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Both effective density and effective wave velocity are complex quantities, 
because of the frictional term in <P. At very high frequencies both are real; 

_,. p is somewhat larger than p, the density of the fluid in the open ; and 
p.,, p • . ~/. 
c _,. c is usually a little smaller than the wave velocity c = v 1 t pK m the 

0;en. "Thus a plane wave of freque~cy w/27T, traveling in the positive x 
direction, is represented by the expression 

w large 

w small 

w large 

w small 

(6.2.26) 

The phase velocity w/ke is, roughly, equal to 1/V P1>K1>Q = c1) when 
w ► <Pf p1,, somewhat smaller than the velocity c in the open for most porous 
materials. The wave amplitude in the porous medium is attenuated by a 
factor I /e in a distance I /y • =:: 2p1>c11/<P when <P is small compared with ppw. 

For sound-absorbing materials this distance is of the order of a centimeter or 
less, for frequencies above 2,000 cps. 

Of course, this procedure of representing the effect of the pores in terms 
of an effective density and wave velocity is possible only for simple-harmonic 
waves. l ts usefulness can be extended by means of the Fourier transform, 
however. Any waveform can be expressed, by this means, as a sum of 
simple-harmonic components, each of which will behave as though the fluid 
had density and wave velocity as given in Eqs. (6.2.26). We return to this 
in the next section . 

Energy and momentum 

T n a porous medium energy is lost to frictional forces, so that the equation 
of continuity between energy density w and energy flow I must take this into 
account. If the amplitude of the velocity potential'¥ is given in rms terms, 
the time average of the energy density in the sound wave would be, according 
to Eq. (6.1.7), 

w = ½K.P lpl2 + l Pv I u 12 = ½ K 1, Ip,,'¥ 1 + <P'¥12 + ½ p.P grad o/* • grad 'Y 

and the intensity vector would be 

I = ½p*u + ½u*p = - ½[(p/V;" + <I>'Y*) grad'¥ + (p,.\J'' 1 + <P'¥) grad'¥*] 

The mean rate of loss of energy per unit volume should be equal to the flow 
resistance times the mean square of the velocity, <I> lul2, so that the equation 
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of continuity for the energy should be 

ow - + div I = - <I> lul2 = - <I> grad 'Y • grad 'Y* 
ol 

(6.2.27) 

If we insert the expressions for wand I into the left-hand side of this equation, 
carry out the algebra, and use Eq. (6.2.23), we find that it does indeed equal 
the right-hand side. 

The dissipative term KJ.2<1>(o'¥/ot) in Eq. (6.2.23) impedes our use of the 
Lagrange-Hamilton formalism, however. The only way in which we can use 
it is to combine the solution'¥ of Eq. (6.2.23) with a solution o/" of an adjoint 
system, having negative flow resistance, and thus having a complementary 
rate of energy gain per unit volume. We set the combined Lagrange density 
to be 

o'¥" oo/ 
L = ½ K p 2.Q - - - ½P grad o/a • grad 'I' 

'P 'P 01 ot 'P 

(
o'I'a oo/) + t PvKv<l>.Q Tt 'Y - 'Ya Ol (6.2.28) 

The first two terms of this expression are similar to those of Eq. (6.2.19), 
except that, instead of the complex conjugate'¥*, the adjoint potential '¥a 
appears. The last term ensures that 'Ya satisfies a different equation from o/. 
Applying the variational procedure to the integral of L [see the discussion 
of Eq. (5.2.5)], the variation of 'f"« results in an equation like the first of 
Eqs. (6.2.20), except that'¥« occurs instead of'¥*. This, when applied to 
Eq. (6.2.28), results in the damped-wave equation (6.2.24). 

On the other hand, variation of'¥ produces the second of Eqs. (6.2.20), 
which becomes 02'¥a o'¥" 

\72'¥a = Kppp.Q at2 - K/f>.Q Tt (6.2.29) 

when the L of Eq. (6.2.28) is used. This has the first-derivative time term 
with a sign opposite to that ofEq. (6.2.23), thus representing energy accretion 
rather than dissipation. 

The corresponding energy-momentum tensor has elements 

W ,t = \J?t(a~a)+ '¥1(::) - L = wo 

W,x = 'Yt(0~a) + \¥,(::)= fox 
(t:.2.30) 

with the same general form as those of Eqs. (6.2.21), with 'Ya substituted for 
q,·*. Since'¥" represents an adjoint system, however, which gains energy as 
rapidly as 'Y loses it, the quantities Eo, !0 , etc., are constant in time and satisfy 
nonclissipative equations of continuity (OE0/ot) + div 10 = 0, etc. Thus, only 
by introducing an adjoint system can we retain the Lagrange-Hamilton 
formalism when friction enters the picture. 
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3 WAVES IN AN INFINITE MEDIUM 6. 

We have now sketched the general properties of wave motion of small 
amplitude in a uniform medium. We have seen that, as long as the fluid is 
uniform and in equilibrium, if viscosity and thermal conduction can be 
neglected and if acoustic pressure p is small compared with equilibrium 
pressure P, then p, u, etc., will satisfy a linear wave equation of the form 
of Eqs. (6.2.8) or of Eq. (6.2.24). For the next several chapters we shall 
work out the implications of these equations. 

There are several reasons for spending so much time on so specialized 
a model of acoustic behavior. ln the first place, it turns out to represent 
many acoustic phenomena surprisingly well. Sounds of ordinary intensity 
involve acoustic pressures of 10- 4 atm or smaller (by definition P = l a tm 
under standard conditions). In many situations of acoustic importance 
(such as the interior of an auditorium during a concert), we strive to keep 
the air quiescent and uniform, except for the sound. Solutions of the first­
order equations (6.2.8) represent quite accurately much of the acoustic 
phenomena we are accustomed to. When we come to deal with the products 
of modern technology, however, such as jet aircraft or atom-bomb explosions, 
it becomes imperative that we study higher-order effects and propagation in 
a moving medium. 

Jn the second place, the first-order wave equation is very much easier 
to handle mathematically than is the equation appropriate for high-intensity 
sounds or for a viscous or a moving medium. Equations (6.2.4), (6.2.8), 
and (6.2.24) are linear in the dependent variable, and we have commented 
in earlier chapters on the great advantages of linear equations. In fact, 
even when we come later to study the effects of motion of the fluid medium, 
we shall usually begin by studying Jinearized approximations to the correct 
equations, in order to obtain analytic solutions. Nonlinear equations 
usually must be solved numerically, a separate solution being worked out 
for each different situation of interest. Analytic solutions, though approxi­
mate, provide a quick survey of the general features of the phenomena. 

In this chapter we shall concentrate on the behavior of plane-wave 
solutions of the simple wave equation. Later chapters will take up cylin­
d'.ical and spherical waves, in which the peculiarities of two- and three­
dimensional motion become apparent. 

Traveling waves 

We start by considering the propagation of a plane wave in a uniform 
nonviscous medium of infinite extent, at rest in the absence of sound. We 
choose the x axis to point in the direction of propagation, in which case the 
sound pressure p and all the other characteristics of the wave are functions 
of x and t only, and the fluid velocity u and all other vectors related to the 
Wave are pointed in the x direction. The ~quation of motion which the 
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sound pressure must satisfy is the simple wave equation (6.2.4), which we 
repeat here: 

l 
-= PK 
c2 (6.3.1) 

where p is the equilibrium density of the medium, and K is the adiabatic 
compressibility of the fl uid, at equilibrium, as defined in Eqs. (6.1.3) and 
(6.1.5). As explained earlier, the change in density c5 and in temperature 7 
of the fluid, and the fluid velocity u, caused by the wave, are in the first order 
linearly related top, according to the equations 

and op ou 
- = - p ­
ox ot 

K 
T = (y - J) - p 

fJ 

op au 
K- = - -

Ot ox 
T herefore c5, T, and u also are solutions of Eq. (6.3.1). 

(6.3.2) 

We have already seen, in Sec. (4.1), that a general solution of the wave 
equation (6.3.1 ), traveling in the positive x direction, is given by the function 
p(x - ct). This represents a wave of constant form p(z), traveling with 
constant speed c (which equals 33 1 m per sec for air at 273°K and equals 
1,500 m per sec for water at the same temperature). In the case of the string, 
the displacement is transverse to the direction of wave propagation; in the 
case of sound waves, the fluid motion is in the direction of propagation. 
By referring back to Eqs. (6.2.11 ), (6.2.13), and (6.2.15), we find we can write 
out all the important quantities characterizing the wave motion in terms of 
the velocity potential 'Y(x - ct), where 

I 1· o/(z) = - - p(u) du 
pc o 

dl.J!' 
o/'(z) = -

dz 

u = - o/'(x - ct) p(x - ct)= - pc'¥'(x - ct) = pcu(x - ct) 

Mass flux = pu = fluid momentum density = f.. 
C 

I 12 
Fl uid momentum flux = p [ul2 = p 

2 
= w 

pc 

lpl2 
Wave energy density w = }p lul2 + ½K lpl2 = pc2 

Sound intensity /z = ½(p•u + pu*) = pc lul2 = lp[
2 

= cw 
pc 

(6.3.3) 

to the first order in the small quantities p, u, if the result is nonzero; otherwise, 
to the second order. We are here using complex quantities for'P',p, u, an? -r; 
the amplitudes of the first-order quantities are rms, and the second-order 
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quantities are time averages. We thus are assuming that the variables can 
be expressed as sums of simple-harmonic terms of the type Ane-;'"•1 and that 
Eq. (6.2.19) can express the system's Lagrange density. 

lt should be pointed out again that we can neglect the difference between 
the Lagrange and the Euler descriptions, djscussed in connection with Fig. 
6.3, only to the first order. For example, if we tried to improve the accuracy 
of the mass-flux term by using (p + o)u = pu + (p/c)u2, we might be 
tempted to conclude that, even if u were purely sinusoidal, there was a net 
forward flow of fluid, corresponding to the u2 term. This would be wrong, 
of course, because one cannot compute displacement by integrating the 
Eulerian velocity or flux. In fact, on page 238, we showed that the fluid 
displacement is, to third order, equal to the integral of u + (u2/c), not the 
integral of u. When we come to discuss higher-order effects, we shall find 
it necessary to start afresh, keeping in mind the distinction between Euler 
and Lagrange descriptions at each step. Here we can neglect the distinction 
as long as we adhere to the degree of approximation given in Eqs. (6.3.3) as 
written. 

The relationships given in Eqs. (6.3.3) are simple enough; they are the 
bases of most acoustical measurements. In a plane wave, pressure is in 
phase with fluid velocity; the region which is moving most rapidly in the 
direction of propagation is the region of greatest sound pressure (this is 
apparent from examination of Fig. 6.3a). The ratio between acoustic 

pressure p and fluid velocity u, pc = v' p/ K (which equals 429 newton-sec 
per cum for air at 0°C and 1 atm pressure and equals 1.5 x 106 newton-sec 
per cu m for water at 0°C), is called the characteristic acoustic impedance of 
the medium. 

The analogy with an electrical transmission line is fair1y obvious; 
pressure corresponds to voltage, and u to current; furthermore, the intensity 
I, the mean power transmitted in joules per second per unit area, is equal to 
the impedance pc times the square of u. Both sound pressure p and quantity 
pc2 = 1/K have the dimensions of energy density. Sound pressures p are 
usually smaller than I dyne per sq cm = 0.1 newton per sq m or joule per 
cu m, whereas pc2 for air at 0°C and I atm is 1.42 x 105 joules per cu m. 
The energy density w of the wave is thus the pressure times the ratio of the 
pressure to this standard energy density, usually much smaller than 10-s 
times the value of p itself. 

Reflection from a locally reacting surface 

Suppose this small-amplitude plane wave is incident on a plane surface, 
such as a wall. In general, some of the energy is reflected , and some is 
absorbed by the surface. For convenience, we take the surface to be the 
xz plane, with the fluid occupying the half-space above this plane, for positive 
~alues of y. The incident plane wave will have its direction of propagation 
in the xy plane, inclined at an angle -{)i to they axis, as shown in Fig. 6.4 
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FIGURE 6.4 
Reflect ion from a plane surface in the xz 
plane. 

({}:; is the angle of incidence). A rotation of axes of the expressions (6.3.3) 
shows that we can write them in terms of the velocity potential 'l';(Z,), with z, = x sin {}i - y cos 1}i - ct. 

/ lp;l2 
• _Q, 

:r: = -sm ·vi 
pc 

A possible reflected wave would be represented by the velocity potential 
'¥ix sin 1J, + y cos f>, - ct) moving away from the reflecting surface at an 
angle f}, to they axis (the angle of reflection). Resulting pressures, velocities, 
etc. , a re correspondingly propagated upward at an angle ,{J,n which is to be 
determined. The relationship between the functions'¥, and '¥, must also 
be found. 

To make this determination, the acoustical nature of the reflecting 
surface must be specified. The acoustic pressure p acts on the surface and 
tends to make it move, or else tends to force more fluid into the pores of 
the surface. Tf any fluid motion normal to the surface is possible, there will 
be wave motion in the material forming the surface. Thus the motion of the 
surface at one point will be related to motion a t another point of the surface, 
the relationship being determined by the wave motion inside the material, 
as well as by the incident and reflected waves·. 

In certain limiting cases, however, the various parts of the surface are 
not strongly coupled together, and we can consider that the motion , normal 
to the surface, of one portion of the surface is dependent only on the acoustic 
pressure incident on that portion and independent of the motion of any 
other part of the area. When this is the case, we say that the surface is 
one of local reaction; the consequent interaction of such a surface with incident 
and reflected waves is particularly simple. In the next subsection we shall 
work out the circumstances under which a surface may have local reaction; 
at present we assume it has. • 
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The motion of the surface (or the motion of the fluid into the surface 
ores) at a given point is thus determined (we assume) by the acoustic 

:ressure at that point. For small a_mplitudes_ the relationship is linear, ~nd 
the velocity "v normal to the surface 1s proport10nal to the pressure. Motion 
of the fluid tangential to the surface will not affect the surface motion; we 
are assuming at present that viscosity is negligible. T he ratio between 
pressure and normal fluid velocity at a _P~int on the surface is called the 
acoustic impedance of the surface. This impedance may depend on the 
frequency of the incident wave; it may be complex, in which case the normal 
velocity is not in phase with the pressure. But if the su rface is one of local 
reaction, the impedance will not depend on the spatial distribution of the 
wave causing the pressure. 

We usually symbolize this acoustic impedance by the letter z. its 
natural units, as we shall soon see, a re the characteristic impedance pc of 
the medium. For convenience, we define the following terms: 

z 
( = - = 0 - ix 

pc 
0 

and 

X 

pc . 
{3 = - = ~ - ra 

z 

~ = 02 + x2 
a=----

O2 + x2 

(6.3.4) 

The ratio ( between the acoustic impedance z of the locally reacting surface 
and pc will be called the specific acoustic impedance of the surface . Its real 
part is the specific acoustic resistance (); its reciprocal {3 is the specific acoustic 
admittance; and so on. As will be demonstrated, the interaction between 
sound waves and a surface of local reaction is completely defined by specifying 
the specific acoustic impedance ( or its admittance) as a function of frequency. 

For the moment let us assume that the impedance z of the surface is 
independent of frequency; that the ratio (pf-uu) at the surface is the same 
no matter what the shape of the wave. In this case we must adjust the 
reflected wave \fi' rCx sin {} r + y cos {}r - ct ) so that, together with the incident 
wave lJr;(x sin {}; - y cos f}, - ct) , it has a pressure which is just z times the 
combined normal velocity uu. At y = 0 the combined pressure is 

- pc['l';(x sin{), - ct ) + o/;(x sin {}r - ct )] 

W,e certainly shall not be able to match (pf - uv) to z at every point unless 
'Yr bears the same relation to'¥'. at every point. Therefore {}n the angle of 
reflection, must equal {}.;, the angle of incidence (f}r = {}1 = {)) , and o/; must 
be a constant C, times \Jf; . We thus have the combined pressure and normal 
velocity at y = o. 

p(x,O) = -pc( I + C,Y':F;(x sin{) - ct) 

uix,O) = cos 0(1 - C,)1-F;(x sin f) - ct ) 

Note _that the velocity of the wave along the sw:face is c/sin {}, greater than the 
velocity of propagation c. The ratio C, between incident and reflected 
pressure waves is called the reflection coefficient. 
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We next must adjust C,. so that (pf- uv) equals z, the impedance of the 
surface. Going through the algebra, we find that 

z cos{} - pc 
C,. = ----,,---

z cos{} + pc 
(6.3.5) 

For this kind of surface, therefore, the reflection coefficient depends on the 
ratio between the surface impedance z and the characteristic impedance pc 

of the fluid , and also on the cosine of the angle of incidence (and of reflection). 

"' 0.4 
\.S 

>-
e' 
Q) 
C 
Q) _ 0.2 
0 
C 
0 ·.::. 
<.J 
0 

lt 0.1 

Angle of incidence ,; 

FIGURE 6.5 
Fraction of energy reflected from a locally reacting surface of 
point impedance z = pc(O - i;r.), for different values of 
resistance parameter 0 and reactance parameter X• as function 
of angle of incidence (}. 

We note that if z is purely imaginary (reactive), then the magnitude of Cr 
is unity, the reflected wave differs only in phase angle from the incident 
wave, the reflected intensity pc IC,12 j'o/;12 is equal to the incident intensity 
pc j\J1';12

, and no energy is absorbed by the surface. On the other hand, if 
z is real (resistive), then the reflection coefficient C, is smaller than unity, the 
reflected intensity is smaller than the incident intensity, and the surface 
absorbs the difference. Since the waves are at an angle {} to the normal to 
the surface, a unit-area portion of the wave is spread over an area I/cos{} 
of the surface, so that the energy absorbed per unit area of surface is 

(6.3'.6) 
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hen z is real. If z is also larger than pc, there is an angle of incidence, 
; = cos- 1 (pc/z), at which no wave is reflected ; all the incident energy is 

bsorbed. At this angle the component of the wall resistance, z cos 0, just 
a quals the characteristic impedance pc of the medium. Figure 6.5 shows 
:urves of IC,12 as functions of 0 for a few values of z/ pc = 0 - ix. 

Frequency-dependent surface impedance 

If the surface impedance z is a function of frequency, though still a 
point function, independent of the spatial distribution of the wave, we can 
start by calculating the reflection of a simple-harmonic wave of frequency 
w/2TT. By procedures similar to those which produced Eq. (6.3.5), we find 
that the appropriate combination for an incident wave of rms amplitude Ai is 

where 

'F(xy ·w t) = A-e- i<»T, + A -C e- iwT, , ,, t. tr 

z( w) cos {} - pc 1 . 
C, = ) f} Ti = t - - (x sin {} - y cos {}) 

z(w cos + pc c 

T,. = t - ! (x sin{} + y cos ,&) 
C 

with the incident wave going in the direction of the unit vector 

a i = a., sin {}- aucosf} 

and a reflected plane wave, of amplitude A 1C, , going in the direction of the 
vector a,= a., sin ,{} + av cos{}, where a.,, av are unit vectors in the x and 
y directions, respectively. The pressure, fluid velocity, mean energy density, 
and intensity for this wave combination are 

p = p 
0
: = B(w)(e-iwT1 + C,.e-iw'l.' r) B = - iw pA, 

u = -grad o/ = B (aie-iwT, + C,a,e-iwT,) 
pc 

w = ½P lul2 + ½K lpl2 = ~ 1B12 (1 + 1c .. 12
) 

pc· 

I = ½(p* u + p u*) = ..!_ 1B12 (a; + IC,12 a,) c2 = ~ 
pc pK 

(6.3.7) 

where B(w) is the rms amplitude of the incident pressure wave, and BC, 
that of the reflected pressure wave. The cross terms, with factors e1<•<T,T,l, 
etc., in wand I vanish when averaged over time and space, leaving the mean 
energy density was the sum of the energy densities of the two separate waves, 
and the mean energy flux I as the sum of the separate flows, each in their 
separate direction, as given by the unit vectors a1 and a,. 

To take a typical example, let us assume that each point of the reflecting 
surface acts like a simple-harmonic oscillator, with effective mass m per unit 
area, mechanical resistance factor R , and. stiffness K = mw0

2 for motion 
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normal to the surface (w0/2-rr is the resonance frequency of the wall surface). 
The acoustic impedance z of the wall would then be - iwm + R + im(wa2/w), 
or (m/iw)[w2 + iw(R/m) - wl], according to Eq. (2.3.2), having a simple 
quadratic dependence on w. For this case the ratio C,, the reflection 
coefficient, and the square of its magnitude IC,12, the ratio between reflected 
and incident intensities, are 

C = _( w_2 
__ w_0_

2)_ +_,_·w_[_( R_/_m_)_-_(p_c_f ,_n_c_o_s _<0_)] 
' (w2 - w/) + iw[(R/m) + (pc/m cos iJ)J 

2iw(pc/m cos{}) 
= 1 - ----- ------

(n> + iq - w0)(w + iq + w0) 

R pc 
q = 2m + 2m cos {} (6.3.8) 

ICl2 = I. _ 4w2
pcR cos{) 

(m cos {))2(w2 
- wl)2 + w2(pc + R cos {})2 

For very low frequencies (w ~ w0), the reflection coefficient Cr becomes 
unity for this wall , independent of 0; the incident pressure wave is reflected 
with no change in amplitude or phase; thus no energy is absorbed by the 
wall. This is also true for very high frequencies (<JJ ► w0). At resonance 
(w '.::::'. w0), however, C, is smaller than unity and dependent on the angle of 
incidence 0. The reflected intensity at resonance is smallest when the angle 
of incidence is cos- 1 (pc/R), if R > pc, or for normal incidence, if R < pc. 

The power absorbed per unit area of the reflecting surface is 

(IBl2/ pc)(l - IC,12) cos'!? 

which is the following fraction of the incident intensity (IBl2/ pc): 

4w2 pcR cos2 ·O -------------- -- -
(m cos ,0.)2(w2 - w0

2) 2 + w2(pc + R cos ·19)2 

4pcR w2 

m2w/wa2 

4pcR cos2 {} 

(pc + R cos ·0)2 

4pcR 
m2w2 

w= Wo 

for this sort of reflecting surface. This fraction goes to zero as w -+ 0 and 
as <.u -► oo, being independent of the angle of incidence at these limiting 
freq uencies. At resonance the absorbed power is strongly dependent on {), 
being zero at grazing incidence and greatest at normal incidence. 

Reflection of a pu lse-wave 

Having worked out the reflection of a simple-harmonic wave from a 
plane surface of local reaction, we can now call in the Fourier transform to 
compute the reflection of a wave of any form. From Eq. (1.3.25) a unit 
pulse-wave, traveling in the direction of a; = a., sin{} - a v cos f>, can · be 
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built up out of combination of simple-harmonic waves, 

Comparing this with Eqs. (6.3.7), we see that if we set the amplitude B(w) 

f the simple harmonic wave equal to ( l/2TT)e;"'10 and integrate the result 
0 . 
over w, we shall obtain 

pt,(x,y;t,to) = _21 J oo [eiwUo- 1'1) + Cr(w)ei<o(lo-T,1] d w 
7T -00 

(6.3.9) 

r. = t - ~ (x sin {} - y cos{}) 
• C 

I . 
T, = l - - (x SIO {} + y cos {}) 

C 

representing a unit pulse-wave, incident on the reflecting plane at an angle 

of incidence{}, and a reflected wave, consisting of a unit pulse plus a "wake" 

W, represented by the integral, which is produced by the motion of the 

surface as it reacts to the pulse. 
If, for example, the impedance is z = -iwm + R + im(wl/w), as in 

Eqs. (6.3.8), the integral becomes 

2pc J 00 weiwT dw 
W(T) = - ----= 

2TTim cos -8 -oo (w + iq - w0)(w + iq + w0) 
T = T, - t0 

Referring to Eqs. (1.2.15) or Eq . (2.3. 10), we see that 

0 T < O 

W(T, - 10) = -
2

pc{} exp [ - :!.._ (R + pc,o)] [cos (w0T) 
m cos 2m cos (6.3.10) 

- -
2 

-
1
- (R + pc{} ) sin (w0 T)] 

111Wo COS ' 
T > O 

Which is a wave that damps out with time, the rate of damping being least fo r 

~ = 0 and becoming infinite as {) -► 17T (i.e., for grazing incidence). There 
15 no wave when T < 0, that is, if tis less than 10 + (1/c)(x sin {) + y cos{)). 

