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{} with respect to the line from the center of the sphere through the radiating 

1 
ment of area at point (a,O). But the principle of reciprocity says that the 

e :essure at a point Q due to a unit simple source at point P is equal to 
ihe pressure at point P due to a unit source at point Q. Consequently, the 
urves of Fig. 7.1 also represent the square of the pressure amplitude at a 

;oint (a,O) on the surface of the sphere due to a point source of strength 

17
!).2

110 
at the point (r,{}). Therefore the curves are useful as an indication of 

the directional properties of the ear plus head, or of a microphone in a 
roughly spherical housing. 

Radiat ion from a piston set in a sphere 

The other example to be worked out is that of a piston of radius a sin {}0 

set in the side of a rigid sphere. As long as {}0 is not too large, this corre­
sponds fairly closely to the following distribution of velocity on the surface 
of the sphere: 

{
Uo 

U({}) = 0 

The general formulas (7.2. L 7) can be used, with 

U,,. = (m + l)u0J1 
P,,.(x) dx = ½u0[Pm_i(cos ·&0) - Pm+1(cos 0-0)] 

cos 1>0 

where, for the case m = 0, we consider P_1(x) = 1. 
These expressions for U.,,, can be substituted in Eq. (7.2.17) to give series 

for intensity and power. Curves for/ as function of{} are given in Fig. 7.2. 
When the wavelength is long compared with 2TTa, the pressure and intensity 
are those for a simple source of strength 4TTa2u0 sin2 ({)0/2). 

The radiation impedance for the piston set in a sphere can be computed 
by integrating the expression for the pressure at r = a over the surface of 
the piston. After quite a little algebraic juggling, we find 

z 1) = R,, - iX1) = pC47Ta2 sin2 
(~

0
) (01) - ix . .,,) 

0 = ~ I [P,n- 1(cos ·O·o) - P,,.+1(cos {}0) ]
2 

1J 4 111= 0 µ 2(2m + l)B,,.2 sin2 ({}0/2) (7.2.19) 

Xv = ~ I [P111- 1(cos 00) - ~"'! 1(cos ·00 ) ]
2 

4 m.=o (2m + l)B,,, sin- (&0/2) 

X U m(µ) sin (o,,,) - 11,n(µ) cos (o,n)] 
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FIGURE 7.2 
Distribution in angle of intensity and total power radiated 
from a piston set in a sphere. 

Since 41ra2 sin2 (l}0 f2) = 1ra./ is the a rea of the piston (av thus defined 
being the effective piston radius), the dimensionless quantity Op - iXP is the 
impedance per unit area, divided by the characteristic impedance pc of the 
medium. The specific resistance 0

11 
and reactance x,, are plotted in Fig. 7.3 

as functions of the ratio of equivalent diaphragm circumference to wave­
length, 2TTavf?,. = (wajc) [a,,= 2a sin (00/2)), for several different values of 
1}0 = 2 sin- 1 (a,,/2a). We notice that the resistive terms a ll are small at 
low frequencies, increasing as w2 ; rising to a value of approximately unity 
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FIGURE 7.3 
Values of radiation resistance and reactance ratios 
(R,.X,)/1ro/ pc, where 0 0 = 2o sin (f>0/2), as function of 
21ro, /J. = wa0/c for different values of f)0 , for radiation of 
sound from a piston set in a sphere of radius a. 

a~ wavelengths a little smaller than one-third times the equivalent diaphragm 
~ircumference; and then, for very high frequencies, approaching the usual 
hmit of I (z = pc). The reactance is always positive, representing a mass 
load. It first increases linearly with frequency, as the reactance due to a 
c~nstant mass would, but then it reaches a maximum at l ::::::'. 2rra, and for 
higher frequencies it diminishes more or less rapidly. 
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These curves indicate the sort of radiation load one would expect on 
the diaphragm of a dynamic loudspeaker, set in a spherical case. The 
diaphragm of the dynamic speaker is not usually the surface of a sphere . 
but often has the shape of an inverted cone in order to increase its mechanicai 
strength. The radiation from such a cone wculd naturally differ from that 
from a section of a sphere; but it turns out that the average radiation 
impedance on a piston is approximately the same, no matter what its shape 
as long as its circumference is not changed and as long as the volume of th; 
mounting case is not changed. Therefore the radiation reaction on the 
diaphragm of a dynamic speaker of outer circumference 21ra1>, set in a cabinet 
of volume V,, = 4rra3/3, is approximately given by rra /pc times the curves 
of Fig. 7.3 for·-00 = 2 sin-i[a,,(rr/6V~)½], with the frequency scale equal to 
27Tva'P/c. 

Multipoles and Legendre functions 

Since the Green's function g"'(r I r0) of Eqs. (7.1.6) and (7.1.14) may be 
expressed in spherical coordinates, it should be possible to express it in 
terms of Legendre fu nctions and spherical Hankel functions. First we 
discuss the derivatives of g01 with respect to x0, y0, z0 at r0 = 0, the basis 
for our earlier discussion of multipole radiation. 

The Green's function itself is 

ik I . 
g"'(r I 0) = - h0(kr) = - e•kr 

47T 4rrr 
(7.2.20) 

in terms of the spherical Hankel function, defined in Eqs. (7.2.9). The three 
dipole waves are proportional to the x, y, z components of the gradient of 
g"' at r0 = 0. 

, [ o ] ik
2 

g .. (r I 0) = ~ g"'(r I r0) = - Y1i1(#,<p)h1(kr) 
UXo •o= O 47T 

·k2 
I I / . 0. ) g (r 0) = - Yi(rr)h1(kr 
• 4rr 

(7.2.21) 

involving all three of the spherical harmonics of order m = I. The five 
spherical harmonics of order m = 2 all represent quadrupole radiation, as 
defined in Eqs. (7.1.9) and (7. 1.10). Thus 

g;/r I 0) = [a 0
~ g"'(r I ro)] = 2ik4

3 

Y22-
1(l},cp)hlkr) 

Xo Yo roQO 17 

ks ~a 
g;,(r I 0) = ;

277 
Y

2

/(-0,<p)hlkr) g;, = ;
217 

Y
21

-

1 (f},<p)h
2
(kr) 

(7.2.22) 

as mentioned earlier. The axial solutions, as mentioned, contain a certain 
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amount of the m = 0 wave as well: 

ik3 

g:.(r I 0) = - [4 Y20
1(i? ,<p)h2(kr) - 2 Y001(&,<p)h0(kr)] •• 24rr 

ka 
g;.,(r I 0) = ~

4
rr [ Y22

1
h2 - 2 Y20

1
h2 - 2h0] 

·k3 
g;/r I 0) = ~

4
rr [- Y2/ h2 - 2 Y2lh2 - 2h0] 

(7.2.23) 

with the Y 's as defined in Eqs. (7.2.7). Of course, Y00
1 = I and Y2/ = 

p (cos#). Therefore the multipole fields of Eqs. (7.1.5) to (7. 1.10) may be 
e:pressed in terms of spherical harmonics and spherical Hankel functions 
as follows: 

p,(r ) = pck
2 

S., Y0a1(,fJ,<p)h0(kr) 
4rr 

pcka ( i - 1 D y 1)/ (k ) p,i(r) = -- D., Yu + D11 Yn + z 10 11 r 4rr 

pck4 

pq(r) = 
24

7T {- 2(Q.,., + Q1111 + Q.,)ho(kr) 

+ [2(Q,. - Q.,., - Qvv) Y2/(#,<p) 

+ 2(Q.,, + Q,JY211 + 2(Q11: + Q, 11) Y21- l 
+ (Q.,., - Qv11 ) Y2z1 + (Qxv + Q11.,) Y22- 1Jh2(kr)} 

(7.2.24) 

In accord with page 314, there are only five distinct quadrupole distributions 
corresponding to the five different spherical harmonics of order 2. 

Sphere wit h randomly vibrating surface 
It should be evident by now that we are using the sphere as a simplified 

model of an object which has roughly the same width, height, and depth. 
The details of radiation from a more complicated shape differ somewhat 
from those computed for the sphere, but the general acoustical behavior 
will be pretty much the same. As we mentioned previously, a loudspeaker 
in a cubical cabinet will produce a sound field which is not markedly different 
from that portrayed in Figs. 7.2 and 7.3. 

Another type of sound fie ld which also can be approximated by using 
the spherical model is the sort of random noise which surrounds a piece of 
~achinery in violent vibration, or the sort of roar which is generated when 
highly turbulent air reacts with the surface of a large object placed in it ( or 
moving through it). In many cases the machine action (or the turbulence) 
produces vibrations of the outer surface of the object which are random in 
nature, containing components of all frequencies and having little correlation 
between the motion of one area of the surface and another. Such a source 
of sound 'can be approximated by a spherical surface in random oscillation. 
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FIGURE 7.4 
Angles defining the correlation function 
on the surface of a sphere. 

To describe such motion we go back again to Eqs. (1.3.20) and (2.3.11) (see 
also Eqs. (7.1.33) to (7.1.38)], relating the Fourier transform of the motion 
and the autocorrelation function of the motion. We first take the Fourier 
transform, with respect to time, of the surface velocity, obtaining the com­
ponent U w({},cp), for the frequency w/21r, of the radial velocity of the part of 
the spherical surface at the point specified by the angles{}, <p. 

Even the single-frequency motion is random in regard to its spatial 
distribution over the sphere, so that we use an autocorrelation function in 
space to describe this degree of randomness. We define this function by 
the integral 

Yw(a) = 
4
~i2,;dcp i"u,o(P)U,,,(P')sin{}d{} (7.2.25) 

where point P has coordinates{), <p as shown in Fig. 7.4, and point P' is an 
angular distance a from P, in a direction at angle f:J with respect to the xz 
meridian. If the motion is isotropically random, Y., will be independent 
of (J. The value of Y ,,,(0) is, of course, I U!l2 , the mean-square radjaJ velocity 
of the surface at frequency w/21r, the analogue of the spectrum density of 
Eq. (2.3 .11 ). For random motion, J'.'.,(a) will decrease as a is increased, 
dropping to zero when a is larger than the "mean correlation length," 
divided by the radius a of the sphere [see the discussion of Eq. (2.3.13)]. 

A rough approximation to such a correlation functjon would thus be 

1'.'.,(a) = "' (7.2.26) 
{
(cos a)"'

2
-

11u0 12 0 < (X < ½1r 

0 ½1r < (X < 7T 

which equals I V!l2 at o: = O and drops to zero (more rapidly the larger N 
is), with no correlation assumed between opposite halves of the sphere. 
The mean angular width of the peak in a is roughly 21r/N, so that the 
correlation length, the mean distance along the surface within which the 
motion is more or less in phase, is w == 21ra/N, one-Nth of the perimeter of 
the sphere. We assume for the moment that N is independent of w. 
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If this were a plane-surface problem [as that of Eq. (7.4.27) will be], so 
that the velocity and its correlation function could be expressed in terms of 
F ier integrals, we could use Eq. (1.3.20) to find the transform of the 

~u:ity with respect to its wavenumber k = 2TT/J.. Since the surface is a 
ve :ere the analogue to the Fourier transform of U({},cp) is the coefficient & "i~ the expansion of U(-{},cp) in terms of the spherical harmonics Y,,.11"(-{},cp), 
th;ndiscrete variable m being more or less the analogue of the continuous 
variable k. We should expect that the mean-square values of U,,111" will be 
independent of n and O", but wil_l decrease slowly with m, corresponding to the 
decrease in component amplitude as the wave.length of the component 
decreases. The rate of this decrease should bear some relation to the 
correlation length w, analogous to the relationship between the dependence 
of Yon -r- and of IFl2 on w shown in Eq. (2.3.13). 

The correlation function of Eq. (7.2.26) can be expanded in spherical 
harmonics; the coefficients are products of gamma functions, but when N is 
large, the approximate form, 

00 2 1vo12 
Y.,(a) c:::::'. I ca N - 2e- 2m(m ·1 1)/Y2p .,.(cos a) 

m=o2m + I 

is a fairly good approximation. The coefficients for n > 0 do not appear 
because of the choice of axis centering around P for a; if the last of Eqs. 
(7.2.7) is used, the series can be transformed to one in Ym n"(-&,cp). The 
coefficients of this series are the analogues of the Fourier transform of the 
correlation function, and thus should be proportional to the square of 
the radial velocity coefficient U,,.,.". Consequently, the series for the radial 
velocity of the surface for frequency w/2TT is 

U ({} ) _ U~ , [ 2 (m - n)! ]½ [ m(m + I) . ] 
o; ,cp - - .c., ------ E » exp - 2 + 'Ymn 

N.,,,,.,u 2m + J (m + 11)! N 

X Y,,. n('0,cp) (7.2.27) 

where we have taken the square root of the coefficient for Y .,, multiplied by 
a factor depending on n, to make the mean square of the 11 > 0 terms equal 
to that for 11 = 0. We have also included a phase y,,,,, to allow for the fact 
that the phase of each term is a random angle between O and 2TT, corre­
sponding to the random nature of the velocity. The series for Y"' does not 
specify these angles. 
. This series is an obvious generalization of the series of Eq. (7.2.14), and 
ts thus ready for us to calculate the radiated intensity and power. From 
Eq . (7.2.17) the intensity at the point r , {), </', a considerable distance from 
the sphere, is 

Where the angle-distribution function lvil2 contains squares and cross products 
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of the coefficients U,,.n''. Because of the random nature of the phase relations 
between the U,,,,,"'s, and because these phase relations are changing with 
time (since the time variation is also random), the time average of l1Pl2 will 
be the sum of the squared terms only. 

I «> e - 2mtm+ 1l!.V2 

- N 2k2a2 ,~o (2m + l)B,,.2 
(7.2.28) 

where the sum over n, u has been accomplished by use of the last of Eqs. 
(7.2.7) for ,{} = 0, <p = cf,. Thus the radiated intensity is independent of 
angle, as it should be if the random motion is isotropic. 

This averaged series can be still further simplified hy referring to the 
approximate formulas for B"' given in Eqs. (7.2.15). When m is smaller 
than ka = 2-rra/?., (l/B,,.)2 ::::: (ka)2 and, as mis made larger than ka, (l /kaBm)2 
drops rapidly to zero. Consequently, an approximate series for 11/112, valid 
for N 2 ► l , is 

where 
ka 27Ta w w ww 
N = T 21ra = ?. = 27TC 

(7.2.29) 

For very small values of this parameter, l'f//1 2 is approximately (ka/N)2; for 
very large values, l1Pl2 is approximately I. The last expression for lv-,1 2 is a 
very crude approximation to the earlier series, but it should be satisfactory 
in view of the approximations we have been making on account of the random 
nature of the motion. It shows that when the correlation length w is small 
compared with ?., the intensity radiated at this wavelength, ½pc I U.,12 (wa/J.r)2

, 

is as if a circular patch of the sphere's surface, of radius w, is sending energy 
to the point r , {}, <p, the radiation from all the rest of the surface interfering 
to zero. On the other hand, when w is large compared with .?. (i.e., for the 
high-frequency part of the radiation), the r_adiated intensity ½pc I U..,1 2 (a2/r2

) 

is as if the whole spherical surface were radiating with surface velocity equal 
to the root-mean-square velocity U"'. When 11• is small, f r is proportional to 
1r(1ra/?.)1· ; when w is large, l, is proportional to the total area -rra2 visible by 
the observer. 

T o bring in the time dependence of the motion, we must invert t~e 
Fourier analysis of v-, in frequency. The surface velocity is also random in 

time, with a time-correlation function 1 1(-r), which decreases as -r increases, 
like the Y, of Eq. (2.3.13). The spectrum level JF(w)l 2 for the surface 
velocity, the square of the Fourier transform of the root-mean-square 
velocity of the surface, should be some function which goes to zero when w 
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t,ecomes Jarger than some upper-limit value wn. Equation (2.3.13) shows 
that the correlation time interval ,,. n is the reciprocal of wn. 

Suppose the time-correlation function for the surface velocity has the 

familiar form 
1 

where I U012 is the mean-square surface velocity, averaged over the surface of 
the sphere and also over time T. According to Eq. (1.3.20), the spectrum 
density jF(w) l2 for velocity is proportional to the Fourier transform of Y1, 

T J O) TIU 12 
IF(w)l2 = - YtCT)eiwr d-r = 0 a e- ~·(wlw.>• 

47T2 
- 0) wnC27T)~· 

Therefore the spectrum density for intensity at r, {}, cp is ½pc(a2/r2) IF(w)l2 l'IJ'l 2, 

where tp is the angle-distribution factor of Eqs. (7.2.28) and (7.2.29). The 
mean value of the intensity, averaged over time and surface, is then [according 
to Eq. (1.3.19)] 

(
a)2 2w2 

= ½pc -;: I Uol2 An2 + 2w2 

When the wavelength A.,., corresponding to upper limit wn of the spectrum 
density, is small compared with the correlation length w of velocity distribu­
tion over the spherical surface, the intensity is as though the whole sphere 
were vibrating in phase, with a velocity amplitude equal to the root-mean­
square velocity U0 . When ,ln is large compared with w, that is, when the 
~utoff frequency is low or the correlation length w is very small, the intensity 
15 much smaller, as though a patch of the sphere, of radius aw/Am were doing 
t~e. ~adiating. In many cases encountered in practice, neither of these 
hm1tmg cases holds, An being one to four times w. 
. Many modifications and improvements could be made in this calcula­

tion; a different dependence on w of the spectrum level could be used, or we 
could have taken into account possible variation of the correlation length 
on w, or we could have used a better approximation for the factor l'IJ'l 2 of 
E~. (7.2.29). The resulting formulas would then have had a somewhat 
different appearance, but if the surface vibration is random and isotropic, 
lbe relat\onship between I, and the spatial and temporal correlation intervals, 
wand 1/w,,,, will be more or less that set forth in Eq. (7.2.30). 



Page 374 of 933

352 THE RADIATION OF SOUND 

Green's function in spherical coordinates 

To compute the radiation from a volume distribution of sources which 
is not small compared with the wavelength, or to develop an alternative 
way of computing the radiation from a vibrating sphere of moderate size 
we need the expansion of the G reen's function gw(r J r0) in terms of th~ 
coordinates r, {}, <p of the measurement point and r0, ·1~0 , <p0 of the source 
point. This expansion is 

ik 
gw(r I r0) = - ho(kR) 

41T 

ik (m - n) ! 
= 4- L (2m + I)E11 ( + )' Y,,. .,t(/J,<p) 

1T m.11.a m n . 

x Y,,m" ('fJ o, <po) { ! "'((kkr o))lh "(' (kk r )) 
} m r 1,.. r0 

r > r0 (7.2.31) 
r < ro 

which exhibits the reciprocity between measurement and source points. 
For example, if a region of violent motion is confined inside a sphere of 

radius a (not necessarily small compared with ?.), the radiation outsider = a 
can be obtained by inserting series (7.2.31) in Eq. (7.1.25). T he required 
gradients of the series for g,,, can be worked out from the formulas of (7.2. 5) 
and (7 .2.13). After a lot of algebra we obtain 

a k 
az Y,,.,."(,fJ,<p)j.,.(kr) = 

2
m + L [(m + n) Y:n- 1.,JfJ,<p)jm_i(kr) 

- (m - n) Y~,+1.11({},<p)j m+i(kr)] 
a k 
ax Ymn"j,,. = (2m + I )E,. [(m + n)(m + n - I) Y;:,_ 1.11- 1Im- l 

ya . 
- 'tn- 1 ,n.+ 1J m- 1 

(7.2.32) 

+ (m - n + 1 )(m - n + 2) Y!,+1.11_ 1jm+1 - Y,~,+t.n+1 jm+1J 

a -ak 
ay Y,,,n"jm = (2m + l)E,, {[(m + n)(m + n - I) Y ;;;~1.11- 1 

+ r ;;;~1.11+1Vm- l 

+ [(m - n + l)(m - n + 2) Y;;J1. 11_ 1 + Y;;;i 1.,,+1Vm+1} 

When r is considerably larger than ·a, large enough so that h,,.(kr)-+ • 
(i- "'- 1/kr)e•kr, the pressure wave can be expressed in terms of the integrals of 
the various source functions over the region of violent motion (r < a). 

S"(m,n) = p~k f fw(r) Y,,.,."(fJ,<p)j"'(kr) dl' 

. J a D,,"(m,n) = p;k Fx(r) ax [ Ym 11"(fJ,<p)j,,.(kr)] dv 

; J· az . 
Qx/(m,n) = pck T.,y(r) ax ay ( Y,r.n"}rn) du 
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R ferring to the discussion following Eqs. (7.2.12) and (7.2.15), we see that 
~en ka _.. 0, all these coefficients go as (ka)"' to zero, except for S1(0,0) -

; the strength of the equivalent monopole source. Also, the largest D is 
D~(0,0)-+ Dx, etc. , for the three dipole components, and the largest Q's are 
Q" I(0,0) _.. Qzy, etc. When ka is not small, more terms in the series must 
i:vused. The full series is 

P,,,(r) ==. - i
4
kpc eikr [<l>s(-0-,<p) - ik<l>i0-,<p) - k 2<1>/0-,<p)] (7.2.33) 

7TI' 

for r > a and kr ~ I, where 
(m - n)! 

<l>s = 2 j - "'€n (2m + I) ( ) ' S"(m,n) Ym,,"(#,<p) 
"'"" m + n • 

The first term in the series is a spherically symmetric wave of strength 
S1(0,0). This is the only term which appears if /w(r0) is spherically symmetric, 
independent of {)0 and <p0. But if/., does depend on {}0 and/or <p0 , some of 
the coefficients S"(m,n) will differ from zero, and the radiation from the 
distribution of simple sources, in a region not small compared with J. , will 
not be spherically symmetric; some higher multi pole radiation will be present. 
The amplitude of the mtb multipole is proportional to (ka)m, becoming 
negligible when ka is very small. 

Likewise, the radiation from the driving-force distribution F.,(r) will not 
be a pure dipole wave if ka is not very small. For example, the wave from 
the z component of the force, once we have inserted Eqs. (7.2.31) and (7.2.32) 
in the appropriate part of (7. 1.25), is the combination 

ikpc .k (m - n)! - 4 e' ·r 2 i - m€n ( ) 
1 

(2m + 1) Y,,.,t({),<p) 
1rr '""" m + n • 

X J J J F, 0~
0 

Ym,."C-fJo,<fJo)Jm(kr0) dv0 

ik2 pc . (m - n)! = - e•i:r 'i- "'€ ---- y "({} m) 
41rr £.. n(m + n) ! "'" ,.,, 

X [<m - n) JJJ F, Y ,,.1-1, 11 j ,,.+l dv0 - (m + n) ff f F, Ym- 1.,.jm- 1 dvo] 

(7.2.34) 

I~ F,(ro) is independent of 19 0 a nd q,0 , only the m = I, n = 0, a = I term 
differs from zero, since it is the only one having the nonzero integral 
- F_. Yoa1.io di•0• The angle distribution of this term is Y1/ ( l},<p), typical of 
a dipole pointed along the;;; axis. But if F,(r0) is a function of {)0 and/or cp0, 

other integrals can be nonzero, and the radiation will conta in rnultipole 
terms. This is also true of the radiation from the matrix components of :r. 
Only ~hen all components are independent of {)0 and f/'o will the radiation 

l b~ purely quadrupole if ka is not small. This result was anticipated in our 
l discussion of Eq. (7. 1.30). 
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Spherical-surface effects 

The Green's function g00(r I r0), defined in Eq. (7.1.14) and expanded in 
series (7.2.31), is appropriate for calculating acoustic radiation in an un. 
bounded medium. When there are boundaries enclosing the medium at 
which boundary conditions must be satisfied, it is usually convenient to 
modify g00 by the addition of a free standing wave x(r) of such a form that 
Cw = g., + x satisfies some boundary condition on the surface. The 
general equation (7 .1.17), for Pw in terms of integrals of G "'' indicates the 
alternatives. As it stands, we should have to specify both the value of p 
and of its normal gradient on the surface S0 in order to compute the surface 
integral. But if we arranged that G., was zero on S0, then we should need 
only to specify p .. , or alternatively, if we chose x so that the normal gradient 
of G., was zero on S0, we should need only to specify the normal gradient 
of p on S0 in order to determine p uniquely elsewhere, in the region occupied 
by the medium. Since we are often interested in the effects of the motion of 
a part of the boundary surface, and since, for simple-harmonic motion, u = 
(I /ikpc) grad p, it appears that we should prefer a Gw which has a zero normal 
gradient on the surface. When this choice is made, Eq. (7.1.17) becomes 

Pw(r) = JJJ fw(ro)Gw(r I ro) duo + ikpc Jfu,.(r0
8)Gw(r I r0' ) dS0 (7.2.35) 

where u,.(r0") = -. -1- °/:"' is the normal velocity of the boundary surface S0 
1kpc un0 

at the surface point r0• . The positive direction of u,. is outward, away from 
the medium; the equation is valid for any point r within or on the boundary 
surface S0. 

