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poundary layer thicknesses o, and d, of Eq. (6.4.31), the effects can be
approximated by adding to the surface admittance f3,, of Eq. (8.2.7) the
additional term
1
Bom = 41 — f)[(y — tykd, + " D g |

a

for each value of m, with the sums g, + 8., to be used instead of £3,, in
Egs. (8.2.14) and elsewhere. According to the discussion following Eq.
(6.4.36), as well as Eq. (6.4.41), this additional admittance will account for
the effects of thermal and viscous losses whenever a is large compared with
d,and d,. Since the s are small, they can be neglected whenever the f,.’s
are larger.

When a is small, however, the effects cannot be expressed in terms of
effective admittances; the shear and thermal waves must be calculated, and
the boundary conditions must be worked out in detail. Fortunately, when a
is small, we usually need only to consider the m = 0 and m = 1 terms in the
series, since @ will then usually be small compared with the wavelength. As
an example of this situation we consider the material inside the sphere to have
much greater viscosity and thermal conduction than does air; so we can
neglect the thermal and shear waves inside the sphere (this would be the case
fora water droplet suspended in air, for instance). The fluid inside the sphere

has effective density p,, compressibility «,, and wave velocity ¢, = 1/V p,«,.
Thus the wave inside the sphere will be [Eq. (8.2.7)]

po= A2 B,P,(cos D), (kr) r<a; k,= =
i ]
When k,a is small we can neglect all but the first two terms of this series and
can use the first terms in the series for the Bessel functions.

M=1—32 @)=z h@D=1-1 k@=—c—=
z 2 2
The temperature fluctuation accompanying these incident and scattered waves
187, = [(y — D/yal(p; + p,) for r = a and is zero for r < a.
The thermal scattered wave, just outside the sphere, is obtained by using
the k of Eq. (6.4.25) in the spherical Hankel functions

iy =4 3 B, Pfcos oy, ST
d,
For frequencies around a kilocycle, in air at standard conditions, d, 1s roughly
€qual to 10* ecm. Thus, even for spheres as small as 0.01 cm in radius, the
argument of this Hankel function is large enough so that its asymptotic form,
#,:45) — (i~ '/z)e'%, can be used, at least for m = 0 and 1. Therefore we
write the first two terms of the series, with the corresponding pressure and
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radial velocity, as

Ad 2t
s (] — :')2—: (iE, + E, cos 9)eli-Drida

py = iyak*(d,® — d:,z)-gi

2
—— (iEy + E, cos 9)e'i~Dr/dn

Because d,* can be neglected compared with d,,, we can neglect p, and u, at
r = a; but 7, and u,,, cannot be neglected.

There can be no shear wave which is spherically symmetric; the m = 0
terms have no tangential velocity components, and no shear wave is needed
to fit boundary conditions. Thus the m = 0 terms satisfy the following
conditions at r = a:

p continuous:
By'jo(k.a) = jolka) -+ Bohy(ka)

or
BEmi] iB,
e ka
u, continuous:
] s
B,j(k.a) = I:jﬂ(ka) + Byhl(ka) + %]
or
i By inykd,2C,
B Tk i i e
T Z€ro:
— 1
r’ [J’ll](ka} B hu(kﬂ):l }_ I) dﬁCD s 0
i 2a
or
Ay — 1 B
} (I—i )_“__,)c.‘,fﬂ .
b ka

Where CD —— Eﬂfr“—l}r-"nfh-
The approximate solution of this trio of equations, valid for ka and d,/a
small, is

B, ~ i(ka)’ [ =30 Dy —1) ﬁ}

}*dh]

where y, = (x, — «)/x from Eq. (8.1.11), and d,, = \/ZKfme‘" from Eq.
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8.2 SCATTERING BY SPHERES 433

(6.4.31). We note that the reflection coefficient
d
Ry~ — [l — (1 + D(ka)(y — 1)-5Il — %:’(ka)ayx]

has a magnitude squared (to the first order in kd, and y,),
[Rol? = 1 — 2(y — 1)(ka)*kd,

which is smaller than unity, representing energy absorption.

To satisfy boundary conditions for the m = 1 terms, we must include a
shear wave in the boundary layer just outside the sphere, a solution of Egs.
(6.4.17) and (6.4.29) with k * = 2i/d?, d, as defined in Eqs. (6.4.31). The r
and ¢ components of the shear wave required to fit the boundary conditions

are
2

il kd,
cos .‘Il{k r) —+2idV cos O —2— 57 eli- -1)ridy
r

Uy
ol r.r

—AV d
g = s i— [rhy(k,)]sin & — (1 4+ i)AV sin ﬂ e“‘”""’”

g
where uy is the velocity component tangential to the sphere in the rz plane.
Again we can use the asymptotic form for A,(k,r) because d, is so small.
That this wave is purely transverse can be demonstrated by showing that

div u : [ + l . (sin duy) = 0
1 = —=—{r°u e — v =
Fi¥ nogs
It also can be shown that curl (curl u) = k, *u.
The boundary conditions at r = a for these waves are p continuous:

Byji(k.a) = 3ij\(ka) + Byn(ka)

or
':'j';‘:l-ﬁ"ﬁ'lIE =ikt — k2a? B,
T Zero:
—1 Cd
L= |:3f_,f1(ka) + B hl(kﬂ):l == ) — =0
or
T B,
ika 4 (l — ) il
Yo k3a®,
U, continuous:
1 | kd* d,’
7 By%jy(k.a) = P [3ff1(ka) + Byhy(ka) + ay 2" e Dz]
or
1 pc . 2By kd,? d>?
——— B ~i+ 1
3 p.efg : : k3a3 —I_ }, Za Cl ﬂ'a D
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where
Cl B Ele(i—na.-'dp. and Dl = p(‘Veﬁ_”ﬂM"
U4 continuous:

—B* b s :
= éea jilk,a) = i [3ij.(ka) + Byhy(ka) — (1 — i)kd,Di]

or

Db e = o sl
Bl ﬂl-'—szaz

.\ s
. — 41— D=2 D,
3 Py a

These suffice to calculate the various coefficients; the approximate formulas
for ka small are

3p. d.
B, ~ —i(ka)y, [1 e —]
2p,+ p8a

Qip, ¢, |: - d!,:l
By" e =11 —4%(1- —
: 20,4 p ¢ LS a

8,a Ay
é [l =¥l + fJEVp]

)

Dy~ —(1 — i)

v —1 3ip, ka* i ik
Cy= (1 + i)‘; P ——|:lr§;(l+:);up—jl
?“‘ zpl' 5 P dﬂ a
where
Fiv 2o 3P| IR 3P
?P 2Pc '}" P

We note that the thermal wave for m = | can be neglected ; its magnitude
C, and its contribution to the scattered wave are another order of magnitude
smaller than the viscous effects for m = 1. This is in contrast to the m = 0
wave, for which the viscous wave is nonexistent and the only energy loss comes
from thermal diffusion. The m = 0 wave is primarily a compressive mode,
to which thermal diffusion responds; the m = 1 wave is primarily one of
motion of the sphere back and forth along the z axis, which produces viscous
energy loss. Next we note that the viscous loss cannot be computed by using
Eq. (8.2.17) to determine the absorption cross section, as can be done for the
thermal loss: the viscous loss is caused by shear motion, and it must be com-
puted by using Eq. (6.4.38). Using the expressions for u, and D,, we see that
the viscosity contribution to the absorption cross section ¥, = pc/|A|* (power
lost) is

1 pc

3 TAR p(udvjf[u,alﬂ dA ~ Skdy;} Zﬂaﬂjsinsﬁ d® = 127ka*d,y,?

Therefore the expressions for pressure and velocity at the surface of the
sphere, the scattered wave, and the cross sections, appropriate for long
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wavelengths, are

ikr
W) y.==

e — K r_3:0¢'_3p
r K o= 2p,+ p

prd) — A

d
o) ~ k*a® {}*x — 31 —i)y — l}f

d
+y;cos-ﬂ[1—(l P —]]

2p,+p a
d 6p, d
ottt — 0 — o a1 2]
« = ama’(ka) 1) (r = Dre— + 30 52t 50
X, = 2ma*(y — 1)kd), + $na*(y,ykd, (8.2.22)
. 3p, [ ; ,a’y}
9) ~ A -+ ikaA — 3(1 4 i)y, =2 | cos:
pola.d) =~ A + ika TR 1 — ¥ +!)'.lpa cos
Al. . «k, 1+ i ]}
~Z 1ikaZ — (y — )kd
= 2 ke — = vika|_o
A cos ¥ 3 ~ w12,
| Acos [ B gy _{c ”ﬂ
pc  L2p.+ p 2p, + p a \(—p)
uazAsinﬂ[ —3 L) ;vﬁ ﬂ][pp]
pc  L2p,+p 2p, + p allp)

where d, = V2u/pw and d, = V2K/pwC,, u being the viscosity of the air,
K its thermal conductivity, and C, its specific heat at constant pressure. For
the two velocity components, the upper factors in the braces are the values
just outside the boundary layer, and the lower factors are to be used in com-
puting the velocity at the surface r = a.

