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. g with respect to the line from the center of the sphere through the radiating
element of area at point (a,0). But the principle of rccipro.city says that the
ressure at a point Q due to a unit simple source at point P is equal to
the pressure at point P due to a unit source at point Q. Consequ.ently, the
curves of Fig. 7.1 also represent the square of the pressure amplitude at a
oint (a,0) on the surface of the sphere due to a point source of strength
A%, at the point (r,3). Therefore the curves are useful as an indication of
the directional properties of the ear plus head, or of a microphone in a
roughly spherical housing.

Radiation from a piston set in a sphere

The other example to be worked out is that of a piston of radius a sin 9,
set in the side of a rigid sphere. As long as ¥, is not too large, this corre-
sponds fairly closely to the following distribution of velocity on the surface
of the sphere:

Uy 0 <P <y

U(ﬁ):{o Jo<B<m

The general formulas (7.2.17) can be used, with

U, =(m -+ -é}u.;,JA . P, (x) dx = 4uy[P,,_1(cos Fy) — P,,.1(cos )]

cos ¥,

where, for the case m = 0, we consider P_,(x) = 1.

These expressions for U,, can be substituted in Eq. (7.2.17) to give series
for intensity and power. Curves for / as function of # are given in Fig. 7.2.
When the wavelength is long compared with 27a, the pressure and intensity
are those for a simple source of strength 4ma®u, sin® (9,/2).

The radiation impedance for the piston set in a sphere can be computed
by integrating the expression for the pressure at » = a over the surface of
the piston. After quite a little algebraic juggling, we find

)
Z,= R, — iX, = pcdna®sin® (E") 0, — ix,)

f —= 1 % {'Pm 'I(CDS !?ﬂ) - "J::|:'ri+1(cDs t‘}lﬂ)].2

* = 2.5 £@m + 1B, sin? (32) (7.2.19)
e l i [P, 1(cos i) — P, .1(cos ¥,
S ST @m Tt DB Sint (82)

_ X [Jm(p) sin (3,,) — n,,(1) cos (9,,)]
k Where y — kq — 2ralJ.
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FIGURE 7.2

Distribution in angle of intensity and total power radiated
from a piston set in a sphere.

Since 4ma® sin? (#,/2) = ma,? is the area of the piston (a, thus defined
being the effective piston radius), the dimensionless quantity 6, — iy, is the
impedance per unit area, divided by the characteristic impedance pc of the
medium. The specific resistance 6, and reactance , are plotted in Fig. 7.3
as functions of the ratio of equivalent diaphragm circumference to wave-
length, 2ma,/2 = (wa,|c) [a, = 2a sin (9,/2)], for several different values of
¥y = 2sin™! (a,/2a). We notice that the resistive terms all are smalllat
low frequencies, increasing as w?; rising to a value of approximately umty
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Values of radiation resistance and reactance ratios
'[Rﬂxr}frﬂ,‘*pc. where a, = 2a sin (#,/2), as function of
70,/A = wa,fc for different values of #,, for radiation of
Sound from a piston set in a sphere of radius a.
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and then, for very high frequencies, approaching the usual
of 1 (z = pc). The reactance is always positive, representing a mass

It first increases linearly with frequency, as the reactance due to a
3 ass would, but then it reaches a maximum at A~ 2wa, and for
gher frequencies it diminishes more or less rapidly.
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These curves indicate the sort of radiation load one would expect on
the diaphragm of a dynamic loudspeaker, set in a spherical case, The
diaphragm of the dynamic speaker is not usually the surface of a sphere,
but often has the shape of an inverted cone in order to increase its mechanicg]
strength. The radiation from such a cone weuld naturally differ from thgg
from a section of a sphere; but it turns out that the average radiatiop
impedance on a piston is approximately the same, no matter what its Shape,
as long as its circumference is not changed and as long as the volume of the
mounting case is not changed. Therefore the radiation reaction on the
diaphragm of a dynamic speaker of outer circumference 27a,, set in a cabinet
of volume V,, = 4m=a®3, is approximately given by ma *pc times the curveg
of Fig. 7.3 for ¥, = 2 sin"[a,(=/6 Vr)%], with the frequency scale equal to
2mva,fe.

Multipoles and Legendre functions

Since the Green’s function g,(r | ry) of Egs. (7.1.6) and (7.1.14) may be
expressed in spherical coordinates, it should be possible to express it in
terms of Legendre functions and spherical Hankel functions. First we
discuss the derivatives of g, with respect to x,, y, 2z, at ry = 0, the basis
for our earlier discussion of multipole radiation.

The Green’s function itself is

ik E .5
g.(r|0) = I ho(kr) = — ™" (7.2.20)

45r

in terms of the spherical Hankel function, defined in Eqgs. (7.2.9). The three
dipole waves are proportional to the x, y, z components of the gradient of
2, atr, = 0.

d k?
g;{r | 0) = |:— gw(r I rﬂ):l = ;—ﬁ_ Yn](ﬁ,tp)fll(kr]

0 i
A " (7.2.21)
: ik? . g ik?
g |0) == Vi '@p)hukr) gl |0) = = Yi()u(kr)
w 45
involving all three of the spherical harmonics of order m = 1. The five

spherical harmonics of order m = 2 all represent quadrupole radiation, as
defined in Eqgs. (7.1.9) and (7.1.10). Thus

2 il-3

; [ @ _ K e
g:r.u'(r 1 0) _ Iji gm(r | rﬂ)] r“——i}_ ﬁ;’r Yy ([9‘,!}'}!13{:’(."]

axu ay{}
222
" fks " I'ks (? )
g [0) = = Yol @hakr) gy = 5= Yo " (Op)holkr)

as mentioned earlier. The axial solutions, as mentioned, contain a certaill
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amount of the m = 0 wave as well:

ik |
8L(F| 0) = S0 [4Yog (D) — 2¥ogl(D, (k)]

Oka
g' (r]0) = ;4_7? [ ¥ty — 2 ¥ sty ~ By (7.2.23)

ik®
g:y(r l 0} = E‘r [_ Ygglhg v 2 YE{}]'JIIE s 2;30]

with the Y’s as defined in Eqgs. (7.2.7). Of course, Y4! =1 and Y,,! =
Po(cos #). Therefore the multipole fields of Eqgs. (7.1.5) to (7.1.10) may be
expressed in terms of spherical harmonics and spherical Hankel functions

as follows:

ck®
PiD) = 5 S, Yo (O hofler)

Jo3
Pu®) = F— (D Yir + D, Yii™ + D, Yig)h(kr)

pek?
PJr) = Ul {(—2(Qs + Oy + Q. )ho(kr) (7.2.24)

+ [2( sz D= Q.ra' Gl Qw) YEDI('?:‘(F)
+ 2(Q;rz _J_ sz) YEII =t 2{Qyz + sz) Yzl_l
_J_ (Qm‘: - Qru) Y221 + (Q:nr —I_ Qy:) },22_]]]12("{".)}

In accord with page 314, there are only five distinct quadrupole distributions
corresponding to the five different spherical harmonics of order 2.

Sphere with randomly vibrating surface

It should be evident by now that we are using the sphere as a simplified
model of an object which has roughly the same width, height, and depth.
The details of radiation from a more complicated shape differ somewhat
from those computed for the sphere, but the general acoustical behavior
Will be pretty much the same. As we mentioned previously, a loudspeaker
In a cubical cabinet will produce a sound field which is not markedly different
from that portrayed in Figs. 7.2 and 7.3.

Another type of sound field which also can be approximated by using
the spherical model is the sort of random noise which surrounds a piece of
machinery in violent vibration, or the sort of roar which is generated when
h'gh!y turbulent air reacts with the surface of a large object placed in it (or
Moving through it). In many cases the machine action (or the turbulence)
Produces vibrations of the outer surface of the object which are random in
Dature, containing components of all frequencies and having little correlation

tWeen the motion of one area of the surface and another. Such a source
of sound ‘can be approximated by a spherical surface in random oscillation.
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Angles defining the correlation function
on the surface of a sphere.

To describe such motion we go back again to Egs. (1.3.20) and (2.3.11) [see
also Eqgs. (7.1.33) to (7.1.38)], relating the Fourier transform of the motion
and the autocorrelation function of the motion. We first take the Fourier
transform, with respect to time, of the surface velocity, obtaining the com-
ponent U, (,¢), for the frequency m/2m, of the radial velocity of the part of
the spherical surface at the point specified by the angles 9, ¢.

Even the single-frequency motion is random in regard to its spatial
distribution over the sphere, so that we use an autocorrelation function in

space to describe this degree of randomness. We define this function by
the integral

2z 1
To(a) = ;—#J. dq:‘f U, (P)U,(P')sin & d& (7.2.25)
L] ]

where point P has coordinates , ¢ as shown in Fig. 7.4, and point P’ is an
angular distance o from P, in a direction at angle § with respect to the xz
meridian. If the motion is isotropically random, Y, will be independent
of f. The value of Y ,(0) is, of course, |U°|%, the mean-square radial velocity
of the surface at frequency w/2m, the analogue of the spectrum density of
Eq. (2.3.11). For random motion, Y () will decrease as « is increased,
dropping to zero when o is larger than the “‘mean correlation length,”
divided by the radius a of the sphere [see the discussion of Eq. (2.3.13)].
A rough approximation to such a correlation function would thus be
N2-1 0|2 =
Y (a) = (cos o) |U?| 0 o< i (7.2.26)
0 IrngLagw

which equals |U°|* at « = 0 and drops to zero (more rapidly the larger N
is), with no correlation assumed between opposite halves of the sphere.
The mean angular width of the peak in o is roughly 2#/N, so that the
correlation length, the mean distance along the surface within which the
motion is more or less in phase, is w =~ 2ma/N, one-Nth of the perimeter of
the sphere. We assume for the moment that N is independent of w.
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7.2 RADIATION FROM SPHERES 349

If this were & plane-surface problem [as that of Eq. (7.4.27) will be], so
that the velocity and its correlation function could be expressed in terms of
Fourier integrals, we could use Eq. (1.3.20) to find the transform of the
velocity with respect to its wavenlumber k = 2nfA. Since.the surface ?s a
sphere, the analogue to the Fourier transform of U(#,¢) is the coefficient
U, inthe expansion of U(#,¢)in terms of the spherical harmonics Y,,,,°(,¢),
th’; discrete variable m being more or less the analogue of the continuous
variable k. We should expect that the mean-square values of U,,,” will be
independent of 7 and o, but will decrease slowly with m, corresponding to the
decrease in component amplitude as the wavelength of the component
decreases. The rate of this decrease should bear some relation to the
correlation length w, analogous to the relationship between the dependence
of Y on = and of |F|* on @ shown in Eq. (2.3.13).

The correlation function of Eq. (7.2.26) can be expanded in spherical
harmonics ; the coefficients are products of gamma functions, but when N is
large, the approximate form,
® 2100

Talm g

N—2%— 2m(m | HIA\TZP (COS ﬂ.)
s = m

is a fairly good approximation. The coeflicients for n > 0 do not appear
because of the choice of axis centering around P for «; if the last of Egs.
(7.2.7) is used, the series can be transformed to one in Y, ,°(J,¢). The
coefficients of this series are the analogues of the Fourier transform of the
correlation function, and thus should be proportional to the square of
the radial velocity coefficient U,,,*. Consequently, the series for the radial
velocity of the surface for frequency w/27 is

_m 2 (m—n)) 3 mim 1)
Uw(ﬂ-:q-]) —_— :’\Tmln'al:Zm . 1 (m = n}! E"1 E:Xp [— —Nz—' -+ I}’mn]
X Y. (09 (7.2.27)

where we have taken the square root of the coefficient for Y, multiplied by
a factor depending on n, to make the mean square of the n = 0 terms equal
to that for n = 0. We have also included a phase y,,, to allow for the fact
that the phase of each term is a random angle between 0 and 2w, corre-
sl'-"ﬂ"n_ding to the random nature of the velocity. The series for T, does not
Specify these angles.

. This series is an obvious generalization of the series of Eq. (7.2.14), and
18 thus ready for us to calculate the radiated intensity and power. From

Eq. (7.2.17) the intensity at the point r, #, ¢, a considerable distance from
the sphere, is

e
1= spe U3 (Y iwopor
Where the angle-distribution function |y|? contains squares and cross products
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of the coefficients U,,,”. Because of the random nature of the phase relationg
between the U, ,”’s, and because these phase relations are changing wit
time (since the time variation is also random), the time average of |y|? will
be the sum of the squared terms only.

1 (m — n)! e—2mim41)N?
2:-.__; k —2 Y s
ka3 s T e e (Y
1 o0 e—:!m[m-{-ljf_\-‘2
—— Nzlta? 1‘J'E=|){2m _|_ [)Bmz N }l {7-2-28]

where the sum over n, ¢ has been accomplished by use of the last of Egs,
(7.2.7) for # =0, ¢ = ¢. Thus the radiated intensity is independent of
angle, as it should be if the random motion is isotropic.

This averaged series can be still further simplified by referring to the
approximate formulas for B, given in Egs. (7.2.15). When m is smaller
than ka = 2na/4, (1/B,,)* =~ (ka)* and, as m is made larger than ka, (1/kaB,,)?
drops rapidly to zero. Consequently, an approximate series for ||, valid

" -
for N2> 1, is
1 ka e—zmtmﬂ}.f.\"

Iyl = = Eﬂ S P | — e (kalN)® (7.2.29)

ka 2ma w W W
where ST e L e T

For very small values of this parameter, || is approximately (ka/N)?*; for
very large values, ||* is approximately 1. The last expression for |y|® is a
very crude approximation to the earlier series, but it should be satisfactory
in view of the approximations we have been making on account of the random
nature of the motion. It shows that when the correlation length w is small
compared with /, the intensity radiated at this wavelength, }pc |U,[* (walAr),
is as if a circular patch of the sphere’s surface, of radius w, is sending energy
to the point r, ¢, g, the radiation from all the rest of the surface interfering
to zero. On the other hand, when w is large compared with A (i.e., for the
high-frequency part of the radiation), the radiated intensity §pc |U,|* (a*[r®)
is as if the whole spherical surface were radiating with surface velocity equal
to the root-mean-square velocity U,. When w is small, I, is proportional to
m(wa[A)*; when w is large, I, is proportional to the total area ma® visible by
the observer.

To bring in the time dependence of the motion, we must invert ti:lﬂ
Fourier analysis of % in frequency. The surface velocity is also random 1
time, with a time-correlation function Y ,(7), which decreases as T increases,
like the Y, of Eq. (2.3.13). The spectrum level [F(w)|* for the surface
velocity, the square of the Fourier transform of the root-mean-squar®
velocity of the surface, should be some function which goes to zero when @
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pecomes larger than some upper-limit value @,. Equation (2.3.13) shows
that the correlation time interval =, is the reciprocal of w,,.
Suppose the time-correlation function for the surface velocity has the

familiar form
Y,(r) = [Upftetor'® 7, = —

where |U,|? is the mean-square surface velocity, averaged over the surface of
the sphere and also over time T. According to Eq. (1.3.20), the spectrum
density |F(w)|* for velocity is proportional to the Fourier transform of T,

T|U,|*
w,(2)}

e'-'é(wfwnlg

G 2
IWW=EJ'Mmmm=

Therefore the spectrum density for intensity at r, 9, @ is §pe(a®/r?) |F(w)|? [y]?,
where v is the angle-distribution factor of Eqgs. (7.2.28) and (7.2.29). The
mean value of the intensity, averaged over time and surface, is then [according
to Eq. (1.3.19)]

<m=$fmmm

2 2 o
e _PC(E) Ul J e—Holon)’[] — e—fmwi’2w’c}2] do (7.2.30)

/' w, V2w
sl Ehiyrie. 2R e oL
é’m:'(!')ZI Gl At + 2w? A w,

When the wavelength 1,, corresponding to upper limit o, of the spectrum
density, is small compared with the correlation length w of velocity distribu-
tion over the spherical surface, the intensity is as though the whole sphere
were vibrating in phase, with a velocity amplitude equal to the root-mean-
Square velocity U,. When A, is large compared with w, that is, when the
cutoff frequency is low or the correlation length w is very small, the intensity
18 much smaller, as though a patch of the sphere, of radius aw/4,, were doing
t}lt radiating. In many cases encountered in practice, neither of these
limiting cases holds, 4, being one to four times w.

. Many modifications and improvements could be made in this calcula-
tion; a different dependence on  of the spectrum level could be used, or we
could have taken into account possible variation of the correlation length
On w, or we could have used a better approximation for the factor |y|* of
E_':I- (7.2.29). The resulting formulas would then have had a somewhat
different appearance, but if the surface vibration is random and isotropic,
the relationship between /, and the spatial and temporal correlation intervals,
¥ and 1/w,, will be more or less that set forth in Eq. (7.2.30).
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Green's function in spherical coordinates

To compute the radiation from a volume distribution of sources whicy,
is not small compared with the wavelength, or to develop an alternatiye
way of computing the radiation from a vibrating sphere of moderate size,
we need the expansion of the Green’s function g,(r | ry) in terms of the
coordinates r, ¢, ¢ of the measurement point and ry, &, @, of the source
point. This expansion is

ik
8olr | 1) = 7 ha(kR)
m

B ik (m — n)!
= ¥ @n+4De, gy

n 47 mon.a Y’“ af('ﬁ,f}’)
jm(krﬂ]'hm(kr} r>=r,

Y un (o
X nmn ( 0 ‘fPo) jm{kr}fim(k*"n} P To

(7.2.31)
which exhibits the reciprocity between measurement and source points.

For example, if a region of violent motion is confined inside a sphere of
radius a (not necessarily small compared with 2), the radiation outside r = a
can be obtained by inserting series (7.2.31) in Eq. (7.1.25). The required
gradients of the series for g, can be worked out from the formulas of (7.2.5)
and (7.2.13). After a lot of algebra we obtain

d
Yo (D,)j lkr) = [(n + ) Y5, (3.@)jmalkr)

9z 2m + 1
a - (Tn — H) Y:u;-,- 1,,,("31?9}_fm+1(k")]
. k B
o Youndm = mi [(m4+m)(m+n—1)Y2_, . _ Jma
e W sl g (7.2.32)

25 (m =t ”(m =i J_ 2} Y::+l.r!'—1jni+1 Lo Y:rri+1.n+1jm+1}
d —ak
3y G
}_ Y;El.n+l]j"i—1
+ [(m—ntDm—n+ Y% o+ Yo% wallmsa)
When r is considerably larger than a, large enough so that h,(kr) =

(i—™=1kr)e’*r, the pressure wave can be expressed in terms of the integrals of
the various source functions over the region of violent motion {r < a)

[(m 2 ¥ "}(n"" o e 1)},;51.::-—1

Se(myn) = ;’5,; ffw(f) Y, 2O p)nlr) de

i d
aT —_— — —_— a i d
D.r (m'n] Pfk J FI( r) ax [ Yﬂ’“‘i (g“p}j Fll(kr)] v

i 0? .
Qa.-;.r '(mt") e E szu(r} -ax—a;’ (Ynm Jm) dv
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Referring to the discussion fo}lowing Egs. (7.2.12) and (7.2.15), we see that
when ka — 0, all these coefficients go as (ka)™ to zero, except for S(0,0) —
s, the strength of the equivalent monopole source. Also, the largest D is
Dmi(g,(]) —» D,, etc., for the three dipole components, and the largest Q’s are
Qm 1(0,0) — Q. elc. When ka is not small, more terms in the series must
b:used. The full series is

Pw{r) =— “!IC_PC e‘i.ﬁ:r[(bs(.ﬁ.!@) i ik(bd(gstp) . kad}q(ﬂ?@)] (?-2-33)
47r

for r > a and kr > 1, where
(m — n)

!
Q. = gaf €, (2m + 1) ey S (mn) Y, (3,¢)

The first term in the series is a spherically symmetric wave of strength
$1(0,0). Thisis the only term which appears if f,(r,) is spherically symmetric,
independent of #, and ¢,. But if f, does depend on ¥, and/or ¢,, some of
the coefficients S?(m,n) will differ from zero, and the radiation from the
distribution of simple sources, in a region not small compared with 4, will
not be spherically symmetric; some higher multipole radiation will be present.
The amplitude of the mth multipole is proportional to (ka)™, becoming
negligible when ka is very small.

Likewise, the radiation from the driving-force distribution F(r) will not
be a pure dipole wave if ka is not very small. For example, the wave from
the z component of the force, once we have inserted Eqs. (7.2.31) and (7.2.32)
in the appropriate part of (7.1.25), is the combination

_dkpe oo (m—n)! -
Ay ,Enl Enm(zm F D Yo (de)
. B
X J.J.Jq}z F Ym nd(l(}n:q]ﬂ)jm(krﬂ} dl‘l)
“0
ik?pe (m — n)!
= ihr F—1m Y a .
dmr e ZI € (.’ﬂ 8 ”)T mn {ﬂ=¢)
X |:(m = n} (J.J-Fz Ym E-l,rrj‘m +1 drﬂ A (n‘?? + ") J]]lF,1, Y:-H—I..rzji:l—l d"‘ﬂ}

(7.2.34)

“: F.(ry) is independent of #, and ¢,, only the m =1, n =0, ¢ = | term
differs from zero, since it is the only one having the nonzero integral
‘_'}:-‘z Yoo'jodvg. The angle distribution of this term is Y ,'(#,¢), typical of
a dipole pointed along the zaxis. Butif F_(r,) is a function of ¥, and/or ¢,
other integrals can be nonzero, and the radiation will contain multipole
terms. This is also true of the radiation from the matrix components of .
Only when all components are independent of #, and ¢, will the radiation
bF purely quadrupole if ka is not small. This result was anticipated in our

discussion of Eq.(7.1:30).
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Spherical-surface effects

The Green's function g (r | ry), defined in Eq. (7.1.14) and expanded in
series (7.2.31), is appropriate for calculating acoustic radiation in an yp.
bounded medium. When there are boundaries enclosing the medium a¢
which boundary conditions must be satisfied, it is usually convenient tq
modify g, by the addition of a free standing wave x(r) of such a form that
G, = g, + x satisfies some boundary condition on the surface. The
general equation (7.1.17), for p,, in terms of integrals of G, indicates the
alternatives. As it stands, we should have to specify both the value of
and of its normal gradient on the surface §; in order to compute the surface
integral. But if we arranged that G, was zero on S, then we should need
only to specify p,,, or alternatively, if we chose y so that the normal gradient
of G, was zero on S, we should need only to specify the normal gradient
of p on S, in order to determine p uniquely elsewhere, in the region occupied
by the medium. Since we are often interested in the effects of the motion of
a part of the boundary surface, and since, for simple-harmonic motion, u =
(1/ik pc) grad p, it appears that we should prefer a G, which has a zero normal
gradient on the surface. When this choice is made, Eq. (7.1.17) becomes

il = j ﬂﬁ,(rn)cw(r Lot fkpcﬂu,,(rmcm(r |0 dS, (7.2.35)
7

—— is the normal velocity of the boundary surface S,
ikpe ong

at the surface point ry,®. The positive direction of u,, is outward, away from
the medium; the equation is valid for any point r within or on the boundary
surface S,,.