To demonstrate the use of this equation, we first consider the fluid ' 
enclosed in a hollow rigid sphere of internal radius a. Here we must add 
to the series of Eq. (7.2.31) a solution of('v2 + k2)1., = 0 which has no poles 
within or on the surface of the sphere, such that the radial gradient of the 
sum g .. + x is zero at r = a. Symbolically, this is not difficult to do. If 
j;,.(s) = dj,,Jd,, the function 

ik 00 (m - n)! 
G,,,(r I r0) = 

4
- L (2m I- I) L E n ( + )' Y,,.,,"(-&,<p) 

7T m= O n .t1 m fl •• 

where 

y "(·~ ) [H 11:,,(ka) • (k ·) • (k )] X 11111 o,<po m - ·' (k) }m I }m 'o 
J,,, a 

r > 'o - {j,,,(kr0)!1 ,,.(kr) 
H ,., -

j,,.(kr)h,,.(kr0) r < ro 

for r, r0 < a 

(7.2.36) 

has a radial gradient zero at r = a (when r0 < a) and also at r0 = a (when 
r < a). The series with H 111 alone is g00 ; the additional series is fin ite and 
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ontinuous insider, r0 = a and modifies g"' to make oGwfor = 0 at r = a; 
~t represents the wave reflected by the rigid spherical surface. 
1 

To use Eq. (7.2.35), we note that S0 is the sphere of radius a and that 
the positive direction of the normal velocity is outward, in the positive r 
direction. If the sphere is rigid, the surface integral is zero, and Pw equals 
the volume integral of G"' times the source function fw(r0), integrated over the 
interior of the sphere. We note that when ka is such that i:n(ka) is zero, the 
reflected wave x becomes infinite; the source frequency has coincided with 
one of the resonance frequencies of the hollow sphere. Green's functions 
for enclosures of finite size exhibit this resonance property, as with the 
Green's function of Eq. (4.4.14) for the string between two rigid supports a 
finite distance apart. 

On the other hand, if the region of interest is between the outer surface 
of a sphere of radius a and the sphere at infinity, we must add tog., a function 
X such that the radial gradient of the sum is zero at r = a (when r0 > a). 
The combination which does this is 

y "(# )[h;,.(ka)jm(kr0) - i:,.(ka)hm(kr0)] 
X mn o,<po h:,(ka) kr-+ oo (7.2.37) 

Since h:,(ka) has no zeros for real values of ka, this Green's function has no 
resonances, in contrast to that of Eq. (7.2.36). 

lf the only source of acoustic energy, in the region outside r = a, comes 
from the motion of the spherical surface itself, the only nonzero integral in 
Eq. (7.2.35) is the surface integral 

f 217 f u 

p,,,(r) = ikpca2 

0 
d<p0 J o u,.G.., sin -0-0 d-00 

= pck2a2 "' U "[h;,,(ka)jm(ka) - j;,(ka)hm(ka)] y "({} )h (kr) 
£., mn h' (k ) mn ,<p m 

ffl110' m a 

s~c~ the normal velocity un away from the fluid is here pointed in toward the l origin; thus -u,, is the radial velocity of the surface of the sphere. 
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From Eq. (7.2.12) we see that 1,;,J,,, - j ;,.hm = i/k 2a2, and from Eq. 
(7.2.15) we see that t</ka) = iBn,eio,,., so that 

kr - co (7.2.38) 

which is an obvious generalization of Eq. (7 .2.16). Thus the integral 
formula (7.2.35) can be used to compute radiation from any source, whether 
it be a moving surface or the motion of the fluid itself. 

7.3 RADIATION FROM CYLINDERS 

The other simple geometrical surface which is often encountered in 
acoustics is the circular cylinder. Waves of cylindrical shape are obvious 
generalizations, to three dimensions, of the waves on a circular membrane, 
already discussed in Sec. 5.2. We showed there that circular waves have a 
more complicated shape than plane or spherical waves ; they leave a "wake" 
behind them as they spread out. Cylindrical waves show the same behavior. 
As with the rest of this chapter, we shall concentrate on simple-harmonic 
waves ; solutions with more general time dependence can be computed by 
use of the Fourier transform. 

The general solution 

The equation 'v2p + k 2p = 0 (k = w/c) can be expressed in the cylin• 
drical coordinates w, cp, z by using Eq. (7.1.3). The separated equations for 
the factored solution p = R(w)<J>(cp)Z(z)e-irot are 

(7.3. 1) 

I d ( dR) ( . 2 m
2

) • - - w - + k,0 - - R = 0 
wdw dw w2 

The general solution for Z is a combination of eik,z and e -ik,z ; the solut!on 
for cJ> is cos (me/>) or sin (mcp), where m must be an integer for the solution 
to be continuous at cp = O = 27T. The solution of the radial equation is a 
combination of the Bessel function J m(k ww), defined in Eqs. (5.2.20) and 
(5.2.21), and the Neumann function N m(kww), mentioned in Eq. (5.3.15) as 
being the second solution of the Bessel equation for R. They have the 
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following properties: 

l d ( dN111 ) ( m
2

)N . _ 0 -- z- + I - - -z dz dz z2 "' 

✓ 2 ( 2m + I ) Nm(z) , -oo ;; sin z -
4 

7T 

2 2 N0(z) ~ - In (0.890536z) = - (In z - 0.11593) .-o 7T 7T (7.3.2) 

m > O 

The properties given in Eqs. (5.2.21) for the functionslm(z) are also true for 
the corresponding functions N,,.(z). 

We note that N,nCk ww) goes to infinity as IV-+ 0, whereas Jm(kv,IV) is 
finite at IV = 0. We also note that the combination H )~>(kww) = J,nCkww) + 
iNm(kwlV) represents an outgoing wave, for 

J,»Ckww) + iN,nCkww)-+ /2k
2 

exp [ikwlV - ½7Ti(m + ½)) kwlV ► l ✓~ 
For kww near zero, in the region of the near field, the combination is not 
just a simple exponential; in fact , the imaginary part of the combination 
goes to infinity as IV - 0. H!,:> is called a Hankel function of mth order. 

Uniform radiation 

For waves spreading uniformly out from a cylinder, we use the function 
fork: = 0 and m = 0, which represents outgoing waves, 

[ (
27TVIV) (27TVIV) ] • p = A Jo -c- + iNo -c- e - 2nvt 

27TV 27T 
k =-=-

c l 
(7.3.3) 

Suppose that we have a long cylinder of radius a which is expanding and 
contracting uniformly in such a manner that the velocity of the surface of the . cylinder is u0 = u0e-211"". The constant A, to correspond to the 
radiated wave, must be chosen so that the velocity of the air perpendicular 
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1 op . l 
to the cylinder surface uw = -. - -

0 
1s equa to u0 at w = a. If a is small 

2mvp w 
compared with the wavelength, this velocity is (A/TT2vpa)e- 2"ivt, so that A 
must equal TT2vpaU0. The pressure and velocity at large distances from the 
cylinder are then 

p -► TTpaUo /cv eik(w-ct)- i( u/4) 
✓-; 

The product of the real part of each of these expressions gives the flow of 
energy outward per second per square centimeter, and the average value of 
this, 

C 
a ~ ­

w 
(7.3.4) 

is the intensity of the sound at a distance w from the cylinder's axis. The 
total energy radiated in ergs per second per centimeter length of the cylinder is 

n '.::= 2TT3pva2 UJ 

Radiation from a vibrating wire 

A somewhat more complicated wave is generated by a cylinder of radius 
a vibrating back and forth in a direction perpendicular to its axis, with a 
velocity U0e-hM_ If the plane of vibration is taken as the reference plane 
for cf,, the velocity of the part of the cylinder's surface at an angle c/> from the 
plane of vibration has a component U0 cos cf, e- 2:rivt perpendicular to the 
surface. ln this case we take the radiated wave to be 

27T'V 
k = ­

c 

If a is small, the radial velocity at w = a is • 

A c . 
- -- cos <p e- 2:rtvt 
2TT3v2pa2 

which must equal the radial velocity of the surface, so that A = 2TT3v2pa2 Uo/c. 
The radial component of the particle velocity at large distances from the 
cylinder is 

U _ _ ..:!._ {C eik(w-cl)-·i(3u/4) COS "' 
W W - • a:, pC ✓ ~ 

There is a component of particle velocity perpendicular to the radius w, but 
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. diminishes as ,v- ~ at large distances, and so is negligible there compared 
it ·th u . The intensity at large distances and the total power radiated per Wl w f 'b . • centimeter length o vt ratmg wire are 

41T4 v3 pa4 u2 41T5v3 pa4 u2 
I == 0 cos2 cf, 0 == 0 (7.3.5) c2r c2 

The amount of sound energy radiated by a vibrating string therefore dimin­
ishes rapidly as the frequency of vibration of the string decreases and 
diminishes very rapidly if the string's thickness is decreased. As we men­
tioned at the end of Chap. 4, a vibrating string is a very inefficient radiator of 
sound. 

The reaction of the air back on the vibrating wire is obtained from the 
expression for the pressure at w = a. 

p '.:::'. - iwpaU0 cos cf, e- iwt 

The net reaction force on the wire per unit length in the direction of its 
motion is 

r2" 
a J o p cos cf, def, = -F0e- iwt == - iwp(1Ta2)U0e- 1"'1 

The ratio of this to the velocity of the wire is the mechanical impedance per 
unit length of wire, due to sound radiation, 

Fo 
- == - iw(1Ta2p) 
Uo 

C 
a < ­

w 
which is equivalent to the reactance of a mass of air of volume equal to that 
of the wire. The resistive part R of this impedance is too small to be 
included in this approximation when a is small. We can find the resistive 
part from Eq. (7.3.5) for the power radiated, for of course TI = RUJ, 

1T2W3pa4 C 
Zrad == -iw(1Ta2p) + 

2 a ~ - (7.3.6) 
2c w 

In the discussion of Eqs. ( I 0.1.9) and (I 0. 1.19) it will be shown, however, 
that a string of finite length behaves quite differently. 

Radiation from an element of a cylinder 

To solve more complicated problems, where the velocity of the surface 
~f. the cylinder is a less simple function of cf, than the preceding examples, 
ll ts convenient first to solve the problem where only a single line element on 
the s~rface of the cylinder does the vibrating. Suppose that the radial 
veloc1ty of the surface w = a is 

di:x di:x 
--< c/J <+ -2 2 

Uo = 

0 da di:x + - < 4> < 211' - -2 2 
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The Fourier-series expansion for this function of</, is 

U da [ 
00 

] Ua = - - ½ + L cos (m</>) e - 2,rivt 
7T m=l 

To fit this distribution of velocity at the surface, we choose a general sort of 
outgoing wave. 

co 

p = L Am COS (m</>)[J,,.(kw) + iN ,,.(kw)Je- 2
~•vt 

m = O 

The corresponding radial particle velocity at w = a is 

where 

l • op [A 0£0 • ~ A.,.E,.. • ] 
Ua = . - = - - e• 'lo + ,L, - - e•Ym COS (mq>) e- 2

1tM 
21Tl.VPo aw 2poC m - 1 pc 

d . 
2 - [Jo(µ) + iN0(µ)] = i£0e1

Yo 
dµ 

:µ [J,n(µ) + iN,,.(µ)] = iE,,.eiYm 

and where µ = ka. Therefore, using Eqs. (5 .2.20), 

m > 0 

J1(ka) = ½£0 sin Yo N1(ka) = -½£0 cos Yo 

l m+iCka) - Jm_1(ka) = 2E,,. sin Ym 

N,,._1(ka) - N,,.+1(ka) = 2Em cosy,,. 

Note the additional factor of 2 in £ 0, to anticipate the factor ½ in the sum 
form = 0. Limiting values of the amplitudes Em and phase angles Ym are 
given by the following approximate formulas: 

2rra 
when ka = - ~ m + ½ }. 

m > 0 
(7.3.7) 

when 

,_, m! (2-)m+l 
Em - 27T ks 

7Tm (ka)zm 
Ym c:= - (m!)2 2 

Values of some of the E's and y's are given in Table V. 
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To fit the expression for uw at w = a to the expression for the velocity 
of the cylinder ua, we must make 

pcU d<X . 
Am = - - - e-• ,m 

1rEm 

Since, at very large distances from the cylinder, 

✓2 i [kw2 (2m+ l)] 
J,n(kw) + iN,,,(kw) '.::'. -k e 4 

1T w 

we have the following expressions for the pressure, particle velocity, and 
intensity of sound at the point w, ef, (when w is a large number of wavelengths) 
and for the total power radiated by the element per unit length of cylinder: 

Uw '.::'. U d<X i ei~·< w-ct>"P(</>) p '.::'. pcu 

pc2(U d<X)2 ~ cos (mef,) cos (nef,) [ J. ( )] 
I=:'.----£. --- --- -cos y ,,. -yn + 2 1T m - n 

1r4vw .,.,.,.- o E,,.E,. 

(7.3.8) 

IT = pc2( U def,<X)2 (2 ~ _l_) 
• 3 £2 + £. £2 

71 'V O 111 = 1 m 

To find the intensity, we have, of course, multiplied the real parts of u"' and 
p together and averaged over time. The total power II per unit length of 

cylinder is the integral w J
0 

2
" / def,. 

Long- and short-wave limits 

When the wavelength is quite long compared with 21ra, we can use the 
second part of Eqs. (7.3.7) to compute the radiation. The largest values of 
1/£,,. are for m = 0, so that, to the first approximation, 

1p( ef,) ~ ~ e- ir./4 
✓ s; 

pva2 
I~ -(Ud1:t..)2 

4w 

2 
II ~ 7Tp;a (U d1:t..)2 

(7.3.9) 

A_t these low frequencies the sound radiates out with equal intensity in all 
~irections, and the amount radiated is small. The expression for intensity 
~s the same as that given in Eq. (7.3.4) for a uniformly expanding cylinder, 
tf we sub~titute for U0 in the earlier expression the average velocity U d1:t../ 21T 
of the surface. 
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Cylinder 

O< 
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X= l..rro 
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5 

FIGURE 7.5 
Power radiated and distribution-in-angle of 
intensity from a vibrating-line source set in 
a rigid cylinder, for different values of 
ka = 27ra/},_. 

Values of I and ff are plotted in Fig. 7.5. Polar curves of the intensity 
are shown for different values of ri = ka = 27Ta/ ?.., and a curve is given for JI 
as a function of 1/· We notice that at long wavelengths very little power is 
radiated, and the intensity has very little directionality. As the wavelength is 
decreased, more power is radiated and the intensity has more directionality; 
the cylinder begins to cast a "shadow," and a smaller proportion of the energy 
is sent out on the side of the cylinder opposite the radiating element. For 
very short waves the intensity is large and uniform from </> = -(7T/2) to 
</> = + ( 7T/2) and is zero from </> = 7T j2 to cp = 37T/2, in the shadow. In the 
intermediate range of 'Y/, where the wavelength is about the same size as a, 
interference effects are noticeable. The polar curve for ri = 3 shows that a 
fairly intense beam is sent out from the cylinder in a direction diametrically 
opposite to the position of the line source(</> = 180°). 

The general properties illustrated by this set of curves are characteristic 
of all wave motion when it strikes an obstacle. When the wavelength is large 
compared with the size of the obstacle, the wave pays hardly any attention to 
its presence. The first polar curve in Fig. 7.5 shows that for long waves the 
intensity is distributed in approximately the same manner as it would be if the 
line source were not in the side of a cylinder but were all by itself, radiating 
into free space. On the other hand, when the wavelength is very small 
compared with the size of the obstacle, the motion resembles the motion of 
particles, the waves traveling in straight lines and the obstacles casting sharp­
edged shadows. Light waves have this raylike property in most cases; 
geometrical optics is a valid approximation because the light waves are very 
much shorter than the size of most of the obstacles they encounter. 
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When the wavelength is about the same size as the obstacle, complicated 
. ference effects can sometimes occur, and the analysis of the behavior of inter . . 1 d the waves becomes quite 10vo ve • 

Radiation from a cylindrical source of general type 

If the line source is not at cf> = 0 on the surface of the cylinder but is at 
ef, = 0t, the pressure and velocity at large distances are, by Eqs. (7 .3.8), 

p-+ pc(Uo d«) 0., 1P(</> - 0t)eik< w-e t1 ✓;, 

the axis of the polar diagram being turned through an angle 0t. If several 
sources are distributed over the surface of the cylinder, each fo r a different 
value of 0t, the resulting radiated wave will be the sum of all the waves for the 
individual sources taken separately. This fact can be used to express the 
radiation from a cylinder whose surface vibrates with any arbitrary distri­
bution of velocity amplitude. l f the distribution is such that the surface at 
</> = 0t has the radial velocity U(0t)e- 2=i,t, the wave may be considered to be the 
result of an infinite seq uence of line sources, the one at </> = 0t having the 
velocity amplitude U(0t), etc. The pressure and radial velocity a t large 
distances are then obtained by integrating the expressions given above for a 
single line source: 

f 2• 
P '.:::'. pc eik(w-et) 1P(</> - «)U(0t) drx. 

V 0 
(7.3. 10) 

u '.:::'. 1... 
pc 

. . For instance, if a section of the cylinder between 0t = - cx0 and cx = + cx0 1s vibrating, so that U(cx) = U0 for -cx0 < (/. < a0, and is zero for the rest of 
the values of ex, then the pressure wave at large distances from the cylinder is 

Nhere we use the convention that [sin (moc0))/m = 0t0 when m = 0. 
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The intensity and total power radiated are 

l = 4pc2U02 I sin (nn0) sin (na0) cos (,mp) cos (11<p) 
7T

4vw ,,.,,, - o ninE,,,E,, 

x cos [r,,. - y,. + (m - n)i] 

(7.3.12) 

When the frequency is very small, so that A is much larger than a, the intensity 
and power radiated are 

''U • • Pva• -0( -
/ ->- 0 0 

w 

to the first approximation. T he expression for/ is quite similar to Eq. (7.3.4) 
for a uniformly expanding and contracting cylinder. Even though the 
velocity of the surface of the cylinder, in the present case, is not symmetrical 
about the axis, nevertheless, the radiation at very long wavelengths is sym­
metrical, behaving as though it came from a uniform cylindrical source whose 
velocity amplitude is U0rJ.0/7T (the average velocity amplitude of the actual 
surface). This is another example of the fact, mentioned above, that wave 
motion is insensitive to details smaller in size than the wavelength. 

The Green's function 

The Green's function of Eqs. (7.1.14) and (7.2.31) can also be expressed 
in cylindrical coordinates. To show this most easily we first obtain a Fourier 
transform of the Green's function in rectangular coordinates. The equation 
it must satisfy is 

( a
2 

+ ~ + a
2 

+ k2)g(J) = -o(x - Xo) o(y - Yo) o(z - zo) 
ax2 ay2 az2 

(7.3. 13) 

so the relation between g,0 (r I r0) and its transform GJK) is the three-dimen­
sional ex tension of Eq. ( 1.3 .16) (for x , y, z instead of t ) . 

where K is the vector with components K,,, Kv, K, and volume element 
do K = dK,, dKy c/K,; r is the vector(x,y,z) with volume element di•,. = dx dy dz. 
The transform of the term on the right of Eq . (7.3 .13) is - (27T)- 3e ; K·ro, an! 
the transform of the left-hand side is (k2 - K2)Gw(K), so that the Green s 
function is given by the triple Fourier integral 

JJ.Jexp [iK • {r0 - r)) 
g.,(r I ro) = (27T)- a K 2 - k2 dor..;: 
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• . the complex K plane goes above the pole at K = - k and below the pole at 

; :=:: +k in order that the wave may be an outgoing one. 
To convert this integral to one in cylindrical coordinates w, cf,, z, we first 

change to cylindrical coordinates µ, {3, K. in K space, where K,, = µ cos {3, 
K =µsi n {3, and K2 = K.2 + µ 2

• T hen dvK = dK, d/3µ dµ, K • r = 
~ cos ({3 - cf,) + zK:, and K • r0 = µw0 cos (/3 - cf,0) + z0K,. We first inte­

:rate over K;, using Eqs. ( l.2.15) to evaluate the integral in terms of the poles 
at K. = ± <1 = ± Vk2 - µ 2 (going around the pole at +<1 when z0 - z is 
positive and around the pole at -<1 when z - z0 is positive), so that 

g (r I ro) = - ~ r2

= d/3 r a, exp (iµwo cos ({3 - 'Po) "' 8n Jo J o 

- iµw cos ({3 - cf,)] µ dµ eialz- :ol 
(1 

Next we use the series expansion of Eq. (l.2.9) to convert the exponential 
into a pair of F ourier series. 

a, 

exp [- ] = L 1:,,.1:,Jm- n cos m(/3 - 'Po) COS n(/3 - cp)J m(µw0)Jn(µw) 

Integration over f3 removes all but the terms for which m = n; the final 
result is 

"' i€ i "' µ dµ g.,(r I r0) = L .....!!! cos m(cf, - cf,0) J ,,.(µw0)J,,.(µw) - e10 1r-zol (7.3.1 5) "' o 4n o <1 

where <1 = Vk2 - µ 2 when O < µ < k and equals iV µ 2 - k 2 when 
0 < k < µ. 

This expansion for the free-field Green's function in cylindrical coordi­
nates w, </,, z will be useful later in this chapter. When w0 = 0, this function 
~ust become the spherically symmetric function g,,,(r I 0) of Eq. (7.1.6). 
Since 10(0) = 1 and J ,nC0) = 0 for m > 0, the series reduces to 

eikr i i a, ·-- µ dµ g.,,(r I O) = - = _ J
0(µ w)e; 1:1 , k

1
- µ

2 
--;::=== 4nr 4n o y kz _ µ2 

(7.3.16) 

where of course r2 = 1r2 + z2 . Thus series (7.3.15) is identical with the function defined in Eq. (7.1.6) . 
. We shall return to other acoustical situations which require the use of cyltndrical coordinates, later in this chapter, and also in Chap. 9, when we 

take up the generation and transmission of sound inside a hollow cylinder. 
. Occasionally, we shall have use for the G reen's function in two dimen­sions, the solution of the equation 
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wh_ich _can also be considered to be the three-dimensional wave generated by a 
unit line source at x = x0, y = y0, - oo < z0 < + co: By changing to 

coordinates centered on the source and by methods paralleling the discussion 
of Eq. (7.1.14), we can see that the solution of 

_1 [~(wag)] + k 2g = o( W) 
w aw aw w 

which represents an outgoing wave, is 

i i 
g.,(x,y I x0y0) = - [Jo(k W) + iN0(kW)] = - HJ1>(k W) 

4 4 
(7.3.17) 

where W2 = (x - x0)2 + (y - y0)2. By using the Fourier transform it is 
then possible to show that this function can be expanded in the polar 
coordinates w, cf>. 