We see that the m = 0 quantities are modified by the thermal conduction,
and the m = 1 terms, by the viscosity of the medium outside the sphere.
The angle distribution of the scattered wave is only slightly modified from
that given in Eqs. (8.2.19), which neglects these losses, but the absorption
Cross section is of course entirely dependent on their presence [unless p, or &,
is complex, in which case these terms must be added, as in Egs. (8.2.19)].
The sphere expands and contracts with an amplitude proportional to «, /«.
It also moves back and forth along the z axis with a velocity amplitude

3A d,
1§ L | N G LR W oy
(2p. + p)t‘[ s+, a]

this amplitude being slightly diminished because of the viscosity. The air
clings to it as it moves. The part of the pressure there which is proportional
to cos # is in phase with the part of the radial velocity which is proportional
to cos ¢}, but the spherically symmetric parts of the surface pressure and radial
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436 THE SCATTERING OF SOUND

velocity at the surface are not in phase, so that energy is lost, both in the-
thermal boundary layer and inside the sphere itself (by thermal conductiop
into the sphere). The tangential motion of the air increases through the
viscous boundary layer, corresponding to the shear action there. Just out.
side the layer the amplitude of the tangential velocity, relative to the movin
sphere, is proportional to p, — p: the air outside moves faster than the sphere
if p, = p:slower than the sphere if the medium’s density is greater than that of
the sphere. The viscous-loss term in the absorption cross section is therefore
proportional to (y))? that is, to (p, — p)*

Cloud of scatterers

When sound traverses a cloud of small objects, such as air bubbles in
water or fog droplets in air, each object produces a scattered wave, and these
wavelets reinforce in some directions and interfere in some others. The wave
incident on each scatterer is affected because of the presence of the others,
which in turn affects the shape of the scattered wave. This gives rise to
coherent, incoherent, and multiple scattering and, in cases where the scat-
terers are regularly spaced, to diffraction.

Suppose the dimensions of the scattering objects are all quite small
compared with the wavelength 4; furthermore, that the mean distance
between scatterers is not larger than 2. Next, suppose that the dimensions
of the region R, inhabited by the scatterers, are considerably larger than 4
and, finally, that the distance from R to the point of measurement is much
larger than the dimensions of R (and thus is very much larger than 4). All
this is usually the case with mists or with bubble clouds. Also suppose
that the scatterers are all spheres; that there are, on the average, N of them
per unit volume inside R: that the nth sphere has radius a,, compressibility
K,, density p,: and that its center is at the point represented by vector r,.
The fluid outside R and in the space between scatterers inside R has com-
pressibility «, and density p,. The incident wave will be the plane wave
Ae™s = Ae™", where k, points along the z axis.

In the integral of Eqs. (8.1.19) the quantities (x,/x) — 1 and 1 — (po/p.)
(we are not considering turbulence here; so R = 0) differ from zero inside
each of the scattering spheres inside R. The scattered wave at r will thus
be a sum of waves arising from the various small spheres, each having a
relative phase and amplitude determined by the particular sphere’s size and
position. If the spheres are regularly placed, these phases will all add up,
in certain directions, to produce diffracted beams, as with the Bragg diffrac-
tion of x-rays from crystals. However, the objects scattering sound waves
are usually distributed at random, in which case no reinforcement occurs
except in the direction of the incident wave.

In this forward direction the reinforced scattering modifies the incident
wave as though it were traveling through a region R of different index of
refraction. To see this, let us separate the compressibility and density
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8.2 SCATTERING BY SPHERES 437

factors v, and y, in the integrand of Egs. (8.1.19) into their mean values,
throughout the region R, plus the variation of these factors from their mean
values. The mean values are equal to the sums > [(«,/x,) — 1] §ma,? and
o (polpn)] - 3ma,® over each of the N spheres per unit volume in R.
These sums are responsible for the coherent scattering. Considering

only the average terms for y, and y, for the moment, Eq. (8.1.13), inside
region R, has the form

Pm{r) == Pi(r) ]I_ |: é‘T’r't‘?rrla.(-::;_:: = I)Jffszpru(rﬂ)gw(r | l.l]]' df-"u
= I:Z gwaua(l = ?)]J‘J.J‘gm(r I rD] lVIII2,]i-';’u:-(rI:I} ﬂful)

where k* = pokyw®.  This is the equation for a wave, induced by the incident
wave p;, which has an equation of motion V?p, -+ k%p, = 0 in the region
outside R and an equation of motion

L = W " @ = I:E(& o )-}}ﬂa”:{l vgpm i 7 [Z(Eﬂ T 1):;“-‘9::3:];{2}9@!

n Pn Ky

inside R. This last equation is that for sound waves in a medium of density
and compressibility given by

1 X I IV N
Pr = [_ T 2 %Wans(‘_- i ‘_):| K = Ky -+ z %?Tﬂna{if" = Kﬂ)
Po n=1 Pn Po n=1
(8.2.23)

The effective compressibility is the average of the compressibility over each
unit volume of R; the effective density is the reciprocal of the average value
of 1/p over each unit volume.

Thus, as far as the average terms in the integrand are concerned, region
R behaves as though it had a uniform density and compressibility which
differ from that of the medium outside R. This difference will produce
scattering (or reflection or refraction, whichever term seems more appropriate)
of sound incident on R. For example, if R is a spherical region of radius
dg, Eq. (8.2.15) can be used, with Eq. (8.2.9) used to calculate the effective
admittances f,, in terms of ay, pg, and «,. In the very long wavelength
limit of Egs. (8.2.19), the scattered intensity is proportional to the squares
of the summations for p, and x, in Eqgs. (8.2.23), in other words, to the
Square of the number N of scattering particles per unit volume in R. This
Cooperative portion of the scattered wave, in which each scatterer adds its
contribution to the wave amplitude (and thus the intensity is proportional
to N?), is called the coherent scattered wave. The rest of the scattering, the

intensity of which we shall see is proportional to N rather than to N?, is
called the incoherent scattered wave.
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Incoherent scattering

The incoherent scattering is, of course, generated by the variable parts
of the functions « and p, after the constant average values have been taken
into account by the change of index of refraction just worked out and given in
Eqgs. (8.2.23). The nth little sphere will produce its scattered wave as though
it were a sphere of radius a,, with density and compressibility p, and «,
in a medium of density p;, and «j throughout R. The incident wave will
have been refracted by the change of index of refraction as it enters R, but
if R is large and the interface is a plane, it will have the form A4 pe™#* inside
R, where k;* = pprpow®. The wave scattered from the nth sphere will
have the form A (e [r)®,(¥) inside R, but by the time it has emerged from
R and reached the measurement point, its wavenumber will have changed
back from k, to k = w*\f’m, with corresponding (but very small, if k5,
does not differ much from k) change in amplitude A.

The easiest way to compute the incoherent scattering, if the N scatterers
are distributed at random throughout R,isto usethe correlation function of the
variable parts of the compressibility and density factors y, and p,. Ifall
scatterers are spheres, we can use Egs. (8.2.19) to ensure accuracy even when
«, and p, differ greatly from «, and p, (as long as a, < 4) and obtain an

o=

expression for the pressure at very large distances from R.
p(r) — A" + 3§71, + ¥ o cOs Dk p*p(r,)e*a {4nR,)

where

y = Ky — KR pii 3.9?! s 3PR

. Kp " 2pn+ PR

r, is the radius vector to the center of the nth sphere from the center of R, and
R, = |r —r,|. This expresses the incoherent scattering as the sum of
wavelets scattered from each sphere. But it would be more convenient, for

our present purposes, to express the scattered wave as an integral of the form
of Eq. (8.1.14).