:4't T = 0, along the reflected wavefront, x sin {} + y cos{} = c(t - t0), there 

'.~ a unit pulse, immediately followed by the initially negative pressure of the 

W~ke" W. As time goes on (T becomes larger than 0), W exhibits damped 

~sc_illations, dying out more rapidly, the smaller cos {} _ As {)-+ ~7T (grazing 

incidence), function W approaches the pulse function - 2o(T), which more 

than cancels the reflected pulse. 
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What happens is somewhat like the wave reflection illustrated in Fig. 4.9. 
The pressure pulse of the incident wave cannot move the mass load of the 
wall instantaneously; so the pulse is reflected unchanged. I t has given an 
impulse to the surface, however; so the surface executes damped oscillation , 
first receding from the blow, which generates a pressure wave initially 
negative. The damping of the surface oscillations is proportional to the 
internal resistance R of the wall plus the radiative resistance pc/cos{} engen­
dered by the presence of the fluid medium. 

Finally, as with Eg. (2.3.9), the complete solution for the reflection of an 
incident plane wave of arbitrary form F(t), at angle of incidence {}, on a 
plane surface having point impedance z(w), is 

p = J_:F(t0)pix,y;t,t0) dt0 = F(T) + F(T,) + J_: F(t0)W(T, - t0) dt0 

(6.3.11) 

where the integral involving the function W represents the modification of the 
reflected wave because of the walJ motion. 

Reflection from a surface of extended reaction 

Although many surfaces react to sound waves, at least approximately, 
as though each portion of the surface responded to local pressure without 
knowledge of motion elsewhere, many surfaces do not so react. When the 
su.rface behavior at one point depends on the behavior at neighboring points, 
so that the reaction is different for different incident waves, the surface can be 
called one of extended reaction. Such surfaces are of many sorts: ones which 
behave like membranes and ones with laminated structure, in which waves are 
propagated parallel to the surface; ones in which waves penetrate into the 
material of the wall; and so on. We shall have to defer discussion of the more 
complex structures until later; in this chapter we can discuss only the case 
where the plane surface separates two media, both of which can transmit 
pressure waves but which differ in their acoustic properties. 

T he situation to be analyzed is pictured in Fig. 6.4. The boundary 
surface is the xz plane ; the region above the surface (y > 0) is filled with a 

fluid of uniform density p and wave velocity c = ~. which will be called 
the medium. The region below the surface.(y < 0) is filled with material of -

density Pw and wave velocity Cw = 'V I/ PwK,v, which will be called the wail 
material. As before, the incident wave is pointed at an angle {} with respect 
to the y axis; its velocity potential may be written 'Y(Ti), where Ti= 
t - ( I /c )(x sin {) - y cos fJ), as before. The angle of reflection is also {}, as 
before, and the amplitude of the reflected wave may differ from that of the 
incident wave; so we can write its velocity potential as C/Y(Tr), where 
Tr = t - ( I /c)(x sin ,{} + y cos {}), as before. 

Now, however, there is also a wave moving downward into the wall 
material, with a dependence on time like that of the incident wave but with a 
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. t amplitude and velocity and a direction of propagation at a different 
d1fferen f f • 1· • Th I I • 

1 {} called the angle o re ract1on, or o penetration. e tota ve oc1ty 
ang e, ,,, I . f h. 

t·a1 pressure and ve oc1ty or t 1s case are poten 1 , ' 

f'Y(T;) + C/Y(TT) = (p'-f'(T;) + pC,'Y'(Tr) y > 0 

'Y = lcv'Y(Tp) p PwC/P''(Tv) y < 0 

~ cos fJ[- 'Y'(T;) + C/Y'(Tr)J y > O (6.3.12) 

u = u 

C 

y < O 

where T,, = t - ( 1/cw)(x sin fJ,v - y cos{},,,), and lf' is the derivative of o/ 
with respect to its argument. 

At the surface, y = 0, the pressure and the normal velocity uu are 
continuous, which enables us to calculate the reflection coefficient Cr and the 
penetration coefficient Cv, and a lso to determine the angle of penetration {) ,,,. 
Since both incident and reflected waves, at the surface, depend on t and x via 
the function o/'[t - (x/c) sin {)J, for the dependence of the penetrating wave 
to be similar, (I/cw) sin {).,, must equal (1 /c) sin 0, or 

. .n Cw • .n 
sin v ,,, = - s in ·u· 

C 
and 

which is Snell's law for acoustic waves. The continuity of pressure and normal 
velocity at y = 0 produces the following equations: 

so that 

Cr = P wCw COS f} - pc COS{}']) 

P wCw COS fJ, + pc COS iJ-1, 

and 
C COS{),, 

I - C, = - f} Cv 
c,. cos 

2pc10 cos{) ( c,, = {} {} 6.3.14) 
PwCw COS · + pc COS ' 1> 

The formula for the reflection coefficient Cr is similar to that for a 
surface of local reaction, with point impedance z, as given in Eq. (6.3.5), only 
now the effective impedance of the surface is z = Pwcwfcos i\

1
, which depends 

on the angle of incidence {}. Thus the degree to which the surface yields to 
!he incident wave depends on the distribution of the incident wave; the surface 
IS aware of the waveshape; so it is one of extended reaction . However, if the 
velocity c,. of the sound waves in the wall material is considerably smaller 
~han the speed of sound in the medium , then cos {}'" = [I - (cwfc)2 sin2 0]½ 
15 practically independent of {}, and the wall is one of local reaction . Com­
parison with Eq . (6.3.5) shows that the equivalent impedance of the wall 
material is p,,,cw sec {), dependent on {}. 
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On the other hand , if c,,, is larger than c, then when {} is larger than 
sin- 1 (c/c,0) , the quantity called cos{},, becomes imaginary and the reflection 
coefficient C,. has unit amplitude ; all the incident energy is reflected unless 
Pw or c,0 is complex. This is the condition of total reflection, well known in 
optics. As long as Pw, cw, and cos {}11 are real, the fraction of the incident 
energy which enters each unit a rea of the surface, thus being lost from the 
reflected wave, is 

( C 2
) .n 4pCpwCw COS2 {} COS {) 'P I - .. cos ·v · = ________ _;;__ 

(p,.c,. cos {} + pc cos {} v)2 

which, of course, equals the fraction (p,.c/pc,.)C.,,2 cos{},, of the incident 
energy, per unit surface area, which is carried into the wall material by the 
refracted wave [the factor p,0c/ pew comes about because the intensity in the 
wall is (p,ofc,.) llF' l2 , whereas it is (p/c) I\Y'l2 in the medium]. 

l f the wall material is porous, with the acoustic properties as defined in 
Eqs. (6.2.23) and (6.2.26), the reflection properties of the surface depend on 
the frequency of the incident wave, as well as on the angle of incidence. The 
incident, reflected, and transmitted pressure waves a re obtained by inserting 
the Pc and c, of Eq. (6.2.25) into Eqs. (6.3.12) and (6.3.14) and by specializing 
the waveform to a sinusoidal shape. 

y > O 

y<O 

where Ti and T,. are, as before, 

T.,, = , _:: sin{} + L (cos2 ·D.,, + ;y)½ 
C c,, W 

(6.3.15) 

with c2 = I / pK, c/ = 1/p1,i<JJ., cos2 {}v = I - (cvfc)2 sin2 
{} , and y = <P/p,,,. 

Since c1, is usually smaller than c, cos 1'f,, does not go to zero at grazing 
incidence. The reflection and penetration coefficients are 

p,,c,,((IJ + iy) cos D - pc(co2 cos2 {}1, + iyw )½ 
C = -'--'---'------'-------'----'-----'----'--~ 

r p,,c/w + iy) cos{} + pc(w2 cos2 {},, + iyw)½· 

2wpc,, cos{} 
C =--------'---'--------~ 

" p1,c11(w + iy) cos ·{} + pc(w2 cos2 {) 1, + iyw)½ 

(6.3.16} 

These quantities are complex, the imaginary parts being proportional to 
the flow resistance cf> of the porous material and inversely proportional to w. 
At frequencies la rge compared with y = <Pf p,,, this imaginary part vanishes 
and 

p1,c1, cos {} - pc cos {},, 
C,. _,. ...;...-'---------

Pvt ,, cos {} + pc cos {},, 

2pc ,, cos/} 
c ,, - ------'----­

p,,c,, cos{} + pc cos f},,, 

similar to Eq. (6.3.14), only with the limiting values p,,,, c,,, used instead of 
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As indicated in Eq. (6.2.26), even at these high frequencies, the 
P•r' c •• ted wave is attenuated in accordance with a factor 
re rac 

exp (y( ¢ /2 p'J)c P cos ·0-")] 

hich diminishes as y increases in the negative direction, the_ attenuation 
;eing greatest for grazing incidence. At these higher frequencies there can 

o.s~---------- ------ -,rrn 

Pp=\.2p , )'/w=O.4 

60° 
Angle of incidence .J 

FIGURE 6.6 
Fraction of energy reflected from the surface of a porous 
medium of effective density P•• effective wave velocity 
c, = c, and flow resistance <I> = yp. for frequencies w/2,r and 
angle.s of incidence {}. Compare with Fig. 6.5. 

be an angle of incidence at which the reflected wave vanishes ; if c"' < c, then 
C, = 0 when cos f> = (pc/p"'c,,) cos f>v . This is usually close to grazing 
incidence. At grazing incidence, of course, IC,12 - 1. 

At very low frequencies, C"' approaches zero and nearly all the incident 
energy is reflected. At intermediate frequencies, the reflected wave differs 
from the incident wave both in phase and amplitude, depending quite strongly 
on frequency and angle of incidence. A few typical curves for IC,12 as a 
function of angle of incidence, for different frequencies, are shown in Fig. 6.6. 
They are not greatly different from those of Fig. 6.5, for a surface of local 
reaction. 

To compute the reflection of a pulse-wave from a porous surface, we 
parallel the derivation of Eq. (6.3.9), integrating (eiwtoj27r)p(x,y;t,w) of Eq. 
(6.3.15) over w from -oo to + oo. The integrals for the reflected and 
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penetrant waves are complicated because of the radjcals in C,. and in the wave 
for y < 0. The branch points are at w = 0 and w = - i(y/cos2 {},,), so that 
the integral for the " wake" runs between these values. The formulas become 

p = 

o(T; - lo) + P11C1, cos 19 = pc cos 1911 o(T, - lo) 
p1,c1, cos {} , pc cos f}1, 

+ Wr(T, - t0) 

2pc
1
, cos ,{} y<I> 

------'----- o(T,, - t 0) exp---­
p1,c1> cos ,{} + pc cos {}1, p,,c" cos ,{}P 

+ W,,(T11 - 10,y) 

y > O 
(6.3.1 7) 

y < O 

where Ti= t - (x/c) sin ·{} + (y/c) cos{}, Tr = t - (x/c) sin{} + (y/c) cost>, 
T1, = t - (x/c) sin ,f} + (y/cP) cos{}'/), and cos2 {}» = I - (c'll/c)2 sin2 ,{}_ 

Both wake functions are zero when their arguments are negative; for 
positive arguments they have the general form 

2 ( 1 (v - /32 cos2 •{})v v(l - v) dv e-'VOT 

W.,.(T) = - ; IXg cos{), cos r\,Jo cos2 ,fJ(v -/32 cos2 {}»)2 + ix2 cos2 ,{},,v(l - v) 

W (T ) _ 2gix ') ( 1 exp { - ug[T - (y/c,,) cos ,{},,,]}v dv 
.,, ,y - - 71/3 cos 

1 
J o cos2 {}(v - /32 cos2 ·{},,)2 + ix2 cos2 ·&'llv(l - v) 

X {cv - {32 cos2 '!9·,,) cos1'Jsin~cos,{}1, V v(l - v)] 

+ IX cos 'l?,p V v( l - v) cos~~ cos ,{}1> V v(l - v)]} 

where oc = pc/ p1>cp, f3 = c/c11 , and g = <I>/ p11{32 cos2 {}.,, . Both wake functions 
attenuate as their arguments increase, the more rapidly, the smaller cos ,{}11, 

In contrast to the reactions of the point-impedance wall of Eq. (6.3.10), the 
wake from a porous wall has no damped oscillations; the air in the pores 
yields immediately to the pulse and recovers without oscillation. The inte­
grals for W,. and W,, cannot be expressed in closed form, but they can be 
integrated numerically for any given situation. Expressions for Tsmall and 
T large can also be worked out, though they need not be given here. 

6.4 INTERNAL ENERGY LOSS 

[n the foregoing analysis the effects of viscosity, heat conduction, and 
other dissipative processes have been neglected. As long as we deal with 
gases at ordinary pressures and frequencies that are not too high, this omission 
is not very important in most problems; calculated sound pressures agree 
well with experimental results over a wide range of amplitudes and frequencies. 
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0 
ly when we come to calculate sound transmission over long distances in 

hn open, or through narrow ducts, will the omission of internal dissipation 
~e:ome apparent. Also, .in tl~e neig~borhood of sharp .c?rners in boundaries, 
the dissipationless analysis will predict too large veloc1t1es. 

To correct these defects we must include the effects of viscosity, heat 
conduction, and hysteresis in internal heat absorption, as well as the effects 
of nonlinearities. In this section we consider only the dissipative effects; 
consequently, the results, along with those of the whole chapter, will be valid 
only for sufficiently small amplitudes. The question of what we mean by 
"sufficiently small" cannot be answered until we investigate the nonlinear 
effects, which will be postponed until Chap. 14. 

Thermal conduction and viscosity 

From one point of view, the phenomena of viscosity and thermal con­
duction in gases are a consequence of their molecular constitution. Tem­
perature is a manifestation of random molecular motion; the higher the 
temperature, the faster the average molecular speed. A region at higher 
temperature will have more high-speed molecules than the average, and these 
faster particles will diffuse out into the cooler regions, tending to equalize the 
temperature. As with any other diffusion, the flux J (in this case the flux of 
heat) is proportional to the rate of change of the concentration (in this case 
to the temperature gradient) 

J,. = - K grad T (6.4. 1) 

where the proportionality constant K is called the thermal conductivity of the 
gas. 

Kinetic theory of gases indicates that this conductivity is simply related 
to other properties of the gas, sl.lch as its density p, its heat capacity C,, per 
unit mass at constant volume, the mean-free-path I of its molecules, and the 
speed of sound c, by the equation 

lpcC,, 
K ~ 1.6 _ 

1
_ (6.4.2) 

V )' 

w~ere y is the constant used in Eq. (6.1.3), and discussed later, in connection 
With Eqs. (6.4.19). Heat conductivity of liquids and solids is, of course, a 
much more complicated function of the material's properties. 

Since the net gain in heat in a unit volume, because of the flux J,,, is 
- div J,., and since this influx, divided by the heat capacity at constant 
pressure pC.,, = y pC. of a unit volume, is equal to the rise in temperature of 
the volume of gas, we have 

ar K le 
:'I" = - div grad T ~ -, , 2T (for a gas) (6.4.3) 
ut pC,, ye 

Which will be used to determine the loss of energy in the sound wave, caused 
by thermal diffusion. 
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FIGURE 6.7 
Rate of change of shear in a gas, producing viscous 
shear stress. 

Viscosity, on the other hand, is produced by momentum diffusion. If 
one portion of the gas slides past another so that, for example, the velocity 
in they direction is a function of x, as illustrated in Fig. 6. 7, the slower 
molecules at x will diffuse over to reduce the fluid momentum at x + dx, and 
the faster ones at x + dx will tend to speed up those at x. As a result, the 
region between x and x + dx is subject to shear stress D%11, proportional to 
ouvf ox, the proportionality factor being called the coefficient of viscosityµ, 

au," 
D xy = -µ ox (6.4.4) 

As might be expected, since both depend on the diffusion of the gas molecules, 
there is a close relationship between the coefficient of viscosity and the 
thermal conductivity of a gas. Kinetic theory shows that, approximately, 

where c = velocity of sound 

p = density of gas 

I = mean-free-path 

or 
/pc 

µ ::::!. Vy 

y = ratio of specific heats = C11/C,, 

(for a gas) (6.4.5) 

To obtain the complete expression for the stress tensor \l3, introduced in 
Eqs. (6. 2.10), we might expect its nondiagonal components Pi! to be propor­
tional to the differential Ou;/Ox j (u1 = ux, x1 = x, x 2 = y, etc.), as suggested 
by Eq. (6.4.4) . But two basic considerations prevent this. In the first place, 
a part of the tenso r Ou;/ox; represents rotation without shear. For example, 
the quantity ~-curl u, where 

au. 011v 
(curl u) = -- - -

x ay o= 
au.,, au. 

(curl u)y = oz - ox. (6.4.6) 

Olly OU:,:. 
(curl u) = - - -• ax oy 
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. the vector representing the angular velocity of pure rotation of the fluid at 
~:.y,z) . Thus we must subt~act off the rotational part of_ tensor ouJox1 

to obtain the true rate of strain. 

lou, loui 
U11 = - - + - - = Uii i -=/=- j 

2 OX ; 2 OX1 

The second consideration lies in the fact that, although the nondiagonal 
components U11 (i -=I=- J) represent pure shear strains with no change in fluid 
content, the elements U1i in part measure a rate of change of amount of fluid 
inside the element of volume around point (x,y,z). For example, the 
combination 

. ou,,, OUv Ou, 
d1v u = - + - + -

ox oy oz 

measures the rate of outflow of fluid from unit volume around (x,y,z) [Eq. 
(6. 1.15)]. To ensure that the shear-strain tensor does not include this outflow 
part, we subtract div u in a symmetric way from the diagonal parts of the 
tensor, arriving finally at 

(6.4.7) 

which is a measure of the rate at which one part of the fluid slides past 
another at point (x,y,z), excluding the effects of rotation and of effiux. 

The corresponding v,iscous-shear tensor '.D should be proportional to this; 
to have it correspond to the simple case of Eq. (6.4.4), we might expect '.D 
to be equal to - 2µ times U. But still another term should be added to this 
to obtain the complete viscous-stress tensor. As was mentioned in the 
discussion of Eq. (6.2. IO), the total stress tensor for the fluid must also include 
the effects of the usual hydrostatic pressure P, which acts perpendicularly on 
each face of the element of fluid volume, as shown in Fig. 6.8. The stress on 
the x faces thus has components P + Dxx• D.,v, Dx•• and so on1 for the other 
~airs of sides. As indicated in Eqs. (6.2. 7), the acoustic pressure pis propor­
t~onal to the change in density of the gas; its rate of change op/ot is propor­
tional to the effiux div u of fluid. Thus the compressibility K is analogous to 
the reciprocal 1/K of the stiffness constant of a spring. Related to the stiffness 
of the gas to compression , there may be a stiffness force proportional to the 
rat~ of change of compression, just as the frictional force on the simple 
oscillator is proportional to the oscillator's velocity. 

This compressional resistance will be labeled 'Y/, and will be called the 
coefficient of bulk viscosity; the term to be included in the stress tensor is 
-17 div u, representing a stress opposing the rate of change of compression. 
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p 

0, 

+ p 
y 

p 

FIGURE 6.8 
Total stress on an element of volume is the 
compressional stress P, normal to the sur­
face, plus the various components D11 of 
the viscous stress. 

This term is too small to be measured in monatomic gases such as helium; 
it may be quite large in polyatomic gases at certain frequencies. The 
physical mechanism for most, if not all, of its effect is related Lo the time 
required to establish thermodynamic equilibrium between the translational 
and the rotation-vibration motions of the gas molecules. At present we 
simply note its presence and write down the complete expression for the 
components of the viscous-stress tensor '.I). 

Dii = - (rJ - §µ) div u - 2µ ~ui 
uxi 

(6.4.8) 

i =I= j 

Thus the stress across the faces of an element of gas, perpendicular to 
the x axis, as shown in Fig. 6.8, is the vector sum of the normal pressure force 
and the viscous force D x, including the bulk-viscosity term. The components 
of this stress tensor~. introduced in Eqs. (6.2.10), are 

( 2 
. ou, 

Pii = P + Dii = P - rJ - 3 µ) div u - 2µ ~ 
UX; 

which introduces viscous friction into the equations of motion. 

Energy loss 

(6.4.9) 

The two processes thermal conduction and viscosity tend to transform 
the organized motion of the sound wave into the disorganized motion of heat. 
The energy content of the wave decreases, and the gas warms up. Since both 
the viscosity and the thermal ·conductivity of a gas are small, the energy 
transfer takes place slowly, and to first approximation, the shape of the wave j 
is the same as that calculated neglecting the losses, except that the wave ~ 
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plitude diminishes exponentially with time or space or both. Thus it is 
::ful to work out a simple first-order expression for energy loss before 

rning to more accurate, though more complex, formulas . 
tu The rate of energy loss from viscosity in a volume element dx dy dz can 
be calculated by summing the scalar product of the stress vector Dx dy dz 
by the difference in velocities u(x) - u(x + dx) plus similar products for the 
other pairs of faces; the loss rate per unit volume of gas is thus 

OUa, oul/ OUa, au. OUy au.) 
--- - -- - - -

oy ax oz ox oz oy 
(6.4.10) 

which turns out to be everywhere positive (as it must be, since energy cannot 
be gained by frictional processes). 

In a plane wave, where u is pointed along, and is a function of, the 
distance along the direction of propagation (call it x), this loss rate becomes, 
simply, 

( -ll) dua:
2 

D = 'Y/ + 3µ -
dx 

If the wave is sinusoidal, D is the time average of the loss rate per volume 
when rms amplitude of u is used, in accord with the convention of Eq. (6.2.18). 

The loss of energy caused by heat conduction comes about because the 
fluctuations of pressure in a sound wave do not represent a condition of 
thermodynamic equilibrium. l n the regions where p is positive, the com­
pression has not been isothermal; there has not been time for the temperature 
to equalize. l n fact, as we have indicated in Eqs. (6.1.3) and (6.1.5), it is 
more nearly correct to consider the compression to be adiabatic, to assume 
that no heat energy moves from the region of positive p to one of negative p. 
If this were strictly true, of course, no energy would be lost; the compression 
would be reversible. But according to Eq. (6.4. I), as soon as there is a 
temperature differential in the gas, heat energy flows irreversibly from the 
hotter to the cooler regions, and the sound wave loses energy. 

This would make it seem that the loss would be greater at low frequencies, 
w_hen there is a longer time per cycle for the heat to leak away. But at the 
h~gher frequencies , the shorter wavelength means that there is a shorter 
distance between hotter and colder regions in the wave, and thus a greater 
temperature gradient, which more than counterbalances the shortness of the 
period, as we shall see. 
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To compute the energy lost we refer to thermodynamic equations. The 
sound wave produces a threefold change or internal energy U in a portion of 
the gas which occupies unit volume at equilibrium. l n the first place, the 
heat flow J h may concentrate heat there of an amount - div J ,1 ; next, heat is 
generated by viscous friction ofan amount D, as given in Eq. (6.4.10). And 
finally , Vis decreased by an increase in volume of the amount - P dV, and 
the equation of contin uity indicates that this change in volume, because of 
expansion, is div u. Thus, if E is the internal energy per unit mass of gas, 
we have [using Eq . (6.4.1 )] 

dE l dU I [ . ( ) . . ] -=--=- div KgradT + D - Pd1vu 
dt p dt p 

(6.4.1 1) 

This is a statement of the first law of thermodynamics, which holds whether 
the process is reversible or not. 

We know, of course, that the process is not exactly reversible, so that 
we cannot calculate change in entropy by its means. However, we can 
imagine suddenly isolating, at time t, a small portion of the gas near point 
(x,y,z) and Jetting it come to equilibrium. The entropy content of this 
portion can be computed by the second law; on a per-unit-volume basis it is 
given by the usual equation dU = pT dS - P dV (with S the entropy content 
per unit mass). On a per-unit-mass basis (inserting dV = div u again), it is 

dE dS l . - = T - - - P div u 
dt dt p 

We thus define an entropy content Sofa unit mass of the gas, in spite of the 
fact that it is not quite in equilibrium ; from it we can compute, with sufficient 
accuracy, heat production and other properties. For example, comparison 
with Eq. (6.4. 11 ) shows that the change in entropy during the passage of the 
sound wave is 

dS D l . 
p - = - + -d1v(K grad T ) 

dt T T 

D K • (K ) = T + T2 lgrad Tl2 + div T grad T per unit volume (6.4.12) 

If we integrate the last form over a region enclosing the whole sound 
wave, so that grad Tis zero along the region's surface, the last term in the 
second line integrates to zero and the total change in S over the whole 
disturbed region is the integral of the first two terms, both of which are 
positive. Therefore S continuously increases on the whole, as it must with 
an irreversible process (though S may decrease at some points). 
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An entropy increase corresponds to a change in amount of heat energy 

per unit volume. 
dS . ( . 

dQ = pT - = D + div Kgrad T ) 
dt 

(6.4.13) 

which must be equal to the loss of energy per unit volume per second from 
the sound wave. 

