ﬂ'ﬁug) = —0.3403
Ji(7Bos) = +0.2715  Jy(mfoy) = —0.2325
Jg('ﬁ'ﬁu) = —0.4028 Jo(7B12) = +0.3001
Jo(mPrs) = —0.2497  Jy(mPy,) = +0.2184
11(77.821) = —0.3397 Jl(“’ﬁzz) = +40.2714
Ji(mfu) = —02324  Jy(mf,) = +0.2066
With the values of the constants A known, it is possible to compute the
behavior of a circular membrane when started with the initial shape n,(r,¢)

and the initial velocity vy(r,¢). By methods that we have used many times
before, we can show that this behavior is governed by the series

n=2 WYomnlBemn €08 2y, 1) + C, . Sin R7v,,,01)]
a=1 \m=0
_'l'_ z wl]mn[BDmn cos (Zﬁvmnr} _|_ Cﬂmn Sin (zﬂpmnr)]} (5'2'27)
m=1
l a (t2r
Whﬁrﬂ Bfmn = 'J'Tﬂ'zf - J;J;) ??UTPemﬂr df dtlﬂ’
1 a "2#
Ccmn = 2#21',,”,:12!\,“.]; i UoWemnl dr d(jb

A similar set of equations holds for B,,,, and C,,,,..

This completes our preliminary discussion of wave motion on a mem-
brane. We shall return to the subject in Chaps. 9 and 10, when we have
learned something of wave motion in air, and can thus take into account the
interactions between membrane and surrounding air, which are so important
in actual membrane behavior.

53 THE VIBRATION OF PLATES

The study of the vibrations of plates bears the same relation to the study
of the membrane as the study of the vibrations of bars does to the study of the
flexible string. The effect of stiffness in both cases increases the frequencies
of the higher overtones more than it does those of the lower overtones, and so
makes the fundamental frequency very much lower than all the overtones.
However, the motions of a plate are very much more complicated than those
of a bar; so much more complicated that we shall have to be satisfied with
the study of one example, that of the circular plate, clamped at its edge and
under no tension. The diaphragm of an ordinary telephone receiver is a
Plate of this type; so the study will have some practical applications.
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The equation of motion

The increased complications encountered in the study of plates come
partly from the increased complexity of wave motions in two dimensions over
those of one, but also come about because of the complex sorts of stresses that
are set up when a plate is bent. The bending of a plate compresses the
material on the inside of the bend and stretches it on the outside. Butwhena
material is compressed it tries to spread out in a direction perpendicular to the
compressional force, so that when a plate is bent downward in one direction,
there will be a tendency for it to curl up in a direction at right angles to the
bend. The ratio of the sidewise spreading to the compression is called
Poisson’s ratio, and will be labeled by the letter s. It has a value about equal
to 0.3 for most materials. This complication was not considered when we
studied the vibration of bars, for we tacitly assumed that the bar was thin
enough compared with its length so that the effects of a sidewise curl would be
negligible.

The derivation of the wave equation for the plate involves more dis-
cussion than is worthwhile here (it is given in books on theory of elasticity).
The equation is

W 30— s o
Vig + o e 0 (5.3.1)
‘where p is the density of the material, s its Poisson’s ratio, Q its modulus of
elasticity, and A the half-thickness of the plate.

We shall not spend any time discussing the general behavior of wavesona
plate of infinite extent, but shall simply remark that, like the bar, the plate is a
dispersive medium; waves of different wavelength travel with different
velocities.

Simple-harmonic vibrations

To study the simple-harmonic motion of a plate, we insert the exponential
dependence on time and separate the factors depending on the individual
coordinates. The differential operator V* is difficult to separate in most
coordinate systems, but for polar coordinates the results turn out to be
sufficiently simple to justify our analyzing them in detail. Here, if we set
n = Y(r.$)e 27!, where Y’s dependence on ¢ is by the factor cos or sin (m¢),
then the differential equation for Y can be written

127%2p(1 — 5%)
a Oh?

Therefore Y can be a solution either of V2Y - 2Y = 0orof V2Y — 92Y = 0.
Since V2 and Y are to be expressed in polar coordinates, the solution
of the first equation, which is finite at r = 0, is

(V2 — 32)(V2 + 3 Y =0 e (5.3.2)

Y= CF}S (me)J,.(vr) where m is an integer
sin
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This is the usual solution for the membrane, with ¥ instead of 2mvfe. The
solution of the second equation is obtained from the first by changing y into
iy and necessitates a little discussion of Bessel functions of imaginary values
of the independent variable. Let us call these hyperbolic Bessel functions and
define them by the equation [I,(z) =i "™/,(iz). The properties of the
function 1,,(z) can be obtained from Egs. (5.2.20) and (5.2.21) for J,,(2).
The more useful formulas are

2 d
1@ — Tpia) = = 1D 1D = W@ + Lia(@)]

jfo(z)z dz = zI,(2) f I(2) dz = I(2) (5.3.3)
Values of the functions [, I, and /, are given in Table 1V.

The normal modes

Possible solutions for the simple-harmonic oscillations of a plate are
therefore given by the expressions

Yir$) = . (mA)AT, () + BL,G)]

The boundary conditions corresponding to a circular plate of radius a,
clamped at its edges, are that Y(a,$) = 0 and (dY/or),_, = 0. The first
condition is satisfied by making

Julya)

I,(ya)

and the second condition is satisfied by requiring that y have those values
that make

B= —A4

d d
Im(}’a) E_ ‘]m(yr) - ‘I:n(j"a) ‘_f; Irn(?r) =0 atr=a (53‘4)

This equation fixes the allowed values of the frequency, for y depends on ».
We shall label the solutions of Eq. (5.3.4) by the symbols y,,,, where y,,, =
(m/a)B,, ., and where

Bsp= 1013, B4 = 2007, Bz = 3.000
B = 1.468, fi. = 2.483, hs = 3.490 (5.3.5)
P = 1.879, B2 = 2.992, Bea = 4.000

m
.Brnnﬂ—_,?-? n -+ E
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The allowed values of the frequency are therefore

wh Q
Voun = —_

mr a2\ 3p(l — 52)

k1 D
=09342 — | ————
- e \/ (1 — 5
v = 2.091vg,, Ve, = 3.426v¢,, Ve = 3.909%,
Via =— 5.983?”01, "

(IS?H ﬂ]z

The allowed frequencies are spread apart much farther than those for the
membrane, given in Eq. (5.2.24). The overtones are not harmonic.

FIGURE 5.13
Shapes of a few of the normal modes of vibration of a circular
plate clamped at its edge.

The characteristic functions are

K Jm T mn T mn

and a similar expression for ¥,,,, (for m > 0), where sin (m¢) is used instead
of cos (mg¢). Some of these functions are shown in Fig. 313

The free vibrations of the plate corresponding to arbitrary initial
conditions can be expressed in terms of a series of these characteristic
functions.

To compute the coefficients of the series, we need the expressions for
the integrals, over the area of the plate, of the squares of the characteristic
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functions. These can be obtained by using Egs. (5.2.21) and (5.3.4).

fz”dqgjlﬂ[wdm(é,r)]ﬁr dr = wa®A.., o = e or o; m, n integers
W . (5.3.7)
Apn = — {lJ (@B ) + V(7B n) 1}
Where J:n(ﬂ) = (dl’du)‘;m{u)'

Forced motion

As an example of the calculation of forced motion, let us consider the
case of a diaphragm subject to a uniform simple-harmonic transverse
driving force F_ e *®* per unit area of its surface. The equation of motion is
0% 20k

PP aE T TR =)

Viy -+ F e ot (5.3.8)

where 2hp is the mass of the plate per unit area, /& being its half-thickness.
Setting n = Y _(r,¢)e " for the steady-state solution, we have
1 —sHF, .. Sarpyll — %)
2003 YT T o
For a circular plate, the solutions of the homogeneous equation V*Y —
y*Y = 0, which are finite at r = 0 and independent of ¢, are the two Bessel
functions Jy(yr) and Iy(yr). A combination of these would not satisfy the
boundary conditions ¥ =0 and dY/dr = 0 at r = a, appropriate for a
plate clamped at its edge, for an arbitrarily chosen value of w. In fact, we have
just shown that this is possible only for those frequencies given in Eq. (5.3.5).

Only by adding a constant term can it satisfy these conditions for any
frequency. Specifically, the combination

Y = A[L(ya)Jy(yr) + Jy(ya)ly(yr) — Ii(ya)Jy(ya) — Ji(ya)ly(ya)]
does satisfy the two boundary conditions at r = a, since
yh(yr) = —[dl(yr)[dr]  and  yI(yr) = dly(yr)/dr

F)f course, the combination does not satisfy the homogeneous equation;
In fact, it satisfies the inhomogeneous equation

VIY — p1Y = Ay*[L(ya)ly(ya) + Jy(ya)ly(ya)]

But the equation we are to solve is not homogeneous; in fact, we need
only adjust the value of A4 to satisfy Eq. (5.3.9). The final result is

y — _Fo HGal(or) — JGa)l + Jiya)llyr) — I(ya)]

ViY, — 1Y, =

(5.3.9)

© 2hpw? I(ya)y(ya) + Jy(ya)l,(ya)
G =
WQ——(Q r ) '}Fﬂ—)ﬂ (5.3.'0)
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At certain frequencies, those for which the denominator I,(ya)Jy(ya) +
Ji(ya)ly(ya) is zero, the diaphragm resonates; the formula predicts an infinite
amplitude because the frictional term has been omitted. These values of y
(and thus of frequency) for resonance are, of course, those specified by Eq.
(5.3.4) for m = 0 for the standing waves of free vibration of the plate. We
note that, as the driving frequency goes to zero, the static displacement of
the diaphragm, given by the limiting form, is small.

The Green'’s function

If instead of being spread over the plate surface, the driving force is
concentrated at the point ry, ¢,, the steady-state motion is given in terms
of the Green’s function G, the solution of

1 3p(1 — s®
V4G — y4G = z or —rg) 0 — ¢y) ' = w? P(QT]- (5.3.11)
which is the analogue of Eq. (4.4.9). This function can be expressed as a
series of the characteristic functions w,,.(#,r) of Eq. (5.3.6). Inserting
G =3 A, Wi 1 Eq. (53:11), we obtain

1 Wﬁmn
z Askl(ykf R y‘l)w,ﬂjkl((ﬁ!r) == ; a(r = rﬂ} "5{96 T (I{}D) Ymn = a
skt
‘MuItiplying through by v,,..(¢,r)r d¢ dr and integrating over the diaphragm
area, using Eq. (5.3.7) and the fact that the integral of y,,,, 9, 1s zero unless

5§ = 0,k = m, and | = n, and considering the property of the delta functions,
we see that

Y _l_ ?"mm:({ﬁir}wamu(':ﬁﬂ*rﬂ) |2
G{D(ér l ¢Dru) ‘:ITHE ﬂ-%n Amu(?mn‘l _ };4) (5'3 )
This has properties similar to the Green’s function of Eq. (4.4.14), for
the string between rigid supports. For example, it obeys the principle of
reciprocity since its value is unchanged when r, ¢ and r,, ¢, are interchanged.
It also has resonance poles whenever @ = +4-27v,,,, with »_,, defined below
Eq. (5.3.5). The series converges fairly rapidly, except at resonance, since
Ymn'® = (wfa)}(n + tm)* for n large. From Eq. (5.3.9) the steady-state
displacement of the plate, when driven by a force F,_e ““!concentrated at the
point ¢, ry, is [3(1 — s*)F,_[20h°)G (¢r | doro)e !, and the transverse velocity
of the plate is —iw times this. Therefore the mechanical impedance which
the plate presents to a driving force of frequency w/2m, applied at ry, ¢, 1s

F i Womn(Pora) P |
== 2 o 5.3.13
Zm u w {Zﬂa hp) agn flvnn(ﬂ"mnt2 _ w2) ( )

where ,,,2 = (2mv,,,)2 = [Qh%/3p(1 — s®)|(#h,../a)’. At very low fre-
quencies this behaves like a stiffness reactance, being inversely proportional
to . At a resonance (w0 = ®,,,), Z,, i zero; just above a resonance, Z,,
is negative-imaginary, acting like a mass reactance. As long as we neglect
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internal friction of the plate material and assume that the plate is moving
in a vacuunm, Z,, is purely reactive at all frequencies.