We have already included the average values of the factors y, and y,
in the index of refraction of region R, which gives rise to the coherent scatter-
ing. The variable parts of the y’s may be expressed in terms of the function

S S 3pn — 3pr

K 2p,. +
5(r) — R P Pr

cos ¥ (r inside the nth sphere)
(8.2.24)

— 3p, — 3 ;
= 2fs Po PR cos 9 (inside R, outside a sphere)
KR 2p0 + PR

which has average value zero over R, by definition, since we have subtracted
the average values of the y’s. This function can be defined in terms of its

correlation function ]
(@)= f ﬂama{r + d) dv
I
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where Vis the volume of region R.  As usual, the value of Y(0) is the mean-
square value of function o(r),

(6% ~ N(@Fwa®) |y, + v, COS |2 (8.2.25)

where N is the mean number of spheres per unit volume in R, a is their mean
radius, and y, and y are the mean values of their factors (x;, — Kg)| Ko and
(3p, — 3p0)/(2p, + Po)s respectively. However, since the mean value of
§(r) is zero, it must be that the integral of Y(d) over R is zero. Thus Y(d)
cannot simply fall off exponentially to zero as dincreases; it must go negative

to a sufficient extent so that its average value is zero. The simplest form
satisfying these requirements is

Y(d) = 462:,(1 = ;i;) exp [— %(gﬂ (8.2.26)

where  is a scale factor proportional to, perhaps nearly equal to, the mean
radius of the scattering spheres.

If the density of scattering particles is sufficiently small so that the chance
of multiple scattering is negligible, we can use the Born approximation, as

with Eq. (8.1.18). The incoherently scattered wave at the observation point
is

Aier'.kr : - ; i
> oo k;eﬂjjjrh(ru)e—'“‘ﬂ duy p = 2k p sin 3
R

and thus the incoherently scattered intensity at r, divided by the incident
intensity |42/ pc, is (4mtk z*[r?) |A(w)|2, where A(K) is the Fourier transform

s = g [0 e 622
R

pa's(r) = 5

Notethat A(0) = 0. Weknow, from Eq. (8.1.26), that | A(K)|? is proportional
to the Fourier transform of the correlation function of o(r).

IA(K)J2 = 5; ’ Jﬂa(d)e— Ky,
. VK
3(2m)%

={g%

gk (8.2.28)

Therefore the incoherently scattered intensity, per unit incident intensity, at
angle # to the incident wave, for frequency /2, is (for K = i)

?s N V '\r 2'31' P’\' R'taﬁ

i s Iy + v, cos [* (&k ,°a® sin® 19) exp (—2k %a* sin® 3 4)

(8.2.29)
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to the approximation which neglects multiple scattering. If thermal anq
viscous losses are included, we use the quantity in braces in the ® of Egs.
(8.2.22) instead of (y, + ¥, €OS i).

[f we had just used Eqs. (8.2.19), assuming that each of the NV scatterers
in R scattered sound independently of the others and that each wavelet did not
interfere with any other, so that we could add intensities, the ratio of scattered

1.0
'\"rE_T"' ¥, 2 2
Q‘C’\‘.{; L ET.F;L a NV;';-S{J}
P -
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01 il
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]
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o g0° 180°
Angle of scattering ¥
FIGURE 8.6

Incoherent scattering from a cloud of particles of radius a
with compressibility factors », and density factors Vor

to incident power at » would have the value

P ko'a® : ;

!

Equations (8.2.29) show that the interference between the wavelets modifies
the distribution-in-angle of the scattered wave, reducing it in the forward
direction and augmenting it to the side and backward, so that the power
fraction scattered is
(!H‘) 14/ lkﬁ')‘l L ‘ ¢ L 8.8 .t
— ] -5 Zﬂ(—— (k@ sin )% exp (—2k p%a® sin® 1)

I /o Ky
Plots of the incoherent scattering are shown in Fig. 8.6 (k;,, = w/c},).

This formula holds only if region R is small enough, or is so sparsely.
populated with scatterers that the total power scattered out of the incident
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peam is a small fraction of the power incident on R. According to the
discussion on page 407, the power scattered away from the incident beam in
traversing a distance dz of R is /; times NX, dz, and the power absorbed by the
scatterers is [;NX, dz. Thus the incident intensity a distance z inside R is not
I,,, the intensity at the start of penetration, but I, exp [—Nz(X, + X)].
But Eq. (8.2.29) was derived assuming that /, is constant throughout R, which
means that we have assumed that N(X, 4 X,), where / is the distance along
the beam from one side of R to the other, is small compared with unity.
If this is not the case, much of the scattered wave will be rescattered before it
emerges from R; multiple scattering will be important. Considerations of
space persuade us to omit this complex subject.

Whether multiple scattering is important or not, the attenuation of the
incident wave in traversing a distance z of region R is given by the factor
exp [—Nz(Z, + X)), with X, and X, given by Egs. (8.2.19), (8.2.20), or
(8.2.22) for small scatterers, by Eq. (8.2.18) for larger ones, and with N
the mean number of scatterers per unit volume of R. In a distance dz the
fraction of incident energy absorbed by the scatterers is NX, dz, and the
fraction which is scattered in directions other than the incident direction is

Y dz. When multiple scattering is important, some energy is absorbed by
the scattered wave before it emerges from R, and some of the scattered wave
is rescattered, but these formulas still tell what happens to the incident wave,
the part of the wave which has not yet been affected by a scatterer.

8.3 SCATTERING FROM SURFACE IRREGULARITIES

When a plane wave of sound impingés on a surface, large in extent with
respect to a wavelength but irregular either in shape or in regard to its
reaction to sound, the wave returning from the surface will be distorted
because of the irregularities. The simplest example of these effects occurs
for a plane reflecting surface, as shown in Fig. 8.7. We saw in Sec. 6.3 that
a plane wave of amplitude P;, incident at angle #; on a smooth boundary
plane of uniform point impedance pc/p, is reflected as a plane wave at angle

FIGURE 8.7
Directions and angles for
reflection and scattering of
a plane wave incident on
the xy plane.
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9, = ¥, to the z axis, with amplitude P,C,, where

_cos? — B
" cos®,+ B

If either the specific admittance § changes from point to point along the
plane or if the boundary itself is not a perfect plane, the reflected wave wil]
not be plane. If the surface deviation is not large, the wave reflected may be
represented as a reflected plane wave plus a scattered wave, which measures
the degree of distortion.

Irregularities in surface admittance

Suppose the xy plane has point impedance pc/fl, everywhere except
over an area A, which can be circumscribed by a circle of radius a, with
center at the origin. Within A the surface admittance is f(x,y), different
from f,. As before, we carry out the analysis by means of the Green’s
function of Fig. 7.6 and Eqgs. (7.4.10) and (7.4.11), corresponding to a
source point at (xy,50.2,) (with z, = 0) plus an image point at (x,, yo, —2),
producing a reflected wave of amplitude modified by the factor (cos ¢ — £,)/
(cos #" + f3,), corresponding to the uniform admittance 3, over the whole
xy plane. This Green’s function satisfies the boundary condition

(0G[0z2),g = —ikByG(x,9,0 | X0.y020)

The acoustic pressure wave, on the other hand, must satisfy the boundary
conditions (dp/0z),_q = —ikpp._, within area A; (8p[0z),_o = —ikfop.-o
over the rest of the boundary plane.

If there were no irregularity in surface admittance,  being f3, everywhere,
the complete solution, for the case of a plane incident wave at angle #,, in a
plane at angle ¢, to the xz plane, would be the combination of incident and
reflected waves,

pir) = P,exp [ik sin & ,(x cos ¢; + ysin ¢,;) — ikz cos 9]
cos ¥, — B, 3 :
vy exp [ik sin #,(x cos ¢, -+ ysin¢,) + ikzcos 3,] (8.3.1)

times the factor e '@, This is an obvious generalization of Eq. (6.3.7).
When f # f3, inside A, the complete solution may be obtained from Eq.
(7.1.17) as p, plus a surface integral over area A.

p(r) = p(r) -+ fkf[(ﬁ — Bo)p(Xo.y0,0)G(x, .2 l Xo:Y0,0) dxq dyy (8-3'2)
g

This is an inhomogeneous integral equation for p, which must usually be
solved by approximation techniques. '
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The far field

In order to measure the scattered wave, represented by the integral,
separately from the incident-reflected wave, the measurement point r, ¥, ¢
must be far from the area 4, usually far enough so that the approximation

thr q
€ [e—ikzn cos & | cos ¥ '80 gtkzo cos #]
4mr cos i + fig

i

% exp [—ik sin ¢ (x, cos ¢ + yysing@)] (8.3.3)

is valid. To compute the asymptotic form for the scattered wave, we need
only insert this form for G, times a good approximation for the pressure
p(x4.y0,0) on the area A, into the integral.