For a simple-harmonic plane wave, with acoustic pressure p = 
pcu

0
eik(x-cll and fluid velocity ~ x = u0e ik(o:-ct>, ':"'here u 0 is the rms velocity 

amplitude and k = w/c, the viscous loss rate 1s, as we have shown, D = 
('YJ + fµ) lku0l2 . If the thermal conductivity is small, we can, to the first 
approximation, use Eq. (6.1.3) to compute the temperature, as though the 
compression were purely adiabatic, and then use Eq. (6.4.13) to calculate the 
power lost by heat conduction. We have 

pCKs . l C 
-r c::= (y - 1) Tu., = (y - I) {3c u., = C,, u., 

K lgrad Tl2 c:= K (y - 1)2 ( ~)

2 

luol2 = (y - I) K lkuol2 

T T {3c C,, 

where the last expressions in each line are appropriate for perfect gases. 
The third term of Eq. (6.4.13) is zero, on the average. 

Thus both loss rates increase with the square of the frequency. For a 
plane wave propagating through the perfect gas, with intensity I = pc lu012, a 
fraction 

dQ k2 [ K y - 1] 
2a = - c::= ('Y/ + {·µ)- l + - 4 I pc C 'J) 'YJ + aµ 

(6.4.14) 

of its energy is withdrawn each unit distance it traverses. Hence a is called 
the attenuation factor for acoust ic propagation. The dimensionless ratio 
(C'J)µ/K), called the Prandtl number, is about 0.7 for air at atmospheric 
pressure [note Eq. (6.4.5)]. When 'YJ is much smaller thanµ, we see that the 
second term in brackets is approximately 0.4 for air at standard conditions. 
Tlius viscosity and heat conduction contribute roughly equally to acoustic 
absorption in the gas, at all frequencies. The small quantity (4µ/3pc) is 
approximately equal to 10-s cm for air at standard conditions; for sound of 
l,000 cps, a is approximately 3 x 10- 1 cm- 1. Such sound must travel 
roughly 10 km in the open for its intensity to be reduced by a factor of 3 
because of viscosity and thermal diffusion. As we shall see, viscosity and 
thermal diffusion produce much greater effects near a boundary. Also bulk 
absorption caused by relaxation effects (to be discussed shortly) in the 
presence of certain polyatomic impurities, such as water vapor, induces much 
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greater absorption. Consequently, we should work out the general equations 
of motion for sound, including viscosity and heat conduction. 

The Stokes-N avier equation 

The effects of viscosity in the equation of motion may be included by 
using the full expression for the stress tensor~ of Eq. (6.4.9). As was done 
in Sec. 6.2, we write the fluid density as p + o, the sum of the equilibrium 
density p and the fluctuation c5 caused by the sound wave; we also write the 
pressure as P + p. lf, in addition, we include a potential energy <J> caused 
by a possible force per unit mass of fluid, such as the force of gravity, the 
corrected form of the equation of motion (6.2.5) is 

(p + 0) :: = (p + o) [!: + (u • grad) u] = -grad (p<J>) - V • ~ 
= -grad [p + p<J> - ('YJ + fµ) div u] - µ curl (curl u) (6.4.15) 

where we have used the relationships and formulas 

~ = [P - ('YJ - jµ) div u]~ + µ(Vu + uV) 

[V V) ~ o oui o ~ oui . ) 
•(u ]; = "'"'-- = - ,c.,- = [grad(d1v u ]· 

i ax. OX; OX; i oxi ' 

[V • (Vu)]; = V2ui = (grad (div u)]j - [curl (curl u)]; 

This is the Stokes-Navier equation of motion of a viscous, compressible 
fluid. As was done with Eq. (6.2.11), we can show that this is equivalent to 
the equation of continuity for the fluid momentum density, 

a 
ot (pu) + V • (~ + ~) = - grad (p<J>) 

where the elements of tensor \l3 are given in Eq. (6.4.9), and of tensor 3 in 
Eq . (6.2.10), their sum being the stress-momentum-flux tensor '.l: for the fluid, 
and -grad (p<J>) the applied force per unit volume of the fluid. 

To include the effects of thermal diffusion, we must alter the relationship 
between p and o to take into account the fact that the compression is not 
exactly adiabatic; that entropy now is produced locally because of the flow 
of heat. Thus we must recognize that density, entropy, and other properties 
of the gas are functions of two variables, pressure and temperature, rather than 
just pressure. We consider seven variables, each separated into its equilibrium 
value plus its small acoustic part: 

Pressure: P + p Temperature: T + T 

Mass density: p + c5 Entropy: S + aper unit mass 



Page 301 of 933

6.4 INTERNAL ENERGY LOSS 279 

d the fluid velocity u (which is a vector and which therefore is really 
:ee variables). We are, in this chapter, assuming that the equilibrium 

1 city is zero, so that u is small compared with c. To determine all 
;:e~e we need five equations relating them. For the present we shall write 
out ~nly the first-order relationships, leaving for Chap. 14 the nonlinear 

effects. 
The first four relationships are the equation of continuity for mass flow, 

which, to first order, is 
00 . O - + pd1v u = 
at 

and the first-order Stokes-Navier equation, really three equations, 

P a u = - grad p + ('Y/ -f- ½µ)grad (div u) - µ curl (curl u) 
01 

(6.4.16) 

It can be shown that any vector function of position, such as u, can always 
be uniquely separated into a longitudinal (or lamellar) part u1, for which 
curl u1 = 0, and a transverse (or rotational) part u,, for which div ut = 0. 
Since the gradient of a scalar function is entirely longitudinal, i.e., since 
curl (grad/)= 0 for any f, the equation of motion can be split into two 
separate equations, one relating p to the longitudinal part of u, the other 
giving the behavior of the transverse part of u, unrelated to pressure waves, 

OU i 
p at = -grad p + (11 + {µ)V 2

u i 

(6.4.17) 

where 

[ d (di F)] _ a (aF:c aF" aF.) gra V - - -- + - + -"' ax ax ay oz 

- V2F + 0 (oF. - oF:c) - 0 (oF,, - oF") :c oz ax oz ay ay ax 
= V2F,.., + (curl (curl F)J:c 

[Eq. (6.4.6)). Thus the two parts of the velocity solution, u1 and u1, can be 
solved for separately and need not be combined until we come to satisfying 
the boundary conditions. When we come to it we shall see that the trans­
verse part attenuates rapidly, so that it is important only near the boundaries. 
The thermal-conductivity corrections and Eq. (6.4.16) have only to do with 
the longitudinal part of u. 
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Thermodynamic relationships 

The next equation, the first-order form of Eq. (6.4.12), 

oa Tat := K'\12-r (6.4.18) 

is the equation of continuity for heat flow. We have omitted the viscosity~ 
loss term D because it is second order in u; the first-order effects of viscosity 
enter in Eqs. (6.4.17). The last two relationships between the seven variables 
are the equation of state, relating pressure, volume, and temperature in the 
gas, and the second law of thermodynamics, relating the entropy content of 
the gas, defined in Eq. (6.4.12), to the other variables. These equations are 
most conveniently written in terms of the measurable properties of the gas, 
such as its heat capacity CP per unit mass at constant pressure, its isothermal 
compressibility 

and coefficient of thermal expansion 

/3 = !_(ov) 
V oT P 

as defined in Eqs. (6.1.1). There is also the rate of increase of pressure 
with temperature at constant volume, (oP/oT)v = /3/KT, which we shall 
call a.. 

In addition, there is the ratio of the specific heat at constant pressure to 
that at constant volume (Cp/Cv ), which has been written y . For any material, 
CvKT = CpKs, or KT = Y Ks; so we have a means of relating properties for 
an adiabatic expansion (i.e., isentropic expansion) to those for an isothermal 
expansion. Since acoustic expansions are more nearly adiabatic than 
isothermal, we shall define the constant c appearing in the ensuing equations 
as the speed of sound in the limit of zero thermal conduction, when the 
compression is purely adiabatic. From Eq. (6.1.8) we have c2 = 1/pK. = 
1/ypKT· An additional relationship between Cp and Cv, for any material, is 

T/32 
y - 1 = ---

Ks C,,p 

All the quantities a., {3, y, C p, and Ks are functions of pressure and tem­
perature but, if the pressure and temperature fluctuations in the sound wave 
are small enough for the first-order equations to be valid, we can consider 
these quantities to be constants, evaluated for the equilibrium values of P 
and T. 
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The pertinent quantities and relationships are then 

I (op) 1 I 
K s = YP oP T = pc2 - yP (for a perfect gas) 

fJ = - ~(ap) - - ~ 
p oT I' T 

{]VT K 8 l T - = (y- 1) - = (y- 1)-2-(y - 1)-
Cp fJ p{Jc yP 

(for a perfect gas) 

(6.4.19) 

(
aP) fJ pf3c2 p 

O( = - = - = - - --ar v KT y T 
(for a perfect gas) 

We can also express conductivity, specific heat, and viscosity in terms of 
characteristic lengths /11, I,,, and 1; by the equations 

I' = 'Y/ + { µ = (~ + ~) ,,, 
" pc 3 µ 

(6.4.20) 

The approxjmate formulas expressing these lengths in terms of the molecular 
mean-free-path / are obtai ned from Eqs. (6.4.2) and (6.4.5). They show 
that both /1, and Iv are of the order of the molecular mean-free-path, which 
is, roughly, 10-s cm at atmospheric pressure and 20°C. 

With these definitions out of the way, we return to the remaining two 
equations relating a, p, r , cl, and u. The first is the equation of state, giving 
the change of density cl in terms of the acoustic pressure p and temperature 
r, assumed small; the second is the equation for the change of entropy 
content with change of pressure and temperature: 

(op) (op) p p cl = - p + - T = JIPK (p - O(T)- -p - - T 
oP T oT 1' 8 p T 

(6.4.21) 

a = ( as) r + (as) P = c'I> (r _ y - 1 P) _ c'l> (~ _ y - 1 e.) 
oT p oP T T O(y T y p 

where the expressions introduced by arrows are those valid for a perfect 
~as. If p is equal to O(T, there will be no change in density of the gas; but 
if f = [o:y/(y - l)]r, there will be no change in entropy; i.e. , the compression 
will be adiabatic. 

The modified wave equation 

The five equations consisting of (6.4.16), the first of (6.4.17), and Eqs. 
(6.4.18) and (6.4.21) could serve to eliminate all but one of the five variables 
and determine a single· equation governing the dependence of this variable 
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on space and time. This, plus the soluti?n of the second o~ ~gs. (6.4.17), 
could then be adjusted to fit the appropriate boundary cond1t1ons. It will . 
be more convenient to relax this condition and obtain two equations 

' involving two variables, which then can be solved simultaneously. The 
natural ones to choose are p and -r; they are more easily measured than the 
others, and we have already expressed o and a in their terms. 

We first eliminate u1 between Eqs. (6.4.16) and (6.4.17) and then sub­
stitute for o in terms of Eqs. (6.4.21). The final results, in terms of the 
constants defined in Egs. (6.4.19) and (6.4.20), are 

Y ( 0
2 

I (7 t°7' ) 'ij2p = - - - { C - v2 (p - a-r) 
c2 o/2 " Ol 

(6.4.22) 

After the first two equations are solved to determine p and r, the last equation 
and Eqs. (6.4.21) are used to compute u1, o, and a if they are needed. 

The first of Eqs. (6.4.22) is the wave equation, modified for the effects 
·of viscosity and thermal conduction. If there were no conduction, I,. would 
be zero, -r would have to be equal to (y - I )p/ya, and y(p - ar) would 
equal p. If there were no viscosity, /~ would be zero, and the first equation 
would become the simple wave equation for wave velocity c. If the con­
ductivity were infinite, r would have to be zero, and the wave velocity in the 

first equation would be c/Vy = V l/pKT, the isothermal velocity. For 
intermediate cases the pressure and temperature are coupled together, the 
fluid tending to propagate pressure waves and the heat tending to diffuse; 
the coupling lies in the /11 and 1; terms. There are thus two kinds of"waves," 
depending on which flow predominates. One of them corresponds to nearly 
adiabatic wave motion ; this velocity has a real part equal to c (the adiabatic 
velocity) and a small imaginary part corresponding to the energy-loss term 
in /11 and /~. The other " wave" corresponds chiefly to heat diffusion; p is 

small compared with ar, and the " wave velocity" is proportional to Vi, 
indicating rapid attenuation. 

To put numbers to these statements, we consider simple-harmonic 
separable motion, where all five acoustical quantities are proportional top, 
which satisfies the equations 

ap . 
- = - twp a, 

where the relationship between k and w is obtained by substitution in Eqs. 
(6.4.22). Solutions of this sort can be combined by use of the Fourier 



Page 305 of 933

6.4 INTERNAL ENERGY LOSS 283 

transform , to obtain transient and other solutions, as will be demonstrated 
later. When l,. and 1; are small , the relation between k and w can be obtained 
by using the statements of the preceding paragraph. 

for example, the nearly adiabatic wave will have k 2 nearly eq ual to 
(w/c)2. Inserting this into the second of Eqs. (6.4.22) shows that, to first 
order in wl,Jc, 

• "/ y l w- ,, . + . -
_ -T = - /WT l W - - p 

C YO( 

or y- 1( w ) T C::::. -- ( - i - /,, P 
ya. C 

Inserting this into the first of Eqs. (6.4.22) yields a first-order correction to 
k2 and corresponding relationships between p and the other variables. 

op . 
- = - iwp 
<Jt 

y- 1( w) TC::::. - - 1-i-l,.p 
ya. C 

.C,,y- lw 
<J -::::::. - 1 - --- - l,,p 

T ya. C 

(6.4.23) 

( 
I /') u1 -:::::. -. - - ....!. gradp 

1wp pc 

where()( = {Jpc2/y, as indicated in Eqs. (6.4.19). This kind of wave will be 
called the propagationa/ mode. If the motion is driven, so that w is real, 
then k is complex, corresponding to a wave which attenuates in space; since 
I,. and 1; are so small, the attenuation is slight. If the wave is a standing 
wave in space, so k is real, then w is complex, corresponding to the damping 
out of the standing wave in time. ln either case, T , o, and u are slightly 
out of phase with p; the entropy fluctuation <J is small and 90° out of phase 
with p. As long as w is less than either c/1,. or cf/~ (i.e., less than about 109 

for air at standard conditions), the speed of propagation is closely equal to 

c = ~ . corresponding to adiabatic compressibility, as assumed for Eq. 
(6. 1.3). For wl,Jc small but not negligible, the effective compressibi li ty is 

c5 [ w/"] K1J = - ':::::. K 8 I + i(y - 1) -
PP c 

(6.4.24) 

For the second mode of wave moti on predicted by Eqs. (6.4.22), p is 
small compared to ()(T, so that the second of Eqs. (6.4.22) is the primary one, 
the "zeroth-order" equation being -lhck2T-::::::. - iloT, or k2 -::::::. iw/l1ic. The 
first equation is then used to determine the magnitude of p, after which the 
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first-orde r expressions for the other quantities can be obtained for this mode: 

2 iw 
k~ -

11,c 

iy<Xw , 
p ~ -- (I,. - l,,)T 

C 

OT - = - iWT 
ot 

ocy 
u i '.::: - I,. grad T 

pc 

(6.4.25) 

which will be called the thermal mode. Constant k is large and complex, 
corresponding to the rapid attenuation typical of diffusion. 

For liquids, or for very high frequencies in gases, we may have to solve 
Eqs. (6.4.22) exactly, in which case we insert - k2 for V2 and - iw for o/ot 
and solve the resulting quadratic equation for k2 . The resulting formulas are 

k2 = iw2 l - iY - iyO. =F Q 
20.c2 1 - iyY 

Y w, ( ,1,, w = - I. = 'I'/ + 3µ) -
C V pC2 

w Kw 
0. = - 1, = --

c ' pc2C11 

Q2 = (I - iY + iy0.)2 - 4i(y - 1)0. 

yrx. 1 - i(2y - l )Y + iyO. ± Q 
p = y - l 2( l - iy Y) T 

y - 1 I - iY - iyO. =F Q 
T - --p = ------c---T 

y rx. 2( I - iy ln) 

(X 2 - y - iy y + iy 20. ± Q 
p - OCT = y - 1 2( I - iy Y) T 

(6.4.26) 

The propagational mode corresponds to the upper signs in the formulas; for 
0. and Y small, the formulas reduce to those of Eqs. (6.4.23). The thermal 
mode corresponds to the lower signs; this case reduces to Eqs. (6.4.24) when 
0. and 1· are small. 

Plane-wave solutions 

The first example of the use of these formulas will be fo r plane waves 
in free space, though the effects of viscosity and heat diffusion are usually 
quite small for this case. In gases, fo r frequencies less than the molecular­
collision frequency, we can use the first-order solutions of Eqs. (6.4.23) and 
(6.4.25). We set p = J(x)e- iwt, where J(x) is a solution of (d3//dx2) + k3/ = 
0. For a traveling wave,/ = Aei4·"', so that 

(6.4.27) 
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and 

,-., l - M - I + ¼i(y -
[ 

(I) I 

111:i - - C V -

(JJ ] p 1)- ,,. -
C pc 

(for the propagational mode) 

The wave attenuates as it proceeds, the attenuation factor being 

I ( w)2 a '.:::='. 2 -; [/; + ( y - I)/,.) 

which is identical with Eq. (6.4.14). As noted before, for gases at normal 
pressures and temperatures and for frequencies less than I 04 cps, this 
attenuation is very small [see, however, Eq. (6.4.50)]. 

rn contrast, the thermal mode has a rapidly varying exponential factor, 

T ,.._, B exp [ / w (i - l)x - iwt] 
\ 21,.c 

iyrxw , 
p-:::.::. - (I,. - l )T (6.4.28) 

C v 

which indicates that this mode is important only near boundaries; its effects 
are negligible except within a layer, next to the boundary, of thickness 

roughly equal to the geometric ~nean vT,J. of the characteristic length 
In = K/ pcC.P and the wavelength J. = 2nc/w of the sound. 

The fluid motion corresponding to the rotational or transverse solution 
ut of Eq. (6.4.17) also is important only near a boundary. Transverse flow 
of this sort involves no change of density or pressure (to the first approxi­
mation, at least). A possible solution would be a shear wave, 

. OU 111 
U1 u = Aei k :,;-i ro t div u = -- = 0 

oy 

Insertion in the second of Eqs. (6.4.17) produces 

or 

by use of Eqs. (6.4.6) and (6.4.20). (Note that the characteristic length Iv 
does not involve the bulk modulus 'Y).) Thus one possible solution is the 
shear wave 

u1u = A exp [ / w (i - l)x - iwr] (6.4.30) 
\ 21.c 

which dies out as rapidly as the thermal mode, since t. is the same order of 
magnitude as I,, in gases. As noted earlier, u1 obeys a diffusion, rather than a 
wave equation; no wave propagation is possible. 

Boundary conditions 

T h_e thermal and shear-wave modes are important near the boundaries, 
Where they are generated because the propagational wave cannot, by itself, 
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fit a ll the boundary conditions. Now that we have improved our mathe­
matical model of wave motion to include heat diffusion and shear viscosity, 
we can no longer neglect to specify the values of temperature and of tangential 
velocity at the boundary surface. And if the propagational mode of Eqs. 
(6.4.23) is adjusted to fit the ratio between pressure and normal velocity 
specified at the surface, it cannot at the same time satisfy the boundary 
conditions on the acoustic temperature and tangential velocity. 

The thermal and shear modes, generated by this discrepancy, are neg­
ligible outside a thin boundary layer just outside the boundary surface. As 
noted under the preceding heading, the thicknesses of these two layers are 
roughly equal, at least for air a t standard conditions. Equations (6.4.28) 
and (6.4.30) show that the thickness dv of the viscous boundary layer and dh 

of the thermal Jayer are 

d,. = J21hc = [2K ~ 0.25 ~ 
w ✓~ vv 

cm 

(6.4.31) 

where v is the freq uency of the sound wave, and the last expressions on each 
line are for a ir at atmospheric pressure and room temperature. 

T hus, except for fluids with high viscosity or conductivity or for capillary 
tubes of small diameter, the propagational mode of Eqs. (6.4.23) will ade­
quately describe the acoustic behavior of the med.ium everywhere outside a 
boundary layer, usually a fraction of a millimeter thick, next to the boundaries. 
Indeed, in many cases of practical interest [for exceptions see Eq. (6.4.50)], 
the a ttenuation of the propagational mode can be neglected and the simple 
wave eq uation (6.2.8), with the relations of Eqs. (6.1.3) and (6.2.7), for -r, 
~. and u, can be used for the region outside the boundary layers. Since 
the majority of the power lost to viscosity and thermal conduction is lost 
within the boundary layers, and since these layers are so thin, we can con­
sider the power to be lost at the boundary and can incorporate the effects 
of the other two modes into the boundary conditions on the propagational 
mode. Once this is done, we can usua lly forget the presence of the other 
two modes. 

To find the effect of the thermal and shear modes on the boundary 
conditions for the propagational mode, we consider the situation shown in 
Fig. 6.4, with the boundary in the x.: plane. confining the wave to the region 
y > 0. The propagational mode. the solution of Eqs. (6.4.23), is assumed 
to be a separable simple-harmonic wave, with the tangential motion of the 
fluid in the x direction. In other words, the wave fo r y > 0 is assumed to 

j 



Page 309 of 933

6.4 INTERNAL ENERGY LOSS 287 

have the genera l form defined by the following equations: 

d2tp 
Pv = tp(x)f(y)e- i"'t dx2 = - k/'P 

y - 1 
7 1' ===. --1P(x)J(y)e- 1wt 

oty 

l df . I dlfJ 
U ~ __ 1/Je- 1wt U > ~ __ fie-iwl 

ov iwp dy , :r: i(J)p dx 

(6.4.32) 

where k2 = (w/c)2, or is given by Eqs.(6.4.23) ifwe need to include the viscous 

and thermal losses in the region outside the boundary layers. We also have 

assume<.! that we need not include the 11, and 1; corrections in the formulas for 

-r and for u, for tl1is mode. 
The boundary su rface is usually fairly rigid; so we should expect the 

normal and tangential components of u to be quite small at y = 0. Also, 

the thermal conductivity of the boundary material is usually much greater 

than that of the medium ; so we should expect the temperature fluctuation -r 

to be much smaller at y = 0 than it is outside the boundary layers. If the 

boundary surface is one of local reaction (see discussion preceding Eq . (6.3.4)) 

with an acoustic impedance z = p/ - u~, a reasonable approximation to the 

true boundary conditions at y = 0 would be 

p 
II = - -
~ - u = 0 :i: T = 0 aty = 0 (6.4.33) 

But the wave of Eqs. (6.4.32) does not meet these conditions. We could 

adjust the value off or of df/dy (but not both, since f must satisfy its own 

equation) to satisfy one of these, but not all three. Thus we must add enough 

of the other two modes to the wave so that the combination satisfies all three 

conditions. Tn this way the two solutions, which are negligible outside the 

boundary layer, affect the boundary conditions on the propagational mode. 

The pure plane-wave solutions of Eqs. (6.4.28) a nd (6.4.30) cannot be 

used because at y = 0 there must be a dependence on x in order to match the 

propagational solution at a ll points of the surface. Thus the thermal mode 

must have the form 

F,. = B exp (ik,,x) 

with function 1P the same as in Eqs. (6.4.32). Since, according to Eqs. (6.4.25), 

(
d2,p d2F) . 2i 

V2-r,. == - F + 1/1 -. - e- ""1 = - - ' h 
dx2 dy2 d/ 

or si nce 
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the equation for F,. must be 

c12F,, - ( 2i , 2)F 
-d • - - -d • + kt " y- ,.-

However, the tangential part of the wave number kt cannot be larger than 
k = w/c = 27Tf }, for the propagational wave to propagate. Usual acoustic 
wavelengths }, are of the order of tens of centimeters, whereas dh> as we have 
seen, is usually of the order of tenths of millimeters or smaller. Therefore 
the quantity in parentheses multiplying F,. in the equation for F,. is nearly 
equal to - (2i/d,.2), and the solution which is largest at y = 0 and vanishes as 
y ~ co is F,. = B exp [(i - l)(y/d,.)], to a good approximation. 

