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boundary layer thicknesses dh and dv of Eq. (6.4.31 ), the effects can be 
approximated by adding to the surface admittance {:J111 of Eq. (8.2.7) the 
additional term 

_ 1 • [ m(m + l) ] (3.,,, - ii - 1) (y - l )kd,, + a
2 

kdv 

for each value of m, with the sums /Jm + /Js,,, to be used instead of f3m in 
Eqs. (8.2. 14) and elsewhere. According to the discussion following Eq. 
(6.4.36), as well as Eq. (6.4.4 I), this additional admittance will account for 
the effects of thermal and viscous losses whenever a is large compared with 
d,, and d.,. Since the {3 8 ,,,'s are small, they can be neglected whenever the fl m's 
are larger. 

When a is small, however, the effects cannot be expressed in terms of 
effective admittances; the shear and thermal waves must be calculated, and 
the boundary conditions must be worked out in detail. Fortunately, wben a 
is small, we usually need only to consider them = 0 and m = 1 terms in the 
series, since a will then usually be small compared with the wavelength. As 
an example of this situation we consider the material inside the sphere to have 
much greater viscosity and thermal conduction than does air; so we can 
neglect the thermal and shear waves inside the sphere (this would be the case 
for a water droplet suspended in air, for instance). The fluid inside the sphere 

has effective density p,, compressibi lity K., and wave velocity c. = 1/-V p,K •. 
Thus the wave inside the sphere will be [Eq. (8.2.7)] 

p. = A 2 Bm•P,,.(cos ,{})j,,.(k,r) r < a; 

"' 
When k,.a is small we can neglect all but the first two terms of this series and 
can use the first terms in the series for the Bessel functions. 

i 
h0(z) :::= I - -

z 

The temperature fluctuation accompanyi ng these incident and scattered waves 
is'" = [(y - 1)/ycx](p; I- p ,.) for r > a and is zero for r < a. 

The thermal scattered wave, just outside the sphere, is obtained by using 
the k of Eq. (6.4.25) in the spherical Hankel functions 

, (1 + i)r , ,. = A I E ,,, P,,,(cos {})h 111 - --
"' dh 

For frequencies a round a kilocycle, in air at standard conditions, d" is roughly 
equal to 10- J cm. Thus, even for spheres as small as 0.01 cm in radius, the 
argument of this Hankel function is large enough so that its asymptoti_c form, 
h,,,(:) -► (i - "'- 1/z)ei=, can be used, at least form = 0 and I. Therefore we 
Write the first two terms of the series, with the corresponding pressure and 
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radial velocity, as 

'T ~ - ( I - i) Ad,. (iE + E COS ·fJ)e11- l)rl tJh 
/1- 2 0 I 

/' 

yet.Akd,.2 {) <. > t U ~ ---- (iE + £ cos ·)e ,-l r dh !tr 2. 0 1 
I pc /' 

Because d,.2 can be neglected compared with d,., we can neglect p,. and u1t8 at 
r = a; but T 11 and u,., cannot be neglected. 

There can be no shear wave which is spherically symmetric; them = 0 
terms have no tangential velocity components, and no shear wave is needed 
to fit boundary conditions. Thus the m = 0 terms satisfy the following 
conditions at r = a: 

p continuous: 

or 

or 

T zero: 

or 

Y - I ( iB) d C I - - 0 - ( I + i) ~ ~ 0 
YCt. ka 2a 

where Co = EoeU- J)r /d•. 

The approximate solution of this trio of equations, valid for ka and d,Ja 
small, is 

8 0 '::::: !(ka)3 [iy,.. - 3(1 + i)(y - I);'] 

B0• ~ I + 1(ka? C0 ~ {I - i) [(y - I) ~ d ] 
ot)' It 

where yK = (K, - K)/K from Eq. (8.1.11), and d,. = V2K/pwC,, from .Eq. 
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(6.4.31). We note that the reflection coefficient 

R0 ~ - [ l - (I + i)(ka)3(y - 1) ~h - fi(ka)3y"] 

bas a magnitude squared (to the first order in kd,1 and yK), 

IR0 12 ~ 1 - 2(y - I)(ka)2kd,. 

which is smaller than unity, representing energy absorption. 
To satisfy boundary conditions for them = L terms, we must include a 

shear wave in the boundary layer just outside the sphere, a solution of Eqs. 
(6.4.17) and (6.4.29) with k .2 = 2i/d.2, dv as defined in Eqs. (6.4.31). The r 
and {) components of the shear wave required to fit the boundary conditions 
are 

2A V kd,,2 
. I 

u, = - - cos{} hl(k r) - 2iA V cos r>-- e< •- l)r "· 
r k.r v 2k,,r 2 

- AV d . . {} d,, . > 1 u 9 = - - - [rh i(k..,r)] sm {} _. ( L + i)A V sin , - eu- 1 • d. 1 k r cir 2r V 

where u 9 is the velocity component tangential to the sphere in the rz plane. 
Again we can use the asymptotic form for h1(k.0 r) because dv is so small. 
That this wave is purely transverse can be demonstrated by showing that 

div u = ~ t (r2u,) + .1 
{} -:.a{} (sin {}u8 ) = 0 

r 2 ur r sin u 

It a lso can be shown that curl (curl u) = k.,,2u. 
The boundary conditions a( r = a for these waves are p continuous: 

B1".ii(k.a) = 3ij1(ka) + B1h1(ka) 
or 

T zero: 

or 

u, continuous: 

Or 

1 pc e . 2iB, kdh2 d/ 
-3 - B 1 ~ I + k3 3 + IY.Y -2- C1 - -2 D1 

p,c, . a a a 
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where 
C1 = E i e<i-l)a l d. 

u /J continuous: 

and 

- B1e - I 
. ji(k,a) = -. - [3ij1(ka) + B 1h1(ka) - HI - i)kd0D 1] 

I PeCek ea 1pcka 

or 
I pc B 1 d0 

- - B ' ~ i - i - - ~( I - i) - D 
3 I - k2 2 2 1 

p,c., a a 

These suffice to calculate the various coefficients; the approximate formulas 

for ka small are 

, [ 3p, d•] 
B1 ~ -½(ka)3yP I - ( I + i)--- -

2p. + pa 

Bi"~ 9ip, c, [1 - !(I 1-- i)y' d•] 
2p6 + p C P a 

where 
, 3p, - 3p 

y = ---
p 2p, I- p 

We note that the thermal waveform = I can be neglected ; its magnitude 

C1 a nd its contribution to the scattered wave are another order of magnitude 

smaller than the viscous effects form = I. T his is in contrast to the m = 0 

wave, for which tbe viscous wave is nonexistent and the only energy loss comes 

from thermal diffusion. The m = 0 wave is primarily a compressive mode, 

to which thermal ll i!Tusion responds; the m = I wave is primarily one of 

motion of the sphere back and forth along the z axis, which produces viscous 

energy loss. Next we note that the viscous loss cannot be computed by using 

Eq. (8.2. 17) to determine the absorption cross section, as can be done for the 

thermal loss ; the viscous loss is caused by shear motion, and it must be com­

puted by using Eq . (6.4.38). Using the expressions for u I and Di, we see that 

the viscosity contribution to the absorption cross section 1:0 = pc/lA l2 (power 

lost) is 

~ 
1
~~2 p<vd., J J lu,1Jl2 d A ~ ~kd,y:2 2?Ta2 J sin3 t9 d{} = 12?Tka2d0y;2 

Therefore the expressions for pressure and velocity a t the surface of the 

sphere, the scattered wave, and the cross sections, appropriate for long 
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wavelengths, are 
e ikr 

Pir;IJ) -+ A - <P(·IJ) 
r K 

I 3p. - 3p 
y = ----

p 2p. + p 

3p, [ , d"] .0. 

P (a;0) =::: A + ikaA --- I - ½( I + i)y,- cosv 
w 2pe + p I 0 

ur =::: ::!.. [½ika K • - (y - l)kdh { I + i . }] 
pc K - ( I + 31) 

+ Acos ·t) [ 3p + (l + i) y: dv{(2p,)}] 
pc 2p.+ p 2p. + pa (-p) 

A sin,{} [ - 3 (l .) y~ d•] {P•} u:>=::: --- - - - + + I -~- -
pc 2p. + p 2p. + p a p 

where dv = V2µ/ pw and dh = , l 2K/ pwCv, µ being the viscosity of the air, 
Kits thermal conductivity, and C

11 
its specific beat at constant pressure. For 

the two velocity components, the upper factors in the braces are the values 
just outside the boundary layer, and the lower factors are to be used in com­
puting the velocity at the surface ,. = a. 

We see that them = 0 quantities are modified by the thermal conduction, 
and the m = I terms, by the viscosity of the medium outside the sphere. 
The angle distribution of the scattered wave is only slightly modified from 
that given in Eqs. (8.2.19), which neglects these losses, but the absorption 
cross section is of course entirely dependent on their presence [ unless Pe or K • 

is complex, in which case these terms must be added, as in Eqs. (8.2.19)]. 
The sphere expands and contracts with an amplitude proportional to K , / K. 

It also moves back and forth along the z axis with a velocity amplitude 

~ 3A [ J • , d"] U _ ( ) I - 3(1 + ')y µ -
2p, + p C a 

this ampl itude being slightly diminished because of the viscosity. The air 
clings to it as it moves. The part of the pressure there which is proportional 
to cos {} is in phase with the part of the radial velocity which is proportional 
to cos l), but the spherically symmetric parts of the surface pressure and radial 
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velocity at the surface are not in phase, so that energy is lost, both in the . 
thermal boundary layer and inside the sphere itself (by thermal conduction 
into the sphere). The tangential motion of the air increases through the 
viscous boundary layer, corresponding to the shear action there. Just out-
side the layer the amplitude of the tangential velocity, relative to the moving 
sphere, is proportional top, - p: the air outside moves faster than the sphere 
if p,. > p; slower than the sphere if the medi urn's density is greater than that of 
the sphere. The viscous-loss term in the absorption cross section is therefore 
proportional to (y~)2, that is, to (p. - p)2

• 

Cloud of scatterers 

When sound traverses a cloud of small objects, such as a ir bubbles in 
water or fog droplets in air, each object produces a scattered wave, and these 
wavelets reinforce in some directions and interfere in some others. The wave 
incident on each scatterer is affected because of the presence of the others, 
which in turn affects the shape of the scattered wave. T his gives rise to 
coherent, incoherent, and multiple scattering and, in cases where the scat­
terers are regularly spaced, to diffraction. 

Suppose the dimensions of the scattering objects are all quite small 
compared with the wavelength J..; furthermore, that the mean distance 
between scatterers is not larger than J... Next, suppose that the dimensions 
of the region R, inhabited by the scatterers, are considerably larger than ). 
and, finally, that the distance from R to the point of measurement is much 
larger than the dimensions of R (and thus is very much larger than J..). All 
this is usually the case with mists or with bubble clouds. Also suppose 
that the scatterers are all spheres; that there are, on the average, N of them 
per unit volume inside R; that the nth sphere has radius an, compressibility 
K ,,, density p,,,; and that its center is at the point represented by vector r.,. 
The flu id outside R and in the space between scatterers inside R has com­
pressibility Ko and density Po· The incident wave will be the plane wave 
A e;i.-z = Ae1

k 1·', where k 1 points along the z axis. 
In the integral ofEqs. (8.1.19) the quantities (K,,/K0) - 1 and I - (p0/pn) 

(we are not considering turbulence here; so ~H = 0) differ from zero inside 
each of the scattering spheres inside R. T he scattered wave at r will thus 
be a sum of waves arising from the various small spheres, each having a 
relative phase and amplitude determined by the particular sphere's size and 
position. If the spheres are regularly placed, these phases will all add up, 
in certain di rections, to produce diffracted beams, as with the Bragg diffrac­
tion of x-rays from crystals. However, the objects scattering sound waves 
are usually distributed at random, in which case no reinforcement occurs 
except in the direction of the incident wave. 

In this forward direction the reinforced scattering modifies the incident 1 

wave as though it were traveling through a region R of different index of 
refraction. T o see this, let us separate the compressibility and density 



Page 459 of 933

8.2 SCATTERING BY SPHERES 437 

factors y,., and "/pin the integrand of Eqs. (8. 1.19) into their mean values, 
throughout the region R, plus the variation of these factors from their mean 
values. The mean values are equal to the sums L [(Kn/Ko) - l] • J1Tan3 and z [I - (p0/p,.)] • \}1Ta.,.3 over each of the N spheres per unit volume in R. 

These sums are responsible for the cohereDt scattering. Considering 
only the average terms for y" and y,, for the moment, Eq. (8.1.13), inside 
region R, has the form 

Pw(r) = p;(r) + [; 17Ta,,3(:: - 1)] I II k 2p,/r0)g.,(r I r0) dv0 

-[;t1Ta,.3(1 - ;:)]III g,0(r lr0)V0
2p,/r0)dv0 

where k2 = p0K0w2. This is the equation for a wave, induced by the incident 
wave Pi, which has an equation of motion V 2pw + k 2pw = 0 in the region 
outside R and an equation of motion 

inside R. This last equation is that for sound waves in a medium of density 
and compressibility given by 

[ 
l N ( 1 I ) ] -

1 

Pn = - + L 11Ta,,3 
- - -

Po 11= 1 Pn Po 

.v 
Kn = Ko + L j1Ta.,.3(K,. - K0) 

(8.2.23) 

The effective compressibility is the average of the compressibility over each 
unit volume of R; the effective density is the reciprocal of the average value 
of I/ p over each unit volume. 

Thus, as far as the average terms in the integrand are concerned, region 
R behaves as though it had a uniform density and compressibility which 
differ from that of the medium outside R. This difference will produce 
scattering ( or reflection or refraction, whichever term seems more appropriate) 
of sound incident on R. For example, if R is a spherical region of radius 
aR, Eq. (8.2.15) can be used, with Eq. (8.2.9) used to calculate the effective 
admittances /Jm in terms of au, Pn, and Kn, In the very long wavelength 
limit of Eqs. (8.2.19), the scattered intensity is proportional to the squares 
of the summations for p n. and Kn in Eqs. (8.2.23), in other words, to the 
square of the number N of scattering particles per unit volume in R. This 
cooperative portion of the scattered wave, in which each scatterer adds its 
contribution to the wave amplitude (and thus the intensity is proportional 
to N2), is called the coherent scattered wave. The rest of the scattering, the 
intensity of which we shall see is proportional to N rather than to N2, is 
called the incoherent scattered wave. 
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Incoherent scattering 

The incoherent scattering is, of course, generated by the variable parts 
of the functions Kand p, after the constant average values have been taken 
into account by the change of index of refraction just worked out and given in 
Eqs. (8.2.23). The nth little sphere will produce its scattered wave as though 
it were a sphere of radius an, with density and compressibility Pn and Km 

in a medium of density PR and Kn throughout R. The incident wave will 
have been refracted by the change of index of refraction as it enters R, but 
if R is large and the interface is a plane, it will have the form Anefk11z inside 
R, where ka2 = PnKu,W 2. The wave scattered from the nth sphere will 
have the form An(eiknr/r)<.f>n({}) inside R, but by the time it has emerged from 
R a nd reached the measurement point, its wavenumber will have changed 

back from kn to k = w~, with corresponding (but very small, if kn 
does not differ much from k) change in amplitude A. 

The easiest way to compute the incoherent scattering, if the N scatterers 
are distributed at random throughout R, is to use the correlation function of the 
variable parts of the compressibility and density factors y ,. and y p· If all 
scatterers are spheres, we can use Eqs. (8.2.19) to ensure accuracy even when 
K,. and p,, differ greatly from Ko and Po (as long as a,, ~ il) and obtain an 
expression for the pressure at very large distances from R. 

p(r) -► A;eikz + L ! rra,,3(yKn + Ypn COS f})kn2p(r.,.)(ik1114.j4rrR.,) 

" where 
K ,. - KR 3pn - 3pR 

Y,rn = Kn Yp11 = 2p,. + PR 

r,, is the rad ius vector to the center of the nth sphere from the center of R, and 
R.,, = Ir - r ,,I. This expresses the incoherent scattering as the sum of 
wavelets scattered from each sphere. But it would be more convenient, for 
our present purposes, to express the scattered wave as an integral of the form 
ofEq. (8.1. 14). 

We have already included the average values of the factors yK and Yp 

in the index of refraction of region R, which gives rise to the coherent scatter­
ing. The variable parts of the y's may be expressed in terms of the function 

(r inside the nth sphere) 

c5(r) = (8.2.24) 
Ko - Kn 3po - 3pn {} - -- + ---- cos (inside R, outside a sphere) 

Kn 2po + PR 

which has average value zero over R, by definition, since we have subtracted 
the average values of the y's. This function can be defined in terms of its 
correlation function 

1(d) = ~ JJJc5(r)c5(r + d) dv 
ll 
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where Vis the volume of region R. As usual, the value of Y(O) is the mean­

square value of function b(r), 

(8.2.25) 

where N is the mean number of spheres per unit volume in R, a is their mean 

radius, and y,., and y 11 are the mean values of their factors (K·,, - K0) / K0 and 

(3p 11 - 3p0)/(2p,, +- p0), respectively. However, since the mean value of 

~(r) is zero, it must be that the integral of Y(d) over R is zero. T hus Y(d) 

cannot s imply fall off exponentially to zero as d increases; it must go negative 

to a sufficient extent so that its average value is zero. The simplest form 

satisfying these requirements is 

(8.2.26) 

where a is a scale factor proportional to, perhaps nearly equal to, the mean 

radi us of the scattering spheres. 

If the density of scattering particles is sufficiently small so that the chance 

of multiple scattering is negligible, we can use the Born approximation, as 

with Eq. (8.1.18). The incoherently scattered wave at the observation point 

is 

and thus the incoherently scattered intensity at r, divided by the incident 

intensity IA;l 2

/ pc, is (4rr4 kn4 /r 2

) IA(µ.)12, where A(K) is the Fourier transform 

~(K) = _I Jff<>(r)e- iK·r dv 
8rr3 

u 

(8.2.27) 

Note that !1(0) = 0. We know, from Eq. (8.1.26), that l~ (K)j2 is proportional 

to the Fourier transform of the correlation function of o(r). 

l~ (K)J2 = _.!'.:_ JJJo(d)e-iK·d dud 
64116 

(8.2.28) 

Therefore the incoherently scattered intensity, per unit incident intensity, at 

angle {) to the incident wave, for frequency c•>/211, is (for K = 1-i) 

I i, ,vri;k Jan 

7; ::= NV -
9
- :~

2 

ly,., + y 11 cos 0 12 (!k,?a2 sin2 {O) exp (- 2k1/a
2 sin 2 {O) 

(8.2.29) 
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to the approximation which neglects multiple scattering. Jf thermal and · 
viscous losses a re included , we use the quantity in braces in the <D of Eqs. 
(8.2.22) instead of (y ,_ + y P cos {)) . 

If we had just used Eqs. (8.2.19), assuming that each of the NV scatterers 
in R scattered sound independently of the others and that each wavelet did not 
interfere with any other, so that we could add intensities, the ratio of scattered 

1.0 r-----------===---=-2-----, 
vc-rr Y,c 2 

J,5 = 2 o NVf;S(.J) 
72r 

0.1 

0:, 

iti 
>--·.:;; 
C ., 
£ 0 .01 
'O ., 
.; --0 
0 

(/) 

0.001 

90° 100° 
Angle of scattering ..i 

FIGURE 8.6 
Incoherent scattering from a cloud of part icles of radius o, 
with compressibility factors )'K and density factors YP· 

to incident power at r would have the value 

(
I;,) ko4aG 
-· '.:::'. ~NV-_

2
- IY.- + Yp cos '8j2 

I.; 0 / 

Equations (8.2.29) show that the interference between the wavelets modifies 
the distribution-in-angle of the scattered wave, reducing it in the forward 

~ ~ 

direction a nd augmenting it to the side and backward, so that the power 
fraction scattered is 

(
11

•) • ~-,/ 21r(~u)\ku a sin ~0)2 exp (- 2kR2a2 sin2 JO) 
I; o k0 

Plots of the incoherent scattering are shown in Fig. 8.6 (ku = wfcu), 
This formula holds only if region R is small enough, or is so sparsely. 

populated with scatterers that the total power scattered out of the incident 
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beam is a small fraction of the power incident on R. According to the 
discussion on page 407, the power scattered away from the incident beam in 
traversing a distance dz of R is 11 times NY. , dz , and the power absorbed by the 
scatterers is l ;N"£a dz. Thus the incident intensity a distance z inside R is not 
l;o, the intensity at the start of penetration, but l ;o exp [- Nz("£s + "£a)]. 
But Eq. (8.2.29) was derived assuming that I; is constant throughout R, which 
means that we have assumed that N!("J:. . + "£"), where/ is the distance a long 
the beam from one side of R to the other, is small compared with unity. 
If this is not the case, much of the scattered wave will be rescattered before it 
emerges from R; multiple scattering will be important. Considerations of 
space persuade us to omit this complex subject. 

Whether multiple scattering is important or not, the attenuation of the 
incident wave in traversing a distance z of region R is given by the factor 
exp [- Nz("£ . + "£«)], with L 8 and L" given by Eqs. (8.2.19), (8.2.20), or 
(8.2.22) for small scatterers, by Eq. (8.2.18) for larger ones, and with N 
the mean number of scatterers per unit volume of R. In a distance dz the 
fraction of incident energy absorbed by the scatterers is N'£11 dz, and the 
fract ion which is scattered in directions other than the incident direction is 
N"i:.

8 
dz. When multiple scattering is important, some energy is absorbed by 

the scattered wave before it emerges from R, and some of the scattered wave 
is rescattered, but these formulas still tell what happens to the incident wave, 
the part of the wave which has not yet been affected by a scatterer. 

8.3 SCATTERING FROM SURFACE IRREGULARITIES 

When a plane wave of sound impinges on a surface, large in extent with 
respect to a wavelength but irregular either in s hape or in regard to its 
reaction to sound , the wave returning from the surface will be distorted 
because of the irregularities. The simplest example of these effects occurs 
for a plane reflecting surface, as shown in Fig. 8.7. We saw in Sec. 6.3 that 
a plane wave of amplitude P;, incident at angle ·{}; on a smooth boundary 
plane of uniform point impedance pc/ {3, is reflected as a plane wave at angle 

FIGURE 8.7 
Directions and angles for 
reflection and scattering of 
a plane wave incident on 
the xy plane. 

I 
I 
I 
I 
!..... 

z 
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,{), = fJ ,; to the z axis, with amplitude PtC.,, where 

C = cos 0- - /3 
T COS {}i + /3 

lf either the specific admittance fJ changes from point to point along the 
plane or if the boundary itself is not a perfect plane, the reflected wave will 
not be plane. If the surface deviation is not large, the wave reflected may be 
represented as a reflected plane wave plus a scattered wave, which measures 
the degree of distortion. 