Well outside A this surface pressure will be approximately equal to
pi(x0,y0:0), having amplitude 2P, cos #;/(cos @; + fp) and phase factor
exp [ik sin &,(x cos ¢, + ysin ¢,)], whereas, if A4 is very large, the surface
pressure well inside 4 will be approximately 2P, cos ¥,/(cos &, + f5,) times
the same phase factor, if § inside A does not differ much from its mean value
B, inside A. Probably a good approximation is to use this last expression
for p(xg,p0.0) everywhere inside A.

Thus an approximate formula for the scattered wave, at large distances

from the scattering area, is
ikr

e
ps(l‘) = P,-(D(i?i,tpi | t?,q:;) T r >a

ik cos @ cos 9, (8.3.4)

D~
2m(cos ¥ + Py)(cos &; + B,)
where '

J.(ﬁ — ﬁﬂ)e"'#:?ﬂ"'l‘ﬂﬂﬁ dxﬂ dyu
A

1, = k (sin ¢, cos ¢; — sin ¥ cos ¢)
w, = k(sin 9, sin ¢, — sin & sin ¢)
k*y* = p? + w2 = k*sin® 9, + sin®* & — 2 sin &, sin & cos (¢ — ¢,)]

Thus the scattered amplitude is approximately proportional to the two-
dimensional Fourier transform of the admittance difference f — g, for
area 4. If we define vector k, = (k sin &, cos ¢,, k sin &, sin ¢,, k cos #,) as
the wavenumber vector, of magnitude k, in the direction of propagation of
the reflected wave, and k, = (k sin & cos ¢, k sin & sin ¢, k cos 9) as the
Wavenumber vector in the direction of the point of observation, then the
Quantity in the exponent in the integral is iw -1, where r, = (x,,),.0) is
the radius vector to a point on the scattering area A4, and i =k, — Kk, is
the recoil vector of Eq. (8.1.20). Thus ky is the length of the projection of
vector w on the xy plane.

In general (but not always), the integral, and thus the amplitude of the
scattered wave, is largest when . = 0, that is, in the direction of the reflected
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wave. When the dimensions of .4 are small compared with the wavelength,
the scattered wave is nearly isotropic; when A is large compared with 2,
the scattered wave is (usually) concentrated in the direction of the reflected
wave.

To illustrate these generalities we compute the angle-distribution factor
O(,p; | #,) for a few simple distributions of admittance. The first is a
rectangular patch of length / in the x direction and width w in the y direction,
with # constant (and different from ) over the whole area /w. The angle-
distribution factor is

B oo iklw(p — f,) cos #, cos 9 [sin (p.1]2) sin (p,w/2)
7 2m(cos &; + P)cos & + Bo) L (w,d2)  p,w(2

] (8.3.5)

Referring to the definition of @ and of y, we see that if both &/ and kw are
less than }m, the quantity in brackets changes very little with # or ¢, so the
scattered wave is nearly independent of ¥ and ¢. On the other hand, if
kl > }m and kw << }m, then the scattered amplitude is only large when
v = sin #, cos ¢, — sin & cos ¢ is much smaller than unity, i.e., when the
vector . = K, — K, is nearly perpendicular to the x axis (the long axis of the
rectangle); in other words, the scattered wave is confined mainly to the plane
defined by the reflection vector k, and the y axis. If both / and w are large
compared with a wavelength, the scattered wave is concentrated mostly in the
direction of reflection.

If the patch of admittance f is a circular area of radius a, the angle factor
1s

_ ikma*( — p,) cos &, cos ¥ [Nl{k?“)} (8.3.6)

P 2m(cos &, + B)cos @ + By) L kya

the only difference from Eq. (8.3.5) being in the factor in brackets, which is
more symmetric, depending on ¢ — ¢, instead of on ¢ and ¢, separately.
Figure 8.8 shows plots of |®,| for the incident wave at 45° on a circular *soft
spot” of radius . Contours of constant amplitude of @, are plotted on the
#, @ surface, for two different values of ka = 2wa/2, to show the variation of
scattered pressure amplitude with angle of scattering. For the longer wave-
length, the scattered wave is not much dependent on ¥ or ¢; for ka = 4,
the scattered wave is concentrated in a peak around the direction of the
reflected wave, at ¢ = 0°, & = 45°, indicated by the small circle on both
plots. In the latter case the scattered wave has a node (|(Dﬂ| = () and one
diffraction band (where ®; changes sign).

An example where the scattered wave is not most intense in the direction
of the reflected wave is that where g is periodic, forming a “diffraction
grating,”

2mx
ﬁ—ﬂD:Bcos% for -l <x< ¥, —Iw<y<iw
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In this case, integration of Eq. (8.3.4) produces
iklwB cos ¥, cos ¥ [sin [$p.] — (wl|d)]
= Zr(cos 0, + Bocos » + P\ dpaad — (mljd)
sin [bud + (ml/d)]) sin (u,/2)
DTl + (#lld) ) w2
Here the strongest scattered wave is not in the direction of reflection, but

rather in the directions of the diffracted beams, for which p /27 = (1/2) X
(sin &, cos ¢; — sin # cos @) = +(1/d).

8.37)

FIGURE 8.8

Contours of equal scattered pressure amplitude, plotted
against angles of scattering i}, ¢ for plane wave incident at
angles #;, = 45°, ¢, = 0, on an absorbing disk of radius g,
set in an otherwise rigid plane. See Eq. (8.3.6).

Surface roughness

If the irregularity in area A is in actual shape rather than in admittance,
the scattering effect will come from the fact that the boundary condition is
now applied for a surface which differs from the xy plane. Suppose the
reflecting surface is not z = 0 for all values of x and y, but is z = &(x,y)
Wwithin A; suppose also that this surface, at x, y, has admittance f(x,y),
which may differ from the constant admittance f3, of the flat surface outside
A. The integral equation for the pressure wave is then

7 G,
P(x,p,2) = px,y.z) —|—Jf [G(x.y,z X0+ VosE) £ P(%eVod)
0

0
— (X0, V0:5) - G(x,p,z | xq, yu,E):I dx, dy, (8.3.8)
0
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where p, is the incident-reflected wave of Eq. (8.3.1), G is as given in Eq.
(8.3.3), and the normal gradient 9/dn, is normal to the surface &(x,py).
d d o9t o 0t o

g 0zy | Oxgdx | Opodys | BOG0SS

If the displacement & of the surface from the xy plane is everywhere less
than a wavelength, we can expect the Born approximation to be valid. In
this case we can use the approximations

2 cos ¥,
‘cos #, + B

- e’*r 2 cos
~ 4mrcos ¥ + f3,

pe=P (1 — ikpzy) exp [ik sin & (x, cos @, + y, sin ¢,)]

(I — ikPyzy) exp [—ik sin & (x, cos ¢ + y, sin ¢)]
inside the integral; the approximate expression for the incident plus reflected

plus scattered wave becomes p = p(r) 4 p(r), where p, is given in Eq. (8.3.1),
and p(r) = P(e™"[r)D(D,p), with

e e e | | T S
0
Gl

7 (cos O + B)(cos & + f)
+ EJG”"*”U"*“*”“ dx, dy, (8.3.9)

The components of vector w are given in Eq. (8.3.4). This equation for the
angle distribution of the scattered wave is a generalization of Eq. (8.3.4)
when the area A is rough, as well as uneven in admittance.

Since this integral can be manipulated just as that of Eq. (8.3.4) was,
we shall content ourselves with a single example, that of a rectangular, raised
area of length /, width w, and height 4. In this case the expressions for the
components of the gradient of & are given in terms of delta functions at the
edges.