Green's function for an infinite plate

Later we shall be studying the reaction between a plate of very large
extent and the acoustic waves in a medium in contact with the plate. At
that time we shall need to know the expression for the deflection of a plate
of infinite extent, driven by a simple-harmonic force concentrated at a single

oint. This is, of course, proportional to a Green’s function, the solution
of Eq. (5.3.11) for an infinite plate. Because there are no boundaries, we
can place the origin anywhere; we might as well place it at the point of
application of the force. Thus we rewrite Eq. (5.3.11) as

Vig — g = 8(x) &(y)

the function on the right-hand side being zero everywhere but at the origin,
where its integral is unity. (We habitually use the lowercase symbol g for
the Green’s function in an infinite medium.)

With the force symmetrically placed, the radiating waves must be sym-
metrical, so that g should be independent of ¢. Thus, referring to the
definition of V2 in polar coordinates, given in Eq. (5.2.2), we have

ld | dT1 d( ffg)]] "
gt Ol okl $¥0u 2 = = 6 5.3.14
rdr [rdr [r dr rdr J 5= 4x)90) ( )
Except at the origin, function g must be a combination of Bessel functions
of order zero, so arranged that the solution represents an outgoing wave,

\/l—he""'r, when r is large. Part of the solution will be the two functions
Jo(yr) and I(yr) = J(iyr) we have already discussed. But these two func-
tions by themselves cannot produce a traveling wave; to do this we must
also use the second solution of the Bessel equation, mentioned on page 8.
This solution, called the Neumann function of zero order, is defined by the
following series and asymptotic formula:

oo m 2m
Ny(z) = g[ln (z) — 0.11593 . . .J,(2) i 2 M)

w m=1 (f?]l)g

X (|+1}+%+---+$)

— [—sin(z — 1m) Z—> 00
wZ

) (5.3.15)
Ny(iz) = iJ(iz) + = [In(z) — 0.11593 .. .}/ (iz)

o (PETESORE |

T m=1 (m!)2

[2
— _|—sinh (z + 1im) Z =+ 00
o4

Page 241 of 933




220 BARS, MEMBRANES, AND PLATES

The function N, has a logarithmic infinity at z = 0; so we were not able to
use it to describe the free vibrations of a circular plate or membrane. It
must be used for the forced motion of a circular plate or membrane, however,

in order to be able to express an outgoing wave. Referring to Eq. (5.2.20),
we see that this combination must be

2 ; YR
Jo(2) + iNyz) > [— [cos(z — Iw) + isin(z — }m)] = _[— €®
wz

wE

and thus Jo(iz) + iNy(iz) — 7% &4 Z—> 0

Therefore the solution of Eq. (5.3.14) must be a combination of these
two combinations. The first one must be used because it is the only com-
bination of the Bessel functions which represents purely outgoing waves,
with no term containing e ** (z = yr). The second one must be used
because it is the only combination of Jy(iyr) and Ny(iyr) which does not
contain a term with ™" (which would go to infinity at r — o0). Both of
these combinations have a logarithmic infinity at r = 0, but these can be
canceled against each other. Therefore the only combination of the four
which stays finite at the origin and at infinity and which represents a purely
outgoing wave Is

g = Aly(yr) + iNy(yr) — Joliyr) — iNy(iyr)]

20 .
— A [—- e r— 00
TYr

— A |l — (yr)® + g{yr)z |- i-(;w')ﬂ[ln (yr) — 0.1159],} r—0 (5.3.16)

where we must determine the value of A4 to satisfy Eq. (5.3.14).

If we integrate both sides of Eq. (5.3.14) over the area of a circle of
small radius « centered at the origin, the integral on the right will be 1, no
matter how small o is. The integral of y%g will go to zero as « goes to zero,
but the integral of the first term will be

“wl ozl a @) - a el g
J.D d¢J;drE;1rd—f' Fd-_r rd.'" _zwrd!‘ rz'rd-" re=a
From Eq. (5.2.20), however, if g has the form given in Eq. (5.3.16),

Lad {.d : e
ey (r _g): —Ay*[Jo(yr) + iNy(yr) + Joliyr) + iNy(iyr)]
rdr\ dr.
4i
— —Ay? [I — Xyr)? + — [In(yr) — 0.1 159]] r—0
w
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ool [1 d(‘dgﬂ _ B
’?TrE- ;'dj'ig; —r — oIy r = o —

Since this must be equal to the integral of the delta functions, which is 1,
the value of A4 is determined, and the Green’s function for a plate of infinite
extent is

g.(r|r) = ﬁ Uy(yR) + iN(yR) — J(iyR) — iN(iyR)]

so that

; 3p(1 — s?

8})2 th
el it
V/32miv5R
where R is the distance between the source point at ry, ¢, and the observation
point at r, ¢.

We first notice that the plate displacement is finite, even at the point of
application of the force (the source point).  The stiffness of the plate prevents
the yielding to a point force which characterizes the elastic membrane, as
illustrated in Fig. 5.6. Mathematically, the functions available to represent
the membrane displacement are but two, Jy(wr/e) and Ny(wr/c), and these
must be arranged, for an infinite membrane, in the combination J, -+ iN, in
order to have outgoing waves. Thus the logarithmic infinity in the N,
solution requires that any material which satisfies the wave equation in two
dimensions exactly must exhibit a logarithmic singularity at the point of
application of a point force. In contrast, the equation V¥V — 'Y =0
allows both the combinations Jy(yr) -+ iNy(yr) and Jo(iyr) -+ iNy(iyr);
between them it is possible to devise a solution which is finite at r = 0 and
represents outgoing wave motion at r — oc.

If the driving force at the origin is F e '*!, the steady-state plate dis-
placement is

iF,  [3p(1 — s%
1! = s
Ny(rst) [y \/ 0

—

[Jo(yr) + iNg(yr)
— Jy(iyr) — iNyiyr)le-@t  (5.3.18)

The transverse velocity of the plate is —iw, and the mechanical impedance
of the plate to a concentrated simple-harmonic force of frequency w/27 is

[0
B il (5.3.19)
"P\ 301 — 5%

a pure resistance, in contrast to the impedance, given in Eq. (5.3.13) for the
Plé}te of finite size, clamped at the edges, which is purely reactive (if the plate
1S in a vacuum). The difference, of course, lies in the fact that energy can
escape from the source if the plate is infinite in extent, but cannot escape
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(after steady state has set in) from the plate of finite size in a vacuum. These
formulas will be useful later, when we investigate the effect of the plate
vibrations on the medium surrounding it, and the reaction, back on the
plate, of the induced wave motion in the medium.

Problems

I An annealed steel bar 20 cm long is clamped at one end. If its cross section
is a square 1 cm on a side, what will be the lowest four frequencies of vibration ?
If the cross section is a circle 0.5 cm in radius, what will they be? If the cross
section is a rectangle of sides @ and 2a, what must be the value of a to have the
bar’s lowest frequency be 250 cps? For steel, p = 7.7, Q = 2 x 10" dynes
per sq cm.

2 A bar of steel of length 10 cm, whose cross section is a rectangle of sides 1 cm
and 0.5 cm, is clamped at one end. It is struck at the midpoint of one of its
wider sides, so that vy(x) = 0 except at x = /{2, and [ vy dx = 100. What is
the shape of the bar a time T,/4 after the blow? (T is the period of the bar’s
fundamental.) What is its shape at a time T,/2? What is the motion of the
end point of the bar? What is the amplitude of that part of the motion of
the end point corresponding to the fundamental? To the first overtone? To
the second overtone?

3 Plot the shapes of the first three normal modes of vibration of a bar clamped at
both ends. Of a completely free bar.

4 What is the energy of vibration of the bar, struck at one end, which is dis-
cussed on page 1857 What is the ratio between the energy of the fundamental
and that of the first overtone? Of the second overtone?

5 A cylindrical bar of radius a, clamped at one end, is damped by the air by a
force equal to 1.25 x 107 a*»® (9y/dr) dynes per cm length of bar, where v is
the frequency of vibration and 2y/ dr the bar’s velocity. Show that lhf: modulus
of decay of the nth allowed frequency is 16 > 10° (= p/a®r,?), where v, is given
by Eq. (5.1.16).

6 The Green’s function g(x|xu) for transverse oscillations of a bar satisfies the
equation

{Id 3 PUJ2
.:H% — Vg =0x —x) Y =Qou) = 0
with requirements that g, dg/dx, and d®g[dx* be continuous at x = Xx,.
(@) Show that, for a bar of infinite extent,

g(_j.'l xﬂ} - éﬁ {el'}'l.!!—:!:ul + jg-',‘l-.:--::ﬂ)

(b) When the bar is acted on by a transverse force F(x)e™*! per unit length
of bar, so that

diY F
o VY " gas =/

show that [Eq. (4.5.13)]

b
Yix) = f fxpg(x | xp) dxy

d¢ dYdg  dg dY J3Y:|"'°
[”““’d b Rt 42 B

Ig=a2
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where x is inside the region @ < x < b, and a is considerably to the left of,
and b considerably to the right of, the region where f differs from zero. Show
that, if all the transverse motion of the bar is caused by force' F, the quantity
in brackets is zero at xp = a and x, = b.

A distributed load of transverse mechanical impedance z(x) (@ < x << b) per
unit length is attached to the infinite bar. A transverse wave A exp (iyx — iwt)
is incident from the left. (a) Use the results of Prob. 6 to show that the dis-
placement of the bar satisfies the integral equation

b
Y(x) = Aeire — ‘lx'[‘ J,’{x[.) Y(xu) {ei'}'|:c—:rn| 1 jg—ﬂz—zul} dxﬂ

a

where [(x) = yz(x)[pwS is the ratio between the impedance density z(x) of
the load and the characteristic impedance pSu = pSw[y of the bar for the
frequency ®/2m. (b) What integral equals the ratio — ®(w) between the
amplitude of the reflected wave and that of the incident wave? Compare
with Eq. (5.3.15). (¢) The impedance load is concentrated at the origin, so
that z(x) = [ —ioM + R + i(K/w)]d(x). Show that the ratio between the
wave power reflected from the point load to the incident power is

5 R? + [oM — (K|o)P
" [@wpS[y) + R + oM — (K[®)P + [R — oM + (K/o)P

Compare this with Eq. (4.5.8). (d) For Q = VMK|/R = 10 and wpS/y =
RV w|w,and w, = VKM, plot |®|? as a function of w/w, from0to 2. Com-
pare this with the dashed curves of Fig. 4.19. Why, as w — 0, does the
reflection ratio go to i, whereas for the string it goes to 1?