IV > Wo 

(7.3.18) 

where the function H/,~> is the outgoing-wave solution of the Bessel equation 
.(1.2.4). 

H(ll (z) = J (z) + iN (z)->-i- mE, e·iz 
,11, m m . 

7T/Z 

7.4 RADIATION AND REFLECTION FROM A PLANE SURFACE 

So far we have been considering the radiation of sound into an infinite 
medium , unbounded by any barriers. This is a rather unrealistic arrange• 
ment, though the computed results do approximate the sound field generated 
by aircraft or by a source in an anechoic chamber. The arrangements 
discussed in this section, sources in the presence of an infinite plane barrier, 
so that the medium is confined to one side of the plane, are somewhat more 
realistic. They will serve to introduce the subject of the effects of boundaries 
which generate, reflect, or absorb sound energy. 

Image sources 

Suppose the plane is perfectly rigid. Then the boundary condition at its 
surface is that the normal fluid velocity is zero there, and thus [by Eq . (6.2.7)) 
that the normal gradient of the pressure is zero at the su rface. This can moSt 

easily be accomplished by imagining that the boundary plane is replaced by a 
continuation of the medium into the region back of the boundary. Since the 
gradient of the field is still to be zero at the plane where the boundary had 
been, the field must be symmetric with respect to this plane ; its value on one 
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r 7.4 RADIATION AND REFLECTION FROM A PLANE SURFACE 367 r .· e of the plane should be the reflection of its value on the other side. Thus s1d y replace the effect of the boundary plane by a set of image sources, 
we m:trically placed with respect to the boundary plane, with both source and 
~y~mage radiating into unbounded space. O f course, only the region outside its am • h ct· d • • Th h boundary plane contains t e me 1um an carries acoustic energy. e 
t et of the field from the original source, which is inside the boundary, has 
par physical reality (as is the case with the wave in the bounded string of Fig. 
;;). Conversely, the portion of the wave from the image source, outside 

P. ' 
0 

FIGURE 7.6 
Angles and distances for the field at P from a source at P 0 and image, in the xy plane, at P

0'. 

the boundary, does have physical reality. It constitutes the reflected wave 
and carries the energy reflected from the boundary surface. 

For example, suppose the boundary s urface is the xy plane, with the 
m1:dium in the region z > 0. If the sou rce is a simple source at point P0 shown in Fig. 7.6, located by vector r0 from the origin, the image source will 
a~so be a simple source, of equa l strength and phase, at point P~, a vertical 
distance 2:0 below P0, located by vector r~. The acoustic pressure at P, 
located by vector r, above the xy plane, for a simple-harmonic source, is then 

- ipckS (-'- e1~·u + - 1
- e•~·R' )e_,.,,,, 

<U 47T R 4,, R' (7.4.1) 

Th~s represents, in the region : > 0, the original wave plus a reflected wave, 
Which automatically satisfies the boundary conditions at z = 0. Along the 
~ndary. surface, R' = R and the pressure is just twice what it would have 

n if the boundary had not been present. 
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At distances R from the source, which are much la rger than the source 
is from the origin (i.e., for R ► r

0
), the two waves com bine to form what 

appears to be a single nonsimple source at the origin. To see this we note 
that when r ► r0 , 

R = Ir - r0 1 c:= r - (~) • r0 = r - r0 cos '1/J 

and R' c:= r + 2z0 cos {} - r0 cos v1 

Thus, neglecting higher-order terms in the small quantity r0/r, the pressure 
field at r is 

ipck 
p -:::::. - - S"' cos (kz0 cos •{)) exp [ik(r - r0 cos '1/J + z0 cos,{}) - iwt] 

2nr 
(7.4.2) 

If kz0 and kr0 ~ 1, that is, if the source is considerably less than a wavelength 
above the boundary surface, the far field is very weakly dependent on{} or 1/1, 
thus resembling the far field from a simple source, at the origin, of strength 
2S"'. The effective strength is doubled because the reflected wave adds to the 
initial wave in this case; the source and image are close enough together to be 
considered as a single source of double strength. On the other hand, when 
kz0 = ½n, when the source is a quarter wavelength above the surface, the 
source and its image are a half wavelength apart, and there is destructive 
interference between the two waves. Directly above the source ({}= 0), the 
interference is complete and the far-field pressure is zero; near the surface 
(,{} = ½7T), the source and image still add together. Thus the effect of 
reflection, when z0 > I /k, is to provide the radiated pressure wave with 
interference bands. 

Comparison with Eq. (7.1.6) indicates that the appropriate Green's 
function for a rigid boundary at the xy plane is 

(7.4.3) 

where r0 = (x
0

,y
0

,z
0

) and r~ = (x
0

, y
0

,-z
0

). 

If the source at P
0 

is a dipole of strength Dw, inclined at the angles ~• 
cp with respect to the axes related to the boundary plane, the mirror image ~ill 
have the same x and y components as the source, but will have a D, opposite 
in sign from that of the source. Therefore the field is 

p = - ikpcD,., • [grad0 g"'(r I r0) + grad0 g,u(r I r~)Je-iwt 

c:= - k 2 pc [ (: Dx + ~ Du) cos (kz0 cos 0) 
27Tl' ,. ,. 
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1 
t expression being the far field, for r ► r

0
• T he source and its image the as mbine at large distances and for long wavelengths, into a dipole of thus co • . nents 2Dr and 2D~, parallel to the xy plane, plus an axial quadrupole, co~ptoed alono the z axis, of strength Q,. = z0 D. . As kz0 is increased, onen -' . . . "erence between the waves from the horizontal and vertical components mwr1 1 

• 
• appears. At no ume does the far field appear to be that from a single 

isolated dipole (except when z0 = 0). 

The Green's function 

It might be well to examine more carefully the reasons for our choice of 
the Green's function of Eq . (7.4.3). It is, of course, to be inserted in Eq. 
(7.l.17) to compute the radiation in the presence of a rigid boundary in the 
xy plane. The boundary condition in this case is that ap/an0 is zero at 
zo = o. T he reason we choose G,.., to satisfy the same boundary condition is 
that, if this is done, the surface integral of Eq. (7.1.17) vanishes and the pressure 
wave in the medium (z > 0) is 

p,o(r) =ff f J,..,(ro)G,,,(r I r0) dv
0 (7.4.5) 

where J,,, is the source function in the region outside the boundary surface. 
The difference between this solution and that of Eq. (7.1. 18), for the un­
bounded medium, is that function G,,,, in contrast to g,,,, contains a term representing the wave reflected from the boundary plane. 

As we have already shown under the preceding heading, the term to add 
to g.,(r l r0) to make oG,.,/on = 0 at z = 0 is one containing a wave from a n image source, g,,,(r I r~). Since the image part comes from a source inside the 
surface, this term is a solution of the homogeneous wave equation 
(V2 + k 2)l, = 0 everywhere outside the surface, in the medium. Thus, when the rigid boundary is the xy plane, 

G (r I r )= _ 1_ e •"R + _I_ e ikR' 
'" 

0 47TR 47TR' 
(7.4.6) 

where 

and 
R = [(x - x 0)2 + (y - y 0) 2 + (z - z0) 2]! 

R' = [(x - x0) 2 + (y - y 0)2 + (z + z0)2]½ 
The geometry of this function is shown in Fig. 7.6. The fi rst term is the ~ressure at point P, r = (x,y,z), caused by a unit source at P

0

, r0 = (x
0

,y
0

,z
0

), 

~n the ~bsence of a boundary. The second term is the pressure a t P, caused iti an •mage source at P~, r~ = (x0,y0 , - z0), outside the limits of the medium. 
1 

~ fi~st term has a singularity at r = r0, but the second term has no si ngu­anty •n the region z > 0, occupied by the medium. This second term, of :ourse, ~ep~esents the wave reflected by the rigid boundary at z = 0. Func-L. on G. sausfies Eq. (7.1.14) when , and,, ace both positive. 
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lt will occasionally be convenient to write this Green's function in other 
forms , related to those of Eqs. (7.3.14) and (7.3.15) for g,0 • For example, the 
Fourier integral expression for Gw of Eq. (7.4.6) is 

co 

G,o(x,y,z I x
0
,y

0
,z

0
) = 

4
~

3 

JJJ exp [iK:i,(x
0 

- x) + iKv(y0 - y) + iK.z] 
- c:o 

cos (K.z0) dKx dKv dK. (
7 

X Kx2 + K,/ + K/ - k2 .4.7) 

It can also be expressed in terms of cylindrical coordinates w, cp, z, with the 
cylindrical axis perpendicular to the boundary plane. 

co ie,,j f «> . µ dµ {ei"zo cos (Kz) 
Gw = L - cos m(cp - cp

0

) J.,,.(µw)J.,,.(µw0) - i><t ( ) (7.4.8) 
m • O 27T O K e cos KZo 

where K 2 = k2 - µ2, and the upper term after the brace is used when 
0 < z < z0 and the lower term is used when O < z0 < z. This is to be 
compared with the integral of Eq. (7.3.15). 

The effect of boundary impedance 

If the boundary surface at z = 0 is not perfectly rigid, but is still passive, 
yielding somewhat to the incident acoustic pressure, the reflected wave is 
modified, so that the image term of Eq. (7.4.6) must be modified. If the 
surface is one oflocal reaction (see page 260), the formulas of Eqs. (6.3.5) and 
(6.3.6), relating the reflected wave to the acoustic impedance z(w) = p/u,. 
of the surface, may be used to find the reflected wave. The most convenient 
form to use is the Fourier integral of Eq. (7.3.14). The integrand of this 
expression represents a plane wave which strikes the surface z = 0 at an 
angle of incidence cos- 1 (K./K). Using Eq. (6.3.7), we see that the presence 
of the plane surface of impedance z( w) at z = 0 introduces an extra term into 
the integrand, corresponding to a reflected wave 

exp [iKx(x0 - x) + iKv(y0 - y) + iKz(z0 + z)] 
with a factor 

Cr = (K,/K) - [pc/z(w)] 
(K./ K) + [pc/z(w)] 

to take into account the change of phase and amplitude on reflection. 
In the discussion of this and succeeding chapters it will be convenient to 

deal with the acoustic admittance of the surface, the reciprocal of the 
impedance. We define the dimensionless parameter, the specific admittance 
of the surface, by 

pc . /3 = - = ~ - ,a 
z(w) 

R 
t = pc R 2 + x2 

z( w) = f!... = R - i X 
Un 

X 
(7.4.9) 

a = -pc R2 + x2 
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The parameter ~ is the acoustic conductance of the surface, in units of the 
characteristic admittance I/ pc of the medium ; a is the corresponding sus­
ceptance. lf the wall is perfectly rigid, /J = 0, C, = I, and the integral 
reduces to that of Eq. (7.4.7). If the wall is quite soft, fJ is large, and the 
integral differs appreciably from that of Eq. (7.4.7). 

"Assuming that /3 is uniform over the whole boundary surface z = 0, we 
can transform the Fourier integral into one in the cylindrical coordinates 
II', </>,:: [a natural extension of Eq. (7.4.8)], 

(7.4.10) 

which will be of use later in this section. 
An exact representation of this Green's function in the form of Eq. (7.4.6) 

cannot be obtained, but a very good approximation, valid as long as the 
measurement point P is not closer than a half wavelength to the boundary 
surface, is 

eiklt cos {)' - (3 eikR' 
G ,._,- +----"' - {)' /3 I 4,, R cos + 4,, R 

(7.4. 11 ) 

where the quantities involved are defined in Fig. 7.6. To this approximation 
there is an image at the point P~ (as with the rigid boundary), but the wave it 
radiates has an amplitude which depends on the angle{}' which the line R' 
makes with the z axis, normal to the boundary. The physical significance of 
the dependence is easily seen if we realize that the ray of acoustic radiation 
which reaches the measurement point P from the source point P0, by 
reflection, strikes the reflecting surface at Q at an angle{}' of incidence and 
reflection. Th us, according to Eq . (6.3.S}, its reflection factor C, should be 
the one given in Eq. (7.4. 11 ). The wave which goes directly from P0 to P 
without reflection, given by the first term , is independent of the inclination of 
R ; the reflected wave, given by the second term, depends on the angle of 
reflection. 

From these expressions, by methods which are by now familiar, we can 
compute the radiation from a multipole source in the presence of a plane 
surface of specific admillance (1. For example, the counterpart to Eq. (7.4.2), 
for the far field from a si mple-harmonic, simple source of strength S.,,, is 

p '.::::'. _ ipck S cos O cos (k::0 cos 0) - i~ sin (k::0 cos 0) 
2TTr w COS O ..l- fJ 

X exp [ik(r - r0 cos 1/' - ::0 cos{}) - iwr] (7.4.12) 
Which reduces to that of Eq. (7.4.2) when iJ = 0. A parallel formula can be 
worked out for a dipole source, the generalization of Eq. (7.4.4). 
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Boundary effects on multipole impedances 

To calculate the effects of the boundary on the radiation load of a 
multi pole source, we must compute the distortion of the near field produced 
by the boundary. For ease of computation, let us place the origin at the 
center of the radiating multipole. T he boundary surface, of specific acoustic 
admittance {J, is then the plane z = - z0, and the image source is at z = - 2z0. 

Using the expansion of the Green's function in spherical harmonics, given in 
Eq. (7.2.31), we have 

ik [ 
00 

] G,., = - ho(kr) + C, 2 (- 1)"'(2m + l)P111(cos ·0')J ,,.(kr)hm(2kz0) 
41r m= O 

(7.4. 13) 

where we have assumed that r < 2z0• For the case under consideration, 
actually, r is considerably smaller than z0, so that the cos ,{}' in the fqrmula for 
C, differs from unity only in terms of the second order in r/z0. Therefore, 
to compute pressures and velocities at the surface of the sphere r = a, we can 
consider C, to be the constant 

I - {3 z(w) - pc 
C,...._, -- = ----

, - I + /3 z(w) + pc 

A si mple source at the origin would produce a pressure wave 
- ikpcSwGwe- 1'"1. The integral of the pressure over the surface of the small 
sphere r = a, just outside the source, the driving force for the source, is 

[ 
. sin (ka) e2 ik•o] 

F = - ipckaS e'"0 + C ----- e-iwt 8 "' ,. k 2z
0 

ka->-O 

where we have substituted from Eqs. (7.2.9) and (7.2.11) for the various 
spherical Bessel functions, and we have taken advantage of the fact that the 
integral over the sphere of P ,,.(cos ·{}) is zero except form = 0. Comparison 
with Eq. (7.1.11) shows that the presence o( the boundary has distorted the 
near field. As long as ka is small , the distortion is not large, however. The 

d• I I . 1 op . 1 h • • b • ra ta ve oc,ty -. - - at r = a 1s a so somew at no01sotrop1c, ut its mean 
rkpc or 

value is 

U Sw ( I - ika -l- J3 C,k2a2 .::_ e2 lk=o )e-iw t .----4 ., ' 2 
1ra· ::0 

the distorting effect being smaller by a factor k 2a2 than the correction term 
for the pressure. 
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Therefore the mechanical impedance of a simple source a distance z0 away from a plane wall of acoustic impedance pc/(3 is [see Eq . (7.1.11 )] 

z = - iwp(47Ta3){l + ...!!._ [R, cos (2kz0) - X, sin (2kz0)]} s 2z0 

+ pc(41ra2)(ka)2
{ 1 + 

2
;zo [R, sin (2kz0) + X, cos (2kz0)]} 

where 
R,. = Re C, _,,. I - 2~ 

2 

.!i 1 
Ro 

FIGURE 7.7 

Horizontal dipole 

2 

X = fm C -► 2a r r 

4 

Ratio of effective radiation resistan~e R. for a mult ipole of 
frequency w/2rr = kc/2.,,., a distance z0 above a rigid plane, to 
the effective radiation resistance R0 In the absence of the plane. 

1/31 ~ 1 

The wall correction to the mechanical reactance is small because a/z0 is 
small; this correction can usually be neglected. But the correction to the 
small resistive term is proportionally larger and, if /J _,,. 0, can be equal to the 
resistive term itself. In fact, for a rigid walJ (/3 = 0), the impedance becomes 

[ 
sin (2kz0)] Z , ~ - iwp(4rra3) + pc(47Ta2)(ka)2 1 + 

2
kzo (7.4.1 4) 

The real part of this impedance is a measure of the power radiated by the 
monopole. We note that when kz0 = 27Tz0j), is small (either the source is 
close to the wall or the wavelength is long), this resistive term is twice that 
for a source in an unbounded medium. At these long wavelengths the image 
source reinforces the primary source. As kz0 is increased, the factor in 
brackets approaches I in an osci llatory manner, as shown in Fig. 7.7. For 
). -► 0 the source radiates as though the boundary were not present. 
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To find the corresponding change in the dipole impedance we need to 

compute grad0 G,.,, but in Eq. (7 .4. 13) we have removed the r0 coordinates by 

placing the origin at the so urce point. However, since R = r - r0 in the 

first term, we can set grad 0 equal to - grad ; in the second term we remove the 

subscript zero by changing the sign of the x and y derivatives but keeping 

o/oz0 = o/oz. This, tog1; ther with Eqs. (7.2.32) (which hold for Hankel as 

well as Bessel functions). results in 

+ Du( Y;;;:.1,1im- 1 + Y;;;~ 1.1i,,.+1) 

+ D:[m y m-1.oim- 1 - (m + I) Y,,.+1,ojm+1n) e - i<» I 

where the spherical harmonics Y a re functions of the spherical angles{}, <p of 

the radius vector r, and the Bessel functions j a re functions of kr. 

Both direction and magnitude of the net force on the dipole a re modified 

by the presence of the boundary surface. If the components of the dipole 

would be Dx, D~, D. if the plane were not present, the components in the 

presence of the plane are I + ½k3a3(h0 + h2) times D~ and Dv and I + 
¼k3a3(- h0 + 2/,2) times D,, where the Hankel functions are functions of 

2kz0. If the direction angles of the undistorted dipole are 0, cf,, so that 

D~ = D0, sin O cos cf,, D11 = D,,, sin O sin cf,, and D, = D,,, cos 0, the magni­

tude of the driving force is 

F,1 = - ½ik pcD,,,{( I - ika)eika - }ik3a 3[(h0 - ½h2) cos 20 t-- ½h2 ]}e-iwt 

for the case f3 = 0 (C, = I), and the radial fluid velocity in the dipole direc­

tion is 
D . 

U,1 = 
2 

'\ {( I - ika - kk2a2)ell·n + iik3a-1[(/r0 - ~/,2) cos 20 + ~h2]}e- •"'' 

-:ra 

The ratio between these is the effective mechanical impedance of the dipole 

in the presence of the rigid wall. As with the monopole source, the effect 

on the reactive term is negligible, but the effect of the presence of the wall 

on the resistive term is of the same order in ka as is the unmodified term. 

This part of the correction term involves the real part of the Hankel functions 

[Eq. (7.2.1 O)], so that, for C, = I, 

211a3 

Za '.::::: - i<op -3- (I + 1k2a2) 

k4a4 
+ pc(411a2) 12 {I + Uh(2kz0)-io(2kz0))cos20 + ¾h(2kz0)} (7.4. 15) 
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is the effective impedance of a dipole placed a distance z0 from a rigid plane 
wall and inclined at angle O to its normal. The modification required for a 
nonrigid wall is not difficult and will be left for a problem. 

We see that the interference effects, in the resistance term, caused by 
the presence of the wall , depend on the orientation of the dipole. J f the 
dipole is vertical (0 = 0 or 77), the image dipole is opposed and long-wave­
length interference is destructive; the factor in braces goes to zero for kz0 --+ 0. 
on~the other hand, if the dipole is parallel to the wall, the interference is 
constructive: the factor goes to 2 as kz0 -► 0. The behavior of this factor, 
and that for the monopole, are shown in Fig. 7.7. 

Radiation from the boundary 

Sound waves in the bounded medium can also be produced by motion 
of the boundary surface itself, the energy entering the medium from some 
area of its surface. With a plane rigid boundary at z = 0, some portion of 
the plane may be moving in the z direction. If the motion is simple-harmonic 
u, = u.,e- ;••1, the boundary condition in this area is that the normal gradient 
of the pressure is ikpcuw(x,y)e- iwl , whereas, for the rest of the plane, op/oz 
is zero. 

An obvious means of finding the pressure field is to apply the Green's 
function of Eq . (7.1.17) again, this time using the surface integral; since 
there is no sound source within the medium, the volume integral is zero. 
The surface integral involves both p and its outward-pointing normal 
gradient (that is, - op/ oz) at z = 0, but our description of the physical 
situation has specified only the normal gradient. However, if we use the 
Green's function of Eqs. (7.4.6) to (7.4.8), which has been adj usted so that 
its normal gradient is zero at i = 0, the resulting surface integral then only 
includes the specified normal gradient of p, and we have 

p 00(x,y,z) = - ikpc JI u.,(x0,y0)G,.(x,y,z I x0,y0,0) dx0 cly0 

= - 2ikpc J J uw(x0,y0)gw(x,y,z I x 0,y 0,0) dx0 dy0 (7.4. l 6) 

since, at:; = 0, R' = R, and thus G,0 = 2g"'. 
Each moving element of area of the plane boundary acts like a simple 

source of t1rice the strength u,,, dx0 dy 0 it would have if the rest of the boundary 
were not there. The reason is that this element radiates only into the half 
space: > 0: the source and its image have coalesced to form a source of 
double strength. 

1 f the boundary plane, at z = 0, is not completely rigid, but reacts to 
an incident pressure wave with point impedance z(c,,) = pc/{3, then every 
portion of the plane is moving, and we must devise a more sophisticated 
method of distinguishing the active regions of the boundary, where energy 
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is fed into the medium, from the passive areas. For the passive areas the 
relationship between p and its normal derivative follows the definition of 

the acoustic impedance, - Uz = - -. -1- aap = ../!__ p, at z = 0. For the active 
1kpc z pc 

regions the normal fluid velocity, plus (/3/ pc)p, at z = 0, must differ from 
zero; we shall call this difference the driving i,efocity u.,, 

( 
/3 ) ( I op fJ ) • u + - p = -- - + - p = u e-•wt 

• pc z=o ik pc oz pc ,=o '
0 (7.4.1 7) 

To simplify the form of the surface integral of Eq. (7.1. 17), we choose a 
Green's function such that oG,.foz0 = - ik/3G... For then the surface 
integral over the passive area of the boundary is zero, and the integral over 
the active area is, with o/on0 = - o/oz0 , 

= - f J (!: + ikf3Pw )c,0 dx0 dyo 

= -ikpc f J u,ix0,y 0)Gw(x,y,z I x 0,y0,0) dx0 dy0 (7.4.18) 

which has the same form as before. But now the Green's function, satisfying 
these requirements at z = 0, is the one we already wrote down in Eqs. (7.4.10) 
and (7.4.11) for reflection from a plane surface of impedance pc/f3. The 
equation for the pressure wave, in cylindrical and spherical coordinates, is 

(7.4.19) 

where K

2 = k 2 

- µ2, R 2 = (x - x
0

)2 + (y - y0)2 + z2

, and cos -f}' = z/ R. 
The integral is, of course, over the active area A of the boundary, which is 
assumed to be confined within a ci rcle of radius a about the origin. When 
f3 = 0 the boundary is rigid and the formu las reduce to those of Eq. (7.4.16). 
When f3 > 0 the second expression is not accurate for the near field, but is 
valid for the far field. 
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The far field 

When the distance r, from the source region on the bo1.. :1dary, is much 
Jarger than a, the radius of the circle enclosing the source area, the last 
integral expression of Eq. (7 .4.19) can be further simplified. Neglecting 
terms of order a/r and smaller, we have cos ,{}' c::: cos {} = z/r. 