0

B—E ~ hlo(xy + &) — o(xo— 30)) for —3w < 3y < w
Xo

aE 1 - 1 - an 1

= =~ h[0(yo + dw) — d(yp — Iw)] for — M << xy < 3/

9y

The scattering arising from the difference in admittance has already been
computed. The additional scattering coming from the change in shape of
the boundary is

O (3¢, | o) =

ikwkh cos ), cos |: , Sin (u,1/2) sin (;¢y11~f‘2)j|
m(cos &, + B)(cos & + B,) L’ wulf2 w2

(8.3.10)
which does not differ much from the expression of Eq. (8.3.5). Aside from
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the dimensionless factor k&, measuring the change in shape, which replaces
the dimensionless factor # — f, there is an additional directional factor,

y? = sin® §#; 4 sin? § — 2 sin ¥, sin & cos (p; — @) (8.3.11)

proportional to the square of the length of the projection of vector . on the
xy plane. This is small when w is small, i.e., for scattering in a direction close
to the direction of the reflected wave, and large only when p. is large and
nearly horizontal, i.e., in a direction near that of the negative of the incident
wave. Thus the factor y* is small when the rest of the factors in brackets
are large, and vice versa, so that this part of the scattering is small for all
directions. This is not surprising, for the *“‘roughness” in the example we
have chosen is only at the edges of the raised panel; the rest of area 4 is
flat and contributes nothing to this part of the scattering.

The effect of random roughness

A situation of some practical interest involves the scattering of sound
incident on a patch of rough surface which also has random variations in
surface admittance. In area A the quantities § — f, and & exhibit random
fluctuations, with correlation lengths w, and w,, respectively. Area A may
be the only area of the surface in which § — f, and £ differ from zero, or it
may be that area A is the only part of the surface which is “illuminated™ by
the beam of sound sent out by a distant source. If the beam covers a solid
angle €2, if the axis of the beam is at an angle ¥, to the z axis, and if the
distance r, to the source is great, then the area 4 = Qr*/cos &; and the
scattered sound will arise from this area. Figure 8.9 shows the quantities
involved. .

An obvious modification of Eq. (8.3.9) gives, for the scattered pressure
reaching point r at angle #, ¢, if the source is producing a steady wave of

FIGURE 8.9

Directions and axes in-
volved in calculating the
scattering from a rough
surface..

Scattering
orea 4
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frequency e/2m, having a pressure amplitude P, by the time it reaches A,

L]

- oikr cos #, cos ¥ [ikb(r,)
psr,m) = P, 7r (cos &, + ,)(cos & ﬁu)JJ o

+ k2y2E(rg)Jetmesatimam dx, gy,

By now the rest of the procedure is familiar. The function b = — g,
is the deviation of the admittance at point r, on the surface from the mean
value f§, and & is the normal displacement of the boundary surface from its
mean shape, the xy plane. Their correlation functions will be, approxi-
mately,

Yy(d) = (pRebattog Y (d) = (gRebwihng)

if their fluctuations are random and isotropic. Quantities (b*) and (&%)
are the mean-square values of b and of £ over the illuminated area 4. If,
in addition, the two variations are statistically independent, the intensity of
the scattered sound turns out to be

A cos #; cos 2
I, =~ 4n?l, — : k2 |B(ky)|? + kipt | Z(kp)|?
ol o Beos BT B | 1© P ¥t |1 Z(key) 12}
A COSs ﬂ cos }f} 2 1422 o
= I; - k2w 2 (p2Ne— 3k et
"2mr?| (cos & + fy)cos & + f) Wy e !

+ kiytw 2 (£ i) (8.3.12)

where B(K) is the two-dimensional spatial Fourier transform of b(r), and
Z(K) is the corresponding transform of &(r). The angles and quantities
involved are shown in Fig. 8.9. [, = |P,|* pc is the intensity incident on A;
the dependence of y? on the angles of incidence and of scattering is given in
Eq.(8.3.11). For scattering in the direction of reflection, y = 0; for scatter-
ing back to the source, y = 2 sin #,.

The first term in braces, the scattering caused by the admittance variation,
has its maximum in the direction of the reflected wave, as mentioned earlier.
When the incident wavelength is large compared with the admittance corre-
lation length w,, this scattering is nearly isotropic. The second term in
braces, the scattering caused by roughness, avoids the direction of reflection
and, for very long wavelengths, produces little scattering. For shorter
wavelengths the scattered intensity concentrates in a cone around the
reflection direction; this term is zero when y = 0 and has its maximum value
for kyw, = 2, that is, at an angle roughly Z/mw, radians from the reflection
direction. Figure 8.10 shows a typical example, with the admittance
scattering given in one plot, the roughness scattering in the other. Note
that the roughness scattering avoids the reflection direction. Compare with
Fig. 8.8. '
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If we work out the scattering of a pulse-wave from this area, we should
obtain a result quite similar to that of Prob. 11.  The scattered wave would
not be a pulse (except in the reflection direction), but would be a rumble,
reproducing in time the spatial irregularities of admittance and shape. The
spectrum density of this scattered sound would equal the 7, of Eq. (8.3.12).

Admittance
yariation

©=180°

FIGURE 8.10

Contours of equal amplitude of wave scattered from a patch
of random variation in admittance or from a rough patch,
as function of angles #, ¢ of scattering for kw = 2nw(i =
0.707, w being the correlation length for admittance or for
roughness. Reflection direction is ## = 457, ¢ = 07, position
of maximum for admittance scattering, of zero scattering for
roughness. Compare with Fig. 8.8.

8.4 DIFFRACTION

When the scattering object is large compared with the wavelength of the
scattered sound, we usually say the sound is reflected and diffracted, rather
than scattered. The effects are really the same, but the relative magnitudes
differ enough so that there seems to be a qualitative difference. Behind the
object there is a shadow, where the pressure amplitude is vanishingly small;
in front or to the side, in the “illuminated” region, there is a combination of
the incident wave and the wave reflected from the surface of the scattering
object. At the edge of the shadow the wave amplitude does not drop discon-
tinuously from its value in the illuminated region to zero; the amplitude
oscillates about its illuminated value, with increasing amplitude, reaching
its maximum just before the edge of the shadow, and then dropping mono-
tonically, approaching zero well inside the shadow.

These fluctuations of amplitude, near the shadow edge, are called
diffraction bands. Their angular spacing depends on the ratio between the
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wavelength of the incident sound and the distance from the observation point
to the line on the scattering object separating “light” from “‘shadow.»
This behavior was touched on in connection with the scattering from gz
cylinder [see discussion of Eq. (8.1.4)] and from a sphere. To study it ip
detail we shall compute the diffraction of an incident plane wave from a rigig
half-plane. Diffraction patterns also arise in the reflection of a plane wavye
from a plane surface, one large area of which differs in impedance from the
rest of the plane.

Diffraction from a knife-edge

The simplest diffraction problem is that of a plane wave traveling in the
negative x direction, striking a rigid half-plane extending from the line
x =y =0, —o0 < z < o0, to infinity in the direction 37 — V', as shown in
Fig. 8.11. The *shadow line” is the negative x axis; the region IIl, 7 <
¢ < 3= — ', is in shadow. Inregion I, —2% < ¢ < =, the incident wave
Ae~*= = 4e~*r¢ predominates, and in region 11, —}m — ¥ < ¢ << —2V,
there is, in addition to the incident wave, a reflected wave Ae'" cos(®+¥)
The details of how these solutions join together at the edges of the regions
must be obtained from the solution of the boundary-value problem.

This solution is most easily obtained from the function

oo

Ur,$) = } 3 e, (—i)¥" cos (kmd)Jy,(kr) (8.4.1)
m=0
Comparison with Eq. (8.1.1) shows that this is not the expansion of a plane
wave in polar coordinates because it includes half-integer orders as well as
integral orders of /. In fact, the plane wave is

oo

e-hreose — 3 ¢ (—i)" cos (nd)J,(kr) = U(r,) + U(r,¢ + 27)

n={

Reference to Eq. (7.3.1) indicates that U(r,¢) is a solution of the wave equa-
tion; but it is not periodic in ¢ with period 2 it is periodic with period 4.

i sk

FIGURE 8.11
Diffraction of a plane wave by the edge of
A a rigid half-plane.
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Thus, to use U for a solution in free space would be forbidden, for U is two-
valued in ¢ if ¢ is unlimited.