Show that the Green'’s function for the clamped-free bar is
20«
Ip
where @,2 = 74 Q«2f,3/I'p = (27v,)% and the other quantities are defined in

Egs. (5.1.16) and (5.1.17). Show that when the bar is pushed sideward by a
force F(x)e it the steady-state displacement of the bar is Y(x)e it where

| P

5 (), (xp)

2

G(x.x,) =

2
o gt —

1 i
Y(x) = m OG(X-XG)F(%) dx,

Compare this with Eq. (5.1.24). What is the corresponding formula for a
clamped-clamped bar?

A clamped-free bar is in a homogeneous magnetic field B perpendicular to the
bar axis. A wire of negligible mass and stiffness is connected to the free end,
so that a current Je—*! is passed along the bar. (a) Obtain the series expansion
for the steady-state displacement. (b) Do the same for the clamped-clamped
bar. Plot the shape of the bar when @ = }w,; when @ = 2w, (to do this you
will have to compute the integral of the square of v, for the clamped-clamped
bar for n = 1, 2, 3).
A point mass « times the total mass p/S of the bar is fastened to the free end
of a clamped-free bar. Use the result of Prob. 8 to show that the integral
equation for the bar’s displacement becomes
o —1yn—1
Y(x) = 2 etay() S il

2 2
w — W
n=1 n
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remembering that y,(/) = (—1)""! V2 for this bar. (a) Play the game of
Chap. 4, Prob. 24, by “normalizing” Y so that ?[l + 2}2¥())] = »,%, and
thus obtain the implicit equation for Y,(/) (and thus for the lowest natural
frequency of the loaded bar),

3 & (wy]w,)? k-
— V —
Y 2[] 4"”;21 + 23 Y() — (mlfwn)a]

where w, is given in Prob. 8 and Eq. (5.1.16). (b) For « = } and « = 1 solve
this for Y(/), then compute the ratio (w/w,) between the loaded and unloaded
natural frequency for the lowest mode; finally, plot the corresponding ¥(x)
for the two values of =. Are these exact solutions if the equation for ¥(/) is
solved exactly?

An oscillating driving force of frequency » is applied to the free end of a clamped-
free bar. Show that the mechanical impedance of the bar is

P —1
Z = ,}h’pS(z m)

n

Plot |4Z] plSv,| against »[v; from O to 4.

A steel wire (p = 7.7gpercucm, Q =2 x 10" dynes per sqcm) 2 mm in
diameter is stretched between two rigid supports 100 cm apart, with a tension
of 2 » 10% dynes. Calculate the ratios between the first three overtone fre-
quencies and the fundamental.

A membrane is made of material of density 0.1 g per sq cm and is under a
tension of 100,000 dynes per cm. It is wished to have the membrane respond
best to sound of frequency 250 cps. If the membrane is square, what will be the
length of one side? What will be the frequencies of the two lowest overtones?
A square membrane 20 cm on a side, of mass 1 g per sq cm, is under a tension
of 10* dynes per cm. Its motion is opposed by a frictional force of 42( a7/ ar)
dynes per sq cm. Find the modulus of decay of the oscillations. What are
the first four *“frequencies™ of the damped motion?

A square membrane b cm on a side, of density ¢ and under a tension 7, is

loaded at its center with a mass of M g. Show that the allowed frequencies
are, approximately,

o [y T m\[, _aM (b b d
e\ T B ob? Y™ 1202
as long as 4M/ob® is small. What will be the expression for the frequency if the

membrane is rectangular but not square?
Show that the energy of vibration of a rectangular membrane of sides @ and b is

ab 2 A2 2
6‘?;) oy 1 (arj
= }oc? — )+ |z +sl5) |dxd
e EWL.L [(ax. . (ay) g\w) [T
and that when the motion is given in terms of the series

. wmx . wn
N =2 Apnsin sin —= cos (2mvpmnt + D)
H.n a

the series for the energy is

e
W= E oab z """'.-n:nz"‘i mng

M
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A square membrane 20 cm on a side, with ¢ = 1 and T = 106, is started from
rest at ¢ = 0 with an initial shape 7 = 107%x(20 — x)»(20 — y). What are
the energies of vibration corresponding to the fundamental and the lowest
three overtones, and what is the total energy of vibration of the membrane?

A rectangular membrane is pushed aside at the point (xy,y) by a steady force
F, and is then suddenly released at r = 0. What is the expression for the
subsequent motion of the membrane? Neglect the reaction of the air.

The tensile strength of aluminum is 2.5 x 10° dynes per sq cm, and its density
is 2.7 g per cc. What is the highest value of fundamental frequency that can be
attained with an aluminum membrane stretched over a circular frame 3 cm in
radius? If the aluminum is 0.005 cm thick, what will be the maximum tension
attainable?

If the natural frequencies and characteristic functions for a membrane are
@27 = Vi and ¥,,,(r), where r stands for x, y or r, ¢, etc., and where the
mean square of ¥, is A, show that the Green’s function for the membrane is

i}-‘ m pa{r)ifrm*n(rﬂ)
Amﬂ(mmnz o wﬂ}

C'2
Gm(r!rl]) = E z

m.n

If the membrane is acted on by a transverse force F(r)e—iwt, show that the
steady-state displacement of the membrane is

1 ;
Hi= oc? J.J'Gw(r yTo) F(rp) dSy e~

where the integration is over the whole area S of the membrane.
A square membrane of side a is driven by a uniform force Fe—io! per unit area.
Show that the displacement of the center of the membrane is

2 P 2 -1
L?':sz {(Zm + 1)2n + 1]]:(24"” 1242+ 12 =2 (F)]}

] 11,

times e—@!, where w2 = 2(wc/a)* is the lowest natural frequency. Plot
atac,/16a%F times this as a function of wfey, from 0 to 10.

A circular membrane is driven by a force per unit area equal to
F, cos (m¢)J ,(gria)e=
Since V*cos (m$)/,(gr/a) = —(gla)? cos (m¢)J ,(gr/a), show that the solution

of the equation
=) w ¥ Fll ?.f'
iy + | =|n = — —cos(me),,| =
¢ ac a

for steady-state motion of the membrane is

A i?'!" - Jrur[q) wy
ﬂ'[fq{*}ﬂ)ﬂ - EU2] [Jm(g) mlm(?)] CcOs (J‘Hlﬁ)

which goes to zero at r = a and goes to infinity at the resonant frequencies,
when J,, (walc) = 0, but does not become infinite when ¢ = wafe. Thus, by
comparison with the results of Prob. 20, show that

2= @ Y
j d'i:J. cos (méy)G ,(r,rht , ({ﬂ- ) rdr
0 0 L2

: : Jﬂl( }
~ = taarer [#=(0) ~ 7 o{3)  orem
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Show that the Green’s function for this equation is

Jm(”ﬁnmrfa)*‘rm(“ﬁmﬂrﬂf’a)
(Trﬁmﬂ)g = (wa,‘lf).z

1 €

G (rr,) = — SRR ... PR

i £ L gn Jei—l(ﬂﬁmﬂ)

where ¢ =1, ¢, =2 (m > 0).

By use of Eq. (1.2.9) show that a plane acoustic wave of velocity c¢,, incident

on the xy plane at an angle 0 to the z axis, produces a pressure distribution on
the xy plane of

cos m(¢ — o)

P, exp I:r' (-ﬂi) xsin 0 — :'wr} = P, Z €™ COS (mqf:}.!m(ﬂ sin G)e_"‘"*
c

rﬂ' m=i i

If this is the driving force on a circular membrane in the xy plane, show that
its displacement is [see Eq. (6.3.7)]

Pya?/ac®

F1l ﬂ' H
5= (wajc,P[sin® 0 — (c,/c)?] zemi cos (md¢) I:J"'(Fu sin ﬂ)

= jm[(walffn] sin ﬂ] J ﬂ =it
I@aly ™ ‘

where ¢ = Vﬁ'n’ is the speed of transverse waves on the membrane.

A membrane is fastened over the top of a vessel of volume ¥ so that the
integral of the membrane’s displacement is equal to the net increase in volume
oV occupied by the air in the vessel. If the oscillations are not too rapid, this
will produce a change in pressure —(3V/V;«,), where x, = 1/p,c,® is the com-
pressibility of the air in the vessel, and ¢, the speed of sound. Show that the
equation of motion for transverse motion of the membrane is

l 32{; [ 2
220 gy B il
& o =T | " o

where the integration is over the whole membrane area. If it is circular of
radius a, show that the vibrations of the form A cos (m$)/, (7 ,,.rla) (m = 0)
will have frequencies given by Egs. (5.2.24). Show that, on the other hand,
the radially symmetric vibrations (m = 0) have different frequencies and that
the form of the displacement is 4 = A[Jy(wr[c) — Jy(walc)le=i!, the allowed
frequencies being obtained by substituting this form in the equation of motion:
Show that the resulting equation reduces to

(walc)(walc) = —(mpyea|Vyoch)Jywalc)

Solve this equation for the lowest allowed value of wa/c when the fraction
T Cicd | Vaoct = 1.

Carry through Prob. 22 when the circular diaphragm over the vessel is a plate,
as given in Eq. (5.3.10) and preceding,

The circular plate of Eq. (5.3.6) is loaded with a point mass M = 2anathp (=
times the total mass of the plate) placed at its center. Use the methods of
Prob. 10 [see also Eq. (5.3.12)] to compute the allowed frequencies and corre-
sponding characteristic functions for the loaded plate.
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CHAPTER

ACOUSTIC WAVE MOTION

6.1 THE DYNAMICS OF FLUID MOTION

We now come to the study of wave motion in air, the most important
type of wave motion studied in the science of acoustics. Sound waves differ
from the waves that we have discussed heretofore in several important
respects. They are waves in three dimensions and as such can be more
complicated in behavior than waves in two dimensions or in one. Sound
waves also differ from waves on a string or on a membrane by being
longitudinal waves. So far, we have been studying transverse waves, where
the material transmitting the wave moves in a direction perpendicular to the
direction of propagation of the wave. Each part of the string, for instance,
moves in a direction at right angles to the equilibrium shape of the string,
whereas the wave travels along the string. The molecules of air, however,
move in the direction of propagation of the wave, so that there are no
alternate crests and troughs, as with waves on the surface of water, but
alternate compressions and rarefactions. The restoring force responsible
for keeping the wave going is simply the opposition that the fluid exhibits
against being compressed.

Since there are so many points of difference between the waves discussed
earlier and the more complicated forms of sound waves, it is well not to
introduce all the complications at once. Accordingly, we shall first study
the motion of plane waves of sound, waves having the same direction of
Propagation everywhere in space, whose “‘crests’ are in planes perpendicular
to the direction of propagation. They correspond to the parallel waves on
a4 membrane. Waves traveling along the inside of tubes of uniform cross
section will usually be plane waves. Waves that have traveled unimpeded
a long distance from their source will be, very nearly, plane waves.

The detailed properties of the acoustic wave motion in a fluid depend
on the ratios between the amplitude and frequency of the acoustic motion
and the molecular mean-free-path and the collision frequency, on whether
the fluid is in thermodynamic equilibrium or not, and on the shape and
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thermal properties of the boundaries enclosing the fluid. All these effects
will be discussed in this or in later chapters. At present we shall make a
start by looking at the simplest case, that of an idealized fluid, uniform and
continuous in its properties, at rest in thermodynamic equilibrium, except
for the motion caused by the sound waves themselves, and with this acous-
tic motion small enough in magnitude so that many nonlinear effects are
negligible and the equation of motion takes on its simplest form. We shall
find this simplified model of acoustic wave motion an adequate represen-
tation in the majority of the cases of practical interest.