R c::: r - (x0 cos <p + Yo sin <p) sin{} 

where tan <p = y/x. Therefore 

- ~ -
R r 

COS {} e i kr ff . 
P (r) c::: - ikpc ---- -- u (x ,y )e-;k·wo ""' /J dx dv 

W f3 + COS {} 2TTI" W O O O J 0 

where vector w0 lies in the xy plane, having components x0, y0 ; and vector k 
points a long r, having components k,, = k cos <p sin •{}, kv = k sin <p sin{}, 
k, = k cos,{}_ 

This is a very interesting formula, for it shows that the angular distribu­
tion of the far field is proportional to the two-dimensional Fourier transform 
of the distribution of driving velocity in the active region A of the boundary 
plane. By analogy with Eqs. (1.3.16), we define 

co 

U (K K) = -
1-ff u (x y )e- iK: xo- iK "1/o dx dv 

W 'X' 11 4TT2 w 0• 0 0 J 0 

-<J> 

"' (7.4.20) 

U (x y) =ff U (K K )eil(,.xo+il,.uo dK dK w o, 0 (t) x, JI ::c • 11 

- CO . 

In terms of this F ourier transform, the far fie ld can be written in the par­
ticularly simple form 

ea·r 

p.,(r) '.:::'. - ik pc -fw({},<p) 
4m· 

r (ff ) 8TT
2 

cos ·& ( . {} k • . .o.) Jw ,<p = /3 0- Uw k cos <p SIil , ' SIil <p sin ·v + cos 
(7.4.21) 

where k = w/c. The angle-distribution factor J;u(O·,<p) measures the relative 
amplitude of the acoustic radiation in the direction ·&, <p from the center of 
the active a rea of the boundary, at great distances from this area. lt is the 
strength of the radiation in the direction ff, <p from the radiating area, 
measured in equivalent simple-source strengths. 

The formula is useful in a number of ways. For example, for wave­
lengths long enough so that ka ~ I, U(K,,,Kv) '.:::'. (A,/4TT2)(uw) , where A, is 
the area of the active portion of the boundary and (uw) is the mean value of 
the driving velocity of that portion. We can write A,(u,,,) = S"' as the strength 
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of the simple source equivalent to the active region and write 

2 cos{) 
fw(/},<p) c:::; R {) Sw ,., + cos 

ka <,;; l 

When /J <,;; I the angle-distribution function fc., is practically independent of • 
{), until {} is close enough to ½77 so that cos f} = I/JI; from that value to 
{} = }77 it drops rapidly to zero. Thus, for a hard, but not perfectly rigid, 
wall, a low-frequency wave spreads out isotropically from the radiating area, 
except for angles closer than about I.Bl radians to the grazing angle }77. That 
part of the wave which stays close to the boundary is absorbed by the 
boundary, unless it is perfectly rigid. 

Another way of looking at Eq. (7.4.21) is afforded by rotating the 
coordinate axes on the surface from x0, y0 to X 0 , Y0 , where x0 = X0 cos <p -
Y0 sin cp and y0 = X0 sin <p + Y0 cos <p; so that the X0 ax.is is the intersection 
of the rz plane with the xy plane, and the Y0 axis is in the xy plane, perpen­
dicular to the rz plane. We then see that 

Uw(k cos <p sin ,{), k sin <p sin{}) = 
4

~
2 
J e-ikXosin 

II dX0 J u.,(X0, Y0) d Y0 

(7.4.22) 

is the one-dimensional Fourier transform, in the X0 direction, of the average 
u

9

,(w,X
0

) = ( 1/277)f u'w(X
0

, Y0) d Y
0 

of the velocity u"'(X
0

, Y0) in the Y0 direction. 
This quantity uq,(w,X

0

) is a function of but one surface coordinate, X
0

, the 
distance in the direction of the measurement point (i.e., along the rz plane); 
it is also a function of <p, the direction of the rz plane, and of the frequency 
w/27T. 

From this expression we can go on to find the far field from a region of 
the boundary which is moving with a normal velocity u,(x,y,t), an arbitrary 
function of x, y and of time t. We first note that the u.,(x,y) of Eqs. (7.4.20) 
and (7.4.22) is the time-dimension Fourier transform of u,(x,y,t); next we 
note [Eq . (2.3.5)1 that - iwu"'(x,y) is the Fourier transform of ou,./ot. Thus 
the pressure field at the point r = (r,&,<p) (when r-. oo) is the inverse 
transform of Pw of Eq. (7.4.21). 

p(r,t) c:::; ....f_ f "' fw({),<p) exp [·-ico(, - ~)] dw 
477r -!:O C 

This integral is tedious to compute if the boundary admittance fJ is strongly 
dependent on w. 

But if /3 can be considered to be constant over the range of w for which 
fw is nonnegligible, the far field from an arbitrary velocity distribution 
u.(x,y,t) of the boundary can be expressed in simple form. First we rotate 
coordinate axes to the X0 , Y0 just defined, expressing u, in these coordinates 
as u,(X0 , Y0 ,t). Then, from the definitions (1.3.16) of the Fourier transform, 



Page 401 of 933

7.4 RADIATION AND REFLECTION FROM A PLANE SURFACE 379 

we have 

p cos l} J '° - i••(t-~) J 00 .< .1 > ,. • {) (r,t) ~ - - --- -icoe c dw e'· w c ·'05to dX0 P 2m· fJ + cos {} -oo -oo 

Joo ] J oo 
X dY0 - ei'"'u(X0, Y0,T) dT 

- <O 27T - <O 

p cos '19- o [f f ( . 1 . r)] = - f:J {} 3""" dX0 d Y0 u X0, Y0, t + - X0 sm ·{} - -
2r.r + cos · ut c c 

(7.4.23) 

This result demonstrates several properties of the far field. First, the 
field depends on an appropriate summation of the normal accelerations of 
the various portions of the active area of the boundary surface. Second, 
the contribution to the pressure at r at time t, from the line X0, -oo < 
Y0 < oo, depends on the normal accelerations along this line at time 
t + (1/c)X0 sin ·t> - (rfc), a time (rfc) - (X0/c) sin{} earlier, this being the 
time required for the wave to travel from the line to the point r. The 
dependence of p(r,t) on <pis inherent in the choice of the coordinates X0, Y0 ; 

its dependence on {) comes from the (X0/c) sin{} term, and also from the 
boundary-admittance term outside the integral (for example, see Fig. 7.10). 
A typical modification of this result, when (3 depends strongly on w, is given 
as a problem. 

Since, for the far field, p ~ pcu~, the intensity of the acoustic radiation 
at great distances from the active area is all radial, with time-averaged 
magnitude (lpl 2/ pc). 

Far field from a randomly vibrating area 

The formulas derived in the last subsection can be used to compute the 
mean intensity at r, {}, <p produced by an area A of the boundary which is 
vibrating with a random distribution of velocity. Motion of this sort could 
be caused by the impinging of turbulent air on the surface, or it could be 
that a portion of the boundary is attached to some vibrating machinery. If 
we consider the velocity distribution u,(x,y,t) of the active area as a function 
of position as well as of time, u, can be described either in terms of its auto­
correlation function Y or its spectrum density I U.,12, where 

Y(f,?J,T) = AlT ff f u:(x,y,t)u,(x + t y + 'Y/, t + T) dx dy dt 

' 
U.,(K..,Kv) = 8~3 ff f u,(x,y,t)eirot-iK%z-iK ,v dx dy dt 

(7.4.24) 

:Where the integration in x, y is over the active area A; in t , is over the long 
interval of time T. As we have seen, a simple extension of Eq. ( 1.3.20) 
shows that the space-time spectrum level 1Uwl2 is the Fourier transform of 
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the autocorrelation function: 
a) 

I V..,(K:,:,K,,)12 = ~:
6 
J J J Y(e,17;r)e1"'r- iKz~- u, •'1 d; d17 dT (7.4.25) 

-a) 

However, we have already encountered the velocity transform U"' in 

the expression (7.4.21) for the far field. In fact, the time-averaged intensity 

for the radia tion of frequency w/2rr, at large distances from the radiating 

area, 
lpl2 pc 41T2k 2 cos2 ·{} 

I r(w) .- - :::: 2 l/3( ) 0121 V"'(k sin {} cos <p, k sin{} sin g;) l2 

pc r w + cos 
(7.4.26) 

is proportional to the spectrum density, and so can be expressed in terms of 

the threefold autocorrelation function of the surface velocity. The total 

intensity at r, fJ, cp, averaged over the time interval T, is 2TT/T times the 

integral of /r(w) over w, in accord with Eq. (1.3.19). 

If the motion of the active area is completely random, we should expect 

that the autocorrelation function Y falls off smoothly as T, e, or 17 is made 

larger than zero; so that a reasonable assumption for its form would be 

Y (e,17,T) = I U012 exp [ -
2

1 ~ (;2 + 1]2) - ½(WnT)2] 
Ille" 

(7.4.27) 

where I U0l2 is the mean-square velocity of the active area, averaged over 

time interval T and area A ; we is the correlation distance along the surface, 

as in Eq. (7.2.29); and 1/w ,. is the correlation time interval, as in Eq. (2.3.13). 

Therefore w.,,/2rr is the upper frequency limit of the power spectrum, below 

which a ll frequencies a re represented and above which I V..,1 2 drops rapidly 

to zero. 
lfthis is a good approximation for Y, the correspondi ng power spectrum 

IS 

( ) AT( )- i w
2
w,2 I U0 l

2 
cos

2 fJ [ I ( wwc)
2 

• ., _0 I ( w )
2
] 

I , w :::= pc- 27T O - - - - - - exp - - - srn· v - - -
r2 C2W 11 1/J + COS •012 2 l' 2 Wn 

T o find the total intensity at r we must integrate this over w and multiply 

by 2rr/T. T he integrand has a maximum at w = V2 w,.( l + k ,.2wc 2 sin2 or½, 

where k,. = w,,/c = 2rr/J.,,, 2,, being the lower limit of wavelength in the 

power spectrum. lf {J(w), the specific acoustic admittance of the boundary 

surface, does not change much with w near this maximal frequency, then /3 
can be taken outside the integral, and 

/ r = 27T f "" I dw ,.._, c ~ I U0 1
2 

cos
2 

{} (k,,wr)
2 

,( ) T -«> ,(w) - p 2rrr2 lf3 + cos 01 2 [l + (k,.w,)2 sin2 -OJ½ 
(7.4.28) 

where fJ is evaluated at w = V2 wu( l + k /w.2 sin2 {}rt. 
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This is an interesting, and fairly simple, formula . The mean intensity 
it r is proportional to pc, the characteristic impedance of the medium, times 
Uol 2, the mean-square velocity of the active area, times the ratio between the 
Hea A which is active and the area of the half sphere of radius r which is in 
the medium, times an angle-distribution factor, which depends in part on the 
ratio between the spatial-correlation length we and the wavelength .i\ ,, of 
the cutoff frequency of the power spectrum, and in part on the admittance of the 
boundary surface. Jfthe motion is caused by turbulence of the medium close 
to the surface, then knwc is of the order of unity; if the motion is caused by 
vibrations transmitted through a stiff boundary wall, then k ,.wc may be 
larger than unity. In the latter case the intensity bas a fairly strong prefer­
ence for the normal direction, -{} = 0. 1 f the wall is stiff, so that /3 is small, 
the factor involving /3 is nearly unity, except for near-grazing directions, 
{} - ½7T. 

Radiation from a circu lar piston 

As an interesting example of the radiation from a moving portion of a 
plane boundary, we shall compute the far field from a circular piston of 
radius a, set in the boundary plane z = 0. This is, of course, a special case 
of the formulas we have been examining in this section; it is worth carrying 
through in detail because of its practical interest. A cone loudspeaker, set 
in a plane baffle, radiates sound roughly like a plane piston set in a plane 
baffle of infinite extent. We shall take as our model the case where its normal 
velocity is u.,e- i"' ' inside a circle of radius a, centered at the origin, and is zero 
over the rest of the plane z = 0 [if the surface has admittance /3, the difference 
u, + (fl/ pc)p at the surface is u.,e-iwt for r < a]. 

Returning to Eq. (7.4.21), changing from coordinates x0 , Yo to polar 
coordinates w0 , cp0 in the integral for U.,, we find, using Eqs. ( l.3.11 ) and 
(5.2.21 ), 

eik r cos f) l 2" l (I 

o.,,(r) ~ - ikpc - /3 {) Uw dcp0 w0 dwo 
2m· + cos o o 

x exp [- ikw0 cos (c/>0 - cp) sin{)] 

e ikr 

= - ikpc - fw({)) 
47TI' 

r _ 
2 2 [2Ji(ka sin {}) cos{) ] 

J<o - Uw7TO .<l ka sin {) {3 + cos 11 

(7.4.29) 

The equivalent strength in direction {} is thus equal to twice the total outflow 
amplitude 7T02uw times the factor in brackets, which is nearly unity at ·{} = 0, 
when fJ ~ I. 

The corresponding intensity at r is 

l ,.._, lpl2 
_ J I 

12 
k 2 2 ( ~)

2 
cos2 

{} [2J1(ka sin &)] 2 

r - - 4 pc u,., a 
pc r IP + cos {}12 ka sin {} 

(7.4.30) 
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Values of [2J1(x)/ x] can be obtained from Table lX. It is unity when x 
is zero, remains nearly unity until x is about 7T/2, goes to zero at x about 
1.27T, falls to about - 0.13 at x about I. 77T, goes to zero again at x about 
2.27T, and so on, having a sequence of maxima and minima which diminishes 
111 size. 

When the wavelength A of the sound radiated is longer than the circum. 
ference 27Ta of the piston, the value of µ sin l) is less than 7T/2 even for 

_,__,_ __ - - . 

FIGURE 7.8 
Polar diagrams of distribution-in-angle of radiated intensity 
from a piston set in a plane wall, for different ratios between 
the wavelength ). and the radius of the piston o. In the 
curve for ). = a, the small loops at the side are diffraction 
rings. 

{} = 90° (i.e., even along the wall), and the term in brackets is practically 
unity for all values of ·0-. Therefore long-wavelength sound spreads out 
uniformly in all directions from the piston , with an intensity four times that 
due to a simple source of strength 7Ta2u0 . If the wall were not present and the 
"piston" were the open end of a pipe, this end would act like a simple source 
of strength 7TG2u 0 for long wavelengths, so that the wall, or baffle plate, 
produces a fourfold increase in intensity. The sound reflected from the 
baffle reinforces the sound radiated outward, thereby doubling the amplitude 
of the wave, and thus quadrupling the intensity, which depends on the square 
of the amplitude. Of course, to have the baffle give this considerable increase 
in amplitude, it must be considerably larger than the wavelength of the sound 
radiated, so that it will act as though it were infinite in extent. 

If }, is smaller than 27Ta, then the reflected sound still reinforces the 
sound radiated straight ahead, and the intensity has its maximum value 
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p1i(,rra2u0) 2/2c1·2 at {} = 0. At points off the axis, however, the reflected 
sound interferes with that radiated directly, and l diminishes in value as {} 
increases, falling to zero when sin ·0- is about equal to 0.6(J,,fa); then rises to a 
secondary maximum (where there is a little reinforcement) of about 0.02 
times the intensity for{) = 0 ; then goes again to zero; and so on. Therefore 
high-frequency sound is chiefly sent out perpendicular to the wall, with Little 
spread of the beam. Most of the intensity is inside a cone whose axis is along 
the axis of the piston and whose angle is about sin- 1 (?./2a). This main beam 
is surrounded by d(ffraction rings, secondary intensity maxima, whose mag­
nitude diminishes rapidly as we go from one maximum to the next away from 
the main beam. 

Values of the intensity as a function of{} are given in polar diagrams in 
Fig. 7.8, for different values ofµ = 27Tva/c. The increased directionality 
with increase in frequency is apparent. l t is this directionality that makes it 
difficult to use a single loudspeaker in outdoor public-address systems: 
although the low-frequency sound is spread out in all directions, only the 
people standing directly in front of the loudspeaker will hear the high­
frequency sound. In rooms of small size, the sound is scattered so much by 
the walls that the directionality does not matter particularly ( unless it is very 
marked), and one loudspeaker is usually adequate. 

Radiation impedance of the piston 

To find the reaction of the fluid back on the driving piston we must 
calculate the near field. For this purpose the first of Eqs. (7.4.19) is useful. 
Setting u"' constant for r < a and then setting z = 0 gives 

since u"' is independent of w0 and cf>0. This pressure is not constant across the 
face of the piston . But since the piston is presumed rigid, the quantity of 
practical interest is the total reaction force on the whole piston. In the case 
of f3 = 0, this can be expressed in closed form. 

Fw = 2rr Pw(w)w div = 77pcka2uw [J1(µa)] 2 µ fa J co d 

0 0 µVk2 - µ2 
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and thus the mechanical impedance of the radiation load on the piston is 

F 
Z,, = ~ = 7TG2pc(00 - ix0) = 7Ta2(R - iX) 

u., 
2 47Ta 2wa 

Oo(Y) = l - -Ji(Y) y = 2ka = --, = -
y A C 

Xo(Y) = M1(Y) = 4 
J "' \in (y cos CY.) sin2 CY. drx 

7T 0 

8ka 
ka -► 0 37T 

ka.-0 

(7.4.31) 

2 
7Tka 

ka-+ oo 
xo -► 

ka -► oo 

See Table IX for values of the functions 00 and Xo· Curves are shown in 
Fig. 7.9. Comparison with Fig. 7 .3 shows that change from plane to spherical 
baffle makes little change in the average impedance load on the piston, though 
comparison between Figs. 7.8 and 7.2 indicates that the directionality pattern 
does differ considerably. Sound is sent out in different directions from the two 
sources, but its reaction back on the piston depends more on 27Taj). than on 
baffle shape. At high frequencies the impedance is resistive, equal to piston 
.area times the characteristic impedance pc. 

We might here say a few things about the radiation reaction to the general 
motion u.,(x0,y0), which produces the far field of Eq. (7.4.21). In this case 
the pressure at the point w, <f, on the surface of the moving boundary is 

kpc "' ( 2" 
p.,(w,<f,) = 27T m~o Em J o cos m(<f,0 - </,) d<f,0 

J"' µdµ fa 
X J,n(µw) ------;:=== u.,(w0,<f,0)Jm(µw0)w0 dwo 

0 k p + V k 2 - µ2 0 

where we have expressed u,.,(x0,y0) as a function of the polar coordinates 
w0, </,0 . This set of integrals must be worked out numerically in most cases, 
but in the two limiting cases ka ~ I and ka ► 1. approximate formulas can 
be obtained. 

In the first place, reference to Eq . (J.3-27) indicates that the last integral , 
is the Hankel transform of uw, so that 

u.,(w,<f,) = ,I Emf

2

\osm(</,0 - </,)d</,0 f"' Jm(µw)Um .,(µ,</>o)µdµ 
m =O 27T o J o 

Um.,(µ ,</>o) = J
0
a u.,(wo,1'o)J111(µwo)Wo dwo 

where the upper limit to the integral for the transform U,,.,,, could just as well 
have been oo, since u., is zero for w0 > a. The quantity U"'"'' as a function 
ofµ, goes to zero asµ -► 0, form > 0, because J m(z) - zm/2mm ! as z _. O. 
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form = 0 the limiting value 

Uo.,(µ,</>o)->-i au.,,( Wo,c/>o)wodwo µa ~ I 

is proportional to the mean value of u., over the interior of the circle w = a, 
in the </,0 direction. It also can be demonstrated that U mw->- 0 for all m 
whenµ becomes considerably larger than 1/a. 

9o 
Resistance factor 

O '--:;......J'-----L---'-- -'-- -'----'--_.__...__..____. 
0 

FIGURE 7.9 

5 
r =2ko 

5 
r =2ko 

10 

Reoctonce factor 

10 

Radiation impedance of a circular piston in a plane baffle 
equals area of piston times (00 - ixo)pc. Resistance and 
reactance factors plotted as a function of frequency 
w/2.,, = cy/4-rra. 

Now if ka ► I, so that the radiated wavelength is small compared with a, 
and also small enough so that u., does not change appreciably in a distance of a 
wavelength, then, over the range of integration ofµ within which U,,.., differs 
appreciably from zero, the denominator of the integral over µ is approxi­
mately k(l + (J). 1 n this case the pressure at point w, cp is 

p C '° E 52• f '° Pw(ll',<p) ~ l + (J L 
2

"' COS m(cp - c/>o) d</>o J,,.(µ w)U11w,(µ,</>o)µ dµ 
m= O 1T O 0 

u,.(w,cp) 
-+ pc - --

I + (J 
ka ► I (7.4.32) 
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T herefore, for very short wavelength radiation from the surface, the pressure 
at any point on the active part of the surface equals the normal velocity there 
times pc/(1 + /3) = [(I/pc) + (l /z)]- 1

, where z(w) = pc//3 is the acoustic 
impedance of the surface, and pc is the characteristic impedance of the 
medium. The radiation load on each unit area of the active surface, for 
ka ► 1, is thus equivalent to the characteristic impedance of the medium, in 
parallel with the acoustic impedance of the surface. At these short wave­
lengths each portion of the surface radiates separately and is separately 
loaded. 

On the other hand, if ka ~ l, the denominator of the integral over µ for 
Pw is approximately iµ in the range 1/a > µ > k ( ~ 1/a), where U.,rn, is large. 
In this range 10 -,. I and J.,.(µw) -► 0 (m > 0) for w < a. Therefore 

is the mean velocity of the active area of the boundary, and s,. is the ampli­
tude of the total outflow from the surface (the equivalent strength of the 
surface as a simple source). 

Thus, at long wavelengths, the pressure is uniform across the active area, 
being proportional to the mean velocity amplitude (uw) of the area. To this 
approximation the ratio between pressure and mean velocity is imaginary, 
indicating that the power radiated is proportional to a higher power of ka ~ 1. 
The real part of this ratio can be obtained by using Eq. (7.4.21) to compute 
the total power radiated. Since, for ka ~ I, the factor U'" in/., is just S.,, 
a constant, the far field and the total power are 

eikr COS{} 

Pw '== -ikpc -2 /3 {} S"' /3 = ~ - ia 1Tf + cos 

1 J 2ff J~ pck2 
11-,. - drp lp.,12 sin l} d{} = - ISwl2 0(/3) 

pc o O 21r 
where 

( 
a • ) ( I + fl2 + a2 

Q = 1 + (~2 + a2) tan- 1 I + ~2 + a2 - ~ In ~2 + a2 

But the power radiated must equal the power leaving the active area, which is 
the pressure (constant over the area at these wavelengths) Pw times the part 
of the mean outflow S,,, which is in phase with p,,,; we already know the part 
out of phase with Pw· Therefore the pressure at z = 0, w < a, for ka ~ 1, 
is, approximately, 

I ( p k2a2 ) 
Pw-::::= ½pcka(- i + kaO)(uw ) = - -iw - + pc - D S., (7.4.33) 

2 1TQ 7T 
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f or Jong wavelengths the active area becomes the equivalent of twice a simple 
source of strength S., (when {3 = 0) radiating uniformly into the half space 
z > 0, and the pressure over the active area is constant, proportional to the 
mean velocity of the active area. The area radiates as a whole, in contrast 
to the situation for ka ► l. 