To demonstrate the use of this equation, we first consider the fluid
enclosed in a hollow rigid sphere of internal radius . Here we must add
to the series of Eq. (7.2.31) a solution of (V2 -+ k%) = 0 which has no poles
within or on the surface of the sphere, such that the radial gradient of the
sum g, -+ x is zero at r = a. Symbolically, this is not difficult to do. If

j:"(‘g} — djmfdgg the functiﬂn

where u,(r,*) =

Gl = X 3 e B — 1y (0.9)
b L 4 it ! = Err {."1'1 e H)' mn >
e m(""\' )
Yoin™(Po.pe) | H,, — (k ) Julkr) jokry) forr,ro<a

rH (7'2'36).
Where jm(krl})’ilm(kr) r = r{]
" ke <y

has a radial gradient zero at r — a (when r, < a) and also at r, = a (when

r < a). The series with H, alone is g,; the additional series is finite and
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continuous inside r, r, = a and modifies g, to make dG,/dr = 0 at r = a;
it represents the wave reflected by the rigid spherical surface.

To use Eq. (7.2.35), we note that S, is the sphere of radius a and that
the positive direction of the normal velocity is outward, in the positive r
direction. 1f the sphere is rigid, the surface integral is zero, and p,, equals
the volume integral of G, times the source function f,,(r,), integrated over the
interior of the sphere. We note that when ka is such that j, (ka) is zero, the
reflected wave y becomes infinite; the source frequency has coincided with
one of the resonance frequencies of the hollow sphere. Green’s functions
for enclosures of finite size exhibit this resonance property, as with the
Green’s function of Eq. (4.4.14) for the string between two rigid supports a
finite distance apart.

On the other hand, if the region of interest is between the outer surface
of a sphere of radius a and the sphere at infinity, we must add to g,, a function
y such that the radial gradient of the sum is zero at r = a (when r, > a).
The combination which does this is

Gom g T m+ DS e Dy, (0
< Y O H — S by |
i :;r mg(zm + i3 e, H Y (9,)
X Ym"(r?m%)[k:"(ka)j ’"(kr;),m(_ki i“(ka)h“‘(kr“)] kr—co (7.2.37)

Since h’ (ka) has no zeros for real values of ka, this Green’s function has no
resonances, in contrast to that of Eq. (7.2.36).

If the only source of acoustic energy, in the region outside r = a, comes
from the motion of the spherical surface itself, the only nonzero integral in
Eq. (7.2.35) is the surface integral

2r T
Po(r) = I'kaEIEJ‘ d-;agj. u, G, sin ¥, di,
0 0

= PCkzaz z l["‘rl".'li"itl

T

[h:n(ka)jm(ka) — j. (ka)h,,(ka)

7 (ka) ] Y on” (3, @)h(kr)

where
(m — n)!

" & 27 T :
Umﬂ - 4z 2m + 1) mfo dg, J:, [—1n(F0,0)] ¥ " (Pospo) Sin By ity

Since the normal velocity u, away from the fluid is here pointed in toward the
Origin; thus —u,, is the radial velocity of the surface of the sphere.
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From Eq. (7.2.12) we see that & j, — j. h,, = i/k?a® and from Eq.
(7.2.15) we see that h (ka) = iB,,e?*n, so that

a

o=
Pm(r) = PC Z B_ E_lém Ym:ng(ﬁ!q?:lhm(kr)

mng m

ipc . U:ﬂng i
B s i D oy, ) ke (239)

which is an obvious generalization of Eq. (7.2.16). Thus the integra]
formula (7.2.35) can be used to compute radiation from any source, whether
it be a moving surface or the motion of the fluid itself.

7.3 RADIATION FROM CYLINDERS

The other simple geometrical surface which is often encountered in
acoustics is the circular cylinder. Waves of cylindrical shape are obvious
generalizations, to three dimensions, of the waves on a circular membrane,
already discussed in Sec. 5.2. We showed there that circular waves have a
more complicated shape than plane or spherical waves; they leave a “wake”
behind them as they spread out. Cylindrical waves show the same behavior.
As with the rest of this chapter, we shall concentrate on simple-harmonic
waves; solutions with more general time dependence can be computed by
use of the Fourier transform.

The general solution

The equation V2p + k*p = 0 (k = w[c) can be expressed in the cylin-
drical coordinates w, ¢, z by using Eq. (7.1.3). The separated equations for
the factored solution p = R(w)P($)Z(z)e ! are

d*Z d*D
— + k27 = i 2D =0
g + X, 0 T + m
7.3.1)
1 d dR mz)
i L W IO | Wy Kkt = k2 + k2
w dw (W dw) T (kw w2 3 w T

The general solution for Z is a combination of e'*:* and e~**:*; the solut%on
for @ is cos (m¢) or sin (m¢), where m must be an integer for the solut.mﬂ
to be continuous at ¢ = 0 = 27. The solution of the radial equation 1s 2
combination of the Bessel function J,,(k,w), defined in Egs. (5.2.20) and
(5.2.21), and the Neumann function N, (k,w), mentioned in Eq. (5.3.15) a8
being the second solution of the Bessel equation for R. They have the
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following properties:

1d [ dN mﬂ)
L iy (1 ——IN. =0
zdz (z dz ) : (1 T

2 2 1
N.(z2)— |— sin(z il w)
i wZ 4

2 2
No(z) 7> = In (0.8905362) = = (In z — 0.11593) (7.3.2)
o Fia

N, (2) => — (m — 1)1 (g)m Wi 50

T Z
2
Nona@ @) = N () = —

The properties given in Egs. (5.2.21) for the functions J,.(2) are also true for
the corresponding functions N, (z).

We note that N,(k,w) goes to infinity as w — 0, whereas Joak,,w) is
finite atw = 0. We also note that the combination HY(k,w) = J, (kW) +
iN,(k,w) represents an outgoing wave, for

exp [ik,w — {mi(m + 1)) kow>1

2
Tole) + iN, (K ) a\/ =

For k,w near zero, in the region of the near field, the combination is not
just a simple exponential; in fact, the imaginary part of the combination
goes to infinity as w — 0. H js called a Hankel function of mth order.

Uniform radiation

For waves spreading uniformly out from a cylinder, we use the function
for k, = 0 and m = 0, which represents outgoing waves,

p=4 [Jg(sz) + iN, ( 2?“’)].9—2“”

27y 2

A Eik{w—cf}“itﬂ'lﬂ b=t
wkw c A

(7.3.3)

W—w o0

A
; Ne—2mive
g o | = In (w)e—27iv

Suppose that we have a long cylinder of radius @ which is expanding and
Contracting uniformly in such a manner that the velocity of the surface of
the‘ cylinder s Uy = Upge™ ™ The constant A, to correspond to the
fadiated wave, must be chosen so that the velocity of the air perpendicular
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1 op
— 15 equal to tw=a. Ifai

2mivp Ow ks Mt W="a a is smal|

compared with the wavelength, this velocity is (A4/m*vpa)e "™, so that 4

must equal #*vpalU,. The pressure and velocity at large distances from the

cylinder are then
lev ,
—> 7 ﬂ'U s eik[w—c{j—:(ﬂflﬂ
P pavy 7

to the cylinder surface u,, =

Y piktu—cti—itzla)

u,, — mall,
cw

The product of the real part of each of these expressions gives the flow of
energy outward per second per square centimeter, and the average value of
this,
I~ mpatUl~ a <— (7.3.4)
e P 0 W I wds
is the intensity of the sound at a distance w from the cylinder’s axis. The

total energy radiated in ergs per second per centimeter length of the cylinder is
Il = 208 pwad®US
Radiation from a vibrating wire

A somewhat more complicated wave is generated by a cylinder of radius
a vibrating back and forth in a direction perpendicular to its axis, with a
velocity Uge 27!, If the plane of vibration is taken as the reference plane
for ¢, the velocity of the part of the cylinder’s surface at an angle ¢ from the
plane of vibration has a component U, cos ¢ e ****! perpendicular to the
surface. In this case we take the radiated wave to be

2
p = A cos ¢[J (kw) + iN;y(kw)]e 2=t A,
c
AC
. ; —2rivi
el o e L be

> A / c e:’Hw—-cE}—i[ErM} cos ¢
Wy 00 P
N

W

If a is small, the radial velocity at w = a is -

Ac .
——— COS ¢ e 2TV
27 pa® ¢
which must equal the radial velocity of the surface, so that 4 = 27%2pa®Uy/¢-
The radial component of the particle velocity at large distances from the

cylinder is

A ¢
U, —r — 3 e:’ktw—c”—z’{ﬂﬂ'-}] Cos ‘ﬁ
L= o0 PC 'n'zl'l-v

There is a component of particle velocity perpendicular to the radius w, but
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¢ diminishes as w™t at large distances, and so is negligible there compared

with u,. The intensity at large distances and the total power radiated per
e . - .

centimeter length of vibrating wire are

- dmtvipatU? - 453 pat U

2cos?¢p Il ~ = (7.3.5)

r
The amount of sound energy radiated by a vibrating string therefore dimin-
ishes rapidly as the frequency of vibration of the string decreases and
diminishes very rapidly if the string’s thickness is decreased. As we men-
tioned at the end of Chap. 4, a vibrating string is a very inefficient radiator of

sound.
The reaction of the air back on the vibrating wire is obtained from the

expression for the pressure at w = a.
P = —iwpalU, cos ¢ e-ot
The net reaction force on the wire per unit length in the direction of its

motion is
2T
a| pcosddp = —Fe ot~ —jyp(na?)Ue it
0
The ratio of this to the velocity of the wire is the mechanical impedance per

unit length of wire, due to sound radiation,

2~ —iw(ma’p) a {E

U, w

which is equivalent to the reactance of a mass of air of volume equal to that
of the wire. The resistive part R of this impedance is too small to be
included in this approximation when a is small. We can find the resistive
part from Eq. (7.3.5) for the power radiated, for of course [1 = RUE,

miw?pat ¢
Zgq = —i ? — — 7.3
d io(wa®p) + o2 a < . (7.3.6)

In the discussion of Egs. (10.1.9) and (10.1.19) it will be shown, however,
that a string of finite length behaves quite differently.

Radiation from an element of a cylinder

To solve more complicated problems, where the velocity of the surface
f’f.the cylinder is a less simple function of ¢ than the preceding examples,
1t is convenient first to solve the problem where only a single line element on
the surface of the cylinder does the vibrating. Suppose that the radial
velocity of the surface w — a is

) dx do
Uuﬁarw.t
e i <:g6<:—|~-—2
Ha d d
o oL
0 e e Yo —
3 <:qu>< m 3
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The Fourier-series expansion for this function of ¢ is

Uud =
u, = : [’-_]_:‘ + 2 cos (mqé)]e—m"‘

m m=1

To fit this distribution of velocity at the surface, we choose a general sort of
outgoing wave.

== z Am Cos (m‘f{))["!m(kw) + :'Nm(kn,}]e—'zn'ivi k=—
m=0 &
The corresponding radial particle velocity at w = a is

- 9 [ADE[, _ ® AE, . ]
3. = — = | — g'lo - ——— e*im cos (m Bt
® 2mivpy OW 2pgc€ 2 m§—-;l pc imd) e

d .
where 2 a}t [Jo(p) + iNo(p)] = iEe™™

d .
T [J,.() + iN(w)] = iE, e’ m=>0

and where u = ka. Therefore, using Egs. (5.2.20),
Ji(ka) = LE, sin y, Ny(ka) = —LE,cos y,
J,(ka) — J,,_1(ka) = 2E,, sin y,,
N, y(ka) — N, (ka) = 2E,, cos yp,

Note the additional factor of 2 in E,, to anticipate the factor § in the sum
for m — 0. Limiting values of the amplitudes E,, and phase angles y,, aré
given by the following approximate formulas:

m >0

2ma
when ka=T>m+%
Ed ™
Ey = gy 2 ‘}’u—kﬂ—z
5 ka — tm(m 4+ 3) m=>0
S e PO, ot — g =
wka (7.3.7)
2
when ka=—?€m+%
e 4 - (ka)2
I}_;k__a 4}0'__7? 9

ml i 217 am [ ka\®™
. — (~) e — m=>0
27 \ks (m!)?\ 2

Values of some of the E’s and y’s are given in Table V.
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To fit the expression for u,, at w = a to the expression for the velocity
of the cylinder ug, W€ must make
pelU do
i 1TE'J‘!I

e_l-'."m

Since, at very large distances from the cylinder,

T i| kw—"(2m+1)
7, (fw) + iN o (lew) = \/_e[ ]

mkw

we have the following expressions for the pressure, particle velocity, and
intensity of sound at the point w, ¢ (when w is a large number of wavelengths)
and for the total power radiated by the element per unit length of cylinder:

o) = \/T E cos (md) e—f[-;m+1;t2m+u]

3
m kﬂ' m=0 Em

(7.3.8)
- pe(U dz)® Z cos (mg) cos (ne)

i aivw ﬂ,gpu E.E
2 @
I :pcz(qufJor.} ( 2 . 1 )

cos [}’.m — ¥Vn = %zr(m ks ﬂ}]

3

2 2
iy /DR e )

To find the intensity, we have, of course, multiplied the real parts of u, and
p together and averaged over time. The total power Il per unit length of

cylinder is the integral wf-nf dé.

0
Long- and short-wave limits

When the wavelength is quite long compared with 27a, we can use the
second part of Eqgs. (7.3.7) to compute the radiation. The largest values of
1/E,, are for m — 0, so that, to the first approximation,

2 2
~ B2 rdeyp TR

I £ v
4w 2

(U da)?

4‘“1«_1 these low frequencies the sound radiates out with equal intensity in all
ff""-"'”o"-ﬁ‘q and the amount radiated is small. The expression for intensity
Is the same as that given in Eq. (7.3.4) for a uniformly expanding cylinder,

if we substitute for U, in the earlier expression the average velocity U dxf2s
of the surface.
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Cylinder ; A=570 brend
|

—@- -

A
\

3

=,

8

2

e FIGURE 7.5

5 Power radiated and distribution-in-angle of

© intensity from a vibrating-line source setin
5 1 3 3 dll é‘ a rigid cylinder, for different values of

e ka = 2mall.

Values of I and II are plotted in Fig. 7.5. Polar curves of the intensity
are shown for different values of = ka = 2maf4, and a curve is given for II
as a function of . We notice that at long wavelengths very little power is
radiated, and the intensity has very little directionality. As the wavelength is
decreased, more power is radiated and the intensity has more directionality;
the cylinder begins to cast a “shadow,’” and a smaller proportion of the energy
is sent out on the side of the cylinder opposite the radiating element. For
very short waves the intensity is large and uniform from ¢ = —(=/2) to
¢ = +(m[2) and is zero from ¢ = =2 to ¢ = 37/2, in the shadow. In the
intermediate range of 7, where the wavelength is about the same size as 4,
interference effects are noticeable. The polar curve for 5 = 3 shows that 2
fairly intense beam is sent out from the cylinder in a direction diametrically
opposite to the position of the line source (¢ = 180). "

The general properties illustrated by this set of curves are characteristic
of all wave motion when it strikes an obstacle. When the wavelength is large
compared with the size of the obstacle, the wave pays hardly any attention t0
its presence. The first polar curve in Fig. 7.5 shows that for long waves the
intensity is distributed in approximately the same manner as it would be if_thﬂ
line source were not in the side of a cylinder but were all by itself, radiating
into free space. On the other hand, when the wavelength is very small
compared with the size of the obstacle, the motion resembles the motion of
particles, the waves traveling in straight lines and the obstacles casting sharp-
edged shadows. Light waves have this raylike property in most cases;
geometrical optics is a valid approximation because the light waves are very
much shorter than the size of most of the obstacles they encounter.
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When the wavelength is about the same size as the obstacle, complicated
: nterference effects can sometimes occur, and the analysis of the behavior of
i ok
the waves becomes quite involved.

Radiation from a cylindrical source of general type

If the line source is not at ¢ = 0 on the surface of the cylinder but is at
¢ = o, the pressure and velocity at large distances are, by Eqs. (7.3.8),

p—> pe(Uy da) \ﬁ W($ — a)etste=ct

u, — (U, dz) \é 1!'){?5' — o)etktw—ct)

the axis of the polar diagram being turned through an angle «. If several
sources are distributed over the surface of the cylinder, each for a different
value of a, the resulting radiated wave will be the sum of all the waves for the
individual sources taken separately. This fact can be used to express the
radiation from a cylinder whose surface vibrates with any arbitrary distri-
bution of velocity amplitude. If the distribution is such that the surface at
¢ = o has the radial velocity U(x)e 27¥, the wave may be considered to be the
result of an infinite sequence of line sources, the one at ¢ = o having the
velocity amplitude U(x), etc. The pressure and radial velocity at large
distances are then obtained by integrating the expressions given above for a
single line source:

27
i pf‘é e"““‘“"”f Y — a)U(a) da
0

u~ £
pc

(7.3.10)

- For instance, if a section of the cylinder between &« = —ojand o« = o
I8 vibrating, so that U(o) = U, for —ay << o < a,, and is zero for the rest of
the values of o, then the pressure wave at large distances from the cylinder is

ool |2 itesn ™
P = pcly, o Wb — o) d
-—

— 2pcU, ' gtklw—ct) ”z*'*':siﬂ (el OO (1) é'_i [-;m+;(2m+11] (7.3.11)

e i et mE,,

¥here we use the convention that [sin (ma,)]/m = o, when m = 0.
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The intensity and total power radiated are

o 4pcs Uyt 2, sin (mag) sin (na,) cos (md) cos (ne)

i

‘JT'ii-'M' m, =0 m.i’i'E E
x COs l::l'm — W5 —i_' (m = ?I) -12:]

4pc2U,? [21{,2 i © sin? {m:c“}]

I =
-El)z ugl HFEIME

- (7.3.12)
When the frequency is very small, so that 4 is much larger than a, the i Intensity
and power radiated are

pratUgtoy?

y g I[1 — 27 pva®Uyo,’

W

to the first approximation. The expression for /is quite similar to Eq. (7.3.4)
for a uniformly expanding and contracting cylinder. Even though the
velocity of the surface of the cylinder, in the present case, is not symmetrical
about the axis, nevertheless, the radiation at very long wavelengths is sym-
metrical, behaving as though it came from a uniform cylindrical source whose
velocity amplitude is Uyzg/7 (the average velocity amplitude of the actual
surface). This is another example of the fact, mentioned above, that wave
motion is insensitive to details smaller in size than the wavelength.

The Green’s function

The Green’s function of Eqs. (7.1.14) and (7.2.31) can also be expressed
in cylindrical coordinates. To show this most easily we first obtain a Fourier
transform of the Green’s function in rectangular coordinates. The equation
it must satisfy is

0? 0 o _ :
(a‘l ) 'a— T 55 & kz)em = —0(x — Xp) 0(y — o) 0(z — 2) (7.3.13)
so the relation between g (r | r,) and its transform G_(K) is the three-dimen-
sional extension of Eq. (1.3.16) (for x, y, z instead of 1).

Gu = (Zﬂ}_ajjjvgweix‘r dl'r g:.} = [’.l.GwE_JKT dpﬁ

where K is the vector with components K, K,, K, and volume element
dv, = dK, dK,dK_;risthe vector (x,y,z) with volume element dv, = - dx dy dz.
The transform of the term on the right of Eq. (7.3.13) is —(27)~ 37, and
the transform of the left-hand side is (k> — K2)G,(K), so that the -T.‘.irf:f:lls
function is given by the triple Fourier integral

i |6 = @i J:I"J'exp [iK ir;:z r] oy (7'3_“!
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where k = wfc, and K* = K> + K2+ K.2. The contour for integration
o the complex K plane goes above the pole at K = —k and below the pole at
i,{j +k in order that the wave may be an outgoing one.

To convert this integral to one in cylindrical coordinates w, &, z, we first
change to cylindrical coordinates u, B, K, in K space, where K, = pcosf,
K, = psin p, and K*= K24 u®. Then dv, —dK, dfpudu, K-r=
uw cos (f — $) + zK.,and K - 1y = puw, cos (8 — ¢,) - zoK,. Wefirstinte-
grate over K., using Egs. (1.2.15) to evaluate the integral in terms of the poles
at K, = +0= +Vk? — u* (going around the pole at ~o when z, — z is
positive and around the pole at —o when z — z, is positive), so that

gute 10 = — g | a8 exp iy cos 3 — 4
— iuwcos (f — ¢)] 'H—:f et

Next we use the series expansion of Eq. (1.2.9) to convert the exponential
into a pair of Fourier series.

exp [—] = E Em€al™ " COSM(F — y) cos n(B — G (we)J, (uw)

ms =0

Integration over § removes all but the terms for which m — n; the final
result is

© je, m dii
8ulF | 1) = 3 " cos m(¢ — %)f Tnlpwol(uw) =E eiole=al - (7.3.15)
0

m=0

where o = /2 — #* when 0< u <k and equals iVu® — k% when
0<k <p

This expansion for the free-field Green’s function in cylindrical coordi-
nates w, ¢, z will be useful later in this chapter. When w, = 0, this function
Must become the spherically symmetric function 2.,(r| 0) of Eq. (7.1.6).
Since J,(0) = 1 and Jx(0) = 0 for m > 0, the series reduces to

(e o i gwoumy pde
Lr|0) = - __f Flal Wity PR 3.1
g.(r | 0) Il Jo(pw)e 7 (7.3.16)
Where of course 2 — w? 4 z%  Thus series (7.3.15) is identical with the

function defined in Eq. (7.1.6).

- W? shall return to other acoustical situations which require the use of
Ylindrica] coordinates, later in this chapter, and also in Chap. 9, when we
take up the generation and transmission of sound inside a hollow cylinder.
Occasionally, we shall have use for the Green’s function in two dimen-
S, the solution of the equation

vz w T kng — —'5(.%' = xu) ‘5(}’ B .}"D)

Siﬂn
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which can also be considered to be the three-dimensional wave generated bya
unit line source at x =x;, ¥ = ¥y, —00 < Zy < +c0. By Chunging to
coordinates centered on the source and by methods paralleling the discussiop
of Eq. (7.1.14), we can see that the solution of

1[@ ag)]_ . W)
ﬁ[a_w(wé'ﬁ' HEE =

which represents an outgoing wave, is

i

i
gulx:y | Xoyo) = 3 ok W) + iN(kW)] = 3 (kW) (7.3.17)
where W? = (x — xy)> + (¥ — yo)®. By using the Fourier transform it is

then possible to show that this function can be expanded in the polar
coordinates w, ¢.

m

H O (kw)J, (kw,) W > W,

m

gm(wiqﬁj WU&‘#D) = i i €, COS !?’i{ﬁ{) SR ¢0J

m—0

[Jm{kw}Hm(k'.l-‘u} w < wy

(7.3.18)

where the function H'! is the outgoing-wave solution of the Bessel equation
(1.2.4).