We then adjust the value of B so that this wave will just cancel out the 
temperature fluctuations r1, of the propagational wave at y = 0, which means 
that B ~ - [(y - 1 )f (0)/ay ], and 

(V I ( ~ ) p,. ~ -i c (y - 1)(/,. - 10)1P(x)f(O) exp iy ✓ ~ - iwt 

u,.
11 
~ - i y - 1 I,. 0W r = (I - i)(y - I) wd: 1P(x)f(O)e<i-l)(v/d•)-iwt 

pc ✓~ 2pc 

When dh is small compared with 2, I,. = -(w/c)dh2 is usually several orders 
of magnitude smaller than d,.; so, to first order in dh, we can neglect the 
pressure and the tangential velocity components of this thermal mode. Not 
so with the normal component u,w; since the normal gradient of F,. is so 
large, u,.

11 
► p,./pc. Therefore this mode can be adjusted to cancel out the 

temperature fluctuations at y = 0 at the expense of a nonnegligible contribu­
tion to the normal velocity (which will be taken care of later). But the 
tangential component un of the propagational wave is not yet canceled out. 

To do this we must introduce a certain amount of shear wave, a solution 
of the second of Eqs. (6.4.17). We wish the tangential velocity component 
u1., of this solution to equal - up., at y = O; also, the divergence of ut must be 
zero. The appropriate solution is 

so that 

u Ix = - -. I_ Olp J(O) eik,.y-iwt 
uvp ox 

l-1 tu = !:l_ 1P(x)f(O)eik.v-iwl 
k . pw 

. ou,., OU111 0 
div u 1 = -- + -- = 

ox ay 
and 
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or 2i 
2 

2i iw ipw 
k2 =- - k ~ - = - = -v dz t c12 l e µ 

V U 1/ 

when?.. ► I" 

·nee curl curl u, must eq ual ipw/µ times u1. Therefore the shear mode, to be 
:~ded to the others to fi t the boundary conditions, is 

u ~ - _I_ dtp f(O)e<i-1)(y/d.>- ,;,,.)1 
IX iWp dX 

k 2c2 w 
u IY ~ ( l - i) ~-2 2 dvtp(x)J(O)e<i-l)(y{d.)-iwt 

w pc 

to the first order in /"; no pressure or temperature changes accompany this 
mode. 

Adding all three together, the combination of thermal, shear, and 
propagational waves which satisfy boundary conditions (6.4.33) is, to first 
order in the small quantities d,, and d., 

(6.4.34) 

Inside the boundary layer the thermal and shear waves are importan t, rising 
rapidly from nearly zero a t the outer edge to a sufficient size, at y = 0, to 
cancel the temperature and tangential-velocity oscillations of the primary 
propagational wave. Indeed, unless the region enclosing the sou nd waves is 
so large that the minute attenuation facto r of Eq . (6.4.27) becomes noticeable, 
we can neglect thermal and viscous effects in the main portion of the region 
[except perhaps for relaxation effects; see Eq . (6.4.50)]. The only place these 
effects show up is inside the boundary layer, and the one effect they have on 
the propagational wave is on its boundary conditions. 

Inside the boundary layer we find an effective compressibility, given by 

c5 I + (y - I )eli- i)(y / <1,> 
Kh = - '.:::'. - - -------

pp pcz 
(6.4.35) 
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if we assume that d,1 is so small compared with A that f(d11)-:::= f(O). This 

compressibility varies from y/ pc2 = Kx at y = 0 to I/ pc2 = K, for y ► d 

as expected; the compression is isothermal at y = 0 and is nearly adiabatk 

outside the layer. 
lf the boundary surface is one of local reaction, with acoustic impedance 

p/-u11 = =• Eqs. (6.4.34) and (6.4.33) show that the ratio between p and its 

normal derivative at the surface must be 

or 

P,, = 'IJJ(X)f(O) 

- z {(df\ iw
2 [(k c)2 

] } 
~ ipw 'IJ!(x) dy/o+ 2c2 ( I - i) -;- d.,, + (y- l)d,. f(O) 

( op11) = 'IJJ(x)(df) 
011 o dy o 

{ I I - i [ §.'" (k1c)2Jcolv]} -:::= - iwp - + -- (y - I) - + - - p 
z pc 2c w 2c " 

y = O 

(6.4.36) 

with the dimensionless quantities 

r;;;i",, - (J) d - ~ -JV 
✓ 2c- - 2c ,.-✓~- v

11 

\/;;v=:c/0 =~ =£. 
where, for a ir at standard conditions, v1, ~ 1.9 x I 09 cps and vv c== 2. 7 x I 09 

cps. These are the sole vestiges of the effects of viscosity and thermal con­

duction on the acoustic wave outside the boundary layer, at least to the first 

order ind,, and d. . The sole boundary condition to be satisfied is this relation 

between the value and the normal derivative of the propagational wave 

pressure at the boundary. 
Equation (6.4.36) establishes several conclusions of interest, perhaps the 

only conclusions we need to carry forwa rd to later chapters. In the first 

place, if the boundary surface is moderately "soft," if the magnitude of its 

specific acoustic admittance lpc/zl [Eqs. (6.3..4)) is large compared with the 

quantity in square brackets in (6.4.36), we need not consider the effects of 

thermal conduction and viscosity at all; even the surface effects are negligible 

compared with those of the wall's admittance. Second, we see that the 

boundary effect of thermal diffusion is, to the first order in c/11, completely 

equivalent to that of an additional specific acoustic conductance ~11 and 

susceptance a,, of the boundary surface, where ~11. = a,.= (y - l)V wl,./2c. 

The addition of this to the admittance of the boundary surface itself will 

account for the effect on the propagational mode of thermal diffusion in the 

boundary layer. 
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The equivalence for the viscous losses is not so simple, because of the 
factor k/c2/w2 • Thermal losses are caused by compression, and thus are 
elated to the normal velocity of the medium, the same pair of variables which 

:nter into the specification of acoustic impedance. Viscous losses, on the 
other hand, are related to the tangential velocity of the medium just outside 
the boundary layer; the relationship between tangential velocity and pressure 
is proportional to ktcfw. This point will be discussed in more detail under 
the next heading. 

Power lost at a surface 

The power absorbed in the thermal boundary layer can most easily be 
calculated by using the equivalent conductance t,./ pc mentioned under the 
previous heading. As with any surface of local reaction, the power lost per 
unit area of surface is the conductance times the square of the rms value of 
the pressure at the surface. The thermal loss per unit area at the boundary is 
thus 

L bh = ~,. lp(y = 0)12 ~(y2 - •
1
) wa,, lpp(y = 0)12 

pc pc· 
(6.4.37) 

This same expression can also be obtained from the formula for com­
pressibility ofEq. (6.4.35). The acoustic energy of compression per unit vol­
ume is -(P dV/ V) = (P + p )( of p); the rate of loss of energy per unit volume 

is then the real part of - p + po~* , which equals - Re [(P + p)K(op*/ot)]. 
P ut 

The term - PK(op*/ot) averages out to zero over a cycle, but - pK(op*/ot) 
has a real part if K has an imaginary part. From Eq. (6.4.35) we see that 
K does have an imaginary part in the boundary layer; thus the power loss 
in the thermal layer, per unit ·area of surface, is 

Joo op* J oo iw 
- Re pK - dy ~ - Re - (y - I )e <1

- 1>< 11'"•, lp1>12 dy 
0 at O pc2 

[
(y - l)w . ] 2 = - Re 2 d,1(1 - I) lp1>I = Lb,. of Eq. (6.4.37) 

2pc 

The integrand, the power lost per volume in the boundary layer, is zero at 
Y = 0, rises to a maximum at y = 7Td1J4, and drops exponentially to zero as 
Y - co. Tn the integration we have assumed that d,. is so much smaller than 
). that P 1> is practically independent of y within the boundary layer; so lpl2 can 
be taken outside the integral. 

The power lost by viscosity, per unit volume, is of course the function D 
defined in Eq. (6.4.10). In the present case, to first order, the velocity 
tangential to the surface, producing the shear, is 

_!__ 01P f(0)e<i- 1H.,,Jd.)- i<iJt 
pw ox 
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and the power lost in a unit area of boundary layer is 

J 
co J 00 

ou 2 2 otp 
2 i 00 

D dy '::::. µ -" dy = ½pwd/ - 1/(0)12 e- 211 14
• dy 

o o oy p2w2d/ ox o 

where we have used Eq. (6.4.31) to expressµ in terms of d,,. In this case the 
loss is greatest next to the surface, and drops off exponentially as y increases. 
Averaging the loss over x, we use the relation 

f X dtp 2 Ix Ix d ( dtp*) 
Jo dx dx = Jo k/ltpl2dx+Jo dx tp dx dx -➔ Xkllt/Jn.vgl2 

X--+ co 

so that the mean power loss per unit area, averaged over the surfac~ area, 
from viscous forces, is 

Lb,, '::::. kl lvf 12 1 ooe- 2y/dv dy = (k ,c\2 ( _:::___) d,, lp(y = 0)12 (6.4.38) 
pw Jo w J 2pc2 

which also can be obtained by considering the viscous "surface conductance" 
to be the term 

I w (k tc)
2
d,, = l (k,c\2 {w1:, 

2 pc2 w pc w J ✓ 2c 
as implied by Eq. (6.4.38). Multiplying this by lp(y = 0)12 results in the energy 
loss. 

If u
1
"' = - (1/iwp)(dtp/dx)f(0)e- irot is the component of the shear wave 

parallel to the surface at y = 0, - Utz is the corresponding component of the 
propagational wave there, since tangential u must be zero at the surface. 
When d,, is much smaller than a wavelength, the tangential component of the 
propagational wave, just outside the boundary layer, is thus -u1x- Conse­
quently, an alternative formula to Eq. (6.4.38) for the viscous surface power 
loss per unit area is 

(6.4.39) 

where Utan(= - u
1
., in the example) is the rms amplitude of the tangential 

component of the propagational wave just outside the boundary layer. This 
formula also allows us to calculate the viscous surface losses without having 
to deal with the details of the shear wave. It is generally applicable for wave 
frequencies such that d,, < A.. 

The power lost per unit volume in the region outside the boundary layer 
is another order of magnitude smaller. As already indicated in Eq. ( 6.4.l 4), 
for a plane wave of intensity I= lpl2

/ pc = pc l ul2
, this loss rate is 

Lm = ( :)2 u; + (y- 1)/h]l = ~ ( :J [(d;)2 + (y - l)(dh)
2
]I 

where dv and dh are given in Eqs. (6.4.31) and (d~)2 = [½ + (rJ/µ)](dv)2. 
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Boundary losses in plane-wave reflection 

As an example of the utility of Eq . (6.4.36), which substitutes a simple 
atio between propagational pressure and normal gradient of propagational 

r ressure at the surface for the details of viscous and thermal forces inside the 
~oundary layer, we shall work out the reflection of a plane wave from a plane 
surface. The procedure is simi lar to that for Eq. (6.3.5); only we use Eq. 
(6.4.36) for the boundary conditions, instead of the formula (op/on)0 = 
- (iwp/z)p(surface), which was used for the surface of local reaction when 
viscous and thermal losses are neglected. 

for a plane wave of frequency w/2rr incident on the yx plane at angle of 
incidence {), as shown in Fig. 6.4, the pressure outside the boundary layer is 

(
iwx . iwy ) 

pix,y,t) = A exp c x sin {} - c cos{} - iwt 

+ AC,. exp ( i:x sin ,{} + i:y cos{} - iwt) (6.4.40) 

where C,. ·is, as before, the reflection coefficient for the pressure wave. If C,. 
is unity, the reflected pressure equals the incident pressure at the surface, the 
two adding to produce a pressure amplitude 2A there. If C, = -1, the 
reflected wave just cancels the incident wave at the surface, and the pressure 
there is only the small amplitude caused by the thermal wave inside the 
boundary layer. 

We now compare this formula with those of Eqs. (6.4.32) for the assumed 
form of the propagational wave and find that 

"P(X) = A ei(wx/c) sin {J f(y) = e- i(w11/c) cos{} + c ,ei<w11/c) cos{} 

(
w)2 kl = ~ sin2 

{} 

if we neglect the attenuation of the propagational wave in free space (i.e., if 
we neglect small quantities of the order of I.,= wd.,2/2c in the formula for k2). 
Thus, for the reflection of a plane wave, the factor (k 1c/w)2, which enters the 
viscosity term in the boundary conditions, is simply the square of the sine of 
the angle of incidence ,{}_ Inserting these values into Eq. (6.4.36), we find, 
for the reflection coefficient, 

where 

C,. :::- cos{} - (pc/z) - (~b - i<1b) 
cos{}+ (pc/z) + (~b - i<1b) 

1:. wd. . 2 .<>. wd1, 
\.b = <1b = - Stn v + (y - 1) -

2c 2c 

J
-
µw . Kw 

= - sm2 {} + (y - I) ~ 
2pc ✓~ 

(6.4.41) 
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are the effective acoustic conductance and susceptance of the boundary layer, 
to first order in the small quantities d,. and di). 

This is to be compared with Eq. (6.3.S). As mentioned previously, the 
correction for heat conduction acts exactly the same as an additional acoustic 
admittance of the surface, but the viscosity correction has a different depend­
ence on angle of incidence; to first order there is no viscous absorption for a 
normally incident wave f} = 0. Reference to Eq. (6.3.6) shows that the 
energy absorbed per unit area of surface, from a plane wave of intensity 
I = IAl2/ pc, incident at angle {}, during its reflection, is 

2 
4/(~ + ~b) cos2 f} 

/( 1 - I Crl ) COS 0 ,._, ( {} I: ~ )2 ( ) 2 cos + ':i I b + (1 + (1b 
(6.4.42) 

where pc/z = ~ - i<J. This also is valid only to first order in dv and d,,. 
If the surface is absolutely rigid, so that pc/z = 0, the first-order approxi­

mation to the energy absorbed per unit area is 

41~1> = 4 jAj2 ~b:::: lp(x,O,t)12 tb = Lbv + Lb,, 
pc pc 

This formula checks with those of Eqs. (6.4.37) and (6.4.38). 

Molecular energy equipartition 

The foregoing discussion has covered, sufficiently for the needs of this 
book, the energy losses caused by shear friction and thermal diffusion. The 
magnitude, the dependence on frequency and temperature of these losses, 
and their relation with the kinetics of molecular motion have been set forth. 
A similar discussion cannot be given for liquids; molecular detail regarding 
the heat and momentum diffusion in liquids is not well understood. All we 
can do is to use experimentally determined constants in the formulas we have 
derived, or, in many cases, to use the formulas backward to determine 
empirical values for µ, y, 11,, and /0 from measurements of energy loss. 
However, in the case of the energy loss related to the bulk modulus rJ of gases, 
present in Eqs. (6.4.8) and (6.4.20), additional discussion is desirable. 

As we have seen in Eq. (6.4.24), the effect of heat conduction on sound 
propagation can be expressed in terms of a complex compressibility. Its 
imaginary part is proportional to the ratio between mean-free-path and wave­
length, in other words, to the ratio between the period of the sound oscillation 
and the mean-free-time between molecular collisions. The pressure change 
resulting from a reduction of volume occupied is not quite in phase with the 
change in density, and energy is thereby changed to heat. Through inter­
action with the surrounding gas the compressed portion loses heat by diffu­
sion, and a corresponding " relaxation" of the sound pressure results. 

The effect of viscosity involves a similar diffusion of momentum from j 
the moving part to the rest of the gas. These effects are irreversible transfers 



Page 317 of 933

6.4 INTERNAL ENERGY LOSS 295 

f potential and kinetic energy from the organized motion of the sound wave 
~o the disorganized translational motion of the molecules known as heat. 
The attenuation caused by viscosity and heat conduction is thus often referred 
to as translational relaxation effects. Measurements of sound propagation 
in monatomic gases have shown that the attenuation is in agreement with that 
predicte? by translational relaxation, as presented in the foregoing portion of 
this section. 

In diatomic and polyatomic gases, however, viscosity and heat conduction 
are only part of the sound-attenuating mechanism. ln addition, there is an 
irreversible energy transfer from the collective motion of the sound wave to 
other degrees of freedom of the molecules, other than the translational ones. 
Jtis easy to see qualitatively how this attenuation will come about. Imagine 
a volume element of gas to be compressed quickly. The translational motion 
of the molecules will adjust nearly instantaneously, and since the pressure of 
the gas is determined solely by this translational motion, the pressure adjusts 
immediately to the density change. After the compression is completed, 
some of the translational energy of the molecules goes more slowly into 
rotational and vibrational energy, and the pressure decreases accordingly. 
If the gas is allowed to expand to its initial volume, the work delivered by 
the gas during the expansion is less than that absorbed during the compression. 
Therefore, in each such cycle, there will be a net energy transfer to the internal 
degrees of freedom of the molecules, which will heat the gas and attenuate 
the sound. 

The magnitude of this energy loss will depend on the ratio between the 
length of the cycle and the "relaxation time" of the transfer from translational 
to internal energy of the molecules. In the extreme case, when the gas is 
expanded immediately after .compression, before such transfer can take 
place, the gas will behave as a monatomic gas, and only viscosity and heat 
conduction will cause attenuation. On the other hand, if both compression 
and expansion take p lace very slowly, so that thermal equilibrium between 
all internal modes of motion is continuously established, relaxational 
attenuation is again absent. Thus the relaxational attenuation will be 
important in some intermediate range of frequencies. 

Frequency dependence of the specific heat 

The effect of the delay in distribution of energy among the various 
degrees of freedom of the molecules is most clearly displayed in the frequency 
dependence of the heat capacity of the gas. Thence, via the ratio y of Eqs. 
(6.4. 19), it can be related to the compressibility of a gas subjected to simple­
harmonic pressure variations. The specific heat at constant volume (strictly 
speaking, specific heat is the heat capacity of a mole of the gas; the quantity 
C., used here is the heat capacity of a unit mass of the gas) is the rate of 
change_of the internal energy of the gas with temperature, (oE/oT),,, at con­
stant volume (i.e., constant density). 
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In thermodynamics we assume that the temperature is changed slowly 
enough so that all the degrees of freedom of the molecules can take up their 
share of the increased energy. In this case the energy absorbed during a 
unit rise in T by the nth degree of freedom of a unit mass of gas molecules 
can be written (R/2M)Fn(T), where R is the gas constant and M is the 
molecular weight. Function Fn is zero at T = 0, rises rapidly at temperatures 
near Tn, the characteristic temperature for the nth degree of freedom, and 
for T ► T,. reaches an asymptotic value of unity; in the limit each mode 
absorbs ½R per mole per degree rise. 

In the range of temperatures of interest to us, the three F,.'s corre­
sponding to the translational degrees of freedom of the molecules (those 
contributing to the pressure) have long since reached their asymptotic values, 
whereas those for the electronic motions have not yet begun to rise from 
near zero. Therefore we can write the heat capacity at constant volume of 
the gas as 

Cv = (
0£) = R [t + t L FnCT)] 
oT ,, M n 

where the sum over n includes all the internal degrees of freedom of the 
molecule having to do with the nuclear motions, the rotational ones (zero, 
two, or three of them, depending on whether the molecules are mono-, di-, 
or polyatomic), and the vibrational ones, corresponding to the various normal 
modes of vibration of the nuclei, as discussed in Chap. 3 (the number of 
such degrees of freedom being zero for a monatomic, one for a diatomic, and 
3N - 6 for an N-atomic molecule). For all molecules except hydrogen, 
the F,.'s for the rotational degrees of freedom (if any) have also reached 
their unit asymptotic values by 0°C. Usually, the Fn's for the vibrational 
modes are less than unity at room temperatures. 

Any book on thermodynamics will demonstrate that the difference 
between the specific heats at constant pressure and at constant volume, for 
a perfect gas, is R, the gas constant, the difference being caused by the expan­
sion of the gas when heated at constant pressure, the expansion requiring 
extra energy. Therefore, for a unit mass of gas, 

Cp = Cv + : =; [t + ½ ;F,.(T)] 

and the ratio between these beat capacities, the quantity y entering the 
equation for the velocity of sound, is 

Cp ½ + ½ L F,.(T) 
y=-= 

Cv f + ½ .z F,.(T) 
(6.4.43) 

Once one works out, from statistical mechanics, the expressions for the Fn's 
as functions of T, then the dependence of y on T, for reversible processes, 
can be calculated. 
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As pointed out earlier, however, the gas during a cycle of a sound wave 
does not have time to come to thermodynamic equi libr ium. T he increase 
•n density immediately increases the energy of translational motion, but the 
:nternal degrees of freedom, represented by the F/ s, take time to abso~b 
their component shares of energy. The nth degree of freedom has its 
characteristic time of response, called its relaxation time t,., to reach equilib­
rium. The rotational modes, being more affected by collisions, reach 
equilibrium fairly quickly, but the values of tn for the vibrational modes are 
considerably longer, some of them being of the order of magnitude of a 
few milliseconds fo r standard pressures and temperatures. 

Statistically, the rate of approach of the energy En of the nth degree of 
freedom to its equilibrium value E! is proportional to the difference E,,. -
E! , the proportionality factor being the reciprocal of the relaxation time. 

dEn I ( - = - - (E,,. - E•) 6.4.44) dt I n n 

Thus, when left a lone, the energy approaches E! exponentially: 

E = £ ' + (E; _ £ t )e- tltn n n n n 

relaxing from its initial, nonequilibrium va]ue Et, to E! in a time roughly 
equal to t,,.. In the presence of a simple-harmonic sound wave, however, 
the gas is not left alone; energy is alternately given and withdrawn at a rate 
determined by the factor e- 1w1. As long as the acoustic pressure pis small 
compared with the eq uilibrium pressure P, the situation is not far from equi­
librium and it is not a bad approximation to assume that E! = E~ + E11e -iwt, 
where E" is the amplitude of the energy change in the nth degree of freedom 
which would be produced by· the sound wave if equilibrium were attained 
at each instant of the cycle. Since the internal modes cannot follow so 
rapidly, the actual energy content E ,. of the nth mode during the cycle is 
obtained from Eq. (6.4.44). 

£ = £0 + E n e-iwt 
n n I - iwt n 

If the " drivi ng force" is a periodic temperature change -r = -r0e-iwt, 
the equil ibrium amplitude E,. of the internal energy change would be C., or 
~" times -r, and the amplitude of the actual change would be this product 
limes (I - iw1,.)- 1• Thus we can talk about a dynamic heat capacity, the 
ratio of internal energy to temperature change for a simple-harmonic 
temperature fluctuation in a gas, 

Cv = MR (~+ LI. F~ ) 
n I - ,w t,. 

and 
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and finally, a ratio of specific heats appropriate for such fluctuations, 

) 
, iwt,.F,. 

) 
5 + L [Fn(T)f(l - iwtn)] y + ½(y - I ""J - iwtn 

y(Tw = ----==-- - ---- = ---------
, 3 + L [FiT)/(l - iw1,.)] '( ) , iwt,,,F,. 

l + 1y - l "" . 
I - IW f n 

(6.4.45) 

where y is the equilil?rium value defined in Eq. (6.4.43). 

Relaxation attenuation 

This dynamic value of y should be used in computing the compressibility 
Ks = KT/Y for the processes in the sound wave and in computing the speed 
of sound c = v' I/ pK8. The atten uation of a plane wave of sound is then 
the imaginary part of the wavenumber k = w/c. In the present derivation 
of c and k, we have neglected the effects of viscosity and of thermal con­
duction; therefore, for the whole expression for the propagational mode, we 
should combine the results of Egs. (6.4.23) and (6.4.45), obtaining for the 
square of the wavenumber 

w 2 1 + !(y - I) L /wt,._F: 

k 2-::::: r(-) .- 1
; " [1 + i w 1; + i(y - 1) ~ th] (6.4.46) 

Co J.( - 1) ' 1wt,. " C C 
Y + 2Y "" l · i - lW n 

where 
• y yP 

co- = -- = -
KTP p 

(for a perfect gas) 

and where 

I' = 'Y/ + ½µ 
·u pc and 

The formula for a plane wave in the x direction would be eikao- ;wi; so 
the imaginary part of k is the attenuation constant a of Eq . (6.4.14), the 
reciprocal of the distance within whjch the wave amplitude is attenuated by 
a factor e- 1 . The ratio between w and the real part of k is the phase velocity 
of the wave, to be d iscussed in detail in the latter part of Sec. 9.1. For low 
frequencies, such that wt,. ~ I for all n's, the-fraction in Eq . (6.4.46) can be 
approximated; to the first order in wt,., !~, and th, the expression for the 
wavenumber is 

(6.4.47) 

the attenuation constant being proportional to the quantity in the square 
brackets, and the phase velocity differing from c0 only to second order in 
the small quantities. At low frequencies all effects enter linearly, each 
degree of freedom making its contribution independently of the others. 
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Thus the quantity 

nters the formulas for attenuation on a par with the bulk modulus ?J· Since 
:either ?Jr nor ?J enters the shear and conductivity effects near a boundary 
except in second order, it is hard to distinguish between ?Jr and ?J· Factor 
rJ is an assumed int~rnal friction of compression, an_d T/r comes from the 
hysteresislike loss to mternal modes dunng a compression cycle. Of course, 
there are no internal degrees of freedom for monatomic gases; so T/r should 
be zero in this case. But the internal-frictional term ?J for a monatomic gas 
is so small that it is doubtful whether it is really present; and with di- and 
polyatomic gases, one cannot distinguish ?Jr from ?J· Thus it is doubtful 
whether there should be a separate factor 'Y/; we might as well consider 'YJ, 
to be the 'YJ introduced earlier in this section. 