Transient radiation from a piston 

The general equation (7.4.23) for radiation from an elementary source 
can be used to compute the transient pressure wave from a piston in a plane 
wall. Suppose that the velocity of the piston is U(t) and its acceleration is 

t 
p 

FIGURE 7.10 

r+osinJ 
C 

t -

Radiation of a transient from a piston. Sound reaching 
point P came from strip d a time ( I /c)(r - y sin {}) earlier. 
Lower curve shows pressure fluctuation at P due to a 
velocity pulse U = b(t) of the piston. 

A(t) = dUfdt. Study of Fig. 7.10 shows that a part of the pressure wave 
arriving at the point (r;{}) at the time t is that due to the acceleration of the 

strip of length d = 2-Va2 - y 2 and width dy a time (1/c)(r - y sin -0) earlier 
(if r is much larger than a). The amplitude of this component of the pressure 
pulse is, from Eq . (7.4.23), 

dp ::= _!!_ V a2 - y 2 A[, - ~ (r - y sin ,{})] dy 
2nr c 
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The total pressure is obtained by integrating this over the surface of the piston , 
from - a to + a. Change of integration variable and integration by parts 
yields the general formulas 

p = p~·, {} f IV a2 sin2 {} - (c-r + r - ct)2 A(-r) d-r 
2TTr Sll12 • ,. 

pc2 J'' (r + c-r - cl)U(-r) d-r 
- 27Tr sin2 t) • V a2 sin2 {} - (r + c-r - ct)2 

where the limits of integration are e = I - (l /c)(r + a sin#) and f = 
t - (l/c)(r - a sin B). 

This is a very interesting formula, for it shows, perhaps more clearly 
than Eq. (7.4.30), the dependence of the pressure wave on the angle 1J. 
Directly ahead (/} = 0) the pressure wave reproduces the piston acceleration 
exactly : 

pa
2 

( ") p = -A l - -
4r C 

The force on a microphone diaphragm directly ahead of the piston is therefore 
proportional to the piston acceleration; and if the diaphragm is mass­
controlled, its acceleration is proportional to the force, so that the accelera­
tions, velocities, and displacements of piston and diaphragm are proportional. 
As {} is increased, however, the integral covers a larger and larger interval of 
time -r, so that more and more of the piston motion gets blurred together in 
the pressure wave arriving at P. 

A simple example of this is for the case when the piston suddenly moves 
outward a distance ti. In this case the displacement of the piston is tiu(t), 
where u(I) is the step function defined in Eq. ( 1.3.22); the velocity is tic5(t), 
proportional to the impulse function; and the acceleration 11<5'(1) is formally 
proportional to the derivative of the impulse function, a "pathological" 
function going first to plus infinity and then to minus infinity in an infinitesi-

mal period of time. Its integral properties are J~"' <5' (-r - a)f(-r) d-r = 
-{[df(a)/da]u(t - a)}. The resulting pressure at (r,#) is 

0 ct < r - a sin {} 

p = 
pc2!1 r - cl 

2m· sin2 l} v a2 sin2 {} - (r - c1)2 
r - a sin ,{} < ct < r + a sin,{} 

0 cl > r + a sin {} 

T his pulse, shown in Fig. 7 .10, is a stretched-out version of the <5' function; 
the greater the angle {}, the greater the stretch. Only directly ahead of the 
piston, at {} = 0, is the pressure pulse as instantaneous as the piston pulse. 
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The freely suspended disk 

The next two examples considered in this section could have been treated 
in Sec. 7.3, for in neither case is a boundary plane present. They have been 
postponed to this section, however, because their solution involves techniques 
which have been developed in this section. The first is that of a sheet of 
metallic foil, in the form of a disk of radius a, somehow suspended in an 
unbounded medium, driven by electromagnetic forces perpendicular to its 
surface. Large loudspeakers, of a form roughly corresponding to this 
idealized model, have been constructed. 

The setup can be approximated by imagining that the fluid itself is acted 
on by a force F per unit volume, pointed in the positive z direction, of a 
magnitude 

l\l < a 

w > a 

where w is the distance from the center of the disk, in the xy plane, and where 
F., is the total force amplitude, driving the whole disk. Using Eq. (7.1.25), 
we obtain an expression for the pressure. 

F J h f a[ a ] p.,(r) = ~ d<f,0 ~ g(w,<f,,z I w0 ,</>0,z0) w0 dw0 
770 o o vzo •o=O 

(7.4.34) 

T o compute the far field from this source we use the approximation 

g(r;&,<p I w0 ,</>0,z0) ~ - 1
- exp {ik[r - w0 sin {} cos (</>0 - </>) - z0 cos -&]} 

47Tr 
(7.4.35) 

valid for r ► r 0. The pressure at large distances from the free-floating disk 
is then 

= - 1kF - ---- cos f} 
. e i kr [2J1(ka sin fJ)] 

w 47Tr ka sin {) 
(7.4.36) 

where the factor in brackets is the same as that entering the expression for 
the far field from a piston in a plane. In this case, however, there is an extra 
directionality factor cos{}, which ensures antisymmetry about the xy plane. 

For long wavelengths the factor in brackets, as we saw earlier, is approxi­
mately unity. Comparison with Eq. (7. 1.7) shows that at low frequencies 
the disk radiates like a dipole source of strength D, = i(F,./ pck). The angle 
distribution for the radiated intensity has an additional factor cos2 {), com­
pared wi~h that for the piston in a plane; thus there is no radiation in the 
plane of the disk. 
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Using Eq. (7.3.15) for the near fie ld, we can calculate the pressure on the 
front surface of the disk and the normal velocity of the portion of the disk a 
distance 11• < a from its center. 

F J"' J" F P+ = -"'- 10(µ1v)µ dµ 10(1rn•0)w0 d11•0 = -"'-27Ta2 o o 27Ta2 
IV < a 

F J'° Ja Uz = .~ 10(µw)µV k 2 - µ 2 d1,t J0(µ1V0)1V0 d11•0 21Ta·pck o o 

(7.4.37) 

where we have used Eq. (1.3.27) lo compute the pressure. T he pressure at 
the back of the disk is p_ = - (F.0/ 21Ta2), so that the total force required to 
move the fluid ahead and behind the disk is 1Ta2(p+ - p_) = F.,, as it was 
assumed to be. 

When ka is large, the radical in the integral for u: is equal to k over the 
range ofµ for which the integrand is large, so that Eq. (1.3.27) produces 
Uz !:::::. Fwf pC27Ta2 for 11· < a. For long wavelengths, on the other hand, the 
integral for u converges poorly beca use of the large tangential velocity near 
the edge of the disk. However, we can use Eqs. (7.1. 12) to compute an 
effective normal velocity, an appropriate average over the surface of the disk. 
The expressions for the pressure at the disk surface, the limiting forms of the 
disk velocity, and the total power radiated are 

F"' 
P+= -2 . = - p_ 7TG" 

(u,) = F., Y(w) 

ka ► 1 

I 
-

6 
,
1 [i( I - {.ik2a2) I- ½i(ka)3] 

1TO' pw 
ka < I 

IF..,12 I~ = 21ra2 IP+l2 
21Ta·pc pc 

ka ► I 

k2a2 
IF 12

---.., l21Ta2pc 

where Y is the radiative admittance of the disk. 

ka < I 

I ts reciprocal, 

ka ► l 

ka < I 

(7.4.38) 

has much the same form, for intermediate values of ka, as that of the 
impedance Z, of Eqs. (7.4.3 1) for the piston in a plane baITTe (there is an extra 
factor 2 in the present case, since the disk radiates to z -► - oo as well as to 
z-+ oo). 
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Radiation from an aircraft propeller 

These same techniques can be used to compute the far field from an 
airplane propeller, whirling in the xy plane with an angular velocity w. If 
there are n propeller blades, each of length a, with center at the origin, the air 
in the neighborhood of the disk of radius a in the xy plane is subjected ton 
successive p ushes during each rotation of the propeller axle. Part of this 
push is in the - z direction, but also, because of turbulence drag, there will 
be an accompanying force in the cp direction, perpendicular to the polar 
radius w. As with the free disk, we can assume that this driving force is 
concentrated in the xy plane, for w < a, and is greater near the propeller 
tips at w = a. A very rough approximation to the two components of the 
force on the medium is 

where Fis approximately equal to the total backward thrust of the propeller, 
cx is the drag-to-lift ratio (usually less than J), and u is the step function of 
Eq. ( l.3.21 ), being unity when w < a, zero when w > a. 

To find the far field we insert this and the g of Eq. (7.4.35) into Eq. 
(7.1.25) (/., and X.,, = 0), obtaining 

_ ·-n- i kF (11.n. {}) (ka sin 19-)" 
- L - --cos · 

41rr ka 21i+1n ! 

X [ 2 11+I(11 + 1) ! l n+iCka sin {})] ik(r- cl)+i•11 tp 
(ka sin -0)"+1 e 

(7.4.39) 

where we must remember that, in this case, k = nw/c, since we are here using 
w as the angular velocity of the propeller ; the frequency of the radiation is 
nw/21r since there are n blades. The quantity in brackets is roughly unity for 
0 < ka sin {} < n. Since, usually, the propeller tips are traveling somewhat 
slower than the speed of sound, wa/c = ka/n is somewhat less than 1; thus 
~he factor in brackets is nearly I for all values of l>, and the radiated intensity 
1s, approximately, 

a2"k2"+2 IFl2 (<:1.n )2 
I, ~ 22,.+G 2 2( ')• k- - cos ·& sin2" -{) 

TT r n. -pc a 
(7.4.40) 
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Aside from the distorting factor in parentheses, this is the radiation frorn 
a tesseral multi pole of order 11 + l , with a strong maximum in the xy plane. 
Because of the clistorting factor the maximum is just aft of the plane of the 
propeller, the peak being the more pronounced, the greater the number of 
blades n. The factor in parentheses comes about because of the relationship 
between lift and drag ; the term rxn/ka is usually somewhat less than unity, 
so that the intensity is noticeably grea ter in the backward direction (the 
direction of the push) than in the forward direction. Also, at the angle 
cos- 1 (a.n/ka) to the axis in the forward direction, no sound is radiated. The 
whole angular pattern is further distorted when the propeller is moving with 
respect to the air [Eq. (11 .2.34)). In addition, the actual force is not sinusoi­
dal, but more pulselike, with harmonic terms e i mn(,f>- wt> (m = 2, 3, ... ). For 
these higher-frequency terms the factor in brackets in Eq. (7.4.39) imposes a 
preference for the axial rather than the equatorial directions. Thus the 
higher harmonics are louder along the axis than in the plane of the propeller. 

a2"k2n+2 I Fl 2 J [ ( rxn)2 ] TI ==---------- (2n + 3) - + I 
2"+41rn ! pc 1 • 3 • 5 • • • • • (2n + 3) ka 

(7.4.41) 

Comparison of the expressions for n given in Eqs. (7.1.ll) and (7.1.12) 
indicates that the power radiated from a multipole of order m, of strength 
Mm, is 

TI = pck2m 1M m12 
m 41r • J • 3 • • • • • (2m + 1) 

Therefo re the rotating n-blade propeller radiates as though it were a combina­
tion of a tesseral multipole of order n and strength M ,i, minus another of 
order n + 1 and strength Mn+l• where 

Fa" an 
M ,,.==-- -- -

2pc~ ka 

F(a"/k) 
M ,.+1== . ~ 

2pcv 2"n! 

then-pole, symmetric about the xy plane, corresponding to the effects of the 
propeller drag and the (n + 1)-pole, antisymmetric about the xy plane, 
caused by the propeller thrust in the negativ·e z direction. This problem will 
be discussed again in Chap. 11. 

The rectangular piston 

Since they will be of use later, we shall work out the formulas for a flat 
piston of rectangular shape, of sides a and b, set in a plane rigid wall. The 
integrals for the far field and for the piston impedance are similar to those 
for the circular piston ; only the boundaries of integration are now between 
-½a and ½a for x 0 and between - ½b and ½b for Yo· The integral for the far 
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field, analogous to Eq. (7.4.29) for /3 = 0, is 

ei~•r J }a J !b 

P 
(r) ~ - ikpcu.,, - dx0 dy0 exp [- ik sin{} (x0 cos <p + y 0 sin <p)] 

w 2TTr - }a - lb 
e i kr 

= 2ikpcu,,abS(½ka sin r} cos cp)S(½kb sin r} sin <p) -
4TTJ" 

where 

( ) 
Sill Z 

Sz = -­
z 

(7.4.42) 

The radiated sound intensity is concentrated in a cone ahead of the piston, 
as is the sound from the circular piston; only now the cone is elliptic in cross 
section, with its wider axis in the direction of the smaller dimension (a orb). 
Function S(z) has much the same behavior as 2J1(z)/z, the corresponding 
function for the circular piston, though it falls off rather less rapidly as z 
increases and its zeros come for different values of z. 

The radiation impedance of the rectangular piston is obtained by using 
Eq. (7.4.7) for the Green's function, instead of Eq. (7.4.10), in Eq. (7.4.18) 
(with f3 = 0). Setting both z and z0 zero, the pressure at the surface of the 
piston is 

co 

I ff dK., dKv .1• •1• = - pcku ab --;::======= S(J;K a)S(J·K b)e"z:Hi ,,v 
4TT2 w V k2 ~ K 2 - I<' 2 - "' 2 y 

_ cx::, X. ... ~ 

and the total reaction force on the piston is 

I J"' µdµ J2" F00 = 
4 2 

pcku.,,a2b2 
2 2 

S2(½µa cos 0)S2(½µb sin 0) d0 
TT ok-µ o 

(7.4.43) 

where µ 2 = K.,2 + K/. By expanding the functions S 2 in power series and 
integrating term by term, a power series for the integral over 0 can be com­
puted. The integral over µ can then be calculated numerically, for the 
appropriate values of ka and kb. Comparison of series, however, shows that 
a rough approximation to Fw, valid for all values of k as long as a/bis neither 
very large nor very small, is 

- pcu.,,ab[0o(ka) - ix0(ka)] (7.4.44) 
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where 

2 f = 8 [ 'TT ] Xo (z) =-; 7.0(y)y dy = - I - - M 0(z) -,. z- o 'TTZ 2z 

8 
-z 
9'TT 

8 
'TTZ 

z ► l 

f 
r./ 2 

and Mo(x) = (2/TT) 
0 

sin (x cos u) du is the Struve function of zero order. 
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FIGURE 7.11 

5 10 
ko or kb 

Impedance functions for the rect,angular piston. See Eq. 
(7.4.44). 

The functions 00, 1.o are defined in Eqs. (7.4.31), plotted in Fig. 7.9, and given 
in Table IX. F unctions 80 and X□ are plotted in Fig. 7.1 1. Approxi mate 
limiting values for the radiati on impedance of the piston a re thus 

F,,, 
Z, = -~ 

u,,, 

t k•( • b•) 8i k a2 + ab + b2 is - a- + - - -
911 a+ b 

8 
I - i ---­

TTk (a + b) 

ka ~ I 

ka ► I 

for values of b/a which a re neither very large nor very small. 

(7.4.45) 
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problems 

An airtight box, with four loudspeakers set in the front panel as shown, is 
suspended in free space. Each loudspeaker has an area A and oscillates with 
velocity ur,e-i"'t. Determine the power radiated from thjs system at low 

frequencies when the wavelength is much larger than the dimensions of the 
box: 

(a) When all speakers oscillate in phase 
(b) When speakers 1 and 2 are in phase but I 80° out of phase with 3 and 4 
(c) When I and 4 are in phase and 180° out of phase with 2 and 3 

2 The portion of the surface of a long cylinder of rad.ius a which is between 
-¢0 and + ¢0 vibrates with velocity normal to the surface, and the rest of the 
cylinder is rigid. Obtain a series analogous to Eqs. (7.2.19) for the average 
acoustic impedance over the vibratjng surface. 

3 A sphere and a circular disk are both driven in one-dimensional motion with a 
force F., = F0 exp ( - iwt). The disk is driven normal to its plane. If the 
sphere and the disk have the same mass m and radius a, show that the velocity 
amplitudes at low frequencies are 

Fo u = ---:------,-
s w(m + ms) 

where 

and 

and Fo u - ----
d - w(m + m d) 

81r 3 
11/d = - pa 

3 

where p is the density of the surrounding fluid. For an arbitrary body the 
mass reaction of the fluid must in general be expressed as a tensor iii such that 
iF1 = w I M;JII; - What, then, is the ratio between the velocity amplitude 

j 

and the amplitude of the driving force? What are the elements of the tensor 
9.J! for the sphere and for the disk? 

4 Compute the impedance for an elementary dipole a distance / from a plane 
locally reacting wall of acoustic impedance pc/ {J when the dipole axis is parallel 
to the wall. What is the impedance when the dipole axis is perpendicular to 
the wall? 

S A monopole is a distance h above an infinite horizontal locally reacting bound­
ary having acoustic impedance pc(. The monopole strength at frequency 
w/21r is S(w). Calculate the sound pressure as a function of the distance r 
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from the source in the horizontal plane of the source. Show that if the source 
height is larger than J., the sound-pressure amplitude exhibits maxima and 
minima in a region given approximately by O < r < h2/J. and decreases mono­
tonically with r for sufficiently large r ( > 172/ }.). If i is finite, show that this 
monotonic decrease approaches proportionality to I /r 2 for large r. Estimate 
the value of r, in terms of 1,1, above which this is approximately true. 

6 Show that a point force F(t), applied at r = 0 in a gas, produces a sound 
pressure fie ld 

I ( oF cF) p(r ,t) = - - + - cos -IJ 
4 rrrc of r 

where {} is the angle between F and r (assuming that the direction of F is 
constant). What is the result if the direction as well as the magnitude of F 
changes with time? (Parentheses indicate retarded time.) 

7 A pulsating sphere of radius a has a radial surface velocity U0e- '"'1, where U0 
is independent of {} and q> as well as oft. Show that the acoustic radiation 
impedance at the surface is pc,., where 

k 2a2 ka 
t r = I + k2a2 - i I + k2a2 

where kc = w. Is this valid for any value of ka? 

8 The monopole source density s,u(r) of Eq. (7.1 .30) has the uniform value 
Swf ,ra2/ throughout the inside of a cylinder of radius a, with axis along the x 
axis and between the planes x = ±½!, and is zero outside the cylinder. Change 
the factor e-ik·ro dv0 in the integral to exp [ - ikw0 sin ,{) cos (<f, - <f,0) -

ikx0 cos {}J w0 d4>0 dw0 dx0, where w0
2 = yu2 + za2, and use the formulas 

J
z~ 

0 

eiq cos 0 cos (m0)d0 = 2,ri"'J ,,.(q) and Ju•n+1J (11) du - u »>+ lj (u) 
, 1n • - 1n+ 1 

to show that the pressure wave a djstance r from the origin is 

.k S sin (}k l cos ff) Ji(ka sin l'J) ei kr - irot 
- , pc 

"' ½kl cos f} 1ka sin {} 4 m· 
r ► a, f 

where fr is the angle between r and the x axis. Plot the dependence of the 
intensity at r on fJ when ka = 4 and kl = 3. When kl and ka are small but 
not negligible, show that the far-field pattern is si milar to that from a com­
bination of a point monopole Sro minus three quadrupoles of strengths 

Q ·- Q - 1-a2S 'Y !I - t: - 8 • w 

all at the origin. Hint: use the expansion 

J ,,,(x ) (x/2)"' [i _ (x/2)
2 + .. ·] 

111! 111 f- l 

9 A spherical cloud of ionized gas is acted on by an oscillating electric field so 
that the force F of Eq. (7. 1.24) is in the z direction and 

{

A(a2 _ ,.2)e- i «>t 
F, = 

- 0 
r < a 

r > a j 
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Show that the pressure wave produced outside the sphere is 

p(r, -&,cp) = ½ia3 A jlka) cos fJ hi(kr) 

Use the integral relationship J z11+2j,,(z) dz = z"+:i,,+iCz). 
10 The fluid inside a sphere of radius a is in violent motion so that the velocity 

components with frequency w/211 are 

{

- ½Qroy2e- iwt ,. < a {Q.,xye- iwt 
" x = 11v = 

0 r > a O r > a 

r < a 

and llz = 0. Use Eqs. (7.1.25) and (7.2.31) to show that the pressure wave for 
r > a, generated by this motion, has frequency w/211 and amplitude 

i I Ql2 a4_h(2ka) sin2 -& cos 2cp /i2(2kr) k = w/c 

What is the pressure amplitude when r --- c.o ? When ka-+ O? 
I I A region of volume V contains ionized gas, which is acted on by a randomly 

fluctuating electromagnetic field, so that the vector Fin Eq. (7.1 .25) is not zero. 
The mean-square amplitudes (IF,.1 2> and (IF11l

2> are equal, but are not equal to 
(IF:!2) ; the correlation length wd and correlation time -rd = 1/wd are the same 
for all three components. Show that therms intensity at r, for all frequencies, 
averaged over a long time interval T, is 

VJ.d wi 2 2 .o 2 • 2 .o Id -+ _ 1 - 2 A 2 ((IF111 ) COS u + (I F xi ) Stn v) 
v 32rrpcr2 wd + ··ct 

for r .- co, where J.d = cf wd, t'J is the angle between vector rand the z axis. 
12 A long rigid cylinder of diameter d, placed in a transverse airstream, experiences 

a transverse oscillatory force because of the flow instability produced io the 
stream (see Chap. 11 ). As a result, sound is radiated (Aeolian tone) at a 
characteristic frequency w/211. If the correlation length of the force along the 
cylinder is L, calculate the rms. power radiated per unit length of the cylinder. 

13 Suppose the specific acoustic admittance f1 of the surface of Eq. (7.4.21) does 
depend on frequency, so that the Fourier transform of the admittance term is 

t = -,,-- -~ e-•w w b( ) f a::, w cos {} . t d 

-co /3 + cos f) 

By use of Prob. 23 of Chap. I, show that the pressure wave at r, t (r very large), 
caused by a velocity distribution u(x,y,t), is 

i~ Jdx0JdY0Jb(-r)u [X0, Y0, T(X0) - -r] d-r 
4 1T r 

where T (X0) = t - (r/c) + (X0/c) sin fJ, and 11, X0, Y0 are as defined in 
connection with Eq. (7.4.23). 

14 The surface of Prob. 13 has acoustic impedance R + i(K/w), so that {J = 
pcw/(wR + iK). Show that 

where 

·(K)2 
(pc/R) cos2 

fJ 
b(t) = - 2 rr, R [(pc/ R) + cos t>]3 exp ( - Wt) u(t) 

W = (K/ R) cos{} 
(pc/ R) + cos fJ 
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and 11(1) is the unit step function of Eq. ( 1.3.22). If the radiating area extends , 
over X0 from O to I, over Y0 from Oto a (i.e., if the rz plane is parallel to two 
sides of the rectangular radiating area), and if the velocity of the area is a pulse 
u(X, Y,t) = 6 0(5(t), show that the pressure wave at r, t is 

pc A0a K (pc/R) cos f} 

2m· R [(pc/R) + cos 19]2 

x { exp [ - w(r - ~) ] - exp [ - WT(/)] 

I - exp [ - WT(/)] 

0 

r < ct 

r > ct > r - I sin fJ 
ct < r - I sin fJ 

where T(x) = (x/c) sin fJ + t - (r/c). Discuss the physical significance of 
this result ; plot it as function oft for appropriate values of the constants. 

IS A circular membrane of radius a, under tension, is set in an otherwise rigid 
plane wall. Suppose the membrane is vibrating with its (m,11)th mode [Eq. 
(5.2.25)] so that the u of Eq. (7.4.19) is U,,. cos (m<f,)J,..( 7T/3 ,,.,,r/a) exp ( - ik.,mct). 
Show that the asymptotic form of the pressure wave a distance r from the 
center of the membrane is, when r ► a, 

. • {J ( /3 ) J ,.,,(ka sin fJ) 1 . 
- 17rka·pc .,,,.U.,"'J.,, 7T ""' k2 2 • 2 ,{} _ 2 /3 2 -:-exp [1k ,11 ,.(r - ct)) 

a Stn 7T mn I 

where k ,,.,. equals 7T/3mnfa times the ratio between the wave velocity in the 
membrane and that in air. 