2
Hlt.!}‘ (Z) = Jm(z) 'JI_ EN,,,(Z] -+ i._ m\/: (i Z—» 00
W

7

7.4 RADIATION AND REFLECTION FROM A PLANE SURFACE

So far we have been considering the radiation of sound into an infinite
medium, unbounded by any barriers. This is a rather unrealistic arrange-
ment, though the computed results do approximate the sound field generated
by aircraft or by a source in an anechoic chamber. The arrangements
discussed in this section, sources in the presence of an infinite plane barrier,
so that the medium is confined to one side of the plane, are somewhat more
realistic. They will serve to introduce the subject of the effects of boundaries
which generate, reflect, or absorb sound energy.

Image sources

Suppose the plane is perfectly rigid. Then the boundary condition at 1ts
surface is that the normal fluid velocity is zero there, and thus [by Eq. (6.2.7)]
that the normal gradient of the pressure is zero at the surface. This can most
easily be accomplished by imagining that the boundary plane is replaced by 2
continuation of the medium into the region back of the boundary. ~Since the
gradient of the field is still to be zero at the plane where the boundary had
been, the field must be symmetric with respect to this plane; its value on on¢
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side of the plane should be the reflection of its value on the other side. Thus
we may replace the eﬁ"f:ct of the boundary plane by a set of image sources,
symmetrically pI:,-me‘d with respect to the boundary plane, with both source and
its image radiating into uni:“:ounded space. Of course, only the region outside
the boundary plane contains the medium and carries acoustic energy. The

rt of the field from the original source, which is inside the boundary, has
no physical reality (as is the case with the wave in the bounded string of Fig.
4.7). Conversely, the portion of the wave from the image source, outside
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FIGURE 7.6

Angl_es and distances for the field at P from a source at P,
and image, in the xy plane, at P,

the boundary, does have physical reality. It constitutes the reflected wave
and carries the energy reflected from the boundary surface.
mediE:: sxahmpie, suppose the boundary surface is the xy plane, with the
shoivr jn]|]:'lv e?rﬁegmn z > 0. If the source is a js[fnp]e source at point P,
A S‘1*_-- ]. - locz‘iled by vector r, from the origin, the image source will
A 2_Il’nt];_:e{: sou;,e,[of equal strength a]rld phase, at pgint Pl;, a vertical
located by_x?ecm?:-v -ib[;v{)c‘ue{f by vector Ty The acoustn.: preasurf{ at P,
» above the xy plane, for a simple-harmonic source, is then

I 1
=1 c'kSm(-_ ekl L )"-’\'R') —iemf
P IR -+ iR © _ e (7.4.1)
This i 7 :

whicr:el'"'ﬂsents? In the region z = 0, the original wave plus a reflected wave,
o dﬂutum;mcully satisfies the boundary conditions at z — 0. Along the
Adary surface, R" — R and the pressure is just twice what it would have

" 1f the boundary had not been present.
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At distances R from the source, which are much larger than the SOurce
is from the origin (i.e., for R > ry), the two waves combine to form what
appears to be a single nonsimple source at the origin. To see this we note

that when r > r,,

r
R=|r—ry|=r— (—) “Tp=1Fr —ryCosy
r

and Ri~r+ 2z,cos® — rycosp

Thus, neglecting higher-order terms in the small quantity ry/r, the pressure
field at r is

o
p=~ — 12& S cos (kz, cos 1) exp [ik(r — rycos p + z,cos &) — iwt]

!
(7.42)

If kzq and kry, < 1, that is, if the source is considerably less than a wavelength
above the boundary surface, the far field is very weakly dependent on ¢ or v,
thus resembling the far field from a simple source, at the origin, of strength
2S,,. The effective strength is doubled because the reflected wave adds to the
initial wave in this case; the source and image are close enough together to be
considered as a single source of double strength. On the other hand, when
kzy = }m, when the source is a quarter wavelength above the surface, the
source and its image are a half wavelength apart, and there is destructive
interference between the two waves. Directly above the source (¢ = 0), the
interference is complete and the far-field pressure is zero; near the surface
(& = }m), the source and image still add together. Thus the effect of
reflection, when z, > 1/k, is to provide the radiated pressure wave with
interference bands.

Comparison with Eq. (7.1.6) indicates that the appropriate Green’s
function for a rigid boundary at the xy plane is

G, (r l Ip) = Zolr l ro) + gu(r | 1'.;.) (7'4‘3}

where 1, = (x;,V0,20) and r, = (Xo, Yo, —20)-

If the source at P, is a dipole of strength D, inclined at the angles .ﬂ’
¢ with respect to the axes related to the boundary plane, the mirror image “tlﬂ
have the same x and y components as the source, but will have a D, opposite
in sign from that of the source. Therefore the field is

p = —ikpeD,,  [grad, g, (r | ry) + grad, g, (r ‘ £}t

2ar L\r

~ _j2 20 [(l D, + 2 D,,) cos (kz, cos i)
e

4 fE D_sin (k;"ﬂ cOs 3‘}:| efk{r—Fu COS Y2 08 #)— ol (?'4,4)
- z
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the last expression bcing‘thc far field, for r > r,. The source and its image
thus combine. at large distances and for long wavelengths, into a dipole of

onents 2D, and 2D, parallel to the xy plane, plus an axial quadrupole,
co.rnpted along the z axis, of strength Q,, = zoD,. As kz, is increased,
f}r:e:.}erence between the waves from the horizontal and vertical components
:ﬂc ars. At no time does the far field appear to be that from a single

isolated dipole (except when z, = 0).

The Green’s function

It might be well to examine more carefully the reasons for our choice of
the Green’s function of Eq. (7.4.3). It is, of course, to be inserted in Eq.
(7.1.17) to compute the radiation in the presence of a rigid boundary in the
xy plane. The boundary condition in this case is that op/dn, is zero at
zo = 0. The reason we choose G, to satisfy the same boundary condition is
that, if this is done, the surface integral of Eq. (7.1.17) vanishes and the pressure
wave in the medium (z = 0) is

PolT) =ff Ju(F0)G (x| 7o) divg (7.4.5)

where f, is the source function in the region outside the boundary surface.
The difference between this solution and that of Eq. (7.1.18), for the un-
bounded medium, is that function G, in contrast to g_, contains a term
representing the wave reflected from the boundary plane.

As we have already shown under the preceding heading, the term to add
to g,(r | ry) to make G,/on — 0 at z — 0 is one containing a wave from an
image source, g.(r|r)). Since the image part comes from a source inside the
surface, this term is a solution of the homogeneous wave equation
(V2 + k.= 0 everywhere outside the surface, in the medium. Thus,
when the rigid boundary is the xy plane,

1 E .
G M kR 7.4.6
m{r l rﬂ) 47TR € |— 4——-7TR! e { )
where
R=10x — x0* + (y — yo)? + (z — zp)1}
and

R' = [(x — %0)* + (¥ — yo)* + (z + zo)?]}

The geometry of this function is shown in Fig. 7.6. The first term is the
fre“u”" At point P, r = (x,p,z), caused by a unit source at Py, g = (X VsiZe)s
N the absence of a boundary. The second term is the pressure at P, caused
T.'{‘a“ Image source at A8 (X0 Y0, —2,), outside the limits of the medium.
rﬁ ﬁfst term hgs a singularity "“f r — r,, but the second term has no singu-
mur{;;" the region z - 0, occupied by the medium. This second term, of
» Tepresents the wave reflected by the rigid boundary at z = 0. Func-

ltm“ G, satisfies Eq. (7.1.14) when z and zy are both positive.
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It will occasionally be convenient to write this Green’s function in other
forms, related to those of Eqs. (7.3.14) and (7.3.15) for g,,. For example, the
Fourier integral expression for G, of Eq. (7.4.6) is

L ([ . .
Go(x, ),z ’ Xo.VorZo) = o [ffexp [iK.(xq — x) + iK,(ys — y) + iK.2Z]
) , cos (K.z) dK, dK, dK,
Kzﬂ ‘i“ Ky:?.+ Ka‘z e k2

It can also be expressed in terms of cylindrical coordinates w, ¢, z, with the
cylindrical axis perpendicular to the boundary plane.

G, = 3 f;—‘ cos m(¢ — eﬁu)f nJm{,uw)J m(1Wo) by !
i 0

=) K

(7.4.7)

e cos (kz)

: 7.4,
e cos (kz,) G

where «*® = k* — u?, and the upper term after the brace is used when
0 < z < z, and the lower term is used when 0 < z, < z. This is to be
compared with the integral of Eq. (7.3.15).

The effect of boundary impedance

If the boundary surface at z = 0 is not perfectly rigid, but is still passive,
yielding somewhat to the incident acoustic pressure, the reflected wave is
modified, so that the image term of Eq. (7.4.6) must be modified. If the
surface is one of local reaction (see page 260), the formulas of Egs. (6.3.5) and
(6.3.6), relating the reflected wave to the acoustic impedance z(w) = pfu,
of the surface, may be used to find the reflected wave. The most convenient
form to use is the Fourier integral of Eq. (7.3.14). The integrand of this
expression represents a plane wave which strikes the surface z = 0 at an
angle of incidence cos™! (K,/K). Using Eq. (6.3.7), we see that the presence
of the plane surface of impedance z(w) at z = 0 introduces an extra term into
the integrand, corresponding to a reflected wave

ExXp LK. (x; — x) + fK,,(yn e y) - iK,(zg + 2)]
with a factor
_(KJK) — [pe/2(®)]
(K.JK) + [pcfz(@)]

to take into account the change of phase and amplitude on reflection.

In the discussion of this and succeeding chapters it will be convenient to
deal with the acoustic admittance of the surface, the reciprocal of the
impedance. We define the dimensionless parameter, the specific admittance
of the surface, by

B = PC:E—EG z((u)=£=R—fX

z(w) . K B (7.4.9)
g =

G,

&= pc

RE + X° PRI
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The parameter & is the acoustic conductance of the surface, in units of the
characteristic admittance 1/pc of the medium: ¢ is the corresponding sus-
ceptance. If the wall is perfectly rigid, g = 0, C, =1, and the integral
reduces to that of Eq. (7.4.7). If the wall is quite soft, § is large, and the
integral differs appreciably from that of Eq. (7.4.7).

Assuming that f is uniform over the whole boundary surface z = 0, we
can transform the Fourier integral into one in the cylindrical coordinates
w, ¢, = [a natural extension of Eq. (7.4.8)],

o a0

Gm === Z ? COos J’?((ﬁ e él})" ‘fi:.rfguhr)‘;m{;t‘eﬂrﬂ)
™ 0

m=0
e I:é,{x!z—:uf 1 B Rﬁ e.f'x{z-l-zn}j[ M d;‘”’ (?4 I'U)
K+ kf3 K

which will be of use later in this section.
An exact representation of this Green’s function in the form of Eq.(7.4.6)

cannot be obtained, but a very good approximation, valid as long as the

measurement point P is not closer than a half wavelength to the boundary

surface, is

el cos ' — f oikE

47R  cos &' + f4=xR’

i (7.4.11)
where the quantities involved are defined in Fig. 7.6. To this approximation
there is an image at the point P, (as with the rigid boundary), but the wave it
radiates has an amplitude which depends on the angle 4’ which the line R’
makes with the z axis, normal to the boundary. The physical significance of
the dependence is easily seen if we realize that the ray of acoustic radiation
which reaches the measurement point P from the source point P, by
reflection, strikes the reflecting surface at Q at an angle @' of incidence and
reflection. Thus, according to Eq. (6.3.5), its reflection factor C, should be
the one given in Eq. (7.4.11). The wave which goes directly from P, to P
without reflection, given by the first term., is independent of the inclination of
R: the reflected wave, given by the second term, depends on the angle of
reflection,

From these expressions, by methods which are by now familiar, we can
Compute the radiation from a multipole source in the presence of a plane
surface of specific admittance [i. Forexample, the counterpart to Eq. (7.4.2),
for the far field from a simple-harmonic, simple source of strength S,,, is

_ ipck g Cos ! cos (kzy cos ) — ifi sin (kz, cos &)

o

po=

27r cos i) + 3
x exp [ik(r — rocos yp + z5cos ) — iwt] (7.4.12)

Which reduces to that of Eq.(7.4.2) when g = 0. A parallel formula can be
Worked out for a dipole source, the generalization of Eq. (7.4.4).
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Boundary effects on multipole impedances

To calculate the effects of the boundary on the radiation load of g
multipole source, we must compute the distortion of the near field produced
by the boundary. For ease of computation, let us place the origin at the
center of the radiating multipole. The boundary surface, of specific acoustic
admittance f, is then the plane z = —z,, and the image sourceis atz = —2z,,
Using the expansion of the Green’s function in spherical harmonics, given in
Eq. (7.2.31), we have

G, = ;i l:ho(kr} + C, E (—D™2m + 1)P,(cos {})jm(kr)hm(ZkzD)] (7.4.13)

m=

where we have assumed that r < 2z,. For the case under consideration,
actually, r is considerably smaller than z,, so that the cos #' in the formula for
C, differs from unity only in terms of the second order in r/z,. Therefore,
to compute pressures and velocities at the surface of the sphere r = a, we can
consider C, to be the constant

L= zlew)—pe
r—]—l—ﬁ_z(w)-;'-pc

A simple source at the origin would produce a pressure wave
—ikpcS,G,e . The integral of the pressure over the surface of the small

w™ o

sphere r = a, just outside the source, the driving force for the source, is

_ sin (ka) ¥z .
F, = —ipckaS,| e** + C, 7‘:”1{ a)e :Ie_””r
iz k 22,

—» —ipckaS,| 1 + C,,.-;— 62”""-"1:[@“"”' ka— 0

— had |

where we have substituted from Egs. (7.2.9) and (7.2.11) for the various
spherical Bessel functions, and we have taken advantage of the fact that the
integral over the sphere of P, (cos ) is zero except for m = 0. Comparison
with Eq. (7.1.11) shows that the presence of the boundary has distorted the
near field. Aslong as ka is small, the distortion is not large, however. The

0 - : ; :
7 - at r = a is also somewhat nonisotropic, but its mean
ikpec or

radial velocity

value i1s

AY a :
U:: = o (l — tka <+ _écrkzaz — g2k | imt

3 -

4?1'(1." “0

the distorting effect being smaller by a factor k%a* than the correction term
for the pressure.
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Therefore the mechanical impedance of a simple source a distance Zy
away from a plane wall of acoustic impedance pc/f is [see Eq. (7.1.11)]

[ 1

Z, = —ivp(dma)|1 + % [R, cos (2kz) — X, sin (2kz)]|
0

|
-+ pc(47ra2)(ka)2{l + 7y [R, sin (2kzy) + X, cos (2kz,)]
0

where
R.=ReC,—»1—-2f X,=ImC,—~20 |f <1
2 Horizontal dipole
Monopole
H — — ——— - —_——— —
Fa 3
£ Vertical dipole
0 | 1 | j
0 2 4
kzg
FIGURE 7.7

Ratio of effective radiation resistance R, for a multipole of
frequency w/2n = kef2x, a distance z, above a rigid plane, to
the effective radiation resistance Ry in the absence of the plane.

The wall correction to the mechanical reactance is small because alz, is
small; this correction can usually be neglected. But the correction to the
small resistive term is proportionally larger and, if § — 0, can be equal to the
resistive term itself. In fact, for a rigid wall (8 = 0), the impedance becomes

sin {2k::n)]

7.4.14
2kz, ( )

Z,~ —iwp(4na®) + pc(4wa2}(ka){l -+
The real part of this impedance is a measure of the power radiated by the
Mmonopole.  We note that when kz, = 27z,/4 is small (either the source is
close to the wall or the wavelength is long), this resistive term is twice that
for a source in an unbounded medium. At these long wavelengths the image
source reinforces the primary source. As kz, is increased, the factor in
brackets approaches I in an oscillatory manner, as shown in Fig. 1.7. For
4—= 0 the source radiates as though the boundary were not present.
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To find the corresponding change in the dipole impedance we need to
compute grad, G,,. but in Eq. (7.4.13) we have removed the r, coordinates by
placing the origin at the source point. However, since R =r — 1y In the
first term, we can set grad, equal to —grad; in the second term we remove the
subscript zero by changing the sign of the x and y derivatives but keeping
9/0z, = 0/z. This, together with Eqs. (7.2.32) (which hold for Hankel as
well as Bessel functions), results in

(1 — ikr |
p= —.f‘pc‘k( 4_”_2‘ e*"(D, Y, + D, Y1, + D, Yyg')
ik* & nt 1 . L 1 .
_'}‘ Cra:f én{_'l) ]??Fl(Zk:“}{Dﬁ( Y\'n—l.'lj‘-“-‘i—l B Y«,—,;+1,1jm+l)

-+ Dy( Y;-l-l,ljm—l + Y;;lrl.ljm-l—l)
+ D:[Fﬁ Ym—‘l..ﬂjm—l == (.’?1 A l} Ym{-l.ﬂjm'%l]})e-img

where the spherical harmonics Y are functions of the spherical angles i, @ of
the radius vector r, and the Bessel functions j are functions of kr.

Both direction and magnitude of the net force on the dipole are modified
by the presence of the boundary surface. If the components of the dipole
would be D,, D,, D, if the plane were not present, the components in the
presence of the plane are 1 + }k%a*(ho + h,) times D, and D, and 1+
Yk*a*(—hy -+ 2h,) times D,, where the Hankel functions are functions of
2%kz,. If the direction angles of the undistorted dipole are 0, ¢, so that
D, = D, sin ) cos ¢, D, = D, sin 0sin ¢, and D, = D, cos 0, the magni-
tude of the driving force is

F, — —}ikpeD,{(1 — ika)e™® — %ik3a*[(hy — +hy) cos 20 -+ Yhylte "

for the case § = 0 (C, = 1), and the radial fluid velocity in the dipole direc-
tion is
D :
U, = 2—“%‘ (1 — ika — dk2a)e™® + §ik®a®[(hy — 3hy) cos 20 + Lhy]je™'
T
The ratio between these is the effective mechanical impedance of the dipole
in the presence of the rigid wall. As with the monopole source, the effect
on the reactive term is negligible, but the effect of the presence of the wall
on the resistive term is of the same order in ka as is the unmodified term.
This part of the correction term involves the real part of the Hankel functions
[Eq. (7.2.10)], so that, for C, =1,

2ma®

1 + 1k2q?
3{ 1k*a®)

Z; = —iwp

1

kiat ;
1; {1 + [3)u(2kz,) — jo(2kzy)] cos 20 + £ ju(Zkz,)} (7-4.15)

- pe(4ma®)
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is the effective impedance of a dipole placed a distance z, from a rigid plane
wall and inclined at angle 0 to its normal. The modification required for a
nonrigid wall is not difficult and will be left for a problem.

We see that the interference effects, in the resistance term, caused by
the presence of the wall, depend on the orientation of the dipole. If the
dipole is vertical (0 = 0 or «), the image dipole is opposed and long-wave-
length interference is destructive ; the factor in braces goes to zero for kz, — 0.
On the other hand, if the dipole is parallel to the wall, the interference is
constructive: the factor goes to 2 as kz, —> 0. The behavior of this factor,
and that for the monopole, are shown in Fig. 7.7.

Radiation from the boundary

Sound waves in the bounded medium can also be produced by motion
of the boundary surface itself, the energy entering the medium from some
area of its surface. With a plane rigid boundary at z = 0, some portion of
the plane may be moving in the z direction.  If the motion is simple-harmonic
u, = u,e ', the boundary condition in this area is that the normal gradient
of the pressure is ikpcu,(x,y)e !, whereas, for the rest of the plane, dp/dz
is zero.

An obvious means of finding the pressure field is to apply the Green’s
function of Eq. (7.1.17) again, this time using the surface integral; since
there is no sound source within the medium, the volume integral is zero.
The surface integral involves both p and its outward-pointing normal
gradient (that is, —dp/dz) at z = 0, but our description of the physical
situation has specified only the normal gradient. However, if we use the
Green’s function of Eqs. (7.4.6) to (7.4.8), which has been adjusted so that
its normal gradient is zero at z = 0, the resulting surface integral then only
includes the specified normal gradient of p, and we have

Ptu(xa}}::] = _H"P"JJ.”m(xuryn)Gm(L}"rz | Xos {}'JD) d'xl] dyl}

= _zﬁ"’PCJqf”m(xm}’u)gm(x-}"12 ‘ Xp.V0:0) dxg dyy  (7.4.16)

since, at z = 0, R" = R, and thus G, = 2g,,.

Each moving element of area of the plane boundary acts like a simple
source of rwice the strength u,, dx, dy, it would have if the rest of the boundary
were not there. The reason is that this element radiates only into the half
Space = > 0: the source and its image have coalesced to form a source of
double strength.

If the boundary plane, at z = 0, is not completely rigid, but reacts to
an incident pressure wave with point impedance z(m) = pc/f, then every
portion of the plane is moving, and we must devise a more sophisticated
method of distinguishing the active regions of the boundary, where energy
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is fed into the medium, from the passive areas. For the passive areas the
relationship between p and its normal derivative follows the definition of

1 op p
the acoustic imped: , —U, = — ———=—p at z =0. Forth i
e ustic impedance, —u, e oz Prp a or the active
regions the normal fluid velocity, plus (f/pc)p, at z =0, must differ from

zero; we shall call this difference the driving velocity u,,,

o) (e + e e

u, - — = — o — =Yl 7.4.17

( p(‘P =0 \ikpc 0z & pc'p z=0 ( )
To simplify the form of the surface integral of Eq. (7.1.17), we choose a

Green’s function such that 0G,_/dz, = —ikfiG,. For then the surface

integral over the passive area of the boundary is zero, and the integral over

the active area is, with d/dn, = —9/0z,,

ap BGN)
po=—[J (3500~ . 5)yiro

- ._J.J.(ap e fkﬁpw) G, dx, dy,
0z,

= —ikch-fuw(x,,.yn]Gm(x,y,z | X0,76,0) dx dyg (7.4.18)

which has the same form as before. But now the Green’s function, satisfying
these requirements at z = 0, is the one we already wrote down in Egs. (7.4.10)
and (7.4.11) for reflection from a plane surface of impedance pc/f. The
equation for the pressure wave, in cylindrical and spherical coordinates, is

kpe &
Pw(r] B EnguEmJ‘

0

Errccos. m(p — oby) drﬁaOJ. I:‘f.«rm(1v.'{,,<ﬁ,],]wﬂ dw,
0

e wdn
>< J”! : J"i A P
J:I (pew)J, (pewy) .+ kB e
ik pc J' cos ' ekl
~ E X < 1 d 7.4.'9
27 J ol X0rYo) cos?# +f R dxq dyo ( )

where &% = k% — u2, R® = (x — x)* + (y — yo)* -+ 2% and cos #" = z/R.
The integral is, of course, over the active area 4 of the boundary, which is
assumed to be confined within a circle of radius @ about the origin. When
p = 0 the boundary is rigid and the formulas reduce to those of Eq. (7.4.16).
When f > 0 the second expression is not accurate for the near field, but is
valid for the far field.
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The far field

When the distance r, from the source region on the boundary, is much
Jarger than a, the radius of the circle enclosing the source area, the last
integral expression of Eq. (7.4.19) can be further simplified. Neglecting
terms of order a/r and smaller, we have cos ¢ =~ cos # = z/r.