In the problem we are now solving, however, ¢ is limited in range; its
greatest positive value is 3w — W, and its largest negative valueis —i7 — V'
(¥ can be negative, of course; its allowed range of values is —}7 <W <
17). Within this range of values of ¢, we can use a combination of U’s to
satisfy boundary conditions at the half-plane. If the plane is rigid, the
condition is that dp/d¢ = O at ¢ = 3w — W or —4#w —W'. This is satisfied
if we use the following combination for the pressure:

plrd) = AU(r,d) + AU(r, 37 — 2% — ¢) (8.4.2)

Since U is periodic with period 4, the two U’s do not cancel everywhere;
their ¢ gradients do cancel on both sides of the plane barrier, however.

In order to find out the details of this solution, we should find a closed
form for the series U. This can be done in several ways. By using the first
of Egs. (5.2.21) and combining the series, we can show that

ou ; 1 —
-EE — tkrsing U = —\/—; e*" sin 1
Solution of this, plus the fact that U(0,¢) = }, shows that
U(r,$) = e*ros¢ E(v/2kr cos 1) (8.4.3)
where
L
1 — = e'* zZ— |00
E(z) 1 r d : z—0
Z) = — e ar —+ vy .
Vi == -
\/I L gt z 00
— —_— — —
\ 4mz?

Alternatively, the integral expression for U can be expanded in a Fourier
series and shown to be equal to the series of Eq. (8.4.1).

For intermediate values of z = V/u, we can express E(2) in terms of
Fresnel integrals

R (v B fve,
Clu) = \,%J: cos i2dt  S(u) = \J.f; J-n sin 12 dt (8.4.4)

as follows: )
E(Vu) = {‘ — 1 — Cw) — S@)] — 3i[Cw) — S()] v’ﬂ ~ 0
M1 — C(u) — ()] + H[C(u) — S)] afo 8

(8.4.5)

The functions 1 — C(u) — S(u) and C(u) — S(u) are plotted in Fig. 8.14.
Tables of the functions are not hard to find.
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Returning to Eq. (8.4.2) for the solution, we see that

plrid) = e dress E[\/ 2kr cos 1]
+ Aeir @2 B[V 2kr cos (fr —¥ — 1$)]  (8.4.6)

AD(r,d) (in region I1I)
P e om0 L A D(FP) (in region 1)
Ae—treoss 4 goikreos(e4+2¥) 1 4 D(r.¢) (in region II)
(8.4.7)
where

Dy = grke [ 1 I ]

\/8mikr Lsin (¥ + 14)  cos i

The first expression in the asymptotic formula is for the shadow region;
in this region the only wave is a cylindrical wave represented by function D,
emanating as if from the knife-edge, with amplitude which diminishes as
one goes deeper into the shadow as ¢ — = increases; the asymptotic form
is not valid for ¢ very close to = or very close to —2'". In region I the
predominant term 1s the incident wave, but the cylindrical wave is also
present. Finally, in region II, the wave reflected from the half-plane is
present, as well as the incident wave and the cylindrical “diffraction wave”
D(r,d).

Looking more closely at the behavior of the wave, let us calculate the
mean-square pressure in the region near the shadow line dividing region I11
from region I. Suppose the pressure is measured along a line x = —/,
for different values of y: y = 0 being the edge of the geometric shadow,
» negative being in shadow, and y positive being in region 1. We define

te=n—¢ y=rsine [I=rcosa
u=kr(l + cos ¢) = k(VIZ + y* — 1) (8.4.8)

v = kr[l + cos QY — )] = u + kl(1 + cos 2'¥') + ky sin 2¥
Then the asymptotic expression for the mean-square pressure as function of

yis ' B
1 y - . /
(@ — @t y<—Jz

m

k

pI*— |4]? (8.4.9)

!
ds _]: ()% — @) Ycos(u+im) y> \/E
Vo

This formula predicts the monotonic decrease in |p|® inside the shadow
as —y increases. It also indicates that |p|® oscillates about its mean value
|A]? as y is increased in the illuminated region I. But it is not valid close
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to the edge of the shadow, where |y| < Vl/k, because we have used the
asymptotic form of Eq. (8.4.3) in Eq. (8.4.6) for both the functions E. A
more accurate formula, using (3.4.5) for E(\V/ 2kr cos 1) and the asymptotic
form for the other E, since it is valid throughout the region near &=
as long as kr > 20, is

[} + 3CQu) + 1S(u) + (4mv)~* cos (u + {m)]*
> 1 [ACw) — 1Su) — (mo)yEsin(u +im)PF  y=0 (8.4.10)
[} — 3C@) — 1S(u) + (dmv) L cos (u + im)P?
- [LC(u) — 3S(u) + @mv)tsin(u +4m)])* y<0

plotted in Fig. 8.12 for kI = 50, as function of p/l. 1t shows that the tran-
sition from illumination to shadow indicates that |p/A4|*is about laty =0,
the geometric shadow line, and that its maximum value is about 3 at a point
about two wavelengths inside the illuminated region. It also shows that the
asymptotic formula (8.4.9) is adequate for |y| greater than about three wave-
lengths. These results would be somewhat altered for different values of
il or of V. The effect of " on the results is small, however; the curve for
|p|A|? versus p/l for il — 50 and W = 45° would be too close to the curve for
¥ — 0°, which is plotted, to be able to distinguish clearly between the two.

The transition from region I to region 11 is provided with similar diffrac-
tion bands, further complicated by the interference between the incident and
reflected waves. Equations (8.4.5) and (8.4.6) enable one to compute
|p[A|* here also.

| prA|?

FIGURE 8.12
Mean-square pressure of B
diffracted plane wave at
point | beyond obstructing

half-plane and distance y (P T (0 ) S VA 0 W 0 S R U8 |
from “shadow line,” for -1 0 +1
| ~Bj. {p/f)
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Diffraction of a reflected wave

Similar diffraction effects occur when a sound wave reflects from ap
infinite plane wall, one half of which is rigid, the other half soft. Suppose the
wall is the xp plane, the half of the wall for x positive having a uniform,
specific acoustic admittance 3, and the half for x negative having § = g,
If the incident-wave direction is given by the angles &, ¢, of Fig. 8.7, we cap
separate off the factor exp [i(»/c) sin ¥, sin ¢,] from all the equations, leaving
a two-dimensional formula for the motion in the xz plane. For example, the
wave equation for p can be written

. o N 02
er,r;{m,.'r-}sm i, sin ﬁr;( s o] kz — 0
ox® * o0zF 3

where

(0\* ; A
k? = (_) (1 — sin2 ﬂ_;- sin? ‘F’i)
c

and the equation for the Green’s function is
' 32 2

gviwleysin 9 *‘i“qx(ﬁ i e + kE)G = 8{x —x )i(z — z )e¥imannlnng
(8.4.11)

In terms of the component wavenumber & in the xz plane, the x and z
components are k, = k sin 0,, k, = k cos 0, where

sin i, cos ¢, cos i},

sin 0, = cosl;=

__ _ _ > : - (8.4.12)
V' 1 — sin? ¥, sin? g, V1 — sin® 9, sin® g,

We can thus neglect the y component of the wave and work out the problem
as though the incident wave were pointed in the xz plane, with a wave-
number k& < w/c and at an angle of incidence 0,.

Referring to Eqgs. (8.3.1) and (8.3.2), we see that the integral equation for
the pressure wave in the region z > 0 is

p(x,z) = 2P ¥ % cog (kz cos 0,) -+ ikﬁf .p(xn,(])(?k{x,z | Xq,Zo) dXo
- (8.4.13)

The Green’s function is the two-dimensional one satisfying the boundary
condition 8G/dz = 0 at z = 0. It can be expressed in a number of different
forms [see Eqs. (7.3.17) and (7.4.7)],

i i
Gz | Nz = 7 HiP(kR) =+ HM(kR')

de, _IdKz Kt KI_i2
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where R2 = (x — xo)* + (z—2)% R*=(x— xo)? + (z + zp)% and the
runction H(V is the Hankel function [see discussion following Eq. (7.3.2)]

Hi{ln(z) = Jo(2) + iNg(2) — \/% exp (ikr) kr — oo (8.4.15)

The integral equation (8.4.13) uses fi; = 0 as the “average™ admittance
(in the sense of page 445), so the incidcnt-plus-reﬁecied wave is for a com-
pletely rigid wall. We could, of course, have chosen the reflected wave and
the Green’s function for the wall admittance f, in which case the integral in
Eq. (8.4.13) changes sign and the integration is from —co to 0. We know,

By ——

" 2] -
. ‘ /\
NS
il
Z7777 T/
0 X—
M
FIGURE 8.13

Incident and reflected plane waves from a half-rigid—half-soft
plane at z — 0. Diffraction pattern is exhibited in reflected
wavefront near point O’

of course, that well to the left of point 0" in Fig. 8.13 (i.e., for d large and
negative) the amplitude of the reflected wave is P,, since this part of the wave
has been reflected from the rigid part of the wall; whereas well to the right
of 0 (d large and positive) the reflected-wave amplitude is P.[(cos O, — B)/
(cos 0, + B)], since this part is reflected from the region of admittance f
[see Eq. (6.3.5)]. In between, for |d| small, a diffraction-pattern curve
connects the two different values.