General characteristics of sound

Fluids, such as air or water, have mass density and volume elasticity;
thus they have many of the characteristics of the chain of masses and springs
of Fig. 3.4. The elasticity causes the fluid to resist being compressed,
tending to return to its original state, and the inertia of the mass density
causes the motion to “overshoot,” thus providing the two requisites of wave
motion. At equilibrium the fluid has density p, in units of kilograms per
cubic meter; is under a uniform pressure P in units of newtons per square
meter (or in atmospheres, where | atm = 10° newtons per sq m); and is at
a uniform temperature 7°K. These three quantities are connected by an
equation of state, which can be given either as an explicit equation, relating
p, P, and T, or in terms of the partial derivatives, assuming density as a
function of 7 and P.

The equation of state is usually expressed in terms of the volume V
occupied by n moles of the fluid (a mole is M kg of a substance which has
molecular weight M). 1If nM kg of the fluid occupies volume ¥, the density
of the fluid is obviously p =nM|[V, or V =nM|p. The two partial
derivatives, which are usually employed to measure the equation of state of
the fluid near the equilibrium state, are

st R R A RE AR

Quantity x4, the fractional rate of change of volume (or density) with
pressure at constant temperature, is called the isothermal compressibility of
the fluid. As was indicated in Eq. (3.3.2), the compressibility of a spring

1Al 1

is k = IF IR , where F = K Al is the force applied to shorten the spring

by an amount A/, and K is the stiffness constant. Quantity f, the fractional
change in volume (or density) with temperature at constant pressure, is
called the coefficient of thermal expansion of the fluid. Both x4 and g are,
of course, functions of P and 7, though usually their rates of change are not
very large. From «, and § we can compute the other partial derivatives of
p, P, and T near the equilibrium state of the fluid; for example, if P, §, and
«p are expressed as functions of p and 7, then (9P[9T), = fB[xy.

Page 250 of 933




6.1 THE DYNAMICS OF FLUID MOTION 229

For a perfect gas the equation of state can be given as an explicit
equation, PV = nRT, or MP = RTp, where R = 8.3 x 10? joules per mole
degree absolute. Therefore, for perfect gases, «, and B take on particularly
simple values:

" d A
Kp = P an = =
For liquids, x5 and # have much smaller values.

Kinetic theory indicates that the pressure of a perfect gas is caused by
its molecular motion and that P = }p(v*), where (v?) is the mean-square
molecular velocity and p is the gas density. The compressibility of a perfect
gas is thus inversely proportional to the mean kinetic energy of the gas
molecules. We noted in Eq. (3.3.2) that the velocity of propagation of

waves along a spring-mass system is V'1/ke, where i is the compressibility
of the spring, and e is the mass per unit length of the chain. We shall show

that the velocity of propagation of sound waves in a fluid is V'1/kp, where
is the compressibility and p is the density. For perfect gases, where kp =
1/P = 3/p(v?), we see that the speed of sound

o [T [
\ kp 3

is approximately equal to the root-mean-square of the molecular speed. In
liquids and solids, where intermolecular forces are large, the speed of sound
is considerably larger than the root-mean-square speed of vibration of an
atom about its equilibrium position. It can be shown, in fact, that ¢ in
solids is roughly equal to the mean speed a molecule would have if its
amplitude of vibration were equal to the mean distance between molecules.
The actual amplitudes are much smaller than this; otherwise the solid would
melt or vaporize.

Thus the presence of a sound wave produces changes in density, pressure,
and temperature in the fluid, each change being proportional to the amplitude
of the wave. The pressure changes are usually the most easily measurable,
though some sound detectors measure the motion of the fluid, caused by the
sound. Direct measurement of temperature or density change is difficult,
and the readings are not particularly accurate; so they are usually computed
from the measured pressure change.

Pressure measurements are usually expressed in dynes per square
centimeter (= 10! newton per sq m = 10~% atm) above or below equilibrium
pressure. Sometimes the pressure unit is 0.00022 dyne per sq cm, the
amplitude of pressure change in a barely audible sound wave of 1,000 cps
frequency [this is in terms of rms amplitudes; see Eq. (6.2.18)). For simple-
harmonic waves the pressure amplitude can be given in terms of the pressure
level in decibels, 20 times the logarithm to the base 10 of the pressure ampli-
tude in dynes per square centimeter, above or below the level of 1 dyne per
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sq cm. Or it can be given as pressure level in decibels above or below
0.00022 dyne per sq cm; on this scale a pressure amplitude of 1 dyne per
sq cm rms amplitude is 74 db.

In fluids with very large thermal conductivity the temperature of the
fluid is practically unchanged by the passage of the sound wave. In this
case the isothermal compressibility «, is directly applicable. If the pressure
change caused by the sound is p (the acoustic pressure) and the equilibrium
pressure is P, so that the total pressure in the presence of sound is P + p,
then the density of the fluid is

dp
P+‘5—P+(3P)P=P+P"1’P or 0= (kpplp (6.1.2)

where p is the equilibrium density, and ¢ is the small increase in density
produced by the sound.

For sound of frequencies below about 10° cps or so, in gases, however,
it is a better approximation to assume that the compression is adiabatic, i.e.,
that the entropy content of the gas remains nearly constant during the
compression [see the discussion following Eqs. (6.4.23)]. In this case the
differential relations between density and pressure and between temperature
and pressure are

(ap) B 1 (ap) - kg
ap).— P 5 \Gp L
(6.1.3)
(5= Gl =05
or/, 4 f
so that ptd=ptpp THr=T+@r—ND=p

p

for adiabatic compression, where y = (C,/C,) is the ratio of the specific heat
at constant pressure of the gas to the specific heat at constant volume, and
7 is the small change in temperature caused by the sound wave. For a
perfect monatomic gas (such as helium), y = §; for a perfect diatomic gas
(such as hydrogen or air), y = Z; for polyatomic gases, y = 4. Therefore,
for perfect gases, where MP = RTp,

A d (ap) p M
“=p 9P):  wP  yRT
(6.1.4)
(BT) =l s 5 M
oP/)s P ¥ vRp

and if the pressure in the presence of the sound is P + p, the density and
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temperature arc
M

: P
L f—— - e é: —— —_—
et (}xﬁ)"’ W (pees)p (yRT)P

— T -
. -l p or 1= Wt — M P
yP YRp

(6.1.5)

I

T4++=T
for adiabatic compression, for a perfect gas.

We see that, in this simple case, the ratio between the change in density
& and the acoustic pressure p is independent of the equilibrium pressure but
inversely proportional to the equilibrium temperature of the gas. Also, the
ratio between the change in temperature = and the sound pressure p is inde-
pendent of temperature but inversely proportional to the equilibrium density

All these relationships are valid only to the first order in the small
quantity p/P.

r—gr ———p/(p+ &)

B e e i
T

7

|

I AlP+p) \g u u u
: —-.\~r— -
| A\

Y I o P, g’/’////////ﬁ’/////// A

0]
.?=Cfﬁv-!
FIGURE 6.1

Pressure wave generated by motion of piston D in pipe of
area A, '

7

i

Acoustic energy and momentum

The discussion of the energy and momentum carried in a sound wave
can be carried through in a manner quite parallel to that given on wave
motion along a linear array of masses and springs, pictured in Fig. 3.5.
Suppose the fluid is confined to the interior of a long pipe, of uniform cross
section A, having rigid walls. At one end, as shown in Fig. 6.1, is a piston
of negligible mass, which constrains the fluid to stay to its right. Originally,
the piston was at rest at 0, held stationary by a force AP, counteracting the
equilibrium pressure P of the fluid (this may, of course, be supplied by the
presence of similar fluid to the left of the piston).

_ Now suppose, at time ¢ = 0, the piston is started into motion to the
right with constant velocity ». It will push the fluid ahead of it, compressing
It somewhat and thus increasing its pressure to P + p. Thus, in order to
get the piston into motion, the force on the piston must be increased from
AP to A(P + p), where p is related to the change in density & of the fluid
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just ahead of the piston by the equation 0 = kpp, with « either «, or «,,
whichever is appropriate.

But 4 is related to the change in volume of the compressed fluid, and
this is related to the amount of fluid which has been set in motion at any
specified time 7, as shown in Fig. 6.1. Because of the fluid’s compressibility
and inertia, it takes time to get it into motion; a wavefront of starting will
travel away from the piston, reaching point B at time 7. Suppose at time ¢
the wavefront has traveled a distance ct, where ¢ is the velocity of the wave,
Then all the fluid to the right of this front, at B, is in its original equilibrium
condition, at rest with density p. The fluid in the region D to B, in motion
with the velocity u of the piston, is compressed to a density p + 0, and thus
occupies a volame p[(p + 0) times its original volume A/ = Act. The
difference between this volume and the original volume Act is, of course,
the volume Aut, swept out by the piston in time f, so that

t
Acr—A-—L=Aur
p+o
p o O

=3 oS0 6.1.6
p=rg g0 P Py

u
or R
2

where the last formula is valid only as long as the density change d, caused
by the motion, is small compared with the equilibrium density p.

In traveling the distance ut, the piston has done an amount of work
A(P —+ p)ut, which must have gone into additional energy of the fluid. Part
of this energy will be kinetic energy, one-half of the mass of the fluid in
motion, iApct, times the square of its velocity, #* The other part is
potential energy of compression, the work done in compressing the fluid
from volume Act to volume Act[p/(p + 0)]. This work is the integral of
the pressure P -+ p times the change in volume dV, integrated between these
limits. But from Eq. (6.1.1), or its equivalent for adiabatic compression,
dV = Vi dp, where, as long as p is small compared with P, V" can be set
equal to Act and « can be considered constant. Thus the potential energy is

ﬁP+ﬁW¢mﬁW@+%hﬁﬁm%P+;ﬂ
K

where, to obtain the last form, we have set p = d/px = u/kc, from Egs.
(6.1.5) and (6.1.6). Thus the equation for energy balance becomes

Force x distance = potential plus kinetic energy
BB s A i B
u = Au ut — + Aut —
P 2kc pcu

The first terms on both sides cancel. In fact, the work 4Put should
not be charged to energy of the sound wave, since it is the work done pushing
against the equilibrium pressure; if there had been fluid pressure P on the
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left-hand surface of the piston, it would have provided the AP part of the
force, and only force Ap would have been required to move the piston. In
fact, from now on, we shall use the expressions
9 i .
TKPE = pc.:;ten.hal energy deT131ty 6.1.7)
1 pu? = kinetic energy density
for the energies per unit volume of the sound, correct to second order in
the small quantities p and .
Returning to the energy-balance equation, which can be reduced to
p= (u[2rc) + (pcuf2), we can again set p = u/«c and obtain ufxc =
(uf2xc) + (pcuf2), which in turn becomes

e S (6.1.8)

"

What we have shown by this manipulation is that the mass of the fluid,
represented by the equilibrium density p, and its elasticity, represented by «,
so combine that it takes time for the motion of one part of the fluid to be

transmitted to another part, the speed of transmission being equal to V' 1/px
as long as the fluid motion is small enough so that the excess pressure p is
small compared with the equilibrium pressure P.