1
R~ r — (x,cos ¢ -+ ygsin ¢) sin & R ~ -
where tan ¢ = yp/x. Therefore

cos et
fi + cos ¥ 2nr

Por) = —ikpc Jf“mf-’fﬁs}’ﬂ)e_fk.w” % dxo dy,

where vector wy lies in the xy plane, having components x,, y,; and vector k
points along r, having components k, = k cos ¢ sin &, k, = k sin ¢ sin 4,
k, = k cos .

This is a very interesting formula, for it shows that the angular distribu-
tion of the far field is proportional to the two-dimensional Fourier transform
of the distribution of driving velocity in the active region 4 of the boundary
plane. By analogy with Eqs. (1.3.16), we define

[ .
UnlKerKy) = 4n? J‘ .[ Uy(Xp,yo)e Kame—iK o di, dy,

o (7.4.20)
U Xo,Yo) =” U (K,.K,)etEmot iy K _dK,

In terms of this Fourier transform, the far field can be written in the par-
ticularly simple form

ikr

p.(r) ~ —:kpc4 rfm(ﬂ,rp}
f(ff"?])“gzcc}sg{f(k @ sin ¥, k sin @ sin ) (7.4.21)
— ——— cos s5in ¥, In sin o T
er f+4cosd ¢

where k = w/c. The angle-distribution factor f,,(#,¢) measures the relative
amplitude of the acoustic radiation in the direction #, ¢ from the center of
the active area of the boundary, at great distances from this area. 1t is the
strength of the radiation in the direction #, ¢ from the radiating area,
measured in equivalent simple-source strengths.

The formula is useful in a number of ways. For example, for wave-
lengths long enough so that ka <1, U(K,,K,) =~ (A4,/47*)(u,,), where A, is
the area of the active portion of the boundary and (u,,) is the mean value of
the driving velocity of that portion. 'We can write A,(u,,) = S, asthestrength
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of the simple source equivalent to the active region and write

: 2 cos _
fm{l'},f]?J 5 m Sm ka = I

When § << 1 the angle-distribution function f,, is practically independent of -
¢, until # is close enough to }= so that cos ¢ = |f|; from that value to
t} = = it drops rapidly to zero. Thus, for a hard, but not perfectly rigid,
wall, a low-frequency wave spreads out isotropically from the radiating area,
except for angles closer than about |f] radians to the grazing angle }=. That
part of the wave which stays close to the boundary is absorbed by the
boundary, unless it is perfectly rigid.

Another way of looking at Eq. (7.4.21) is afforded by rotating the
coordinate axes on the surface from x,, y, to X, Y,, where x, = X, cos ¢ —
Yosin ¢ and y, = X,y sin ¢ + Y, cos ¢; so that the X axis is the intersection
of the rz plane with the xy plane, and the Y, axis is in the xy plane, perpen-
dicular to the rz plane. We then see that

P A —

1 ; .
U, (k cos @ sin ¥, k sin ¢ sin ) = re fe‘“‘"“ i dXﬂfu,,(Xﬂ, Ys) dY;
(7.4.22)

is the one-dimensional Fourier transform, in the Xj direction, of the average
u(w,Xy) = (1/2m)u,(X,, Y,) d Y, of the velocity u,( Xy, Y,) in the ¥, direction.
This quantity u,(w,X,) is a function of but one surface coordinate, X, the
distance in the direction of the measurement point (i.e., along the rz plane);
it is also a function of ¢, the direction of the rz plane, and of the frequency
/(2.

From this expression we can go on to find the far field from a region of
the boundary which is moving with a normal velocity u.(x,y,t), an arbitrary
function of x, y and of time . We first note that the u,(x,y) of Egs. (7.4.20)
and (7.4.22) is the time-dimension Fourier transform of u,(x,y,7); next we
note [Eq. (2.3.5)] that —iwu,(x,y) is the Fourier transform of du,/dtr. Thus
the pressure field at the point r = (r,?,¢) (when r — o0) is the inverse
transform of p,, of Eq. (7.4.21).

®
p(rt) =~ %‘Jl mfm(ﬂ,qp) exp [—ffu(f — :—;):] dw

This integral is tedious to compute if the boundary admittance 3 is strongly
dependent on w.

But if # can be considered to be constant over the range of w for which
f. is nonnegligible, the far field from an arbitrary velocity distribution
u,(x,p,1) of the boundary can be expressed in simple form. First we rotate
coordinate axes to the X,, Y, just defined, expressing u, in these coordinates
as u.(X,, Yy,t). Then, from the definitions (1.3.16) of the Fourier transform,
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we have
p cosi)

* oo " T o0
p(f:f)f ﬂ,mj_m—h’ue : (r E)dw _meﬂlw’f‘)-‘insin ﬂqu

o0 1 i
X f dYu — f e“"ru()ﬂ,, YD,T) d‘T
—o 2 J—m

Lt ool s roins =)
" 2mr 4 cos O Ot JdXD ats0 % Ymt_‘_-:.'X'JSH.!f .

(7.4.23)

This result demonstrates several properties of the far field. First, the
field depends on an appropriate summation of the normal accelerations of
the various portions of the active area of the boundary surface. Second,
the contribution to the pressure at r at time ¢, from the line X,, —o0 <
Y, < o0, depends on the normal accelerations along this line at time
t + (1/e)Xysind — (rfc), a time (r/c) — (Xy/c) sin & earlier, this being the
time required for the wave to travel from the line to the point r. The
dependence of p(r,7) on ¢ is inherent in the choice of the coordinates X,, Y,;
its dependence on & comes from the (X,/c)sin # term, and also from the
boundary-admittance term outside the integral (for example, see Fig. 7.10).
A typical modification of this result, when § depends strongly on w, is given
as a problem.

Since, for the far field, p =~ pcu,, the intensity of the acoustic radiation
at great distances from the active area is all radial, with time-averaged
magnitude ([p|?/pc).

Far field from a randomly vibrating area

The formulas derived in the last subsection can be used to compute the
mean intensity at r, , ¢ produced by an area A of the boundary which is
vibrating with a random distribution of velocity. Motion of this sort could
be caused by the impinging of turbulent air on the surface, or it could be
that a portion of the boundary is attached to some vibrating machinery. If
Wwe consider the velocity distribution u.(x,y,t) of the active area as a function
of position as well as of time, u, can be described either in terms of its auto-
Correlation function Y or its spectrum density |U, |2, where

1
Y(&n,7) = ﬁjffu:(x,y,r)uz{x + &y +nt+ T)dxdydt
(7.4.24)

l 1
§) KON = iwt—iK _r—iK v
ol K, K,) o .[J.fuz(x,y,r}e dx dy dt

}Vhere the integration in x, y is over the active area A4 in t, is over the long
Interval of time 7. As we have seen, a simple extension of Eq. (1.3.20)
shows that the space-time spectrum level |U,|? is the Fourier transform of
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the autocorrelation function:

AT

|U (KK = e JJ-J.‘I"(gﬂ?ﬂ.)eimr~iﬂ';§—1'1{'1.'-'? dt dydr  (7.4.25)

However, we have already encountered the velocity transform U, in
the expression (7.4.21) for the far field. In fact, the time-averaged intensity
for the radiation of frequency w/2w, at large distances from the radiating
area,

o (O @ i f; J4ﬁ2k2 cos? i} .
pc ~ r? |p(w) + cos §|?

|U,,(k sin ¢ cos @, k sin @ sin ¢)/?
(7.4.26)

is proportional to the spectrum density, and so can be expressed in terms of
the threefold autocorrelation function of the surface velocity. The total
intensity at r, ¥, @, averaged over the time interval 7, is 27T times the
integral of I(w) over w, in accord with Eq. (1.3.19).

If the motion of the active area is completely random, we should expect
that the autocorrelation function Y falls off smoothly as 7, &, or 7 is made
larger than zero; so that a reasonable assumption for its form would be

1
2w 2

Y(£,m,7) = |Uyl|® exp [— (£ 7?) — é(m,;r)ﬂ] (7.4.27)
where |U,|? is the mean-square velocity of the active area, averaged over
time interval T and area A; w, is the correlation distance along the surface,
as in Eq. (7.2.29); and 1/, is the correlation time interval, as in Eq. (2.3.13).
Therefore w, /2 is the upper frequency limit of the power spectrum, below
which all frequencies are represented and above which |U,|* drops rapidly
to zero.
If this is a good approximation for Y, the corresponding power spectrum
is
AT w?w,? |Up|® cos® & I: 1 (ruw )2 : 1 ( ® )2]
I(w)~ pc — (2m)% : exp| — = ) sin2 ¥ — = | —
)= pe P @) o, |f + cos | gl 2% e 2\w,

To find the total intensity at r we must integrate this over @ and multiply
by2#/T. Theintegrand hasa maximumatw = V2w, (1 + k2w sin? N,
where k, = w,[c = 2m[A,, 4, being the lower limit of wavelength in the
power spectrum. If f(w), the specific acoustic admittance of the boundary
surface, does not change much with w near this maximal frequency, then f
can be taken outside the integral, and

A |Ul® cos® & (k,w.)?

2mr2 |p -+ cos 92 [1 + (k,w,)? sin® -r‘}_]%
(7.4.28)

2 a0
I(r) = ;j I(w) dw =~ pc

where f is evaluated at @ = V2 w, (1 + k,2w.? sin® 9)4.
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This is an interesting, and fairly simple, formula. The mean intensity
1t T is proportional to pe, the characteristic impedance of the medium, times
U, |2 the mean-square velocity of the active area, times the ratio between the
area A which is active and the area of the half sphere of radius r which is in
‘he medium, times an angle-distribution factor, which depends in part on the
ratio between the spatial-correlation length w, and the wavelength 4, of
the cutoff frequency of the power spectrum, and in part on the admittance of the
houndary surface. 1f the motion is caused by turbulence of the medium close
to the surface, then k,w, is of the order of unity; if the motion is caused by
vibrations transmitted through a stiff boundary wall, then k,w, may be
larger than unity. In the latter case the intensity has a fairly strong prefer-
ance for the normal direction, & = 0. 1f the wall is stiff, so that / is small,
the factor involving f is nearly unity, except for near-grazing directions,
&} — L.

Radiation from a circular piston

As an interesting example of the radiation from a moving portion of a
plane boundary, we shall compute the far field from a circular piston of
radius a, set in the boundary plane z = 0. This is, of course, a special case
of the formulas we have been examining in this section; it is worth carrying
through in detail because of its practical interest. A cone loudspeaker, set
in a plane baffle, radiates sound roughly like a plane piston set in a plane
baffle of infinite extent. We shall take as our model the case where its normal
velocity is u,e~ "' inside a circle of radius a, centered at the origin, and is zero
over the rest of the plane z = 0 [if the surface has admittance 3, the difference
u, + (f3/pe)p at the surface is u,e ! for r < al.

Returning to Eq. (7.4.21), changing from coordinates x,, y, to polar
coordinates wy, ¢, in the integral for U,, we find, using Eqgs. (1.3.11) and
P22,

e'*”  cos )

p"-'r::'—.k w
) IPCZm'ﬁqLcos-{}u 0

@ i
déDJ. “ru d“’o
0
X exp [—ikw, cos (¢ — @) sin ]

2J \(kasin ) cos }
kasind f + cos ¢

ikr

A _ [
kaCéin-r 8 = 2umd

(7.4.29)

The equivalent strength in direction  is thus equal to twice the total outflow
amplitude ma®u,, times the factor in brackets, which is nearly unity at ¢ = 0,
when g < 1.

The corresponding intensity at r is

a)2 cos? I:E.}l(ka sin )

2o r
1,2 PL _ 1pc uy 2 k2a( 2 _ 7.4.30
pc 156 li|*heta I+ cos 2L kasin? ( )

r
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Values of [2J,(x)/x] can be obtained from Table IX. It is unity when x
is zero, remains nearly unity until x is about /2, goes to zero at x about
1.27, falls to about —0.13 at x about 1.77, goes to zero again at x about
2.27, and so on, having a sequence of maxima and minima which diminishes
in size.

When the wavelength 4 of the sound radiated is longer than the circum-
ference 2ma of the piston, the value of usin @ is less than =/2 even for

r=5ag

FIGURE 7.8

Polar diagrams of distribution-in-angle of radiated intensity
from a piston set in a plane wall, for different ratios between
the wavelength A and the radius of the piston a. In the
curve for 1 = a, the small loops at the side are diffraction
rings.

©# = 90° (i.e., even along the wall), and the term in brackets is practically
unity for all values of #. Therefore long-wavelength sound spreads out
uniformly in all directions from the piston, with an intensity four times that
due to a simple source of strength wa®u,. 1f the wall were not present and the
“piston’ were the open end of a pipe, this end would act like a simple source
of strength wa®u, for long wavelengths, so that the wall, or baffle plate,
produces a fourfold increase in intensity. The sound reflected from the
baffle reinforces the sound radiated outward, thereby doubling the amplitude
of the wave, and thus quadrupling the intensity. which depends on the square
of the amplitude. Of course, to have the baffle give this considerable increase
in amplitude, it must be considerably larger than the wavelength of the sound
radiated, so that it will act as though it were infinite in extent.

If 7 is smaller than 2ma, then the reflected sound still reinforces the
sound radiated straight ahead, and the intensity has its maximum value
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pri(ma’ 2uy)?(2¢r® at ¥ = 0. At points off the axis, however, the reflected
sound interferes with that radiated directly, and 7 diminishes in value as
increases, falling to zero when sin # is about equal to 0.6(4/a); then rises to a
secondary maximum (where there is a little reinforcement) of about 0.02
times the intensity for ¢ = 0; then goes again to zero; and so on. Therefore
high-frequency sound is chiefly sent out perpendicular to the wall, with little
spread of the beam.  Most of the intensity is inside a cone whose axis is along
the axis of the piston and whose angle is about sin~* (4/2a). This main beam
is surrounded by diffraction rings, secondary intensity maxima, whose mag-
nitude diminishes rapidly as we go from one maximum to the next away from
the main beam.
Values of the intensity as a function of ¢ are given in polar diagrams in
Fig. 7.8, for different values of u = 2mva/c. The increased directionality
with increase in frequency is apparent. It is this directionality that makes it
difficult to use a single loudspeaker in outdoor public-address systems:
although the low-frequency sound is spread out in all directions, only the
people standing directly in front of the loudspeaker will hear the high-
frequency sound. In rooms of small size, the sound is scattered so much by
the walls that the directionality does not matter particularly (unless it is very
marked), and one loudspeaker is usually adequate.

Radiation impedance of the piston

To find the reaction of the fluid back on the driving piston we must
calculate the near field. For this purpose the first of Eqs. (7.4.19) is useful.
Setting u,, constant for r < a and then setting z = 0 gives

p dp
Aw) = fkufu dHJ‘J(H}J(H —_—
P P i 0 ol ftWo )l it )kﬁ—l—‘\/kz—,ua
0 dy
= pckauwf Jo(uw)J,(na) —
. {llu 11“ kﬂ‘—l—'\/kz—yz

since u,, is independent of w, and ¢,. This pressure is not constant across the
face of the piston. But since the piston is presumed rigid, the quantity of
Practical interest is the total reaction force on the whole piston. In the case
of # = 0, this can be expressed in closed form.

=}

Fu_p — ZWJ; PW(“.)H' f{“. e ﬂ'PCka2utu -[J [Jl(#a)lz ﬁ%

= mpekatu, | | Ui m/d— N ;ﬁ%]
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and thus the mechanical impedance of the radiation load on the piston is

F,
‘Z'r — 8 — wa:!pc(ﬁ'u — f.xu) — ‘JTHE(R e IX)
U,

2 dma  2wa
80(}’)21 ""j_)-fl'[}") y=2%ka=—=—

u c

4 /2
20(y) = Mi(y) = —f sin (y cos ) sin? o dx
TJ0

7.43
8ka i 0 ( "
{é(k")z ka — 0 37 v
0y — Lo
1 ka— oo 2 X
@ ad— 00

See Table IX for values of the functions fl, and y,. Curves are shown in
Fig.7.9. Comparison with Fig. 7.3 shows that change from plane to spherical
baffle makes little change in the average impedance load on the piston, though
comparison between Figs. 7.8 and 7.2 indicates that the directionality pattern
does differ considerably. Sound is sent out in different directions from the two
sources, but its reaction back on the piston depends more on 27a/A than on
baffle shape. At high frequencies the impedance is resistive, equal to piston
area times the characteristic impedance pc.

We might here say a few things about the radiation reaction to the general
motion u,(xo,5,), which produces the far field of Eq. (7.4.21). In this case
the pressure at the point w, ¢ on the surface of the moving boundary is
kpC o 27

> en | cosm(dy — o) dp,

p Bk 0

X f m-fm(,uwj
0

PoW,) =

e du 8

kﬁ - m a um(wﬂitﬁl))‘]m(luwﬂ)wﬂ 'dwﬂ
where we have expressed u,(x,,p,) as a function of the polar coordinates
Wo, o. This set of integrals must be worked out numerically in most cases,
but in the two limiting cases ka < 1 and ka > 1, approximate formulas can
be obtained.

In the first place, reference to Eq. (1.3.27) indicates that the last integral
is the Hankel transform of u,, so that

i (i) = Euﬂ :”cos mide — $) ddy fﬂ " T i)t

Umt.u{.lu'!qsﬂ} = f um(“’ﬂ'éﬂ)"m(#“,ﬂ) Wy dwﬂ

0

where the upper limit to the integral for the transform U,,, could just as well
have been oo, since u, is zero for wy > a. The quantity U,,,, as a function
of u, goes to zero as u — 0, for m > 0, because J,,(z) — z™/2™m! as z — 0.
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For m = 0 the limiting value
Upo(tt:0) — J. U, (Wo,Po) Wodwy pna <1
0

is proportional to the mean value of u,, over the interior of the circle w = q,
in the ¢, direction. It also can be demonstrated that U, — 0 for all m
when u becomes considerably larger than 1/a.

Resistance factor

HD i
0 f | [ | | I 1 I J
(8] 5 10
¥y =2ka
1 —
Reactance factor
Xo -
0 1 | l I | I | | |
] 5 10
r=2eka
FIGURE 7.9

Radiation impedance of a circular piston in a plane baffle
equals area of piston times (f, — ix;)pc. Resistance and
reactance factors plotted as a function of frequency
27 = cy|4ra.

Now if ka > 1, so that the radiated wavelength is small compared with &,
and also small enough so that u,, does not change appreciably in a distance of a
Wavelength, then, over the range of integration of y within which U,,,, differs
dppreciably from zero, the denominator of the integral over u is approxi-
mately k(1 + £). In this case the pressure at point w, ¢ is

pPC = €m
1 _-l_ ﬁ m=0 &7 Jg

U,(W, )
AT ]

Pofv, ) = " cos m(g — o) debo f " (W) Uattspolit dis
ka > 1 (7.4.32)
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Therefore, for very short wavelength radiation from the surface, the pressure
at any point on the active part of the surface equals the normal velocity there
times pcf(1 + p) = [(1/pc) + (1/2)]7, where z(w) = pc/f is the acoustic
impedance of the surface, and pc is the characteristic impedance of the
medium. The radiation load on each unit area of the active surface, for
ka > 1, is thus equivalent to the characteristic impedance of the medium, in
parallel with the acoustic impedance of the surface. At these short wave.
lengths each portion of the surface radiates separately and is separately
loaded.

On the other hand, if ka < 1, the denominator of the integral over u for
P is approximately i in the range 1/a > p > k (< 1/a), where U, is large,
In this range J, — 1 and J,,(uw) -0 (m > 0) for w < a. Therefore

l‘k'ﬂf 2r 1la a ;
P — ;= dde| du| uy(we,po)wedwy = —Lipckalu,) ka <1
0 0 0
where
W) = 2% = — [ "o "watadomy d
)= "= U, (Wo,bo)Wo dw
[ Ta 1‘1’.‘12 5 0 4 w\ W Po)Wo Wy

is the mean velocity of the active area of the boundary, and S,, is the ampli-
tude of the total outflow from the surface (the equivalent strength of the
surface as a simple source).

Thus, at long wavelengths, the pressure is uniform across the active area,
being proportional to the mean velocity amplitude (u,,) of the area. To this
approximation the ratio between pressure and mean velocity is imaginary,
indicating that the power radiated is proportional to a higher power of ka <1.
The real part of this ratio can be obtained by using Eq. (7.4.21) to compute
the total power radiated. Since, for ka < 1, the factor U, in f, is just S,,
a constant, the far field and the total power are

e*r  cos i

27r f + cos# ©

Po == —ikpc p=&—io

1 [2x  [= _ pek? .
= d 25in ¢ dd = — |S,|2Q
PCJ.H @J‘ﬂ |pol® sin e |S,|% £2(5)

where

o (1 455+
——— | —&In -
L<t &F - o §*+ 5%

But the power radiated must equal the power leaving the active area, which is
the pressure (constant over the area at these wavelengths) p,, times the part
of the mean outflow S, which is in phase with p,,; we already know the part
out of phase with p,. Therefore the pressure at z = 0, w < a, for ka <1,
1s, approximately,

Q=1+ (& + o? tan‘l(

1 LIE
Po == 3pcka(—i + kaQd){u,) = 3 (—:‘m P de pe s Q) S, (7.4.33)
w

wa
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For long wavelengths the active area becomes the equivalent of twice a simple
source of strength S, (when # = 0) radiating uniformly into the half space
- = 0, and the pressure over the active area is constant, proportional to the
mean velocity of the active area. The area radiates as a whole, in contrast
to the situation for ka > 1.