Irregularities in surface admittance 

Suppose the xy plane has point impedance pc//30 everywhere except 
over an area A, which can be circumscribed by a circle of radius a, with 
center at the origin. Within A the surface admittance is {3(x,y), different 
from {30. As before, we carry out the analysis by means of the Green's 
function of Fig. 7.6 and Eqs. (7.4.10) and (7.4.1 I), corresponding to a 
source point at (x0,y 0,z0) (with z0 > 0) plus an image point at (x0, y0, -z0), 

producing a reflected wave of amplitude modified by the factor (cos {}' - {30)/ 

(cos ,f}' + {]0), corresponding to the uniform admittance {30 over the whole 
xy plane. This Green's function satisfies the boundary condition 

The acoustic pressure wave, on the other hand , must satisfy the boundary 
conditions (op/oz)z=O = - ik/3pz=0 within area A; (op/oz)z=O = - ikf3oP.=o 
over the rest of the boundary plane. 

If there were no irregularity in surface admittance, fJ being {30 everywhere, 
the complete solution, for the case of a plane incident wave at angle {};, in a 
plane at angle (f'; to the xz plane, would be the combination of incident and 
reflected waves, 

p;(r) - P, exp [ik sin fJ;(x cos <p, + y sin <p1) - ikz cos i\] 

cosfJ1- fJo . . . . ) + P 1 0- (J exp [1k sin {J';(x cos <p.; + y sm <p;) + 1kz cos ·&1] (8.3. 1 
cos · i + o . 

times the factor e - i wt . This is an obvious generalization of Eq. (6.3.7). 
When (J =I= {J0 inside A, the complete solution may be obtained from Eq. 
(7.1.17) as p ; plus a surface integral over area A. 

p(r) = p ;(r) ...L ik JJ (/3 - {J0)p(x0,y0,0)G(x,y ,z I x0,y 0,0) dx0 dy0 (8.3.2) 

A 

This is an inhomogeneous integral equation for p, which must usually be 
solved by approximation techniques. 

\ 
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The far field 

Jn order to measure the scattered wave, represented by the integral, 
separately from the incident-reflected wave, the measurement point r , {), <p 
must be far from the area A, usually far enough so that the approximation 

G ,-.., :__ e - i kz0 cos ,1 + COS - o ef kzo cos() ik r [ ?J /3 ] 
- 47Tr cos -0· + /30 

x exp [-ik sin •{} (x0 cos <p + y0 sin <p)] (8.3.3) 

is valid. To compute the asymptotic fo rm for the scattered wave, we need 
only insert this form for G, times a good approximation for the pressure 
p(x0,y0,0) on the area A, into the integral. 

Well outside A this surface pressure will be approximately equal to 
p;(x0,y0,0), having amplitude 2Pi cos {};/(cos f}i + /30) and phase factor 
exp [ik sin {)';(x cos <p; I- y sin <p;)], whereas, if A is very large, the surface 
pressure well inside A will be approximately 2P. cos -01/(cos {)i + /30) times 
the same phase factor, if fJ inside A does not differ much from its mean value 
f3a inside A. Probably a good approximation is to use this last expression 
for p(x0,y0,0) everywhere inside A. 

Thus an approximate formula for the scattered wave, at large distances 
from the scattering area, is 

e ikr 

ps(r) ->- P;<I>(-Di ,<p, 1-&-,cp) - r ► a 
r 

lk cos{} cos{} . ff . <t> == • (/3 _ /3o)e•P,zo+11.vo dx0 dy0 
27T(cos {} + /30)(cos ·{}i + /Ja) 

. A 
where 

µ., = k (sin 19, cos <p; - sin{} cos <p) 

µv = k(sin # 1 sin <p; - sin {} sin <p) 

(8.3.4) 

k 2y2 = µ.,2 + µ/ = k2[sin2 •{}i + sin2 {} - 2 sin #i sin -0 cos (<p - <p;) ] 

Thus the scattered amplitude is approximately proportional to the two­
dimensional Fourier transform of the admittance difference {3 - /Jo for 
area A. If we define vector k,. = (k sin ·&; cos <f!i, k sin {}; sin <p;, k cos#,) as 
the wavenumber vector, of magnitude k, in the direction of propagation of 
the reflected wave, and k s = (k sin iJ cos <p, k sin {} sin <p, k cos fJ) as the 
wavenumber vector in the direction of the point of observation, then the 
quantity in the exponent in the integral is iµ • r0, where r

0 
= (x

0
,y

0
,0) is 

the radius vector to a point on the scattering area A, and µ = k r - k, is 
the recoil vector of Eq. (8.1.20). Thus ky is the length of the projection of 
vector µ on the xy plane. 

l n general (but not always), the integral, and thus the amplitude of the 
scatte(ed wave, is largest whenµ = 0, that is, in the direction of the reflected 
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wave. When the dimensions of A are small compared with the wavelength, 
the scattered wave is nearly isotropic ; when A is large compared with A, 
the scattered wave is (usually) concentrated in the direction of the reflected 
wave. 

To illustrate these generalities we compute the angle-distribution factor 
<1>(0-,-,<p; I 8',<p) for a few simple distributions of admittance. The first is a 
rectangular patch of length I in the x direction and width win they direction, 
with f3 constant (and different from /30) over the whole area hr. The angle­
distribution factor is 

"" ,....,_ iklw(/3 - /30) cos {:)i cos fJ [ sin (µ.,//2) sin (µ 11w/2)] 
""' p f} f} --- I (8.3.S) 

111(cos ; + fi)(cos + /30 ) (µ./ /2) µ 11w 2 

Referring to the definition ofµ and of y , we see that if both kl and kw are 
less than }11, the quantity in brackets changes very little with {} or <p, so the 
scattered wave is nearly independent of f} and <p. On the other hand, if 
kl ► ½n and kw < }rr, then the scattered amplitude is only large when 
y., = sin {},. cos <p; - sin {) cos <p is much smaller than unity, i.e. , when the 
vector µ = k, - ks is nearly perpendicular to the x axis (the long axis of the 
rectangle) ; in other words, the scattered wave is confined mainly to the plane 
defined by the reflection vector kr and they axis. l f both I and iv are large 
compared with a wavelength, the scattered wave is concentrated mostly in the 
direction of reflection. 

lf the patch of admittance /3 is a circular area of radius a, the angle factor 
IS 

<1> ~ ik11a2({3 - /30 ) cos {}, cos{} [2Ji(k ya)] 
fJ 211( cos •{) i + /3 )( cos {} + /30) kya 

(8.3.6) 

the only difference from Eq. (8.3.5) being in the factor in brackets, which is 
more symmetric, depending on <p - <p; instead of on <p and <p,- separately. 
Figure 8.8 shows plots of l<l> pl for the incident wave at 45° on a circular "soft 
spot" of radius a. Contours of constant amplitude of<() 11 are plotted on the 
fJ, <p surface, for two different values of ka = 2110/J,, to show the variation of 
scattered pressure amplitude with angle of scattering. For the longer wave­
length, the scattered wave is not much dependent on f} or <p ; for ka = 4, 
the scattered wave is concentrated in a peak around the direction of the 
reflected wave, at <p = 0°, ,{} = 45°, indicated by the small circle on both 
plots. In the latter case the scattered wave has a node (l<l> pl = 0) and one 
diffraction band (where <1> fl changes sign). 

An example where the scattered wave is not most intense in the direction 
of the reflected wave is that where /3 is periodic, forming a "diffraction 
grating," 

211x 
fi - /30 = B cos d for - ½L < x < ½l, -½iv < y < ½w 
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In this case, integration of Eq. (8.3.4) produces 

,...., ikhrB cos ·/)1 cos l} {sin [½µ.,/ - (1r//d)] 

<Pp - 21r(cos {}; + (J0)(cos v + f]0) ½µ.,I - (1rl/d) 

+
sin[½µ.,/ + (1r//d)]} sin (µv11 'f2) 

½µ.,! + ( rr//d) µvw/2 
(8.3.7) 

Here the strongest scattered wave is not in the direction of reflection, but 
rather in the directions of the diffracted beams, for which µ.,/21r = (I f},) X 
(sin {}, cos <p; - sin{} cos <p) = ± (1 /d). 

'P= 1aoo ko = 1 

FIGURE 8.8 
Contours of equal scattered pressure amplitude, plotted 
against angles of scattering 1'}, <p for plane wave incident at 
angles -0; = 45° , <p,. = 0°, on an absorbing disk of radius a, 
set in an otherwise rigid plane. See Eq. (8.3.6). 

Surface roughness 

l f the irregularity in area A is in actual shape rather than in admittance, 
the scattering effect will come from the fact that the boundary condition is 
now applied for a surface which differs from the xy plane. Suppose the 
reflecting surface is not z = 0 for all values of x and y, but is z = ~(x,y) 
within A; suppose also that this surface, at x , y, has admittance fJ(x,y), 
which may differ from the constant admittance (3

0 
of the flat surface outside 

A. The integral equation for the pressure wave is then 

p(x,y,z) = p;(x,y,z) + JJ[ G(x,y,z I x0,y0,~) 
0
~

0 
p(xo,Yo,~) 

- p(xo,Yo,!) 
0
~

0 

G(x,y,z J x 0 ,y0,~)J dx0 dy0 (8.3.8) 
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where A is the incident-reflected wave of Eq. (8 .3. l), G is as given in Eq. • 
(8.3.3), and the normal grad ient o/ onO is normal to the surface HxO,yO). 

a a a~ a a~ a - = -- + - - + - ­
Ono OZo OXo OXo OJo oyo 

if grad0 ; ~ I 

If the displacement ; of the surface from the xy plane is everywhere less 
than a wavelength, we can expect the Born approximation to be valid. In 
this case we can use the approximations 

,..._, 2 cos ff 1 . . . . 
P- P; {} /3 ( 1 - ik/3z0) exp [1k stn ·{};(x0 cos (f); + Yo s10 (f);)] 

cos i + 
e ikr 2 COS{} 

G-:::= - {) /3 (I - ik/3OzO) exp [- ik sin{} (xO cos cp + yO sin <p)] 
41rr cos · • + 0 

inside the integral; the approximate expression for the incident plus reflected 
plus scattered wave becomes p = plr) + ps(r), where pi is given in Eq. (8.3.1), 
and p.(r) = P;(ei~"/r)<f>({),cp), with 

i cos{}, cos{} JJ[ a~ 
<f>({},cp) '.:::; (cos {}t + /3)(cos ·{} + /3

0
) k(/3 -/3o) + µx ox

O 

+ µ.v :;JeHµ..:eo+µ.vo> dx0 dy0 (8.3.9) 

The components of vector µ are given in Eq. (8.3.4). This equation for the 
angle distribution of the scattered wave is a generalization of Eq. (8.3.4) 
when the a rea A is rough, as well as uneven in admittance. 

Since this integral can be manipulated just as that of Eq. (8.3.4) was, 
we sha ll content ourselves with a single example, that of a recta ngular, raised 
area of length /, width w, and height h. In this case the expressions fo r the 
components of the gradient of~ are given in terms of delta fu nctions at the 
edges. 

o! 
~ '.::: h[o(x0 + ½!) - b(x0 - !l)J for - ½111 < Yo < }w 
UXo 

a; 
:r--~ h[b(yO + ½11•) - b(yO - ½w)] • for - }/ < XO < Y 
vyo 

The scattering arising from the dilference in admittance has a lready been 
computed. The additional scattering coming from the change in shape of 
the boundary is 

<f> .(& . I&, ~ ik11·kh cos 0,. cos fJ [ 2 sin (µ.,/ /2) sin (µvw/2)] 
; .,<p, <p) 77( cos {) ; + {:J)( cos {) + Po) y µxf /2 µ v w/2 

(8.3.10) 

which does not differ much from the expression of Eq. (8.3.5). Aside from· 
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the dimensionless factor kh , measuring the change in shape, which replaces 
the dimensionless factor /J - {J

0
, there is an additional directional factor, 

y 2 = sin2 
{}; + sin2 

{} - 2 sin # i sin ·{} cos (<pi - <p) (8.3.11) 

proportional to the square of the length of the projection of vector µ on the 
. xy plane. This is small whenµ is small, i.e., for scattering in a direction close 

to the direction of the reflected wave, and large only when µ is large and 
nearly horizontal, i.e., in a direction near that of the negative of the incident 
wave. Thus the facto r y 2 is small when the rest of the factors in brackets 
are large, and vice versa, so that this part of the scattering is small for all 
directions. This is not surprising, for the "roughness" in the example we 
have chosen is only at the edges of the raised panel; the rest of area A is 
flat and contributes nothing to this part of the scattering. 

The effect of random roughness 

A situation of some practical interest involves the scattering of sound 
incident on a patch of rough surface which also has random variations in 
surface admittance. l n area A the quantities fJ - {J

0 
and ; exhibit random 

fluctuations, with correlation lengths wp and 111§' respectively. Area A may 
be the only area of the surface in which fJ - {30 and ; differ from zero, or it 
may be that area A is the only part of the surface which is "illuminated" by 
the beam of sound sent out by a distant source. If the beam covers a solid 
angle Q, if the axis of the beam is at an angle {}i to the z axis, and if the 
distance r , to the source is great, then the area A = Qr / /cos ·{}i and the 
scattered sound will arise from this area. Figure 8.9 shows the quantities 
involved. 

An obvious modification of Eq. (8.3.9) gives, for the scattered pressure 
reaching point r at angle #, cp, if the source is producing a steady wave of 

FIGURE 8.9 
Directions and axes in­
volved in calculating the 
scattering from a rough 
surface .. y 

I( 

Scattering 
oreo A 
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frequency c,J/ 2-rr, having a pressure amplitude P; by the time it reaches A, 

e i kr COS ,(j • COS {), ff 
Ps(r,oJ) = P;-:;;;: (cos&, + /3o)(cos f} + f3o) [ikb(ro) 

+ k2y 2~(ro)Jei1,,.xo+i1•uvo dxo dyo 

By now the rest of the procedure is familiar. The function b = f3 - 13
0 

is the deviation of the admittance at point r0 on the surface from the mean 
value /30 , and ~ is the normal displacement of the boundary surface from its 
mean shape, the xy plane. Their correlation functions will be, approxi­
mately, 

if their fluctuations are random and isotropic. Quantities (b2) and (~2) 
a re the mean-square values of b and of~ over the illuminated area A. If, 
in addition, the two variations are statistically independent, the intensity of 
the scattered sound turns out to be 

I ,._, 4 2 A cos {} i cos {} z{k2 ) z 2} 
s - -rr I, 2 ( ·{} /3 )( _n /3 ) IB(ky I + k 4

y
4 

IZ(ky)I 
r COS i + 0 COS 'U' + O 

where B(K) is the two-dimens ional spatial Fourier transform of b(r), and 
Z(K) is the corresponding transform of t(r). The angles and quantities 
jnvolved are shown in Fig. 8.9. Ii= IP;l2/ pc is the intensity incident on A; 
the dependence of y2 on the angles of incidence and of scattering is given in 
Eq. (8.3.1 1 ). For scattering in the direction of reflection, y = 0; for scatter­
ing back to the source, y = 2 sin {}i· 

The first term in braces, the scattering caused by the admittance variation, 
has its maximum in the direction of the reflected wave, as mentioned earlier. 
When the incident wavelength is large compared with the admittance corre­
lation length wp, this scattering is nearly isotropic. T he second term in 
braces, the scatter ing caused by roughness, avoids the direction of reflection 
and , fo r very long wavelengths, produces little scattering. For shorter 
wavelengths the scattered intensity concentrates in a cone around the 
reflection direction; this term is zero when y = 0 and has its maximum value 
for kyw~ = 2, that is, at an angle roughly }./ mr{ radians from the reflection 
d irection. Figure 8.10 shows a typical example, with the admittance 
scattering given in one plot, the roughness scattering in the other. Note 
that the roughness scattering avoids the reflection direction. Compare with 
Fig. 8.8. 
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1 f we work out the scattering of a pulse-wave from this area, we should 
obtain a result quite similar to that of Prob. 11. The scattered wave would 
not be a pulse (except in the reflection direction), but would be a rumble, 
reproducing in time the spatial irregularities of admittance and shape. The 
spectrum density of this scattered sound would equal the 18 of Eq. (8.3.12). 

Admittance 
variation 

1"=180° 

FIGURE 8.10 
Contours of equal amplitude of wave scattered from a patch 
of random variation in admittance or from a rough patch, 
as function of angles {), <p of scattering for kw = 2n-WJ). = 
0.707, w being the correlation length for admittance or for 
roughness. Reflection direction is{} = 45° , <p = 0° , position 
of maximum for admittance scattering, of zero scattering for 
roughness. Compare with Fig. 8.8. 

8.4 DIFFRACTION 

~ =180° 

When the scattering object is large compared with the wavelength of the 
scattered sound, we usually say the sound is reflected and diffracted, rather 
than scattered. The effects are really the same, but the relative magnitudes 
differ enough so that there seems to be a qualitative difference. Behind the 
object there is a shadow, where the pressure amplitude is vanishingly small; 
in front or to the side, in the "illuminated" region, there is a combination of 
the incident wave and the wave reflected from the surface of the scattering 
object. At the edge of the shadow the wave amplitude does not drop discon­
tinuously from its value in the illuminated region to zero; the amplitude 
oscillates about its illuminated value, with increasing amplitude, reaching 
its maximum just before the edge of the shadow, and then dropping mono­
tonically, approaching zero well inside the shadow. 

These fluctuations of amplitude, near the shadow edge, are called 
diffraction bands. Their angular spacing depends on the ratio between the 
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wavelength of the incident sound and the distance from the observation point 
to the line on the scattering object separating "light'' from "shadow." 
This behavior was touched on in connection with the scattering from a 
cylinder [see discussion of Eq. (8.1.4)) and from a sphere. To study it in 
detail we shall compute the diffraction of an incident plane wave from a rigid 
half-plane. Diffraction patterns also arise in the reflection of a plane wave 
from a plane surface, one large area of which differs in impedance from the 
rest of the plane. 

Diffraction from a knife-edge 

The simplest diffraction problem is that of a plane wave traveling in the 
negative x direction, striking a rigid half-plane extending from the line 
x = y = 0, - co < z < co, to infinity in the direction ~ 1r - 'Y, as shown in 
Fig. 8.1 1. The "shadow line" is the negative x axis; the region 1n, 1r < 
,f, < ¾-rr - '¥, is in shadow. ln region I, -2\[f < ,f, < 7T, the incident wave 
Ae-ikx = Ae- ikrcos,t, predominates, and in region ll , -½7T - '¥ < cf> < - 2'¥, 
there is, in addition to the incident wave, a reflected wave Aefkr cos(</> + 'I'). 

The details of how these solutions join together at the edges of the regions 
must be obtained from the solution of the boundary-value problem. 

This solution is most easily obtained from the function 

"' 
U(r,cp) = ½ 2 E»,(-i)!"' cos (½111</>)J¼,,i(kr) 

nt=:-O -

(8.4.1) 

Comparison with Eq. (8.1.1) shows that this is not the expansion of a plane 
wave in polar coordinates because it includes half-integer orders as well as 
integral orders of J. In fact, the plane wave is 

"' 
e-ikr cos</> = 2 €,,_(-i)" cos (n<{>)J,,.(kr) = U(r,cp) + U(r,cp + 27T) 

n=O 

Reference to Eq. (7.3.1) indicates that U(r,cp) is a solution of the wave equa­
tion ; but it is not periodic in cf> with period 27T ; it is periodic with period 47T. 

: 
Region I 

' 

--, 

FIGURE 8.1 1 
Diffraction of a plane wave by the edg,: of 
a rigid half-plane. 
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Thus, to use U for a solution in free space would be forbidden, for U is two­
valued in r/> if r/> is unlimited. 

fn the problem we are now solving, however, rp is limited in range; its 
greatest positive value is { 11 - 'Y, and its largest negative value is - ½11 - 'Y 
(':Y can be negative, of course; its allowed range of values is - ½11 < 'Y < 
½71). Within this range of values of rp, we can use a combination of V's to 
satisfy boundary conditions at the half-plane. If the plane is rigid, the 
condition is that op/o</> = 0 at rp = -~11 - 'Y or -½11 - 'Y. This is satisfied 
if we use the following combination for the pressure : 

p(r,</>) = AU(r,</>) + AU(r, 37T - 2'¥ - </>) (8.4.2) 

Since U is periodic with period 411 , the two V's do not cancel everywhere; 
their rp gradients do cancel on both sides of the plane barrier, however. 

fn order to find out the details of this solution, we should find a closed 
form for the series U. T his can be done in several ways. By using the first 
of Eqs. (5.2.21) and combining the series, we can show that 

au k • <p J kr 'k • '</> - - i r Sll1 U = - - e' ·r Slll ~ 
a4> 211; -

Solution of this, plus the fact that U(O,</>) = ½, shows that 

U(r,rp) = eikr cos,p £('\t'2k,, COS½</,) (8.4.3) 
where 

Z -► +co 

Z -► 0 

J- i .,, 
,z-- --e 

411z2 
Z-+ - CO 

Alternatively, the integral expression for U can be expanded in a Fourier 
series and shown to be equal to the series of Eq. (8.4.1). 

For intermediate values of z = Vu, we can express E(z) in terms of 
Fresnel integrals 

as follows: 
~ f 

, ; ; 
C(u) = - cos 12 dt 

\, 71 0 J2 s ·v-;; S(u) = - sin t2 dt 
71 0 

E(V;) = {I - HI - C(u) - S(u)] - ½i[C(u) - S(u)] 

½[l - C(u) - (u)] + ½i[C(u) - S(u)] 

(8.4.4) 

The functions 1 - C(u) - S(u) and C(u) - S(u) are plotted in Fig. 8.14. 
Tables of the functions are not hard to find. 
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Returning to Eq. (8.4.2) for the solution , we see that 

p(r,¢,) = Ae- ikuos,i, E[·•/ 2kr COS ½4>] 
+ Aeikf(·os(<ft+2'1") E[-v12to- cos (}rr - \fJ' - ½¢,)] (8.4.6) 

{

AD(r,cp) 

p kr- • 'fJ Ae- ikrcos ,p + AD(r,<f,) 
Ae-ikrcos ,p + Ae'ikn·os(9+2'Y) + AD(r,cp) 

where 

(in region Ill) 

(in region 1) 

(in region 11) 

(8.4.7) 

eikr [ 1 I ] 
D(r,cp) = -.-= ~= . ,1r ,1_ - --,1_ 

v 87Tikr Stn ( + {y,) cos ½,,, 

T he first expression in the asymptotic formula is for the shadow region; 
in this region the only wave is a cylindrical wave represented by function D, 
emanating as if from the knife-edge, with amplitude which diminishes as 
one goes deeper into the shadow as ¢, - 7T increases; the asymptotic form 
is not valid for cp very close to 7T' or very close to -2\J". In region I the 
predominant term is the incident wave, but the cylindrfoal wave is also 
present. Finally, in region II , the wave reflected from the half-plane is 
present, as well as the incident wave and the cylindrical "diffraction wave" 
D(r,cp). 