The impulse-momentum relationship could also be used to compute c.
The excess force Ap contributes an impulse Apt to the fluid in time ¢, which
must equal the momentum contributed to the fluid newly set into motion
in time ¢, The acoustic momentum density of the fluid is up, so that

Apt = (up)(Act) = Ac® ot

from Eq. (6.1.6). The resulting equation, p ~ ¢%9, is identical with either Eq.
(6.1.2) or (6.1.3), depending on whether the compression is isothermal or
adiabatic, if ¢2 is given by Eq. (6.1.8).

It is obvious that the wave velocity ¢ will be independent of the amplitude
and shape of the sound wave only as long as the sound pressure p is small
compared with the equilibrium pressure P. This must be true in order for
Eq. (6.1.6) to hold, and also in order to consider « to be independent of p.
For fluids like water, where « is small enough so that é/p is small even
though p/P is not small, another limitation enters. For example, if the
piston were pushed to the left, a wave of rarefaction would be sent along the
tube, and if u were large enough, the p computed from the formulas might
be equal to or larger than P; the piston would be withdrawn rapidly enough
to produce a vacuum behind it. When this happens the fluid loses contact
with the piston, leaving a large bubble of vapor in the interspace, and it is
obvious that our equations no longer hold. Long before this happens the
value of « begins to change, so that « cannot be considered independent of
P unless |p| is small compared with P.
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Fluid displacement and velocity

Our next task is to work out an approximate equation of motion for
small-amplitude sound waves in a fluid. But before we do this, we must
develop a notation which will adequately describe the motion. As a matter
of fact, we shall develop two notations, one of which will be generally
employed; but the other will be occasionally useful.

The most straightforward way, the extension of the notation we have
used for the chain of masses and springs, is to label each portion of the fluid
(each molecule in it, so to speak) by giving its position at 1 = 0, and then to
give the subsequent position of each portion as a function of time and of its
initial position. In this notation, called the Lagrange description, we follow
the fluid in its motion. In one-dimensional motion, the portion of fluid
initially at x, has position X at time 1, where X is a function of 7 and of x,,
as shown in Fig. 6.2. All other quantities similarly follow the motion of
the fluid. The density p(x,,?) is the density of the portion of the fluid which
was initially at x, and which is at X at time 1.

This notation gives us a good insight into what is going on inside the
fluid as it moves about. For example, if the time rate of change dp/dt
of this density is less than zero, we can be sure the fluid is expanding. We
shall reserve the fotal derivative notation, d/dt, for the time rate of change in
the Lagrange description, the change in a particular portion of the fluid as
it moves along. The derivative du/dt, where u = dX/dt is the fluid velocity,
is the acceleration of the element of fluid which was originally at x,, and is
thus equal to the force acting on the element, divided by its mass. However,
the notation also has its disadvantages, for the coordinate system moves
with the fluid, and it is not easy to determine what the fluid is doing at some
specified point in space at a given time.

So the alternative notation, the Euler description, sets up a coordinate
system (x, in one dimension) fixed in space and describes the properties of
the fluid which happens to be at a given point at a given time. Therefore,
in this notation, the various quantities are functions of x and of ¢, for one
dimension, as shown in the lower half of Fig. 6.2. These are quantities,
such as density, velocity, etc., measured at a fixed point in space at a given

Lagrange description

[ I
plxa,0) plag.t)

Displacement =

I
]
1

x

5 X {ID,P‘]

Euler description
T

plxt) wix?)
Velocity FIGURE 6.2
| Alternative ways of describing the motion
« of a fluid.

Page 256 of 933



6.1 THE DYNAMICS OF FLUID MOTION 235

time, and therefore corresponding to different portions of the fluid, as the
fluid streams past the point. This is the description we shall be using most
of the time, with p and u given as explicit functions of x and 7; by it we can
tell what is happening where, without having to go back to find which part
of the fluid happens to be there at time 1. In particular, the Euler description
enables us to compute easily the spatial variation of a given quantity at
time ¢, the partial derivative dp/dx being the rate of change of density at x,
as might be measured from an instantaneous photograph of the density at
time 1.

Comparison of Lagrange and Euler descriptions

We should note that the displacement of a given portion of the fluid at
time t (X — X, in the Lagrange description) is not usually specified in the
Euler notation; in fact, there is no simple way to write this quantity. The
Euler description starts with the fluid velocity u(x,t), at point x at time f,
which equals the quantity dX/dt for that portion of the fluid for which
X(x,,!) = x at time 7, in the Lagrange description, and also deals with the
other properties of the fluid, such as density p(x,?), temperature 7(x,7), and
so on. To show how the two descriptions differ, consider the situation
pictured in Fig. 6.3. We have assumed that a one-dimensional sinusoidal
wave, of frequency w/2m, is traveling in the positive x direction with velocity
¢, so that the wavelength is 4 = 2n/k = 2mc/w. We also assume that the
amplitude of motion of the fluid is not small compared with the wavelength,
s0 that the effects will be easily seen.

By the Lagrange description the displacement from its equilibrium
position of that portion of the fluid which was at x, before the wave came
along is a traveling sinusoidal wave,

X — xg = A sin (ot — kx,) = —A sin [k(x, — ct)]

In accordance with the Lagrange description, X is a function of ¢ and of the
parameter x,, which describes where the fluid was before the wave started,

not where it is while the wave is present. The velocity of the portion of
the fluid, which is at X at time ¢, is

U(xq,t) = %:f = Aw cos (ot — kxg)

The various curves in Fig. 6.3a are plots of X as a function of ¢ for the
various values of x, which are marked on the right-hand end of each curve.
We see that the fluid, in the region of x = 0, is compressed at t = 0, when the
fluid is moving in the direction of the wave motion, and is correspondingly
rarefied at + = 10, when the motion is in the opposite direction. We have
chosen the scales of x and t so that the dashed lines, which indicate the
motion of the wavefronts, are inclined at 45° to the ¢ axis. Parenthetically,
if the amplitude of motion in an actual sound wave were as large as this, the
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displacement would not be sinusoidal. This does not invalidate the point
of our discussion, however, as will be appreciated later.

To see the difference between the Lagrange and the Euler descriptions,
let us try to answer the following question: What is the displacement
X — x, of the portion of fluid which happens to be at point x at time ¢?

-
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FIGURE 6.3

Comparison between Lagrange and Euler descriptions of
one-dimensional fluid motion.

To answer this we must change our description from initial position X, t0
the final position x at time 1. For example, at t = 0 the fluid which was at
x, = 0 at equilibrium (i.e., the fluid following curve x, = 0) is back at x = 0.
But at t = | the fluid following curve x, = —2 (i.e., the fluid which was at
x, = —2 before the wave motion) is at x = 0,and at 7 = 3 the fluid of x, =
—3 s at x — 0. To translate what happens to the fluid following each
curve into what fluid happens to be at x, we must change from.x,, f to x, I.
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Since )
x= (X — xg) + xg = xg — A sin [k(xy — c1)]
we shall write xo — ¢t = —zpand x — ¢t = —z,sothatz = z, — A4 sin (kz,).
To find z, as a function of z, we write A sin (kz,) = S(z) and see that
the function S must satisfy the implicit equation

S(z) = A sin {k[z + SE)]}

which can be solved with little difficulty by successive approximations.
Some solutions are plotted in Fig. 6.36 for kA = 0.3 and k4 = 0.6. Func-
tion S(ct — x) = —S8(x — ¢t) = —A sin [k(x, — ct)] = A sin (kz,) gives the
displacement X — x, from equilibrium of that portion of the fluid which
happens to be at point x at time . In particular, S(ct) is the displacement
which has occurred to that portion of the fluid which is at the origin at time
t. It may be obtained from curves a by plotting, against ¢, the negative of
X, (that is, x — x, for x = 0) for the curve which crosses the x = 0 axis
at time . We see that this displacement is far from being a sine wave.
During the first part of the cycle, when the fluid is compressed, S rises rapidly
to its maximum, then goes more slowly back to zero during the part of the
cycle when the motion is opposed to the direction of propagation and the
fluid is rarefied.

As pointed out, the velocity of the portion of the fluid which was
originally at x, is given by a simple cosine function in terms of x, and ¢.

But the Eulerian velocity u(x,t), the velocity of the part of the fluid which is
at x at time 1, is

dX[dt = kecA cos {k[z + S_(z)]} = wA cos {k[et — x + S(ct — x)]}

which is plotted as a function of kz in Fig. 6.3¢, for kA = 0.3 and 0.6. We
see that it is far from being a simple cosine function of 7. But also, it is not
the time derivative 85/d¢ of the implicit function S. If we were to forget
the difference between the Lagrange and the Euler descriptions, and try to
find the displacement X of some part of the fluid by integrating u(x,t) with
Tespect to 1, Fig. 6.3¢ shows that we should become erroneously convinced
that the fluid had a negative mean displacement (since u is negative for a
longer time than it is positive). Of course, the curves of Fig. 6.3a show
that there is no such average drift; the mistake would come from the assump-
tion that u(x,t) is the velocity of a given part of the fluid, instead of the velocity
of whichever fluid happens to be at x at time 7.

‘To be quantitative about the difference between fluid displacement and
the integral of u(x,r) and to generalize the equations for S, we assume that
the displacement X — x, of the fluid originally at x, is some function
F(ct — x,). Then the displacement D(ct — x) of that portion of the fluid
Wwhich happens to be at point x at time ¢ must satisfy the equation

D(ct — x) = Flet — x + D(et — x)]
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The actual velocity u(x,t) of that portion of the fluid which is at x at time ¢
is, of course, not dD/dt (holding x constant), but is dF/d¢ (holding x,
constant) = ¢F'(ct — x + D), where F'is the derivative of F with respect to
its argument. Since

%—? = ¢D'(ct — x) = ¢[l + D'(ct — x)]F'(ct — x + D)
the relationship between # and D" is
- C‘D,({'F—'x) — I o i
u(x,t) = cF' = I D'(cf—x]_C[D (D)4 (B) ]

the series expansion converging if D’ is smaller than unity (i.e., if the fluid
velocity is everywhere smaller than c).

If Fis a periodic function [as, for example, F(u) = A sin (ku)], function
D also is periodic, and the time average of all odd powers of D’ will be zero.
In this case the time integral of the Eulerian velocity, over a long time
interval,

T (D*)E

J.u u(x,t)dt - —eT o (D'F}vg for T— oo

is negative, roughly equal to —¢T times the time average of u%/¢? whenu <,
even though the actual fluid displacement

f . . ._nfT[l + D'(u)]F'[u + D)) du
0 0

is zero when F and D are periodic functions and T is an integral number
of periods. Thus only when the second-order term (u/c)* can be neglected
compared with u/c can we assume that the integral of u(x,?) is equal to the
fluid displacement.

The main conclusion to be drawn from this rather long digression is
that the time derivative of the displacement of some part of the fluid differs
from u(x,t) by an amount which is small only for small amplitudes. The
difference between the Euler and the Lagrange descriptions can be neglected
only when we can neglect the squares of u, p, and ; even in this case there is
a difference in inhomogeneous fluids. '

The time derivatives

The crucial difference between the two notations comes in the time rates
of change. In the Lagrange notation the rotal derivative df|dt of some
property f of the fluid is the time rate of change of fin a portion of fluid,
as it moves through point x at time 7. In contrast, in the Euler notation,
the partial derivative df]dt (we shall always use the partial notation for the
Eulerian time derivative) is the change of f at the fixed point x, as the fluid
streams past. Thus df/d¢ includes not only the time rate of change of f in
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the moving fluid, but a]_so the changc infat.x because the fluid is moving
ast, if f differs from point to point in the ﬂund_. .