Transient radiation from a piston

The general equation (7.4.23) for radiation from an elementary source
can be used to compute the transient pressure wave from a piston in a plane
wall. Suppose that the velocity of the piston is U(¢) and its acceleration is

o—

r+asind
c

i ——
r—asind ¥

FIGURE 7.10

Radiation of a transient from a piston. Sound reaching
point P came from strip d a time (I/c)(r — y sin ) earlier.
Lower curve shows pressure fluctuation at P due to a
velocity pulse U = 4(t) of the piston.

A(t) = dU|dt. Study of Fig. 7.10 shows that a part of the pressure wave
arriving at the point (r,d) at the time ¢ is that due to the acceleration of the

strip of length d = 2V/a* — »* and width dy a time (1/c)(r — y sin ) earlier
(if  is much larger than ). The amplitude of this component of the pressure
pulse is, from Eq. (7.4.23),

dp:‘—i Vaz—yg,{[rm%(;'—ysin-ﬁ)il dy
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The total pressure is obtained by integrating this over the surface of the piston, -
from —a to +a. Change of integration variable and integration by parts
yields the general formulas

: f
i [ Va?sin® # — (et +r — ct)® A(7) dr

= 2mrsin? @ J,
 pct J‘f (r + ¢t — et)U(7) d~
27@rsin® & J. vV a?sin?  — (r + cr — (‘I]z

where the limits of integration are e =t — (l/c)(r - asind) and f=
t — (1/c)(r — asin ).

This is a very interesting formula, for it shows, perhaps more clearl}r
than Eq. (7.4.30), the dependence of the pressure wave on the angle 4.
Directly ahead () = 0) the pressure wave reproduces the piston acceleration

exactly:
_pz ( _ f) =
P 4r ! ¢ 2

The force on a microphone diaphragm directly ahead of the piston is therefore
proportional to the piston acceleration; and if the diaphragm is mass-
controlled, its acceleration is proportional to the force, so that the accelera-
tions, velocities, and displacements of piston and diaphragm are proportional.
As i} is increased, however, the integral covers a larger and larger interval of
time 7, so that more and more of the piston motion gets blurred together in
the pressure wave arriving at P.

A simple example of this is for the case when the piston suddenly moves
outward a distance A. In this case the displacement of the piston is Au(t),
where u(1) is the step function defined in Eq. (1.3.22); the velocity is Ad(t),
proportional to the impulse function; and the acceleration Ad’(¢) is formally
proportional to the derivative of the impulse function, a “pathological”
function going first to plus infinity and then to minus infinity in an infinitesi-

H
mal period of time. Its integral properties are f O (r — a)f(r)dr =
—{[df(a)/dalu(t — a)}. The resulting pressure at (r,?) is

0 ct << r—asin®
A r—ct . =
= P”} —— r—asin® < ct <r- asint
2arsin® & v/g2sin? § — (r — ct)?
0 ct > r -+ asin

This pulse, shown in Fig. 7.10, is a stretched-out version of the " function;
the greater the angle &, the greater the stretch. Only directly ahead of the
piston, at # = 0, is the pressure pulse as instantaneous as the piston pulse.
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The freely suspended disk

The next two examples considered in this section could have been treated
in Sec. 7.3, for in neither case is a boundary plane present. They have been
ostponed to this section, however, because their solution involves techniques
which have been developed in this section. The first is that of a sheet of
metallic foil, in the form of a disk of radius a, somehow suspended in an
unbounded medium, driven by electromagnetic forces perpendicular to its
surface. Large loudspeakers, of a form roughly corresponding to this
idealized model, have been constructed.
The setup can be approximated by imagining that the fluid itself is acted
on by a force F per unit volume, pointed in the positive z direction, of a
magnitude

F ~[6(2) w<a
F — _“-‘; e-am!
ma 0 w>a

where w is the distance from the center of the disk, in the xy plane, and where
F,, is the total force amplitude, driving the whole disk. Using Eq. (7.1.25),
we obtain an expression for the pressure.

Fw 2x A |
Pol(r) = = J; dgbﬂj; I:a—zﬁ g(w.d.z| wﬁ,qﬁo,zn}] zF{}w,:, dwy, (7.4.34)

To compute the far field from this source we use the approximation

1
g(r, 0,9 | wo,o,20) = 3 SXP {ik[r — wqsin & cos (¢y — $) — 2z, cos 7]}
(7.4.35)

valid for r > r,. The pressure at large distances from the free-floating disk
is then

ethr | i g .
Pl = —ik— “Zcos | wodwy| e *wosintcos—9) Jo4
0 0

A7y wa®

— —ikF, (7.4.36)

e'*r [2J,(ka sin ﬂ):i
4mr |: ka sin Goae

where the factor in brackets is the same as that entering the expression for
the far field from a piston in a plane. 1In this case, however, there is an extra
directionality factor cos ¢, which ensures antisymmetry about the xy plane.

For long wavelengths the factor in brackets, as we saw earlier, is approxi-
mately unity. Comparison with Eq. (7.1.7) shows that at low frequencies
the disk radiates like a dipole source of strength D, = i(F,/pck). The angle
distribution for the radiated intensity has an additional factor cos* #, com-

pared with that for the piston in a plane; thus there is no radiation in the
Plane of the disk.
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Using Eq. (7.3.15) for the near field, we can calculate the pressure on the
front surface of the disk and the normal velocity of the portion of the disk 4
distance w < a from its center.

Fw w0 a Fw
P = Ena‘*J; Jolpw) d,uL Jolpwe)wy dwy = 5 w<a
5 - ) (?.4.37}
2, = m.ﬂ Jolpw)u Vit — u? dﬂL Joluwo)wy dwy

where we have used Eq. (1.3.27) to compute the pressure. The pressure at
the back of the disk is p_ = —(F,[27a?), so that the total force required to
move the fluid ahead and behind the disk is ma*(p, — p_) = F,, as it was
assumed to be.

When ka is large, the radical in the integral for u, is equal to k over the
range of x for which the integrand is large, so that Eq. (1.3.27) produces
u, =~ F,[pc2ma® for w < a. For long wavelengths, on the other hand, the
integral for u converges poorly because of the large tangential velocity near
the edge of the disk. However, we can use Egs. (7.1.12) to compute an
effective normal velocity, an appropriate average over the surface of the disk.
The expressions for the pressure at the disk surface, the limiting forms of the
disk velocity, and the total power radiated are

Fm
pl— o 2?’[‘0.‘" — _P— <uz> = Fw Y((U}
Y(w) : ka > 1
) — a =
(s 2ma*pe &
_;.6 ~ [i(1 — }ik2a®) -+ Li(ka)?] ka < 1 (7.4.38)
wa’ pow
Folt5—— = a2l pas
7apc pe
[I =|F,2Re Y —
k2a?
12 ka <1
@ erra”pc'_

where Y is the radiative admittance of the disk. Its reciprocal,

F 2ma*pe ka > 1
Z =2
" u Bmatpe(—2ika + k'a')  ka < |
has much the same form, for intermediate values of ka, as that of the
impedance Z, of Eqs. (7.4.31) for the piston in a plane baffle (there is an extra
factor 2 in the present case, since the disk radiates to z — — oo as well as to
Z — 00).
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Radiation from an aircraft propeller

These same techniques can be used to compute the far field from an
airplane propeller, whirling in the xy plane with an angular velocity w. If
there are n propeller blades, each of length a, with center at the origin, the air
in the neighborhood of the disk of radius a in the xy plane is subjected to
successive pushes during each rotation of the propeller axle. Part of this
push is in the —z direction, but also, because of turbulence drag, there will
be an accompanying force in the ¢ direction, perpendicular to the polar
radius w. As with the free disk, we can assume that this driving force is
concentrated in the xy plane, for w << a, and is greater near the propeller
tips at w = a. A very rough approximation to the two components of the
force on the medium is

1
ma
_fu ek

F¢ Vg™ ts

whHleind=et) §(Z)u(a — w)
where F is approximately equal to the total backward thrust of the propeller,
o is the drag-to-lift ratio (usually less than 1), and u is the step function of
Eq. (1.3.21), being unity when w < a, zero when w > a.

To find the far field we insert this and the g of Eq. (7.4.35) into Eq.
(7.1.25) ( f, and T, = 0), obtaining

f 2 b a 27
dr \ 2ma™t 0 0

o . a : 27 , : — .
_|_ —sin _ﬁ. f “_.;]r -2 dl‘r‘n f d‘i”u sin (ﬁbu fread [P)quin— ikw, sin & cos (do—F)
a 0 0

ey B O 9 (ka sin )"
7 e
2" (n 4+ 1)! J,. . (ka sin 45‘)] A —
ik(r—el)+iny 7.4‘39
& [ (ka sin )" ¢ (2439

where we must remember that, in this case, k = nw/c, since we are here using
@ as the angular velocity of the propeller; the frequency of the radiation is
nw[2m since there are n blades. The quantity in brackets is roughly unity for
0 < kasin® < n. Since, usually, the propeller tips are traveling somewhat
slower than the speed of sound, wa/c = kaln is somewhat less than 1; thus
_ﬂle factor in brackets is nearly 1 for all values of }, and the radiated intensity
Is, approximately,

I —t

e 22::-'.—5772_,.2(_" szc

i fean+2 |F|2 (GNI
ka

Z
— €os ﬁ) sin®" ¢ (7.4.40)
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Aside from the distorting factor in parentheses, this is the radiation frop,
a tesseral multipole of order n + 1, with a strong maximum in the xy plane,
Because of the distorting factor the maximum is just aft of the plane of the
propeller, the peak being the more pronounced, the greater the number of
blades n. The factor in parentheses comes about because of the relationship
between lift and drag: the term anfka is usually somewhat less than unity,
so that the intensity is noticeably greater in the backward direction (the
direction of the push) than in the forward direction. Also, at the angle
cos ! (an/ka) to the axis in the forward direction, no sound is radiated. The
whole angular pattern is further distorted when the propeller is moving with
respect to the air [Eq. (11.2.34)]. In addition, the actual force is not sinusoi-
dal, but more pulselike, with harmonic terms e™™¢-*9 (m —=2,3,...). For
these higher-frequency terms the factor in brackets in Eq. (7.4.39) imposes a
preference for the axial rather than the equatorial directions. Thus the
higher harmonics are louder along the axis than in the plane of the propeller,

a2nk2n+2 lFlE | |: (m”)2 i :l
o 4 — 7.4,
o T g e LT T g TH| (A

Comparison of the expressions for Il given in Eqs. (7.1.11) and (7.1.12)
indicates that the power radiated from a multipole of order m, of strength
M, is

B e pck*™ |M,,|?
™ 4w le3e e s (2m+ 1)

Therefore the rotating n-blade propeller radiates as though it were a combina-
tion of a tesseral multipole of order n and strength M,, minus another of
order n -+ 1 and strength M, _,, where

Fa® an . sea F(a"[k)

M = n —_—  —

" 2pcV2'n1 ka T 2peV 2!

the n-pole, symmetric about the xy plane, corresponding to the effects of the
propeller drag and the (n + 1)-pole, anti_symmctric about the xy plane,
caused by the propeller thrust in the negative z direction. This problem will
be discussed again in Chap. 11.

The rectangular piston

Since they will be of use later, we shall work out the formulas for a flat
piston of rectangular shape, of sides a and b, set in a plane rigid wall. The
integrals for the far field and for the piston impedance are similar to those
for the circular piston; only the boundaries of integration are now between
—1a and 1a for x, and between — }b and 45 for y,. The integral for the far
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7.4 RADIATION AND REFLECTION FROM A PLANE SURFACE 393

field, analogous to Eq. (7.4.29) for = 0, is

ikr id _}h
Po (r) = —ikpeu,, ;m f dqu. dy, exp [—ik sin @ (xycos ¢ + y, sin ¢)]

ikr

= 2ikpcu,abS(ika sin 9 cos ¢)S(3kb sin # sin ) = (7.4.42)
r

where
sin z

S) =

s
&

The radiated sound intensity is concentrated in a cone ahead of the piston,
as is the sound from the circular piston; only now the cone is elliptic in cross
section, with its wider axis in the direction of the smaller dimension (a or b).
Function S(z) has much the same behavior as 2J/,(z)/z, the corresponding
function for the circular piston, though it falls off rather less rapidly as z
increases and its zeros come for different values of z.

The radiation impedance of the rectangular piston is obtained by using
Eq. (7.4.7) for the Green’s function, instead of Eq. (7.4.10), in Eq. (7.4.18)
(with p = 0). Setting both z and z, zero, the pressure at the surface of the
piston is

dK, dK, dK, o
Pw(x,}’) PCkH abfij VER K-z _: K: e S(%K:QJS(%KJJ)E_”‘ rx—iK gy
v z
1 K,dK, I
T 4t peku, abJJ‘\/kz = K 2 SGAK,a)SGK b)e B =+ K

v

and the total reaction force on the piston is

o0

Fy— — nckuabt| | s2(3ua cos 0)S2(1ub sin 0) db (7.4.43)
w—4ﬂ_2pc u,a o TPy ua ) 14D S1 ¢

where 4 = K,® + K,®. By expanding the functions S2 in power series and
integrating term by term, a power series for the integral over 0 can be com-
puted. The integral over u can then be calculated numerically, for the
appropriate values of ka and kb. Comparison of series, however, shows that
arough approximation to F,,, valid for all values of k as long as a/b is neither
very large nor very small, is

a*0 - (ka) — b20_(kb) — ia®y (ka) + ib*y, (kb)

F, ~ pcu, ab
P aﬂ . b*z

— peuablly(ka) — iyo(ka)]  b-—>a (7.4.44)

Page 415 of 933



394 THE RADIATION OF SOUND

where

2 =z [ _J’ z _1..:2 z @l
a:_(z)=:2fuﬂu(y)ydy - [1 = 4—72“‘3}9[”

1 z: 3= ]

B —

i 0 8 ™ EITZ g
xD(Z)ZEJ;?:u(y)yd}’—_'ﬂ_:[l “'Z—ZMG(ZJ:’_"' g

= z>1

n/2
and My(x) = (wa)f sin (x cos u) du is the Struve function of zero order.
0

10 T T T T T

05 El

Specific acoustic resistance & or reactance X

O | 1 | J ] 1
o 5 10

ka ar kb

FIGURE 7.11
Impedance functions for the rectangular piston. See Eq.
(7.4.44).

The functions 0,, 7, are defined in Egs. (7.4.31), plotted in Fig. 7.9, and given
in Table IX. Functions 6, and y, are plotted in Fig. 7.11. Approximate
limiting values for the radiation impedance of the piston are thus

8i , a* + ab + b®

L2l O &
1ek(a* + b%) Om T ka <1
Z, =y (7.4.45)
Yo Nq_ ;8 ka > 1
" 7k(a + b)

for values of b/a which are neither very large nor very small.
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prgblems

I An airtight box, with four loudspeakers set in the front panel as shown, is
suspended in free space. Each loudspeaker has an area 4 and oscillates with
velocity Uye '@’ Determine the power radiated from this system at low

oo
i s
1Q O

3

frequencies when the wavelength is much larger than the dimensions of the
box:
(a) When all speakers oscillate in phase
(b) When speakers 1 and 2 are in phase but 180° out of phase with 3 and 4
(¢) When 1 and 4 are in phase and 180° out of phase with 2 and 3

2 The portion of the surface of a long cylinder of radius a which is between
—¢y and + ¢, vibrates with velocity normal to the surface, and the rest of the
cylinder is rigid. Obtain a series analogous to Egs. (7.2.19) for the average
acoustic impedance over the vibrating surface.

3 A sphere and a circular disk are both driven in one-dimensional motion with a
force F, = Fyexp (—iwt). The disk is driven normal to its plane. If the
sphere and the disk have the same mass / and radius a, show that the velocity
amplitudes at low frequencies are

.
wim + my)

Fy

and Hy = ———=
T wlm + my)

U; =

where

27 . e
m; = 3 pa and my = 5 pa

3

where p is the density of the surrounding fluid. For an arbitrary body the
mass reaction of the fluid must in general be expressed as a tensor I such that
iF; = w3 M u;. What, then, is the ratio between the velocity amplitude

j
and the amplitude of the driving force? What are the elements of the tensor
It for the sphere and for the disk ?

4 Compute the impedance for an elementary dipole a distance / from a plane
locally reacting wall of acoustic impedance pc/f when the dipole axis is parallel
to the wall. What is the impedance when the dipole axis is perpendicular to
the wall?

5 A monopole is a distance 4 above an infinite horizontal locally reacting bound-
ary having acoustic impedance pc{. The monopole strength at frequency
w(2xn is §(w). Calculate the sound pressure as a function of the distance r
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from the source in the horizontal plane of the source. Show that if the sourge
height is larger than 4, the sound-pressure amplitude exhibits maxima apg
minima in a region given approximately by 0 < r << #*/4 and decreases mong,.
tonically with r for sufficiently large r (= -h?[2). If { is finite, show that this
monotonic decrease approaches proportionality to 1/r® for large r. Estimate
the value of r, in terms of ||, above which this is approximately true.

Show that a point force F(r), applied at r = 0 in a gas, produces a sound
pressure field

1 (aF cF

— + — | cos @
4nrc \ ot r)Ds

plr,7)
where # is the angle between F and r (assuming that the direction of F js
constant). What is the result if the direction as well as the magnitude of F
changes with time? (Parentheses indicate retarded time.)

A pulsating sphere of radius @ has a radial surface velocity Uye !, where U,

is independent of ¢ and ¢ as well as of . Show that the acoustic radiation
impedance at the surface is pc{,, where

k2a® . ka

S 7 R ey 7

where ke = w. Is this valid for any value of ka?

The monopole source density s,(r) of Eq. (7.1.30) has the uniform value
S./7a*l throughout the inside of a cylinder of radius a, with axis along the x
axis and between the planes x = -}/, and is zero outside the cylinder. Change
the factor e ¥Tody, in the integral to exp [—ikw,sin & cos (¢ — ¢p) —
ikxy cos #] wy ddy dwy dx,y, where w? = y,® + z,% and use the formulas

J.H €100 cos (m) d = 2xi™J ,.(¢) and J u™ L] () du = 4™ ()
1]

to show that the pressure wave a distance r from the origin is

K peS sin (k! cos #) Jy(ka sin #) eikr—iot g
_! _"_iw
pCo, 1kl cos © Lka sin ¢ 4mr L

where # is the angle between r and the x axis. Plot the dependence of the
intensity at r on # when ka — 4 and k/ = 3. When k/ and ka are small but
not negligible, show that the far-field pattern is similar to that from a com-
bination of a point monopole S, minus three quadrupoles of strengths

Q.‘.ﬁ? = -21-1_-1‘.25(:3 er.r. 2 Q:: 'éHESw

all at the origin. Hint: use the expansion

Iy 732
I~ &P [1 _ b2 }

m! m o+ 1

A spherical cloud of ionized gas is acted on by an oscillating electric field so
that the force F of Eq. (7.1.24) is in the z direction and

. lA(Hz - YZ}P fwf r < a
= i r>a
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Show that the pressure wave produced outside the sphere is
plr,0,9) = gia®A jy(ka) cos & hy(kr)

Use the integral relationship [z"%,(z) dz = 7 )

The fluid inside a sphere of radius a is in violent motion so that the velocity
components with frequency /2= are

—30,,ye ot r<a 0 xye=toF r<a
Uy = u, =
0 r>a 0 r>a

and u, = 0. Use Eqs. (7.1.25) and (7.2.31) to show that the pressure wave for
r = a, generated by this motion, has frequency w/2= and amplitude

i |Q|? a'j5(2ka) sin® & cos 2¢ hy(2kr)  k = oc

What is the pressure amplitude when r — «©? When ka —07?

A region of volume V contains ionized gas, which is acted on by a randomly
fluctuating electromagnetic field, so that the vector F in Eq. (7.1.25) is not zero.
The mean-square amplitudes (|F,|*) and (|F,|*) are equal, but are not equal to
(|F.|%; the correlation length w, and correlation time =, = 1/w, are the same
for all three components. Show that the rms intensity at r, for all frequencies,
averaged over a long time interval 7, is

Vig wa>

e em L UL e S
£ per d T Mg

.!r,i =

for r — o, where 4; = c/w,, # is the angle between vector r and the z axis.
A long rigid cylinder of diameter d, placed in a transverse airstream, experiences
a transverse oscillatory force because of the flow instability produced in the
stream (see Chap. 11). As a result, sound is radiated (Aeolian tone) at a
characteristic frequency w/2=. If the correlation length of the force along the
cylinder is L, calculate the rms power radiated per unit length of the cylinder.
Suppose the specific acoustic admittance f# of the surface of Eq. (7.4.21) does
depend on frequency, so that the Fourier transform of the admittance term is
*®  wcos ¥ .
b(r) = —— e ol g
) _mﬁ-Jrcnsﬁe o

By use of Prob. 23 of Chap. 1, show that the pressure wave at r,  (r very large),
caused by a velocity distribution u(x,y,t), is

%‘Idk},fd}’oj.b(r}u [X,y Yo T(X,) — 7]dr

where T(X,) =t — (r/c) + (X,/c)sin #, and u, X,, Y, are as defined in
connection with Eq. (7.4.23).

The surface of Prob. 13 has acoustic impedance R + i(K/w), so that f =
pewf/(wR + iK). Show that

2 2z 5
b(t) = —2n;‘(5) {pei 1) cos
R/ [(pc/R) + cos #]?
W

exp (— W) u(r)

where
(K/R) cos #

(pc/R) + cos &
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and u(r) is the unit step function of Eq. (1.3.22). If the radiating area extends
over X, from 0 to /, over ¥, from 0 to a (i.e., if the rz plane is parallel to twg
sides of the rectangular radiating area), and if the velocity of the area is a pulse
u(X,Y,t) = Ayo(r), show that the pressure wave atr, 1 is

pc Aga K (pc/R) cos
27r R [(pc/R) + cos ¥

exp l:—W(r — E)] —exp [—-WT()] r <ct

| —exp[—WTW)] r=ct>=r—Isind
0 ct <r—Isin#

where T(x) = (x/e)sin # + ¢t — (r/c). Discuss the physical significance of
this result; plot it as function of ¢ for appropriate values of the constants.

A circular membrane of radius a, under tension, is set in an otherwise rigid
plane wall. Suppose the membrane is vibrating with its (sm,n)th mode [Eq.
(5.2.25)] so that the u of Eq. (7.4.19) is U,, cos (n$)J (7 f unria) exp (—ik mpuct).
Show that the asymptotic form of the pressure wave a distance r from the
center of the membrane is, when r > a,

. Ja(ka sin #) 1 :
_:”kaapcﬁmnUrmiJnr(“lﬁmn} I2a® sin® 9 — ﬂzﬂmnz ;EKP [Ikrnn(r = Ct)]

where k,,, equals #f,,/a times the ratio between the wave velocity in the
membrane and that in air.