16 A spherical source of radius a consists of a uniform monopole distribution of 
source strength Q0e- iwt per unit volume. Show that the radiated pressure is 
( - iwQ0 V/4rrr)F(ka)e ik(r- aJ- iwt, where k = w/c, V = 47Ta3/3, and 

F(x) = 6
3 (x - sin x) + 3! (x2 - 2 + 2 cos x) 

X X 

17 By using Eqs. (7.4.38), determine by what factor the low-frequency output of a 
loudspeaker can be increased by providing it with a baffle box, in effect to 
convert it from a dipole to a monopole source. In making the comparison, 
let the amplitude of oscillation of the speaker disk be the same for the two 
cases. Also assume that the wavelength is larger than the dimensions of the 
box. 

18 A small gas bubble of radius a in a liquid medium acts as a monopole source 
of sound when set into radial oscillation. Starting with the equilibrium 
conditions for the bubble, P,- = P0 + (2<1/a), where P; is the pressure inside 
the bubble, P0 the static pressure in the liquid, and G the surface tension, take 
into account the radiative mass load on the bubble and determine the resonance 
frequency of the radial vibrations. Assuming that P; ► P0, and that the 
compression of the gas in the bubble is adiabatic, show that, in the lon~­
wavelength limit, when a is small compared with A, the resonance frequency ts 

I / 2G 
- (3J' - l)-
21nJ a3 p 

where y = Cp/C 0 for the gas in the bubble, and pis the density of the liquid. 
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19 As a result of the Alaskan earthquake of March, 1964, surface waves (Rayleigh 
waves) of considerable amplitude passed over the United States. These waves 
radiated sound into the atmosphere. At infrasonic experimental stations in 
Washington and in Boulder, Colo., the vertical velocity amplitude of the earth 
surface was found to be about ½ cm per sec, with a period of oscillation of 
25 sec. If the speed of the surface waves was five times the speed of sound in 
air, determine the direction of propagation and the intensity of the radiated 
sound wave (assumed to be a plane wave). From conservation of energy of 
the sound wave, determine the resulting amplitude of oscillation of the iono­
sphere. The gas pressure in the ionosphere is about I o-s atm. 
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CHAPTER 

THE SCATTERING OF SOUND 

8.1 SIMPLE EXAMPLES OF SCATTERING 

When a sound wave encounters an obstacle, some of the wave is deflected 
from its original course. It is usual to define the difference between the 
actual wave and the undisturbed wave, which would be present if the obstacle 
were not there, as the scattered wave. When a plane wave, for instance, 
strikes a body in its path, in addition to the undisturbed plane wave there is a 
scattered wave, spreading out from the obstacle in all directions, distorting 
and interfering with the plane wave. lf the obstacle is very large compared 
with the wavelength (as it usually is for light waves and very seldom is for 
sound), half of this scattered wave spreads out more or less uniformly in all 
directions from the scatterer, and the other half is concentrated behind the 
obstacle in such a manner as to interfere destructively with the unchanged 
plane wave behind the obstacle, creating a sharp-edged shadow there. This 
is the case of geometrical optics; in this case the half of the scattered wave 
spreading out uniformly is called the reflected wave, and the half responsible 
for the shadow is called the inte,Jering wave. If the obstacle is very small 
compared with the wavelength (as it often is for sound waves), all the scattered 
wave is propagated out in all directions, and there exists no sharp-edged 
shadow. J n the intermediate cases, where the obstacle is about the same 
size as the wavelength, a variety of curious interference phenomena can 
occur. 

In this chapter, since we are studying sound waves, we shall be interested 
in the second and third cases, where the wavelength is longer than, or at least 
the same size as, the obstacle. We shall not encounter or discuss sharply 
defined shadows. So much of the scattered wave will travel in a different 
direction from the plane wave that destructive interference will be unimportant, 
and we shall be able to separate all the scattered wave from the undisturbed 
plane wave. We shall be interested in the total amount of the wave that is 
scattered, in the distribution in angle of this wave, and in the effect of this 
scattered wave on the pressure at various points on the surface of the obstacle. 

,,_ ,,; \ 11 · • - ~ , .IAt,J • ~. 4~ ·.'.( ,tt '~•• 

400 



Page 423 of 933

8. 1 SIMPLE EXAMPLES OF SCATTERING 401 

Scattering from a cylinder 

Let us first compute the scattering, by a cylinder of radiµs a, of a plane 
wave traveling in a direction perpendicular to the cylinder's axis. If the plane 
wave has intensity I , the pressure wave, if the cylinder were not present, 
would be 

2?T 
k = ­

A 

where the direction of the plane wave has been taken along the positive 
x axis. 

In Eq. (I .2.9) we expressed this plane wave in terms of cylindrical waves: 

p
1
, = P0ik(rNJs~rl) = P0 [Jo(kr) + 2 ii"' cos (mcp)J .,,(kr)]e- 2 r.ivt (8.1 . 1) 

,n - 1 

The radial velocity corresponding to this wave is 

U pr = Po {u i{kr) + I im+l[J,..+l(kr) - J1,.-1(kr)] cos (mcf>)}e- 2,ri,•t 
pC m ~ l 

When the cylinder is present with its axis at r = 0, the wave cannot 
have the form given by the above series, for the cylinder distorts the wave. 
There is present, in addition to the plane wave, a scattered outgoing wave 
of such a size and shape as to make the radial velocity of the combination 
zero at r = a, the surface of the cylinder. We shall choose the form of 
this outgoing wave to be the general series 

a, 

Ps = LA ,,. cos (mrp)[J .,.(kr) +. iN,,.(kr)]e- 2
"iVf 

l{ i "' 
usr = - iA0[J1(kr) + iN1(kr)] + -

2 
LA .,. cos (mc/>)[J,,.+l(kr) 

pc m- 1 

- J ,,,_1(kr) + iN,,.+l(kr) - iN,,._1(kr)]}e- 2"i• 

The combination J + iN has been chosen because it ensures that all the 
scattered wave is outgoing. 

Our first task is to find the values of the coefficients A which make the 
combination u1" + u8, equal zero at r = a. Equating u8, to - u1,r at r = a 
term by term, we obtain 

A ,,.= -EmPoim+ie- i;-m sin y,,, Po = Vpd 
(8.1.2) 

Where Eo = 1 and e,,. = 2 for a ll values of m larger than unity. Tl)Cs~ phase ~ ·. 
angles y,,. have already been defined in Eqs. <7.3.7), in connectiro with the . , 7 .", 

UNIV EKSIOAO N_..(..lUl'cAL l _; • r \ } . . • 
• ---; ' · • i " .,. •• .. . , .. . il i t- H ·-
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radiation of sound from a cylinder. Values of some of them are given in 
T able V. The behavior of these phase angles completely determines the 
behavior of the scattered wave. It is interesting to notice the close connection 
between the waves scattered by a cylinder and the waves radiated by the same , 
cylinder when it is vibrating. T he quantities needed to compute one are 
a lso needed to compute the other. 

The pressure and radial velocity of the scattered wave at large distances 
from the cylinder are 

p, ~ - ~ ,p.(<f>)eik(r-ct) ~ Ps u, - -
pc 

I oo 
'1/J,(</>) = ~ 2 E.,. sin (ym)e- 11 111 cos (m</>) 

V ka m=O 

The intensity of the scattered part, at the point (r,</>)(kr ► I), is therefore 

Y, ~ la IV'i</>)l2 
1T/' 

(8.1.3) 

I '° l'IJJ.12 = - 2 e:111e:11 sin y111 sin Yn cos (y,,, - Yn) cos (m</>) cos (n</>) ka m.u • O 

where e:0 = I, Em = 2 (m > 0). This intensity is plotted as a function of 
</> on a polar plot in Fig. 8.1, for different values of 'YJ = 2rrva/c = 2rra/i.. 

It is interesting to notice the change in directionality of the scattered 

2 
{: 1£... _ __ .....J.___....,_ _ __. _ __, 

0 2 3 4 5 
k O 

FIGURE 8.1 
The scattering of sound waves from a 
rigid cyl inder of radius a. Polar diagrams 
show the distribution in angle of the 
intensity of the scattered wave; lower 
graph shows the dependence of the 
scattered intensity on r, =- 2,ro/J.. 
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wave as the wavelength is changed. For very long wavelengths (17 small) 
but little is scattered, and this is scattered almost uniformly in all the back­
ward directions. As the frequency is increased, the distribution in angle 
becomes more and more complicated, diffraction peaks appearing and moving 
forward, until for very short wavelengths (much shorter than those shown 
in Fig. 8.1 ), one-half of the scattered wave is concentrated straight forward 
(the interfering beam), and the other half is spread more or less uniformly 
over all the other directions, giving a polar plot which is a cardioid, inter­
rupted by a sharp, very high peak in the forward direction, as shown in Eq. 
(8.1.4) below. 

For very long wavelengths only the two cylindrical waves corresponding 
to m = 0 and m = 1 are important in the scattered wave. As shown in 
Eq. (7.3.7), 

when ka->- 0 

The first-order approximation for the scattered intensity at long wavelengths 
is therefore 

,.:., 7TW3a4 - 2 
/ s_ -

83 
/(1 2coscp) 

Cr 
wa ~ c 

Short-wavelength limit 

For wavelengths very small compared with the circumference of the 
cylinder, the relatively simple approximation of "geometrical acoustics" is 
valid, with the "scattered" wave dividing into two parts, the "reflected" 
and the "shadow-forming" waves. However, the process of demonstrating 
that the series of Eqs. (8.1.3) really does behave in a simple manner involves 
mathematical manipulation of considerable intricacy. 

1 n the first place, the series of Eqs. (8.1.3), which is in a form useful for 
calculating scattering at longer wavelengths, is not particularly suitable for 
showing in detail the interference between part of the scattered wave and the 
primary wave to form the shadow. In optics, one differentiates between 
Fraunhofer diffraction, where intensities are measured at distances so large 
that the angle subtended by the diffracting object is small compared with the 
ratio (?./27Ta) = 1/ka, and Fresnel diffi'action , for distances large compared 
With the wavelength but not extremely large compared with 27Ta. The 
Fresnel-diffraction formulas show the shadow with its related diffraction 
bands, but at the great distances involved in the Fraunhofer-diffraction for­
mulas, the shadow has become blurred again. Series (8.1.3) is for distances 
corresponding to Fraunhofer diffraction, so that what can be demonstrated 
is the separation of the scattered wave into a reflected wave and a shadow­
forming wave, but not the details of the interference with the incident wave, 
Which are characteristic of the Fresnel formulas. 
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In the second place, the simplicity of the formulas for very short wave .. 
lengths only appears as an average; the scattered intensity varies rapidly 
with angle in a complicated sort of way, and only the average intensity per 
degree (or per 1ninute) varies smoothly. This rapid fluctuation is seldom 
measured, however, for any small change of frequency or of position of the 
cylinder will blur it out, leaving only the average intensity. Consequently, 
our calculations should separate the rapid fluctuations of intensity from the 
average behavior of the reflected wave. 

When all the necessary manipulations are made, the expression for the 
scattered intensity at short wavelengths is 

1
• ~ ~sin (±) + -1

- cot2 <} sin2 (ka sin cf>) 
I r 2 TTkr 2 

+ (rapidly fluctuating terms) kr ► ka ► l (8.1.4) 

The first term of this expression constitutes the reflected intensity, which, 
fo r a cylinder, reflects more in the backward direction (c/> ~ 7r) than in a 
forward direction (c/> ~ 0). The second term is the shadow-forming beam, 
concentrated in the forward direction within an angle TTjka = ).J2a which is 

I smaller the smaller A is compared with a. T he third term contains rapidly 
fluctuating quantities that average to zero, and so may be neglected. 

Total scattered power 

The total power scattered by the cylinder per unit length is obtained by 
multiplying /8 by rand integrating over cp from Oto 27T. The cross terms in 
the sum of Eqs. (8. 1.3) disappear, because of the integral properties of the 
characteristic functions cos (me/>), leaving the result 

{

6TT5a4 

1 00 - -/ 
- ' 2 ,_, ),3 n . - 4al -. LEmSIO (y,,.) _ 

ka m= O 
4al 

?. ► 2TTa 

?. ~ 27Ta 

(8.1.5) 

The limiting value for total scal!ered power for very short wave­
lengths is the power contained in a beam twice as wide as the cylinder (4a). 
This is due to the fact, discussed above, that the scattered wave includes 
both the reflected and the shadow-forming waves, the first and second terms 
of Eq . (8. 1.4). T he integral of r times the first term is the total reflected 
power, which is j ust 2al; and the integral of r times the second term is also 
2al , showing that the shadow-fo rming wave has enough power just to cancel 
the primary wave behind the cylinder. 

T he quantity IT J 4al is plotted in Fig. 8. l as a function of ka = 2TTa/J.. 
Notice that in spite of the various peculiarities of the distribution in angle 
of the intensity, the total scattered intensity turns out to be a fairly smooth 
function of ka. We also should note that fl s is not usually measured 
experimentally, because of the difficulty of separating primary from scattered 
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waves at small angles 
nearly the quantity 

of scattering. What is 

n ~X() ~ 25:-1). I.r def, 

usually measured is more 

where {);. is a small angle, if the experimental conditions are good, but never 
zero. lt turns out that IT exp is very nearly equal to TI s for the longer wave­
lengths ; but as the wavelength is made smaller, the shadow-forming beam 
[the second term in Eq. (8.1.4)] is less and less included in the integral, until 
for very short wavelengths H cxr is equal to ½ n •· The transition from Il s to 
½Ils comes at values of ka near 7T/2{);., at wavelengths J. near 4aD,.. 

The force on the cylinder 

Returning now to the expression for the total pressure due to both the 
undisturbed plane wave and the scattered wave, we find , after some involved 
juggling of terms [the use, for instance, of the last of Eqs. (7.3.2)], that the 
total pressure at the su rface of the cylinder at an angle cf, from the x axis is 

(8. 1.6) 

where the quantities Em are defined in Eq. (7.3.7). This expression is 
proportional to the expression in Eq. (7.3.8), giving the pressure at some 
distance from the cylinder due to a vibrating line element on the cylinder, 
when we make the necessary change from cf, to 7T - cf, (since now cf> = 0 is 
in the direction opposite to the source). This is an example of the principle 
of reciprocity. The pressure at a point A due to a source at point Bis equal 
to the pressure at B due to a source at A, everything else being equal. There­
fore the polar curves of Fig. 7.~ show the distribution of intensity about a 
cylinder having a line source, and they also show the distribution of the 
square of the pressure on the surface of the cylinder due to a line source at 
very large distances away from the cylinder (distances so large that the wave 
has become a plane wave by the time the wave strikes the cylinder). 

When rJ is very small (}, ► a), the expression for the pressure at r = a 
reduces to 

P --- Po( I + 2ika cos ,l..)e- 2"ivl 
k"- 0 'f' 

which approaches in value the pressure P0e- 21Ti •t of the plane wave alone as 
'17 goes to zero. 

The net force on the cylinder per unit length is in the direction of the 
plane wave and is 

1211 I 
F = a P cos cf> def> = 4aPo -- e - iro t-ty , + ;,,/2 

o kaE1 

C 
Cl) ~ ­

a 
(8.1.7) 
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This force lags behind the pressure which the plane wave would have at, r = 0 if the cylinder were not there by an angle - y 1 + (TT/2). 
The quantity IF/Pol is the net force on the cylinder per unit length per unit pressure of the plane wave. This quantity, divided by 21ra, is plotted in Fig. 8.2 as a function of ka = 17. We note that for small frequencies the force is proportional to the frequency (that is, to 17), but that when 17 becomes larger than unity (i.e., when the wavelength becomes smaller than the circumference of the cylinder), the linear relation brea ks down and the force diminishes with increasing frequency thenceforth. This result is of interest 

0.8 

0.6 

0.2 

O <-----'----___. ___ _.__ __ _._ __ ~ 
0 2 

ko 

FIGURE 8.2 

4 5 

Ampl itude of sideward force per unit length Fon a cylinder of radius o due to the passage of a plane wave of pressure ampl i tude P0 , plotted as a function of 27Ta/) .. 

in connection with the so-called velocity-ribbon microphone, which consists of a light metal strip more or less open to the atmosphere, pushed to and fro by the sound wave. The ribbon is in a transverse magnetic field, so that the motion induces an emf along the rihbon , which actuates an amplifier. The net force on the strip is, of course, not exactly the same function of 17 as that given in Eq. (8.1.7) for the cylinder, but the behavior will be the same, in general. The force on the strip will be proportional to the frequency for small frequencies, but this linear dependence will break down when the wavelength becomes smaller than twice the width of the strip. 
There is an approximate method of finding the net force on the cylinder which gives the correct result for wavelengths longer than the circumference of the cylinder. If the pressure in the plane wave is P0e it<z-co, the pressure at the surface of the cylinder due to the plane wave is P0ei" cos~-2"i • t. If 17 is small, this can be expanded into p p~ P0(1 + i 'Y] cos ef,)e- 2

" 1
• 1

. This is the pressure due to the plane wave; there is also a scattered wave, enough of a wave to make the radial velocity at the surface come out to zero. This 
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scattered wave contributes a term i?JPo cos 4>e-2"1' 1 to this approximation to 
the pressure, so that the net pressure is that given in Eq. (8.1.6), and the net 
force is the limiting val ue given in (8. 1.7). We thus see that even for very 
Jong waves the distortion of the plane wave due to the presence of the cylinder 
contributes a factor 2 to the net force on the cylinder. 

Scattering from an inhomogeneity 

The two-dimensional example just concluded has illustrated a number of 
general characteristics of scattered sound ; they can, however, be more 
generally displayed in terms of the Green's function. A sound wave is 
scattered, not only by a solid object, but also by a region in which the acoustic 
properties of the medium, such as its density or compressibility, differ from 
their values in the rest of the medium. Turbulent air scatters, as well as 
generates, sound. A rough patch on a plane wall scatters, as well as reflects, 
sound. Fog particles in air, and bubbles in water, scatter sound. 

When an object or region scatters so und, some of the energy carried by 
the incident wave is dispersed. The energy lost to the incident wave may be 
absorbed by the scatterer, or it may simply be deflected from its original 
course. The amount of energy lost per second by an incident plane wave, 
divided by the incident wave's intensity (energy per second per unit area), is 
called the cross section L of the object or region. lt is the cross-sectional 
area of that portion of the incident wave which is removed by the scatterer. 
If the energy is absorbed by the object, the ratio is called the absorption 
cross section; if the sou nd is simply deflected , so it goes to infinity in a different 
direction, it is called the scattering cross section ; the sum is the total cross 
section. In any case, the incident plane wave is reduced in intensity because 
of the loss. If there are, on the average, N equivalent scatterers per unit 
volume of the medium, then, as the plane wave progresses, each unit volume 
removes a fraction N"'£ of the wave's intensity. In other words, the intensity 
is attenuated by the fraction N"'£ per unit length; thus the intensity of a 
plane wave traversing a scatterer-filled medium is l0e- -"-::.'", where x is the 
distance of penetration. 

If the scattering object is a region in which the medium differs in acoustic 
properties from the rest of the medium , the wave solution can be written in 
terms of the volume integral of Eq. (7.1.17). For example, suppose, in 
the region R, which can be inscribed in a sphere of radius a at the origin, the 
density of the fluid is p,, and its compressibility is K,, = 1 / p6c,2 (so that the 
wave velocity in R is c, ), whereas these quantities have values p and K = 1/ pc2 

throughout the rest of the medium. 
To obtain the appropriate equations of motion from the general equa­

tions (6.2.6) and (6.2.11) or (6.4.1) to (6.4.22), in the present case, we must 
distinguish between the variations of pressure and density caused by the 
sound wave and the variations of density and compressibility inherent in the 
inhomogeneous nature of the medium. If these inhomogeneities are caused 



Page 430 of 933

408 THE SCATTERING OF SOUND 

by "foreign bodies" in a fluid of density p and compressibility K, then, in . 
the absence of a sound wave, the density, as a function of r and t , will be 
p + c\(r ,t), where <>, is zero except inside one of the "foreign bodies." These 
bodies move as wholes. They may be fog droplets in air or bubbles in 
water, and in the meaning of Eq. (6. 1.9), the total time derivative of p + 0 . . 
1s zero. 

d ab, . 
0 = - (p + <> ) = _ , + u • grad {; dt C a, r p is constant 

Now we add a sound wave, with its velocity u, its pressure p, and its 
additional density change <>, related by the usual first-order equation o = 
(p + {). )K,p, where K6 is equal to the constant value K in the homogeneous 
part of the fluid but is di fferent from Kin each inhomogeneous region. The 
equation of continuity for density (6.2.6) thus becomes 

a a . 
ar (p + b, + c5) = ar (oe + c5) = -div [(p + {)., f- {))u] 

~ - (p + b,) div u - u • grad o. 
where we have neglected the two terms involving both c5 and u as being 
much smaller than the others. Applying the previous two equations, we 
eventually obtain 

ap d. 
p0 K , at = - p, IV U or (8.1.8) 

where p,. = p + 00 is the fluid density, equal to the constant value p outside 
the foreign bodies ; K 0 likewise is K outside, in the homogeneous region. 

The argument regarding the force eq uation (6.2.11) in the absence of 
turbulence is rather simi lar, and if we neglect viscosity and heat cond uction, 
the result is 

au l 
- = - - gradp 
at Pe 

(8.1.9) 

The combination of these two equations, eliminating u, is 

div (;. grad p) - K 0 ;;1: = 0 (8.1. I 0) 

If turbulence is present, so that the fluid velocity is the sum ofU, the turbulent 
velocity, and u, the small acoustic velocity, then the right-hand side of the 
equation, instead of being zero, is equal to (1 /p)'v • ~ • 'v, where 3 is the 
kinetic tensor ofEq. (6.2.10). The velocity components entering the elements 
of this tensor are of two kinds: the components of the acoustic velocity u of 
Eq. (8.1.8), which are usually quite small compared with c, the velocity of 
sound, and the components of the turbulent velocity U, which may not be 
small compared with c. Thus in the region where U differs from zero, the 
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kinetic term to insert on the right in Eq. (8.1.10) is 

1 [ a2 a
2 

] !_ v . J . r;; '.:::'. - '.) ., ux2 + 2 a a u.,,u,, + • • • 
p p vx- X y 

2 [ a2 a
2 

] + p ox2 R= + ox oy (R,,. + R • .,,) + ••• 

where we have omitted the very small terms u,,u., etc. 
The UiU1 terms in 3 are independent of the acoustic wave; if they vary 

with time, they represent sources of sound, of the sort discussed in Chap. 7. 
We are interested, at present, in the scattering of sound, coming from some 
other source, by the inhomogeneities in R, not by the generation of sound 
within R. Therefore we drop the terms U;U, from our discussion, assuming 
their effects have been computed by the methods of Chap. 7. The portion 
of the V • ✓ • V term which is of importance here is that arising from the 
cross products, which may be written (2/ p)V • ~ • V, with~ having elements 
R.,y, etc., as already defined. See Sec. 11.4 for further discussion. 

Thus the equation for the acoustic pressure, either inside the region R 
or outside, where Pe and K 6 have the constant values p and K, can be written 
in the form 

I i)2 1 32 

'v2
p - -

2 
'.) p

2 
= - '.) p y (r,t) + div [yp(r ,t) grad p] - 2V • 9t -V (8.1.1 1) 

c vt' c2 vt2 
K 

where 

{

K , - K 

Y = K 

" 
0 

inside R 

outside R 

inside R 

outside R 

and where c2 = 1/pK. We have added the terms (1 /p)V2p- pK(o2p/ot2) on 
both sides of Eq. (8. 1.10), and then multiplied by p to obtain it in a form 
appropriate for changing into an integral equation. We have omitted the 
source terms involving Ui UJ for the reasons given two paragraphs above. 