Looking more closely at the behavior of the wave, let us calculate the 
mean-square pressure in the region near the shadow l.ine dividing region III 
from region 1. Suppose the pressure is measured along a line x = -I, 
for different values of y : y = 0 being the edge of the geometric shadow, 
y negative being in shadow, and y positive being in region I. We define 

y = r sin ('/. I = r cos ('/. 

u = kr(l + cos cf>) = k(V/2 + y2 - /) (8.4.8) 

v = kr[l + cos (2\J" - a)] = u + k/(1 + cos 211") + ky sin 2'1-" 

Then the asymptotic expression for the mean-square pressure as function of 
y JS 

(8.4.9) 

This formula predicts the monotonic decrease in lpl2 inside the shadow i· 
1 

as -y increases. It also indicates that lpl2 oscillates about its mean value 
IAl2 as y is increased in the illuminated region I. But it is not valid close 



Page 475 of 933

8.4 DIFFRACTION 453 

to the edge of the shadow, where lyl < 'V/[k, because we have used the 

asymptotic fo rm of Eq. (8.4.3) in Eq. (8.4.6) for both the functions £. A 

more accurate formula, using (8.4.5) for E('\i 2kr cos }¢,) and the asymptotic 

form for the other £, since it is valid throughout the region near </, = 7T 

as Jong as kr > 20, is 

U + ~C(u) ,- }S(u) + (47Tc)-! cos (11 + b)J2 

+ [}C(u) - }S(u) - (47rv)- { sin (u + ¼7T)]2 

[} - ½C(u) - ~S(u) + (47rv)- ½ cos (u + ¼7r))2 

+ gc(u) - }S(11) + (47Tt·)- 1 sin (u + ¼7T))2 

y > 0 
(8.4.10) 

y < 0 

plotted in F ig. 8. 12 for k l = 50, as function of y /1. It shows that the tran­

sition from ill umination to shadow indicates that Ip /A 12 is about! at y = 0, 

the geometric shadow line, and that its maximum value is about 1 at a point 

about two wavelengths inside the illuminated region. It also shows that the 

asymptotic formula (8.4.9) is adequate for lyl greater than about three wave­

lengths. These results would be somewhat altered for different values of 

kl or of\V. The effect of\Y on the results is small, however ; the curve for 

lp/A l2 versus y /1 for k l = 50 and'¥ = 45° would be too close to the curve fo r 

o/ = 0°, which is plotted, to be able to distinguish clearly between the two. 

The transition from region r to region 11 is provided with similar diffrac­

tion bands, further complicated by the interference between the incident and 

reflected waves. Equations (8.4.5) and (8 .4.6) enable one to compute 

lp/ Al2 here a lso. 

FIGURE 8. 12 
Mean-square pressure of 

diffracted plane wave at 

point / beyond obstructing 

half-plane and d istance y 
from " shadow line," for 
/ c::::, 8).. 

1.0 

N 

k.R • 50 
,i, = o• 

b::.=-==:c=:l:::::iJ--'-...10,~ ~ ~~~~~ ~~ 
-1 0 

(y/.J) 

+ 1 
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Diffraction of a reflected wave 

Similar diffraction effects occur when a sound wave reflects from an 
infinite plane wall, one half of which is rigid , the other half soft. Suppose the 
wall is the xy plane, the half of the wall for x positive having a uniform, 
specific acoustic admittance {3, and the half for ,-r negative having f3 = o. 
If the incident-wave direction is given by the angles{}.;, <p., of Fig. 8.7, we can 
separate off the factor exp [i(w/c) sin {},, sin <p;] from all the equations, leaving 
a two-dimensional formula for the motion in the xz plane. For example, the 
wave equation for p can be written 

• < , > • o • ( a2 a 2 ) e'""' c ~"' , sm <r1 - + _ + k2 P = o 
ax2 az2 

where 

and the equation for the Green's function is 

• < ' > • o • ( a2 a2 ) • < ' > • o • e'" .. C Sin i SIii ,,., ax2 + az2 + k,2 G = o(x - xo)o(z - zo)e•·Y w C sm ism <J,; 

(8.4.11) 

rn terms of the component wavenumber k in the xz plane, the x and z 
components a re kx = k sin 0;, k . = k cos 0;, where 

• !I 
. O sin tr; cos <pi 

s1n • 1 = --;:======= ·v I - sin2 
·{}; sin2 <p; 

0 
cos {}i 

cos 1 = v (8.4. 12) 
• I - sin2 {}. sin2 <p · i l 

We can thus neglect they component of the wave and work out the problem 
as though the incident wave were pointed in the xz plane, with a wave­
number k < w/c and a t an angle of incidence 0;. 

Referring to Eqs. (8.3.1) and (8.3.2), we see that the integral equation for 
the pressure wave in the region z > 0 is 

p(x,z) = 2P;eikxsin °1 cos (kz cos O;) + ik/3 i "" p(x0,0)Gix,z I X 0,z0) dxo 

• (8.4. 13) 

The Green's function is the two-dimensional one satisfying the boundary 
condition acJaz = 0 a t z = 0. rt can be expressed in a number of different 
forms [see Eqs. (7.3.17) and (7.4.7)], 

Gk(x.z I -\'0.z0) = ~ H~ll(k R) + ~ HJ1>(kR') 

(8.4.1 4} 
' 
j 
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where R2 = (x - x0)2 ..i.. (z - z0)2, R'2 = (x - x0) 2 + (z + zo)2, and the 

function HJll is the Hankel function [see discussion following Eq. (7.3.2)) 

H ~0 (z) = J0(z) + iN0(z) J ~ exp (ikr) kr->- <X> (8.4.15) 
21kr 

The integral equation (8.4.13) uses {30 = 0 as the "average" admittance 

(in the sense of page 445), so the incident-plus-reflected wave is for a com­

pletely rigid wall. We could, of course, have chosen the reflected wave and 

the G reen's function for the wall admittance {3, in which case the integral in 

Eq. (8.4.13) changes sign and the integration is from - oo to 0. We know, 

FIGURE 8. 13 
Incident and reflected plane waves from a half-rigid-half-soft 

plane at :i; = 0. Diffraction pattern is exhibited In reflected 

wavefront near point O' . 

of course, that well to the left of point O' in Fig. 8. 13 (i.e., ford large and 

negative) the amplitude of the reflected wave is P;, since th is part of the wave 

has been reflected from the rigid part of the wall; whereas well to the right 

of O' (d large and positive) the reflected-wave amplitude is P ;[(cos 0; - {3)/ 

(cos 01 + /J)], since this part is reflected from the region of admittance /3 
[see Eq. (6.3.5)). ln between, for le/I small , a diffraction-pattern curve 

connects the two different values. 

Integral equation (8.3.13) can be solved exactly using the Wiener-Hopf 

technique. The problem is clearly related to that of the diffraction of waves 

by a straightedge, which has just been discussed. The result, of course, 

involves the Fresnel functions defined in Eqs. (8.4.4). The exact solution 

produces the Fourier transform of the pressure distribution on the soft part 

of the reflecting plane, and this, according to Eq. (8.3.3), is proportional to 



Page 478 of 933

456 THE SCATTERING OF SOUND 

the shape of the reflected wave a large distance from the origin. In fact, 
the exact solution predicts th~t the reflected amplitude, as a function of d, 
along the wavefront, w)1en kr is very large, is 

p i - P:/
2 

/J {[l - C(u) - S(u)] - i[C(u) - S(u)]} 
cos i + 

Peer - cos Oi - fJ PJ3/2 
Pt O fJ + O fJ {[ I - C(u) - S(u)] 

cos •j + cos ; + 
- i[C(u) - S(u)]} 

d < O 

(8.4. 16) 

d > O 

where u = (kd/Vlli)2. T he functions (1 - C - S) and (C - S) are plotted 
at the top of Fig. 8.14; we see that they go asymptotically to zero as u - cx:i. 

Therefore, for cl large and negative, the reflected amplitude is P;, the ampli­
tude of a wave reflected from a rigid plane; for d large and positive, the 
amplitude is 

cos 0; - /3 
P-----

' cos 0; + fJ 

the amplitude of a wave reflected from a plane of admittance fJ everywhere. 
For Id! small, the functions (I - C - S) and (C - S) produce the changes 
in amplitude and phase typical of a diffraction pattern. 

Although the exact form of the Fourier transform of the surface pressure 
distribution is obtained, the inverse transform, the pressure itself, cannot be 
expressed in closed fo rm. Therefore we shall be satisfied with an approxi­
mate solution of the integral equation, obtained from Eq. (8.4.13) by setting 
z = 0. We set into the right-hand integral the first approximation top, 

{

2P .ikxo sin o, 

p(x0,O) ~ 
1 

cos O, .k . 0 2P ____ e' ·z0 sin ; 

'cos 0; + /3 

X 0 < 0 

Xo > 0 

to obtain, as a second-order approximation, 

'k • o PJJ cos 0i J 00 .k • o 
p(x,O) ~ 2Pie' xsm ; -

0 
f3 e' zosm •Ho(k Ix - x01) d(kx0) 

cos i + 0 

where 

X(0,u) + i Y(O,u) = cos 0j· "'eiicsin 6[J0(w) + iN0( 1r)] dw 
II 

{

1 + 20 
u-o 

->- 7T 

0 U->- 00 

x<O 

x > O 

(8.4. I 7) 



Page 479 of 933

8.4 DIFFRACTION 457 

These functions, for O = 0, are plotted in the lower half of Fig. 8. I 4. They 
are sufficiently similar to the functions (1-C-S) and ( C-S) ~o l~ad us to believe 
that Eq. (8.4.17) is a good approximation, at ·least _for IPI < 1. And the 
integrals X and Y are much easier to compute than is the exact solution for 
0 =fa o. 

1.0 

0 .8 

.,, 0.6 
0 
O' i 0.4 
.!:: 

~ 0.2 
"' ~ 
J. 

"' e 

- 0.4 

1.0 

0.8 

f 0.4 
s 
~ 0.2 
"' .. 
D 

- 0 .2 

- 0.4 

FIGURE 8.14 
Comparison of Fresnel integrals, defined in Eqs. (8.4.4), and 
Bessel integrals, defined in Eq. (8.4.17). 

The power absorbed by the wall , per unit area, a distance x from the 
edge of the soft region, is ? lpl2/ pc for x > 0 and is zero for x < 0 (note that 
~ = ~ - ia). Therefore the strip of width about J. /2-rr, next to the edge, 
absorbs more energy than the average ; the next strip, of width about i./2, 
absorbs less than the average ; and so on. Since the integral of X + i Y 
from x = 0 to x = co is zero, the mean rate of energy loss per unit area for a 
>trip much wider than A = 2-rr/k nearly equals 12P; cos O ;/(cos O 1 + /3)12(?/ pc) 
if the admittance 1/31 < 1. Since this would be the loss rate if the whole 
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wall had admittance f3 [see Eq. (6.3.6)], we see that no edge correction is 
necessary in calculating the average energy lost near the edge of an absorbing 
area of dimensions large compared with A.; to first order in 1/31 the diffraction 
fluctuations in p near the edge average out, and even the second-order cor­
rection is a small fraction times 1.812. Under the next heading we shall see 
that this is not true when two edges are close together, i.e., when the smallest 
dimension of the absorbing area is not la rge compared with A. 

Scattering from an absorbing strip 

Suppose the wall at z = 0 is rigid except for a strip from x = -½a to 
x = + ~·a, within which the specific acoustic impedance is /3, independent of 
x and y. In this case the equation for the pressure wave is 

p(x,z) = 2P; ei kxsin °1 cos (kz cos O;) - ½k /Jf J" p(x0 ,O)H~1'(kR) dx0 (8.4.18) 
- ~« 

using the same notation as in £9. (8.4.13). An exact solution, using the 
Wiener-Hopf technique, is not possible for this case; so we shall use the 
variational procedure discussed in Sec. 4.5. 

First we shall use the asymptotic form for the Hankel function of 
Eq. (7.3.3) to obtain a formula for the wave at a point designated by the polar 
coordinates r, 0 s, 

H~1'(k R)-+ J. 2 
exp (ikr - ikx0 sin 08) 

mkr 

when kr is large compared with both unity and kx0• The first term in 
Eq. (8.4.18) is the incident-plus-reflected combination of plane waves; the 
second term is the wave scattered by the strip, 

P .( x- z) -► 2p ./i·xsiu 01 cos (k'7 cos 0) - J;f eikr F. .(k sin O ) o, - , , - , 2 'k o, s 
7T/ ,. 

(8.4.19) 

The function F describes the distribution-in-angle of the scattered wave; 
it is the Fourier transform of the function 

fo(x) = 2rrkf3(x)p0(x,O) = J_: F0(K)ei"'x dK 

Fo(K) = k{Jf 
1
a p0 (.)(0 ,0)e- ;"';0 dx0 

-- 1a 

(8.4.20) 

where p(x) equals the constant ~ in the range - }a < x < + ~a and equals 
zero for other values of x. 

The integral equation wh ich p(x,O) must satisfy is 

(8.4.21) 

If this can be solved for pin the range - !a < x < + 1a, then p, for any value ·i 
of O;, of x and of z, can be computed from Eq. (8.4.18) or, asymptotically, . 
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from Eq. (8.4. I 9). We might try to solve this eq uation on the average by 

multiplying it by {JP(x,0), integrating over x from - 1a to + }a, and adjusting 

the average value of p in this range to satisfy the resulting equation. But 

we can do better than this if we notice that the integra l of the first term on the 

rioht in Eq. (8.4.2 1), times f)p, is rela ted to the angle-distribution facto r F; 
::, 

in fact, it is the F fo r the angle of incidence changed from .0, to - 0;, as 

though the incident wave origina ted from the observation point r, 0 s and the 

scattered wave were being observed at the point r, - 01. 

Suppose we multiply Eq. (8.4.21) fo r O; = 0 by {3p/(x,0) and integrate 

from x = - ½a to x = -r 1a, where we shall have to determine the relation 

between p0 and p later. Simplifying our notation in an obvious manner, 

we have the equation 

0 = 2P,kf ½a eikz si n O; {Jp/ dx 
- {a 

- ~k2 I (Jp0° dx I HJ11(k Ix - x0 1)/3p8 d,\·o - k f PD°PPo clx 

We also write down the equa tion for F for 0, = 01 = 0 in the form 

2P1F0(k sin 0) = 2P1k I e- i k1:sin opp 0 dx 

and add the equations to obtain a symmetric expression. 

2P;Fo(k sin 0) = 2P/ (Jeikrsln opp/ dx + I e - ikuin o f3Po dx ) 

- k I PB° fiPo dx - ~k~I /Jpa" dxI HJ11(k Ix - x 01){3p0 dx0 (8.4.22) 

This eq uation for F can serve as a basis for our variationa l procedure. 

For example, if we vary the shape of p0 slightly, so that it becomes 

p0 + op0
, the variation of 2P,F is 

k f {3r5p/ dx [ 2P,eik:r•iu O 
- }k I H~ll(k Ix - x0 l)/1p0 dx0 - Po] 

If Po is a solution of Eq . (8.4.21 ), this variation is zero. Likewise, if p is 

varied, the change in 2P,F proportional to op is zero if p0 is a solution of the 

equa tion resulting when 0 is changed to - 0 in Eq. (8.4.21) [i .e., p/ is the 

surface pressure when source point and observation point are interchanged ; 

this equation and its solution a re said to be adjoint to Eq. (8.4.21) and its 

solution]. 
Generalizing the arguments of page 156, we can say that if the exact 

solution p9 and its adjoint p0'' are inserted in the right-hand side of Eq. 

(8.4.22), the result will equal 2P, times the correct angle-distribution function 

Fe(k sin 0) for the angle of incidence 0, but if trial functions x('.X) and x''(cx) 
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are used in the integrals, and if these functions differ from p and p0 by small 
quantities of the order of b, the resulting expression will differ from 2P;F 
by a constant of the order of o2. Furthermore, if the shape of x(a) can be 
varied by changing the value of the parameter <1., then the shape of x(a) for 
which the derivative of 0(1. of the variational expression is zero is the shape 
most closely corresponding top, and the value of the variational expression 
for this minimal value of <1. is most nearly equal to 2P;F(k sin 0). 

For example, suppose we assume that the pressure over the soft strip 
is proportional to e·,kxsin ° (as it would if (3 = 0) but that its magnitude is not 
2Pi but A. We should obtain a Born approximation for F if we inserted· 
2P;eikxsin u for pin Eq. (8.4.20) for F; this would be correct to first order in /3. 
We expect a second-order approximation if we insert the trial function 
x = Aeikx slu O instead of p0 and its adjoint Ae-ikxsin ° for p/ into Eq. (8.4.22) 
and vary the value of A to obtain a zero slope. The resulting variational 
expression is 

4P;kaf] A - ka{JA2 - lk2{32 A2 J e- ;kxsin ° dx J HJ1,(k Ix - x 0l)efkzsin ° dx0 

(8.4.23) 
The derivative of this with respect to A vanishes when 

2P-
A = • 

I + ;; J e-il..-z$inO dxf HJ1>(k Ix - Xol)eikxosinO dxo 

This can be expressed in terms of the functions X and Y of Eq. (8.4.17) 
for 

Z(0,u) = COS O J
0
\ -iwsiu 

O HJ1>(w) dll' 

20 
- 1 - - + X(O,u) + i Y(O,u) 

7T 

20 
I + - - X(O,u) - iY(O,u) 

7T 

so that 

J 
.\ft 

k cos O - HJl>(k Ix - Xol)eikxsin o d.,·o 
- .\ a 

u < 0 
(8.4.24) 

u> 0 

• = e ikxsin ll [Z(0, ½ka - kx) + Z(- O, ½ka + kx)] 
and 

= - [Z(O,- u) + Z( - 0,11)) du == W(O,ka) + W(-0,ka) ) f i.-a 

ka o 

ThP- rP.al ancl imarrinarv oarts of Zand W. for 0 = 0. are olotted in Fi!!. 8.15. 
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(/ -

FIGURE 8.15 
Functions entering the calculation of pressure distribution 

across a strip of absorbing material. 

I n terms of the Z's and the W's, the variational solution is 

2P; cos 0 
A=-- -----------

cos O + {{.I[ W(O,ka) + W( - O,ka)] 

{

2P -eibsino, 
I 

->- 2P,eikxsin o, cos 0; 
1 cos o, + (3 

lkxl 4:, ka ► l 
(8.4.25) 

F. (k . 
0 

~ 2P;ka(3 cos 0; sin [½ka(sin 0, - sin O;)] 
61 stn 

.) - cos 01 + (/3/2)[W(0;,ka) + W(-Oi,ka) ] ½ka(sin o. - sin 01) 
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All these expressions are good to second order in the mean-square 
departure of the surface pressure on the soft strip from its mean value there 
(i.e., the mean-square difference between the true p and Aeih~in °). The 
formula for p01(x,O) is obtained by inserting the "best" trial function into the 
integral on the right of Eq. (8.4.21); that for the angle-distribution function 

3P; 

ko • i 
2 

2 4 
kx --

0 

s. P,· Cl. 

Cl) 

~ ... 
t 2P; 
0 4 
~ kx --:, 

"' "' ., 
P,-~ 

0. ., 
u 
0 -~ ::, 

V> 
2P,, 

FIGURE 8. 16 
Pressure amplitude on wall having strip or admittance fJ = I 
or width o, otherwise rigid, produced by normally incident 
plane wave of wavelength 21r/k and amplitude P1, as function 
of distance x from center of strip, for different values of k. 
Vertical dashed line indicates edge of strip. 

6 

for the scattered wave by setting the same."best" function into Eq. (8.4.20). 
The best value of the variational expression is, of course, F81(k sin 0i), the 
scattered amplitude at the angle of reflection Os = Oi. 

As an indication of the adequacy of this solution , we plot in Fig. 8. 16 
the amplitude p(x,O) of the surface pressure from Eq. (8.4.25) as function of x, 
for 0i = 0, for (3 = I, and for several different values of k. We see that, 
for lxl < ½a, the pressure amplitude is not far from being constant, and thus 
that the curves are not far from those of the exact solution. For lf31 < I the 
fit would be even better. 

We note that when ka is very small, the pressure on the soft strip is not l 
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much different from the 2Pi which would be present if the wall were all rigid; 
the longer wavelength cannot accommodate itself to the narrow strip; so the 
dip in pressure is shallow a nd extends well beyond the edge of the strip. As 
k is increased , the pressure a t the center of the strip approaches the value Pi 
which it would have if the strip were infinitely wide (for fJ = l there is no 
reflected wave from a normally incident wave ; the only pressure there is the 
incident pressure P;). For ka ► I the pressure amplitude approaches a 
step fu nctio n, going from P; for lxl < ~a to 2Pi for lxl > ½a, with a diffraction 
pattern no ticeable at the strip edge. 

Problems 
Write out the long-wavelength expressions for the angle distribution of the 
pressure wave scattered from a r igid cylinder and a rigid sphere from Eqs. 
(8.1. I) and (8.2.2). What are the ratios between the forward-, sideward-, and 
backward- scattered intensity? In the case of the sphere, what are the separate 
contributions from monopole and dipole scattering? 

2 When the scattering sphere of radius a is immovable and incompressible, the 
surface integral of Eq. (7.1.17) can be used, and the integral equation for the 
incident plus scattered wave takes the form 

where dD0 is the element of solid angle in the r0 coordinates. Show that the 
asymptotic form of the scattered wave is 

where 'I" is the angle between r and r0. Show that the Born approximation to 
this asymptotic form, if the incident wave is the plane wave A exp (ik; • r), is 

aA ., 
= - e""'{1ia)IJ. (11a) 

2r 1 

. i) 
p = 2k Sm -

2 

where a0 is the unit vector in the direction of the element of solid angle d0.0 
(Him: use the direction of µ as the axis for the angles of c/0.0). Show that 
this does not agree, even at long wavelengths, wi th the exact solution of 
Eqs. (8.2.19), for ><e = 0 and Pe - • CJ:J . Why is this? 

3 In a heavy rain the mean radius of the raindrops is 2 mm and there is, on the 
average, one drop per 1,000 cu cm. Use Eqs. (8.2.22) to calculate the fraction 
of energy removed from a plane wave, per meter, at 100 and at 1,600 cps, 
assuming that "" = - I and ?p = ~- lnclude both absorpt ion and scattering 
cross sections. Carry out the same calculations for a mist in which the mean 
radius of the droplets is 0.1 mm but the same amount of water per cubic 
centimeter is present as in the rain. • 
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4 The material inside an infinite cylinder of radius a, with axis along the z axis 
has densi ty Pt- and compressibility K,. ll is surrounded by a medium of density p and compressibility K. An incident plane wave of sound 

!'·, = exp (ik ,z 1 ik ;X - iwt) = exp (ik :Z + ik 1r cos <f, - iwt) 
where k,2 + k ;2 pKw2, is incident on the cylinder, producing a scattered 
wave. Show that the pressure amplitude inside and outside the cylinder can be expressed in terms of the cylindrical coordinates z, r, <f, by the series 

r < a 

a < r 

where k ,2 = (p,K,/ pK)k r Show that requirements of continuity of p and u, 
across the cylindrical surface require that 

D _ J,,,(kea)J:,,(k;c1) - CJ.J:,,(k.a)J,,,(k ,;a) 
"' - CJ.J;,,(k,a)H,\il(k 1a) - J,,.(kea)H,\,1>'(k;a) 

where the primes indicate differentiation with respect to the argument. Show 
that the asymptotic form of the scattered wave is 

Ps -► ~ ell1,:+ i4·,r L €,,.D,,. COS (111,f,) 
y-;;;f;-

s Using the results of Prob. 4, plus the series expansions of J .,. and N 111, show 
that the long-wavelength form for the wave scallered from the cylinder, to second order in k 1a, is 

6 Use the .Born approximation of Eq. (8.1.18) and the two-dimensional Green's 
function g w(r I r0) = (i/4)Hfi1l(k Ir - r01) lo calculate the scallered wave of 
Prob. 4. I f ;',, and Yp are functions of the cylindrical coordinate r only, show that 

P• =:::- 411i ~ e1k,z-'-ik,rk2i''[i',,(r) -1- 1,1,(r) cos <f,] J0 (1ir)r dr 

where 11 2k I sin (0/2). When )',· and ,'" are constant insider = a and zero outside, show that the integral is approximately equal to (a2/2)(y,, + i'p cos <f,). Compare this result with that of Prob. 5. What does it indicate regarding the 
range of val idity of the Born approximation? 