A spherical source of radius @ consists of a uniform monopole distribution of
source strength Que~*®! per unit volume. Show that the radiated pressure is
(—iwQyV/4nr)F(ka)e™ ™ —1@t where k = w/c, V = 47a®/3, and

6 : 3i
F{x):;;i(x — sin x) + J‘?—;(x2 — 2 + 2 cos x)

By using Egs. (7.4.38), determine by what factor the low-frequency output of a
loudspeaker can be increased by providing it with a baffle box, in effect to
convert it from a dipole to a monopole source. In making the comparison,
let the amplitude of oscillation of the speaker disk be the same for the two
cases. Also assume that the wavelength is larger than the dimensions of the
box.

A small gas bubble of radius a in a liquid medium acts as a monopole source
of sound when set into radial oscillation. Starting with the equilibrium
conditions for the bubble, P; = P, + (20/a), where P; is the pressure inside
the bubble, P, the static pressure in the liquid, and ¢ the surface tension, take
into account the radiative mass load on the bubble and determine the resonance
frequency of the radial vibrations. Assuming that P; > P, and that the
compression of the gas in the bubble is adiabatic, show that, in the long-
wavelength limit, when a is small compared with 4, the resonance frequency 15

1 .'r(3 ”2::
Zny 7

where 3 = C,/C, for the gas in the bubble, and p is the density of the liquid.
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19 Asa result of the Alaskan earthquake of March, 1964, surface waves (Rayleigh
waves) of considerable amplitude passed over the United States. These waves
radiated sound into the atmosphere. At infrasonic experimental stations in
washington and in Boulder, Colo., the vertical velocity amplitude of the earth
surface was found to be about § cm per sec, with a period of oscillation of
25 sec. If the speed of the surface waves was five times the speed of sound in
air, determine the direction of propagation and the intensity of the radiated
sound wave (assumed to be a plane wave). From conservation of energy of
the sound wave, determine the resulting amplitude of oscillation of the iono-
sphere. The gas pressure in the ionosphere is about 10~% atm.
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CHAPTER

THE SCATTERING OF SOUND

8.1 SIMPLE EXAMPLES OF SCATTERING

When a sound wave encounters an obstacle, some of the wave is deflected
from its original course. It is usual to define the difference between the
actual wave and the undisturbed wave, which would be present if the obstacle
were not there, as the scattered wave. When a plane wave, for instance,
strikes a body in its path, in addition to the undisturbed plane wave there is a
scattered wave, spreading out from the obstacle in all directions, distorting
and interfering with the plane wave. If the obstacle is very large compared
with the wavelength (as it usually is for light waves and very seldom is for
sound), half of this scattered wave spreads out more or less uniformly in all
directions from the scatterer, and the other half is concentrated behind the
obstacle in such a manner as to interfere destructively with the unchanged
plane wave behind the obstacle, creating a sharp-edged shadow there. This
is the case of geometrical optics; in this case the half of the scattered wave
spreading out uniformly is called the reflected wave, and the half responsible
for the shadow is called the interfering wave. If the obstacle is very small
compared with the wavelength (as it often is for sound waves), all the scattered
wave is propagated out in all directions, and there exists no sharp-edged
shadow. In the intermediate cases, where the obstacle is about the same
size as the wavelength, a variety of curious interference phenomena can
occur.

In this chapter, since we are studying sound waves, we shall be interested
in the second and third cases, where the wavelength is longer than, or at least
the same size as, the obstacle. We shall not encounter or discuss sharply
defined shadows. So much of the scattered wave will travel in a different
direction from the plane wave that destructive interference will be unimportant,
and we shall be able to separate all the scattered wave from the undisturbe_d
plane wave. We shall be interested in the total amount of the wave that fs
scattered, in the distribution in angle of this wave, and in the effect of this

scattered wave on the pressure at various points on the surface of the obstacle.
?"".t".'.!.ﬂ’“ '-'au":".:‘t._"i"f\"
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Page 422 of 933



8.1 SIMPLE EXAMPLES OF SCATTERING 401

Scattering from a cylinder

Let us first compute the scattering, by a cylinder of radius a, of a plane
wave traveling in a direction perpendicular to the cylinder’s axis. Ifthe plane
wave has intensity /, the pressure wave, if the cylinder were not present,
would be

2m

. o TS ¥ rseror
Py = Pnel'k{.]‘—-ﬂ” — Pﬂebltrwsé ot} -FIJ . PC‘( I = _I

where the direction of the plane wave has been taken along the positive
x axis.
In Eq. (1.2.9) we expressed this plane wave in terms of cylindrical waves:

P = Pueik[r:-lm d—rl) _ Pﬂ ]:Jﬂ{kf) = 2 2 i™ cos {mé]'}-m(kr)jle—2“” (B. l. |}

m=1

The radial velocity corresponding to this wave is

{‘-Il(k") t 2 ™ lkr) — J,,_y(kr)] cos (m';&)}e"h“'f

m=1

When the cylinder is present with its axis at r = 0, the wave cannot
have the form given by the above series, for the cylinder distorts the wave.
There is present, in addition to the plane wave, a scattered outgoing wave
of such a size and shape as to make the radial velocity of the combination
zero at r = a, the surface of the cylinder. We shall choose the form of
this outgoing wave to be the general series

= i Am cos (mqﬁ)[.fm(kr] -+ -"-Nm{kf'}]ﬁ’_r"”w

m=1

Ugp = 'I—C "-Aﬂ['fl(kr) e f'Nl(k-")] = % i A m COS (m‘[b)[“rm H(kr)
p

m=1

Jrn—l(kr) 4 ‘:N!n—:-l(kr) - me _1“(.")] e 2miv

The combination J + iN has been chosen because it ensures that all the
Scattered wave is outgoing.

Our first task is to find the values of the coefficients 4 which make the
combination u,, + u,, equal zero at r = a. Equating u,, to —u,, atr = a
term by term, we obtain

Am = _Enipﬂf’m;'lf—i?m sin 7'm Pu s “\-’IE
Ji(ka) i - T 1(k@) — Joiilka) (8.1.2)
Ny(ka) ™ Npa(ka) — N,,_(ka)

Where ¢, = 1 and ¢,, = 2 for all values of m larger than unity. Theéé phase °

anpg] - ‘-'
gles »,, have already been dcﬁ;}fe é:}{aElgs &? %‘l)um CDEﬂﬂCtlfD Wwith the rm %
:‘T Pale | ' f i :_

tan y, = —
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radiation of sound from a cylinder. Values of some of them are given ip
Table V. The behavior of these phase angles completely determines thq
behavior of the scattered wave. It is interesting to notice the close connectiop
between the waves scattered by a cylinder and the waves radiated by the same
cylinder when it is vibrating. The quantities needed to compute one are
also needed to compute the other.

The pressure and radial velocity of the scattered wave at large distanceg
from the cylinder are

chfa ; P
o 3 Erk(r—t‘fl U, ~ il
P \/ g () T

] 2 -
p(p) = o z €, Sin (y,.)e" "™ cos (md)
V ka m=o0

The intensity of the scattered part, at the point (r,¢)(kr > 1), is therefore
: la
-I 8 — ]t:u';(gé)lz (a.l.3}
r

l < :
I3 = =~ 2 €,€,siny,, siny, cos (¥ — ¥4) €08 (mgp) cos (ng)
=0
where ¢y =1, ¢, =2 (m > 0). This intensity is plotted as a function of
¢ on a polar plot in Fig. 8.1, for different values of 5 — 2mvajc = 2malA.
It is interesting to notice the change in directionality of the scattered

A=27a]| £ro

).=%7rr:?—
= —
g
2
o
E
=
= FIGURE 8.1
] The scattering of sound waves from a
© rigid cylinder of radius 0. Polar diagrams
= show the distribution in angle of the
o | \ | [ intensity of the scattered wave; lower
'&o j 2 3 4 5 graph shows the dependence of the

ka scattered intensity on 7 = 2ma/A.
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wave as the wavelength is changed. For very long wavelengths ( small)
put little is scattered, and this is scattered almost uniformly in all the back-
ward directions. As the frequency is increased, the distribution in angle
hecomes more and more complicated, diffraction peaks appearing and moving
forward, until for very short wavelengths (much shorter than those shown
in Fig. 8.1), one-half of the scattered wave is concentrated straight forward
(the interfering beam), and the other half is spread more or less uniformly
over all the other directions, giving a polar plot which is a cardioid, inter-
rupted by a sharp, very high peak in the forward direction, as shown in Eq.
(8.1.4) below.

For very long wavelengths only the two cylindrical waves corresponding
to m =0 and m = 1 are important in the scattered wave. As shown in

Eq. (7.3.7),

kE 2
yu:.‘—}zl':ﬂ-f =g Vs when ka — 0

The first-order approximation for the scattered intensity at long wavelengths
is therefore

7 . reSat
—

= I(1 — 2 cos ¢)? wa < ¢

Short-wavelength limit

For wavelengths very small compared with the circumference of the
cylinder, the relatively simple approximation of “geometrical acoustics™ is
valid, with the “scattered’” wave dividing into two parts, the “reflected”
and the *“*shadow-forming™ waves. However, the process of demonstrating
that the series of Egs. (8.1.3) really does behave in a simple manner involves
mathematical manipulation of considerable intricacy.

In the first place, the series of Eqs. (8.1.3), which is in a form useful for
calculating scattering at longer wavelengths, is not particularly suitable for
showing in detail the interference between part of the scattered wave and the
primary wave to form the shadow. In optics, one differentiates between
Fraunhofer diffraction, where intensities are measured at distances so large
that the angle subtended by the diffracting object is small compared with the
ratio (A/2ma) = 1/ka, and Fresnel diffraction, for distances large compared
With the wavelength but not extremely large compared with 27a. The
Fresnel-diffraction formulas show the shadow with its related diffraction
bands, but at the great distances involved in the Fraunhofer-diffraction for-
mulas, the shadow has become blurred again. Series (8.1.3) is for distances
Corresponding to Fraunhofer diffraction, so that what can be demonstrated
is the separation of the scattered wave into a reflected wave and a shadow-
formjng wave, but not the details of the interference with the incident wave,
Which are characteristic of the Fresnel formulas.
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In the second place, the simplicity of the formulas for very short Wave.
lengths only appears as an average; the scattered intensity varies rapidly
with angle in a complicated sort of way, and only the average intensity per
degree (or per minute) varies smoothly. This rapid fluctuation is seldom
measured, however, for any small change of frequency or of position of the
cylinder will blur it out, leaving only the average intensity. Consequently,
our calculations should separate the rapid fluctuations of intensity from the
average behavior of the reflected wave.

When all the necessary manipulations are made, the expression for the
scattered intensity at short wavelengths is

ISMG = é) ] 2‘#’ | &
7__;8“1 (5 +*rr_k_rmt Esm (ka sin ¢)

+ (rapidly fluctuating terms)  kr >ka >1 (8.1.4)

The first term of this expression constitutes the reflected intensity, which,
for a cylinder, reflects more in the backward direction (¢ ~ =) than in a
forward direction (¢ ~ 0). The second term is the shadow-forming beam,
concentrated in the forward direction within an angle =/ka = 2/2a which is
smaller the smaller 4 is compared with a. The third term contains rapidly
fluctuating quantities that average to zero, and so may be neglected.

Total scattered power

The total power scattered by the cylinder per unit length is obtained by
multiplying /; by r and integrating over ¢ from 0 to 2#. The cross terms in
the sum of Eqs. (8.1.3) disappear, because of the integral properties of the
characteristic functions cos (md), leaving the result

6m5at
L = — 1 A >2ma
ns — 40!_ Z Em 5iﬂ2 (:ym} = ,"3 (8'!5)
G dal A <€ 2ma

The limiting value for total scattered power for very short wave-
lengths is the power contained in a beam rwice as wide as the cylinder (4a).
This is due to the fact, discussed above, that the scattered wave includes
both the reflected and the shadow-forming waves, the first and second terms
of Eq. (8.1.4). The integral of r times the first term is the total reflected
power, which is just 2a/; and the integral of r times the second term is also
2al, showing that the shadow-forming wave has enough power just to cancel
the primary wave behind the cylinder.

The quantity I1 /4al is plotted in Fig. 8.1 as a function of ka = 2ma|A.
Notice that in spite of the various peculiarities of the distribution in angle
of the intensity, the total scattered intensity turns out to be a fairly smooth
function of ka. We also should note that Il is not usually measured
experimentally, because of the difficulty of separating primary from scattered
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waves at small angles of scattering. What is usually measured is more
nearly the quantity L
€ ZJ._*. Irdd

where A is a small angle, if the experimental conditions are good, but never
zero. 1t turns out that I . is very nearly equal to 11, for the longer wave-
lengths: but as the wavelength is made smaller, the shadow-forming beam
[the second term in Eq. (8.1.4)] is less and less included in the integral, until
for very short wavelengths Il is equal to 311, The transition from II; to
111, comes at values of ka near 7/2A, at wavelengths 4 near 4aA.

The force on the cylinder

Returning now to the expression for the total pressure due to both the
undisturbed plane wave and the scattered wave, we find, after some involved
juggling of terms [the use, for instance, of the last of Eqgs. (7.3.2)], that the
total pressure at the surface of the cylinder at an angle ¢ from the x axis is

4Py oo o COS (md) i~y lrmi2)]
~ AR e i[—ym+lrm 8.1.6
Po=(Ppt Pree=——c¢ méﬂ T oo

e

where the quantities E,, are defined in Eq. (7.3.7). This expression is
proportional to the expression in Eq. (7.3.8), giving the pressure at some
distance from the cylinder due to a vibrating line element on the cylinder,
when we make the necessary change from ¢ to 7 — ¢ (since now ¢ = 0 is
in the direction opposite to the source). This is an example of the principle
of reciprocity. The pressure at a point A due to a source at point B is equal
to the pressure at B due to a source at A, everything else being equal. There-
fore the polar curves of Fig. 7.5 show the distribution of intensity about a
cylinder having a line source, and they also show the distribution of the
square of the pressure on the surface of the cylinder due to a line source at
very large distances away from the cylinder (distances so large that the wave
has become a plane wave by the time the wave strikes the cylinder).

When 7 is very small (1 > a), the expression for the pressure at r = a
reduces to _

P— Py(1 + 2ika cos ¢)e 27!

Which approaches in value the pressure Pye 27! of the plane wave alone as
1 goes to zero.

The net force on the cylinder per unit length is in the direction of the
pPlane wave and is

2T
F = af pcos ¢ dp = 4aP,
0

42

e iwt—in +imf2

kaE,

i

Peiot i e (8.1.7)
a
Vf'mf:ﬂeitmfcHa-—c!.‘r-l-z'rfd A < 2ma
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This force lags behind the pressure which the plane wave would haye at
r = 0 if the cylinder were not there by an angle —y, + (#/2).

The quantity |F/P,| is the net force on the cylinder per unit length per
unit pressure of the plane wave, This quantity, divided by 2#a, is plotteq
in Fig. 8.2 as a function of kaq — 7. We note that for small frequencies the
force is proportional to the frequency (that is, to#), but that when 7 becomeg
larger than unity (i.e., when the wavelength becomes smaller thap the
circumference of the cylinder), the linear relation breaks down and the force
diminishes with increasing freq uency thenceforth. This result is of interest

0B

ko

FIGURE 8.2

Amplitude of sideward force per unit length F on a cylinder
of radius a due to the passage of a plane wave of pressure
amplitude P,, plotted as a function of 2mafi.

in connection with the so-called velocity-ribbon microphone, which consists
of a light metal strip more or less open to the atmosphere, pushed to and
fro by the sound wave. The ribbon is in a transverse magnetic field, so that
the motion induces an emf along the ribbon, which actuates an amplifier.
The net force on the strip is, of course, not exactly the same function of %
as that given in Eq. (8.1.7) for the cylinder, but the behavior will be the same,
in general. The force on the strip will be proportional to the frequency for
small frequencies, but this linear dependence will break down when the
wavelength becomes smaller than twice the width of the strip.

There is an approximate method of finding the net force on the cylinder
which gives the correct result for wavelengths longer than the circumference
of the cylinder. If the pressure in the plane wave is P/ (z—¢t) the pressure
at the surface of the cylinder due to the plane wave is Pye™cosé-2mivt [f p
is small, this can be expanded into Po = Po(1 + iy cos $p)e™27i¥, This is the
pressure due to the plane wave; there is also a scattered wave, enough of a
wave to make the radial velocity at the surface come out to zero. This
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scattered wave contributes a term inP, cos ¢e™>"""! to this approximation to
the pressure, so that the net pressure is that given in Eq. (8.1.6), and the net
force is the limiting value given in (8.1.7). We thus see that even for very
Jong waves the distortion of the plane wave due to the presence of the cylinder
contributes a factor 2 to the net force on the cylinder.

Scattering from an inhomogeneity

The two-dimensional example just concluded has illustrated a number of
genera] characteristics of scattered sound; they can, however, be more
generally displayed in terms of the Green’s function. A sound wave is
scattered, not only by a solid object, but also by a region in which the acoustic
properties of the medium, such as its density or compressibility, differ from
their values in the rest of the medium. Turbulent air scatters, as well as
generates, sound. A rough patch on a plane wall scatters, as well as reflects,
sound. Fog particles in air, and bubbles in water, scatter sound.

When an object or region scatters sound, some of the energy carried by
the incident wave is dispersed. The energy lost to the incident wave may be
absorbed by the scatterer, or it may simply be deflected from its original
course. The amount of energy lost per second by an incident plane wave,
divided by the incident wave’s intensity (energy per second per unit area), is
called the cross section X of the object or region. It is the cross-sectional
area of that portion of the incident wave which is removed by the scatterer.
If the energy is absorbed by the object, the ratio is called the absorption
cross section; if the sound is simply deflected, so it goes to infinity in a different
direction, it is called the scattering cross section; the sum is the total cross
section. In any case, the incident plane wave is reduced in intensity because
of the loss. If there are, on the average, N equivalent scatterers per unit
volume of the medium, then, as the plane wave progresses, each unit volume
removes a fraction NX of the wave’s intensity. In other words, the intensity
Is attenuated by the fraction NX per unit length; thus the intensity of a
plane wave traversing a scatterer-filled medium is I,e~¥>*, where x is the
distance of penetration.

If the scattering object is a region in which the medium differs in acoustic
properties from the rest of the medium, the wave solution can be written in
terms of the volume integral of Eq. (7.1.17). For example, suppose, in
the region R, which can be inscribed in a sphere of radius @ at the origin, the
density of the fluid is p, and its compressibility is «, = 1/p,c,2 (so that the
wave velocity in Ris c,), whereas these quantities have values p and x = 1/pc?
throughout the rest of the medium.
~ To obtain the appropriate equations of motion from the general equa-
tions (6.2.6) and (6.2.11) or (6.4.1) to (6.4.22), in the present case, we must
distinguish between the variations of pressure and density caused by the
Sound wave and the variations of density and compressibility inherent in the
inhomogeneous nature of the medium. If these inhomogeneities are caused
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by “foreign bodies™ in a fluid of density p and compressibility «, then, in.
the absence of a sound wave, the density, as a function of r and ¢, wil| be
p -+ 0,(r,1), where 9, is zero except inside one of the “foreign bodies.” These
bodies move as wholes. They may be fog droplets in air or bubbles in
water, and in the meaning of Eq. (6.1.9), the total time derivative of p - ,
is zero.

1 = % (p+ 0,) = %r_ + u-grad 9, p is constant
Now we add a sound wave, with its velocity u, its pressure p, and its
additional density change 9, related by the usual first-order equation § =
(p + 0,)x.p, where «, is equal to the constant value x in the homogeneous
part of the fluid but is different from « in each inhomogeneous region. The
equation of continuity for density (6.2.6) thus becomes

8, .. @ .
E(P -+ a(’ a1 (5] = g} (6.:' k7 a) = —div [{P & lt‘r' L h)ll]
~ —(p + 0,)divu — u-grad §,

where we have neglected the two terms involving both ¢ and u as being
much smaller than the others. Applying the previous two equations, we
eventually obtain
g ; d
B 5*;’ — —p,diva  or dive= _Ki.-éif (8.1.8)

where p, = p -+ 0, is the fluid density, equal to the constant value p outside
the foreign bodies; «, likewise is « outside, in the homogeneous region.

The argument regarding the force equation (6.2.11) in the absence of
turbulence is rather similar, and if we neglect viscosity and heat conduction,
the result is

du 1
i R S s, 8.1.9
5 gl p (8.1.9)
The combination of these two equations, eliminating u, is
el 1 a*p
dl‘\-J (;; gradp) = K”"a? = 0 (8.].'0)

If turbulence is present, so that the fluid velocity is the sum of U, the turbulent
velocity, and u, the small acoustic velocity, then the right-hand side of the
equation, instead of being zero, is equal to (1/p)V -3 -V, where J is the
kinetic tensor of Eq. (6.2.10). The velocity components entering the elements
of this tensor are of two kinds: the components of the acoustic velocity u of
Eq. (8.1.8), which are usually quite small compared with ¢, the velocity of
sound, and the components of the turbulent velocity U, which may not be
small compared with ¢. Thus in the region where U differs from zero, the
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kinetic term to insert on the right in Eq. (8.1.10) is

lv."g-‘?:l[—az—b’g—l—z o U, 4+ - ]

; - p Lox® ox ay ey
¢‘E[_62R A R T ]
BP i

R.x.r = Pu.rU.r R:y = i p(u-&'Uﬂ + Uy Ux}

where we have omitted the very small terms w,u,, etc.

The U,U, terms in J are independent of the acoustic wave; if they vary
with time, they represent sources of sound, of the sort discussed in Chap. 7.
We are interested, at present, in the scattering of sound, coming from some
other source, by the inhomogeneities in R, not by the generation of sound
within R. Therefore we drop the terms U, U, from our discussion, assuming
their effects have been computed by the methods of Chap. 7. The portion
of the V-3 -V term which is of importance here is that arising from the
cross products, which may be written (2/p)V - R - V, with R having elements
R,,. etc., as already defined. See Sec. 11.4 for further discussion.

Thus the equation for the acoustic pressure, either inside the region R
or outside, where p, and «, have the constant values p and «, can be written
in the form

Vg CR L8 ) + div [ (r,1) grad p] — 2V - R-V (8.1.11)
e et s sunalS) 4 div [y (r, i + H . A
c ot ¢? r‘ Yo e
where
e % inside R Pe — P inside R
}!x = i ’ yﬂ = PE
0 outside R 0 outside R

and where ¢ = 1/px. We have added the terms (1/p)VZp — px(0%p/0t?) on
both sides of Eq. (8.1.10), and then multiplied by p to obtain it in a form
appropriate for changing into an integral equation. We have omitted the
source terms involving U, U, for the reasons given two paragraphs above.