The chief advantage of the Lagrange description lies in the time deriva-
tives: the total derivative dp/dt measures whether the fluid is expanding or
not as it moves; du/dt is the true acceleration of a portion of the fluid, and
thus is proportional to the net force acting on the fluid at x, . But the
Euler description has many other advantages; so it will be useful to find a
measure of the difference between the two time derivatives.

To find the total derivative df/dt of some property of the fluid, in terms
of the partial derivatives at 1, x, we compare the value of f at x, ¢ with its
value at time t + dt at the point x + udt to which the fluid has moved in
time dt. In accord with the definitions of derivatives, this is

Y =f(x +udt,t + dt) — f(x,1)

dt
= Flx.1) + g—;udr e g{aﬂr — f(x.1)

or a_j,": a_f X Hif (6.1.9)
dt ot ox

The actual change in f; as the fluid moves past x with velocity w, is the change
in fwith time at the fixed point x, plus the spatial change in f times its velocity
u of flow past x. Thus the true acceleration of the fluid at x at time 7 is
given, in terms of the Eulerian velocity function u(x,t), by

du OJu du

= g Hax (6.1.10)
We see that the correction term u(0ufdx) is second order in the fluid velocity,
and therefore, if « is small (as it often is for sound waves), du/dt ~ du/ot to
the first order of approximation. The distinction cannot be forgotten,
however, because the sound energy and intensity are second-order expres-
sions, and the correction term may have to be included. Also, when the
fluid is moving as a whole with respect to the observer, its velocity may not
be small; so the second terms in Egs. (6.1.9) and (6.1.10) may be as large as

the first terms.  We should note that Eq. (6.1.10) is really just a restatement
of the discussion on page 238.

The equation of continuity

In addition to these questions of notation, we must also take into
account the fact that what happens in one part of a fluid affects what happens
In other parts. For example, we must express in equation form the fact
that the net flow across a closed surface in the fluid produces a change in
t.h"-' Properties of the fluid inside the surface. Suppose f is some property
like entropy density or electric charge density that can be created in the
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fluid and, once created, can be carried along with the fluid as it moves. For
one-dimensional situations, where both f'and u depend only on x and 1, the
Sflux of [ is the total amount of f that passes per second in the positive x
direction across a unit cross-sectional area perpendicular to x. If f travels
with the fluid, this flux J(x,t) must be equal to the density f times the fluid
velocity u at x and .

Now consider the slice of fluid between a plane surface of unit area,
normal to the x axis, at x + dx, and a parallel surface at x. The flux
J(x —+ dx) represents a loss of f from the region, and the flux J(x) into the
region represents a gain. The difference must equal the rate of loss by
outflow of f from the region. If, in addition, f is created at a rate Q(x,r)
per unit volume of fluid, the net rate of change of f within the region is

d T

-a{dx = Qdx — J(x + dx) + J(x) = de—g—dx

where partial derivatives are used because we are talking about a region
fixed in space. Therefore

of ofu i
d-0-Z-0 _f u= (6.1.11)

This equation, which states that any increase in fin a region must have been
brought there by fluid flow or else by specific creation there, as represented
by O, is called the equation of continuity. 1f we wish to find the net gain in
fin a region which moves with the fluid, we substitute from Eq. (6.1.9),

df i
di ¢ dx fax Ebc

= Q(x,1) —fg—i (6.1.12)

If the fluid flow is the same throughout the fluid, du/dx = 0 and Q equals
the total derivative df]dt, as might be expected.

In particular, if fis the mass density of fluid p and Q is the rate of crea-
tion of fluid (sometimes this is possible), then (2p/dt) + (dpu/dx) = Q, or if
we write the density as p -+ d(x,t), where p is the constant equilibrium
density and 0 is the variable part,

dd ado du
Q=3 +fus +(p+0)5 =

do

i o P
= (p+a) (6.1.13)

Even if Q = 0, the density of a given portion of fluid can change with time
if the fluid velocity changes with x. This equation is valid only for homo-
geneous fluids.
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It is not difficult to generalize these equations to three dimensions if
we use vector notation. Property f'in the Euler description is a function of
posiion; denoted by vector r, with components x, y, and z, and fluid velocity
at r, t is a vector u, with components u,, u,, and u,. The flux of fis vector
J =fo. Then EQ~_(5-1:9), relating the total time derivative of f(r,¢) and its
Partial time derivative, is

gdr =f(r+udtt+dt) — f(r,1)

:(@r-—l—u:g#:—f—u af—]—u af)dr

ot YOy | "0z
& _of
L= (u- .14
or =5 T (e grad)f (6.1.14)
where the operator
u-grad =u-V = a—‘— a—l—u :
PSR S T N

measures the rate of change of fat r, 7, caused by the fluid flow; it can be
used on either a scalar or a vector.

To obtain the three-dimensional equation of continuity we first show
that the net flux out of volume element dx dy dz is

BJ) (BJ) (BJ) :
dy dz| == d el S =
ly z(ax dx + dx dz 2 dy + dx dy % dz = divJ dx dy dz
where diVJ=V.J:a_J=_|_§£'+%
dx dy oz

The equation of continuity is therefore

-gz Q(r,:)—divJ=Q«—fdivu—u-gradf (6.1.15)

ar ;
or R?_Q—fdwu

where grad f = Vfis a vector with components df/dx, dffdy, and df]0z.

6.2 WAVE MOTION, ENERGY, AND MOMENTUM

_ We now are ready to work out the equation of acoustic wave motion
Wwhich is valid when the wave amplitude is small. The more accurate form
of the equation will be considered later, when we discuss large-amplitude
Waves and waves in moving media. We start here with a fluid that, in the
absez-lce of sound, has uniform density p, pressure P, and temperature T
and is everywhere at rest. We assume in this section that it is nonviscous
and lhas zero heat conductivity, so that the only energy involved in the acoustic
Mmotion is mechanical, and the only forces are those of compressive elasticity,
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measured by the compressibility « (the adiabatic compressibility is the
appropriate one to use in the case of zero heat conduction, but we need not
continue to write the subscript ).

In the presence of a sound wave the pressure becomes P + p(x,t) if the
wave is one-dimensional, the wavefronts being planes parallel to the yz plane.
The density becomes p + d(x,7), and the temperature becomes T - 7(x,t)
over the whole of the plane a distance x from the yz plane. Waves of this
sort are appropriately called plane waves. As mentioned previously, the
change in pressure p(x,t) is called the acoustic, or sound pressure. It is
responsible for the motion of the fluid, and the motion is in turn responsible
for the change in density, o(x,r) =~ pxp(x,1).

The one-dimensional equation

The net force on the mass (p + 6) dx of fluid in the volume enclosed
between two plane surfaces, each of unit area, one at x and the other at

x + dx, is p(x) — p(x + dx), which must equal the mass of the fluid times
its acceleration,

0 d
p(x) — p(x + dx) = — a-j;dx =d—f(p + &) dx
dp B (Bu 1 Buz)

from Eq. (6.1.10), changing from the total to the partial time derivative of
u, when u depends only on x and 7.

Also, from Eq. (6.1.13), if the source function Q is zero (if no new fluid
is introduced at x), the equation of continuity for the density p 4 d is

do du do
a= ‘—(P Fé}g—*ﬂa
which becomes
op du dp
S o S L 6.2.2
PRay = LT RPl < PG 5d3)

if we can use the approximate formula 6 = p«p relating density and pressure
change. Eliminating u between these two equations will produce the
equation of wave motion.

We have been assuming that  and p are small compared with p and P,
and also that u is small; thus there are several hierarchies of smallness in
these two equations. In both equations the term on the left is first order
in the small quantities w, 6, and p. In Eq. (6.2.1), p(du/dt) is first order,
d(0u/dt) and p(du?/dx) are second order, and &(du?[dx) is third order. In
Eq. (6.2.2) p(du/dx) is the first-order term on the right and — pxp(du/0x)
and — pu(dp/dx) are second-order terms. [Actually, there is a second-
order term on the left of Eq. (6.2.2) involving d«x/0P, but this term is usually
much smaller than the other second-order terms and is usually neglected.]
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The first-order equation of motion is obtained by neglecting higher-order
terms in both equations, leaving

ap ou ap du

5= PR3 == (6.2.3)

The first of these states that a pressure gradient produces an acceleration of
the fluid; the second states that a velocity gradient produces a compression
of the fluid.

Differentiating the first by x and the second by ¢ enables us to eliminate
u, thus obtaining the first-order equation of acoustic motion,

;. i 8 c® = .S (6.2.4)

dx* 2o Kp
which is, of course, the familiar wave equation, with wave velocity inversely
proportional to the square root of the density p times the compressibility «
of the fluid in equilibrium, as predicted by Eq. (6.1.8).

The extension of these equations to three-dimensional motion is not
difficult. The equation relating fluid acceleration and pressure gradient
becomes

0
(p+ 5)% = (p + é}l:a—:l + (u - grad)u] = —grad p (6.2.5)

where the velocity u is now a vector, and we have used Eq. (6.1.4) to change

from total to partial time derivative. The equation of continuity (6.1.15)
for mass flow becomes

00 0
5= Kpa—f = —div [(p + d)u] = —(p + 0) diva — u-grad &

= —p(l + kp)divu — xpu - grad p (6.2.6)

where we have again assumed that « is independent of p.
To first order in the small quantities p, u, we then have

du op .
. S 6.2,
P> grad p b= divu (6.2.7)

Taking the divergence of the first equation and using the second to eliminate
u results in

A2 2 2 2 2
divgradpf:(a - 6_ o _ 1dp

R DN - = V&p — _
dx?  dy? a:z)‘” " “Pan ¢® ot

(6.2.8)

Which is the three-dimensional form of the wave equation. The symbol
V2 the three-dimensional counterpart to the operator of Eq. (5.2.3), is again
called the Laplacian. We shall discuss its various forms, for different
Coordinate systems, in a later chapter.
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For future reference, though we shall not use the equations in this
chapter, we write down the equation of motion to the second order in the
small quantities u, p (though still not including the effects of viscosity,
thermal conduction, or change of compressibility with pressure). To this
order it is more convenient to express both p and u in terms of a scalar
function 't', which we call the velocity potential, since u is obtained by taking
the gradient of 't', u = —grad . Then, if we set, to second order,

oV ot
= g— — 3 g - s
o gpl:lgrad‘i i xp( 3.“)}

the equation of motion for 'V, to second order, is

h g 1
IR el Y OO
xp( 3 )] PP A% (6.2.9)

a2V B d
arr ot

[Igrad i g

assuming that « is a constant. Thus, even when viscosity and thermal
conduction are neglected, second-order terms modify the equation for simple
wave motion. We shall see later what effect this correction term has on the
solutions.

For small motions of the fluid, however, such that the acoustic pressure
p is small compared with the equilibrium pressure P, the motion, with its
accompanying small changes of pressure, propagates as simple waves with

velocity ¢ = V' 1/pk. From Eq. (6.1.5), if the fluid is a perfect gas, ¢ =

VyRT|M, where T is the absolute temperature of the gas at equilibrium,
M its molecular weight,  the ratio between its specific heats, and R the
universal gas constant. In this case the sound velocity is proportional to
the square root of T, being independent of the gas pressure or density (as
long as the first-order equation is valid). Also, in the case of the perfect
gas, the temperature change 7 accompanying the wave pressure p is 7 =
[(y — DM[yRplp = (y — D(T/pc®)p = (y — )(ufc)T, a quantity much
smaller than 7, since p is much smaller than pc? if Eq. (6.2.8) is valid.