7 The cylinder of Prob. 4 contains material of large viscosity and thermal con­duction. but the surrounding medium has values,,, K, and C 1,, which cann~t 
be neglected. Show that, at long wavelengths. if the incident wave has ampli­tude A and moves normal to the cylindrical axis (k; = k - w/c), the sca11ered 
wave is. approximately, 

P - • A / -in_ ei4r k2a2 (_K, _ _ K - 2(1 - i)()' - I) d1, • \: 8kr \ K a 
+ 2p,. 2p [ 1 - (I 

P, T p 

Compute the energy lost per unit length of cylinder. 

I i) 2 p, c/,•] COS </,} 
Pe ·1 p a 

l 
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s Show that, neglecting the difference between i'p and (3p, - 3p)/(2p, + p), the 
results of Eqs. (8.2.22) can be obtained from the Born approximation if we 
assume that the quantity in braces in the first integral of Eq. (8.1.13) is 

k2 y"(r
0

)p;(r
0

) - div
0

[yp(r
0

) V
0

p ;] + (i - l)(y - I) dh div (p;(O)a,
0 

c5(r
0 

- a)] 

+ ½U + l)y pdv div0[a00(a00 • V0p,) o(r0 - a)] 

where r
0 

= 0 is the center of the sphere, y" and y P are as defined in Eq. (8.1. I I), 
and y is the ratio of specific heats, where <5 is the Dirac delta function. Vector 
a, is the unit vector in the direction of r0, and a0 is the unit vector perpendic-

o • 0 ) • f ular to aro m the r0z plane, and thus a00(a0 • V0p, 1s the component o the 
gradient of p, perpendicular to r0. Show

0 
that these terms correspond to 

forces acting on the surface of the sphere. Discuss the relationship between 
these forces and the physics of the heat conduction and viscous flow. 

9 Suppose the sphere of radius a, centered at the origin, contains material of the 
same density p as the medium in the rest of space, but has compressibility 
Ke = K(I + y ,..) differing from the K for the medium outside. Show that the 
integral equation for Pw• for an incident plane wave, 

Pw(r) = eik,.r + III k2 y..(ro)/Jw(ro)gw(r I To) dvo 

can be converted into the variational expression 

41r<D(k8) = k 2I II y,.(r)p(r)e-ik,-r dv 

+ k2 I I J y ,.(r)p0(r)eik;-r dv - k2 J J J y ,.(r)p0 (r)p(r) dv 

+ k 4 J Jf 11,.(r)p0 (r) dv J JJ g,0 (r I r0)y,lr0)p(r0) dvo 

where p0 is the adjoint function , the solution of the integral equation, with k ; 
changed to - k 8 • Show th.at, as the shape of p inside r = a is varied, the 
stationary value of <I> comes when p is the solution of the integral equation, 
and that when the chosen shape of p differs somewhat from the correct solution 
Pw, the resulting value of <I) differs from the correct <1>8 to second order. Use 
p = Aeik,.r and p0 = Ae-ik,-r as trial functions and show that the best values 
of A and <I> are 

A = {I _ k
2 
III y"e-ik,-r dv JJJ g"'y"eik,-ro dv0} 

If f 11,.(r) exp [i(k ; - k8) • r] dv 

<I>.= :
2

: I JI y,.(r) exp [i(k; - k s) · r] dv 

10 Suppose 1,,., in Prob. 9 is constant throughout the sphere. Show that the 
integrals in the expression for A and cl) are 

JI I y"e - ik,-r dv I II g "'y"eik1-ro dco 

= 8
" y 2a5 (I + A ika . L - k 2a2 ( 13 - cos 0) • • ·] 15 " 6 21 

If f Y., exp (i(k ; - ks) • r] dv = ~" 1,,.a3[ J - -h kza2 + rto k4a4 •• ·J 
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II 

THE SCATTERING OF SOU ND 1 
Calculate the angle-distribution factor <I> and compare with the Born approrj_ ~ 
mation and with the exact solution for the same case. 

Show that the backscattered sound of frequency w/2'" from a patch of variable 
acoustic admittance /3, in an otherwise rigid wall, is, approximately, 

ik •1 J . Pwb - Z1rr e'" B(x0) exp (2ikx0 sm 0) dx0 

where the angle of incidence is O and the angle of scattering is f> = - 0 for back­
scattering, the direction of the incident wave being in the x z plane, and where 
B(x) = J (i(x,y) dy. Show that the component of the pulsed mcident-plus­
reflected wave 

p ,,; = A c5 ( t + ~ cos 0 - ~ sin 8) + A c5 ( t - ~ cos 8 - ~ sin 0) 

which has frequency w/27T, is 

p.,, = .:!:, [exp ( - ikz cos 8 + ikx sin 0) + exp (ikz cos 8 + ikx sin B)] 
21r 

which is the incident wave producing the Pwb above. Show thus that the back­
scattered wave produced by the incident pulse is 

A d ( ct - r) 
P1>b = 4'"r sin O dt B 2 sin 8 

Explain in simple terms why the variations in space of B have turned into 
variations in time of p. If the material on the wall is laid out in periodic bands, 
parallel to the y axis, so that B = B0 sin (27Tx//) for -{d < x < + ½d (d ► I), 
what frequency sound will be backscattered from the pulse-wave? 
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SOUND WAVES IN DUCTS AND ROOMS 

9.1 ACOUSTIC TRANSMISSION LINES 

A large number of sound-generating devices are tubular in shape, sound 
waves of large amplitude being set up inside the tube, and some of this 
stored-up energy being radiated out into the open. Other tubular devices, 
such as mufflers, are designed to attenuate the sound passing through them. 

When a sound wave is transmitted along the interior of a tube, and when 
the wavelength is large compared with the transverse dimensions of the tube, 
the fluid motion is predominantly parallel to the tube axis, and the wave motion 
is very nearly one-dimensional. T he mean fluid velocity through a cross­
sectional area a distance x from one end of the tube, at time t, can be written 
u(x,t), and the mean acoustic pressure there is p(x,t). If the first-order wave 
equation (6.2.4) is to be valid for this motion, the fluid should be at rest and in 
thermal equil ibrium when no sound is present, and u and p must be small 
compared with c, the wave velocity, and with P, the equilibrium pressure, 
respectively. For these waves the tube is analogous to an electric trans­
mission line, and ac circuit theory can be used. Constrictions or openings 
in the tube can be considered as lumped-circuit elements, and uniform 
yielding of the tube walls can be considered to be contributing to the line 
impedance. 

Standing waves 

A long rigid tube of uniform internal cross section is a useful apparatus 
with which to measure the acoustic properties of a surface placed at the end 
of the tube. A vibrating piston, generating sound of frequency w/2TT, is 
placed at the end x = 0, and a sample of the surface to be tested closes the 
other end of the tube, at x = I. By measurement of the pressure amplitude 
of the standing wave within the tube, the acoustic impedance of the surface 
can be determined. To see what measurements are to be made, we must 
study the nature of the standing wave set up in the tube. 

Suppose two simple-harmonic waves are traveling along the tube, one, 
P+ = A+eikx- twt , going in the positive x direction with frequency w/2TT and 

,4/.7 
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wavelength J, = 21r/k = 21rc/w, and the other, p_ = A_e-ikx-iwt, with the 
same frequency and wavelength, but going in the negative x direction. The 
actual acoustic pressure p at any x and I is of course given by the sum 
P+ + p_, as long as the amplitudes are small compared with P. Using 
Eqs. (6.2.3), we find that the fluid velocity at x, r is 

1 op l 
u(x,I) =-.-a = - lP+(x,r) - p_(x,t)) (9.1. 1) 

1wp x pc 
where 

p(x,t) = P+(x,t) + p_(x,t) 

As long as the tube walls are completely rigid and no energy is absorbed 
as the waves progress, the wave velocity c = w/k = ~ is real and equal 
to the wave velocity in the open (i.e., in the same fluid , of infinite extent, with 
no tube walls present). Also, the amplitudes IP+I and IP-I are independent 
of x and t. On the other hand (as we shall see), if the tube walls are not 
perfectly rigid, or if the viscous and thermal-conduction effects are non­
negligible, the wave number k will have a positive imaginary part, corre­
sponding to wave attenuation. Usually, this part is small compared with the 
real part of k , small enough so that the relationship Re k = 21r/J.., valid when 
k is real, is still a good approximation. Thus we can write 

21r 
k = T + i1ry (9.1.2) 

The acoustic quantities may be conveniently related by means of the 
ratio (p/u) at point x for a simple-harmonic wave of frequency kc/21r, which 
can be called the impedance z at x for that frequency. The value z0 at x = 0 
determines the relation between the piston velocity and the pressure at the 
piston surface; the value Zi must equal the acoustic impedance of the material 
closing the end of the tube. These impedances are most compactly expressed 
in terms of the hyperbolic tangent function of a complex quantity 1r(o: - i{J), 
where o: and fJ turn out to be linear functions of x (note that this /3 is not the 
specific acoustic admittance of Chap. 6). The relationship between o: and /3 
and the real and imaginary parts of the hyperbolic tangent are shown graph­
ically in Plates I and II. 

With these goals in mind, we write out the expressions for the pressure 
and velocity, in a plane wave of frequency kc/21r, as 

p = A +eikx + A_e- ikz = A cosh (ikx + (l:>0) = A cosh (ikd - <I>1) 

u = ~ sinh (ikx + <f)0) = - ~ sinh (ikd - <I>1) 
pc pc 

A+ = ½Ae<l>o A_ = ½Ae- <Do d = I - x $ 1 = <1>0 + ikl (9.1.3) 

<l>o = 7TO:o - i7T(/Jo + U 
2 

ik = - -rry + hr -
J. 

<1>1 = 'TT'Y.1 - i1r(fJi + -k) 
2/ 

Po = /Ji + I 
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where the value of A is determined by the velocity amplitude of the piston 
at x = 0, and the values of <X0 and /30 are determined by the acoustic reaction 
of the material closing the duct at x = I. This reaction is measured by the 
phase angle <P1 ; the ratio between reflected- and incident-wave amplitudes at 
x = / is exp ( - 2 Re ¢ 8) = e- 20

" 1, and the phase change on reflection is 
- 2 Im ¢ 5 = 'TT(2 f3s + I). 

lf the reaction of the end material can be expressed in terms of an im­
pedance z1 = (p/u)1 = pc,1 = pc(O - ix) [Eq. (6.3.4)], the equation deter­
mining <X 1 and {31 is 

, 1 = coth cJ>1 = coth 1r(<X1 - i/31 - ½i) = tanh 1r(<X1 - if31) (9.1.4) 

since coth x = taoh (x - ½1ri). lf the specific acoustic impedance ,, is 
known, Cl.1 and /31 can be computed graphically from Plates I and 11, and then 
the impedance of the fluid in the tube on the piston 

{0 = coth cf>0 = tanh 1r(C1..0 - i/30) = tanh 1r[(<X1 + yl) - i( /31 + ~1
)] 

(9 .1.5) 

can also be computed from the same charts. A typical example is shown in 
Fig. 9.1. 

Measurement of impedance 

On the other hand, if the impedance pc,1 is not known, it can be meas­
ured by measuring the pressure amplitude in the tube as a function of x . 
The mean-square pressure a distance d from the material at x = I is 

IAl2 lcosh (ikd - ¢Jl2 = IAl2 cosh 1r[(C1..1 + yd) - i(/31 + 2
J..d + ½)] 2 

= IAl2 [ cosh2 1r(C1.1 + yd) - cos2 1r(/31 + 2J..d)] (9.1.6) 

As with any standing wave, this has a sequence of minima, a half-wavelength 
apart, separated by maxima, halfway between. The minima come at a 
distance dmin from the x = I end, where 

f3 + 2dmin _ 
I -J..- -n (an integer) or 

with the rms pressure there 

Pm,n(n) = IA I sinh rr[~1 + ½y.?.(n - /31)] 

!he maxima come at dma.x(n + ½) = ½J,(11 + ½ - {31), where n again is an 
integer; the rms pressure there is 

Pmnx(n + ½) = IAI cosh 7T[<X1 + ½y.?.(n + ½ - /31)] 
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The larger the argument of the sinh, the Jess sharp is the pressure 
minimun1 and the less is the difference between maxima and minima. If 
there is no friction (i.e., if <Xi and y are both zero), the pressure minimum is 
zero, and the standing wave is "perfect." Usually, y is small; if the material 
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FIGURE 9.1 
Specific acoustic impedance { of material at x = I end of 
tube, phase angle <f>, of standing wave there, and corre­
sponding rad iation impedance Z, on piston at x = 0. 

at x = I is fairly rigid, ct.i also is small, and the pressure minima are quite 
pronounced. On the other hand, if the impedance at x = I is equal to the 
characteristic impedance pc of the medium, then ( = I and ct.i - co, in which 
case IPminl-+ lpmaxl; no wave is reflected , and there is no interference; 
so there can be no minima. 
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To measure ( 1, we first determine the spacing between pressure minima 
and the distance between the nea rest minimum, n = 1, and the termination, 
x = /. T he spacing is equal to ~)., and fi 1 = I - [2dm;u(J)/J.]. The value 
of y is determined by measuring the rms pressure at two successive minima, 
say, for II and 11 + I, and at the intermediate maximum. The difference 
between the pressure amplitudes at the two minima is 

y?. 
2 IAI cosh 1r[ix1 - ½yJ,(n + ½ - /J1)] sinh 4 

and the ratio between this and the amplitude at the maximum, 

IPmin(n)I - 1Pmi n(11 + 1)1 = 2 :;inh YA-+ YA 
IPmtix(II + ½)I 4 2 

yJ.. <{ I 

serves to determine the attenuation factory. 

(9.1 .7) 

To determine a 1, we compute the ratio of the mean value of IPminl at the 
successive minima to the intermediate lpmaxl -

lPm,11(11)1 + IPm111(n + l)I _ sh yJ, ta h [ d ( + ,1.)] 
-'--- -------- - CO - n 7T at - Y max 11 2 

2 lpmax(n + ½)I 4 
(9.1.8) 

Knowing y, ?., and dmax(n + D, this equation allows one to obtain the value 
of CJ.1. Then, from Plate l or l l, we can compute pc(i, the impedance of the 
material at x = I and pcS(0, the acoustic load of the air in the tube on the 
driving piston. 

Open tube end 

When the end of the tube at x = I is open to free space, the conditions 
of flow and the distribution of pressure across the opening are not uniform, 
even when the wavelength is much longer than the tube diameter. In this 
long-wavelength limit, however, the only wave which can propagate inside 
the tube is the plane wave, the fundamental mode, which is the situation 
under discussion in this section . When this is the situation, it is possible to 
ignore the nonuniformity of velocity across a tube cross section and to assume 
that the air in the open end , at x = I, acts like a piston, radiating sound out 
into the open, as well as reflecting some back toward the driving piston at 
x = 0. At very long wavelengths little is radiated out of the open end, a 
strong standing wave is built up inside the tube, and the simple approximation 
we are discussing is close to the actual behavior. But as the driving frequency 
is increased, more and more energy leaks out of the open end, and the simple 
model loses validity. 

For a circular tube of length / and inside radius a, with end x = 0 
provided with a driving piston and the end x = I flush with a rigid plane wall 
(i.e., the open end is provided with a large, rigid flange), the air in the open 
end may be considered, for long wavelengths, to be a piston of zero mass, 
radiating some energy into the open and returning some back down the tube. 
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To this approximation we can talk about an acoustic impedance of the open 
end, the ratio of the mean pressure at x = I to the mean axial velocity there. 
The reactive part of this impedance would produce reflection back to the 
driving piston at x = 0; the resistive part would represent energy lost from 
the tube by being radiated out of the open end. Reference to Eq. (7.4.31) 
indicates that this open-end impedance, for a flanged open end, would be the 
function 00 - ixo (plotted in Fig. 7 .9 and shown in Table IX) multiplied by pc. 

( 20/ Xl 

FIGURE 9.2 
Impedance parameters <P,/11 = {J,. + io: v for open end of 
circular tube. Curves marked unflonged are for open end in 
infinite space; curves marked flanged are for opening in 
plane wall, radiation confined to one side of wall. 

Therefore the standing-wave parameters a 1 and /Ji for the wave inside 
the tube can be determined. We define the quantities a 7, = a.i and /3'1) = /Ji 
such that 

(see Table IX) 

The radiation load on the piston at x = 0 is then easily computed from 
Eq. (9.1.8). 

Zr = Rr - iXr = pcS tanh 7T [a,, + y l - i (PP+ ~/)] (9.1.9) 

where S = 7T02 is the cross-sectional area of the tube. Rr and Xr can thus 
be calculated by using Plates I or 11. The parameters a. ,, and /3,. for a tube 
with flanged open end are plotted as the dashed lines marked flanged, as 
functions of 2a/). = awj7TC, in Fig. 9.2. We see that, for 2 > 10a, the 
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majority of the energy stays inside the tube (the ratio of reflected to incident 
intensity is e-•1

H , and for 'Y. < 0.05, this ratio is greater than 0.5, indicating 
that a minority of the energy coming to the open end, from the piston, escapes 
from the tube). We also see that the reactive effect of the open end is 
considerable (this reactive effect is measured by the phase change e211iP,, of 
the pressure wave on reflection, and (J'P is larger than 0.1 unless .A. > 20a). 

ln many cases the tube is not flanged, but radiates into free space (as 
with an open organ pipe, for example), in which case the impedance functions 
00 and Xo given in the dashed curves of Fig. 9.2 are not appropriate. The 
equivalent impedance of an unflanged circular tube can be computed exactly 
for ,l > 2a [see Levine and Schwinger,Phys. Rev., 73: 383 (1948)). It requires 
the solution of a Wiener-Hopf integral equation, a subject beyond the scope 
of this book. The results may be translated into values of 0:1> and (Jp, and 
are included in Fig. 9.2 as the solid lines marked unjlanged. We note that, 
because the escaping sound must spread out over the whole solid angle 41T, 
instead of the 21r in front of the flange in the previous case, the unjianged 
curves indicate a smaller reactive effect and less energy radiated than for the 
flanged tube at the same frequency (a larger solid angle corresponds to a 
poorer impedance match between inside and outside). The general trend 
of the curves is the same, however. The calculations for the unjianged 
case are invalid for 2af }, larger than 1.22, above which a higher-mode 
symmetric wave can be transmitted inside the tube, as will be shown in Sec. 
9.2. 

Having values of 0:1> and {Jp, at least for the longer wavelengths, we now 
can use Eq. (9.1.9) to compute the radiation impedance on the driving piston 
at x = 0. A single example of the results is displayed in Fig. 9.3, for an 
unflanged tube twice as long as its diameter. The lower curve gives the real 
part, and the upper curve the imaginary part, of the hyperbolic tangent. The 
resonances are clearly indicated, particularly at the lower frequencies. If 
the boundary condition at x = I had been thatp is zero there (as is sometimes 
assumed in calculating resonance frequencies for open tubes), 0:1>, {Jp, and 
R,. would have been zero, and X, would have been pcS tan (21rlf}.). The 
resonances would have come at 2// ,l = ½, i, .... Figure 9.3 shows that the 
actual resonances are for somewhat smaller values, for 21/ ,l = 0.43, 1.33, 2.25, 
3.21. As the frequency is increased, more and more energy is lost through 
the open end (ex,, increases); so the resonance peaks get broader and less high 
until, for 2// }, > 4.88, the plane-wave approximation loses all validity. 
Obviously, a much narrower tube, in relation to its length, would have many 
more sharp resonances, coming at values of 2//J.. much closer to half-integer 
values, at least for the lower resonances. 

lf the tube is used as a musical instrument, the "driving piston" is either 
a vibrating reed or vibrating jet of air, which generates sound of all frequen­
cies. In this case the energy radiated will be more or less proportional to the 
radiation resistance R, at the piston. This radiated energy is concentrated 
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in narrow frequency bands, corresponding to the peaks in the curve of 
R.,. For a long narrow tube, these peaks come for frequencies such that 
2//J.. c::: n + ½, the usual formula for resonance in an open-ended tube. For 
the higher harmonics, however, when n begins to be as large as !/a, the peaks 
drop off in height and narrowness, and the resonances differ more and more 
from the simple-harmonic ratio 2n + 1 to the fundamental. 

2 

Vi 
<., 

~ 0 
">,;'-
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2 
(2.R/>.) 

FIGURE 9.3 
Radiation resistance Rand reactance X of a piston driving air 
in a circular tube of radius a and length/, the other end open 
to free space, as functions of kl/1r = 2//).. 

Analogous impedance 

Unflonged end 

..R • 40 

3 4 

When the wavelength of the sound wave in the tube is much greater than 
the cross-sectional dimensions of the tube, the wave motion is quite analogous 
to the flow of electric current in a transmission line. If the tube has cross­
sectional a rea S, the total flux of fluid, U = Su, is the analogue of the electric 
current I , and the sound pressure p is the analogue of the voltage £. The 
inductance Li per unit length of transmission line is defined, in circuit theory, 
by saying that the magnetic energy per unit length of line is ½Li/2

• The 
analogous inductance La, per unit length of the pipe, is likewise defined by 
saying that the kinetic energy of the fluid , per unit length of pipe, is ½LaU2

, 

, 
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so that 

L = _:_ KE = _:_ ¼Spu2 = P 
a u2 u2 ~ s (9.1.10) 

from Eq. (6.1.7), since the volume of a unit length of pipe is S. 
Similarly, we can define the analogous capacitance Ca per unit length of 

pipe by saying that the potential energy per unit length is }C0p2• Again from 
Eq. (6.l.7), 

2 2 S 
Ca = - PE = - ! SKp2 = SK = -pz p2 - pc2 

(9. I. I I) 

Thus the analogous characteristic impedance of the acoustic transmission line 
and the velocity of wave motion along it are 

and the power transmitted along the wave is pU = (pc/S)U2 = S(pcu2
), 

where pcu2 is the intensity of the sound wave. 
This is all that needs to be said if the tube walls are perfectly rigid, if we 

are willing to neglect energy losses at the tube walls, and if the tube cross 
section is independent of x. But if we desire to include the effects of 
heat conduction and viscosity at the tube walls, we must also include an 
analogous resistance R

0 
per unit length of tube. By analogy the resistance 

would be defined by stating that the power loss per unit length is Ra I U j2 • 

According to Eqs. (6.4.37) and (6.4.38), for a wave moving tangentially 
to the surface (k1 = w/c = k), the power loss per unit area of surface is 
[kd,, + (y - l)kdh](lpl 2/2pc), where d,, and d,. are defined in Eqs. (6.4.31). If 
Dis the perimeter of the duct's internal cross section, and since lpl ~ pc lul = 
(pc/S) I VI on the average, we can write the equation for the analogous resist­
ance per unit length of duct of uniform cross-sectional area Sand perimeter 
Das 

pcD 
R., = 252 [kd., + (y - l)kd1.] (9.1.12) 

This resistance is proportional to the square root of the driving frequency; 
for ducts of cross-sectional area larger than l sq cm and for frequencies of a 
few kilocycles or less, it can ordinarily be neglected. 