Equation (8.1.11) is homogeneous in the unknown quantity p, though
we have put the terms representing the effect of R on the right, as though
they were some sort of source term. In a sense they are source terms, for
they represent sources of scattered sound, produced by the interaction
between the sound wave p and the nonuniformities in R; but they do not
represent any new energy being introduced into the sound field, as would
terms on the right-hand side which were independent of p, discussed in
Chap. 7.

If the irregularities in R are stationary in time, as they would be if R
were a “foreign particle” in the fluid, such as a fog droplet in the air or a
bubble in water (in these cases R is usually zero), we can profitably consider
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the case where the acoustic motion has a single frequency w/27 and use the
time-independent equation for the pressure amplitude, |

Vep, + k*p, = —k?*y (r)p, — div [y,(r) grad p,,] where k = r—: (8.|_|2)

From this equation we can obtain steady-state single-frequency solutiong
and transient solutions, if needed, by the usual Fourier transform procedures,

The integral equation

As with radiation problems, we shall find it much more useful to dea]
with an integral equation for the pressure wave, rather than with a differential
equation plus boundary conditions. To obtain the integral equation we
return to Eq. (7.1.17), giving p,, in terms of a volume integral of f,,G,, plus
a surface integral of p, and G,. For the present case, with an unbounded
medium, the Green’s function is g, = e”"/47r. We cannot neglect the
surface integral over the sphere at infinity in the present case, for we are
now feeding energy into the medium, from infinity, via the incident wave.
In fact, it turns out that the surface integral of Eq. (7.1.17), over the sphere
at infinity, just produces p,(r), the incident wave, which comes from infinity
and is scattered by region R.

Thus the integral equation for the scattering of an incident wave p,(r)
by a single region R of different p and « is

Pal®) = pur) + f ]-{kz}’,‘(fu)Pw(l'o) — div (e Vopu(ro)llgu(r | ro) dog

R

™
= pi0) + [ [[0r.page + 7. Tope - Vog) o @.1.13)
where =

1 ;
golT [ ry) = ;2 S— exp (ik [r — rgl)

ol
To obtain the second form from the first we have integrated by parts, as we
did with Eq. (7.1.25). In fact, our discussion of this integral equation can
go very much as it did for Eq. (7.1.25). The integral here represents the
scattered wave produced by the interaction between the incident wave and
the irregularities of p and « inside R. The first term comes from the fact
that R has not the same compressibility as the surrounding medium, which
results in a monopole source distribution of source density (ik/pc)y, (r)p(r)-
The second term gives rise to dipole scattered wavelets from each dv,; because
of the difference in density, region R does not move in response to the force
grad p,, with the same velocity as does the surrounding medium; this produces
a dipole source density (1/ikpc)y,(r) grad p,(r). Note that these sources de-
pend on p,,, the actual pressure field inside R, not on the incident pressure p;.
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This is an inhomogeneous integral equation: instead of the volume
term being the inhomogeneous term, as it was in the case of radiation, the
incident wave p,(r) (a specified function) is the inhomogeneous term. We
have transformed a differential equation, which is homogeneous because it
represents the fact that no energy is being added mechanically in the finite
part of space, into an integral equation, which i1s inhomogeneous because
energy is being added from infinity, via the incident wave p,.

The scattered wave
At large distances from the scattering region R (r > a, the radius of
the sphere enclosing R), the Green’s function takes on the simple form

1
g,(r| ) > — exp (ikr — ik, - 1)
d7r

where vector k, has magnitude k, and is pointed in the direction of the radius
vector r from the origin, inside R, to the point of observation. If, for
example, the incident wave were a plane wave of amplitude 4 and wave-
number k = w/c, the exact form for the asymptotic behavior of the pressure
wave would be

Po(r) — Ae®T |- 4 (

ilkr

r )‘D"(k“) (8.1.14)

i , |
q)s(ke-‘) —— mjff‘:yx(rulpm(rﬂ) = ';}}p(rﬂ)% " Vquj| ﬂxp (_Iks * rﬂ} lﬁ‘II‘IZI
R

where a, =Kk_/k is the unit vector in the direction of the observer. The second
term for p,, is, of course, a scattered wave, radiating outward from the region
R, with an amplitude depending on vector k,, which points in the direction
of the observer. Thus, if we knew the exact form of the sound field p,, in R,
we could compute the exact form of the scattered wave at large distances.

Function ® (k,) is called the angle-distribution factor for the scattered
wave, or sometimes the scattered amplitude. lts square |® |2, divided by
per®, is the intensity of the scattered wave at the observation point r (r > a).
Ordinarily, the scattered wave must be measured a considerable distance
from the scatterer in order to separate the scattered wave from the incident
wave; so the function @ is usually the goal of our calculations. An impor-
tant point is that @, is the three-dimensional Fourier transform of the function

2m2k?

A
=J' _U O (K)e'™ dr, (8.1.15)

1 _
¢)S(K) e q:x(r)e_ix-r drr
8md
dvy = dK,.dK, dK, dv, = dx dy dz

[}"w(r)pm(r) o f}’p(r)(ar}'k) . me(r}]

py(r) =
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for the special value K = k.. This property of the scattered amplitude wjjj
be of considerable utility in our analyses.

A few other general properties of @, resulting from the Fourier trans.
form relationship, merit exposition here. For example, we can generalize
the convolution integral of Prob. 23 of Chap. 1 to obtain an alternative
form for @ If we define the spatial Fourier transforms of p, and y as

' : 1 !
= ‘a‘:ﬁf ﬂf’mfr)r*’"f dv, T(K)= ‘@fﬂ*""ﬁ"*"" dv,

and if we remember that the Fourier transform of grad p,, is iKP(K), then
the angle-distribution factor can be written

252 » =
O (k,) = ZWAk JfJ.P(K)[T‘K(kS — K) + Kka, Ik, — K)} dvgi  (8.1.16)
the convolution in this case being in wavenumber space rather than in
distance space. If, for example, in the region R, p, resembles a traveling
wave A exp (ik; - r), its Fourier transform will have a sharp peak at K = k,,
resembling the transform of A exp (ik, - r), which is A4 (K — k,). In this
case O (k,) would be approximately equal to

2m*k* AL (k; — k;) — ' (k; — k) cos ]

where ¢ is the angle between k, and k,. The dependence on # comes
explicitly on the cosine factor, but also implicitly, because the vector k; — k;
depends, both in magnitude and direction, on #, the angle of scattering.

The intensity of the scattered wave, at large distances from R, is given
by a double integral which can be transformed into the Fourier transform
of an autocorrelation function.

k* i . i
R n

kv .
s j 'Ue-"‘a‘]"w(l) dv, (8.1.17)

i
where

fulr,a,) = yD)pulr) — f:f,m%’ - Vp,(r)

Y (1) = %jlfﬂu(r,ar]f;{r + 1, a,) dr, k, = ka,
I

V being the volume of the scattering region R, and 1 =r, —r,. We notice
that Y, is zero when / > 2a, twice the radius of the sphere enclosing R.
Thus, when ka < 1, the scattered intensity depends only on the volume
integral of Y, and its directionality depends only on the directionality of f,.
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The Born approximation

We have seen that, once the exact form of the pressure distribution p,,
is determined inside the scattering region R, then all the properties of the
sound field outside R can be computed, including the asymptotic behavior
of the scattered wave. The integral equation (8.1.13) can occasionally be
solved exactly; a few examples will be given in the next section. It may be
solved approximately by variational methods; an example will be given in
the problems.  Or it may be solved by successive approximations. Suppose
we take, for our first approximation, the field produced when the unknown
., in the integral of Eq. (8.1.13) is replaced by the known function p,, the
incident wave.

Po(r) = pir) + py(r)

8.1.18
Pi(r) tjff[kzyw(rn)P {To)g.(r I ry) + }’p(ro] Vm‘? 5 Vug »] dbg ( )
R

If pi(r) turns out to be considerably smaller than p,(r) throughout R,
then this approximation, called the Born approximation [Eq. (4.5.16)], will
give us a satisfactory representation of the behavior of the scattered sound.
If this is not the case, we might add higher terms in the approximation
series.

pm(r) — P;‘(r} e Pl(l') 4= pz(r) - pa(r) 4o

(8.1.19)
Pasalt) = m (k2 ()P (2o (E | o) + 7,(£0) Vipn - Vogalr | ro)] diy
I

For the sorts of functions ¢ we encounter in acoustics, this series converges,
but it usually converges slowly unless the y’s are quite small (in which case
P 1s sufficient). Thus, when the Born approximation is inadequate, we turn
to variational methods, or else to exact solutions, when these are possible.

When the y’s are small and the Born approximation is valid, the calcula-
tion of the scattered wave is fairly simple. For example, when the incident
wave is a plane wave, p(r) = A exp (ik; - r), the angle-distribution function
Is nearly equal to

k'é'.
DO () = o J‘J.J-[}}"(r“) + p,(r,) cos #] exp (i « ry) duy
It

= 2m*k?[L (r) + [ (1) cos 9] w=k,—k;, (8.1.20)

Where cos & = k, - k,/k® is the cosine of the angle between k, and k; (i.e.,
the angle of scattering between the direction of the incident plane wave and
the radius vector r to the observer), and the [Ms are the spatial Fourier
transforms of the 3’s, as defined in Eq. (8.1.16).
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If R is a sphere of radius @ and both the »’s depend only on the radius .
ry, then the angle coordinates of duv, can be integrated over and

k2 a ]
O, () = —j [y .(re) + ;u}(.f'.;,) cos ] sin (prg)ry dry

— k2 <K_K> <P‘ >cosd) ma <1 (8.1.21)
PF‘

where u = |k, — k,| = 2k sin (#/2). Thus, at long wavelengths, the dipole
wave, proportional to the mean value (,p} over R, has the same order of
dependence on ka as the monopole wave, which is proportional to the mean
value (y,) over R. Other properties of the Born approximation to the
scattered wave will be taken up in the problems.

Scattering from turbulence

Our second example of the use of the Born approximation is the case
where the 3’s and R are small, but vary in a random manner with time and
position within R. If the rms values are small, the approximate solution
should be satisfactory. This time we shall not analyze the wave first into
simple-harmonic components, but shall use the time-dependent Green’s
function of Eq. (7.1.18), with a source function

2

[y — (% (T, E;f:: — div [y, (r,t) grad p(r,1)] + 2V - R -V (8.1.22)
where the components of u in the elements of R are set equal to the com-
ponents of u,, related to p, via the equation —(du,/dr) = (1/p) grad p;.

Again we specialize by assuming that the incident wave is a plane wave,
p; = Aexp (ik, - ¥ — ik;ct), and since we are interested in the asymptotic
form of the scattered wave, we use the asymptotic form of the Green’s
function,

1 ro1
g(l',f‘rg,!u)—*a_é i — 1 -}r;—;(rﬂ.ar}

where a, is a unit vector pointed along r. Thus r, - a, equals r, times the
cosine of the angle between r, and r, and k., - a, equals k, - ry, where k, =
k,a, as previously. Dealing first with the y, term, we can write the |ntegra1
for the asymptotic form of this part of the scattered wave, eliminating the
delta function by integrating over 7.

1
dry y,(Fo.lg) O (I — 1y — {f 1y ﬂr)
X ex? [lkt Ty — fk‘-['ru.]
(8.1.23)

Ak ®
Po(rt) — dt,

Ak2 ([ 4
— ——4?-”‘ E‘s'rJJ.J a’vﬂ '}"H(ru,f _'('. ‘l" ; l‘u - ar)

% exp [i(k; — k,) - 1y — ik,ct]
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To demonstrate that this approximate formula for the scattered wave
does indeed display a frequency spread, we now carry out a frequency analysis
by taking the Fourier transform of p,, for the frequency /27 (not necessarily
equal to kic[2m).

Akfz T r 1

x exp [i(k; — k,) -1y + i(e — ko)t]

This is the four-dimensional Fourier transform of the fluctuating function
}JK(T,F).

L' (Kw,)= (ZW)_‘fdflfffdtfl 7(r1) exp (—iK - 1y + iowt)
for a specific value of K and w,, multiplied by a phase factor, which arises

because the proper integration variable is not ¢ but #, =1 — (rc) +
(1/¢)rg - a,. Carrying out the integrals in turn, we obtain

P m)—a- it ’*=’fdr1jjfdt! Y. (Tgsly)

1
X exp [i(k,- — k) 1y + i(w — kic}(rl + E — =Ty ar)]
c

2712A

k 2etorleT (“’ i e B Bl c) (8.1.24)
[

Because of the random motion within R, the transform of y is not a delta
function d(w — k,c) exactly at the frequency k,c/27 of the incident wave, but
has a spread in frequency roughly equal to the reciprocal of the correlation
time interval 277, = 27/w,. Thus the scattered wave can have frequencies
®[2m and wavenumber w/c which differ from the incident values k,c/2m and
k;. The transform I"_ also has a broader peak at (w/c)a, =~ k,, which pro-
duces a dependence on the angle between a, and k; in the scattered wave.

The other parts of the scattered wave may be computed by similar
procedures, though the calculation is further complicated because of the
divergence operators, which give difficulty when integrated with a delta
function. The safe way is to integrate by parts, obtaining derivatives of the
delta function, such as §'(x), which has the property that [ f(x)d'(x — a) dx =
J"(a), where the prime indicates differentiation with respect to the argument.

One then can integrate over 7, and eventually obtain for the @ component of
the complete scattered wave

2
ps(r-}f‘-’) ——— e 4

efwr.fl‘ .{k*_E FK(P'S‘AS)
— cos & [ o (TI. (%)gg,ms,as)ﬂ (8.1.25)
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416 THE SCATTERING OF SOUND

where o
l“""s:_ar_kf &s'__“}_kic
c
and 7 is the angle between a, and k; (the scattering angle). Functions I
and €2, are the Fourier transforms, respectively, of v, and of 1/c times thg
component U,, along r, of the turbulent velocity U. The details of these
calculations will be taken up in the problems.

Because of the random motion, the phases of I',, I' , and €}, are random
functions of their arguments. Since, usually, y,, y,, and U, [c vary inde-
pendently, when we square p, to obtain the intensity of the scattered wave,
the cross terms average out, and the intensity involves just the sum of the
squares of ' , I' , and (2, separately. Again we go into the details in regard
to I'_ here, leaving the rest of the calculation for a problem. Thus the
spectrum level of the sound scattered by y,, analyzed over the time interval

at T, is :
' Al* k2
AR (2 )
per c

2

I(r) —

(8.1.26)

where ‘[‘x(p.a,flx)IE is the spatial-temporal spectrum density, for wavenumber
vector p., and frequency difference A /27, of the inhomogeneity factor y (r,r)
in R. If the fluctuations in R are isotropic, [",;|2 will depend on the magni-
tude of w,, not its direction, and if its fluctuations have equal contributions
for frequencies up to @27 and from wavenumbers of magnitudes up to
1/1, (i.e., if the correlation time is 1/w, and the correlation length is /,), then
[[ (K,m. }| will be maximum at p, = 0 and A, = 0 and will drop to zero
when \p, | is larger than 1//,, when |A | is larger ‘than w,.

Therefore Eq. (8.1.26) shows that the greatest amount of this scattered
intensity, measured at r, is for a frequency equal to k;c/27 = w,[27 and for
a direction a, for which (w/c)a, = k;; it drops to zero for frequencies such
that |m — m,-|,f27r is greater than w27 and when |(m,fc)a,. — k,| is greater
than 1//,. To make these points a little clearer, we work out the case for
which the autocorrelation function for y,_ has the simple form

T, (L) = ﬁ” er. Jyh(r Oy(r + Lt + 7) dv,

1 { 1"
== {JJNE:‘- EXP[ - E (f_r) —_— %n}rz‘rz}

where (y ?) is the mean square of y,, averaged over region R and over time
interval 7. Generalization of Eq. (2.3.13) indicates that an autocorrelation
function of this form will have a spectrum density

VT2 1 A)E]
e i SR R s
IF {u, ﬁ}‘ (2m)5w, Vi }expl: WL 2 (wc

Therefore the intensity of the sound scattered at frequency /2w from a
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8.1 SIMPLE EXAMPLES OF SCATTERING 417

plane wave, of amplitude 4 and frequency /27, going in the direction k;,
by the region R with irregularity y, characterized above, is

| A2 kAVTL? [ t (w— kﬂ?

— s .7 | L — 8.1.27
16m*pew, r? Y«') exp| —H, 2m 2 ( )
which exhibits the dependence on frequency and on the angle between the
direction k; of the incident wave and the direction a, to the observer.

Finally, Eq. (1.3.17) shows that the total intensity at r, averaged over a
time interval 7, is the same as the integral of / (r) over w.

2 4 3
! (U‘}--lJ.f(r}df_—J. diw ~ |A[* Vi, l,

I(r) =

()
C

4 2

V327 per® V1 + kbR @)

—J-2r2

i
X exp [W (4 sin® 3 +— k21,2 sin® b‘}:l (8.1.28)

where k., = w,[c, and @ is the angle of scattering, between a, and k,. Inte-
gration of this, times 27r® sin 4 di} over ¢} from 0 to =, would equal the total
power scattered by the inhomogeneous term y,. Again we see that the
scattered intensity falls off as the scattering angle increases. For high
frequencies (k, large) it falls off rapidly, particularly if k ./, = [ [c7, is large.
When the correlation length /, is small compared with ¢ times the correlation
time 7,, and the scattered peak in the k, direction is broader and at lower
frequencies (k,/, < 1), the scattered intensity is nearly isotropic.

More calculation of the same sort indicates that the total spectrum
density of sound scattered by random fluctuations in compressibility, density,
and turbulent velocity is

|4}2 FT1® [ (r )
BN e Ul O B et 'a':, k 2 2,) 2 ﬁ
lﬁ'ﬁ'zpcmcrz }} i (}’ cOs

2
o 4( ) (M ?®) cos? dﬁ]exp [—.}pf;’ﬁ — % (%—“)] (8.1.29)

where y, and y, are defined in Eq. (8.1.11), and M, = U,/c, so that (M,?)
is the mean-square Mach number of the turbulent motion, independent of
#, if the turbulence is isotropic [see Eq. (11.4.15) for further discussion].

The quantities u, and A, are given in Eq. (8.1.25). The total scattered
Intensity, for all wavelengths, is then

I(r)—

I(r) - Ll LT 2 I + %2%(1 + «®cos &#)*

i s (4 ~'” ‘-' "E— ¥
V32w pcl r* V']l + = ’ i 1 + a2
L 1aearny LE 2P0 A «fcos §)° 4 §9¥(1 + o cos B
) i/ (l 2 12}‘.’ ]
woeX |: —e! (4sin® 19 + o2 'nzﬂ] 8.1.30
. M oy~ o L )| (8.1.30)
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418 THE SCATTERING OF SOUND

where n = k;/k, = w,/o,, and o = k.[.. We have assumed that althougp -

v, v,, and U, [c fluctuate independently, their correlation lengths and timeg
are roughly equal.

Ordinarily, in a turbulent region, the fluctuations of « and of p are
proportional to M2 so that if the turbulent Mach number is small, the first

1000 =
& 2 iaa
L
- &= J‘r = Z’JLE 5[_._}1]
?\::, -I"E_"".‘5’5'-»"(;'r
= ™
100 B
I e
5 2
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o] &
5 10 «
+ CuE, .
: =
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o
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- ke R-=05 W= e/
= B SN
'_
.DCH L | 1 1
a° 20° 180°
¥ Angle of scattering
FIGURE B.3

Angle distribution of total intensity scattered by isotropic
turbulence of Mach number M.

two terms are small compared with the last one in the braces. The angle
distribution for this last term, assuming y, and y, are negligible, is plotted
in Fig. 8.3, to display the very large variety in the directionality of the

scattering from a turbulent region.

8.2 SCATTERING BY SPHERES

To obtain more accurate formulas for sound scattering we must specialize

our calculations for objects of relatively simple shape. In the preceding

section we worked out the scattering from circular cylinders; in this section
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8.2 SCATTERING BY SPHERES 419

we take up the other simple shape, the sphere. This case is of considerable
ractical importance; many scattering objects are more or less spherical.
cattering from a few other shapes can be computed exactly, from disks
and ellipsoids, for example. But these computations are much more
complex and introduce no new principles; so we omit their discussion.

If the sphere is composed of material of quite different acoustical
properties from those of the medium, it will turn out to be advantageous to
fit boundary conditions at the surface of the sphere, rather than to use the
volume integral of Eq. (8.1.13). First let us go through the simplest case,
that of a rigid, motionless sphere of radius a, centered at the origin.

The rigid sphere

The analysis follows the same lines as that for the cylinder. The
expression for a plane wave traveling to the right along the polar axis is

Po = AeMreRT=t) = 4 N @m 4+ Di"P (cos DL ke ™ (8.2.))

=0

where 4 = V/pycl, and the factors P, and j,, are defined in Eqgs. (7.2.4) and
(7.2.11), respectively. The expression for the wave scattered from a sphere
of radius a whose center is the polar origin is

ps= —A Y (2m + 1)im™tle ®m sin §,, P, (cos )
=0
X [j:n(kr) {— ;'nm(kr)]e'-ﬂwfﬂ (8'2'2)

where the angles 0,, have been defined in Eqgs. (7.2.15) in connection with

the radiation from a sphere. The values of some of them are given in Table
VIIL.

The intensity of the scattered wave and the total power scattered are

S a'r i &
= kzazm?io (2m + 1)(2n + 1)
* sin d,, sin d,, cos (d,, — 0,)P,, (cos #)P,(cos )
1674 v4abT
—W(I—Bmsrﬁ‘}2 ka <1
~ (8.2.3)
I[az+a2 t“(ﬂ).ﬂk i ?] ka > 1
o 4,_2(:0 5 (ka sin i) a >
256m°a®
2 e _ I A > 2ma
I1, = 2wa®l i gﬂ{Zm + 1) sin? §,, =~ 944
& 2matl A <€ 2ma

The discussion concerning the short-wavelength limit for the scattering
from a sphere is similar to that preceding and following Eq. (8.1.4) for the
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420 THE SCATTERING OF SOUND

cylindrical case. The total power scattered is that contained in an area of
primary beam equal to twice the cross section ma® of the sphere. Half of
this is reflected equally in all directions from the sphere (the first term ip
the last expression for I); and the other half is concentrated into a narrow
beam which tends to interfere with the primary beam and cause the shadow

4=
2
%
w2
=
1
0 ! I | | | | ]
0 1 2 3 4 5 2] 7
(2ralx)
FIGURE 8.4

Distribution-in-angle of intensity scattered from a sphere of
radius o and total power scattered I, per unit incident
intensity.