Equation (8.1. 11 ) is homogeneous in the unknown quantity p, though 
we have put the terms representing the effect of R on the right, as though 
they were some sort of source term. In a sense they are source terms, for 
they represent sources of scattered sound, produced by the interaction 
between the sound wave p and the non uniformities in R; bu~ they do not 
represent any new energy being introduced into the sound field, as would 
terms on the right-hand side which were independent of p, discussed in 
Chap. 7. 

If the irregularities in R are stationary in time, as they would be if R 
were a "foreign particle" in the fluid, such as a fog droplet in the air or a 
bubble in water (in these cases 9t is usually zero), we can profitably consider 
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the case where the acoustic motion has a single frequency co/277 and use the 
time-independent equation for the pressure amplitude, • 

w 
V2p., + k 2p,., = -k2y,.(r)p'° - div (y/r) gradp,.,] where k = ~ (8.1. 12) 

From this equation we can obtain steady-state si ngle-frequency solutions 
and transient solutions, if needed, by the usual Fourier transform procedures. 

The integral equation 

As with radiation problems, we shall find it much more useful to deal 
with an integral equation for the pressure wave, rather than with a differential 
equation plus boundary conditions. To obtain the integral equation we 
return to Eq. (7.1.17), giving Pco in terms of a volume integral of /roGro plus 
a surface integral of Pco and Gw- For the present case, with an unbounded 
medium, the Green's function is Kw = eikr/4m·. We cannot neglect the 
surface integral over the sphere at infinity in the present case, for we are 
now feeding energy into the medium, from infinity, via the incident wave. 
In fact, it turns out that the surface integral of Eq. (7.1.17), over the sphere 
at infinity, just produces p/r), the incident wave, which comes from infinity 
and is scattered by region R. 

Thus the integral equation for the scattering of an incident wave p;(r) 
by a single region R of different p and K is 

Pro(r) = p;(r) + J JJ{k2yK(ro)Pco(ro) - div [Yo(ro)VoPw(ro)]}gw(r I r0) dv0 

R 

= p;(r) + JJJ(k2y<prog., + yPV0p., • V0g.,) dv0 

R 
where 

l 
g.,(r I r0) = I I exp (ik Ir - r01) 

477 r - r0 

(8. 1.13) 

To obtain the second form from the first we have integrated by parts, as we 
did with Eq. (7.1.25). In fact, our discussion of this integral equation can 
go very much as it did for Eq. (7.1.25). _T he integral here represents the 
scattered wave produced by the interaction between the incident wave and 
the irregularities of p and K inside R. The first term comes from the fact 
that R has not the same compressibility as the surrounding medium, which 
results in a monopole source distribution of source density (ik/ pc)y i r)p.,(r). 
The second term gives rise to dipole scattered wavelets from each dv0 ; because 
of the difference in density, region R does not move in response to the force 
grad Pw with the same velocity as does the surrounding medium; this produces 
a dipole source density (1/ikpc)yp(r) grad Pw(r). Note that these sources de­
pend on Pw, the actual pressure field inside R, not on the incident pressure Pi· 
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This is an inhomogeneous integral equation; instead of the volume 
term being the inhomogeneous term, as it was in the case of radiation, the 
incident wave p;(r) (a specified function) is the inhomogeneous term. We 
have transformed a differential equation, which is homogeneous because it 
represents the fact that no energy is being added mechanically in the finite 
part of space, into an integral equation, which is inhomogeneous because 
energy is being added from infinity, via the incident wave JJ;· 

The scattered wave 

At large distances from the scattering region R (r ► a, the radius of 
the sphere enclosing R), the Green's function takes on the simple form 

l 
gw(r I r0)->- - exp (ikr - ik8 • r0) 

41Tr 

where vector k8 has magnitude k, and is pointed in the direction of the radius 
vector r from the origin , inside R, to the point of observation. If, for 
example, the incident wave were a plane wave of amplitude A and wave­
number k = w/c, the exact form for the asymptotic behavior of the pressure 
wave would be 

Pw(r)->-Aeikrr + A (e~kr) <t>.(k.) (8.1.1 4) 

<!).(k8) = 4!~JJJ[rir0)p,.(r0) - iyiro) ~ • V0p,,,] exp (- ik8 • r0) di•0 

R 

where a, = k./k is the unit vector in the direction of the observer. T he second 
term for Pw is, of course, a scattered wave, radiating outward from the region 
R, with an amplitude depending on vector k8, which points in the direction 
of the observer. Thus, if we knew the exact form of the sound field Pw in R , 
we could compute the exact form of the scattered wave at large distances. 

Function cJ> .(k,) is called the angle-distribution factor for the scattered 
wave, or sometimes the scaftered amplitude. Its square l<l>,12, divided by 
pcr2, is the intensity of the scattered wave at the observation point r (r ► a). 
Ordinarily, the scattered wave must be measured a considerable distance 
from the scatterer in order to separate the scattered wave from the incident 
wave ; so the function ¢ 8 is usually the goal of our calculations. An impor­
tant point is that <Psis the three-dimensional Fourier transform of the function 

21T2k2 

(lJ.(r) = ~ [yir)p.,,(r) - iyP(r)(a,/k) • Vp,,,(r)] 

= JJJ (J) .(K)eiK·r dL·K 
(8. 1. 15) 

dv K = dK., dKv dK, dv, = dx dydz 
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for the special value K = k8 . This property of the scattered amplitude will . 
be of considerable utility in our analyses. 

A few other general properties of <1> 8 , resulting from the Fourier trans­
form relationship, merit exposition here. For example, we can generalize 
the convolution integral of Prob. 23 of Chap. 1 to obtain an alternative 
form for <1> , . If we define the spatial Fourier transforms of Pw and y as 

I'(K) = 8~3JJJ y(r)e-iK·rdv, 

and if we remember that the Fourier transform of grad Pw is iKP(K), then 
the angle-distribution factor can be written 

(8. 1.16) 

the convolution in this case being in wavenumber space rather than in 
distance space. If, for example, in the region R, p., resembles a traveling 
wave A exp (ik i • r), its Fourier transform will have a sharp peak at K = k;, 
resembling the transform of A exp (iki • r), which is A o(K - k;). In this 
case ct> s(k.) would be approximately equal to 

(2112k2/ A)[I' / k s - k;) - I' p(k8 - k;) cos ,OJ 

where ,{} is the angle between k. and ki. T he dependence on {) comes 
explicitly on the cosine factor, but also implicitly, because the vector k. - k; 
depends, both in magnitude and direction, on {), the angle of scattering. 

The intensity of the scattered wave, at large distances from R, is given 
by a double integral which can be transformed into the Fourier transform 
of an autocorrelation function. 

I = k
4 Jff r (r a )e- ik, ro dv Jff J.*(r a )eik, r , dv s 16 2 2 J w o, r O o, l> r I 

7T per 
U Ii 

(8. 1.17) 

where 

. a, V 
/ w(r ,a,) = yK(r)p.,,(r) - 1yP(r) k • p.,,(r) 

l"w(I) = ~ JI f J.. (r ,a,)J:(r + I, a,) di:, 
R 

V being the volume of the scattering region R, and I = r0 - r1 . We notice 
that )~,., is zero when / > 2a, twice the radius of the sphere enclosing R. 
Thus, when ka ~ I , the scattered intensity depends only on the volume 
integral of I w• and its directionality depends only on the directionality of/.,. 



Page 435 of 933

8.1 SIMPLE EXAMPLES OF SCATTER.ING 413 

The Born approximation 

We have seen that, once the exact form of the pressure distribution Pw 
is determined inside the scattering region R , then all the properties of the 
sound field outside R can be computed, including the asymptotic behavior 
of the scattered wave. The integral equation (8.1.13) can occasionally be 
solved exactly; a few examples will be given in the next section. It may be 
solved approximately by variational methods; an example will be given in 
the problems. Or it may be solved by successive approximations. Suppose 
we take, for our first approximation, the field produced when the unknown 
p., in the integral of Eq. (8.1.13) is replaced by the known function pi, the 
incident wave. 

Pw(r) '.::::'. A(r) + pi(r) 

pi(r) =II I [k2yiro)p;(ro)gw(r I ro) + y/ro) V oPi. V ogw] dvo 
rt 

(8.1 .18) 

If pi(r) turns out to be considerably smaller than p;(r) throughout R, 
then this approximation, called the Born approximation [Eq. (4.5.16)], will 
give us a satisfactory representation of the behavior of the scattered sound. 
1f this is not the case, we might add higher terms in the approximation 
series. 

p.,(r) = p;{r) + p1(r) + plr) + ps(r) + · · · 

Pn+1(r) =ff f [k2y ,.(ro)p.,iCr0)gw(r Ir 0) + y µ(r0) V 0p1, • V 0gw(r I r 0)] d11
0 

(8. 1. 19) 

1l 

For the sorts of functions y we encounter in acoustics, this series converges, 
but it usually converges slowly unless the y's are quite small (in which case 
p 1 is sufficient). Thus, when the Born approximation is inadequate, we turn 
to variational methods, or else to exact sol utions, when these are possible. 

When the y's are small and the Born approximation is valid, the calcula­
tion of the scattered wave is fairly simple. For example, when the incident 
wave is a plane wave, p;(r) = A exp (ik; • r), the angle-distribution function 
is nearly equal to 

<l>t,(µ.) = :: ff f [y .. (r0 ) + y ,,(r0 ) cos &] exp (iµ. • r0) dv0 

/? 

µ. = ks - k1 (8.1.20) 

where cos {) = k; • k./k2 is the cosine of the angle between k, and k; (i.e., 
the angle of scattering between the direction of the incident plane wave and 
the radius vector r to the observer), and the r's are the spatial Fourier 
transforms of the y's, as defined in Eq. (8.1.16). 
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Lf R is a sphere of radius a and both the y's depend only on the radius 
r0, then the angle coordinates of dv0 can be integrated over and 

<f\(µ) = k
2 Ja [)1 "(r0) + y p(r0) cos 0] sin (µr0)r0 dro 

µ 0 

-½k2a3 ( < K,, ~ K> + < Pc;, p> cos ·O) µa ~ 1 (8. 1.21) 

whereµ = lks - k;I = 2k sin ({)/2) . T hus, at long wavelengths, the dipole 
wave, proportional to the mean value (yP) over R, has the same order of 
dependence on ka as the monopole wave, which is proportional to the mean 
value (y ,_) over R. Other properties of the Born approximation to the 
scattered wave will be taken up in the problems. 

Scattering from turbulence 

Our second example of the use of the Born approximation is the case 
where the y's and I)~ are small, but vary in a random manner with time and 
position within R. lf the rms values are small, the approximate solution 
should be satisfactory. This time we shall not analyze the wave first into 
simple-harmonic components, but shall use the time-dependent Green's 
func tion of Eq. (7.1.18), with a source function 

1 cJ2 . 
f(r,t) -.:::::. - - y ,_(r ,t) -::.P.• - div (y

1
,(r,t) grad p.(r ,t)] + 2V • m • V (8. 1.22) 

c 2 ui-

where the components of u in the elements of IJl are set equal to the com­
ponents of ut, related to Pi via the equation -(ou;fot) = (L/ p) grad Pi• 

Again we specialize by assuming that the incident wave is a plane wave, 
p; = A exp (ikf • r - ikict), and since we are interested in the asymptotic 
form of the scattered wave, we use the asymptotic form of the Green's 
function, 

g(r,t I r0,t0) -+ -
1
- c5 [10 - t + ~ - ~ (r0 • a,)] 

41n· C C 

where a, is a unit vector pointed along r. Thus r0 • a, equals r0 times the 
cosine of the angle between r0 and r, and k ;r0 • ar equals k, • r0, where ks= 
k;a, as previously. Dealing first with they" term, we can write the integral 
for the asymptotic form of this part of the .scattered wave, eliminating the 
delta function by integrating over t0• 

p,,_(r,t) -► ~:~ J dt0 J J J dl'0 y "(r0,t0) c5 ( t - t0 - ~ +; ro • a,) 

x exp [iki • r0 - ik1ct0] 

(8.1.23) 



Page 437 of 933

8.1 SIMPLE EXAMPLES OF SCATTERING 415 

To demonstrate that this approximate formula for the scattered wave 
,does indeed display a frequency spread, we now carry out a frequency ana lysis 
by taking the Fourier transform of p

8
,, for the frequency w/27T (not necessarily 

equal to k ,c/2TT). 

p .(r,w)-+ Akl eik;rfffdv0Jdry" (r0,t - : + ! ro • a r) 
•• 47Tr C C 

X exp [i(k; - k8) • r0 + i(w - kic)r] 

This is the four-dimensional Fourier transform of the fluctuating function 
y ,,(r,t). 

r,..(K,w1) = (21r)- 4J d1 1J f Jc1v1 y,,{ri,11) exp ( - iK • r1 + icv/1) 

for a specific value of K and w", multiplied by a phase factor, which arises 
because the proper integration variable is not t but /1 = t - (r/c ) + 
(l /c)r0 • ar Carrying out the integrals in turn, we obtain 

P.,(r,w)-+ :::; e•k;r J dt1 J ff dv0 y / r0,t1) 

X exp [ i(k; - k s) · r0 + i(w - k ,c)(11 + ~ - ~ r0 • a,)] 

= -- k.2e1wr/cr - a - k- w - k -c 2TT
2
A • (w ) 

r i ,c C r i , i 
(8.1.24) 

Because of the random motion within R , the transform of y is not a delta 
function o(w - kic) exactly at the frequency k ;c/27T of the incident wave, but 
bas a spread in frequency roughly equal to the reciprocal of the correlation 
time interval 27T-r0 = 2TT/w0 . Thus the scattered wave can have frequencies 
w/27T and wavenumber w/c which differ from the incident values k ;c/2TT and 
k ; , The transform r" also has a broader peak at (w/c)ar-:::::. k ;, which pro­
duces a dependence on the angle between ar and k; in the scattered wave. 

The other parts of the scattered wave may be computed by similar 
procedures, though the calculation is further complicated because of the 
divergence operators, which give difficulty when integrated with a delta 
function. The safe way is to integrate by parts, obtaining derivatives of the 
delta function, such as o'(x), which has the property that SJ(x)o'(x - a) dx = 
f'(a), where the prime indicates differentiation with respect to the argument. 
One then can integrate over t0 and eventually obtain for the w component of 
the complete scattered wave 
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where 

and l} is the angle between a, and k; (the scattering angle). Functions r 
and n,. are the Fourier transforms, respectively, of Yp and of 1/c times th; 
component Ur, along r , of the turbulent velocity U. The details of these 
calculations will be taken up in the problems. 

Because of the random motion, the phases of r "' r P' and n,. are random 
functions of their arguments. Since, usually, y "' y P' and U,/c vary inde­
pendently, when we square Ps to obtain the intensity of the scattered wave, 
the cross terms average out, and the intensity involves just the sum of the 
squares of r "' r P' and n, separately. Again we go into the details in regard 
to r" here, leaving the rest of the calculation for a problem. Thus the 
spectrum level of the sound scattered by y "' analyzed over the time interval 

at T, is 47T.1 jA[2 k/ (w ) 2 

l .(r) -
2 

r " - a, - k;, w - k ;c (8. 1.26) 
• per c 

where Ir "(µ ,,D.s)l2 is the spatial-temporal spectrum density, for wavenumber 
vector µ _, and frequency difference D.s/21T, of the inhomogeneity factor y ,,(r,t) 
in R. If the fluctuations in R are isotropic, Ir "12 will depend on the magni­
tude of µ ,, not its direction, and if its fluctuations have equal contributions 
for frequencies up to cve/21r and from wavenumbers of magnitudes up to 
1//c (i.e., if the correlation time is 1/we and the correlation length is le), then 
[I'/ K,w

1
) j2 will be maximum at µ , = 0 and D. 8 = 0 and will drop to zero 

when lµ ,j is larger than I /10 , when [D-,1 is la rger than we. 
Therefore Eq. (8. 1.26) shows that the greatest amount of this scattered 

intensity, measured at r, is for a frequency equal to k ;c/21T = w;/21r and for 
a direction a, for which (w/c)a, = k;; it drops to zero for frequencies such 
that jw - w;j/21r is greater than w0 /21T and when j(oJ/c)a ,. - k11 is greater 
than l /f

0
• To make these points a little clearer, we work out the case for 

which the autocorrelation function for y" has the simple form 

Y/1,T) = ;T J:T dt ff f y/r,f)y(r + I, t + T) dv, 
R 

= (y / ) exp [ - ~ (~r - ½w/T2] 

where (y ,/) is the mean square of y "' averaged over region R and over time 
interval T. Generalization of Eq. (2.3 . I 3) indicates that an autocorrelation 
function of this form will have a spectrum density 

Ir (u D-)12 = VTc31 (y 2) exp[-¼µ2/ 2 - ~ (~)2] 
" ' (21r)6w, " • e 2 We 

Therefore the intensity of the sound scattered at frequency w/27T from a 
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plane wave, of amplitude A and frequency w;/21r, going in the direction k ;, 

by the region R with irregularity y,. characterized above, is 

IAl2 k .4 VT! 3 
. [ w 2 (w - kc)2

] 
f(r)~ 

16 2

1 
; (y / ) exp - ½/.2 - a, - k; -

2 2' (8.1.27) 
" TT pcwer c We 

which exhibits the dependence on frequency and on the angle between the 
direction k; of the incident wave and the direction ar to the observer. 

Finally, Eq . (1.3.17) shows that the total intensity at r, averaged over a 
time interval T , is the same as the integral of /"(r) over w. 

I J 21rf IAl 2 Vk .J /3 
! .,(·&) = - li(t) dt = - I,, dw '.:::= 'Vlli ' e (y _2) 
• T T 321r pcr2 V I + k c2lc2 • 

X exp [ 2(k;~;
2

~ I) (4 sin2 ½0- + k/ 1.2 sin2 &)] (8.1 .28) 

where k < = weft , and {} is the angle of scattering, between a , and k;. l nte­
gration of this, times 21rr2 sin ·19· d{} over {} from Oto 1r, would equal the total 
power scattered by the inhomogeneous term y ;.· Again we see that the 
scattered intensity falls off as tbe scattering angle increases. For high 
frequencies (k; large) it falls off rapidly, particularly if kJe = le/tTc is large. 
When the correlation length le is srnall compared with c times the correlation 
time Te, and tbe scattered peak in the k ; direction is broader and at lower 
frequencies (kJc ~ 1 ), the scattered intensity is nearly isotropic. 

More calculation of the same sort indicates that the total spectrum 
density of sound scattered by random fluctuations in compressibil ity, density, 
and turbulent velocity is 

IAl 2 
VT/ 3 

[ • ( w)2 l.,(r) -► • e ., k/ (y .2 ) + kl - (y 2 ) cos2 {} 
l 61r2 pew . r- • c r> 

(w)4 ] [ J (6. )2] + 4 c (M/) cos2 
{) exp - 1µ .21.2 - 2 w: (8.1.29) 

where y" and y P are defined in Eq. (8. I .11 ), and M1 = U,/c, so that (Af/) 
is the mean-square Mach number of the turbulent motion, independent of 
1J, if the turbulence is isotropic [see Eq. (11.4.15) for further discussion]. 
The quantities µ , and 6., are given in Eq. (8. 1.25). The total scattered 
intensity, for all wavelengths, is then 

/ (r) IAl 2 
V <X'

1 
{ ., , ~) + ''( '') I + ,,2(1 + a 2 cos /})2 

$ ~ --;=== rr , y ,.- 1r y - > 'Vlli pcl. r2 '\I I + «2 P I + et~ 

12 M 2 I + 21]2(1 + -x2 cos 0)2 + ·11/(J + o:2 cos 0)4\ 
+ ( I ) ( I + -x2)2 j 

(8.1 .30) 
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where ?J = k J k c = wi/wc, and a = k.fc- We have assumed that although 
y,, yD, and Urfc fluctuate independently, their correlation lengths and times 
are roughly eq uaJ. 

Ordinarily, in a turbulent region, the fluctuations of K and of p are 
proportional to M/, so that if the turbulent Mach number is small, the first 
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FIGURE 8.3 
Angle distribution of total intensity scattered by isotropic 
turbulence of Mach number M. 

two terms are small compared with the last .one in the braces. The angle 
distribution for this last term, assuming y,, and yP are negligible, is plotted 
in Fig. 8.3, to display the very large variety in the directionality of the 
scattering from a turbulent region. 

8.2 SCATTERING BY SPHERES 

To obtain more accurate formulas for sound scattering we must specialize 
our calculations for objects of relatively simple shape. In the preceding . 
section we worked out the scattering from circular cylinders; in this section 
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we take up the other simple shape, the sphere. This case is of considerable 
practical importance ; many scattering objects are more or less spherical. 
Scattering from a few other shapes can be computed exactly, from disks 
and ellipsoids, for example. But these computations are much more 
complex and introduce no new principles ; so we omit their discussion. 

If the sphere is composed of material of quite different acoustical 
properties from those of the medium, it will turn out to be advantageous to 
fit boundary conditions at the surface of the sphere, rather than to use the 
volume integral of Eq. (8.1 .13). First let us go through the simplest case, 
that of a rigid, motionless sphere of radius a, centered at the origin. 

The rigid sphere 

The analysis follows the same lines as that for the cylinder. The 
expression for a plane wave traveling to the right along the polar axis is 

00 

Pv = A lk(rcos.9- ct) = A L (2m + 1)imP,u(cos {})jm(kr)e- 2m vt (8.2. 1) 
111=0 

where A = V p0cf, and the factors P,,. and j ,,. are defined in Eqs. (7.2.4) and 
(7.2.11 ), respectively. The expression for the wave scattered from a sphere 
of radius a whose center is the polar origin is 

01) 

Ps = -A L (2m + J)cn+ie- ;s,,, sin omP m(cos {}) 
llr-0 

X [j,,.(kr) + in ,n(kr)]e- 2mvt (8.2.2) 

where the angles o,,. have been defined in Eqs. (7.2.15) in connection with 
the radiation from a sphere. The values of some of them are given in Table 
VJII. 

The intensity of the scattered wave and the total power scattered are 

a2 I 1 00 

1 s -::::: - 2 k 2 2 L (2m + l )(2n + I) 
r Q m.,nn O 

~ 

X sin o,,. sin 011 cos (c5,,. - on)P,,. (cos {})P11(cos {}) 
I 67T4v4a6/ 

9 4 2 
(I - 3 cos f>)2 ka ~ 1 

Cr 

(8.2.3) 

ka ► l 

The discussion concerning the short-wavelength limit for the scattering 
from a sphere is similar to that preceding and following Eq. (8. 1.4) for the 
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cylindrical case. The total power scattered is that contained in an area of 
primary beam equal to twice the cross section na2 of the sphere. Half of 
this is reflected equally in all directions from the sphere (the first term in 
the last expression for /); and the other half is concentrated into a narrow 
beam which tends to interfere with the primary beam and cause the shadow 

4 

3 

Q L-£.__j_ _ _ .J._ _ ___.L __ _L_ _ ___J _ _ _L_~ 

0 

FIGURE 8.4 

2 3 4 
( 2,ro/ X) 

5 6 7 

Distribution-in-:.ngle of intensity scattered from a sphere of 
radius a and total power scattered Il, per unit incident 
intensity. 