If we insert the expressions for µ and for K/C'P in terms of molecular 
mean-free-path /, given in Eqs. (6.4.2) and (6.4.5), into the formula for the 
nondimensional quantity aA. = (c0/w)lm k, the attenuation per wavelength, 

we see that the viscosity and thermal effects are quite similar to the relaxation 
effects. The mean time between collisions //c0 (since c0 is roughly equal to 
the mean speed of the molecules; see page 229) is equivalent to a relaxation 
time; indeed, it is the relaxation time for the translational degrees of freedom 
of the molecules. Since the relaxation time for the rotational degrees of 
freedom is not much longer than the time between coJlisions, and since Fn 
for the rotational terms is nearly unity at room temperatures, the rotational 
terms in the sum over n are of the same order of magnitude as the viscosity 
and thermal-diffusion terms (i.e., the translational terms). At standard 
conditions of temperature and pressure, the time between collisions in air is 
roughly 10- 9 sec; so the rotational and translational contributions to acoustic 
attenuation are extremely small for frequencies less than about a megacycle. 

Vibration-relaxation attenuation 

As was stated on page 277, we thus find that the attenuation caused by 
viscosity, thermal diffusion, and rotational relaxation, away from boundaries, 
can usually be neglected (the boundary effects, as we have seen, are several 
orders of magnitude larger). This is not true for the vibrational modes, 
however, particularly for polyatomic gases. Although the factors Fn for 
these modes are small, between 0.1 and 0.0 I for room temperatures, the 
relaxation. t imes are much longer than the rotational times; it takes many 
collisions to excite some vibrations. For the oxygen molecule, for example, 
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t,. is about 10- 3 sec. However, the presence of an impurity, such as water 
vapor, is known to decrease 111 so its inverse is in the acoustic frequency 
range. 

Since the F,.'s for the vibrational modes are small at room temperatures 
we can expand the fraction of Eq. (6.4.46) for these terms also, but we canno; 
neglect t_he higher o_rder~ of w_r 11 • The complete expression for kc0/w, using 
appropnate approx1mat10ns, 1s 

(y - 1)2 
4 

wµ wK + i 4 L wtnFn + ai-2 + i(y - l) 2c (6.4.48) 
Y rot PCo PCo P 

where the sum has been split into a rotational and a vibrational part, as 
labeled below the summation signs. 

The last three terms can be neglected, at standard conditions, if there 
are any vibrational terms present. In fact, for air containing moderate 
amounts of molecules such as H20 or CO2, the vibrational terms for 0 2 and 
N2 vibrations cannot be neglected but, in reality, provide the largest contri­
butions in Eq. (6.4.48) (multiplied, of course, by the factor corresponding to 
their concentration, which can be included in the factors F,,). 

The first two terms in this expression are real and represent the effect 
of the vibration relaxation on the speed of sound. The phase velocity is 

w [l (y - 1)2 
, (wt,,)2 F,, ] 

--~ Co + - --;::.., 2 
Re k 4y vil> 1 + (wt,.) 

(6.4.49) 

At frequencies well below 1/t,. for all n's this is equal to c0 = '\lyP/p, the 
velocity in dry air. As the frequency is increased, this phase velocity 
increases, approaching a somewhat higher value asymptotically. Thus 
moist air is a dispersive medium for sound waves (see the latter part of 
Sec. 9.1). 

The attenuation per wavelength 

kc0 (y - 1)2 , wt ,,F,. 
21rlm-~-rr 2 ;::.., I ( )' 

W 'Y \'ib + W I n " 
(6.4.50) 

also is small at low frequencies, rising linearly with w. But it reaches a 
maximum, for each vibrational mode, at w = 1/t,.; when the period of 
oscillation of the sound is equal to 21r times the relaxation time, a maximu_m 
amount of energy is converted into heat because of the relaxation hystere~is. 
For still higher frequencies the attenuation decreases again, approach10g 

zero as w ._ ~ ,.al,IP,e,q,tk?n~~~J.af~lJ,5; 
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Problems 
(a) A plane wave in air has an intensity of !00 ~rgs per_ sec per sq cm. What is 
the magnitude of the temperature fluctuation m the air, caused by the wave? 
(b) At t = 0 a sound wave has the form of a step function, with P = P0 + p 
for x < O and P = P0 for x > 0. Explain qualitatively how heat conduc­
tion would change the shape of this step function as it travels in the positive 
x direction. 

2 As shown in Eq. (6.4.14), the attenuation of a plane wave depends on the size 
of the shear modulus µ . Explain how shear stresses can arise in a plane wave. 

3 Suppose the air, which was initially at rest at the point x0, y0, z0 has displace­
ment X - x0 = AF(ct - x0) in the x direction, where 

0 9o < 0 
1 

rt.qo 0 < 9o < -
rt. 

l 2 
where q = Ct - X 

F(qo) = 2 - rt.qo - < 9o < - 9o = ct - Xo rt. rt. 

2 
0 - < 9o a 

Show that the displacement of the portion of the air, which happens to be at 
point x at time t, is 

D(q) = A 

0 
rt.q 

1 - aA 

2 - aq 
I + aA 

·o 

0 > q 
I 

0 < q < - - A 
rt. 

I 2 
- - A < q < ­
rt. rt. 

2 
- < q 
rt. 

Show that the fluid velocity at point x at time tis +ca:A for O < q < (I/a:) - A 
and is -caA for (1/a) - A < q < (2/a.); zero otherwise. Show that the 
pressure there is pc2

( oD/ oq). What happens to the displacement and pressure 
wave when rt.A ...... I? Plot D, u, and pas functions of x fort = 0 and a.A - I . 
What is the physical meaning of this result? What happens when aA > I ? 

4 By the usual methods of the calculus of variations, show that Eq. (6.2.14) is 
the Lagrange-Euler equation for the Hamilton principle 

6 f dt ff f L(tp,'Px,'P11,tp,,'Pt) dx dy dz = 0 

wh~re_ the subscript denotes differentiation, as in Eq. (6.2.14), and when the 
variation of tp does not alter VJ at the limits of the integration in space or time. 
~h~w that adding to L the divergence of a vector A, which goes to zero at the 
hm1ts of integration, leaves Eq. (6.2. 14) unchanged. 

S Show. that if a Lagrange density Lis a function of second deriv~v~~.-~ .• 
as well as of ,p and its first derivatives, the Lagra'It-«lWt ~eg"Dation-f<il' ~e-

UNtV ERStD~ N ,~.., . ·· : ~\ 
I . .:) . . \'J.-<.i i .. • {I .. -
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Hamilton principle, f L dt dV = 0, is 

instead of Eq. (6.2.14), where v,1 = o,p/ox, "1'21 = o2 ,p/oy ot, etc. Show that 
if Lis a quadratic function of four functions p, its adjoint pa, T, and its adjoint 
Ta [see discussion of Eq. (6.2.28)] and their first and second derivatives, there 
will be four Lagrange-Euler equations, one 

for function 'p, and three more, one for p0, one for T , and one for its adjoint ..-a. 
Write out the formulas for the elements Wii of the stress-energy tensor, and 
show how they are related by equations of continuity. 

6 Use the results of Prob. 5 to show that E9s. (6.4.22) are Lagrange-Euler 
equations for p and T, corresponding to a Lagrange density function 

rxy/h ( op t".72 a opa <72 OT t".72 a 0Ta t".72 ) + - -vT -- vT+-v p + -vp 
4c ot ot 01 iJt 

which takes into account viscosity and heat conduction (note the arrangement 
of signs in the last parentheses). Compute the stress-energy tensor WH 
[Eqs. (6.2.15)]. Discuss the physical significance of the formulas for W 11 and 
the vector I with x component w ,a:-

7 One method of measuring the normal impedance of a boundary (as a function 
of the angle of incidence of the sound wave) is the following: Imagine ~be 
(complex) sound-pressure amplitude P«>, that is, magnitude and phase (relat!ve 
to some reference phase) to be measured a~ the surface of a perfectly reflecung 
surface (infinite impedance). Keeping the sound source the same, the surface 
is then replaced by the surface to be measured, and the complex surface 
pressure is again measured. Denote this by A· The complex number 
w = PdP«> is thus determined from the experiments. 

(a) Show that the relationship between the normal impedance { (to be 
determined) and the measured quantity w is 

w J 
{ = 1 - wcost? 

where 0- is the angle of incidence of the wave. 
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(b) 1f we set {cos{} = u + iv and IV = lwleiY, show that the relation 
between ( cos {J and IV can be represented as a set of orthogonal circles in the 
uv plane, circles for constant I wl and constant y . These circles are, with 
(lwl2f(l - IIVl2)] = A, 

(u - A)2 + v2 = A(I + A) (constant lwl circles) 

(constant y circles) (v - i cot y)2 + (u + ½)2 = ¼ sin-2 y 

8 The region y < 0 is filled with porous material of porosity n and flow resistance 
<I>; the region for y > 0, with air of characteristic impedance pc and wave 
velocity c. Show that the effective acoustic impedance z({J) = -(pfu1), which 
the interface y = 0 presents to a plane wave of sound of frequency wf21r, 
incident at angle of incidence f>, is 

[ 
I + i(<I>f p11w) ]

2 

p'J}c'IJ 1 - (c'J}f c)2 sin2 {} 

where p'P and c'J} are defined in connection with Eq. (6.2.24). Show that, when 
c1' ~ c and <I) ~ ppw, the interface behaves like a locally reacting surface of 
acoustic resistance p'f)c'f) and stiffness reactance - (c'IJ<l>f2w). 

9 The xz plane is a rigid wall; the region between y = 0 and y = l is occupied 
by a material with acoustic parameters Pe and c0 , which may be complex 
quantities. Show that the ratio of reflected to incident intensity, for a 
normally incident wave, is 

IC 12 = I p6c0 + ipc tan (wife.) 1
2 

r p,c, - ipc tan (wife,) 

10 A panel of porous material 3 cm thick is glued on one side to a plane rigid wall; 
the other side is open to the air. The acoustic parameters of the material, as 
defined in connection with Eq. (6.2.24), are P1> = 2p, c1' = ½c, <l>f pc = 100 m-1 . 

A plane wave of frequency wf21r is normally incident on this coated wall. 
Plot the fraction of incident acoustic energy which is reflected, as a function of 
frequency, from 0 to 10,000 cps. 

11 Plot against angle of incidence {} the fraction of energy I C,12 reflected from the 
plane interface between the air (p,c) and a medium of density ¾ p and sound 
velocity ¾c, when the incident wave comes from the air side. Plot IC,12 when 
P 

_ $ _ _ Jj 
w - sP, Cw - 4 C. 

l2 Suppose a unit-pulse pressure wave 6(Ti - t0) , where 

Ti = t - (lfc)(x sin{} - y cos{}) 

impinges on the surface (y = 0) of a porous material of the sort discussed in 
'.rob. 8, where z = p.Pc'P + i(c1,<l>f2w). Show that the reflected pressure wave 
IS 

b(Tr - to) + pcc'P<I> cos{} ex [ - c'P <I> cos{} T - r )] 
(pc + ppc1, cos fJ)2 p 2pc + 2p

1
,c

11 
cos i) ( .. 0 

":'he? t > 0, where T, = r - (lfc)(x sin O + y cos 0). Discuss the physical 
significance of the dependence on {}, t, and <l>f Pv · 

13 A fluid having viscosity and thermal conductivity is confined between two rigid 
plat_es, one at y = +½a, the other at y = - {a. A sound wave is sent in the 
x direction in the fluid , with frequency wf21r. Show that the three types of 
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waves, which together fit the boundary conditions T O and u = O at y == 
± ½a, are, to first order in kdv = v'½kl0 and kdh = v'½klh [see Eq. (6.4.31)], 

y - I 
p'P = P exp (iµx - iwt) cosh (/Jy) T ~ -- p 'P - )'OC 'J) 

(propagational wave) 

i{JP ( ) • /3 ) 
u 'P11 = - -k exp iJtX - iwt smh ( y 

pc 

p1, = - iyockl11 T 1, 

y - l cosh [(I - i)y/d11] . . {Ja 
T 11, = -- P h [(I .) 12d ] exp (1µx - ,wt) cosh -yoc cos - 1 a 11 2 

(thermal wave) 

. y - I sinh [(l - i)y/d11] . . (Ja 
- 1)kd,, 2 pc P cosh [(I _ i)a/2d,.] exp (111x - 1wt) cosh 2 

~ - JtP cosh [(I - i)yf dv] . . {Ja 
U1x - pck cosh ((1 - i)a/2dvl exp (1µx - ,wt) cosh 2 (shear wave) 

. ft2dv sinh [( 1 - i)yf dvl . . {Ja 
" tv = - (I - t) pck p cosh [(I - i)a/2dv] exp (rµx - ,wt) cosh 2 

where k = w/c, and the wavenumber µ = v'k2 + {32. Show that, in order 
that llx = 0 at y = -1-½a, 

{J2a2 = k 2a2 (y - l )F(d1Ja) + F(dvfa) 
1 - F(dvfa) 

if {Ja is smaller than about ½, where 

F(x) = (I + i)x tanh -- - i 
(

(1 + i)x 
l - i 

2x I + -
6x2 

14 A plane sheet of cloth has flow resistance R such that the air velocity throug~ 
it equals 1/R times the pressure difference on the two sides of the sheet. This 
sheet is suspended along the xz plane, the surface of a rigid wall is a distance 
behind it in the plane y = - /, with air in the interspace. Show that the reflec- _ 
tion coefficient of Eqs. (6.3.5) and (6.3.13) is 

C = R cos 1J + i pc cot (kl cos #) - pc 

' R cos-{) + i pc cot (kl cos #) + pc 

Discuss the dependence of the fraction of incident energy which is absorbed on 
kl, R , and 1J. 

15 Discuss the similarities and differences between the Cr of Prob. 14 and the Cr 
for a covered wall of the sort described in Prob. 10, with arbitrary values of 
p.,,, c,,,, <I>, and panel thickness I. What are the advantages and disadvantages 
of the two sorts of acoustic covering? 
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16 
A plane sound wave with angle of incidence -& = 60° is reflected from a plane 
wall of acoustic impedance z, and the sound pressure at the surface is measured 
in amplitude and phase. The experiment is then repeated, with the absorptive 
waU replaced by a perfectly rigid one. The mean-square pressure at the 
hard wall is found to be twice that for the absorbing wall, but the phase 
difference is zero. Use the results of Prob. 7 to compute the impedance of the 
absorbing wall. What fraction of the incident energy does it absorb? 

l7 suppose the sheet of Prob. 14 is light enough so that its motion as a whole 
must be included. Show that the normal air velocity at its surface is (1/R) + 
(if we) times the pressure drop across the sheet. Compute C, and compare its 
dependence on kl, -&, and R with that of Prob. 14. 

18 It is known that the bulk viscosity of nitrogen is about 0.8 times the ordinary 
shear viscosity. From this information and the discussion on page 299 
determine the relaxation time of the rotational modes of motion in nitrogen. 
At 2o•c and 1 atm the shear viscosity coefficient in nitrogen isµ = 1.78 x 10- 4 

cgs units. 

19 Carbon dioxide, CO2 , has its atoms along a line. The characteristic (Debye) 
. temperature T.,. (see page 296) for the transverse vibrational mode of motion 
of CO2 is T,. = 960°K. (The longitudinal modes have considerably higher 
Debye temperatures.) Calculate and plot as functions of frequency the speed 
of sound and the attenuation per wavelength in CO2 resulting from the trans­
verse mode when the relaxation frequency ½1rtn of this mode at 20°C and 
1 atm is known to be about 30,000 Hz. For a vibrational mode the specific 
heat function F,. of Eq. (6.4.43) is known from statistical mechanics to be 

( 
X )2 

F.,. = e"' - I e"' vibration 

where x = T,,,/T = hvfkB, v = vibrational frequency 
h = Planck's constant 

kn = Boltzmann's constant 
T = absolute.temperafure 

20 With reference to the discussion leading to Eqs. (6.4.48) to (6.4.50), calculate 
and plot as functions of frequency the speed of sound and attenuation per 
wavelength in air at some different relative humidities. It is known that the 
average relaxation time of vibration in air depends on the relative humidity 
H as given by 11,,, = (21rtn)- 1 ~ 1 + 30H 2, where His measured in percent at 
a temperature of 20°C. (At 20°C the fraction of H 20 molecules in air is 
H/4,320.) In particular, consider H = 18 (corresponding to 11.,. :::,( 10,000 Hz), 
H = 50, and H = 80. On the basis of the corresponding curves discuss the 
r~le of water vapor on acoustic dispersion in the atmosphere as compared 
with the effects of viscosity and heat conduction. 



Page 328 of 933

CHAPTER 

THE RADIATION OF SOUND 

7. 1 POINT SOURCES 

Sound waves are generated by the vibration of any solid body in contact 
with the fluid medium, or by vibratory forces acting directly on the fluid, or 
by the violent motion of the fluid itself, as from a jet, or by oscillat<;>ry 
thermal effects, as would be produced by a modulated laser beam. In each 
case energy is transferred from the source to the fluid. The characteristics 
of the source determine the frequency and directional characteristics of the 
generated sound field; reciprocally, the directional properties of the field can 
be used to shed light on the nature of the source. 

Of course, any motion of one portion of the fluid medium is transmitted 
to other parts of the medium; the motion in the frontal region of a sound 
wave at one instant may be regarded as the "source" of the subsequent wave 
motion, farther along in the medium. But in this case the energy of the 
wave is just being transmitted from one part of the medium to another; no 
new energy is being introduced. In the cases mentioned in the first para­
graph, however, energy originally not acoustic is being changed to acoustic 
energy at the source, to be radiated outward and lost to the source. In the 
case of the jet, for example, the high-speed, organized motion of the jet is 
transformed by nonlinear processes into heat and acoustic energy, the sound 
being transmitted outward into the otherwise quiescent surrounding medium. 
From the point of view of acoustics, therefore, a source is a region of space, -
in contact with the fluid medium, where new acoustic energy is being gen­
erated, to be radiated outward as sound waves. 

In this chapter we shall not go into the details of the nonlinear effects 
which sometimes generate the acoustic energy, but shall devote our attention 
to the generated sound waves as they move outward from the source. We 
shall assume that the fluid medium outside the source region is initially 
uniform and at rest and that the acoustic pressure generated outside the 
source is small enough so that the first-order equations of sound, derived in 
the preceding chapter, are valid in the region outside the source. We also 

306 
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b 11 concentrate on wave propagation in an infinite medium; sound propaga-
5

. a •n ducts and rooms will be taken up in a later chapter. tton 1 

Curvili near coordinates 

Since the wave motion near a source is seldom a plane wave, we must 
xtend the form of our first-order equations (6.2.7) and (6.2.8) to more 

:ppropriate coordinate systems. The _most use~ul, aside from the usual 
rectangular system x, y, z, are the spherical coordinates r, {}, <p, where 

x = r sin {} cos <p y = r sin {} sin <p z = r cos{} 

These are appropriate when the source region is concentrated in a small 
region of space. T he circular cylindrical coordinates IV, </>, z, where 

X = IV COS <p y = IV sin</> z = z 

are appropriate when the source region is extended in one dimension and 
concentrated in the other two. (When both spherical and cylindrical co­
ordinates are used, we shall use w for the cylindrical radius; when spherical 
coordinates are not introduced, we shall user for the cylindrical radius.) 

As with the two-dimensional coordinates for the membrane, discussed 
in connection with Eq. (5.3.3), the differential operators, expressing the 
divergence, gradient, and Laplacian of the properties of the fluid, have 
different forms in the different coordinates. For example, the gradient 
grad.( = V.f of a scalar quantity, such as the pressure or the velocity potential, 
which enters the basic equations 

OU 
p~ = - gradp and u = - grad '-P' 

is a vector with components 'iJ.;J , '\lvf , v',falong the rectangular axes, com­
ponents "il ,0 f , v' 4,J, v' ,f along the cylindrical coordinate axes, and components 
V,f, "il 0/, "il ,,.f along the radius from the origin, along a perpendicular tor in 
the rz plane and along a perpendicular to the rz plane, respectively. The 
expressions for these components are 

gradi 
a a a 

) = - grad/ ) = - grad/ )=-
OX ay oz 

(in rectangular coordinates) 

grad.,,( a a I o 
) = - grad,( ) = - grad/ ) = --

01\1 oz w oef> (7. 1.1) 
(in cylindrical coordinates) 

grad,( a I o I a 
) = - gradu( ) = ;a{}; grad,,.( ) = 

or r sin {} O<p 

(in spherical coordinates) 
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The second of the basic equations (6.2. 7) involves the divergence of the vector u. In the three coordinate systems the divergence of vector A is 
oA" 0A11 oA . 
-o + -o + -o • X 'J Z 

1 o I o o - -
0 (wAw) + - o-t (A4>) + -

0 (A,) \V IV H' ~ Z 

(in rectangular coordinates) 

(in cylindrical coordinates) 

10 
2 o . , o 

2 -
0 

(rA,)+ . {}ol)(A t> sin O) + . 
0

-
0 

(A0) r r r s,n r sin q; 

(in spherical coordinates) 

(7.1.2) 

where Ar, Al), A"' are the components of A along the three axial directions in spherical coordinates, etc. 
The Laplace operator V2 = div grad thus has three forms in the three different systems: 

( 
o2 o2 o2 
-+ - + ­OX2 oy2 oz2 

L o ( o ) 1 a2 
02 

-- IV- + --- + -1\1 ow OW w2 o</>2 oz2 

(in rectangular coordinates) 

(in cylindrical coordinates) 

1a ( o) 1 a(· o) __ ,.2_ + ----- sm l?-r 2 01' or r2 sin {) o{} o{} 

I 02 

+--­r2 sin2 I) oqr (in spherical coordinates) 

(7.1.3) 

The first-order equations of motion and the second-order equations for the acoustic energy density and intensity of Eqs. (6.2.5) are given in standard form in terms of these operators: 

OU 
P<fi = - gradp 

op . - = - div u o, 

u = - grad \f' 

o\Jf 
p = p-

0/ 

o2o/ = c2v2\) • 
01 2 

( 
1 l a\r 12) 1 1 w = !,p lgrad 'I '12 + - - = }p lul2 + - - lpl2 • c2 a, 2 pc2 

(
o\F* ) I = - p Re T, grad ':I' = Re (u*p) 
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They can be expressed in different form for the different coordinate systems 
b using Eqs. (7.1.1) to (7.1.3). 
y In extension of the remarks on page 193 on the physical meaning of the 

Laplacian, we should point out that the Laplacian in three dimensions 
measures the negative of the concentration of a quantity. T he value of 'il2p 
at a point is proportional to the difference between the average pressure near 
the point and the pressure right at the point. When this is negative, there is 
a concentration of pressure at the point; when it is positive, there is a lack of 
concentration there. The wave equation simply states, in a quantitative 
manner, that if there is a concentration of pressure at some point, the pressure 
there wilJ tend to diminish. 

The simple source 

If the source region is compact and the generating motion has no pre­
ferred direction, it will produce a wave which spreads spherically outward. 
If the medium is infinite in extent, the waveform will depend on the distance r 
from the center of the source, but will be independent of the spherical angles 
,{} and cp, as though the wave were generated by a sphere, centered at the origin, 
uniformly expanding and contracting. The wave equation in this case is 

1 o ( 2 op) 1 02p -- r - = --
r2 or or c2 ot 2 

A general solution of this equation which is fin ite everywhere except at 
r = 0 is 

I I 
p = - F(r - ct ) + - f(r + ct ) 

r r 

consisting of a wave of arbitrary form going outward from the center and 
another wave focusing in on the center. 