Ducts with yielding walls 

The equation of motion given in Eqs. (6.2.3) for free space may be written 
for a plane wave in a duct in terms of acoustic pressure and fl ux U = Su, 
in accord with the electric-circuit analogy, 

au ap 
La a1 + RaU = - ax (9.1. 13) 
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where, as we have just said, we can often neglect the Ra term. lf tbe duct •• 
walls yield somewhat to the internal pressure, the equation of continuity 
relating the time rate of change of pressure to the gradient of U, must b~ 
modified. 

The term - (au/ox) represents a rate of influx of gas into a unit length 
of duct, and this corresponds to a change of density, and thus of pressure 
there. If the duct walls are rigid, this influx equals the compressibility 
K = 1/pc2 of the gas times the time rate of change of pressure. But if the 
duct walls yield , so that an increase of pressure produces a fractional change 
of cross-sectional a rea, this dilutes somewhat the increased compression of 
the gas, as though the two effects acted in parallel. Thus the equation of 
continuity would be written 

_ au = s(K + _,) op 
ox Kw at 

where Kw, the wall stijji,ess co11sta111, is the ratio between the pressure p and 
the fractional change in cross-sectional area of the duct, produced by p. 

The pressure p is not static, however, and we also should take into 
account the inertia of the duct walls. ln a stiffness-controlled system 
[Eqs. (2.3.4)] the impedance is K/- iw, where w/21r is the frequency of the 
wave. If mass is to be considered, the impedance is - iwM + (K/ - iw) = Z. 
T herefore the equation of continuity for a d uct with yielding walls is 

where w0
2 = K,./ M10, w0/21r being the resonance frequency of transverse 

expansion oscillation of the duct walls, unencumbered by the fluid inside. 
Thus the second of Eqs. (6.2.3) becomes 

_ au = SK w/ - w
2 op - SK ap 

ax cva2 - <.v2 a, a1 as K,u -► oo (9.1. 14) 

where w l 2 = w0
2 + (pc2/ Mw), w1/2w being the resonance frequency of the 

walls when stiffened by the air inside it. lt should be noted that this analysis 
assumes that the duct walls are locally reacting, in the sense of page 260; 
that no expansive wave motion is produced along the duct by the wave 
motion inside (see Prob. I of C hap. 10 for waves in the duct walls). 

In an electric transmission line the corresponding equation is - (al/ax) = 
C( a VJ a,), where C is the capacitance per unit length of the line. Therefor~, 
fo r a tube with locally yielding walls, Eq . (9.1.11) for the analogous capaci­
tance per unit length of duct becomes 

S w/ - w2 

C = - ----
a pc2 Wo2 _ <02 

(9.1.15) j 
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The wave velocity in the duct is then 

I 
c2 = ­

pK 
(9.1.16) 

as long as the wavelength is long compared with the tube perimeter D. 
The effect of the wall motion is to make this velocity a function of frequency. 
Jf the walls are "soft," so that w0 and rvL are in the range of frequencies for 
which the transmission-line analogy holds (i.e., for which lv0D/c and w1D/c 
are much smaller than unity), the wave velocity inside the tube differs greatly 
from the speed c of sound in the open. 

As w is increased from zero, the wave velocity first diminishes, becoming 
zero wben w = w0, when the wave energy is entirely diverted to exciting tube 
oscillations. For w 0 < w < w 1, the wave velocity is imaginary, ind icating 
that acoustic motion is so strongly attenuated that no true wave motion can 
exist (th is is identical with the anomalous dispersion and absorption in 
optical media). Finally, when w is larger than w1, the wave velocity is again 
real, but larger than c. lt decreases as w increases further, approaching 
c as w -► oo. Of course, when w becomes larger than cf cl, the wavelength 
of the sound is no longer much greater than the tube diameter, and our simple 
one-dimensional theory is no longer valid. 

Thus the wave velocity in the tube is a function of the frequency of the 
wave. Optical media, in which the light velocity is a function of frequency, 
exhibit dispersion , so that a medium in which the wave velocity is frequency­
dependent is called a dispershie medium. A pipe with yielding walls is a 
dispersive medium for longitudinal acoustic waves. Waves of arbitrary 
shape will not maintain their shape as they travel along the interior of the 
tube. 

Phase and group velocity 

With dispersive waves, when c is a function o f w, we must distinguish 
between a number of different wave velocities. First there is the phase 
velocity c"' , the velocity with which the phase angle w[r - (x/c,p)] of a simple­
harmonic wave of frequency <o/27T progresses along the tube. This is the 
wave velocity of the wave of Eq. (9.1.16). 

Then there is the group relocity, the velocity of progress of the "center of 
gravity" of a group of waves that differ somewhat in frequency. For exam­
ple, we might combine a sequence of simple-harmonic waves, each of the 
form exp [i(<•J/c.,)(x - c .,1)), with pressure amplitudes which are maximum 
fo r c,J = w0 and fa ll off on either side, as given by the "error-function" 

formula, (A /b'\127T) exp [ - (<•J - c,;0 ) 2/2()2], so that the acoustic pressure is 

A J"" [ w ( I) ] p = . ~ exp - iwt + ix-- - .t• (w - w0)2 dw ov 27T - oo c.,(w) 2u-
(9.1.17) 
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Here cvuf27T is the mean frequency of the group, and o/27T is the mean deviation 
in frequency of any one component of the wave from this average. If the 
phase velocity c"' were independent of w, this group of waves would have the 
form 

[ ( x) ( xYJ p = A exp - iwa f - c"' - ½c52 
t - cj 

which is a pulse extending, roughly, from x = c,pt - (c"'/o) to c"'t + (c"'/o) 
in space, traveling with velocity c"' and oscillating with frequency w0j27T as 
it travels along. 

But if c is a function of w, we must take this into account in performing 
the integration . We can, for example, expand the quantity 

where 

(9. 1.18) 

in a Taylor's series about the average value wa. If 0, the "spread" in fre­
quency of the group, is small compared with wa, we can usually neglect all 
the terms higher than the first order in this expansion, and the exponent of 
the integrand of Eq. (9.1.1 7) becomes 

T he integration can then be carried out, giving 

(9.1.19} 

This represents a pulse of spatia l length c9/0 and of frequency waf27T. The 
velocity of the surfaces of constant phase. angle in this group wave is c0 = 
c,p(<•1u), the phase velocity of the component of average frequency. But the 
velocity of the wave peak , the point where the various components are a ll in 
phase. is not en, but c, = l/[d(<•1/c"')/d1v],

0 11
, which is the group velocity of 

any group of waves of frequency centered around w0 • If c"' is independent 
of w, er, = Ca, but if c"' does vary with ,,;, 

which is smaller than ca if dc/dcu is negative (as it is for acoustic waves in a 
yielding tube). 
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Finally, there is the sig11al velocity, which is the velocity of the front 
of a group of waves, the speed at which one end of the tube first learns .that 
a signal has been started from the other end. Since a wave, to have a be­
ginning, must be a combination of waves of different frequencies, it is obvious 
that the signal velocity (if there be one) is some sort of average value of c"'. 
But if there a re waves with phase velocity of any value, no matter how large 
(as there are with waves in a nonrigid tube), it is not obvious that a wavefront 
can be maintained. ln fact, it would seem probable that the components of 
high phase velocity would inevitably draw ahead of the rest and that even­
tually there would be no sharp wavefront. 

This is the case with the diffusion of heat, for example. l f the tempera­
ture at the end of a rod is suddenly increased at time t = 0, the temperature 
at a distance x along the rod begins immediately to rise, slowly at first but 
continuously, so that at no time after t = 0 can we say that the "heat front" 
has suddenly arrived . There is no wavefront, and thus no signal velocity for 
heat flow (in fact, there is no true.wave motion for it). One can ask whether 
there can be such a thing as a sharp wavefront (and hence a signal velocity) 
in a dispersive medium, such as a pipe with yielding walls. 

1t turns out that the crucial test is not whether the phase velocity goes 
to infinity for some i.ntermediate value of 01, but whether c has a finite limiting 
value as 01-. oo. By extension of Eqs. (J.3. 16) and (2.3.6), we see that the 
pressure at point x at time t in a one-dimensional dispersive wave, for which 
the pressure is p0(t) at x = 0, is 

p(x,t) =J"' P(w) exp (i w x - iwr) d{JJ 
-ro c'P 

where 
I J~ P(w) = - p0(t) efo>t dt (9.1.20) 

27T - oo 

and c"' is some function of w. Now, if p0(r) is zero for t < 0, then all the 
poles and other singularities of P(w) will be on or below the real axis of the 
variable w, and the contour of integration of w will be just above its real axis. 
Also, the singularities and zeros of c"'(w) are on or below the real axis of <1J 

[Eq. (9. 1.1 6)], so that the contour of integration for <o lies above all the 
singularities of the integrand. Thus, according to Eqs. (1.2.15), the acoustic 
pressure p(x,t) is zero for r - [x/c( oo)] < 0, and so, if c,p(w) approaches a 
fin ite value, c,p(oo), as w - oo, nothing wi ll occur at point x until time 
t = x/c,p( oo); the wave will have a true wavefront which travels with the 
signal vdocity cip(oo). 

The velocity of simple-harmonic "waves" of heat is proportional to 
\ l'w ; thus c.,(w) -. oo as <(J --+ oo, and heat conduction has no wavefront, 
as we pointed out earlier. On the other hand, for waves in a pipe, if we 
assume that Eq. (6.4.21) holds over the whole range of <u, then c,p(oo) is just 
equal to c, the velocity of sound waves in free space; thus the signal velocity 
of waves in a tube exists and equals c. 
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Lu mped-ci rcuit elements 

Sudden changes of duct cross section produce sudden changes of pres­
sure, and in the long-wavelength approximation, their effects are equivalent 
to the lumped-circuit impedances, capacitances, and resistances familiar in 
electric circuits. For example, a constriction in a duct gives rise to a con­
centration of flow through the constriction, with consequent increase in 
kinetic-energy density. If the net increase is concentrated in a region small 
compared with the wavelength, the total increase can be represented by a 
lumped inductance. lf the constriction also produces an increase in viscous­
energy loss, this addition can be represented as a lumped resistance. 

The various types of acoustical circuit elements are shown in Fig. 9.4, 
together with their electrical analogues. The closed volume VD at D 
behaves like a capacitance, since additional volume of fluid, introduced into 
D, increases the pressure there. The potential energy of this compression 
is approximately ·} V nKP2; so the analogous capacitance corresponding to D 
is [see also Eq. (9.1.11)] 

V 
C ~ 1) 

J) - -2 
pc 

(9.1.21) 

To calculate the analogous impedance and resistance of a constriction 
like the openings at C or B of Fig. 9.4, we compute the extra kinetic energy 
and viscous-energy loss, produced by steady flow through the opening. The 
simplest case is that of a circular opening of radius bin a thin but rigid plate. 
l f the area rrb2 is considerably smaller than the area S of the duct cross section, 
we can consider the flow pattern through the hole to be unaffected by the 
duct walls and calculate the flow through a circular hole in an infinite plate. 

As shown in Fig. 9.5, the lines of flow are hyperbolas, 17 = constant, 
with foci the traces of the sharp edge of the hole on the rx plane. The 
surfaces of constant velocity potential, ~ = constant, are oblate spheroids, 
with elliptical sections in the rz plane, having the same foci. Thus t 'Y/, and 

u - 8 p 

--~l __ ,--__ c __ _ 
A lo 

I 

FIGURE 9.4 
Illustration of e lectric-ci rcuit elements 
analogous to an acoustica l transmission line 
with openings, constrictions, and shunt 
volumes. 
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ef,, the angle around the x axis, the appropriate set of coordinates to describe 
the motion, are related to x, y, and z by the equations 

X = b;17 

y = b-V(;2 + 1)(1 - 112) cos</> 

z = b-V(;2 + 1)(1 - 172) sin</> 

FIGURE 9.5 
lines of flow, ·17 = const, and velocity-potential surfaces, 
~ = const, for steady flow through a circular orifice. 

lt can be shown that the magnitude u of the fluid velocity a t the point 
x, y, z or;, 17, cp is (U/21rb2)[(1 + ;2)(;2 + 1J2)J- ½, going to zero at infinite 
distances from the hole (;-->- co) and going to infinity at the edge of the hole 
(;--. 11-->- 0) if the plate is infinitely thin. Factor U is the total rate of flow 
through the opening, and thus is the value of the analogue to the current, 
as already used. The volume element in the;, ·IJ, <p coordinates is 

ba(e2 + 172) d; d!J de/> 

So the total kinetic energy of the fluid is 

( 
u )2f 2" fl J"° b3(e2 +.,12)c1g pu2J ,,, d; P • ½P - de/> dq = - - - = -U-

2TTb2 o 0 - oo (;2 + 1)(;2 + rJ2) 21rb o l + ; 2 4b 
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Thus, in accord with Eq. (9.1.10), when nb2 is much smaller than S, the 
lumped-circuit inductance of the opening is 

L ~ p 
« - 2b 

If we had chosen a mechanical, instead of electrical, analogue, we should 
have talked about the air in and near the opening as equivalent to a solid 
plug of material, moving back and forth through the opening with velocity 
u = U/rrb2 and kinetic energy ½Mau2• In this case the effective mass would. 
be 

Ma~ ½n2b3p = (wb2)2La 

which is equivalent to a slug of fluid of density p, of cross section equal to 
S0 = wb2, the area of the opening, and of length /0 = ½wb equal to one­
quarter of the perimeter of the opening. This leads us to a way of writing 
these formulas, in terms of the area S0 of the opening and its perimeter D0. 

L ~ pDo 
a- 4So (9.1.22) 

which we have just shown is valid for circular holes, as long as S0 <{ S <{ A2. 

We should expect such formulas to apply reasonably well to sq uare holes or 
holes of other shape, as long as (D0/4)2 is of the same order of magnitude 
as S0 (i.e., as long as the opening is about as long as it is wide). 

To compute the analogous resistance of the circula r hole, we use Eq. 
(6.4.39) to compute the additional power .lost because of the increase in 
velocity near the edge of the opening. Equation (9.1.12) gives the analogous 
resistance per unit length of duct for the uniform duct. The tangential 
velocity near the sharp edges of the hole is much larger than that tangential 
to the duct walls. Thus, though the thermal-conduction loss rate is not 
increased much, the viscous loss may be quite large near the edge of the bole. 
In fact, if we assume that the surface of the plate corresponded to the surface 
'YJ = 0 (i.e., the plate were of zero thickness), the tangential velocity next to 

the pla te would be U/2wb2'\I ~( I + ~2), which goes to infinity at ~ = 0, at the 1 
infinitely sharp edge of the opening. . 

This formula for the tangential velocity next to the plate is incorrect for 
two reasons. First, the plate'°'has a finite thickness, and the edge has a finite 
radius of curvature, not zero. It would be more accurate to approximate 

the surface of the plate by the surface 'l s = ·, / 2/J/b, where h <{ bis the radius 
of curvature of the edge of the hole, and thus 2h is roughly equal to the 
thickness of the plate near its edge; /, is small but not zero. In the sec~nd 
place, the formula of Eq. (6.4.39) has to do with tangential velocity JU5t 

outside the viscous boundary layer; the tangential velocity at the surface 
of the plate is zero. The thickness d11 = V2µ/ pw ~ 0.21/V; cm for air at 
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standard conditions applies only when d,. is smaller than the radius of curva­
ture of the surface. Only when this is true can we assume that the Utan 

ofEq. (6.4.39) is the u1an calculated for the surface when viscosity is neglected, 

the way Eq. (6.4.39) has been used. Thus the /z in the formula 'Y/s = V 2h/b 
is either the half-thickness of the plate near the edge of the hole, or else is the 
thickness dv of the viscous boundary layer, whichever is larger. 

Using Eq. (6.4.39), the power lost by flow through a circular hole of 

radius bis the integral of - p<J.)dv{utnn)2 over the surface 'l'Js = V2h[b. 

(
u)2J2, J oo v~2 + (2h/b) • pwdv 2 2b 

}pwd. 27Tb2 dr/> - oo ( 2h) b· d~ -::::::'. 47Tb2 U In h 
o (.;2 + I) .;2 + _ 

b 

when h < b. Therefore the analogous resistance of a circular hole of radius 

b < VS/7T is 

pwd., 2b I 2b 
Ra-:::::'. 47Tb21n-;; = 4So ~In-;; (9.1.23) 

where h < bis either the half-thickness of the plate near the hole edge (i.e., is 
the mean radius of curvature of the edge) or else is the viscous-boundary­
layer thickness dv, whichever is larger. (When b becomes the same size as 
d.,, the boundary layers merge in the hole, and the exact solutions of Sec. 6.4 
must be used; fortunately, such a minute hole is of no great practical interest.) 
The resistance Ra is in series with the lumped-circuit inductance La of Eq. 
(9.1.22) for the hole, as shown in Fig. 9.4. At moderate and large intensities, 
turbulence around the edges modifies R; see Eq. (11.3.36). 

Two-dimensional flow 

T o determine the lumped-circuit impedance and resistance of a con­
stricted opening which is considerably longer than it is wide, we resort to a 
technique which can be used whenever the problem is a two-dimensional one. 
If the duct is rectangular in cross section, with two walls parallel to the xy 
plane, everywhere a distanced apart, the distance between the other two walls 
varying with x , then the fluid motion in the duct will be parallel to the xy 
plane, and p and u will be functions of x and y only (except for the time 
dependence). We then can use the complex notation (Fig. I.I) to assist us. 
Both velocity and pressure can be expressed in terms of the velocity potential 
'¥ of Eq. (6.2.13) (for convenience here we shall use minus the potential, 
tp = - \J'). 

When the wavelength is long compared with the duct width, the function 
tp(x,y) will approximate a solution of the Laplace equation, (a2ip/ax2) + 
( a2-ip/ ay2) ::= 0. In this case "P will turn out to be the real part of a function 
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of the complex variable z = x + iy: 

F(z) = 1/l(x,y) + i0(x,y) z = x + iy 

o o o 
F* = lll - i0 - + 

,- OX - oz oz* 

z* = X - iy 

a a a 
-= i- - i ­
oy az oz* 

and the velocity potential 1P and the flow function 0, so defined, will be related 
by ·the Cauchy relations 

We can then use the geometric representation of a complex quantity, 
pictured in Fig. 1.1, to define the vector velocity of the fluid, the real part, 
O'I/J/ ox, being the x component, and the imaginary part, 01Jl/ oy, being they 
component, so that 

0
11' + i 011' = ~ ~ ( 1P - i0) + ~ i ~ ( 1P - i0) = ~ ~ F* + : i ~ F* 

ax ay 2 OX 2 ay 2 ax 2 oy 

= ~ !__ F* + ~ _!__ F* - ~ !__ F * + ~ _!__ F* = ° F* 
2 oz 2 oz* 2 oz 2 oz* oz* 

Since Fis a function of z alone (not z*), F* will be a function of z* alone, 
and oF*/ oz* will be the complex conjugate of the complex quantity dF/dz. 
Thus the complex quantity representing the magnitude and direction of the 
fluid flow at the point x + iy within the duct is given by the complex con­
jugate of the derivative dF/dz, where the real part of F(z) = 1P + i0 is the 
negative velocity potential. 

dF 
u., - Re dz 

p~ ipw ReF 

Inductance and resistance of a slit 

dF 
u .11 = - Im dz 

dF 2 
·lul 2 = 

dz 

(9.1.24) 

If the traces of the duct walls perpendicular to the xy plane consist of 
portions of straight lines, we can use the Schwartz-Christoffel transformation 
to find Fas a function of z (actually, we find z as a function of F, but this is 
only moderately embarrassing). As an example of the method, we consider 
the duct of Fig. 9.6, having depth d perpendicular to the xy plane and having 
constant width a in the y direction, except for a diaphragm at x = 0 with an j 
open slit of width b symmetrically located. j 
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z plane 
,~,vw=r=p, 

' x---f--,✓ ' w plane ' \ I / ' \ 

,/ \---./ '\ \ I 
\ I 

I / '- \ I I 

£1/ / "vi 
\ I I I 
I B I C I 0 I E 
I I I --I I 

I 

0 a 2 1/a2 { --

--T- r--- T--•~ --,--- - -,..----

__ t ! __ L_ ____ j_ __ ~ lone _ 

, I I I I 
2011 I I I I - -r:- -r------:----:-- --

A I B l C I O IE 
- I I I I I I I _.., 

FIGURE 9.6 

-13 o I +-
,, , au.inl. 
,, ,r a 

Conformal transformations from the z plane of the duct to 
the velocity-potential F plane, via the w plane, for half a 
rectangular duct with slit of width b. Dashed lines are 
streamlines, 0 = canst ; dotted lines, velocity-potential 
contours, 111 = canst. 

To find the steady-state flow, we first transform the interior of the half­
duct, between the lines y = 0 and y = - }a to the upper half of the w = 
~ + i17 plane, by the Schwartz-Christoffel transformation 

dz a w - I 

a v'111 - o:2 + v'1v - (l /<:1.)2 

z = - In--;= ======-----;=====-,. 
7T V(J/rx.)2 - (1/w) + v' rx.2 - (1/w) 

a 4w 
-ln-
27T Q 

a wQ 
-ln-
27T 4 

(9.1.25) 
w- co 

w-+ 0 
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where Q = (1 /,;.)2 -1 ,:2 t 2 = [( 1/o:) + -x)2, and where, in order that point 

C (w = I ) correspond to z = (i/2)(a - b), the quanti ty <Y- must equal 

tan (rrb/4a). 
T he transformation from the 11• to the F plane is simple. 

IV = e2a F la 1< 
au 

F = - In IV 
2rr 

if the fluid velocity a t x = ± co is u, so that the total flux is uad = U. Thus 

at point £ (x -► co or w - co or 1fJ-.. co), the fluid velocity, in magnitude 

and direction, is the limiting value of the complex conjugate of 

dF dFdw au 2mv 
- = --=------
dz d1V dz 2rrw a(w - I) 

\\/ -► co 

The limiting value is real, indicating that the vector velocity is parallel to 

the x axis, and has magnitude u, as it should. 