(the second term in the last expression). If the experimentally measured 
"total scattered power" includes everythfog from{} = D. to fJ = n - D., llexP 

will equal n • for wavelengths longer than 4a/6. and will approach ½TT , for 
wavelengths much shorter than 4a/t::.. 

Figure 8.4 shows polar curves of the scattered intensity as a function of 
the angle of scattering{}, for different values of 'Y/ = ka, and a curve TI, as 
function of 'Y/ · As with the cylinder, the directionality of the scattered wave 
increases as the frequency increases. 
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The force on the sphere 

The total pressure at a point on the sphere an angle {} from the polar 
axis (note that the point {} = 0 is the point farthest away from the source 
of the sound) turns out to be 

(1)2 00 2m + I Pa = Ae- iwt - L --- P,,.(cos ·&)e-i <6m- ½rn,) 
ka ,n= O Bm (8.2.4) 

'.::'. ( l + }ika cos ff) Ae-iwt ka ~ I 

As with the cylinder, this expression is proportional to that for the pressure, 
at large distances, due to a simple source set in the sphere. The curves of 
Fig. 7. l therefore show the dependence of p/ on{}. 

2 

2 

FIGURE 8.5 
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Ratio of pressure amplitude at a poin·t on a sphere to pressure 
amplitude of the plane wave striking the sphere, plotted as 
function of 'I'/ = 2110/}.. Solid line is the pressure at a point 
facing the incident wave; dotted line is t he average pressure 
for a circu lar area around this point with an angular radius 
of 30°. 

The amplitude of the pressure at the point nearest the source of sound 
({) = ,r), for a plane wave of unit pressure amplitude, is plotted in Fig. 8.5 
as a function of 17. We notice that for wavelengths long compared with the 
circumference of the sphere, the pressure at {) = 7T equals tbe pressure of 
the plane wave, but that for shorter wavelengths the distortion of the wave 
due to the presence of the sphere makes Pc, differ from A. Th is general fact 
will be true for obstacles of other than spherical shape, even though the 
dependence of Pa on 17 will be somewhat different from that given in Eq. 
(8.2.4). Therefore a microphone measures the pressure of the wave striking 
it only as long as its circumference is smaller than the wavelength of the wave. 
For smaller wavelengths a correction must be made for the distortion due to 
the presence of the microphone. 
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By using Eqs. (7.2.5) we can find the average value of the pressure on 
that portion of the surface of the sphere contained between the angles {) = 77 

and ,{} = 7T - <00 : 

(8.2.5) 

ka ~ I 

where P_1(cos ,{)0 ) = I. The dotted line in Fig. 8.5 gives the values of 
Pavg/A0e-i'"1 as function of 17 = ka for the case lJo = 30°. 

Nonrigid sphere 

To compute the scattering from a sphere which is not perfectly rigid, 
we shall find it convenient to use the full machinery of the Green's function 
integral. The fluid medium fills all space outside the surface of the sphere 
of radius a centered at the origin. In this region the volume integral of 
Eq. (7.1.17) is zero, and the surface integral is over the sphere at infinity and 
that at r = a. T he integral over the sphere at infinity produces the incident 
wave p ;, as mentioned in connection with Eq. (8.1. I 3). T hus Eq. (7.1.17) 
becomes 

r2
~ r~ [ o 

p,,,(r,rJ,rp) = p; + a2 J, drp0 Jo sin #o d'/90 Pw(a,rJo,fPo) oa gw 

where the incident wave p; is usuaUy the plane wave Aeikz and where we have 
replaced o/on0 in the integral by -(o/oa). The appropriate series for the 
Green's function is given in Eq. (7.2.31). To make the integral equation 
specific, we need to determine the ratio between p,0 and op,,,/or at the surface 
of the sphere r = a. This ratio is, of course, fixed by the acoustic properties 
of the material insider = a [which is not a part of the region in which Eq. 
(8 .2.6) holds]. Lf the material is such that its surface at r = a is one of 
local reaction, then ur = -((3/ pc)p or op/or = - ik{Jp just outside r = a, 
where pc/(3 is the point impedance, and f3 is the specific admittance of the 
surface. 

O n the other hand, if the materia l of the scattering sphere allows sound 
waves to propagate through it, the surface at r = a will be one of extended 
reaction, and we shall have to determine the ratio between u, and p at r = a 
by investigating the wave motion insider = a. Suppose the material of the 
sphere has density p. and compressibility K . , so that wave motion propagates• 
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with velocity c, = l{'\I p,K, in it. In this case the acoustic pressure inside 
r = a can be represented by a series of terms of the form Y mn"({},cp)j m(ker), 
where k , = w/c,; Y111 ,." and jm are the spherical harmonics and spherical 
Bessel functions discussed in Sec. 7.2. We must use j,,., not n,., because this 
wave cannot go to infinity at r = 0. 

For each spherical harmonic of order m, the relation between u, and p 
just inside r = a is then 

(8.2.7) 

where 

and where j:,, represents the derivative of j,,, with respect to its argument. 
We have expressed the ratio between the portions of u r and p, which belong 
to the spherical harmonic Y,,.,.", in terms of an effective admittance f31n, by 
analogy with the locally reacting case. Here, however, {3,. is a function of 
the order m of the spherical harmonic, whereas for the locally reacting case 
{:J is independent of m. 

In either case we shall have to expand the solution Pw(r,{),cp) outside 
r = a into a spherical harmonic series 

p,.(r,{),cp) = L Y,,.,."({},cp)qmn"(kr) 
mno 

w 
k =­

c 
(8.2.8) 

where q.,. 11" is a combination of.j,,.(kr) and hm(kr), which fits the boundary 
conditions at r = a. In fact, the boundary condition is that, just outside 
r = a, 

I ( oq) I I /3 m ) u, = -. - ~ = -. -q,,.,." (ka) = - - qmn"(ka twp ur r -o tupc pc 

by definition of {3,,, . Quantity qm11" '(0 = dq,,.,."a)/d,. However, the ratio 
between u r and pat r = a, required by the acoustic properties of the material 
inside r = a, is given by combining the equations of the foregoing para­
graphs. We see tha t 

q
111

,."
1
(ka) = -i/3.,,q,,,,,"(ka) Where R = ,· pc [i,.(k.a)] (8 2 9) 

tJm • (k ) •• p, ce } m ea 

for a surface of extended reaction at r = a. For a surface of local reaction, 
of point impedance pc/{3, the relation between q;,,,. and q,,.,. is the same, but 
f:J,.. = /3, independent of m, instead of being given by the second equation. 
This fixes the relationship between the first and second terms in the brackets 
in Eq. (8.2.6), for either kind of surface reaction. 
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Solving the integral equation 

We can now carry out the surface integral of Eq. (8.2.6), using the 
expansion (7 .2.3 I) for the Green's function , the expansion (8.2.8) for p,,,, and 
Eq. (8.2.9). Because of the integral relationships between the spherical 
harmonics, given in Eqs. (7.2.7), the double summation reduces to a single 
sum, and the integral simplifies considerably. For example, the first term in 
the surface integral turns out to be 

ik
2
a

2 i 2• i 11 

-
4
- d<p0 sin {}0 d&0 L,q8/(ka)Y8/({}0,<p0) 
7T O O ,j(r 

(m - n)! ., 
X ,L, (2m + I) ( ) 1 Y,,. ,."({)0 ,<p0) Y,,.na(,f},<p)Jm(ka)h,,,.(kr) 

1nna m + n. 

= ik2a2 ,L, Y,,.,,a(,f},<p)h,,.(kr)q111na(ka)J;,.(ka) 
'1'1111(1 

where we have chosen the form of the Green's function appropriate for 
r > a. 

Thus Eq. (8.2.6) becomes 

Pw(r,{},<p) = P;(r;{},<p) + ik2a2 .L. [j:,,(ka) 

which will enable us to evaluate the pressure anywhere outside the sphere, 
as soon as we have computed the values of the constants q.,.n{ka). The first 
term on the right-hand side is the incident wave ; the second term, made up of 
outgoing Hankel functions, is the scattered wave. We compute the values of 
q.,,,n(ka) by requiring that Eq. (8.2.10) hold on the boundary r = a. The 
equation 

p;(a,{},<p) = L, qmna(ka)Y,,.,.a(-&,<p){l - ik2a2h,,.(ka)[j~
1
(ka) + i/3,,Jm(ka)]} 

mna 

simply states that the total wave, given by Eq. (8.2.8), minus the scattered 
wave, at r = a, equals the incident wave. 

One further simplification can be made in this equation. The last of 
Eqs. (7.2.12) states that j~ (ka)hm(ka) = j,,.(ka)h~, (ka) - (i/k2a2) . Therefore 
the equation determining the coefficients q mnCka ), the equivalent of the integral 
equation (8.2.6), becomes 

p;(a,{},<p) = -ik2a2 L, qmna(ka) Y m,.a({},<p)jm(ka)[h;,.(ka) + if3mh m(ka)] 
m,n,a 

(8.2.11) 

The incident wave also may be expanded in terms of spherical harmonics. 

p;(r,{},<p) = 1 Amnaymna(,{},,<p)jm(kr) 
ttl.11,<T 
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Since the incident wave is the complete solution in the absence of the scattering 
sphere, it must be finite at r = 0, and thus only the Bessel functions j'"(kr) 
can be used. If the incident wave is a plane wave of amplitude A = V pc! , 
intensity / , and wavelength il = 2TT/k , traveling in the direction of the spherical 
axis (z axis), the form is 

a:, 

Pi = A 2 (2m + l)i'"P ,n(cos {})j,,,(kr) 
wa:0 

or 

(8.2.12) 
since Y111,,1(fJ,cp) = Pm(cos &). 

T herefore the coefficients of expansion of Pw on the surface r = a have 
values 

A ,, 
q 111 ,."(ka) = i k=~~ [11;11(ka) + if3 111h1,i(ka)J- 1 

(2m + l)i'"+lA 6.,1<5,,o 
(for a plane wave) (8.2.13) 

h~1(ka) + if3,,,l1111(ka) k 2a2 

For the rest of this chapter we shall concentrate exclusively on the case of an 
incident plane wave, for which the second expansion holds for qmn"(ka). 
The more general case will be taken up later. 

Absorption and scattering 

Inserting the second form of Eq. (8.2. 13) into Eq. (8.2.10), we obtain, 
for the total sound field outside the sphere, for an incident plane wave, 

a:, 

p.,(r;fJ) = A / kr cosl> - A 2(2m + l)i"'P ,,.(cos ,fJ) 
m-=O 

j;1(ka) + i f3m j m(ka) h (k ) 
X I m r 

h,/ka) + i/3111hm(ka) 

= A 2 (2m + I)i"'P m(cos ,fJ)[j,n(kr) - ½( I + R m)hm(kr)] 

, _ 00 

(8.2.1 4) 

In the last expression we have used the asymptotic formulas for im and h'" 
given in Eqs. (7.2.9) and (7.2. 12). The last two formulas have been simplified 
by defining a reflection coefficient R m. 

R = 1t;:(ka) + i/3,,,h'!,(ka) 
'" l,~1(ka) + i/3,,/1 ,,.(ka) 

with 1, ;,;(ka) = /,,(ka) - i11 ;
11
(ka) , h;,, = j,,, - in ,,. being the complex con­

jugates of the Hankel functions h~ = j~, + in~ and/,'" = j,,. I- inm, respec­
tively. These results deserve detailed discussion. 
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The asymptotic expression indicates that the pressure wave outside the . 
sphere can be expressed as a series of waves traveling radially outward from 
the origin (characterized by the factor eikr) plus another series traveling 
radially inward (with the factor e-1"'). T he waves traveling inward are 
unaffected by the nature of the spherical surface at r = a; they have been 
determined solely by the shape of the incident plane wave. The outward­
bound waves, on the other hand, have amplitudes proportional to the factors 
R ,.., which depend on the surface admittances /3,,.. We may call this factor, 
the ratio between the mth outgoing and incoming waves, the reflection coeffi­
cient for the mth partial wave. If {:J.,. is purely imaginary (reactive), R ,,. is the 
ratio between the quantity h;,, + i f3mh,,. and its complex conjugate, so that 
IRml = 1. In this case each wave is reflected from the surfacer = a with no 
change in amplitude, but a change in phase; no energy is lost at the sphere's 
surface. 

On Lhe other hand, if (3,,, has a real part, !Rini is less Lhan unity. Less 
energy is reflected than is incident on the sphere; some of the energy is 
absorbed. Finally, if the material inside the sphere has the same compressi­
bility and density as the medium outside, so that {:J,,. = i[j;,,(ka)/j,,.(ka)], then 
I + R,,. = 0, Rm = -1 for all m, there is no scattering or absorption, and 
the incident plane wave is undistorted. 

The asymptotic form of the scattered wave is 

ps(r,{},<p) = - ½A I {2m + l)im( l + R,,.)Pm(cos {})h"'(kr) 

l 
<l>('~) = -k 2 {2m + 1)(1 + Rm)P,,.(cos iJ) 

2 , m 

(8.2.15) 

Factor <D, the angle-distribution factor for the scattered wave, is equal to 
1/A times the factor <1>8 of Eq. (8.l.14). The total power scattered, divided 
by the incident intensity I = IAl2/ pc, is equal to the scattering cross section 
[see discussion preceding Eq. (8.1.8)]. 

:E, = 2rrr · ,<I>{-&)12 sin{} d-& = 4: 2 {2m + l) I j ~,(ka) + i_f3mj,,,(ka) 2 

Jo k- h
111

(ka) + 1/3,,/1 m(ka) 

= ;
2 
2 (2m + 1) I l + R,,.12 -+ :: I (2m· + I) sin2 c5.,,. when {:J-+ 0 
m m 

(8.2.1 6} 

[see Eqs. (8.2.3)). If {:J has a real part, energy is absorbed by the sphere as 
well as scattered to infinity. To calculate the power absorbed, we compute 
the energy flux, - Re (pu:) at r = a , into the sphere. Equations (8.2.8) and 
(8.2.13) enable us to calculate the pressure at the surface, whereas Eq. (8.2.9) 
shows that 
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1f the admittance {3 111 has a real part e,,. and imaginary part u.,., so that 
p,,. = e,,, - iu ,,., then the absorption cross section L 0 is the power absorbed by 
the sphere, divided by / i . 

k4a4 ' (2m + I)~,,. - ,,,. ' . I 12 Z0 = 4----;; £.. [I ' (ka) /J I (k )]2 - k2 £.. (2m + I)( I - R,,. ) (8.2.17) rra m I,,. T I ,,. Im a m 

Quite a bit of algebra is required to show that the two series are equal. 
Having written out the two expressions for the power withdrawn from 

the incident beam, we can write down the sum, caUed the total cross section. 

~ 271' 4rr L = L• + L 0 = 2 I (2m + 1)(1 + Re R,,.) - - Im [<b(O)) (8.2.18) k ,,, k 

since the imaginary part of the angle-distribution factor ¢ , for -& = 0, is 
proportional to the sum of the real parts of (2m + l )( l + R,,.). We note 
that the fo rward-directed scattering function ({) is proportional to the total 
cross section. Since lm [¢(0)] forms the shadow, it is not surprising that it 
measures the total power abstracted from the incident wave, whether absorbed 
or scattered. 

Long wavelengths 

To show how these formulas can be used and to demonstrate the range of 
validity of the Born approximation [Eq. (8. l.20)] for the case of a spherical 
scatterer, we shall work out the limiting forms for the angle-distribution 
function ({) and for the cross section L when ka is small (i.e., when A is larger 
than 2rra). Insertion of Eqs. (7.2.9) and (7.2. 12) into Eqs. (8.2.9), (8.2.13), 
and (8.2. 15) produces approxima.te formulas for angle-distribution function, 
cross sections, and pressure and velocity distributions at the surface of the 
sphere, to the lowest order in the small quantity ka. 

<1>(0) ~ ·Ak2a3(K• - K + 3p, - 3p cos -0) 
K 2pe + p 

p.,(a,-&) ~ A ( I + ika 
3

Pe cos,{)) 
2p. + p 

u,(a,0) ~ ~ ( vka K ,, + 3
P cos 0) 

pC K 2p, + p 
(8.2.19) 

"' ~ 4 2(k ) 4( K , - K 2 ~ 3p. - 3p 2 ) L,s - 9 7TO a --- + 
K 3 2p, + p 

'-' ~ ,l Z( k ) I ( Kr - K 3p,. - 3p) L,a - a~ am --- + - --
K 2pr + p 

These formulas also deserve extended discussion. For a heavy, incom­
pressible sphere (K, ~ K, p, ► p) the angle distribution of the scattered 
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intensity has the factor (- 1 + ~ cos 0)2, with 25 times as much scattered · 
backward ({} = 1r) as forward ({} = 0) and with a node of zero intensity at 
{} = cos- 1 } ::::::: 48°. The radial velocity of the surface of the sphere in this 
case is zero, of course, and the pressure at the surface is A(l + Vka cos{}), 
whereas the incident pressure a t r = a is A(l + ika cos '8) . This indicates 
the error made by the Born approximation, which uses the incident pressure. 
Tbe modified approximation of Eq. (8.1.21) checks with the present exact 
solutions when p. - p is small compared with Pc· But for a very heavy, 
incompressible sphere the modified Born approximation would predict an 
angle distribution of ( - 1 + cos {})2, with nothing scattered forward, instead 
of the ( - 1 + ½cos {})2 of the exact sol ution. The unmodified Born approxi­
mation , obtained by substitutingpi for Pw in the integral ofEq. (8.1.14), would 
be much less satisfactory, for the effect of Pe would be the same as the effect 
of Ke, and there would be no cosi ne term, of second order in ka, in tbe 
resulting $ ('0). 

For a light, compressible sphere (Ke> K, Pe < p) the angle factor for the 
scattered intensity is [(Ke/ K) - 3 cos 0]2, which again has a predominance in 
the backward direction. The pressure at the surface of the sphere is A, with 
negligible dependence on {}, but the radial velocity at r = a is large, being 
(A/pc) [ika(K,/K) + 3 cos D]; the sphere moves back and forth along the z 
axis with three times the velocity of the surrounding fluid; so it is not surprising 
that the scattering cross section is large. T his is the case with air bubbles in 
water. The absorption cross section differs from zero only if the compressi­
bility or density of the material of the sphere, or both, are complex, corre­
sponding to frictional effects. 

Porous sphere 

In this connection it is interesting to work out the scattering from a sphere 
of porous material, of porosity Q and flow resistance <}),, as discussed in 
connection with Eq. (6.2.23). We first assume that the material of the pore 
walls is stationary, the air flowing through the pores as described in Sec. 6.2. 
From Eq. (6.2.25) we see that the effective compressibility a nd density of the 
fluid in the pores, for sound of frequency w/27T, are 

. + _<)), 
Pr= P,1 t -

w 

To this approximation the compressibility has no imaginary part, though 
inclusion of thermal transfer would introduce a small imaginary term . 

For many porous acoustic materials in air, $ ,.f p1,<1> ranges from 1 to 10 
for frequencies of 1,000 cps and is proportionally larger for lower frequencies; 
so the imaginary part of Pe is often la rger than its real part. When this is 
true we can write 

3p,. - 3p 3 + 3 . p.ck 
2p. + p ::::::: 2 t i <)), l 
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If, in addition, K ,,D. is not very different from K, the expressions of Eg. (8.2.19) 
become 

¢('0) '.'.:= {k2a3
[ l + { i ;~] cos{} 

p.,(aJJ) '.'.:= A[I + ika( ~ - li ~~) cos O] 

A [ pck ] ur(a,·O) '.'.:= pc Mka - ~i ()) • cos{} 

~ s '.'.:= -}1ra2
(ka)4

[ I + ~ ( ;~)2] 
pck 

t a '.'.:= 1ra2(ka) (1) 

• 

(8.2.20) 

Note that the angle-distribution function <J)({}) is not to be confused with flow 
resistance (1) c· 

When the effective compressibility is nearly equal to that of air, the 
scattered wave is dipolelike; the air flows back and forth through the pores, 
the flow resistance ensuring that the dipole is out of phase with the driving 
pressure. The absorption cross section is larger than the scattering cross 
section if ka is small. 

When the framework of the pore walls is not held at rest, yet another 
correction must be added because of the motion of the solid material. If the 
pore-wall material is effectively incompressible, the radially symmetric term 
(m = 0) in the series for the pressure inside the sphere is unaffected by this 
motion, and the term (K,. - K)jK in Egs. (8.2.19) i5 unchanged. However, the 
m = I term, representing linear motion along the z axis, is changed because 
the solid part of the sphere as a whole will move back and forth (as well as the 
air in the pores) unless the pore-wall material has infinite mass. Suppose this 
material has density p,,., large but not infinite. Then the mass of a unit 
volume of the sphere, exclusive of the fluid contained in the pores, is 
P,,.(1 - Q), where l - Q is the fraction of the volume occupied by the solid 
material. This is usually larger than Pe· • 

When this is the case, for the m = I term (proportional to cos{}), the 
impedance to the fluid flow is equivalent to a parallel circuit, the resistance ())e 

of the porous material being shunted by the reactance -iwp,,.( l - Q) of the 
solid material, which is forced into motion by the drag of the air moving 
through the pores. In other words, the <I>• of Eqs. (8.2.20), for the m = I 
term only, must be replaced by 

(1) = [-I + _i_]- 1 
" ct>. Wp,n(l - Q) 
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and the factor pck/<t>c in the first three of Eqs. (8.2.20) must be replaced by . 

pck . p 
- + 1---­
<De p,,.( 1 - Q) 

where the susceptance term is usually 1/2 to 1/ 10 of the magnitude of the 
conductance term. The spherically symmetric (m = 0) components are 
unaffected, to this approximation, the velocity being out of phase with the 
pressure at r = a. The axial (m = 1) components, on the other hand, are 
changed by the motion of the solid material, both in regard to phase relations 
and to magnitude ratios. 

T he fourth and fifth of Eqs. (8.2.20) then become 

{ 
I (pck)

2 
I [ p ] 2} 1:s = -}(7Ta2)(ka)4 l + - - + -

4 <t>e 4 p,,i( l - Q) 
(8.2.21) 

indicating that the absorption cross section is not affected by the motion of the 
solid material (to this approximation) and the scattering cross section is not 
changed much when p/ pm(I - Q) is smaller than pck/<f>e-

For larger spheres or shorter wavelengths these approximate formulas 
·are not valid, and the exact formulas of Eqs. (8.2.15) to (8.2.17) must be used. 

Viscosity and thermal conduction 

Finally, we can combine these equations with Eqs. (6.4.17) and (6.4.25) 
to find the effect of viscosity and thermal conduction on the scattered wave. 
The incident-plus-scattered wave is, of course, a propagational one; in air 
the attenuation effects can be neglected, except at the surface of the scatterer. 
Thus the incident plane wave Pi is still given by Eq. (8.2. I), with k = w/c, 
and the wave scattered by the sphere can still be written 

e ikr 

Ps = A I B ,,.P1,.(cos {})h,,.(kr) ~ A -. - I i"'BmP,,,(cos ff) 
m tkr .,. 

where B,,, = -½(2m + I )i"'(l + Rm), R ,,. being the reflection coefficient of 
Eq. (8.2.14). In addition, in the boundary layer just outside the sphere, there 
are thermal and shear waves, of an a mplitude sufficient to satisfy the boundary 
conditions on the temperature and tangential velocity at the surface. T hese 
also modify the pressure and radial-velocity conditions somewhat, so that 
coefficients B,.,, and thus the reflection coefficients R m, have not the values 
they would have if these small effects were neglected. 

Usually, these effects can be neglected, particularly if the sphere is fairly 
large or is "soft." They are proportionally more important for small \ 
scatterers and for a cloud of small spheres (such as fog or rain); the effect can j 
be quite noticeable. For a sphere of radius a, large compared with the 