This solution, except for the factor 1/r, is similar to Eq. (4.1.2) for waves 
on a string and to the equation for plane waves of sound given in Eq. (6.3.3). 
This means that spherical waves are more like plane waves than they are like 
cylindrical waves. Plane waves do not change shape or size as they travel; 
~pherical waves do not change shape as they spread out, but they do diminish 
10 amplitude because of the factor 1/r; whereas cylindrical waves change both 
shap~ and size as they go outward, leaving a wake behind. Figure 5.8 shows 
that if a cylinder sends out a pulse of sound, the wave as it spreads out has a 
~ha~p beginning but no ending; the pressure at a point r from the axis is zero 

Dtil a time t = r/c after the start of the pulse, but the pressure does not settle 
back to its equilibrium value after the crest has gone by. With both plane 
and sp~erical waves the wave for a pulse has a sharp beginning and ending, 
the pressure settling back to equilibrium value after the pulse has gone past. 
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This behavior is another example of the general Jaw (proved in books on the 
mathematics of wave motion) that waves in an odd number of dimensions 
(one, three, five, etc.) leave no wake behind them, whereas waves in an even 
number of dimensions (two, four, etc.) do leave wakes. 

Spherical waves do resemble circular waves on a membrane, however , 
in that they have infinite values at r = 0. As we have seen on page 196, this 
simply means that the size of the source must be taken into account; every 
actual source of sound has a finite size, so that the wave motion never extends 
in to r = 0 where it would be infinite. 

Suppose that a sphere of average radius a is expanding and contracting 
so that the radial velocity of its surface is everywhere the same function of 
time U(t). The rate of flow of air away from the surface of the sphere, in 
every direction, is 4rra2U(t) = S(t). To obtain an expression for the pressure 
wave radiated from the sphere, we write Newton's equation as p(ourf ot) = 
-(op/or). 1f p is chosen to be an arbitrary outgoing wave p = P(r - ct)/r, 
the requirement at the surface of the sphere, 

1 oP P P as 
-; or - r2 = - 41ra2 ai 

serves to determine the shape of the wave P. 

at r = a 

If the vibrating sphere is very small (more specifically, if a is small 
compared with the wavelength of the sound radiated), the sphere is called a 
simple source of sound. l n this case P/r is much larger than dP/dr at r = a, 

p dS 
and P ~ - - at r = a. The pressure wave at a distance r from the center 

4rr dt 
of the simple source is therefore 

(7.1.4} 

where S'(z) = (d/dz)S(z). T he function S gives the instantaneous value of 
the total flow of air away from the center of the source. The pressure 
at the distance r is proportional to the ra!e of change of this flow a time 
r/c earlier. If, for example, the flow outward started suddenly, being zero 
for t < 0 and I for t > 0, the generated pressure wave would be a pulse, 
(p/4rrr) o[t - (r/c)]; a steady flow outward produces no sound; only a change 
in flow can be heard. 

The periodic simple source 

In the special case when the source is simple-harmonic, so that the flow 
outward from the origin is Swe-iwt, the resulting wave motion, its mean-square 
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energy and intensity [Eqs. (6.2.21 )], and total power radiated IT are 
. ikpc . <v 2rr = P (w)e- ·,w( = - - - S,,,e•k(r-ctJ k = - = -

P • 4rrr c A 
- 1 p( i}, ) 

U = - (ikr - l)Sweik(r- ctl = - 1 + -
r 4rrr2 pc 2rrr 

w = P(4~,.2J 1s.,12 [(kr)2 + ½] = P(2~,J 1s,,,12 
[ I + ~ (2:,.J] (7.1.5) 

( 
I )2 lpl2 

I = pc- 1s,,,12 = - I{}= I = 0 
' 2?.r pc "' 

rr pw2 
n = (4rrr2)/,. = pc J,,21s,,,12 

= 4rrc ISwl2 

The pressure amplitude is inversely proportional to the distance r from the 
center of the sphere; the fluid velocity is entirely radial, being in phase with 
the pressure at distances large compared with}, and out of phase in the region 
r < },. The time-average intensity I is also radial, proportional to the square 
of the pressure amplitude, and thus independent of time; its divergence is 
zero except at r = 0. The total outflow of energy per second from the source 
is rrpc(IS,,,l /).)2, independent of r; thus, for a given source strength Sw, the 
power radiated is proportional to the square of the frequency. 

At distances r from the source which are large compared with the wave­
length, the relationships between p, u, and I approach the simple ones given in 
Eqs. (6.3.3) for a plane wave, u, = pf pc, w,. = lpl2

/ pc2, and I,.= lpl2
/ pc. 

The sound field in this region is called the far field. Here the fluid velocity is 
in phase with the pressure, so that all the energy density is radiant, moving 
outward with the speed of sound, since I,. = cw,. 

In contrast, the near field, i'n the region r <{; J., has a large velocity com­
ponent out of phase with the pressure, which is responsible for the presence 
of additional mean-square energy density w,., = ½P(I S l/41rr2)2, reactive energy 
which does not radiate outward. The radiant energy in a shell of unit 
thickness around the source is pk2 IS,,,12/41r, independent of the radius of the 
shell. The reactive energy stays close to the source; the total amount outside 

a rad· . p ISwl2 I . . . f 1us rm 1s 
8 

- , inversely proport1onal to r,,. but independent o w. 
7T r,n 

Two additional properties of the sound field from a simple source will 
be of utility in our later discussions. The first is the obvious fact that the 
source need not be at the origin of coordinates. If the source point is at 
ro = (xo,Y0,z0), then the pressure at the measurement point r = (x,y,z) is 

Where 
(7.1.6) 

and 

I . 
g (r I r ) = - e'kH ,, o 4rrR 
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T he other quantities in Eq. (7.1.5) can be obtained by substituting for r the 
distance R between source and measurement point. The quantity gw(r I r ) 
is the Green's function for an infinite medium [Eq. (5. 1.4)]; we shall discuss i;s 
properties and uses later. 

The second point to note about the field from a simple source is that it is 
symmetric with respect to interchange of r and r0 . fn other words, the 
pressure at the measurement point r, caused by a source at r0, is equal to the 
pressure wh_ich would be measured at r0 if the source were placed at r. 
The Green's function is said to conform to the principle of reciprocity. 

Dipole and quadrupole sources 

To generate the sound field we have just described requires that we, 
somehow, periodically introduce and withdraw fluid from a small region of 
space, the source point, or else locate there a sphere which can alternately 
expand and contract. Although this condition is approximately fulfilled by 
many musical instruments and some loudspeakers (as we shall see later), in 
many other cases so und is produced by moving a portion of the fluid back and 
forth, no new fluid being introduced. The si mplest arrangement of this sort can 
be simulated by two simple sources, close together, opposite in sign and equal 
in magnitude. In this way fluid is being sucked in by one as it is being ejected 
by the other, as though it were simply being moved from the one source 
point to the other. Such a source is appropriately called a dipole source. 

The resulting radiation field can be derived from that for a simple source. 
For the simple-harmonic case, if the source of strength S"' is at ½d and the one 
of strength - S"' is at - ½d, and if d, the vector distance between the two 
sources, is very small compared with ?., then, from Eq. (7.l.6) by Taylor's 
theorem , 

p = p,l<u)e- '"'1 = -ikpcSw[gw(r I ½d) - gw(r 1-½d)]e-iwt 

= - ikpcD,,, {grado [go,(r I ro)]},oeOe-lwt 

= - k2 D w pc COS ·{) ( I + ~)eiA-r- iwl 
41rr kr 

k
2
D ( 2i 2 ) II = - _ _ ,. cos f} I + - - - eikr- lwl 

' 41TI· kr k 2r2 

kD w • ( l ( i ) .,. . I ll = i -- Stn IJ' I + - e"a- ,w 0 41Tl·2 kr 

(
k

2 
ID 1)2[ l ( I )

2 
t ( I )

4 

] 11• = p m cos2 0 , - - + - - ( I + 3 cos2 
{)-) 41rr 2 kr 2 kr 

(
k2 ID 1)2 

I, = pc "' cos2 
{) 

41TI· 
111 = I,,= 0 

( " 41r2 pw4 

TI = 21rr2 J
0 

I, sin f> d{) = pc )}.4 I D .. 12 = 
1217

c3 I D...,1 2 

(7.1.7) 
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here Dw' the vector dipole strength, equals Swd, the strength of the component 
~mple sources times the vector d istance between them, and {} is the angle be­
:ween Dw and the radius vector r to the measurement point. As would be ex­
pected, this field has directionality, represented by the dependence on angle {}_ 

Even the far field from a dipole has directionality; when kr ► l, we have 
p->- -pc(k2 Dwf4m') cos f)e;kr-iwt, the amplitude varying inversely with r, as 
with the far field from the simple source, but having its maximum along the 
dipole axis and dropping to zero at ·/} = ½77, in the plane through the dipole, 
normal to Dw- However, the far field still has the simple relationship valid 
for a plane wave; to the first order in I /kr, u,->-p/pc and u~->- u,p-+ 0; 
to the second order, w->- lpl2/ pc2 = p lurl2 and Jr->- we. At these large 
distances the energy density is all radiant, traveling with velocity c. T he 
total power radiated is more strongly dependent on frequency than is that 
from the simple source, being proportional to w4 . 

The near field is more complicated in form than that for the si rnple source; 
the fluid motion is not purely radial, and the reactive energy is relatively 
larger and more concentrated near the origin. The radiant energy in a shell 
of unit thickness is pk4 ID.,,l2/ 127T, independent of r but proportional to w4• 

The total reactive energy outside radius rm is p 1Dwl2/ 127Tr.,.3 when kr.,. ~ 1, 
independent of w but inversely proportional to r,,.3. 

If the dipole is centered at the point r0 = (x0,y0,z0), instead of at the 
origin, and if the axis of spherical coordinates is not pointed along the dipole 
axis, the dipole vector D., has components Da;, D11 , D,, and the pressure wave 
at point r can be written in terms of the radius vector R = r - r0 and the 
spherical angles f)R, <pR of vector R. 

p = -ikpcDw • grad0 [g.,,(r I r0)Je- irot = -ikpcD.,, • g:(r I r0)e-iwt (7.1 .8) 

where 

g: = sin ,{}R cos <pu lg~I g; = sin f)R sin <pu lg~I 

, ik ( i ) • n lg.,I = - 477R l + kR e'k 

There can also be more complex point sources, made up of assemblages 
of dipoles. For example, there can be a combination of four simple sources, 
two of strength + Q, placed at the points x = ½d, y = ½d, z = 0, and 
C- ½d, - ½d, 0) and two of strength -Q at the points ( + ½d, -½d, 0) and 
(-½d, + ½d, 0), which correspond to two dipoles of strength Qd, one pointed 
along the positive x axis with its center at (0, + ½d. 0), the other pointed along 
the negative x axis with its center at (0, -½d, 0). Extension of the argument 
resulting in Eq. (7.l.7) shows that if d ~ },, 

[ 
,12 ] p = - ikpcQ.,v a a gw(r I ro) e -iwt 

Xo Yo ro- o 

xy [ Ji ( I )2] . . = ipck3Q -- I + - - 3 - e•kr- 1wt 
xv 477r3 kr. kr 

(7. 1.9) 
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where Qxu = Qd2• Such a combination of sources is called a tesseral 
quadrupole of strength Qo:v [it has dimensions of (length)5 per time]. There 
can be three such arrangements, Qxv = Qvx• Qx, = Q,x, and Q11, = Q,

11
, lying 

in the three rectangular coordinate planes and having similar expressions for 
p, except for the factors xy, xz, or yz and for the magnitude of the strengths. 

There can also be a pair of dipoles, pointed along the x axis and spaced 
along the x axis, which would correspond to a simple source of strength - 2S 
at the origin and two of strength S, placed at ( + ½d, 0, 0) and ( - ½d, O, 0). 
This would produce a pressure wave of the form 

1 [(x)2 
3x

2 
- r

2 
( i I )] = ipck3Qxx - _ + --- __ -. eikr- iwt 

41rr r r2 kr k2r2 (7. I. 10) 

where Qxx = Sd2
• This is called an axial quadrupole source of strength Q".,. 

Similar arrangements along the other axes would produce Q1111 and Q., with 
similar pressure waves, using y 2 and z2 instead of x2. 

We thus see that the possible quadrupole source strengths can be 
arranged in tensor form. 

(

Q.,% Qxv 

O.,o = QV., Q 1111 

Q.,, Q.11 

There are only six independent quadrupole components, however, for the 
tensor is symmetric, Qxv being equal to Q11x, etc. As a matter of fact, there 
are on ly five distinct quadrupole waves, for a sum of three axial quadrupoles 
Q.,v Q1111, Q,., of equal magnitude, produces (outside the source region) a 
wave which is indistinguishable from a simple-source wave. This can be 
seen by adding three expressions like that of Eq. (7. 1. 10) and remembering 
that x2 + y 2 + z2 = r2, or else by recognizing that 

from the wave equation. Of course, gk itself is the spatial factor for the wave 
from a simple source, as given by Eq . (7.1.6). Because of the extra k2 factor, 
the magnitude of the simple-source wave coupled to the quadrupole wave is 
small if the dimensions of the quadrupole are small. 

There can be poles of still higher order, though they are of less practical 
interest. Considering the simple source (monopole) to be a pole of zero 
order, a dipole to have order m = I, and a quadrupole to be a pole of order 
m = 2, then a pole of order three would be called an octupole, and so on, the 
number of simple sources required to generate a wave of order m being 2m. 
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Source impedances 

To produce any of these elementary waveforms, some mechanism, of 
dimensions very small compared with the wavelength, must be pushing the 
fluid about rhythmically. To produce a simple source wave, S,,, volume units 
f fluid is pushed out in all directions from the source, and then back again; 

~or the dipole the fluid is pushed back and forth along some axis; for the 
quadrupole there must be two opposed motions. To produce such motion 
requires a driving force, acting somehow on the fluid, capable of contributing 
energy to the wave. The exact details will depend on the particular mechanism 
which is producing the wave, but for each elementary type we can calculate, 
from the near field, a typical driving pressure which could produce such a 
wave. The effective driving force and responding motion can be rdated in 
several ways; an rms pressure and the corresponding flux (volu'me per 
second) or an effective force (pressure times area) and a corresponding 
velocity. In one case the ratio is an analogous impedance [Eq. (9. l.10)]; 
in the other case it is a mechanical impedance [Eq. (2.3.2)]; in either case the 
real part of the product (pressure or force) times flux or velocity will equal 
the time average of the power radiated. 

For example, in the simple source the flow is uniformly radial, so that, 
at the surface of the sphere of radius a ~ A, just enclosing the generating 
mechanism, the radial flux is the source strength S"' times the phase factor 
eik(a-co, and the radial velocity U

8 
is equal to this flux divided by the surface 

area 41ra2
. The driving force F. at r = a required to produce this radial 

velocity is the pressure P. at r = a times the surface area 41ra2• Thus, from 
Eq. (7.1.5), the simple-source driving force, velocity, mechanical impedance, 
and total power radiated are 

F = -ipckaS e•k<a-ct> s "' 
U. = S"' (l - ika)eik(a- cl) 

41ra2 

F z. = -• = -ikpc(41ra3)(1 - ika)- 1 

u. 
~ -iw(4rrpa3

) + pc(41ra2)(ka)2 = - iX8 + R. 

pw2 
n. = Re ( F. u:) = R. I u.1 2 = 41rc I s.,12 

(7.1.11) 

where the approximate values are, for ka ~ l, appropriate for these elemen­
tar~ sources. This equivalent mechanical impedance has a reactive term 
e~uivalent to the mass load three times the mass of a sphere of radius a filled 
~tth fluid. The mechanical resistance is 4rra2 times pc, the characteristic 
impedance of the medium, times the small quantity (ka)2, but this small term 
cannot be neglected, for it is the real part of the impedance and thus is 
responsible for the power radiated . 
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Alternatively, we could have used the pressure P, and the flux S, and 
obtained an analogous impedance Zas· 

ipcka . p = _ __ S e•kCa- c l) 
s 41ra2 "' 

P, ikpc p k 2 

Zas = - = - -- (I - ika)- 1 :== - iw - + pc -
S s 41ra 41ra 41r 

The power radiated, Re (P,s:), is equal to the IT, given in Eq. (7.1.11), as of 
course it must. 

In the case of the dipole, the flow at the surface r = a is back and forth 
in the direction of the dipole axis, so that both radial velocity and pressure 
are proportional to the cosine of the angle {} between r and Dw. The force 
required to push the sphere of radius a to and fro is the integral of the com­
ponent of the surface force along Dw, over the sphere's surface, 

Fa= -ikpcD.,(1 - ika ) 1J
0 

.. cos2 {}sin {} d{} e•k<a-ct) 

= -½ikpcD,,,(l - ika)eik(a- ct) 

and the corresponding velocity U11 is the maximum radial velocity at the 
sphere's surface (for {} = 0). [t thus is the velocity the sphere would have 
if it were producing the dipole by moving to and fro bodily. If the dipole is 
at an angle with respect to the coordinate axes, with components Dx, D11, D., 
the pressure wave is 

P<t = - ikpc D,,,
2 

(l - ika)(: D,. + -!'. Dv +: D.) 
41ra r r r 

In this case we fi nd the component along D., of the force acting on the sphere 
by multiplying pd by the directionality factor 

l (x y z ) - - Dx+- D + ·-.D • 
.Dw r r 11 r 

and integrating over the surface of the sphe~e. Since 

Dw = (D/ + D/ + D,Z)k 

is the magnitude of the dipole strength, we end up with the same result as 
given above. 

Similarly with the quadrupole source. We define the magnitude of 
such a source as Q., = [( Q,,,v + Qv,,)2 + ( Q,,z + Q,,,)2 + ( Q11• + Q. 11)

2 + 
½(2Q •• - Qzx - Qvv)2 + (Q,,,, - Q'llv)2J so as to combine the axial terms to 
eliminate the simple source part (see also Eq. (7.2.24)). We then multiply 
the expression, obtained from Eqs. (7.1.9) and (7. I. 10), for the total quadrupole 
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(where x2 + y 2 + z2 = a2) by the "directionality factor" 

I [ xy x2 - y2 
Q ( Q.,v + Qv.,) a2 + • • • + ½( Q.,x - Qvv) 

0
2 

"' 2 l.2] l Q .\. ) Z - 3G + (Q,. - 2 xx - 2Qvv 
02 

and integrate over the surface of the sphere, obtaining the "component of the 
applied force" in the direction of the quadrupole. The cross terms integrate 
to zero; only the squared terms remain, giving a factor Q,.,2/Q., = Q.,. The 
final results for the effective force, velocity, impedance, and power radiated, 
for dipole and quadrupole, are 

Fd = -½ikpcD.,(I - ika)eik(a-ct) 

U = D., (I - ika - ¾k2a2)eik(a-ct> 
a 2rra3 -

27Ta3 (ka)4 

zd ~ - iwp -3- [l + ½(ka)2] + pc(4rra2) u 
n d = R d IU1,l 2 ~ pw

4

3 IDwl2 

L2rrc. 

kwc . 
Fa = - i 5a Qw(l - ika - ½k2a2)e•k(a- ct) 

U = - 9
- Q (1 - ika - Ak2a2) · '- J ik3a3)eik(a-co " 47Ta4 '" 9 7 u 

47Ta3 (ka)6 

Z 0 ~ - iwp - - [I + {(ka)2 + /1-(ka)4] + pc(4rra2) --
45 1,215 

pw6 
IT ,.._, IQ 12 

q - 60rrc5 w 

(7.1.12) 

The reactive load for the monopole of Eq. (7. I. I I) is the mass of a volume 
4

?7a
3 
of the fluid, three times the volume of the sphere of radius a; that for the 

dipole is½ of the sphere's mass, and that of the quadrupole is -/ 6 of it. For a 
pole of order m, the reactive load is 3/[(m + I) 1 · 3 · 5 · · · (2m + I)] of the 
S~here's mass, for ka ~ 1 (the order of the monopole ism = 0, that for the 
dipole is_ m = I, etc.). The resistive load, the first real term in the expansion 
of Z in powers of ka, diminishes much more rapidly than this; it is 



Page 340 of 933

318 THE RADIATION OF SOUND 

[pc(41Ta2)][(ka)2"'/(m -r- 1)1 • 3 • 5 • • • (2m + I)]. Theseexpressionsarevalid 
when the multi poles radiate into unbounded space. If the fluid is confined 
within boundaries, which are a fini te distance away, both the waveform and 
the value of the acoustic impedance are changed, as will be shown later. 

Radiation from nonperiodic multipoles 

Now that we have worked out the radiation from simple-harmonic 
multi pole sources, we can use the Fourier transform to calculate the radiation 
from multipoles with strengths which vary in an arbitrary way with time, of 
the sort already mentioned for the simple source. We consider the periodic 
sources just discussed , with strengths S.,, D.,, etc., to be the components of the 
general source which has frequency w/27T, and we add all the components 
of different frequencies together to make up the general wave. In other 
words, we assume that the strengths S.,, D,,,, etc. , a re the Fourier transforms 
of the generaJ time-varying sources of strengths S(t), D(t), .O(t), according to 
the procedure of Eqs. (1.3.16). 

I J O) S,,, = - S(t)e'°'' dt 27T -C0 

I J O) D.., = - D(t)e1"'1 dt 
27T -co 

Having calculated the radiation from the component simple-harmonic 
sources, we can then obtain the complete field by taking the inverse Fourier 
transform of the spatial part p(w), 

p,(r,t) = J_:p.(w)e- i(l)t dw pir,t) = J_:piw)e- iwt dw 

To carry this out we note that, if F(w) is the Fourier transform of/(t), as given 
in Eqs. (1.3.16), then the inverse transform of - iwF(w) is the time derivative 
/'(t) off, - w2F(w) transforms to the second time derivative/"(,), and so on. 
From Eqs. (7. 1.5) we can thus obtain 

p.(r,t) = .L f 00 ( - iw)S., exp ( - iwt + i ~ ,) dw = .L s'(r - ~) 41rr _ oo c 41Tr c 

which corre~ponds to Eq. (7.1.4) for the nonperiodic simple source. 
Similarly, from Eqs. (7. 1. 7) to (7. 1.10), we can compute the pressure 

waves from the nonperiodic dipole and quadrupole sources. 

p r [ " ( ') C '( ')] 
pir,t) = - - . D t - - + - D t - -41rcr r c r c 

(7 . 1.1 3) 



Page 341 of 933

7. 1 POINT SOURCES 319 

where vector r has the components (x,y,z), so that (r/r) • D ", for example, is 
(x/r)D: + (y/r)D; + (z/r)D; , and 

r r [(xx) (xy) (yz) (zz) ] ; • 0 • ; = ~ Q :r:r + -;:z Q.,11 + • • • + f 2 Q1/Z + f2 Q,. 

Q Q etc., being the elements of the matrix O of quadrupole strengths. 
2:%' XV' 

The symbol 10"1 around matrix O" denotes the sum of the diagonal elements, 
fl Q" 

Qn + Q + zz• etc. 
ZZ V'll 

Thus we see that all the waves are propagated with velocity c and that, 
far from the source, the wave is propagated with unchanged shape but with 
amplitude inversely proportional to r. The shape of the far field from the 
simple source is proportional to the first time derivative of the source strength 
S(t), as we noted earlier. The shape of the far field from the dipole is propor­
tional to the second time derivative of D(t), and that from the quadrupole is 
proportional to the third time derivative of the components of the matrix 
O(t). The near field for the dipole and quadrupole has terms proportional 
to the first derivative of the source strengths. The dipole field is oriented 
along the direction of the dipole, and the far field from the quadrupole has 
the angular symmetry of 0 , but the near field has an additional isotropic 
term, coming from the diagonal terms. Another aspect of the property of 
the quadrupole field was mentioned on page 314. 

The Green's function 

Before applying these results to specific situations of interest, we should 
say more about the function g"'(r I r0) of Eq. (7. 1.6). In the first place, it is a 
solution, for the unbounded medium, of the equation 

(7.1.14) 

where k = w/c, and o(r - r0) = o(x - x0) o(y - y0) c5(z - z0) .is the delta 
function for three dimensions [Eq. (1.3.24)). Thus g"' is the spatial factor 
for a wave from a unit, simple-harmonic, point source at r0. Its form, as 
we have mentioned earlier, is ( l /47rR)eikR, where R = Ir - r

0
1. 