To calculate the lumped-circuit inductance of the slit a t x = 0, we need 

to calcula te the tota l kinetic energy of the fluid in the duct between x = -I 

and x = + !, where / ► a. This, minus the quantity ½pu2(2/ad) (which 

would be the kinetic energy if there were no constriction), must equal ½L0 U2, 

where L0 is the analogous inductance and U = uad. To compute the 

corresponding resistance we must integrate lul2 along the surface of the 

plate, from points B to C to D (or from B to C times 2). From Eq. (6.4.39), 

the analogous resistance Ra of the slit is pwd,)U2 times the integral of 

ldF/dzj2 from B to C. 
To transform the integral from the z to the F plane, we use the relation 

dx dy = ldz/dFl 2 d'I/J d0. For the inductance we integrate over half the 

duct and multiply by 2. 

4 ( J' f a/2 La=~ ½pd dx dy 
lj -L 0 

dFl
2 

) dz - {pladu2 

2pd (f V't f ¼au ) p 
= • d'I/J - dO - !au2 = - [CV'+ - tp_) - 2/u] 

(uad)2 y·_ o aud 

where 1/J+ is the value of 1P at x = + I, and tp_ is its value at - /. Since 

11'+ = e2•v·1/a 11 and 11·_ = e2•v·- la", we can use the second line of Eqs. (9.1.25) 

to rela te VJ+ and V'- to ± I. 

'I'+ a (Cl. I ) I -:=:. - - - In - + -
u rr 2 2oc 

·ip a (ex I ) - ! -:=:.-= + - In -+ -
u rr 2 2!X 

Thus, finally, the lumped-circuit inductance of the slit, of width b, in a duct 
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of cross section a by d, is 

_ 2p ( 1 1 _ 1) _ 2p (i. -rrb -rrb) L0 - - In ':!o: + 2o: - - In 2 tan - + ½ cot-
-rrd -rrd 4a 4a 

2p 2a 
-ln-
-rrd -rrb 

-rrp (a - b)
2 

4d a 

b ~ a 
(9.1.26) 

Since the Schwartz-Christoffel transformation includes the duct sides, 
this formula is valid for all values of b in the range O < b < a, as long as }. 
is much larger than a. If the slit is wide, the obstruction being but a pair 
of fins sticking out from the walls, the inductive effect is small, being pro­
portional to the square of the relative extension (a - b)/a. For a relatively 
narrow sli t, the analogous inductance goes to infinity logarithmically as 
slit width goes to zero, in contrast to that of the circular hole, which is 
inversely proportional to the radius of the hole when this radius is small 
compared with a. 

The effective mass of the high-speed air in the slit is 

2 ( -rrb -rrb) M0 = (bd)2L0 = - pb2d In ½ tan - + ½cot -
-rr 4a 4a 

When b ~ a, this is equivalent to the mass of a slug of air of cross section 
equal to that of the slit bd and oflength (2b/-rr) ln (2a/-rrb), which is longer and 
longer, compared with its width b, as b goes to zero. 

According to Eqs. (6.4.39) and (9.1.23), the additional power lost 
because of the constriction, RaU2, should be 2d times the integral of 
½p(J.)d0(u1an)2 dz over the surface, in the z plane, from B to C to D. The 
magnitude of u2 equals ldF/dzj 2 = ldF/dw l2 ldw/dz J2 , and if we transform to 
the w plane, dz = ldz/dwl dw. Therefore 

If we assume that the fins formi ng the constriction have zero thickness, the 
path of integration will be along the real axis in the w plane, and the integral 
will diverge. But if we assume that the fins have small but finite thickness, 
with maximum radius of curvature h at their edges, the integration will be 
along the line 1/8 = {(4-rrh/a)[(l/o:) - o:]}½ above the axis in the w = ~ + i17 
plane. The result, if I, is small compared with a, is the same as if we integrate 
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along the ~ axis from ex to I - 17. : 

R ,.._, pwdv (~ _ o:) In{.!:_ (1 /o:) - o: } 
a - 2TTad ex • TTh [(I /o:) + o:]2 

2pwdv In!_ 
TT2bd 4h 

pwd.(a - b) a - b 
----- In - -

2a2d 4/z 

(9.1.27) 

where ex= tan (TTb/4a) , and dv = -V2p,/ pw, as before. Also as before, 
with Eq. (9.1.23), his either the half-thickness of the plate near the slit edge, 
or else it is dv, the viscous-boundary-layer thickness, whichever is larger. 
When the slit width b becomes as small as dv, the formula no longer holds. 
Turbulence also modifies these results, as shown in Eq. ( 11.3.36). 

Change of duct width 

The same analysis can be applied to the case of a rectangular duct of 
depth d and width b for x < 0 and a for x > 0, as shown in Fig. 9.7. The 
details will be left for a problem; the results are given here. The lumped­
circuit inductance and resistance corresponding to the sudden increase in 
cross section are 

p [ (a - b)
2 I a + b I (a + b)2] L = - ---- n-- + n---

a TTd 2ab a - b 4ab 

.£_ ( I + In ~) 
TTd 4b 

-► 

R _ pwd,, a - b ( a
2 

- b
2 I a + b) 

a - 2ad b 
1 + TTab 

11 
a - b 

(9.1.28) 

pwd,, 2 + 7T 

2bd 7T 

poxl., a - b 
--

2ad b 
b -► a 

Both La and R0 vanish when a = b (i.e., when there is no change in 
width). When b is much smaller than a, both l ,. and Ra are fairly large 
since the excess velocity at shoulder C becomes large. The resistance 
increases as the inverse of b, whereas the inductance increases only as the 
logarithm of a/4b. Since the angle at c is only 90° (instead of the 180° at 
the edge of the plates of Figs. 9.5 and 9.6), the integral of (u1an)2 does not 
diverge, and we need not introduce the minimal radius of curvature h. 
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b o 

FIGURE 9.7 
Section of a rectangular duct with sudden 
change of width in they direction. 

;;;~,,,J,,,,,~: j ,_ 
0 777777 7777777..._ 

X 

Acoustical circuits 

Returning to Fig. 9.4, the effective impedance of opening A, which 
allows energy to escape from the duct, would be a combination of the local 
mass and viscous loads, represented by Eqs. (9.1.22) and (9.1.23), and the 
radiation impedance of the opening, represented by the functions 00 - ixo 
used in Eq. (9.1.9) and plotted in Fig. 7.9 (or else the impedance correspond­
ing to the (1. ,v, {J.,, marked " unflanged'' in Fig. 9.1). Since reactance Xo 
corresponds to the mass load outside the hole, the reactance of Eq. (9.1.22) 
should be divided by 2, to represent only the concentration of flow inside the 
duct, near the hole. Therefore the analogous impedance of opening A of 
Fig. 9.4 is 

ZA = R4. - iwL_./ L,,, ~ : .J [io A + 2A1T xo ( 2kJ:)] 

R.11 ~ pc [!kd. In ( 
4

S·\) + 00(2kJS.-1 )] s A 1Th A 1T 

(9.1.29) 

where k = w/c = 21Tj).; SA and DA are the area and perimeter, respectively, 
of the opening A; h_.1 is the half-thickness of the duct wall ; and 00, Xo are the 

functions shown in Table IX, with argument w = 2k'V S_1 /1T. 
The impedance of opening Bis, of course, Ru - iw LJJ, where 

L ,..._, pD11 
JJ - 4S 

If 

unless Bis a slit, extending from one side of the duct to the other, in which 
case Eqs. (9. 1.26) and (9. 1.27) can be used, with d and b equaling the length 
and width , respectively, of the slit, and a equaling the cross-sectional area 
of the duct S divided by d (that is, S = ad). All these formulas are valid 
only as long as the wavelength of the sound is considerably longer than the 
square root of the cross-sectional area of the duct, S. 

The opening C and volume D of Fig. 9.4 constitute a resonating acous­
tical system, called a Helmholtz resonator. The analogous elements Cn, 
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Re, and Le are given in Eqs. (9.1.21), (9.1.22), and (9.1.23). 
frequency is w 0/27T, where 

I [frne w
0
= __ ,..._, 2c 

'Vl eCn De VD 

The Q of the.resonator [Eq. (2.2.4)] is 

The resonance 

(9. 1.30) 

This defines the rate of damping of free oscillations of the resonator and the 
width of the resonance peak. lf opening C looks out into open space 
instead of the duct interior, the inductance and resistance of the analogous 
circuit will be given by Eqs. (9.1.29), since radiation resistance must be added. 
The resonance frequency is then the solution of the implicit equation 

[
I 8 ~C 1 ]-~ w 0 c::: 2c ~ + - - - X0(w0) 

e D De 7T Wo 

Wo Sc 
lllo = 2- -J-C 7T 

and the Q of the resonator will be 

Q ---[ Xo(wo) + w0(Dc/ 16)~ ],t 

- 0o(w
0

) + w
0

(dvf I6)V7T/Se In (4S0 /7Th0
2

) 

which is smaller than the Q of Eq. (9. I .30), since it is reduced by the added 
radiation resistance. 

Periodic structures 

The acoustical elements can, finally, be arranged sequentially to form a 
filter network. For example, a duct with equally spaced constrictions, as 
shown in Fig. 9.8, is equivalent to a network of series inductances and shunt 
capacitances, making a low-pass filter. The equations of motion for flow 
through the nth constriction are 

P·n - Pn+l = (Ra - iwLa)Un = ZaU,. 

for low frequencies, where Ra and La are given by Eqs. (9.1.22) and (9.1.23), 

FIGURE 9.8 
Acoustical low-pass filter circuit. 
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or else (9.1.26) and (9.1.27), if the opening is a slit. The equation of con­
tinuity, relating the compressibility times the pressure change in the (11 + l)st 
enclosure to the net influx to this volume, is 

U U ·v op,.+l · c 
n - n+ l = K ~ = -IW aPn+l 

where C0 is given in Eq. (9.1.21) . 
Expressing U,,+l and Pn+i in terms of U ,. and p,,,, we have 

Pn+l = P 11 - Z aU n 

U n+L = iwCaPn + (I - iwC"Z0 )U,,, 
(9.1.31) 

For wave motion propagated in the positive n direction, p ,,.11 and U n+i must 
both be a constant factor times p,,. and Uni respectively. If we write this 
factor ei()), the real part of cf> will be the phase change from element to element 
in a simple-harmonic wave, and the imaginary part will measure the atten­
uation of the wave. Solving Eq. (9.1.31), with P n+i = ei <1>p,. and U,,,+1 = 
e;q, U"' we find that 

ei<I> = l - ½iwC0 Z0 ± V - iwC0 Z 0 - ¼(wC
0
Z

0
) 2 

or 

cos <I> = l - ¼iwC Z = l - - - - - i --I( w J
2 

I ( w ) 
- a a 2 Wo 2 WoQ2 

where 

2 l 
Wo = -- , 

L0 C" 
and 

(9.1.32) 

The real and imaginary parts of <I> can be determined graphically from 
Plate Il I. 

For frequencies considerably below the resonance frequency w0/27T, the 
relation 

(9.1.33) 

is valid. It provides a basis for calculating the wave velocity and attenuation 
in the filter sequence. Since the pressure in the nth enclosure, roughly, a 
distance x = 11/ from the beginning, is P0e1" <1>, the pressure a distance x 
from the beginning is 

P ix<!>/t ~ p [· ( x J S D0 ) x kdvJS0 D0] oe - 0 exp Ho - -- - t - - - - -
2c Sof I 16 SI 

for cv ~ W0 
where S = cross-sectional area of duct 

I = distance between successive constrictions 
S0 = area of constricted opening 
D0 = perimeter of opening 

Q ► l (9.1.34) 
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Thus we see that the effective phase velocity c<P of the wave along the network, 
and the damping constant y, the inverse of the distance within which the 
amplitude decreases by a factor e-1

, a re 

and 

As the driving frequency is increased to w0/2rr and greater, these formulas 
are no longer valid, and one must solve Eq. (9. 1.32) graphically or numer­
ically. A sudden change comes a t the frequency w0/rr, particularly when 
Q ► 1. For at driving frequencies greater than w0/rr, the real part of 
cos <I> is less than - 1, and the imaginary part of <l>, which had been small for 
w < 2w0, now increases rapidly with frequency. 

<I>~ 7T + i cosh- 1 [~(:J2 

- l] QZ ► 1 (9.1.35) 

Each enclosure oscillates out of phase with its neighbors, and the wave is 
rapidly damped out with increasing n. Above this cutoff frequency w0/rr, 
true wave motion is impossible. 

Other sequential acoustical circuits can be devised, to act as high-pass 
or bandpass filters. The details will be left to the problems. 

9.2 HIGHER MODES IN DUCTS 

It is possible to consider a sound wave in a pipe as a one-dimensional 
wave, somewhat like a wave in a string, only when the wavelength of the 
sound transmitted is much longer than the transverse dimensions of the pipe. 
This limiting case was dealt with in detail in the preceding section; it is now 
time to take up the higher-frequency waves, where this simplification is 
not valid. In addition to the fundamental wave, traveling in the axial 
direction and having wavefronts which are uniform across the duct cross 
section, there are waves which reflect back and forth from the duct walls as 
they travel along, for which the pressure distribution is not uniform across the 
duct. 

These higher modes of wave transmission have phase velocities which 

are greater than the velocity c = V I /Kp of sound in free space. As the 
frequency is decreased, the phase velocity of each higher mode increases, 
to become infinite at some cutoff frequency, characteristic of the mo~e 
considered. Below the cutoff, true transmission cannot take place for this 
mode ; the wave attenuates rapidly. Thus, at low frequencies, only the 
plane wave, the fundamental mode, is transmitted. At higher frequencies 
some of the higher modes also are propagated, and these additional waves 
must be included in our calculations. 
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Internal reflections and higher modes 

Thus we can consider a wave inside the duct as a combination of plane­
wave components, incident on and reflecting from the duct walls. When 
the wavelength A = 21rc/w in free space is small enough, in addition to 
the plane wave traveling in the direction of the tube axis, there will be other 
waves, which reflect from side to side as they travel along. They cannot 
strike the sides at any angle; the incidence must be such as to a void de­
structive interference between successively reflected waves. 

- -------- -- 2.Rton8-----------

FIGURE 9.9 
Reflected-wave components making up the first higher mode 
propagating between two parallel plates. Solid lines repre­
sent pressure maxima of the compon~nt wave; dotted lines, 
pressure minima. Arrows, representing direction of propa­
gation of the components, are normal to the wavefronts. 

..R 

To illustrate these points we first consider a two-dimensional model, 
that of wave motion between plane parallel plates, as shown in Fig. 9.9. 
Rt::ference to Eq. (6.3.5) indicates that if the duct surfaces are rigid, the phase 
of the incident and reflected waves must be equal at the plate surface, maxi­
mum coinciding with maximum and minimum with minimum. If the 
alternate reinforcements are a single wavelength apart, so that 2/ cos 0 = A, 
as shown, the wave is the first transverse mode ; if they are m wavelengths 
apart, so that 2/ cos 0 = mJ., the wave is the mth transverse mode. The 
wave for 0 = ½1r (m = 0) is, of course, the fundamental mode. Thus 
the distance between successive maxima on the sides of the duct is 

21 ..l. 
- cot 0 = --,===== 
m v' I - (m}./2/)2 

and since w/21r = cf). of them must pass a given point in a second, the speed 
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of the mth mode down the duct is 

. C C 
Phase velocity c"' = . 

0 
- ----,===== 

sin ,,. V l - (mJ../2/)2 

. . 111). mnc 
Angle of incidence = 0"' = cos- 1 - = cos- 1 -

1
-

2/ w 

(9.2.1) 

The maximum l for the mth mode, corresponding to 0.,, = O°, is ). 111 = 21/m. 
At the frequency w,,./2TT = mc/2/, corresponding to this maximum A., the 
phase velocity of the mth mode is infinite; below this mth cutoff frequency 
the mth mode r.annot propagate along the tube. Finally, by noting where 
pressure maxima cross pressure minima of the reflected waves, we can 
convince ourselves that the mth mode has m nodal surfaces (where p is zero) 
parallel to the duct axis. 

This same geometrical analysis can also provide an approximate 
answer when the acoustic admittance of the walls is not zero. For example, 
in the case of the parallel plates of Fig. 9.9, if the lower plate has specific 
acoustic admittance {31 and the upper one has admittance /32 (with f3 = ! - ia 
in both cases), then Eq. (6.3.5) indicates that at each reflection the wave is 
changed in amplitude and phase by the factor 

C 
_ I - (/38/cos 0,,.) ,-..; - 2~. + 2ia5 

s111 - 0 - exp . ~ 
I + (/3 5/cos m) v mJ../2 

if ml ► 41 lf3sl (9.2.2) 

the subscripts being I for reflection from the lower plate, and 2 for reflection 
from the upper plate. For ml ~ 141/3,l, the formula for 0 ,,, in Eqs. (9.2.1) 
is still valid. Thus, at each reflection, the amplitude of the wave is reduced 
by a factor roughly equal to exp (- 2!,/cos 0111), and the phase of the wave is 
advanced by 2a5/cos 0"' radians, so that incident maxima do not exactly 
coincide with reflected maxima at the sides of the duct. 

Since in two reflections, one from each side, the acoustic ray has pro­
gressed a distance 2/ tan 0,,, down the duct, the attenuation of the wave per 
unit distance is given by the factor 

( 
2!1 + 2~2 l ) ( ~1 + ~2) exp - = exp - . 

cos 0,,. 21 tan 0111 I sin Om 
(9.2.3) 

and the phase of the wave is advanced by (a1 + a 2) / / sin 0,,, radians per unit 
length, because of the reflections. However, even if the wall susceptances 
a1 and a2 were zero, the phase would be advanced in a unit length by an 
amount equal to the angular velocity <o = 2TTcf}, divided by the phase 
velocity c"' of Eqs. (9.2.1). Thus the total change of phase per unit length j 
along the duct is, roughly, (2TT/ A) sin Om + [(a1 + a2)/ / sin Om], and the j 
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dependence of the pressure on the distance z along the duct is via the factor 

{ [
2rri 

exp T 

when IPI ~ mJ./4/. Compare these results with the exact solution, Eqs. 
(9.2.14) and (9.2.16). 

An approximate answer is all we can expect from this mixture of wave 
and geometrical acoustics. Furthermore, the effect of reflections, when the 
duct walls are not planes, is not easily computed this way. On both counts 
it is desirable to work out the exact solution for a wave traveling along the 
inside of a uniform duct. 

General formulas for transmission 

We set the z axis parallel to the axis of the duct. The interior cross 
section, parallel to the xy plane, is some area S, bounded by a perimeter D, 
the intersection of the cross-sectional plane and the inner duct surface. 
The wave equation for simple-harmonic waves 

(::2 + :;2 + ::2) p + (;)2p = 0 (9.2.5) 

thus allows the z factor to be separated off, p = 'Y(x,y)e;k,z, where we have, 
as usual, omitted the time-dependent factor e -iwt. The equation for the 
transverse factor'¥ is then 

(9.2.6) 

Note that the x of this section is not the compressibility K. • 

This equation for'¥ is the same as Eq. (5.2.3) for the vibrations of a 
membrane, except that now it is for a factor of the pressure, instead of 
transverse displacement. As with the earlier problem, the solutions which 
fit the appropriate boundary conditions occur only for a discrete set of values 
of the constant %, these values being called characteristic values (or eigen­
values), and the corresponding solutions '¥ being called characteristic 
functions (or eigenfunctions). Since the boundary conditions in the present 
case differ from that for the membrane, the functions and values differ in the 
two cases, but many of the general properties are the same. 

For the membrane within rigid boundaries, the displacement has to be 
zero a long the perimeter. For a duct with rigid walls, the fluid velocity 
normal to the surface wall must be zero. Since the vector velocity is related 
to the pressure according to the equation 

l 
u = -.- gradp 

1pck 
<v = ck 
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the boundary condition fo r rigid walls is that the component of grad 'Y, 
normal to the perimeter (which we can write oo// on), be zero at every point 
on the perimeter. 

On the other hand, if the duct walls are locally reactive to the pressure, 
so that we can ascribe to the surface an acoustic impedance z = pf un or a 
specific acoustic admittance f3 = t - i<J = pc/z, then the boundary con­
dition, to be satisfied everywhere on the perimeter, is 

oo/ 
-= ikf'Y 
011 

w 
k = ­

c 
(9.2.7) 

where the normal is directed into the wall, away from the interior of the duct. 
The discrete set of eigenvalues of " for which this boundary condition is 
satisfied may, for simplicity, be distinguished from each other by the index 
number n (though we shall see later that it is often more convenient to use 
a pair of index numbers). The characteristic function satisfying boundary 
condition (9 .2.7), corresponding to x,., will be denoted o/ .,(x,y). 

l f the impedance of the duct surface is purely reactive, so that fJ is 
pure-imaginary, the eigenvalues x11 will all be real numbers. ff, however, 
f3 has a real part, then "n will have a negative-imaginary part (as will be 
demonstrated later), and thus the wavenumber k . = kn = [(w/c)2 - xn2J½ for 
this mode will have a positive-imaginary part. The corresponding char­
acteristic functions '¥ n have the same general orthogonality properties as 
indicated in Eqs. (5.2.16) and (5.2.26). These general properties can be 
summarized as follows: 

p., = I A,,'¥ .. (x,y)eiknz- iwl 
1l 

'¥,, satisfies Eq. (9.2.7) along the perimeter D , 

111 =/= II 

m = 11 ffo/11
1-F,,, dx dy = {O 

s SA,. 

(9.2.8) 

where the subscript 2 is used to specify that the Laplace operator 'il z2 is for 
the two-dimensional area of cross section. The complex dimensionless factor 
A

11 
is the mean value of 'F,,2 averaged over the duct cross section S. Note 

that if the duct surface is not locally reactive, the f3 of Eq. (9.2.7) will de­
pend on m and the set of functions '¥,,. will not be mutually orthogonal. 
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The separation of k,, into its real and imagi nary parts shows that the 
wavelength along the duct axis of the nth mode is An, and thus that its phase 
velocity is en = w},nf27T, and that the pressure amplitude attenuates by a 
factor of e- 1 in a distance 1/7Ty,,. Since lx,.I increases as n increases, we 
note that An tends to decrease as II increases. Therefore, for any specified 
frequency, there is a value of II for which Re x,.2 < (w/c)2 < Re x~+l- At 
this frequency the imaginary part of km for all values of n greater than this, 
is much larger than the imaginary parts for smaller n's, indicating that all 
these higher modes are strongly attenuated. To put it another way, each 
mode has a cutoff frequency c/2"; for driving frequencies above this the mode 
propagates along the duct with (usually) quite small attenuation, but for 
driving frequencies less than this the attenuation is very large, so large that 
the mode cannot be said to propagate as a wave. 