Fluid momentum and energy

It is interesting, and will also be useful later, to demonstrate that the
equation of motion (6.2.5) can be written as an equation of continuity for
fluid momentum. The quantity p(r,/)u(r,?) is the momentum density of the
fluid at point r and time . According to Eq. (6.1.15), any change in this
density must be produced by the divergence of the flux of momentum
(analogous to the div J term) or else by the introduction of *new” momentum
at r, t (analogous to the Q term). Since momentum density is a vector,
there must be three equations of continuity, one for each component of pu,
and therefore three flux vectors, J,, J,, J., and three “source” terms, Q,,

0., 0..
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A “source” of momentum must be a net force on a unit volume of the
fluid; a force causes a change in momentum. Considering the amount of
fluid inside an element of volume dx dy dz at the point r = (x,y,2), the force
on this amount, transmitted from outside across the face dy dz at x, y, z,
can be written P,(x,y.z,t) dy dz, where the vector P, is called the x component
of the fluid stress. In a nonviscous fluid, of the sort considered in this
section, P, is simply the pressure, a vector in the x direction, of magnitude
equal to the pressure P(x,y,z,r) at r, 1. Later we shall show that when
viscosity is taken into account, P, is not pointed in the x direction, but has
components P, and P, as well.

The force across the dy dz face of the element farthest from the origin,
pushing back on the interior of dx dy dz, is then —P(x + dx, y,z,t) dy dz =
—P,(x,p,2,t) dy dz — (0P,/0x) dx dy dz; so the net force on the fluid in the
element, transmitted across the faces perpendicular to the x axis, is
—(8P,/dx) dx dy dz. For a nonviscous fluid this force is —(dP/dx) dx dy dz,
pointed in the x direction, where P is the pressure. Similarly, the net stress
force transmitted across the dx dz faces, perpendicular to the y axis, is
—(0P,/dy) dx dy dz, and that across the dx dy faces is —(dP,/0z) dx dy d=.
For a nonviscous fluid, these forces are —(dP/dy) dx dy dz, pointed in the y
direction, and —(0P/0z) dx dy dz, pointed in the z direction, respectively.
The total stress force is thus —grad (P) dx dy dz for the nonviscous case, and
—[(eP,/ox) + (0P,/dy) + (OP,/dz)] dx dy dz, with x component

(apm oP,, P,
— ==

ox ' dy + 0z
when viscosity is included.

In addition, there may be an external force F(r,7), such as the force of
gravity, acting on each unit volume of the fluid. This force on the fluid
inside the elementary volume is F dx dy dz, with x component F(r,t) dx dy dz,
etc. Therefore the momentum “‘source’ term for the x component of the
momentum conservation equation is

oP dP oP
dx dy dz =(F ——= ¥ _Zldxdyd:

The momentum flux J, in the x direction is the momentum density pu
times the x component of the fluid velocity, #,. Thus J, has components
puzu,, puu,, and pu.u,; similarly for the other fluxes. We thus see that the
total stress and the total flux each have nine components rather than three;
they constitute what are called tensors, which can be written in matrix form,

) dx dy dz

Poi Loy Py pu i, pugl, pu.u,
P=1 P, Py P S =\ puu, puu, pu, (6.2.10)
7 R R 8 pui, puu, puu,

instead of as trios of vectors, P,, P,, P, and J,, J,, J,. We note that, for
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nonviscous fluids, the stress tensor has the particularly simple form

P O 0
R=[0 P 0
0 0 P

The flux of x momentum J,(x,y,z,1) may bring in to the volume element
more momentum than it takes out over the other face. The net amount left,
via the dydz faces, is J(xy,zt)dydz — J(x + dx, y,z,t)dy dz =
—(0J,,/0x) dx dy dz; and the total amount, from all faces, of x momentum is

Ol Bl BJ“) : o
_(ax <H 3 == dxdydz = —divJ,dx dy dz

In addition, there is the amount Q, dx dy dz “created™ per second by the

external force and the internal stresses. Therefore the net gainin x momentum
in the element per second is

d
= (pu,) dx dy dz = (Q, — div J,) dx dy dz

with similar equations for the y and z components. The equations of
continuity for the fluid momentum are thus

d d 0 d

—(pu,) = F, — — (P, + puu,) — — (P, + puu,) — — (P, + puu

5; (PUz) 55 Paz + pUtiz) ay(;. pusghy) — = (P + putt;)
and similarly for the y and z components. These can be combined symboli-
cally into a single equation of the general form of Eq. (6.1.15),

of

—+V.TI=F 6.2.11
5 (6.2.11)
where, in the present case, the vector density f is pu, the momentum per unit
volume of fluid, the tensor flux T is the sum P -+ J of the stress tensor P and
the momentum flux tensor J, and the source vector F is the external force per
unit volume, such as that of gravity, or possible electric forces.

For nonviscous fluids the tensor *f is the simple one, with pressure P on
the main diagonal and zeros elsewhere. Going through the components, we
see that V - )3 then becomes simply grad P. To identify these equations with
the equation of motion (6.2.5), we perform the differentiations indicated by
V -3. For the x components,

div ] d d g 0
v — U, — b . M, — pU.
x ¥ o Py T U, a)’ puy, * 37 pPU,

d 0 0

-+ Uy =— U, U, =— U, i HZ-_H
P Dx T Py ay T P oz T
= u, div (pu) + p(u - grad)u,
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and for the whole vector we can write
V.3 = udiv(pu) + p(u-grad)u

Finally, we use the equation of continuity (6.1.15) for the scalar density,
apjot = —div (pu), to change the term dpu/dt into p(du/dt) — udiv (pu)
and thus obtain (for F = 0)

p %; —u le(PU) = - g]"cld P — udiv (Pu} i P{u " gl’ﬂd}u

which does indeed correspond to the equation of motion (6.2.5) if we cancel
the divergence terms and substitute p -+ ofor pand P -+ pfor P, in accordance
with our present notation.

We also could work out an equation of continuity for the energy density
of the fluid which would include the kinetic energy density 3p |u|* as well as
the internal (heat) energy of the fluid. This will be done in a later section,
when we take up the effects of heat conduction and other internal energy
changes. Here we go on to discuss the momentum and energy of the wave
motion, which differ from the momentum and energy of the fluid, just as the
longitudinal energy and momentum of wave motion on the string differ from
the string’s transverse energy and momentum, as noted in connection with
Eq. (4.1.12). In the present case, however, both sets are longitudinal.

Bernoulli's equation

We shall have occasion, several times, to refer to Bernoulli’s equation,

which is a special form of the momentum equation (6.1.15) for a nonviscous

taid, du du

e R S .v —— - : _]'_
P =fg p(u-V)u grad P+ F

For isentropic flow the pressure is a function of density alone; so we can
express (1/p) grad P as

1 dP | dP dP
£ RS gradp = grad - — t.'fp = grad o
pdp p dp p

Introducing the velocity potential ' (u = —grad}’) and the vector
relationship

2
(u-V)u = grad 1-;— — (u x curl u)

the momentum equation becomes
u* dp g%
grad (_ S . j_ = _) = u x curl u
2 p ot
where we have assumed that the external force F is minus the gradient of a

potential V.
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We now multiply both sides of this equation by u (scalar product).
Since u X A is perpendicular to u for any vector A, we have

where u - grad = u(d/dn) is the derivative in the direction of u, that is, along
the streamline defined by u.  Integrating the quantity along a streamline then
results in Bernoulli’s equation

e LE e 1T (6.2.12
ar - 2 | J p =
where constant C may be a function of time.

For time-independent flow this reduces to the well-known equation
-+ V + .|' (dP[p) = constant, related to the constancy of energy density.
When P[P, = (p/py)" and ¢* = yP/p, this becomes

c* v P

+ du® + V = constant = V -+ lu® +
yi=1 e

The Lagrange density

To find the momentum and energy flux specifically connected with the
wave motion, we first work out the Lagrange density [Eq. (4.1.8)] for sound
waves in a fluid. As noted in this section, we are neglecting viscosity and
heat conduction for the time being. Therefore the basic equations, to first
order, are

7]
pa-—:—gradp x?"::—divu

as before. According to Eq. (6.1.7), the Lagrange density, the difference
between the kinetic and potential energy densities, is 1p |u]®? — ixp®. To
apply the machinery of the Hamilton principle to this, we must express u and
p in terms of some common function of rand ¢.  If we use p itself, there is no
expression for u in terms of derivatives of p. However, if we let p equal p
times the time derivative of some scalar function ‘", we see, from the first of
Egs. (6.2.7), that u is minus the gradient of '1"; so ', the velocity potential
mentioned earlier, is a possible function with which to express L.

oV
F:PE u= —grad¥

[ all.'):! (all-)z oV ‘)2 (alf')?.il
el gl L
This formalism has the somewhat anomalous property that the kinetic-

energy term has the space derivatives of ‘I, and the potential-energy term has
the time derivative, thus forcing us to change the sign of L. We could, of

(6.2.13)
L=—]

o

Page 270 of 933




6.2 WAVE MOTION, ENERGY, AND MOMENTUM 249

course, have taken u to be the time derivative of some vector q. It is more
effort, however, 10 deal with the three components of a vector than with the
one function ¥, Inaddition, we might be tempted to call q the displacement
of the fluid (forgetting the difference between the Euler and the Lagrange
description) and thus draw erroneous conclusions regarding actual fluid
displacement. ‘ |

So we shall use the L of Eq. (6.2.13). The result of using Hamilton’s
principle [see the discussion of Eq. (5.2.6)] is the Lagrange equation

2 a,{.) a(a.r,) | 3(8L) H(SL) oL
i) LT o T () W Bl O R
ar(aw; tm\ew) TR\ twew) w0 62

where the subscripts indicate partial differentiation. Applying this to the L
of Eq. (6.2.13), we obtain
o2y
e () v =0

the wave equation, to first order.
We could use the Lagrange density

L=t + ol | () - (&) - () - (&)
- e 5 S e i B 7 En o
correct to third order (but omitting viscosity and heat conduction) to obtain
the second-order wave equation (6.2.9). It is interesting to see that the
second-order correction term in this equation is itself proportional to the
first-order Lagrange density of Eq. (6.2.13).
As was shown in Eqs. (4.1.9) for the string and Egs. (5.2.8) for the

membrane, the energy density w = W,, and the energy flow vector I =
(W W, W,,) of the wave motion are (using the L of Eq. 6.2.13)

alL.
W=, () — L = bolgrad WP -+ Jep¥'2 = do ult + dop? = w
t
(6.2.15)
Wi, = ‘i"r(aa?ﬁ) ——pl Fe—iptyy =" L=

These quantities satisfy the equation of continuity (dw/dt) -+ div1 = 0.
Since, from Eq. (6.1.7), W, is the total energy density w of the wave motion,
We can thus expect the vector I to be the flux of energy in the wave. Sound
pressure times fluid velocity u is the power flux per unit area, generated by the
Wwave motion; so vector I is called the intensiry of the wave.