Integral equation (8.3.13) can be solved exactly using the Wiener-Hopf
technique. The problem is clearly related to that of the diffraction of waves
by a straightedge, which has just been discussed. The result, of course,
involves the Fresnel functions defined in Eqs. (8.4.4). The exact solution
produces the Fourier transform of the pressure distribution on the soft part
of the reflecting plane, and this, according to Eq. (8.3.3), is proportional to
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the shape of the reflected wave a large distance from the origin. In fact,
the exact solution predicts that the reflected amplitude, as a function of g,
along the wavefront, when &r is very large, 1s

( Ppl2 .
P, — m 1 — C(u) — S(u)] — i[C(u) — S(w)]} d<(
Prct' G ‘1 cos f]i. — ‘i,“ _ P;ﬁ]'lz : (34'6)
P, T e RN = Clu) — S(u)]
\ — i[C(u) — S(u)]} d>0

where u = (kd/V/2kr)?. The functions (I — C — S)and (C — S)are plotted
at the top of Fig. 8.14; we see that they go asymptotically to zero as u — oo,
Therefore, for d large and negative, the reflected amplitude is P, the ampli-
tude of a wave reflected from a rigid plane; for d large and positive, the
amplitude is 6050, — B

‘cos O, + B

the amplitude of a wave reflected from a plane of admittance § everywhere.
For |d| small, the functions (I — C — S) and (C — S) produce the changes
in amplitude and phase typical of a diffraction pattern.

Although the exact form of the Fourier transform of the surface pressure
distribution is obtained, the inverse transform, the pressure itself, cannot be
expressed in closed form. Therefore we shall be satisfied with an approxi-
mate solution of the integral equation, obtained from Eq. (8.4.13) by setting
z = 0. We set into the right-hand integral the first approximation to p,

ZPI_Et'k,ro sin U X 0
Xpl) =2 -1 ; .
P( 0 ) 2Pt C i pikzysind; Xy > 0
cosl, + p
to obtain, as a second-order approximation,
ko sin 6, P,fj Cos 61' ? kg sin
P(.\',O} Lzt ZPI-E’?A 9% — m " e Gl H‘Ho(k |J.' — .\'ul) d(k-‘.'g)
~ ZPi-EFh"in B P:‘ﬁ giezin .0‘ [X(OE-..—RX) + iY{ﬁi,—kx)] x < 0
cos O+ 8 |[2 — X(—0,, kx) — i¥(—0,kx)] x>0

(8.4.17)
where

X(0,1) + i Y(0,u) = cos ﬂJ eMSROLT (1) L iNy(w)] dw

L

1 4+ — u—0

—r w
0 u— o
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These functions, for 0 = 0, are plotted in the lower half of Fig. 8.14. They
are sufficiently similar to the functions (1-C-S) and (C-S) to lead us to believe
that Eq. (8.4.17) is a good approximation, at Jeast for |[f| < 1. And the
integrals X and Y are much easier to compute than is the exact solution for

0 # 0.
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FIGURE 8.14
Comparison of Fresnel integrals, defined in Eqs. (8.4.4), and
Bessel integrals, defined in Eq. (8.4.17).

o
o

bessel integrals

The power absorbed by the wall, per unit area, a distance x from the
2dge of the soft region, is & |p|*/pe for x = 0 and is zero for x < 0 (note that
f = & — ig). Therefore the strip of width about /27, next to the edge,
absorbs more energy than the average; the next strip, of width about 7/2,
absorbs less than the average: and so on. Since the integral of X + /Y
from x = 0to x = <o is zero, the mean rate of energy loss per unit area for a
strip much wider than A = 2#/k nearly equals |2P, cos 0,/(cos 0, + )&/ pe)
If the admittance || << 1. Since this would be the loss rate if the whole
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wall had admittance § [see Eq. (6.3.6)], we see that no edge correction jg
necessary in calculating the average energy lost near the edge of an absorbin
area of dimensions large compared with 4; to first order in |f] the diffraction
fluctuations in p near the edge average out, and even the second-order cor.
rection is a small fraction times |#[%. Under the next heading we shall see
that this is not true when two edges are close together, i.e., when the smallest
dimension of the absorbing area is not large compared with A.

Scattering from an absorbing strip

Suppose the wall at z = 0 is rigid except for a strip from x = —}a to
x = -}-4a, within which the specific acoustic impedance is j, independent of
x and y. In this case the equation for the pressure wave is
.1 il
p(x,z) = 2P,e***n% cog (kz cos 0,) — -}gkﬁfz plxp,0)H{V(kR) dx, (8.4.18)
-la
using the same notation as in Eq. (8.4.13). An exact solution, using the
Wiener-Hopf technique, is not possible for this case; so we shall use the
variational procedure discussed in Sec. 4.5.
First we shall use the asymptotic form for the Hankel function of
Eq. (7.3.3) to obtain a formula for the wave at a point designated by the polar
coordinates r, 0, {
2
H{"KkR) — |——exp (ikr — ikxysin 0
0 ( ] 4 \j frrkr P { (1] s}
when kr is large compared with both unity and kx,. The first term in
Eq. (8.4.18) is the incident-plus-reflected combination of plane waves; the
second term is the wave scattered by the strip,

Pﬂ;‘(“‘!z) Y 2P!_€,-,{-:ﬁ|'n 0; Ccos (k: Cos Bt) — \/wakj'

The function F describes the distribution-in-angle of the scattered wave;
it is the Fourier transform of the function

Jo(x) = 27k fi(x)pe(x,0) =J

e F,(ksinfl,) (8.4.19)

Fo(r)e™ ™ di

: = (8.4.20)

Fol) = kﬁr polxo0)e 0 dx,
A |

il

where fi(x) equals the constant 3 in the range — la < x < + la and equals
zero for other values of x.
The integral equation which p(x,0) must satisfy is

*la

Po (x,0) = 2Pl _ 181~ py (x,0)H{V(Kk [x — xo|) dl(kxo) (8.4.21)

la

If this can be solved for p in the range — la << x < +-1a, then p, for any value
of 6, of x and of z, can be computed from Eq. (8.4.18) or, asymptotically,
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from Eq. (8.4.19). We might try to solve this equation on the average by
multiplying it by P(x,0), integrating over x from — }a to -+ 1a, and adjusting
the average value of p in this range to satisfy the resulting equation. But
we can do better than this if we notice that the integral of the first term on the
rieht in Eq. (8.4.21), times fip, is related to the angle-distribution factor F;
in fact, it is the F for the angle of incidence changed from 0, to —0,, as
though the incident wave originated from the observation point r, 0, and the
scattered wave were being observed at the point r, —0,.

Suppose we multiply Eq. (8.4.21) for 0, = 0 by Bpe"(x,0) and integrate
from x = —3a to x = + }a, where we shall have to determine the relation
between p® and p later. Simplifying our notation in an obvious manner,
we have the equation

e, -
0= ZP%-k.[ etkesinti gp .o dx

da
— ékzjﬂpuﬂ deHg”(k |x — Xol)Ppe dxo — kJ Po"Pp, dx
We also write down the equation for F for i, = 0; = 0 in the form
2P, Fy(k sin ) = 2P{kJ ¢ WHELIB . dx

and add the equations to obtain a symmetric expression.

2P, F)(k sin 0) = 2Pk (je”” s 0ne dx + J-e""""'”"“ " Bpe dx)

o kfﬁuﬂﬁﬁa dx — ‘gszﬁpa“ dx fH,g”(k Ix — Xo|)PBpe dx, (8.4.22)

This equation for F can serve as a basis for our variational procedure.
For example, if we vary the shape of p* slightly, so that it becomes
p" 4 op?, the variation of 2P F is

kJ Aopy” d_r[2Pt-e’”“’ sind.. %ka:,”(k |x — xol)py dXo — Pe]

If p, is a solution of Eq. (8.4.21), this variation is zero. Likewise, if p is
varied, the change in 2P, F proportional to dp is zero if p* is a solution of the
equation resulting when 6 is changed to 0 in Eq. (8.4.21) [i.e., p," is the
surface pressure when source point and observation point are interchanged;
this equation and its solution are said to be adjoint to Eq. (8.4.21) and its
solution].