When the duct walls are rigid ({J = 0), the lowest eigenvalue x0 is zero, 
for which '¥0 = I , so that A.0 = I. This is the fundamental mode; when 
(3 = 0, its phase velocity is c, the velocity of sound in free space; it propagates 
as a plane wave. For frequencies below the cutoff frequency of the lowest 
higher mode (i.e., when w < 27Tt/A1), only this fundamental mode is propa­
gated without attenuation (if fJ = 0); all higher modes are strongly atten­
uated. (This is the justification of the assumptions made in Sec. 9.1.) 
As w is increased, when it becomes larger than 27Tc/l1, the first higher mode 
also propagates with zero attenuation (if fJ = 0), though at a phase velocity 
higher than c. And so on; as the frequency is increased, successively higher 
modes can be transmitted along the duct, and the phase velocity of each 
decreases, coming closer to the constant value c of the fundamental mode. 
Compare this with the discussion of Eqs. (9.2.1); the quantity x,. replaces the 
quantity mn/f of the simple model, and for fJ = 0, the effective angle of 
incidence 0n of the simple model is equivalent to cos- 1 (x,.c/w) of the exact 
solution. 

This same behavior is also true when the specific admittance fJ is not 
zero but is pure-imaginary, except that here the phase velocity of even the 
fundamental mode differs from c; all modes exhibit dispersion, as discussed 
on page 477. If the specific conductance~ of the duct walls is not zero, all 
modes are attenuated at all frequencies, and thus the distinction between no 
attenuation above the cutoff frequency and no transmission below it becomes 
less clear-cut. As long as~ is small compared with unity, however, it still is 
true that above its cutoff frequency the attenuation of the nth mode is slight; 
below it the mode is sharply attenuated. 

We should also mention that, unless the tube is very narrow, the surface 
effects of thermal conduction and viscosity may be expressed in terms of the 
equivalent surface admittance 
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of Eq. (6.4.36) (see also page 292), which may be added to the admittance 

of the surface itself to obtain the (3 of Eq. (9.2.7). We shall show later, for 

various duct shapes, how to compute the value of the ratio (k ,Jk) for each 

mode. Calculation of the effects in a very narrow circular tube will be given 

at the end of this section. 

Dispersion of the higher modes 

Thus we see that wave propagation, for a ll modes except the fundamental 

m0de in a duct with rigid walls (and neglecting thermal and viscous effects), 

is dispersive in the sense of the discussion of page 477. For a duct with 

rigid wal1s, the phase velocity of the nth mode is 

W C 
C = - = --::====== 

q, k,. VI - (cxn/<J.>)2 

where c is the velocity of sound in free space. Below the cutoff frequency 

cx,,/27T, the phase velocity is imaginary, indicating no propagation. Just 

above the cutoff frequency the phase velocity is very large and real, and as 

w->- oo, c,,, approaches c from above. The group velocity, for a group of 

waves centering at frequency wa/271, is, according to Eq. (9.1.18), 

which is less than c for the frequencies above the cutoff. 

The signal velocity cq,( oo) is c, in spite of the fact that the phase velocity 

is greater than c for all frequencies for which the wave transmits. For 

example, by use of Eq. (9.1 .20) and an extended table of Fourier transforms, 

we can show that a delta-function pulse, for the 11th mode, started at z = 0 

at t = 0, becomes the wave 

p = ~ \l_J' n(x,y)J 
00 

exp [ ;:. V w2 
- (x11c)2 - iwr] dw 

27T -co C 

\U' (, ){~( z) ( z) l1lxncv1
2 

- (z/c)
2
)} 

= r xy u t - - - u I - - X Z---'-'.=== = -
11 

, ' c C n V 12 - (z/c)2 

a time I later (where u is the unit step function). The pulse, represented by 

the c5(t - z/c) term, travels with the free-space velocity c; trailing behind it is 

a "wake," represented by the second term. Although the dispersive 

propagation spreads out the wave behind the pulse, nothing reaches the 

observer at z until time z/c, when the pulse arrives. 
For ducts with nonrigid walls even the fundamental mode is dispersive, 

and the expressions for phase and group velocities are more complicated 

than the ones just discussed; but as long as the duct walls have stiffness and 

mass, the signal velocity cq,(oo) is equal to the free-space value c. 



Page 521 of 933

9.2 HIGHER MODES IN DUCTS 499 

Generation of sound in a duct 

Sound can be genera ted by placing a vibrating piston at one end of the 
duct. Suppose the duct extends from z = 0 to z = a:>, and suppose the 
driving surface at z = 0 has velocity in the z direction , at point x, yon its 
surface, equal to U(x,y)e- iwt. As with Eq. (5.2.17), we use the properties 
of the eigenfunctions given in Eqs. (9.2.8) to work out the series expansions 
for the wave in the duct. 

] Op 2 H J' ., , , 
U = - - = u .T e ••·nz-,w, 

z i pw oz ,, " 11 U,, = S~ JJ U(x,y)'P',, dx dy 
" s (9.2.9) 

'" [ ( C" ) •] -,\, \A.I • , r,. 11 ... - . •· , 
p = pc L - ,- u ,.'¥ ,.e•k,,z-1<0/ = pc L l - - u n'P' ,..elkni-,cot 

,, ck,, ,. w 

All modes are present (unless U,. is identically zero) close to the driving 
surface, but those modes having cutoff frequencies greater than w/21r die out 
rapidly, leaving only the lower modes to transmit energy any appreciable 
distance along the tube. The wave cannot transmit all the details of the 
piston motion, as represented by the function U(x,y); fine detail of dimensions 
smaller than ). = 21rc/w is lost in transmission. 

I f the duct wall is rigid and we neglect thermal and viscous losses at 
the walls, the lowest characteristic function is '¥0 = I, and x0 is zero, 
as mentioned earlier. Thus, by the last of Eqs. (9.2.8), the integrals 
J.f '¥., dx dy, for all n > 0, are zero. In this case, if the driving surface 
at z = 0 is a perfect piston, with velocity U independent of x and y, U0 will 
equal U, all Un for 11 > 0 will be zero, and the propagated wave 

U = Uei(w/c)z-iwt 
z 

will be the plane wave discussed in Sec. 9.1, with constant ratio between 
pressure and velocity. If the driving surface is not a perfect piston, however, 
some of the higher modes will be excited, and the ratio between p and u, 
at the driving surface will not be exactly pc. In fact, for those modes for 
which x,, > k , k,. will be positive-imaginary and the radical in the sum for 
p will be imaginary. 

pc [ I - ( c:.,)2J-! = :: = - irvp [ x,.2 - (:v)2] -½ 
and the corresponding radiation impedance at the driving surface will contain 
a mass-reactance term. 

If the duct walls are not perfectly rigid, or if thermal and viscous effects 
at the surface are not neglected, some of the higher modes will be excited, 
even if the driving surface is a perfect piston. For in this case 'Y-0 will be a 
function of x and y, and therefore the integrals JJ '¥ ., dx dy (11 > 0) will not 
be zero, and the radiation impedance will have reactive terms even for a 
perfect piston. This effect will be accentuated if the driving frequency 
happens to be just below some cutoff frequency, so that the factor [x,.2 -

(w/c)2]-·~ is large for that 11. 
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The Green's function 

If the sound generator is a simple source, at point x0• y 0, z0 within a duct 

which extends from z = - ro to z = + ro, the resulting wave can be com­

puted from the Green's function for an infini te duct, the solution of the 

equation 

[::2 + ~: + ::2 + (;>)2]g.,(x,y,z I Xo,Yo,zo) 

= - o(x - Xo) o(y - Yo) o(z - Zo) 

which satisfies the boundary conditions of Eq. (9.2.7). It can be expressed 

io terms of a series of the eigenfunctions qr,,. 

g., = L F,.(z)qr.,(x,y) 
n 

Insertion in the differential equation, multiplication by\}',., and integration 

of both sides over S results in a set of equations 

(!!:_ k 2)F = _ qr,,cxo,Yo) b( _ ) 
dz2 + n n SA,1 z Zo 

Reference to the derivation ofEq. (4.4.ll) from Eq. (4.4.9) shows that 

;qr,,(x0,y0) . 

F,, = 2k,,,SA,. exp (1k., lz - z01) 

where, when Re x,.2 > (w/c)2, k ,. must equal i (not - i) times the radical 

[x,.2 - (w/c)2J½ in order that the higher modes attenuate, rather than augment, 

with increasing values of lz - z01. 
Thus the Green's function for the infinite duct is 

As mentioned before, if we can assume that the duct walls are rigid, x0 = 0 

an_d ~,igenvalues x,. are real, nonnegative quantities, and the qr n's 

are real, satisfying the condition aq,/O11 = 0 along the perimeter of S. 

In this case we can separate the attenuated upper modes (for which 11 > N, 

where x.v < w/c < x.,·-t i) from the propagated upper modes for 11 < N. 

ic i s \}' (x y)qr (x ·y) 
g = _ _ edw/cl lz-zol + _ L " · • n • O• O e lk. lz- zol 

"' 2wS 2S n=l A,,k,. 

+ _J I qr ,i(x,y)o/,,(xo,Yo) e- K. lz-zol (9.2. 11) 

2S ,, X -'-1 A" K,, 

k ,, = (
w\2 
cl - x..2 

K = x.2 __ (
(0)2 

n n C 

T his series looks very different from the simple expression (l /41rR)eikR 

of Eq. (7.1.6) for the Green's function in free space. Indeed it is; the 
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reflections from the duct walls have so modified the wave that the radiated 
energy is channeled outward only along the ±z axis, instead of going out in 
all directions. Of course, if the source point is a large number of wave­
lengths away from the nearest portion of the duct wall, the interior of the 
duct will look almost like free space to the source. In this limiting case, 
when N is very large, k,. will be real for a large number of terms in the series. 
Physical intuition thus tells us that, for x, y, z close to x0, y0 , z0 (R < ?.), the 
series of Eq. (9.2.10) approaches ( I /41r R)e1

kll when the driving frequency is 
larger than the cutoff frequencies of a large number of modes of the duct. 
This can be proved mathematically, though the manipulations required are 
too lengthy to go into here. 

Impedance of a simple source 

When the wavelength is roughly the same size as the transverse dimen­
sions of the duct, the radiated pressure wave is appreciably different from the 
free-space Green's function, even in the region close to the source point. 
1n this case the presence of the duct walls appreciably modifies the reaction of 
the medium back on the simple source, even more than the presence of a 
nearby plane surface [Eq. (7.4. 14)). To show this more specifically, we 
suppose the sound generator to be a simple source, of strength S,

0 
(not to be 

confused with S, the cross-sectional area of the duct) and of driving frequency 
w/21r, of the sort discussed in Sec. 7.1. The pressure wave inside a duct with 
rigid walls and outside the sphere of radius R = a[R2 = (x - x 0)2 + 
(y - y0) 2 + (z - z0)2] is - iwpS"'g.,(r0 + R I r0). For wavelengths of the 
same size as the duct dimensions, or longer, w/c is smaller than x,, for all 
but the first N modes, with N small, and all but a few of the terms in J>,,- •• 

(9.2.11) are nearly equal to 

__ l -'Y (xy)'Y (x y )e-><,. lz-zol 
2s' A n , n ' o, 0 

X n n 

It is possible to show that, close to the source point, 

l lz - z01 I ~ '¥ ,.(x,y)'Y nCxo,Yo) _,, 1 _ I 
- --+- ___ + - £.., - - ----e nZ Zo 

41r R 2S 2S n=l Anxn 
as R-+ 0 

For the longer wavelengths (N small), therefore, the terms in series (9. I.I l, 
for n > N are approximately equal to the corresponding terms in the series 
for 1/41rR, for R small. 

Adding and subtracting this comparison series, we finally obtain an 
approximate formula for g.,, valid for the longer wavelengths. 

[ 
1 i . 

1 
lz - z0 I g =:: _ _ + _ e •k z- zol + __ _ 

co 41T R 2Sk 2S 
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The mean pressure - iwpgw on the small sphere of radius a of the source is, 
approximately, 

p s '.::= - -- + - + L l J n ' - + - s e - t<vl 
P<v {- iS l x rul'(x0y0)]2 ( I i)} . 
2S 4rra k 11 = 1 A ,. k ,. x,, "' 

The fluid flux at the surface of the sphere is, by definition, 

Therefore the limiting forms for the mechanical force, velocity, and imped­
ance of a simple source in a duct a re 

s, . 
U ~-•-e-10,/ 

s - 4rra2 (9.2.12) 

for ka ~ I and for N small. 
This is an interesti ng formula, particularly in comparison with Eqs. 

(7.1.11), the analogue for a simple source in free space. The first term in the 
reactive part is the same as the reactive part in Eqs. (7.1.1 I); the presence 
of the duct walls reduces the mass load on the source by a small amount, 
proportional to the ratio between the radius a of the source and the mean 

dimension VS of the duct cross section, the exact value depending on the 
placement of the source. 

ln contrast, the resistive term in Eqs. (9.2.12) is larger than lht: n:::;islance 
for a source in free space by the large factor (l/ka)2. The radiation resistance 
does not go to zero as (ka) 2 for ka small as it does for waves spreading out 
radially in three dimensions; it approaches-a constant value, independent 
of ka, as it does for plane waves moving in one direction. The first term, 
corresponding to the fundamental (plane-wave) mode, is equal to the 
radiation resistance on a plane piston of area 8rr2a 4/S (much smaller than S) 
rad iating plane waves normal to its surface. The additional terms, one for 
each higher mode which propagates at the driving frequency , have a more 
complicated frequency dependence. When the driving frequency is just 
larger than the cutoff frequency of a particular mode (say, the 11th one), ~ 
its radiation resistance is larger than that of the fundamental mode [unless 
the source is at a node of the 11th mode, i.e., unless o/,,2(x0,y0) is zero]. 
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As the frequency is increased, the radiation resistance increases stepwise, 
each new step correspond ing to a new mode becoming propagationaJ, being 
introduced by a narrow peak of cross-duct resonance for that mode. The 
steps get closer and closer together, and the peaks get narrower and narrower 
and, if we average out the narrow peaks, the curve approaches the value 
pc( 4na2)k2a2, which is the radiation resistance of the source in free space. 

10 

t 

d = %b 

xo: fb; 

Q 
N 

----0 '---~-=-=---__,_-_____ ..._ ____ ....i.... ____ __. ____ __, 
0 

FIGURE 9.10 
Radiation resistance R, of a simple source of radius o at 
point x0 , y0 , 0 in a rectangular duct of sides b, d. Numbers by 
each peak indicate them, n of the mode resonating. Dashed 
curve is radiation resistance for same source in free space. 

2 

Figure 9.10 is a plot of the real part R. of the z. of Eqs. (9.2. 12) for a rec­
tangular duct of width band depth d, with the source at x 0, y0 as noted. The 
stepwise character of the curve is apparent. The dashed curve is the 
corresponding free-space resistance. 

The impedance of a simple dipole in a duct differs even more from its 
counterpart in free space, as described in Eqs. (7.1.12). For example, if the 
dipole is oriented transverse to the duct axis, there is no radiation below 
the first cutoff frequency ; at low frequencies the radiation impedance is 
purely reactive. However, the general formulas do not merit writing down 
here. 

Rectangular ducts 

To make further progress we must deal with specific forms of duct 
cross section . The simplest case is the rectangular duct, of breadth b in the 
x direction and depth d in the y direction. If the duct walls are rigid, we 
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choose the z axis to run along one corner of the duct, so that the boundary 
conditions are 

atx = 0 x = b 
' 

op 
-=0 
oy 

aty = 0,y = d 

The characteristic functions and values for the transverse factors of the 
various modes are then 

7rmX 7rny 
'¥ m,i = COS -b- COS d € = {I 

m 2 

m = 0 

m>0 
(9.2.13) 

Contrast these functions with those of Eqs. (5.2.15) for the displacement 
of a rectangular membrane, which must go to zero at the boundary. The 
fundamental mode is, of course, the m = n = 0 case. ln the change from 
the two-index notation used here to the one-index notation used earlier, 
the particular seq uence of (m,n) pairs, which will form a monotonically 
increasing sequence of xmn's, is one which depends on the value of b/d. The 
cutoff frequency for the (m ,n)th mode is cx,.,,/27r. 

Incidentally, these results should be compared with the simple reflection 
model of Fig. 9.9. Since the earlier model considers reflections from one 
pair of planes, we should compare with the modes for 11 = 0. The phase 

velocity c<P = wfkmo is equal to c/VI - (mnc/wb)2
, from Eq. (9.2. 13), which 

checks with Eq. (9.2.1) exactly. Therefore, in general, the angle of incidence 

on the sidewalls of the (m ,n)th mode is cos- 1 V(7rmc/wb)2 + (TTnc/wd)2
• 

The number of nodal surfaces (where pis zero) parallel to the x walls ism; 
the number parallel to they walls is n. 

If the duct walls are oot rigid, but have uniform specific acoustic 
admittance, /3., for the two walls perpendicular to the x axis and {]11 for the 
two y walls, then it is somewhat more convenient to run the z axis along the 
central line of the pipe, so that the boundary condition is 

at x = ± ¼b aty = ±½d 

ln this case we must distinguish between even and odd symmetry in each 
direction. We set 

where 

( X) ( J) '¥,,.,, = Csm q,,,, b Csn qn, d 

{
cos ( 'lrq 111u) 

Cs,,.(q.,.,u) = . 
sm (7rq .,.u) 

when n = 0, 2, 4, .. . 

when 11 = 1, 3, 5, . . . 
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The boundary conditions for the x factor are met, for the even functions, 
by adjusting qm so that 

=i= 'TT'{f"' s' TTq Ill ± 'k{J 'TT'q m -- tn - = I cos--
b 2 "' 2 

or 
for m an even integer 

Those for the odd functions require that q,,. satisfy 

77</ m 'TT'{f m 'k{J • 1rq m 
-COS - = / sin-

b 2 "' 2 
or 

fo rm an odd integer 

Two similar equations relate {fun to Pir 

In many cases of practical interest, the wall admittance is small enough 
so that {3kb = (2r.b/ J..){3 is considerably smaller than unity for both the x and 
the y walls. When this is true we can use first approximations to the 
solutions. For the x walls, 

m = O: 

i1rq:,,0 = irr(µzo - iv.,o) ~ V2ifJzkb 
or 

I 
µ.,0 ~ - Im [V(cr., + i~.,)2kb] 

1 . 
v.,0 ~ - Re [V (cr., + ,~.,)2kb] 

71' 71' 
m > 0: (9.2.14) 

or 
2~kb V ,..._, __ 

xm- 2 71' m 

and the x factor in the characteristic function, with its normalizing factor, is 

m = O 

m > O 

( 
X) 1TflxmX . r.v.,mX . 1rµxmX 

Cs"" q"'"" b ~ cos b + 1 b sin b 

m odd: (9.2. 15) 

l Ib/2 (71' ) kb 
N z m = -b sin2 -b Cfz mX dx ~ ½ + (cr,t + if,) - 2-

-b/ l 1rm
2 

C ( 
X) ~ . ( 1rµ.,mx) . 'TT'V,-,w'I: 71'µ.,.,,x 

Sm q,.,m, b - sin b - I b cos b 
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as long as fJJ<b ~ 1. We note that, since the wall conductance must be 
positive, vx,,, is positive for all values of m. 

The y factors a re constructed similarly, with d instead of b in the equa­
tions, and with different values of /3 if it should happen that the y walls differ 
in admittance from the x walls. Thus the characteristic functions, their 
normalizing factors, and their propagation constants may be written 

where (k?,.,)2 = k 2 - (wrn/b)2 - (wn/d)2; the approximate formulas are for 
kbfJ small ; and as always, e:,,. = l when m = 0, e:m = 2 when m > 0. 

It is interesting to note that for a two-walled duct the transmission factor 
would be 

k ,.._, kJI _ (wm)2 
Em(<1 + i~) 

m- + 
kb y' b2 - (mn/k)2 

and therefore, to this approximation, the factor e i k,.z corresponds to the 
factor of Eq. (9.2.4), obtained from the geometrical model for the higher 
modes (m > 0, Em = 2) when (:J1 = /32 = fl. The reflection model, however, 
gave an indeterminate answer for the fundamental mode, whereas the present, 
more detailed analysis shows that the fundamental mode is affected just 
half as much ( E0 = 1) as are the higher modes, to this approximation. 

Thus, when lf:JI is small compared with the ratio between the wavelength 
A = 2rr/k and the perimeter 2(b + cl) of the duct, t he attenuation factor 
Im k ,nn equals the weighted mean (E,,l.,/b) + (E,J,j d) of the specific con­
ductances of the walls, divided by the sine of the angle of incidence, sin 0mn = 
[1 - (wm/kb)2 - (rrn/kd)2]½. The numerator is the same (to this approxi­
mation) fo r a ll modes except those which travel parallel to a pair of walls 
(i.e., for which m and/or II are zero). For the fundamental (m = n = 0), 
the numerator would be (f,jb) + (t) d); for waves tangential to the x walls 
(m = 0, n > 0), it would be (f,Jb) + (2~ufd); and so on. This is, of course, 
true only for those waves which propagate at the frequency w/2rr; for those 
modes having cutoff frequencies higher than this, k !!.n is imaginary, and no 
true propagation is possible. 

When the duct is fitted with a piston at z = 0 which drives the air in 
the region z > 0, with a uniform velocity amplitude U(x,y) = U0, the 
formulas of Eqs. (9.2.9) hold. In this case the approximate formulas for the 
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amplitude factors U mn of the transmitted wave turn out to be (if {3,, = f3u = {3) 

U00 ::::'. Uo[I - i\·(a + ;g)k(b + d)] 

kd 
Uo•n :=::'. Uo(-l)"- 1(a + ;g) -2 2 

Umn = 0 if m and/or n is odd 

,. 'IT II 

(9.2.17) 

m, n > 0 

Thus, even though the piston is perfectly rigid, so that only the fundamental 
mode would be radiated if the duct walls were rigid, when the walls are 
nonrigid, the higher modes are also excited to some extent. And when the 
driving frequency happens to be just greater than some cutoff frequency, 
so that some k nrn is very small, Eqs. (9.2.9) indicate that this mode will have a 
large amplitude and a phase velocity markedly different from the other 
components of the pressure wave. Measurements made in such a tube, 
if interpreted on the assumption that only the fundamental mode is present, 
will appear to produce erroneous results, since both the phase velocity and 
attenuation constants of these higher modes may differ, by fairly large factors, 
from those of the fundamental. 