To verify this we first note that gw is a solution of the homogeneous 
equation V2g + k2g = O everywhere except at the point r0. Next we integrate 
both sides ofEq. (7.1.1 4) (in the coordinates x,y, z of r) over the volume ofa 
sphere of very small radius a, centered at r0. The integral of the right-hand 
side, because of the properties of the delta function, is - I. The integral of 
the ~

2
g,,, term goes to zero as a3 -.. 0. The integral of the V2gw term can be 

obtained by remembering that V2g., is the divergence of the gradient of gro. 
!'1°w the volume integral of the divergence of a vector is equal to the surface 
integral of the outward, normal component of the vector, over the surface 
bounding the volume. Therefore the integral of V2g., over the volume of a 
sphere;with r0 the center, is equal to the radial gradient of gro, integrated over 
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the surface of the sphere. This radial gradient, with center at r0 , is ag.,/aR = 
[-(1/47TR2) + (ik/47TR)]eikR, which is constant in value over the spherical 
surface R = a. Thus the volume integral of V2gw over the interior of the 
sphere is equal to (agwfoR)u=-a times the surface area 47Ta2 of the sphere. 
When a-. 0 this approaches the value -1, which thus equals the right-hand 
side, verifying the form of g00 • 

We should note that the most general solution of Eq. (7.1.14) is g,,,(r I r0) 
plus any solution x(r) of the homogeneous equation v 2x + k2x, = 0. We 
have chosen the particular form g"' as being appropriate for outgoing radiation 
in an unbounded medium. If the medium is bounded by some surface on 
which boundary conditions are imposed, we may have to use the function 

(7.1.15) 

in order to satisfy these boundary conditions. Thus Gw is a solution of 
Eq. (7. l .14) which satisfies appropriate boundary conditions along boundaries 
within finite distance of the source; if no such boundaries exist, x = 0. We 
shall later show that this more general Green's function Gw also satisfies the 
principle of reciprocity, Gw(r I r0) = G,,,(r0 I r). 

To demonstrate the utility of the Green's function Gw, we consider the 
following problem : We wish to solve the equation 

(7.1.16) 

for the spatial factor of a pressure wave from a simple-harmonic, distributed 
source, represented by the functionfw(r)e-iwt_ We multiply Eq. (7.1.14) for 
Gw by p and subtract from it Gw times the equation for p, obtaining 

G,,,(r I ro) V2pw(r) - p.,(r) 'V2Gw(r I ro) = Pw(r) o(r - ro) - Gw(r I ro)f.,(r) 

Now interchange r and r0, utilize the symmetry of G"' and c5(r - r0) with 
respect to this interchange, and integrate with respect to x0, y0, z0 over the 
whole volume occupied by the medium, obtaining 

ff f [Ga,(r I ro) Vo2 Pw(ro) - p.,(r
0

) v
0

2 G.,(r I r
0

)] dv0 

=ff f Pw(ro) c5(r ~ ro) dv0 - ff f f.,(r0)G.,(r I ro) dvo -

where the zero subscripts indicate differentiation and integration with respect 
to the x0, y0, z0 coordinates. 

The quantity in brackets is the divergence of the vector Gw grado p., -
p., grad0 Gw, so that this volume integral can be changed to a surface integral, 
over the surface enclosing the medium, of the component of this vector, 
normal to the surface, pointing outward, away from the medium. Writing 
this normal component of grad0 as o/on0 and utilizing Eq. ( 1.3.24) for the 
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delta function, we obtain 

p.,(r) = JJJ J.,(r0)G.,(r I r0) dc0 

+ Jf[ G.,(r I ro) 
0
~

0
p,,,(ro) - Pw(r0) 

0
~

0 
G.,(r I r0)] dS0 (7.1.17) 

which is an equation for the spatial factor Pw(r) of the pressure wave within 
and on the surface bounding the medium, in terms of a volume integral 
of the source function .fc0 over the bounded volume and a surface integral 
of the boundary values of Pw and its outward-pointed normal gradient over 
the boundary surface. Because we integrated over the bounded volume, 
the equation is not valid for r outside this volume. This formula is not 
very mysterious. Since G.,(r I r0) is the field at r due to a point source at 
r0 , it states that the total field a t r is the summation of the fields from 
all the elementary sources J.0 dv0 plus the waves reflected by the boundary 
surface. 

This integral expression will be used frequently in later sections when 
we consider the effects of boundaries on the wave. In this section we are 
considering waves radiated out into an unbounded medium, in which case 
G., = g., = ( I /41rR)eI1.1l, and if p°' consists solely of outward-going waves, 
the surface integral vanishes. Thus, for the unbounded medium, the equa­
tion becomes 

All the simple-source waves, from the various elementary sources f.,(r0) dv0, 
add together to produce the resultant field at r, the measurement point. 

At times we may wish to calculate the radiation from a source distribu­
tion without first analyzing the frequency components .fc

0 
of the source. We 

can then utilize the result of Prob. 23 of Chap. I. If, for example, J.,(r ) is 
the Fourier transform ( I /21r) .ff(r ,t)e;.,, dt of the source function J(r,t), the 
equation fo r the total pressure wave radiated from the distributed source is 

p(r,t) = JJJ dv0J_: J(r0,t0)g(r, t I r0, t0) dt0 

whereg(r , t I r0, t0) = ( 1/21r)g(r ; r0 ; L - t0) is l/27Ttimestheinversetransform 
of the Green's function for frequency (1)/ 27T . 

_1 g(r ;ro;-r) = _If "' - ' - eHw/c )ll- iwr dco = _I_ o (-r - R) 
21T 21r - "' 47T R 4 7T R c 

Using Eg. ( 1.3.25) for the inverse transform of the delta function. 
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Therefore we can, if more convenient, compute the total radiation from 
a nonperiodic source distribution by carrying out the following integration 
in space and time: 

p(r,t) = f JJJ /(r0,t0)g(r, t I r0, t0) dx0 dy0 dz0 dt0 

g(r,t l ro, lo) = -
1
- o(t -to-R) R = r - ro (7.1.18) 

41rR c 

This time-dependent Green's function is the solution of the equation 

1 iJ2g 
V2g - 2 '.:l 2 = -o(x - Xo) o(y - Yo) o(z - Zo) o(t - to) 

C ut 

for the pulse-wave from a point pulse source at r0 , t0. The pulse travels out­
ward with velocity c. Note the relationship with Eq. (2.3.9) and the fact 
that Eq. (7.1.4) can be obtained directly from Eq. (7.1.18). 

Radiation from a region of violent fluid motion 

As a fi rst illustration of the power of the integral equation (7.1.17), let 
us work out the radiation, out into unbounded space, from a small region 
of the fluid which is in violent motion. Inside this region the motions of 
the air are great enough so that the linear equations of wave motion no longer 
hold; energy may be fed into the medium by the introduction of new fluid, 
by forces acting directly on portions of the fluid, and by the nonlinear 
conversion of mass flow into turbulent motion. Within this small region, 
therefore, the equations of fluid motion must include all the nonlinear terms 
we neglected when we obtained the linear wave equation. It is still possible, 
however, to neglect the damping effects of viscosity and thermal diffusion, 
which were treated in Sec. 6.4, as long as rigid boundaries are not present. 

The sources of sound, which feed energy into the acoustic field , are 
usually of three sorts, monopole, dipole, and quadrupole, corresponding to 
three ways of feeding energy into the field. The monopole sources corre­
spond to the introduction of new fluid into the disturbed region, which may 
occur when an explosion or combustion changes a solid or liquid into a gas. 
Or they may correspond to the introduction of heat (as when a modulated 
laser or other focused radiation heats the fluid) , which expands the fluid 
irregularly. Or else they may be caused by time or space variations of the 
compressibility, produced by turbulence or by irregular heating. 

The equation of continuity (6.1.15) for mass flow is (op/ot) + div (pu) = 
pq(r ,t), where q is the rate of introduction of new fluid volume into the region, 
and thus pq is the rate of introduction of new fluid mass. Using Eqs. (6.4.21), 
relating change of p to change of pressure and temperature, results in 

op oo o 
a, == or == YPK, or (p - ot-r) 
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If heat energy E(t) per unit mass is introduced into the fluid, Eq. (6.4.18) 

1,ecomes 

T :; ~ K V2r + E(t) c( r- 1) where a= -2 r - - - p 
T o:y 

Since we can neglect thermal conduction in the main body of the fluid , we 

have 
a I op cx E 
- (p- o:r) ~ - - - -
01 y 01 c,, 

and the equation of continuity for mass flow becomes 

oP . cxy pK 
pK~ + d1v(pu) = pq +-- E 

ut CJ) 

(7 .1.19) 

where the subscript s on K is understood; we use only the adiabatic com­

pressibility from now on. Also, but in this discussion only, we shall use p 

instead of p + t, as the actual density of the fluid , and Pas its total pressure 

instead of P + p; of course, oP/ot equals the op/or used elsewhere. 

By using the thermodynamic relations of Eqs. (6.4.19), the heat-energy 

term can be alternatively written 

rxypK fJ H H 
C E= C H = (y - I) T,Rc2-+ - (y - I) c 2 

1l 1l /J 

where His the heat energy added per unit volume ( = pE). The last expres­

sion is the limiting form for a perfect gas. 
The equation of continuity (6.2. 11 ) for momentum flow can be written as 

opu . 
at = F - grad P - V • (.3 + ~) (7.1.20) 

where F(r,t) is the force (electric or gravitational or otherwise) acting on a 

unit volume of fluid at r, t, and .j is the momentum-flux tensor of Eq. 

(6.2. lO), with typical component J2 v = pu2 uv. We have separated the 

pressure Pout of the stress tensor ~ of Eq. (6.2. 10), so that, as given in Eq. 
(6.4.9), 

- D = P - P = = 
since we expect to obtain an equation for P. The elements of the tensor !I) 

a~e the components of the stress of viscosity in the violently moving fluid, 

discussed in Sec. 6.4. The total tensor in the last term of Eq. (7.1.20), 

is the stress-momentum tensor, exclusive of fluid pressure defined in Eqs. 

(6.2. 11) and (7.1 .20). In fluids such as air and water, its components are l srnal) whenever lul2 can be neglected compared with lul. 
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As before, to obtain a wave equation for P, we differentiate Eq. (7.1.19) 
with respect to f , take the divergence of Eq. (7.1.20), and then eliminate the 
p u term between them. In a region of the sort we are discussing, neither 
p nor K will be uniform with respect to either space or time; in fact, the 
composition of the fluid may be nonuniform. Therefore the time derivative 
of the first term of Eq. (7 .1. 19) is 

'iJ2P oP [ o<5 (OK) o ] (OK) OP PK - + - K - + p - -(p - 0:T) + p - -
of2 of of oP 1· of of l'T or 

= pK a
2
P + f!. [ K2 + (OK) ] (ap _ cqe) ap + p (a") i)p 

al2 y aP 1· af C
71 

at af PT "at 
and the time derivative of the last term is 

o:ypK ae + o:ype (aK) + cr.p[K2 + (a") ] (ap _ <XYE) ~ 
c,, af c,, ai x p ap T ai c,, c,, 

We have assumed that the compressibility K at r may depend explicitly on 
time because the fluid composition at r may change with time, in addition 
to the implicit dependence of Kon t through the variation of P and Twhen 
the composition does not change. 

Thus the final wave equation for P, with the thermal and viscous terms 
neglected (except for the heat source term e), is 

a2p 
V2P - PK -0 9 '.::: -f(r ,t) + div F(r ,t) - V • X(r,t) • V 

/-

where the scalar quantity 

az a2 
V • '.t • V = ox2 Ta:., + ax ay (Ta: 11 + T11.,) + • • • 

a2 a2 
'.::: axz pu., 2 + ax ay (pu.,u'II + pu'llu.,) + ••• 

and where the monopole source term is 

a a <XYPK ae (aK) (oP o:y e) 
f(r ,t) = - ps(r , t) = - pq + - - - p - - - -

a1 af cl) a1 . of PT 01 c,, 

(7.1.21) 

- !!_ [K2 + (OK) ](ap - cr.ye)2 (7. 1.22) 
r aP T a, c p 

The functions(r ,t) is the effective monopole source-strength density, the gener­
alization of the point source strength S of Eq. (7.1.4) for a distributed source. 
The last two terms are usually small compared with the first two. We thus 
see that, even if no new fluid is introduced (even if q is zero), the monopole 
source term is not necessarily zero in a region where heat energy is being intro­
duced or where the composition of the fluid is nonuniform in space and time. 
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This equation, with its higher-order terms on the right-hand side, is 
ually impossible to solve exactly. But for our purposes here, we can 

~;nsider the three terms on the right of Eq. (7.1.2 I), the monopole-source 
t rm f, the fo rce term F, and the stress-momentum term in ::t, as source 
t:rms, either determined by measurement or by calculation. They are non­
negligible only in the region of violent flui~ motion; i~ all the rest of ~he 
infinite region they are zero, and Eq. (7. 1.21) 1s the usual linear wave equation 
for the acoustic pressure p. Here we shall assume that the values of the 
functions on the right-hand side are known; they are the source of new 
energy being injected into the sound field. 

Radiation from a smal I region 

To solve for the radiation field outside the source region, we first take 
the Fourier transform of Eq. (7. 1.21), defining 

I J"' Pw(r) = - P(r,t)eiwC dt 
21T - 00 

P(r,l) = J_: p.,(r)e-iwt dw 

with similar relationships between fw(r) and f(r,t), F .,(r) and F(r,t), and X"' 
and ::t, according to Eq. (1.3.6). Then the equation for the Fourier trans­
form of P, the quantity which becomes the acoustic pressure outside the 
source region, is 

w 
k = ­

c 
(7.1.23) 

where fw = - io.>ps'° is defined in Eq. (7.1.22). T he source terms, on the 
right-hand side of Eq. (7.1.23), are assumed to be known; they are zero 
except within the small region of violent motion, which we have called the 
source region. 

This equation has the same form as Eq. (7.1.16) and thus has the solution 
given in Eq. (7.1. 17) for an unbounded medium, 

Pco(r) = f JI [f.,(ro) - div0 Fw(r0) + V0 • Xw • V0]gw(r I r0) dv0 (7.1.24) 

where g., is the Green's function (l /41rR)eikU, and the source terms in the 
brackets represent the injection of energy by the injection of heat and the 
creation of fluid , or by forces acting on the fluid, or by the nonlinear effects 
of fluid motion (Bernoulli effect) and viscosity. Each of these terms sends 
a wave of different form out into the surrounding medium , as can be most 
e~sily seen if we work out the radiation from a source region small compared 
Wtth the wavelength 21r/k. 

In the first place, we can integrate the second and third source terms in 
Eq. (7.1.24) by parts. For example, 
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and since F"' is zero outside the source region, the integral of g., div
0 

F 
over the whole source region is equal to minus the integral of F.,. grad

0
g"' 

over the source region. Thus we can rewrite Eq. (7.1.24) in the more userui 
form 

Pw(r) =ff f [.f./ ro)gw(r I r
0

) + Fw(r
0

) • V
0
g.,(r I r

0
) 

+ X"' :(V og"' Vo)] dv0 (7. 1.25) 

where the scalar products of the gradient and tensor gradient of g., are 

and 

a a a 
F.,. Vg., = F.., OX g., + Fy oyg., + Fz ozg., 

az a2 
X.,:Vg,,,V = T,.,.., ~ g., + TXU.,~ g,,, + .. . 

ux2 ux vy 
where 

1 J 0() T ., = - pu u ei,ot dt • • • 
X!J 27T -0, 2', /I 

We now take the integral of Eq. (7.1.25) over a sphere of radius a, 
which is just large enough to enclose the whole source region (we are assuming 
that ka ~ 1) and set the origin of coordinates at the center of the sphere. 
In this case we are making little error if we assume that g"' and its derivatives 
are nearly constant throughout the sphere, being equal to their values at 
r0 = 0. Thus if, and only if, ka ~ l, the g factor can be taken outside the 
integral, in which case the resulting field takes on a particularly simple form. 

For example, the first source term, that due to the introduction of new 
fluid, produces a spherically symmetric wave outside the source region. 

ka ~ l 

(7.1.26) 

Comparison with Eq . (7.1.5) shows that the integral in parentheses equals 
S.,, the strength of the monopole source p·roduced by the periodic injection 
or expansion of fluid in the region r < a. 

The second term in the integral of Eq. (7. 1.25) becomes, when ka ~ 1, 
the product of the integral of vector F,0 and the gradient of g.,. 

p,lr) '.:::::'. [f ff F.,(r0) dc0] • [grad0 g.,(r I r0)],0=0 

= - k 2 Dw pc ( I + ~)eikr cos {} 
411r kr 

(7. 1.27) 
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D = (i/kpc)J F., dv0 is the vector strength of the dipole source 
where d"'by the forces acting on the fluid in the source region, and {) is the 
Produce . . 

b tween D and the radius vector r to the measurement point. 
angl~ h: third te;m in the integral of Eq. (7.1.25) results in a quadrupole 

wave when ka ~ I • 

pq(r)~ -ikpc{Qxx [a~:2g.,(r I r0)]ro- O 

+ CQx·v + Qvx)[0 °; g.,(r I ro)] + · · ·} (1. 1.2a) 
Xo '.Yo ro= O 

where 

Q = _i fff rx/ro) dvo = _i ffJ<Pxx - P + pu/) dv0 xx pck pck 

and the form of the wave is given in Eq. (7.1. LO), where 

QX11 = p;k J f JcPxy + puXuY) dvo 

and the waveform is that given in Eq. (7. l.9), and so on. Thus the integral, 
over the source region, of the tensor 

_z_· X = _,_· ($ - p$ + -3) 
pck pck 

is the tensor strength of the quadrupole source produced by the nonlinear 
effects of the fluid motion in the source region, if this region is small enough. 

The complete wave radiated from the small region of violent fluid 
motion, 

(7.1.29) 

is thus a combination of monopole, dipole, and quadrupole waves, with 
relative strengths determined by the relative magnitudes of the fluid injection, 
fluid force , and stress-momentum characteristics of the small source region. 
Corresponding expressions for nonperiodic sources can be obtained from 
Eq. (7.1.13). 

Raodom source functions 

. It should be pointed out that when the disturbed region is not small in 
dt~en~ions compared with a wavelength, the angular distribution of the 
rad,~t1on is not as simply organized as this. Sound generated by the various 
portions of the region can interfere destructively in some directions and 
constructively in others. It is possible to have a distribution of simple 
s~urces which radiates like a dipole or quadrupole, or even a combination 
Wtt~ higher multipoles. For example, if the radiating region is a sphere of 

~ ~ms a ·and the ,;mple--sou,ce funct;on ,.(,,) of Eq. (7.1.26) ;, d;stdbuted 
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within the sphere so that s,,, is positive for x0 > 0 and negative for x0 < o 
then, when ka is not negligibly small, part of the radiation will be dipole i~ 
character. Likewise, a quadrupole source distribution can produce some 
simple-source and some dipole radiation if the radiating region is large 
enough. We shall have more to say about this under the next heading and 
in Chap. 11. 

To simplify Eq. (7.1 .29), we calculate the acoustic field at large distance r 
from a region, inside a sphere of radius a which is small compared with r 
but not small compared with?., where the monopole and quadrupole source 
densities s(r,t) and X(r,t) fluctuate in a random manner with respect to both 
space and time. In this case the first and last terms in the integral of Eq. 
(7.1.25) are important, but there is no fluctuating gravitational or electric 
field; so the middle term is missing. 

To compute the far field we note that, when r ► r 0, the Green's function 
approaches the simple form 

ikr 

g"'(r I ro) -► :_ e-ik·ro 
41rr 

where vector k, with components k :r = k sin f} cos <p, k11 = k sin f} cos <p, 
k, = k cos {}, has magnitude k and is poi·nted in the direction of the radius 
vector r to the measurement point. Inserting this in Eq. (7.1.25) and 
omitting the term in F "'' we obtain 

e i kr 

p,,,(r) -► -1Pw(v,<p) 
r 

where 

is the function determining the angle distribution of the component of the 
wave having frequency w/21r. 

Jf the region of disturbance is very small compared with the wavelength 
J. = 21r/k , then the exponential etk-ro will be practically equal to l over the 
region of integration, and the wave radiated will be a combination of simple­
source and quadrupole waves. As pointed out earlier, if we define the 
constants 

o _ ;Jff d Q.,:r:r - pck Ta,rrx Vo 

the long-wavelength radiation has the simple angle distribution 

-ikpc ik3pc . 
.,, - -- so + - - (Qo sm2 {) cos2 <p 
.,, "' 47T "' 41r "'"'"' 

+ Q~.,
11 

sin2 f} cos <p sin <p + · • ·) 
a combination of a pure simple source and a pure quadrupole. 
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But for somewhat higher frequencies, when the exponential must be 
written e-fk·ro ~ I - i(k"'x0 + kvYv + k .z0 ), integrals like 

Jso enter. The fluid-injection distribution sw (if it is not symmetrically 
:istributed) will contribute some dipole radiation to 1Pw of the form 
-(k2pc/4-rr)(Dw./ sin ,{) cos cp + Dw/ sin,{), sin <p + Dw.8 cos {}), and the mo­
mentum-tensor terms will contribute octupole radiation with terms in 'f/Jw such 
as (k4pc/4-rr)O~xvz sin2 {}cos,{} sin cp cos <p, etc. At still higher frequencies 
the radiation becomes quite complex, and there is no particular advantage in 
separating it into monopole, dipole, etc., components. A more useful 
separation is into various spherical harmonics, as will be discussed in 
Sec. 7.2. 

The autocorrelation function 

In such a disturbed region, if both monopole and quadrupole source 
densities fluctuate in a highly random manner, both in space and time, the 
methods of Sec. 1.3 are most appropriate for their description. The mean 
rate of introduction of heat, fo r example, averaged over a long interval of 
time T and over the whole volume V of the active region, produces no noise, 
but the diffe.rence between the actual rate of production at point r0 at time t 
and this constant mean value may be a highly fluctuating quantity, containing 
a wide spread of frequencies and wavelengths. In accord with Eq. (l.3.18), 
we call s(r0,t) this difference between actual and average source density, taken 
only in the time interval - ½T < t < ½T and in the volume V of the active 
region. By an obvious generalization of Eq. (1.3.20) it can be described in 
terms of its multiple Fourier transform 

S(K w) = -. I_ J · • ·Js(r t)e1wt- FK·ro du dt , l6-rr4 • o, o (7. 1.31) 

where the integration over r is from -½T to + ! T, and the integration over 
Xo, Yo, z 0 is over volume V. We note that, according to Eq. (7.1.22), 

I f !T Sw = - s(ro,l)eiwl dr 
2-rr - !T 

But we can also describe the monopole source density in terms of the 
autocorrelation function 

Y.(d,T) = -1-J· · · fs(r,t)s(r _1_ d, t + T) de dt 
VT . 

(7.1.32) 
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where the integration is again over T and V. l n accord with Eq. (1.3.20) 
we see that the Fourier transform of 1\ is proportional to the square of th; 
Fourier transform of s. 

IS(K,w)l2 = (;~8 J· · ·J Y.(d,r)ei«>r-lK·d dr dvd. (7. 1.33) 

The intensity of sound of frequency w/2,,,., caused by gas expansion or 
production, measured at r, if r ► a, the "radius" of the disturbed region, is 

I k
2
pc J J" 2 l sw = --

2 
l1Ps('l?-,cp)l2 = 

64 
.
1 

~ • • • s(r0,t)e1"'
1
-lk·ro dv0 dt 

per 1r· r-

VTpck
2 J J.,. . .kd = . · · · , (d T)e'w,-, • dT do 

64-rr4r2 • ' c.l 
(7.1.34) 

which enables us to compute the total radiation produced by the monopole 
source in the active region, averaged over the time interval T. 

The correlation function 1 8 will have its maximum value at d and T = O, 
where its value will be the mean square of s(r,L), as shown by Eq. (7.1.32). 
This difference s(r,t) between the value of the s(r,t) of Eq. (7.1.22) and its 
average value has dimensions volume per second per volume = sec-1 ; its 
mean square, the variance of this density, averaged over V and T, written 
(6..2), has dimensions sec- 2 • According to the discussion of Eq. (2.3. 12), 
if all frequencies are present in the fluctuation between O and some cutoff 
frequency w8/2,,,. = I /2-rrr ., T . will be fairly constant for O < T < r • and then 
will fall off to zero as T is further increased. Thus there is little time correla­
tion over a longer time interval than T ., called the time correlation interval. 
Likewise, there will be a spatial correlation distance w8 ; for d2 larger than w/, 
function 1

8 
will drop rapidly to zero. An obvious generalization of Eq. 

(2.3.13) would lead us to expect that 

1'.'..(d,T) = (6./) exp [ - ~ (~)
2
- ½(w.T)2] 

would be a good approximation to the correlation function if the monopole -
fluctuations are isotropically random. 