(the second term in the last expression). If the experimentally measured
“total scattered power”’ includes everything from d=Atod =m — A, lexp
will equal 11, for wavelengths longer than 4a/A and will approach 111, for
wavelengths much shorter than 4a/A,

Figure 8.4 shows polar curves of the scattered intensity as a function of
the angle of scattering 9, for different values of = ka, and a curve 11, as
function of 7. As with the cylinder, the directionality of the scattered wave
increases as the frequency increases. :
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8.2 SCATTERING BY SPHERES 421

The force on the sphere

The total pressure at a point on the sphere an angle # from the polar
axis (note that the point } = 0 is the point farthest away from the source
of the sound) turns out to be
I )’-’ - 2m + 1

e et | P : —i’(&m-lrrrm}
Bt (ka. 2,  micassle (8.2.4)

~ (1 + 3ika cos #)Ae ! ka <1
As with the cylinder, this expression is proportional to that for the pressure,

at large distances, due to a simple source set in the sphere. The curves of
Fig. 7.1 therefore show the dependence of p,* on #.

FIGURE 8.5

Ratio of pressure amplitude at a point on a sphere to pressure
amplitude of the plane wave striking the sphere, plotted as
function of 4 = 27a/3. Solid line is the pressure at a point
facing the incident wave; dotted line is the average pressure

for a circular area around this point with an angular radius
of 307,

The amplitude of the pressure at the point nearest the source of sound
(& = =), for a plane wave of unit pressure amplitude, is plotted in Fig. 8.5
as a function of . We notice that for wavelengths long compared with the
circumference of the sphere, the pressure at & = 7 equals the pressure of
the plane wave, but that for shorter wavelengths the distortion of the wave
due to the presence of the sphere makes p, differ from 4. This general fact
will be true for obstacles of other than spherical shape, even though the
dependence of p, on 7 will be somewhat different from that given in Eq.
(8.2.4). Therefore a microphone measures the pressure of the wave striking
It only as long as its circumference is smaller than the wavelength of the wave.
For smaller wavelengths a correction must be made for the distortion due to
the presence of the microphone.
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422 THE SCATTERING OF SOUND

By using Egs. (7.2.5) we can find the average value of the pressure gp
that portion of the surface of the sphere contained between the angles § =
and ¢ =7 — ¥:

l Erg
Pavg = ————— j P sin & dif

1 —cos ity Ju—s,

= E jmg=tim. p__(cos ;) — P, (cos ) (8.2.5)
- m—o kK2a®B,, P_,(cos #;) — P,(cos ¥,)

~ Ae "'l + jika(l + cos 3y)] ka < |

where P_,(cos #)) = 1. The dotted line in Fig. 8.5 gives the values of
Pavel Age ! as function of 5 = ka for the case §, = 30°.

Nonrigid sphere

To compute the scattering from a sphere which is not perfectly rigid,
we shall find it convenient to use the full machinery of the Green’s function
integral. The fluid medium fills all space outside the surface of the sphere
of radius a centered at the origin. In this region the volume integral of
Eq. (7.1.17) 1s zero, and the surface integral is over the sphere at infinity and
that at r = a. The integral over the sphere at infinity produces the incident
wave p;, as mentioned in connection with Eq. (8.1.13). Thus Eq. (7.1.17)
becomes

bt 4 A a
Pw{rsﬁ*qj} = Pi + ﬂ2 f d‘;‘nﬂJ. sim Lf'.’ll] dﬁﬂ[Pm(a'ﬂﬂ*w{]) % gm
0 0

d
— gw(f'sﬁ,‘?" [ ﬁ,ﬁga(}?g) E’I pm(ﬂ,ﬂu,t}'—‘“)} (8.2.6)

where the incident wave p, is usually the plane wave Ae'** and where we have
replaced d/dn, in the integral by —(8/da). The appropriate series for the
Green’s function is given in Eq. (7.2.31). To make the integral equation
specific, we need to determine the ratio between p,, and dp,/dr at the surface
of the sphere r = a. This ratio is, of course, fixed by the acoustic properties
of the material inside r = a [which is not a part of the region in which Eq.
(8.2.6) holds]. If the material is such that its surface at r = @ is one of
local reaction, then u, = —(f[pc)p or dp[dr = —ikfp just outside r = a,
where pc/f is the point impedance, and f§ is the specific admittance of the
surface.

On the other hand, if the material of the scattering sphere allows sound
waves to propagate through it, the surface at r = a will be one of extended
reaction, and we shall have to determine the ratio between u, and pat r = a
by investigating the wave motion inside r = a. Suppose the material of the

sphere has density p, and compressibility «,, so that wave motion propagates
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8.2 SCATTERING BY SPHERES 423

with velocity ¢, = lfxfpaf{,, in it. In this case the acoustic pressure inside
¢ = a can be represented by a series of terms of the form Y,,,°(4,9)j,.(k,r),
where k, = wfe,; Y,..° and j,, are the spherical harmonics and spherical
Bessel functions discussed in Sec. 7.2.  We must use j,,, not n,, because this
wave cannot go to infinity at r = 0.

For each spherical harmonic of order m, the relation between u, and p
just inside r = a is then

1 dp’ | 8.
= )= o Jaked) = — — & 8.2.7
i, i(-UPg (a."')r=u: f'PcC.s"’"'( pa] pe J’m( 6.‘.’1) ( )
where
o k
ﬁm = .f PC [ ..J,I'N fa}
pCe Lju(k,a)

and where j, represents the derivative of j,, with respect to its argument.
We have expressed the ratio between the portions of , and p, which belong
to the spherical harmonic Y,,,7, in terms of an effective admittance g, , by
analogy with the locally reacting case. Here, however, £,, is a function of
the order m of the spherical harmonic, whereas for the locally reacting case
f is independent of m.

In either case we shall have to expand the solution p,(r,8,¢) outside
r = a into a spherical harmonic series

Ly
Po(rg) = 2 Vo2 (@0)qma k) =~ (8:2.8)

mnao

where ¢,,,% is a combination of j,(kr) and h,(kr), which fits the boundary
conditions at r = a. In fact, the boundary condition is that, just outside
r=agq,
1 (odq ! ' p
=— 5] =—gq, °(ka)=— g, %k
L iwp (3!’),»:.1 J'o’p(‘q'"" ika) pe Ima(ka)
by definition of 3,,. Quantity ¢,,,”' () = dq,,,°({)[d{. However, the ratio

!f}etween u.and p at r = a, required by the acoustic properties of the material
Inside » = a, is given by combining the equations of the foregoing para-

graphs. We see that
i : # PC j:ri(ksa):l
mn (k@) = —if,.q, *(ka where §. = i [ : 8.2.9
7 Bt ) o= i | ) ©29)

for a surface of extended reaction at r — 4. For a surface of local reaction,
of point impedance pc/8, the relation between q.. . and ¢, is the same, but
B, = B, independent of m, instead of being given by the second equation.
This fixes the relationship between the first and second terms in the brackets
in Eq. (8.2.6), for either kind of surface reaction.
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Solving the integral equation

We can now carry out the surface integral of Eq. (8.2.6), using the
expansion (7.2.31) for the Green’s function, the expansion (8.2.8) for p,, and
Eq. (8.2.9). Because of the integral relationships between the spherica]
harmonics, given in Eqs. (7.2.7), the double summation reduces to a single
sum, and the integral simplifies considerably. For example, the first term ip
the surface integral turns out to be

f‘k2a2 2r T ; .
f d%f sin &, di), 2 g (ka) Y " (0,500)
4 Jo 0 str
m—n)! ;
X Z (Z}H —l_ ]) {—____}i Ymnﬂ(ﬁm(pﬂ) Ymnd(ﬂ!q:')jm(ka)hm(kr)
mna {m + HJT

= ik*a* 3 Y., (h@)h,(kr)q,,. (ka)j, (ka)
where we have chosen the form of the Green’s function appropriate for

r> a
Thus Eq. (8.2.6) becomes

Po(r,h9) = pr,de) + ik*a® 3 [ )] (ka)

mna

'_i‘ iﬁmjm(ka}}qmnd(ka) Ymnd(ﬂ!m)hm(kr] (3'2' I 0)

which will enable us to evaluate the pressure anywhere outside the sphere,
as soon as we have computed the values of the constants ¢,,,(ka). The first
term on the right-hand side is the incident wave; the second term, made up of
outgoing Hankel functions, is the scattered wave. We compute the values of
g mn(ka) by requiring that Eq. (8.2.10) hold on the boundary r = a. The
equation

Piadg) = 3 qu,"(ka)Y,, (091 — ik*a*h,(ka)[ j, (ka) + if,, jn(ka)]}
simply states that the total wave, given by Eq. (8.2.8), minus the scattered
wave, at r = a, equals the incident wave.

One further simplification can be made in this equation. The last of
Egs. (7.2.12) states that j, (ka)h,(ka) = j,(ka)h,, (ka) — (i[k*a*). Therefore
the equation determining the coefficientsg,,,(ka), the equivalent of the integral
equation (8.2.6), becomes

piadg) = —ika® 3 q,,°(ka) " (3,9)j(ka)lh, (ka) + iBh,(ka)]

(8.2.11)

The incident wave also may be expanded in terms of spherical harmonics.

pi(r!ﬂfq}) — z Amns Ymﬂa(ﬁ.!@}jm(kr)

T T
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since the incident wave is the complete solution in the absence of the scattering
sphere, it must be finite at r = 0, and thus only the Bessel functionsjm(k_r}
can be used. If the incident wave is a plane wave of amplitude A = \/pcf,
intensity /.and wavelength 4 = 2=k, traveling in the direction of the spherical
axis (z axis), the form is

pi= A S @m + DimP,(cos D)j,(kr)  or A, = A@m + 1)i"8,:0.,

m=10
(8.2.12)
Since Ymnl(ﬁ*q}) = Prf:(cos 6‘}'
Therefore the coefficients of expansion of p,, on the surface r = g have
values

L

. AH‘IJ’J r .
qmnd(ka) o IW [Ifim(kﬂ) i_ JIﬁm-hm(k'f",}]_l

_ @m 4 1)imtt4 8 6.,

K (ka) + iB,h,(ka) ka®
For the rest of this chapter we shall concentrate exclusively on the case of an

incident plane wave, for which the second expansion holds for G mn’(ka).
The more general case will be taken up later.

(for a plane wave) (8.2.13)

Absorption and scattering
Inserting the second form of Eq. (8.2.13) into Eq. (8.2.10), we obtain,

for the total sound field outside the sphere, for an incident plane wave,
oD
Po(r9) = Ae*re5 % — 4N 2m | 1)i™P,(cos ?)

m=0
Jmka) + iB., ju(ka)
h,(ka) + iBnhn(ka)

= A 3 (2m + 1i™P,(cos D[ j(kr) — 31 + R, )h,.(kr)]

(]

h,(kr)

‘A
- ﬁ E (2m + 1)P, (cos D[R, e* + (—1)me—ikr] r—= o0
(8.2.14)

][.] the last expression we have used the asymptotic formulas for j,, and 4,
given in Eqs. (7.2.9) and (7.2.12). The last two formulas have been simplified
by defining a reflection coefficient R,,.

= 2 j:n(ka) + jﬂmjm{kﬂ) R et h::(ka) + Iﬁmh::(ka)
h:"(kﬂ') _!_ fﬁmhm{ka) = h;.{ka} + iﬁmhm(ka)
with /'*(ka) = jo(ka) — in (ka), h* = Jm — in, being the complex con-

Jugates of the Hankel functions 4/, = j’, -+ in’, and h,, = Jm -+ iny, TESpec-
tively. These results deserve detailed discussion.

1 —|_ R‘Hl
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The asymptotic expression indicates that the pressure wave outside the -
sphere can be expressed as a series of waves traveling radially outward from
the origin (characterized by the factor e*”) plus another series traveling
radially inward (with the factor e~"*"). The waves traveling inward are
unaffected by the nature of the spherical surface at r = a; they have been
determined solely by the shape of the incident plane wave. The outward-
bound waves, on the other hand, have amplitudes proportional to the factors
R,,, which depend on the surface admittances #,,. We may call this factor,
the ratio between the mth outgoing and incoming waves, the reflection coeffi-
cient for the mth partial wave. If 8, is purely imaginary (reactive), R,, is the
ratio between the quantity A,, + i, A, and its complex conjugate, so that
|Rm| = 1. In this case each wave is reflected from the surface r = a with no
change in amplitude, but a change in phase; no energy is lost at the sphere’s
surface.

On the other hand, if $,, has a real part, |R,,| is less than unity. Less
energy is reflected than is incident on the sphere; some of the energy is
absorbed. Finally, if the material inside the sphere has the same compressi-
bility and density as the medium outside, so that 8,, = i[, (ka)/j,.(ka)], then
1+ R, =0, R, = —1 for all m, there is no scattering or absorption, and
the incident plane wave is undistorted.

The asymptotic form of the scattered wave is

Ps(f'»ﬂ,fp) == _'%A Z(zm _i_ I)Im(l T Rm)Pm(CDS ﬁ)hm(kr)

ikr

€

— o) O() — zlk S (2m 4 11 4 R,)P.(cos &)
(8.2.15)

Factor @, the angle-distribution factor for the scattered wave, is equal to
1/A times the factor @, of Eq. (8.1.14). The total power scattered, divided
by the incident intensity 7 = |A[*/pc, is equal to the scattering cross section
[see discussion preceding Eq. (8.1.8)].

— A

h (ka) + ip,h,(ka)
T dar ;
= k—zg(zm + DL+ R,,.P—»k—2 %(Zm- + 1)sin?d,, whenf—0
(8.2.16)
[see Egs. (8.2.3)]. If § has a real part, energy is absorbed by the sphere as
well as scattered to infinity. To calculate the power absorbed, we compute
the energy flux, —Re (pu¥) at r = a, into the sphere. Equations (8.2.8) and

(8.2.13) enable us to calculate the pressure at the surface, whereas Eq. (8.2.9)
shows that

- ® : o G
s =2 @@ sin 9 d = 5 3 (2m + 1)

A 2m + 1)i™8,,

T )
(ur}r=a Pszﬂz % h;‘(ka} gl fﬁmhm(kﬂ} P_,H(CDS )
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If the admittance f#,, has a real part & and imaginary part o, so that

B = £, — io,,, then the absorption cross section X, is the power absorbed by
the sphere, divided by 7.
e (2m + 1)é,,

b " S @m+ 1)1 — |R,[) (82.17)

T = - = = == m = il L.

%= dn 2 T (ka) + Bofigka)F K2

Quite a bit of algebra is required to show that the two series are equal.
Having written out the two expressions for the power withdrawn from

the incident beam, we can write down the sum, called the total cross section.

IR VR Ty i_;fz (2m + 1)(1 + Re R, — %” Im [®(0)] (8.2.18)
since the imaginary part of the angle-distribution factor ®, for 9 = 0, is
proportional to the sum of the real parts of (2m + 1)(1 + R,). We note
that the forward-directed scattering function @ is proportional to the rotal
cross section.  Since Im [®(0)] forms the shadow, it is not surprising that it
measures the total power abstracted from the incident wave, whether absorbed
or scattered.

Long wavelengths

To show how these formulas can be used and to demonstrate the range of
validity of the Born approximation [Eq. (8.1.20)] for the case of a spherical
scatterer, we shall work out the limiting forms for the angle-distribution
function @ and for the cross section T when ka is small (i.e., when 1 is larger
than 27a). Insertion of Egs. (7.2.9) and (7.2.12) into Egs. (8.2.9), (8.2.13),
and (8.2.15) produces approximate formulas for angle-distribution function,
cross sections, and pressure and velocity distributions at the surface of the
sphere, to the lowest order in the small quantity ka.

9~ 123 Ke — % 3p. —3p )
@(3}_3ka( = +  —p cos 9

Pola,it) =~ A(l + ika 3pe cos 19) (r,)— A i d(H)
v C  2p,+p £ee r

A K
{ad) =~ — | Yika = + 5
ula,?) pc (Jf a PR 25, =+ PCOS .-5‘) (8.2.19)
S 2 - 2
Ees ﬁmzika)‘( = 4 1‘5% 3p )
= 3 zpo _;" P :

2.~ 3ma*(ka) Im (K" =0 4 o 3P)
K 2p, + p

These formulas also deserve extended discussion. For a heavy, incom-
pressible sphere (x, < x, p, > p) the angle distribution of the scattered
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428 THE SCATTERING OF SOUND

intensity has the factor (—1 + 2 cos ¢#)%, with 25 times as much scattereq-
backward ({ = =) as forward (# = 0) and with a node of zero intensity a¢
¥ = cos! § ~ 48°. The radial velocity of the surface of the sphere in thijg
case is zero, of course, and the pressure at the surface is A(1 -+ Zika cos 9),
whereas the incident pressure at r = a is A(1 -+ ika cos #). This indicateg
the error made by the Born approximation, which uses the incident pressure,
The modified approximation of Eq. (8.1.21) checks with the present exact
solutions when p, — p is small compared with p,. But for a very heavy,
incompressible sphere the modified Born approximation would predict an
angle distribution of (—1 4 cos )%, with nothing scattered forward, instead
of the (—1 + £ cos #)* of the exact solution. The unmodified Born approxi-
mation, obtained by substituting p, for p,, in the integral of Eq. (8.1.14), would
be much less satisfactory, for the effect of p, would be the same as the effect
of k,, and there would be no cosine term, of second order in ka, in the
resulting ®O(4).

For a light, compressible sphere («, > «, p, < p) the angle factor for the
scattered intensity is [(x,/x) — 3 cos #]?, which again has a predominance in
the backward direction. The pressure at the surface of the sphere is A, with
negligible dependence on #, but the radial velocity at r = a is large, being
(A/pc)lika(x,[«x) + 3 cos #]; the sphere moves back and forth along the z
axis with three times the velocity of the surrounding fluid ; so it is not surprising
that the scattering cross section is large. This is the case with air bubbles in
water. The absorption cross section differs from zero only if the compressi-
bility or density of the material of the sphere, or both, are complex, corre-
sponding to frictional effects.

Porous sphere

In this connection it is interesting to work out the scattering from a sphere
of porous material, of porosity £ and flow resistance ®,, as discussed in
connection with Eq. (6.2.23). We first assume that the material of the pore
walls is stationary, the air flowing through the pores as described in Sec. 6.2.
From Eq. (6.2.25) we see that the effective compressibility and density of the
fluid in the pores, for sound of frequency w/2#, are

O,
g ot e b o =Py
To this approximation the compressibility has no imaginary part, though
inclusion of thermal transfer would introduce a small imaginary term.

For many porous acoustic materials in air, ®,/p o ranges from 1 to 10
for frequencies of 1,000 cps and is proportionally larger for lower frequencies;
so the imaginary part of p, is often larger than its real part. When this s
true we can write

3pe—3p _ 4, g.PKk
2Pu 'i‘P — 2 F.ﬁ"(IT
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8.2 SCATTERING BY SPHERES 429

If, in addition, «, L2 is not very different from «, the expressions of Eq. (8.2.19)
become

D() ~ ék"‘a‘{l g

A
u(a,9) =~ = [:‘;ika — 3 usn (8.2.20)
p

pck
o

L

2, ~ ma*(ka)

Note that the angle-distribution function ®(#) is not to be confused with flow
resistance @,

When the effective compressibility is nearly equal to that of air, the
scattered wave is dipolelike; the air flows back and forth through the pores,
the flow resistance ensuring that the dipole is out of phase with the driving
pressure. The absorption cross section is larger than the scattering cross
section if ka is small.

When the framework of the pore walls is not held at rest, yet another

correction must be added because of the motion of the solid material. If the
pore-wall material is effectively incompressible, the radially symmetric term
(m = 0) in the series for the pressure inside the sphere is unaffected by this
motion, and the term (x, — )/« in Egs. (8.2.19) is unchanged. However, the
m = 1 term, representing linear motion along the z axis, is changed because
the solid part of the sphere as a whole will move back and forth (as well as the
air in the pores) unless the pore-wall material has infinite mass. Suppose this
material has density p,,, large but not infinite. Then the mass of a unit
volume of the sphere, exclusive of the fluid contained in the pores, is
Pul(l — Q), where 1 — Q is the fraction of the volume occupied by the solid
material. This is usually larger than p,. '
_ When this is the case, for the m = 1 term (proportional to cos #), the
Impedance to the fluid flow is equivalent to a parallel circuit, the resistance @,
of the porous material being shunted by the reactance —iwp, (1 — €2) of the
solid material, which is forced into motion by the drag of the air moving
through the pores. In other words, the ®, of Eqs. (8.2.20), for the m =1
term only, must be replaced by

B [1 . i }—1
i (I)!"- i ﬂJPm{l _Q)
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430 THE SCATTERING OF SOUND

and the factor pck/®, in the first three of Eqgs. (8.2.20) must be replaced by

pck g B
q).o Pm(.l e ‘El)

where the susceptance term is usually 1/2 to 1/10 of the magnitude of the
conductance term. The spherically symmetric (m = 0) components are
unaffected, to this approximation, the velocity being out of phase with the
pressure at r = a. The axial (m = 1) components, on the other hand, are
changed by the motion of the solid material, both in regard to phase relations
and to magnitude ratios.

The fourth and fifth of Egs. (8.2.20) then become

e aily o 1 PfkT l[—‘“ Tl
}..3 = :lj(wae)(ka) ll G i 4 ( ) + 4 Pm(l e Q} J

&

8.2.
- (8.2.21)

D,

indicating that the absorption cross section is not affected by the motion of the
solid material (to this approximation) and the scattering cross section is not
changed much when p/p, (1 — €2) is smaller than pck/®,.

For larger spheres or shorter wavelengths these approximate formulas
‘are not valid, and the exact formulas of Egs. (8.2.15) to (8.2.17) must be used.

2, = na*(ka)

Viscosity and thermal conduction

Finally, we can combine these equations with Eqs. (6.4.17) and (6.4.25)
to find the effect of viscosity and thermal conduction on the scattered wave.
The incident-plus-scattered wave is, of course, a propagational one; in air
the attenuation effects can be neglected, except at the surface of the scatterer.
Thus the incident plane wave p, is still given by Eq. (8.2.1), with k = /e,
and the wave scattered by the sphere can still be written

ikr
p; = AY B, P,(cos D, (kr)— A fkr > i™B,P,(cos &)

m i
where B,, = —1(2m -~ 1)i"(1 - R,), R,, being the reflection coefficient of
Eq.(8.2.14). Inaddition, in the boundary layer just outside the sphere, there
are thermal and shear waves, of an amplitude sufficient to satisfy the boundary
conditions on the temperature and tangential velocity at the surface. These
also modify the pressure and radial-velocity conditions somewhat, so that
coefficients B,,, and thus the reflection coefficients R,,, have not the values
they would have if these small effects were neglected.

Usually, these effects can be neglected, particularly if the sphere is fairly
large or is “soft.”” They are proportionally more important for small
scatterers and for a cloud of small spheres (such as fog or rain); the effect can
be quite noticeable. For a sphere of radius a, large compared with the
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