Finally, we can see, by reference to page 519 and to Eq. (6.4.36), that 
the thermal and viscous effects can be approximated by ascribing to the 
duct walls an additional specific acoustic admittance {3h and, for the (m,n)th 
mode, admittances f3vxm and f3vun for the x and y walls, respectively, where 

{3,. ~ (I - i)(y - l)kd,1 

(9.2. 18) 

Large wall admittances 

When 1/31 kb is not a small quantity, the tangent-cotangent equations 
for qm must be solved numerically. A graphical method is illustrated by 
Plate IV. We set q,,. = - 2ig, so that g = ½v,,, + ½iµ,,., and we set 

{3kb pc b . . 
- = - - e1

"' = he'"' 
27T lzl ..l 

so that 

h = pc~ = 1/31 kb 
Jzl A 27T 

Where .z = R - iX = Jz l e - i'P is the acoustic impedance of the duct walls, 
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lzl its magnitude, and <p its phase. Then the equations giving g in terms of 

/z and <p are 

g tanh (1rg) = ihei"' form even form odd 

The conformal transformation between 11 + iµ and hi"' is plotted for 

these two cases in Plate IV. Knowing lzl and <p, b and J., we can determine 

h and <p, and the corresponding values of ft and 11 can be picked off the 

chart, for both the x and the y walls. Then the transverse function for that 

mode is 

and its propagation factor k,,111 is given by 

The values ofµ and 11 for m (or 11) = 0 lie in the region marked "first even 

mode" in the chart to the right; those for m = 1 are in the region marked 

"first odd mode" in the chart to the left; a nd so on. These values can then 

be used in Eqs. (9.2.15) and (9.2.16) in place of the approximate formula 

given there. 
Conversely, if the real and imaginary parts of km11

2 can be measured (for 

a single mode), the values of µz, 11z, µ 11, and 1111 may be computed (if b = d, 

qz = q11 for m = 11, for example), and the charts can be used to determine h, 

and therefrom the wall admittance f). For the reasons given in the discussion 

of Eqs. (9.2.17), it is usually difficult to isolate a single mode, even the 

fundamental, so that this procedure for measuring wall impedance has not 

been very successful. 
When three sides of the duct are rigid, the fourth side (say, the side at 

x = b) having admittance {J, the same charts can be used to compute µ"' 

and 11z . We set the z axis along a corner of the duct, away from the soft 

wall. Then 
1rqzmX 1rny 

'¥,,. n = COS b COS b 

so that Eq. (9.2. 7) is automatically satisfied for the two y walls and for the 

rigid x wall and becomes (1rq) tan (1rq) = - i{Jkb for the soft wall. Setting 

q - - io ;rm. - b a nd /z = I/JI kb = pc 2b 
1r lzl J. 

produces the equation 
g tanh (1rg) = il,ei<P 
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which is plotted on the right-hand side of Plate IV. Thus, introducing the 
extra factor 2 in the calculation of hand multiplying the values read from the 
chart by } to obtain µ:r:m and v:r:m enables one to use the same chart to work 
out this case. The corresponding propagation constant can be obtained 
from 

, . 2 - ( w)2 (77/1)2 (-rrµ'""'·)2 (-rr1J.,m)2 • -rrµ:r:m 1TV:r:m k,..n - -;; - d - - b- + -b- + 21 _ b ___ b_ (9.2.20) 

It is obvious that the behavior of the sound waves, even of the principal 
wave, is quite complicated when the admittance ratio of the walls is not small 
compared with unity. If one adds to this the fact that many porous acoustic 
materials have impedances that vary considerably with change in frequency, 
it becomes apparent that very few sweeping generalities can be made con­
cerning the behavior of sound in ducts with highly absorbent walls. An 
examination of Plate l V shows that, for negative phase angles (stiffness 
reactance) and for large values of h (small values of impedance and/or high 
frequencies), the value of v can become quite large, and therefore even the 
principal wave can be highly damped. Further examination shows that in 
these cases the principal wave is far from a uniform plane wave, the negative 
reactance of the walls having in some way pulled most of the energy of the 
wave away from the center of the duct to the periphery, where it is more 
quickly absorbed as it travels along. A positive phase angle (mass reactance) 
has the opposite effect. The change of acoustic behavior with frequency is 
greatest when hand {} are close to one of the "branch points" of the equation 
for g, shown as circles on the dashed lines separating the modes. 

Figure 9.11 gives a typical example for a fairly " soft" duct wall (with 
acoustic impedance similar to. a number of sound-absorbent materials). 
The real and imaginary parts of k ,nn = (2-rr/J..mn) + i-rrym,. [Eq. (9.2.8)) 
have physical significance for the transmission properties of the (m,n)th 
mode. As discussed on page 497, the reciprocal of the real part is pro­
portional to the phase velocity of this mode, c,,.n = c(k/k ,,.,.), and the 
imaginary part is the attenuation factor -rry ,.

111 
per unit length of duct. 

Since a reduction of Jpl by a factor of e- 1 corresponds to a power reduction 
of 8.686 db, the power attenuation of the mode in decibels per unit length 
is 8.686-rry,,,,, = 27.3y,,,,,. The lower sets of curves of Fig. 9.11 show how 
the phase velocity of the ( 1, 1) mode rises for frequencies just above its cutoff. 
They also show the very large a ttenuation of this mode, even for frequencies 
Well above the cutoff, for duct walls as soft as this. 

Ducts of circu lar cross section 

When the duct cross section is a circle of radius b, the transverse, eigen­
functions and values are 

\Tl' cos ( ,I. (7Tq m ,,r) 
T »ma= sin ,n'+')J,,, b 

7Tqmn 
Xm n = -b- (9.2.21) 
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where a = + l for the cosine cf> factor and - l for the sine factor, and r, cf> are 
polar coordinates about the central axis of the tube. The properties of the 
Bessel functions are given in Eqs. (5.2.20) and (5.2.21). The boundary 
condition (9.2. 7) is that 

= i{JkbJ,,,(rrq 111.,,)' 
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j' being the derivative of J,,. with respect to its argument. For each in­
t;gral value of 111 there is a discrete set of values of q which satisfies this 
equation ; the smallest will be labeled q mo, the next q ,,,1, and so on. When 
all 'l",,.,, 's satisfy this condition, their normalizing constants are 

a =I= -r or / =I= m or k -:/:= n 

a = -rand / = m and k = n 
(9.2.22) 

where 

and 1:,,, = l when m = 0, = 2 when m > 0. The (m,n)th wave has m 
plane nodal surfaces, extending radially out from the axis, and 11 cylindrical 
nodes concentric with the axis. 

For a rigid duct the boundary condition is 1;,.<7Tq) = 0 or -rrqJ,,._1(1rq) = 
mJ111(1rq). Solutions of this equation will be called q = a,,m, to distinguish 
them from the roots /3,,,,, of Eqs. (5.2.23), solutions of J ... (-rr /3) = 0 for the 
circular membrane. A few values and corresponding values of J,,.(7Ta) are 

o:00 = 0.0000 

CY.10 = 0.5861 

<Y.20 = 0.9722 

<Y.01 = 1.2197 

o:11 = 1.6970 

<Y.21 = 2.1346 

<Y.02 = 2.2331 

<Y.12 = 2.7140 

<Y.22 = 3.1734 

a ,,,n-+ n + ½m - Z m < n ► l (9.2.23) 

J0(1ro:00) = L.0000 Jo(1ro:01) = - 0.4028 Jo(7TC1.02) = 0.3001 

Ji(1rrx10) = 0.5819 

Jl1re1.20) = 0.4865 

11('"0:11) = - 0.3461 

Ji(-rrrt.21) = - 0.3135 

Ji(7r(/_12) = 0.2733 

J i-rro:22) = 0.2547 

m < n ► 1 

As expected, the fundamental (O,O) mode for the rigid tube has a zero 
characteristic value and thus is a plane wave, propagating at the free-space 
velocity c. The cutoff frequency for the (m,n)th mode is rx,,.nc/2b. Thus 
the first modes to become propagational are (1,0), then (2,0) (each being a 
pair of modes, one for a = + I, the other for a = - 1 ), and only after these 
is the second symmetric mode (0, I) propagated, as the frequency is increased. 

Various properties of cylindrical tubes will be worked out in later 
sections, but we can now use the formulas just developed to illustrate some 
of the statements made regarding the radiation reaction on a simple source 
in a duct. If the source, a sphere of radius a ~ b, has its center at the point 
</> = 0, r = r0, z = 0, then the frequency-dependent factor in Eqs. (9.2.12) 
for the radiation resistance, the bracketed factor in the real part of 2 $, 
becomes 

""'ikb € m [J111( 71":J. 111nr of b )/J .,,( 71":l.m ,,) J2 
n .m [I - (m/-rrC1.. 111 ,,)2]V I - (mx,..,, /kb)2 
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where we have absorbed the unity term (for m = 11 = 0) into the sum , 
which is over all pairs of values of m and n for which o:mn < kb/7T. The 
graph for this sum is quite similar to that shown in Fig. 9.10, with the suc. 
cessive peaks coming at kb = 7T<Xm n· As before, the radiation resistance 
jumps discontinuously as the driving frequency reaches tbe cutoff frequency 
of another mode. Of course, if the tube were not perfectly rigid (or if we 
took thermal and viscous surface losses into account), the peaks would be 
rounded off and finite in height, becoming smaller and closer together as w 
is increased, until the curve roughly equals the smooth curve for ½(kb)2, 
the corresponding radiation-resistance term for an isolated source. The 
differences, at lower frequencies, illustrate how much the reaction on the 
simple source is affected by the walls of the tube which surround it. 

When the wall admittance is not zero but is small compared with 
J../27Tb, one can develop approximate formulas, similar to Eqs. (9.2.14) 
to (9.2.16), by using the equations 

1;nC7T<Xmn) = 0 and 1;;,(7Tam,.) = -[I - (m/mx,,m)2JJm(7T<Xmn) 

To the first approximation, in the small quantity 1/31 kb, we have 

1 
i7Tq00 ::::::: v'2(i{3kb) k 00 ~ k + 

2
b (a + ie) 

[ 
(a + ie)kb ] 

7Tq nm ::::::: 7T<Xmn 1 - ( )2 _ 2 7TOl.m,i m 

kr2 

'Yoo ::::::: l + (a + ifl 
4

b A00 ::::::: I - ¾(a + ie)kb (9.2.24) 

where k~., = ·,/ k 2 

- (7rcx,,.nfb) 2 or i-V(7TOl. rnnfb)2 

- k 2

, depending on whether 
the mode's cutoff frequency is below or above the driving frequency. 

The lowest mode of any axial symmetry (n = 0 for a given m) exhibits 
the greatest attenuation, for frequencies above its cutoff frequency, because 
the factor I - (m/7Tcx,,111) 2 in the denominator for k .,111 is smallest, for a given 
m, for n = 0 (note that m > 7TCX,mo for all m). This is in contrast to the case 
of the rectangular duct, where the lowest modes (m or 11 = 0) have a lower 
attenuation than the rest. In the rectangular duct, of course, the higher­
mode waves reflect back and forth from plane-parallel walls, so that there 
can be a whole set of modes which do not reflect at all from one pair of walls 
(the ones m = 0, n > 0 or m > 0, n = 0). But for the cylindrical duct, the 
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only wave which does not reflect from the curved walls is the fundamental 
mode, which has an attenuation constant ~/2b, less than half the value 

~/b·V l - (7nx,,.n/kb)2[1 - (m/rro,:, ... ,.)2] for any other mode (to this approxi­
mation). 

l n the case of the circular pipe the waves have in general two possibil­
ities, when the wavelength is small compared with b: they can reflect more or 
Jess normally from the surface and thus focus in to the center, with circular 
nodal surfaces for its standing waves (this corresponds to n large and m 
small), or they can move in a spiral path, roughly parallel to the wall, with a 
preponderance of radial nodes (which would correspond to m large and n 
small). In the latter case the waves would not avoid reflecting from the 
wall, as they would in the rectangular duct ; their angle of incidence is large, 
and they tend to "cling" to the curved wall. As a matter of fact, the modes 
for 111 large and n small have very small amplitude near the tube axis and 
differ appreciably from zero only for r nearly equal to b. Thus the majority 
of these modes' energy is close to the duct wall, where it is quickly absorbed; 
these "spiral-tangential" waves are more strongly attenuated than the others, 
in contrast to the truly tangential waves in the rectangular duct, which are 
less strongly attenuated than the others. 

Tf I/JI kb is not small, the boundary condition 

- i{Jkb = m - rrq J m-i(rrq) ]_
1 

= - 1
1 

form = 0 
J,,,(,rrq) 

must be solved exactly. If we set q = - iw, so that w = v + iµ, and set 
h = I/JI kb/rr, with fJ = IPI e1"' = pc/Jzl e- i <P as before, the equation for w 
in terms of h and <:p for the J m modes is 

. . . m . J m_i(- irrw) 
,he"" = - - - 1w - --- (9.2.25) 

7T 1.,,,(- imv) 

Plate V plots this conformal transform for m = 0 and m = 1. There is a 
general similarity to the corresponding plots of Plate IV for the rectangular 
duct, though the exact locations of branch points, zeros, etc., differ somewhat. 

As an example, to compare with Fig. 9. LI , we have calculated the values 
of v and µ for the fundamental mode (0,0) in a circular pipe, with walls 
having a unit specific acoustic resistance and a stiffness reactance inversely 
proportional to the frequency, as in the case of Fig. 9.11. The real and imag-
10ary parts of the propagation parameter 

koo = 2rr + i7TYoo = [k2 - ( rrqoo)2] ~ 
},oo b 

can then be computed and are plotted in Fig. 9.12. As mentioned earlier, 
the real part of k00/k is the ratio of the velocity of sound in free space to the 
phase velocity of the mode in the tube, and its imaginary part is proportional 
to the attenuation, and thus to the decibel drop in intensity as the wave 
travels along the tube. These quantities are plotted in Fig. 9.12, for two 
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different wall stiffness constants. The impedances m the two examples 
were chosen to display large attenuations. On the IV plane of Plate V the 
dashed curve goes to the right of the branch point at 11 = 0.41, µ = 0.94· 

' the solid curve goes to the left. The solid curves resemble those of Fig. 9.11 
for the fundamental mode (note that the left-hand curve of Fig. 9.11 is for 
7TYoo, whereas the upper curves of 9.12 are proportional to 2y00). 
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Attenuation and phase velocity of lowest mode in a circular 
tube, with walls having specific acoustic impedance { = Z/pc, 
as function of frequency, fo r two different values of stiffness 
reactance. 

Representation of randomly distributed source.s 

Occasionally, it is of interest to calculate the generation of sound from a 
region inside the duct, where fluid is being produced (or expanded by radiant 
heat) in a random manner or where the fluid is in violent turbulence. This 
problem was discussed in Sec. 7.1 for a turbulent region in free space. The 
confining effect of the duct walls introduces additional complications, in 
part because it is less easy to define a random function in a restricted region 
than in free space. To demonstrate these difficulties and to show how they 
may be overcome, we consider a region of fluctuating fluid generation inside 
a rectangular duct with rigid walls. 
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Our first task is to devise a measure of the variability of some fluctuating 
[unction J(x,y) within the finite area O < x < b, 0 < y < d. In unconfined 
space this would be given by the autocorrelation function for j, generalizing 
the definition of Eq. (1.3.13). But if we define 

I J I> J 'l 1tCt11) = bd 
O 

dx 
O 

f(x,y)f(x + t y + 17) dy (9.2.26) 

as the correlation function for f , we must somehow decide what values we 
should use for f when x + e exceeds b or y + 17 exceeds d. 

We could, of course, say that f is zero outside the limited area, but this 
leads to computational difficulties. lt might seem more "physical" to 
consider the walls as mirrors and to consider f outside the duct cross section 
to be the mirror image of the wave inside, somewhat as was done in the case 
of the string (Fig. 4.7). Another way of saying the same thing is to expand/ 
in terms of the eigenfunctions of the cross section 

bd 

f(x,y) = 2 Cm,Jt ..,,,,(x,y) 
m.n 

Cmn = bd; J J f'Ymn dx dy (9.2.27) 
,nn oo 

and say that f, outside O < x < b, 0 < y < d, is simply the analytic con­
tinuation of the series, over the wider range of the variables. If the walls are 
rigid, function f will be symmetric about the boundary Jines. 

If we do this, it is then easy to calculate the expansion of the auto­
correlation function in terms of the normal modes of the duct cross section. 
Inserting series (9.2.27) twice into Eq. (9.2.26), using the formulas 

cos [(mn/b)(x + ~)] = cos (mn:x/b) cos (7Tme/b) 

- sin (7Tlnx/b) sin (Trme/b), etc. 

and remembering that the integral of cos (mnx/b) sin (Trmx/b) over x from 0 
to b is zero, we obtain 

(9.2.28) 
m.n 

Thus the coefficients in the expansion of the correlation function off are the 
squares of the coefficients of the expansion off itself, a simple extension of 
the relationship of Eq. (1.3.2 1). The coefficients Cm,. can be considered as 
transforms of function f, with respect to the set of eigenfunctions '¥.,,,,. 
Alternatively, 

(9.2.29) 

Now suppose the region R. of the duct from z = - }L to z = ½L is 
filled with fluctuating production of fluid, at a rate s(r,t) units of volume per 
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second per unit volume, s being a function wh ich is randomly variable in 
region R., having a mean-square magnitude (s2) there, a correlation distance 
in space of 111, and a correlation interval in time of -re = 1/w0 , with w

0
/277 

the upper limit of the frequency distribution. Then, from Eqs. (1.3.20), 
(7. l.33), and (9 .1.28), we can write 

C111 ,,8(w, K) = 
4 2

b~J\. J· • ·Jeiwt- il,z'Y,,.,,(x,y)s(r,t) dx dy dz dt 
1T mn 

Y.(d,-r) = :T J· · ·J s(r,t)s(r + d, t + -r) dt dv 
(9.2.30) 

where the integrations are over the cross section of the duct, over z or d. 
from -½L to ½L, and overt or -r from - ½Tto ½T, and the final integral over 
wand Kis from -co to + co. 

The component of the pressure wave of frequency w/2TT, at point r = 
(x,y,z), to the right of region R., can be obtained from the Green's function 
of Eq. (9.2.10) by integrating - ikpcg., times the component of s(r,t) having 
the frequency w/2TT. 

kpc ' o/,m.(x,y)eikmnzf J . . n ~ P,.(r) = -- .,c.,' --,-------,--- • • • etrol- >kmn•o T mnCxo,Yo)s(ro,t) dvo dt 
47Tbd mn J\ ,,rnk,,.., 

k I , c ,,,,.,/(w,k.,,.,.) \T? ( ) i i· • = 7T pc ----- r xy e """ 
k non , 

m-n mn 
(9.2.31) 

Also 

u.(r) = 7T 21 
Cm/(w,kmn)'Y,,m(x,y)efkmn: for z }> ½L 

m.n 

is the axial component of fluid velocity for the frequency w/2TT. The sums 
include all those modes for which the eigenvalue x mn2 = (mn/b)2 + (m1/d)2 

is less than k 2 = (w/c)2, so that k,,./ = k 2 - x,,,,.2 is positive, and the mode 
propagates (which is the meaning of the prime over the summation sign). 
The intensity at r in the unit cv band at w is then the real part of (p.,,u:>, and 
the total power radiated to the right from R . is 

Ww = J (p.,u;) dx dy = TT2pcbd 2' kk IC,,./(w,kmn)l2 

"'u rnn 
(9.2.32) 
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Now suppose the source distribution has an autocorrelation function 
which can be approximated by the usual formula 

(9.2.33) 

where (s2) is the mean-square value of the source functions in region R,, and 
w is the correlation length and 1 /w0 the correlation time interval for s. 
By using Eqs. (9.2.30), if w ~ L, b, and d and (1 /w0 ) ~ T, we can write out 
an approximate formula for ICl2 and for the power-spectrum level W"'. 

(9.2.34) 

The total power radiated to the right, for all frequencies , is obtained 
by using Eq. (2.3.13). 

W = 
2
; J_: Ww dw = S[(::1~;

3
p; I] (s

2
) ,; : exp [ -½xm,.2(w

2 + k:2)] 

,v; v .w(k0 w)2 
2 

. 1 1 b 
c:= -

16 
pc [(k )2 1 

]2 (s ) 1f w and -k ~ - = - (9.2.35) 
oW + 0 X10 7T 

where k0 = w0/c, and Vs = Lbd is the volume of the radiating region R s. 
The second formula is valid when the exponential in the sum m, n varies so 
slowly that we can substitute fo r the sum an integral over n and m. The 
quantity k0w = 2mv/ J..0 is 2r. times the ratio between the spatial-correlation 
length iv and the wavelength },0 corresponding to the upper limit w0/2-rr 
of the frequencies present in the random source. The total power radiated 
is maximum when this quantity is unity. 

A similar calculation can be made for the radiation from a turbulent 
region. Instead of the source fu nction s(r,1), the kinetic-energy function 

<]2 <)2 <]2 
T(r,t) = ox2 (pUx2) + oy2 (pU/) + oz2 (pU/) 

02 02 02 

+ 2 
0 0 

(pUxUv) + 2 
0 0 

(pUxU.) + 2 
0 0 

(pUvUz) 
X y X Z y Z 

is the generating term, where Ux, Uv, u. are the components of the turbulent 
velocity at r, 1. Ao autocorrelation function Y1 can be formed from this 
function, and the expansion coefficients C,., ,,t can be calculated, having 
relationships to T and 1"1 similar to Eqs. (9.2.30) for C,,. ,.5. Integration by 
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parts produces the a llernalive formula 

1( "') € ,,. € ,, I I { [ •(,,rr.)2 
2(

1177
)

2 
2 2] Cm,. w, I<. = 

4772
bd • • • p - U,._· b + Uy d + U: K 

/117TX ('1my) 
x cosbcos d 

+ 2U U ~~sin ~ sin (
7
rny) 

z " b d b d 

• 1117T • 7Tll1X (7TII)') 
+ 2,uzu.K b SID b cos d 

111T 7T/11X . 7TIIJ} .,. 
f- 2iU11 U:K d cos b sin d eiwt-•.u.• dx dy dz dt 

The rest of lhe calculalion proceeds as for I he function s. 
Extension of these formulas to ducts of other shape is made difficult by 

the complications of relating the expansion coefficients C to an autocorrela­

tion function. For example, for a cylindrical duct of radius a, for which a 

random function J(x,y) is represented by a series of Bessel functions, 

J(x,y) = L [C111/ cos (mcf,) + c~,r. sin (mef>)]J,,,(7T<X,,.,,r) cg,. = 0 
fflN (/ 

1 f 2= fa . (TTt:L»anY) 
C,,.,,' = A • def, f(r cos cf,, r srn cf>) cos (111</,)J,,. -- r dr 

,nn7T(/" 0 0 0 

and similarly for C~
1
,, . If the random behavior of J is isotropic, the auto­

correlation function should be independent of cf>. lt can be shown, in that 

case, that 

I I 2: f" Y(b) == -
2 

def, J(r cos if>, r sin cp) 
7T(/ 0 0 

x J(r cos cp + b cos 0, r sin cp + /J sin 0)r dr 

= L (J\m,: IC,,,,.'12 + A?,,,, IC?,,,,12)J 111 (7Tl7.,,,,/>) 
IIIN (/ 

which is not an expansion in terms of the axially symmetric eigenfunctions 

Jo(r.x0 11b/a). Alternatively, one could define a rotational correlation 

function 

Y,(O) == 7T~
2 
ff f(r cos cf,, r sin ef>) f [r cos (c/> + 0), r sin (ef> + O)]r dr de/> 

expressible in terms of lhe angle functions. but it is not certain what use this J 
function wo uld have. About all we can do is lO assume lhat IC,,,,,'12 = 1ce,,,11 

has, roughly, the form given in Eqs. (9.2.34), and conlinue as before. 