Inserting this in Eq. (7. 1.34), we find for the intensity at frequency w/2'" 

l sw = pc(b../) 1:
2
~~ ~•;•

3 
exp {-iw2 

[ c: •)2 + c:>_J]} (7. J .35) 

This increases proportionally to the square of the frequency below the limiting 
value (<o./2,,,.)(1 + k,211'})- ½, where k, = wsfc = 2,,,./J •• , }._. being the wave· 
length corresponding to the cutoff frequency w./2,,,.. For frequencies greater 
than this, the intensity at r falls otf to zero. 
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To obtain the total intensity, for all frequencies , we use Eq. (1.3.17) to 

rt an average over the time interval T into an integral over all 
conve . 
frequencies. Smee 

j J½T 27T J oo 
- lp(r,t)l2 dt = - 1Pw(r) l2 dw 
pcT - }T pcT - co 

the total intensity at r, averaged over interval T, is 

_ pcV A 2 k/w/ 
Is - -~~ (u s ) , l 

V 321r r2 (I + k/w/ p 
(7. 1.36) 

When the space-correlation distance w. for the monopole fluctuations is 
larger than c times the time-correlation interval T . of these fluctuations, the 
total radiated intensity is about l /40r2 of the mean variance (D,./) of these 
fluctuations, times the volume V of the active region, times the cutoff wave­
length x., times pc. When w. is smaller than CT 8 = J,.sf21r, the resulting 
intensity is reduced by the factor (21r1v8/A8)

3
• 

Exactly the same sort of calculation can be carried out for the radiation 
from turbulent motion, corresponding to the second term in Eq. (7.1.30). 
When the gas has low viscosity, the largest part of each term in the matrix X 
is the kinetic-energy term pu.,u.y, etc.; these exhibit large fluctuations in a 
region of turbulence, as will be shown in Sec. l l .4. The term in the integral 
of Eq. (7.1.30) is the component of this matrix in the direction of k, that is, 
in the direction of the measurement point. Thus k • :t(r0,t) • k is equal to k2 

times twice the kinetic energy of turbulent motion in the k direction (which 
is½ of the mean kinetic energy ifthe turbulence is isotropic). The mean value 
of this, averaged over time and over V, produces no radiation, but the 
deviation from this mean, t),,e = ½ T~-ir0,t) - ½(Tkk), is responsible for the 
sound of turbulence at r. 1 t can be described in terms of its Fourier transform 
Li,(K,w) or in terms of its correlation function 

having a Fourier transform proportional to jD,.
1
,(k,co)l 2 [see Eq. (11.4.15) for 

further discussion] . Constant we is the spatial correlation distance for the 
~urbulent fluctuations, and T 0 = I /w,, = I/ck,= ?.cf21rc is the time-correlation 
interval. 

. Thus, as with the monopole sources, we obtain an expression for the 
intensity of the turbulent sound at point r , over all frequencies. 

(7.1.37) 
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lf the turbulence has some orientation a long an axis, k r 11·,. probably is inde. 
pendent of angle, but k0 (6.,2) has the general form A + B cos2 f}, where{) 
is the angle between r and the axis of symmetry. Further discussion of this 
radiation will be found in Sec. I L.4. 

The total intensity from both effects is the sum of the two, if the fluctua­
tions are statistically independent. Theo 

(7.1 .38) 

When the products kw are small, i.e., when the spatial correlation is more 
restricted than c times the time-correlation interval T, then the total radiation 
is weak and the simple-source term predominates. The intensity at r is equal 
to that of a simple source of strength roughly equal to (27Ti( w s3 V(6..2))l 
unit volumes per second and frequency w.f27T cps. When the products kw 
are both large, i.e., when the spatial correlation is more widespread than the 
temporal correlation times c, then the turbulence term is more important, and 
the intensity is roughly equal to that of a source of radius we and frequency 
we/27T, with driving force F. [Eq. (7.1.1 1)) of magnitude (2887T)¼(V?.t(6..2))]i 
newtons. Translational motion of the active region with respect to the 
surrounding air distorts this wave in a manner which will next be discussed in 
Chap. 11. 

7.2 RADIATION FROM SPHERES 

Sound waves can also be generated by the motion of solid bodies, of 
course. To correlate with the discussion of the preceding section, we shall 
first discuss the sound waves caused by the motion of a sphere, centered at the 
origin. Such waves can most easily be described in terms of spherical 
coordinates. Using Eqs. (7.1.4) and (7.1.3), we see that the first-order wave 
equation in these coordinates is (omitting dependence on <p) 

2_ i (r2 ap) + I !_ (sin ·IJ ap) = ~ a2p 
r 2 or or r2 sin {} o{} a& c2 ot2 

If pis set equal to the factored quantity p = R(r)P(IJ)e-;,,'1, the equation can 
be separated, becoming 

2_ ~ (r2 dR) + k 2r 2 = - ~_I_ !!_ ( sin {} dP) 
R dr dr P sin {) d{J dO 

(I) 

k = ­
c 

Each side of this equation must equal the same constant, C. On the other 
hand, if we wish to include dependence also on the axial angle<.[', we use the 
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factored form p = R(r)P({})¢>(<p)e-;'"t , giving 

d2(1> 
- + 112<D = O 
dq2 

<D = cos (1/(p) or sin (11q,) 

I d ( dP) ( 11
2 

) -- - sin ,{} - + C - -- P = 0 
sin l} d{} dB- sin2 {) 

where k 2, 112, and Care the separation constants. 

Legendre functions 

(7.2.1) 

The dependence on the axial coordinate <p is sinusoida l, as it is for the 

circular membrane of Eq. (5.2.18). In order that <I> have no discontinuity at 

cp = O, 27T, n must be an integer. In a la rge number of cases there is axial 

symmetry, so that the wave is independent of <p, in which case 11 = 0 and the 

equation for the ,{) facto r is 

d2P dP 
(I - rJ2) - - 2'Y) - + CP = 0 (7.2.2) 

d'YJ2 dYJ 

where we have made the substitution 'YJ = cos {} fo r the independent variable. 

This solution for n = 0 is doubly important, for the solu tions for 11 ::fo O can 

be expressed in its te rms. In fact, it is not difficult to show that the fi rst two 

equations of (7 .2.1 ) are satisfie~ by the solutions 

d" 
cosine or sine of (n<p) times ( I - '1')2)½" -d P(71) 

11" 
(7.2.3) 

where P('YJ) = P(cos {)) is a solution of Eq. (7.2.2). Therefore we concentrate 

first on solving this equation, for the axially symmetric solutions. 

. "'!e solve it by setting P equal to an arbitrary power series in 17 , sub­

stituting this in Eq. (7.2. 2), and solving fo r the coefficients. The result is 

p = 00 [ 1 _ C 112 _ C(6 - C) 
114 

_ C(6 - C)(20 - C) 176 _ .. ·] 

2! 4 ! 6! 

[ 
2 - C 3 (2 - C)( 12 - C) • ] 

+ a 11 +--TJ +-- --- -11~ - • • • 
I 3 ! 5 ! 

These two series diverge at 'YJ = ± I if the series a re infinite ones, with a ll the 

powers ·or 'Y/· The only way to avoid this is to have one or the other series 
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break off at a finite number of te rms, i.e., to have C = 0 or C = 6 or C ::::: 20 
etc., and have a1 = 0, or else to have C = 2 or C = 12, etc., and have a0 ::::: o'. 
Thus the allowed values of C are 

C = m(m + I) m = 0, I, 2, 3, ... 

I 

T he solution of Eq. (7 .2.2) which is finite over the range of x from - I to+ J"" . 
corresponding to C = m(m + I), is labeled Pm(TJ). It can be obtained b; 
substituting the proper value for C in the series given above, making one a 
equal to zero and giving the other a the value that makes P m( I) = l. The 
resulting solutions are 

m = 0, C = 0: 

rn = 1 • C = 2: 

m = 2, C= 6: 

m = 3, C = 12: 

P0 (TJ) = I 

P0(cos {}) = 1 

P1('Y/) = 'Y/ 

P1(cos {}) = cos{} 

PlTJ) = ½(3'Yj2 
- I) 

Pz(cos l}) = ¾(3 cos 2{} + I) 

Pa(TJ ) = ½(5TJ3 - 3TJ) 

Pa(cos {}) = !(5 cos JO, + 3 cos{}) 
. . . . . . . . . . . . 

(7.2.4) 

T he function Pm is called a Legendre function of order m. It can be 
shown to have the following properties: 

d2P,,,. dPm 
('Y/2 

- 1)- + 2'Yj - - m(m + l)Pm = 0 
d-r/ d17 

'Y/ = cos{) 

1 d 111 

p ( ) - ( 2 1 )"' 
m 'Y/ - -2"' I d "' 'Y/ -m . 'Y/ 

(2m + l)rJP,,,.(TJ) = (m + l)P,,,+iC'Y/) + mP,,._i(TJ) 

d 
(2m + l)Pm(TJ) = d'YJ [P,,,+i(TJ) - Pm- 1(TJ) ] 

{

0 n =I= m 

f-
1
1P,.(TJ)P.,.('17) drJ = 2 

II = m 
2m + I 

(7.2.5) 

Values of some of these functions are given in Table YI. 
The last equation of(7.2.5) shows that the functions P m(17)constitute a set 

of orthogonal characteristic functions. Any function of 'Y/ in the range froDl , 
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1/ = 1 to 'Y/ = - 1 can be expanded in terms of a series of these functions: 

F('Y/) =,J
0
B,,.P1,.(Yf) B,,. = (m + ½) J_~F('17)P1,.{17) drJ (7.2.6) 

The expression for the coefficients Bm can be obtained by the method discussed 

•00 page 123. . . 
.. Having defined the axially symmetnc angle factors for waves from 

spheres, we now turn to Eq. (7.2.3) to obtain the solutions which depend on <p. 
We define the spherical harmonics 

Y,,.(-0-) = Ym/({),<p) = P,,.(r1) Y1,,o- 1 = O; 'Y/ = ·COS{) 

d" 
Ym/(l},<p) = COS (n<p)(I - 'f/2)1" drJ'' P ,,.('Y/) 

P m[cos {) cos 0 - sin{) sin 0 cos (cp - ef>)] 

(7.2.7) 

(m - n)! = L € ,, - -- Y,,, .,"({},,p) Y,,.,,,/1(0,ef>) 
m.11.0 (m + n)! 

where a, T have the values + I or -1; m, n are positive integers or zero; and 
Ym,, = 0 if 11 > m. Also, the coefficient b,,.1 equals I if m = I and equals 
zero if m =I= I, and coefficient E,, equals I if 11 = 0 and equals 2 if n > 0. 
The last equation gives the relation between a Legendre function of one side 
of a spherical triangle in terms of spherical harmonics of the other two sides 
and the angle between them; the order m of the harmonic is not changed by a 
change of axis. The integrals show that any function of the angles {}, <p on 
the surface of a sphere can be expressed in terms of a generalization of series 
(7.2.6), using the spherical harmonics Y "({} m) mn ,.,- • 

The radial factor 

We must now solve the equation for the radial factor R . 

d ( dR) - r 2 
- + k 2r 2 R = CR = m(m + 1 )R dr dr 

(1) 

k =­
c 

Where m. must be zero or a positive integer (the order of the harmonic) for the l angle factor Y to be finire everywhere. Changing scale, to get rid of k, we set 
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{ = kr and obtain 

d2R 2 dR R 
d{2 + ' d{ + [{2 + m(m + I)] {2 = 0 (7.2.8) 

This equation looks very much like the Bessel equation (1.2.4); in fact 

solutions of the equation are (I/VbJ 111 H {{). The solutions (for m a~ 
integer) can be expressed more si mply in terrns of the trigonometric functions 
however. We have already shown, in Eq. (7.1.5), that a solution form= o 
is R = e;'·'/r. We therefore try the expression R = (e;'l{)F,,.(0 and obtain 
the equation 

Assuming a power series for F,,. soon demonstrates that it must be a poly­
nomial in powers of I/{ when m is an integer. Direct substitution demon­
strates that 

{

I {-. oo 
Ill (m + S) ! ( i ) S 

F,,,(0 =.~s! (m - s)! 2{ -► (2m)! (-. i )'" s-+- 0 
m! 2{ 

Therefore we define the solution of Eq. (7.2.8), the radial-wave factor to 
use for outgoing waves, as 

(7.2.9) 

{-► 00 

This function is called the splierical fla11kel functio11 of order m. The first few 
such functions arc 

where { = kr 

We note that the simple so urce of Eq . (7.1.5) has lt0(kr) for its radial factor 
and that lt1(kr) is the radial factor for the dipole radiation of Eq. (7.1.7). In 
fact, the three dipole components, a long the x, y, and :: coordinates, ca~ be 
expressed in terms of the three solutions for m = I: Y11

1/t1 = cos er sin{) 

P;(cos /J)h 1(kr), Yn- 11t1 = si n <f sin {) P/1 I (kr) , Y1a1lt1 = P1(c~s {})h,(kr~, where 
P'(11) = dP1/ch7 = I, since P 1(rJ) = 17. T hus the three possible solutions for 
mt= I correspond to the three orientations of dipole radiation. 
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Similarly, the set form = 2 corresponds to quadrupole radiation. For 

le the xy component ofEq. (7. 1.9) is proportional to examp , 
2 cos <p sin <p sin2 {} P;(cos /))hlkr) = 3 sin (2<p) sin2 {} h2(kr) 

which is y22- 1(0,<p)h2(kr), a~d t~e xz term is proportional to Y2 t1({),<~)hikr). 
As noted earlier, one combination of the axial quadrupole waves yields the 
simple source wave ho(kr). Two others, however, are waves of order m = 2, 

for 

2
~

2 
(3z2 - r2)hlkr) = P2(cos /})hlkr) = Y20

1h2 

3
2 

(x2 - y 2)hz(kr) = Y2/({},<p)h2(kr) 
r 

Thus the five independent quadrupole waves correspond to the five possible 
spherical-wave solutions for m = 2, one for 11 = 0, two for 11 = I, and two 
for n = 2. 

Spherical Bessel functions 

T he spherical Hankel functions hm(kr) correspond to outgoing waves, 
appropriate for situations where acoustic energy is radiating outward into an 
unbounded medium. Such a wave goes to infinity at r = 0 as r- 111

-
1

, which 
does not preclude using it for this purpose since no physical source has zero 
radjus, and the point r = 0 is not included in a function valid only outside 
the source. It does preclude our using the spherical Hankel function for a 
wave in the interior of a spherical enclosure, where r does go to zero; so we 
must find other solutions of Eq . (7.2.8) which are finite at r = 0. These are 
obtained by taking the real part of h,n(kr). We define the spherical Bessel 
function of order m, j.,.(0, as the real part of hma), and while we are at it, 
we define the spherical Neumann jimction of order m, nm(,), as the imaginary 
part of h,,.. 

j m, 11111 real (7.2. 10) 

It turns out thatj.,. is finite at r = O but n,,. is not. Since h,,, is a solution of 
Eq. (7.2.8), so also are bothj,,, and n m. T heir specific expressions, for the 
fi rst values of m , are 

]• ( ) _ sm z 
oz -­

z 

h z) = - - - sin z - - cos z •c (3 ') 3 
z3 z z2 

. . . 

cos z 
no(z) = --­

z 

( ) 
sm z cos z 

111 Z = - -- - -
0

-

z Z" 
(7.2.1 1) 

nz(z) = - 3
• sin z - (

3
. - ~) cos z 

z· z3 z 
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These functions have the following properties: 

j ,,.a) = J ;,1m+~(() 11,,,(() = !ft N,,.+l() 

~m 
j,,.(()-+ I 3 ) {- o • • 5 • • • • • (2m + I 

I • 1 • 3 • 5 • • • • • (2m - I) 
11 ,n((),;:: - ('"+l 

• I ( m + I ) I . ( m + l ) j ,,.a) -+ y COS ( - - - 7T 11.,.,( n-+ r SID ( - -- 7T 

<-00 
"' 2 {-•00 

"' 2 (7.2.12) 

J io2(0{2 d{ = ; [}/<') + no(( )ji(()] 

I no2a>'2 d( = ; [1102<') - jo(()ni(()] 

11:,.< ,> j ,,.( ,> - i ;,,a)1r,,.a) = {2 i' = i 
and have the following properties, for either i m, n,,., or h.,,: 

. . 2m + I. 
}m-1(() + Jm+iCO = ( J,i() 

d l 
d(j,,,a) = 2m + I [mi,,,- 1a) - (m + l)im+1(()] 

d d 
d( [t"~1 ,,.(()] = ( "' +y,,._1(() d( [(-"Y.,.a)] = - (-'".im+1<') (7.2.13) 

J j 1(z) dz = - jo(z) J jo(z)z2 dz ~ z3/i(z) 

I za 
i m2(z)z2 dz = 2 [j,,.2(z) - j .,,_.(z)j,,.+1(z)] m > O 

In all Eqs. (7.2.13) the function II can be substituted for j. Values of some 
of the functionsj and II are given in Table VII. 

Radiation from a general spherical source • 

We take next the general case of a sphere, not necessarily small, whose 
surface vibrates with a velocity U(-t})e- h ivt, where U is any sort of function 
of {)_ We first express the velocity amplitude U(0) in terms of a series of 
Legendre functions 

00 

U(-8) = 2 U 111P,n(cos #) 
m= O 

(7.2.1-i) 



Page 361 of 933

r 7.2 RADIATION FROM SPHERES 339 

ro correspond to this we also express the radiated pressure wave in a series 
00 

p = L A,,.P.,.(cos l})h,n(kr)e-iwt 
-m;;;;,O 

here the values of the coefficients A,,. must be determined in terms of the 
;,10wn coefficients Vm- The radial velocity of the a ir at the surface of the 

sphere is 

where 

I ~ . fJ, .6 • 
Ua = - L., AmBmP,,.(cos )e' ,.- ,wt 

Pl'-m= O 

:!...1z (Y) = iB (Y\eio,,.«> dl m ':, • m ':,J 

2rra 
l = ka=-

1 

Therefore, using Eqs. (7.2. I 2) and (7.2.13), 

m11,,._1(ka) - (m + _l)n ,,,+1(ka) = (2m + l )B ,n cos o.,. 

(m + 1 )j,,.+1(ka) - mjm_1(ka) = (2m + l )Bm sin o,,, 
When ka ► m + ½, 

B,,. c:::: ( k'a) 

When ka ~ m + ½, 

Bo ~ (~
0
J 

1·3·5·· · ·· (2m - l)(m + 1) 
B ~ ------------"' - (ka) 111 +2 

m > O 

. -m(ka)2m+1 
om;::::; ~ 2 )( 12 • 32 • 5· • • • • • (2m - 1) (2m + I m + 1) 

(7.2. 15) 

Values of the amplitudes B,,, and the phase angles Om are given in Table VIII. 
The radial velocity of the a ir at r = a must equal that of the surface of 

the sphere, and equating coefficients of the two series, term by term, we 
obtain equations fo r the coefficients A,,. in terms of v ... : 

A 
pcV,,, _.

6 = -- e ! m 
"' B m 

The pressure and radial velocity at large distances (i.e., many wave­
lengths) from the sphere can then be expressed 

u, '.::::: Vo~ e ik(r- ct)?p({)) 
r 

p ;::::; pcu, 

I 00 V 
?p(l)) = - L __ .,_. p m(cos i?)e- i6,,,- !i•(m+ I) 

ka m=o VoBm 

(7.2. 16) 

~ Where we have multiplied and divided by V0, the average velocity of the 
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surface of the sphere. The air velocity near the sphere is, of course, not in 
phase with the pressure, nor is it entirely radial; but far from the sphere the 
velocity is radial and in phase with the pressure. 

When kr is very large, the intensity at the point (r,{}) and the total 
power radiated are 

a2 
Ir'==- pcU0

2 -;; F,({}) ,-

( 
I )2 ~ u.,.un .n _n Fr(&) = - £.. --Pm(cos v)Pn(cos u) 

kaUo m.n- o BmBn (7.2.17) 
x cos [a,,. - 0,1 + ½1r(m - n)] 

n f 
2~ f # p c3 ~ v,,.2 

= def> r 2lr sin {} d{) = --
2 

£.. -----
o o 4m, m=o(2m f-- l)B.,,2 

The function F/{)) is called the cmgle-distribution function for radiation from 
a sphere. 

When ka = 21ra/J,. is quite small, all but the first terms in these expansions 
can be neglected, since Bm then increases quite rapidly with m. Conse­
quently, the pressure and intensity a distance r from the center of the sphere, 
at any angle, are 

ikpc 'k p '==- - -- (41ra2Uo)e' ·<r- ct> 
41rr 

equivalent to those of a simple source of strength S()) = 41ra2U0. 

On the other hand , when ka is quite large, B,,. is equal to 1/ka for all 
values of m from zero up to a value roughly equal to ka, then drops sharply 
in value for m > ka. Suppose the series (7.2.14), for the surface velocity 
U({}), .includes terms for m up to some value M, but all coefficients Um for 
m > M are negligible. Then, when ka > M (21ra > MJ..) , all the non­
negligible terms in the series for the angle-distribution facto r '1/J are simply 
proportional to U,,. and '1/J-==. (I /U0)U(-0)e-ika_ In this case the pressure and 
the radiated intensity at great distances r from the sphere are 

a . 
p(r,ff,cp) '==- pcU(cp) - e•k(r-a,-ct) 

r 

A spherical harmonic Y,,"' of order -m has m nodes and loops on the -
sphere's surface, and therefore a "wavelength" of about 21ra/m. What we 
have just said is that when the wavelength of the radiation is smaller than 
the "fine structure" of the velocity distribution on the surface of the sphere, 
the pressure at , , f} is proportional to the velocity at a, {}, as though the sound 
traveled radially outward from the surface, the intensity a bove a region of 
large motion being greater than that above a quiet region. At r = a the 
impedance opposing the surface motion is pc and the intensity is pc I U({})l

2
• 

This is the region of "geometrical acoustics." At longer wavelengths the 
pattern of the velocity distribution U({}) becomes blurred out in the radiated J 
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ve and the intensity decreases, until, for long wavelengths, the sphere 
wa . 

1 diates like a s1m p e source. 
ra Of course, if U0 = 0, this limiting expression is invalid. For example, 

uppose the wave is caused by a rigid sphere, of radius a, moving to and 

;ro along the z axis with velocity U1e- 1
w 1• The radial velocity of the fluid 

at the surfacer = a is then U1 cos fJe- 1011 , and the resulting pressure wave is 

(pcU,/B1)e- i~, cos {) /z1(kr)e- 101t. This is, of course, a dipole wave, of dipole 

strength D., = (4rr/k3B 1)U1 ; in the limit of ka ~ I, this strength becomes 

27Ta3U1
, the cross section rra2 of the sphere times 2aU1• In this case, since 

there is no m = 0 term present, the lim iting form of the wave is that given in 

Eq. (7.1.7). 

Radiation from a point source on a sphere 

To show graphically how the radiation changes from symmetrical to 

directional as the frequency of the radiated sound increases, we shall work 

out the details of the radiation problem for two cases. 

The first case is that of a point source at the point{} = 0 on the surface; 

i.e., the surface velocity of the sphere is zero except for a small circular area 

of radius t::. around {} = 0. The definition of U(,{}) is 

{

Uo 
U(fJ) = 0 

and the coefficients Um are 

Um = (m + ½)u0 i ll.lap m(cos {}')sin{} d{} ~6-o-➔ ½(m + ½)u0 (~)2 
since Pm(I) = I. The intensity and power radiated can be obtained from 

Eqs. (7.2.17): 
l:J,.4 

I , ~ pcul I 602,2 F,(•{}) (7.2. 18) 

F ({} _ I ~ (2m + I )(2n + I ) 
, ) - 2 L. B P,,i(cos fJ)P.,(cos {}) 

µ m.n = O mB n 

X cos[cl"' - cln + ½rr(m - n)] 

TI = pCUoz t::.t 4rr 2: 2m + l µ = 2rra 
l6a 2 µ 2 m=O B m2 ). 

At very low frequencies, only the fi rst terms in these series are important, 

and the pressure wave again has the familiar form for the simple source 

p ~ -iw ...f!_ (rrt::.2uo)eik(r-ct> 
4rrr 

With a _strength equal to the velocity u0 times rrt::.2, the area of the radiating 

~ eleonent 
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Figure 7.1 gives curves for the distribution in angle of the intensity 
radiated from a point source on a sphere for different ratios of wavelength 
to sphere circumference. We see again the gradual change from radiation 
in all directions to a sharply directional pattern as the frequency is increased. 
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FIGURE 7.1 
D istribution in angle of intensity radiated froni a point 
source set in t he surface of a sphere of radius a, for 
different values of tt = 2,ra/J... Curves also give mean­
square pressure at point (a,0-) on surface of sphere due to 
incident plane w ave traveling in negative x direction. 

These curves are of particular interest because of their dual role, as required 
by the principle of reciprocity , mentioned in Sec. 7.1. As computed, the 
curves give intensity or pressure amplitude sq uared at a point (r,-D), a con­
siderable distance r from the sphere (when kr ► 1, Jpl = V pc/,) at an angle 

' ..J 