The wave momentum M (as contrasted with the fluid momentum pu)
has the three components

dL
= g ___ 240 —— J—
M, W., 28 T, T i Kppu,
or M = —«kppu (6.2.16)
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It is a second-order vector, proportional to the intensity I, but usually much
smaller since «p is usually small. It also satisfies a vector equation of con-
tinuity (6.2.11), (éM/dt) + V - 2B = 0 (the source term is zero), with the
tensor

oL
Wz:r — IIJ‘:‘. ﬂ.— e L
ir‘l/"-""-;l' WJ.‘!J Tz w
— Lpf—gr 2 - 35 2. 2y — 1ppn2
w—|w, w, w, dp(—u? + w® 4 1) — gip
; . OL
Wow: W W H’”:q'*a‘l" = — pu U, (6.2.17)
¥

---------------------

being the wave-stress tensor, measuring the flux of momentum which accom-
panies the wave motion. Vector M has the dimensions of momentum per
unit volume (or pressure divided by velocity); M multiplied by wave velocity,
c¢M = (1/c)pu, is the radiation pressure exerted by the wave.

Complex notation

It is apparent by now that many calculations are more easily carried out
if we use the complex quantity (a - ib)e*** rather than the real quantity
a cos (wt) -+ b sin (wt) to represent velocity or displacement.  If we are to use
complex quantities, however, we should learn how to use them to express such
second-order quantities as kinetic energy, wave momentum, and the like.
The question is one of interpretation. If we say that the displacement x of a
simple oscillator is (a + ib)e'!, do we mean that the measured displacement
is the real part of this quantity, its imaginary part, or what? Furthermore,
we have said that the potential energy of the oscillator is 1Kx2; does x
in this case mean the real part of (@ -+ ib)e "*'? 1f so, we must abandon the
use of complex quantities when we discuss the second-order quantities.

Suppose we turn the representation around and define the second-order
quantities in terms of the complex notation; what, then, is the meaning of the
first-order quantities? Suppose we insist that the basic second-order quan-
tities, the kinetic and potential energies, are always real quantities. This can
be achieved by using the square of the magnitude of the complex quantity
instead of the square of the quantity. As shown on page 9, the quantity
|C|? = C*C = (a — ib)(a -~ ib) = a* 4 b* is real and nonnegative. Let us
try using a notation in which the potential energy is }K |x|* and the kinetic
energy is im |v|*.

In our previous discussion we said that the notation x = Ae ®' =
(a + ib)e "' meant that the measured displacement is the real part,
a cos (wt) + b sin (wr), representing simple-harmonic motion of amplitude

A = Va® + b®and phase ® = tan~(b/a). In this case the potential energy is

1K[a? cos? (wt) + 2ab cos (wit) sin (wt) + b* sin® (wt)]
= 1K(a® + b?) + 1K(a® — b®) cos (2wt) -+ 1Kab sin (2wt)
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which is a rather complicated combination of the real and imaginary parts of
A4 and of e*“".  However, the mean value of the potential energy, averaged
over time, is just }K(a* + b*) = 1K |x|?, a much simpler expression. Like-
wise, the mean value of the kinetic energy is {m(a*w?® + b*w?) = {m |dx/dt|>.
This simplicity of the mean values of energy extends to cases where x is a
combination of simple-harmonic motions. If

x =13 A,eont (6.2.18)

then time average of |x|?is 1 > |4, |%

Since we usually measure only the time average of the energy (or power)
anyway, we may as well use a representation which will give us these average
values directly, and interpret the velocities and displacements accordingly.
Therefore we shall use the complex quantity x as the displacement, with the
convention that the square of its magnitude (which enters into the energy
expressions) is the time average of the square of the actual displacement,
The magnitude of x, in this notation, will be called the root-mean-square
(usually written rms) amplitude of x, and the kinetic and potential energies,
averaged over time, are

2

KEzém‘j—f PE = K |x|*

Then if, later, we should wish to discuss the measured displacement or
velocity, as a function of time, we can take 4/2 times the real part of x or V2

times the imaginary part of x, whichever is more convenient. The V/2 factor
enters to take care of the factor § in Eq. (6.2.18), because the rms amplitude

is only 1/4/2 times the maximum displacement in simple-harmonic motion.
The rms representation is particularly adaptable to the Lagrange-
Hamilton approach to the equations of motion, because the basic integral
of the Lagrangian [of Eq. (5.2.5), for example] is over time and space, so that
time-average quantities can be used without changing the results in the
slightest. Thus we can change over completely to the complex notation by
using the square of the magnitude of the quantity in place of its square, if we
remember that the resulting energies are time averages and the resulting
amplitudes are rms amplitudes. In this notation, for example, the Lagrange

density for small-amplitude motion of a compressible fluid is

P *

I g ot o¥

dr ot

Where now, in contrast to the Lagrangian of Eq. (6.2.13), ¥ is a complex
quantity Re¥" + i Im"¥" and \V'* is its complex conjugate, Re¥ — i Im V.
The amplitudes of ¥ and of all its derivatives are then rms amplitudes.
Since the real and imaginary parts of V" will be varied independently in
the variational process (see page 158) to obtain the Lagrange equations of

— 4p grad¥* - grad ¥ (6.2.19)
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motion, we can consider't" and " * as being varied independently. Therefore
the variation of the integral of L gives rise to two equations, one for't" and one
for'v.

a(aL)la(aL)Jra(aL)‘_a(aL)_aL_ﬂ
ot \o¥*) " ox\a¥*/ " oy \av*/ ' 8z \a¥r) av¥*

d (oL 0 (oL d (oL d (dL dL
=57) + 5 35) + 5 55) + 52 — 2= =0
dt \d¥, dx \o¥, dy \d'¥, v, v
For the symmetric Lagrange density of Eq. (6.2.19) these two equations are
identical; so in this case 't'* and ‘I satisfy the same equation, and thus can
be complex comjugates of each other.
The forms of the energy-momentum matrix 98, however, must be modi-

fied, since the second-order terms must be real. The modifications are fairly
obvious, since W ,, must be

(6.2.20)

2

¥
- 1p |grad W2

W = -}pzx o

ot

the time average of the energy density. Therefore

0
W, =", ( L) +”*( aL)—sz

o a7
L\ | *( oL
= (al}f ) T a‘:lf*) . el

oL ol 9L R e
W, qﬁ(al}‘)—i_lf (a‘P )—2(;;' w4 ulp) =1,

Given that" and ¥'* satisfy Eqs. (6.2.20), one can show that the elements of
2B satisfy the equations of continuity, similar to those of page 199.

awu .
_-ar——{- divl=0 I=(Wg.W,,,W.)
M

and I is the wave-stress matrix of Eq. (6.2.17). Thus the interrelations
between the second-order terms are the same as before; only now the quan-
tities are time averages, not instantaneous values.

Propagation in porous media

In some cases of interest the fluid will be interpenetrating a porous solid,
which resists the fluid’s flow and also modifies the fluid’s compressibility.
Suppose that the pores in the material are interconnected in a random but
isotropic way, so that the fluid can percolate through it with equal facility
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in any direction, and so that the fraction of volume which is not occupied by
the solid, which the fluid can occupy, is (2, called the porosity. Also suppose
that the solid, though porous, is perfectly rigid and incompressible. This is
not a bad approximation for gases flowing through porous materials, though
it would not be very good for liquids, such as water, flowing through sand,
which is not rigid and not much less compressible than water.

The actual velocity of the fluid, as it passes through the pores, will not be
constant in direction or amount. What is of practical interest is the mean
volume of fluid passing across a unit area inside the medium, normal to the
flow, per second, which we can call u(x,r), the mean velocity. At the inter-
surface between the porous material and the outside, the normal component
of u will thus be continuous. The fluid in the pores will have to be moving
faster, normal to the surface, than the air outside, so that the volume of fluid
leaving the outside per second is equal to the volume of fluid entering the
pores per second, both being equal to the area of the surface times the normal
component of u.

The equation of continuity for ustill holds for fluid flow in the pores if we
consider a large enough volume so that irregularities of pore size average out,
and if we consider the density p -+ 6 of the fluid as being the mass of the fluid
occupying the fraction L2 of the space available to the fluid. The equation of
continuity becomes €)(dd/dt) — p div u = O to the first order. Also, to the
first order, the relation between density change o and acoustic pressure is
0 = «k,pp, where «, is the effective compressibility of the fluid in the pores.
At very high frequencies this would be the adiabatic compressibility «, of the
fluid in the open; at low frequencies the near presence of the solid material
would tend to hold the temperature constant, and it would equal the iso-
thermal compressibility x,, larger than «,. For some acoustic materials
(for air) the change-over occurs in the frequency range of greatest interest,
so that «, must often be considered to be a function of @. Thus one of the
equations for sound waves in a porous material is «,(dp/0dt) + divu =0,
or, for simple-harmonic waves,

i, Ldp = divu (6.2.22)

The other equation, giving the fluid acceleration in terms of the forces
acting, must be modified to include the change in inertia of, and the frictional
drag suffered by, the fluid as it moves through the pores. Some fibers of the
Material may move with the fluid, thus adding to its effective mass. Also, as
\flll be indicated in Eq. (6.4.14), when fluid flows through a series of constric-
tions, its effective mass increases.  Therefore, to express the inertial properties
of the fluid in the pores, we use an effective density p,, greater than the density
g of the fluid in the open. In actual acoustic materials p, is from 1.5 to 5
times p.

We express the frictional retardation to flow through the pores in terms
of a flow resistance ®, the pressure drop required to force a unit flow through
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the material. Most porous materials used in sound absorption have flow
resistances which lie between 0.2 and 2 atm-sec per sq m; put another way,
the quantity @/pc for air in these materials lies between 50 and 500 m-!,
Thus the equation of motion is p,(du/dt) + Pu + grad p = 0, or, for simple-
harmonic waves,

pr,,[l + i » }u = grad p (6.2.23)

Py
for materials which are uniform and isotropic in their porous properties,
We note that the effect of flow resistance is largest at low frequencies. For
porous sound absorbers in air, ®/p, lies between 0.5 and 10 for a frequency
of 1,000 cps, in the intermediate range, neither very large nor very small.

To obtain the wave equation we define a velocity potential such that
u = —grad ¥, as before. Then p = p,(d%/dt) 4 @Y and
(i ¥

e il sk
VY =« 0,82 5 -+ 1, QO 5 (6.2.24)

Except for the last term, this is the usual wave equation with a wave velocity

¢, = V1/k,p, 2, instead of ¢ = V' 1/pk, the wave velocity in the open.
Velocity ¢, may be larger than c if £ is small (material not very porous), but
it usually is smaller than ¢ because p,{2 is usually larger than p. The last
term in Eq. (6.2.24) represents the frictional loss, which is evidenced by either
oscillations damped in time or attenuation in space of simple-harmonic waves.

Since «, and p, are to some extent dependent on frequency, we can
specialize Eq. (6.2.24) for motions having the time factor e~*** and later
utilize the Fourier transform to deal with nonharmonic motion. The basic
equations (6.2.7) relating p and u for simple-harmonic motion can be written
(iw]pe?)p = div u and iwpu = grad p. Equations (6.2.22) and (6.2.23) can
be brought into this form by defining an effective fluid density p,, com-
pressibility «,, and wave velocity ¢,, for the fluid in the pores, by the equations

D
pg:pﬁ(l —l—i—”) x, = Qi,
e (6.2.25)

1 1 ( iD )—i
Cyi= = =c,| 1 +
\/pr_xe ‘\’f_pn.xpﬂ PptV

where ¢, = “\/prpxﬁﬂ. Therefore

u=—grad¥ p=iwpV
and thus

2
v 4 (2 =0

¢

&y

which is the wave equation for simple-harmonic waves.
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