Generalizing the arguments of page 156, we can say that if the exact
solution p, and its adjoint p,* are inserted in the right-hand side of Eq.
(8.4.22), the result will equal 2P, times the correct angle-distribution function
F,(k sin 0) for the angle of incidence 0, but if trial functions y(=) and x"(=)
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are used in the integrals, and if these functions differ from p and p® by sma])
quantities of the order of o, the resulting expression will differ from 2p F
by a constant of the order of 42 Furthermore, if the shape of y(«) can be
varied by changing the value of the parameter «, then the shape of y(=) for
which the derivative d/dx of the variational expression is zero is the shape
most closely corresponding to p, and the value of the variational expression
for this minimal value of o« is most nearly equal to 2P,F(k sin 0).

For example, suppose we assume that the pressure over the soft strip
is proportional to ¢”**™"" (as it would if § = 0) but that its magnitude is not
2P; but A. We should obtain a Born approximation for F if we inserted
2P, "5 for p in Eq. (8.4.20) for F; this would be correct to first order in g,
We expect a second-order approximation if we insert the trial function
x = Ae*™s"" instead of p, and its adjoint Ae~**5"" for p,* into Eq. (8.4.22)
and vary the value of 4 to obtain a zero slope. The resulting variational
expression is

4P.kapA — kafA® — ékﬂﬁﬂAtje--F*Isillﬂ deH(:I!(k Ix — xo|)e™sim? gy,

(8.4.23)
The derivative of this with respect to 4 vanishes when
- 2P,
g B e i -
1 & E’_: J e—:k:ﬁmﬁ d.{J Hé”(k |.‘€ pexi .’I.'DI}C‘ik'r“m"ﬂ d.'l.'u.

This can be expressed in terms of the functions X and Y of Eq. (8.4.17)
for

Z(6,u) = cos Gj giwsin "HV(w) dw
U]

—1 — % + X(0u) + i Y(O,u) u<0
w
- (8.4.24)

0
1 + L X(Ou) — i Y(0,u) u>=>0
i

so that
k cos 0 J. HM(k |x — xpl)e***n% dx,
— et [7(0, Yka — kx) -+ Z(—0, tka + kx)]

and

1 5:.' 5 £ iﬂ i1 s
il ¢ ikrsin U dx Httlu(k |_\. o 7\'u|_}(‘”£r“ sin 0 d‘\.ﬂ
a a —._IEEI _‘._IE“:

™ ka
= ;(LJ [Z(0,—u) + Z(—0,u)] du = W(0,ka) + W(—0,ka)
adJo

The real and imaeinary parts of Z and W. for § = 0. are olotted in Fig. 8.15.
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u
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ZLD,U‘FJ‘HD Ly )dy
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W[H,u‘FU!u]fZlB*y‘.ldy
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FIGURE 8.15 ‘
Functions entering the calculation of pressure distribution
across a strip of absorbing material.
In terms of the Z’s and the W's, the variational solution 1s
2P;cos Bl
A= -
cos O - Lp[W(0.ka) + W(—0,ka))

Z{H{.‘ !,'kﬂ' — ;(T\) + Z(_ﬂl'! _.-,l.-kd o= kx}]er'k:sin o,

Palx,0) =2 2P, -ll — 1p

l cos 0, + 1AW (0ka) + W(—0,ka)] ]
zptei'k.rsin i I-"| ;\___ a
Gudun, 0805 wmoni (8.4.25)
2Pe cos 0, + B lkx| <€ ka >
2P kaf cos 0, sin [Yka(sin 0, — sin 0,)]

Fy (k sin 0,) ~ cos 0, + (B]2)[W(0,,ka) + W(—0,.ka)] }ka(sin 0, — sin 0,)

Page 483 of 933



462 THE SCATTERING OF SOUND

All these expressions are good to second order in the mean-square
departure of the surface pressure on the soft strip from its mean value there
(i.e., the mean-square difference between the true p and Ae*zsin®)  Tp .
formula for p, (x,0) is obtained by inserting the “best™ trial function into the
integral on the right of Eq. (8.4.21); that for the angle-distribution function

3P
ko ==
1 T e ORI
| 2 4 6
ki —p—
- 1
9 o gk
2 At
§ ko=2
=
E. L : ! 1
g 4 T—5
® kX —i—
5
w
w
=
L
a
[&]
S
;i ka=8 |
EJ.D’ 1’4.’1.13"1,.‘,1 ’j}f’////#”a : é \-‘-r_/‘-ﬂ‘z
1
T Fka _"'[ kX ——

-0

FIGURE 8.16

Pressure amplitude on wall having strip of admittance g=1
of width a, otherwise rigid, produced by normally incident
plane wave of wavelength 27/k and amplitude P,, as function
of distance x from center of strip, for different values of k.
Vertical dashed line indicates edge of strip,

for the scattered wave by setting the same “best™ function into Eq. (8.4.20).
The best value of the variational expression is, of course, F, (k sin 0,), the
scattered amplitude at the angle of reflection 0, = 0,.

As an indication of the adequacy of this solution, we plot in Fig. 8.16
the amplitude p(x,0) of the surface pressure from Eq. (8.4.25) as function of x,
for 6, = 0, for f# =1, and for several different values of k&. We see that,
for |x| < la, the pressure amplitude is not far from being constant, and thus
that the curves are not far from those of the exact solution. For || < 1 the
fit would be even better.

We note that when ka is very small, the pressure on the soft strip is not
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much different from the 2P, which would be present if the wall were all rigid;
the longer wavelength cannot accommodate itself to the narrow strip; so the
dip in pressure is shallow and extends well beyond the edge of the strip. As
k is increased, the pressure at the center of the strip approaches the value P;
which it would have if the strip were infinitely wide (for f = 1 there is no
reflected wave from a normally incident wave; the only pressure there is the
incident pressure P;). For ka > 1 the pressure amplitude approaches a
step function, going from P; for |x| < jato 2P, for |x| > ia, with a diffraction
pattern noticeable at the strip edge.

Problems

I Write out the long-wavelength expressions for the angle distribution of the
pressure wave scattered from a rigid cylinder and a rigid sphere from Egs.
(8.1.1yand (8.2.2). What are the ratios between the forward-, sideward-, and
backward- scattered intensity? In the case of the sphere, what are the separate
contributions from monopole and dipole scattering?

2 When the scattering sphere of radius @ is immovable and incompressible, the
surface integral of Eq. (7.1.17) can be used, and the integral equation for the
incident plus scattered wave takes the form

d
Pm(r) = F!'(r) £ QEJ‘J‘ I:Fm{ru) ? gm(r | ro)jJ ‘I‘Q{J
0

To=t

where d!2; is the element of solid angle in the r; coordinates. Show that the
asymptotic form of the scattered wave is

ika® ... T o ;

P—b(r) —_— — .‘I_ ‘_;l!li‘f [pw(r[}}lrn'—'ﬂ e — ikt c0s M COs 1] dgl}
r

where 1" is the angle between r and r,. Show that the Born approximation to

this asymptotic form, if the incident wave is the plane wave A exp (ik, - 1), is

aA .
P e= E‘f—; FH‘TJ‘JVEKP (—iw-ay) [( + k) -ay] di)

Y % 1
- ‘1_: e‘*"'{;;ayl{;tfrj n=k, —k; p = 2k sin )

where a, is the unit vector in the direction of the element of solid angle d(,
(Hint: use the direction of . as the axis for the angles of d€);). Show that
this does not agree, even at long wavelengths, with the exact solution of
Egs. (8.2.19), for x, = 0 and p, — . Why is this?

3 In a heavy rain the mean radius of the raindrops is 2 mm and there is, on the
average, one drop per 1,000 cu cm. Use Egs. (8.2.22) to calculate the fraction
of energy removed from a plane wave, per meter, at 100 and at 1,600 cps,
assuming that 3, = —1 and ;», = . Include both absorption and scattering
cross sections. Carry out the same calculations for a mist in which the mean
radius of the droplets is 0.1 mm but the same amount of water per cubic

centimeter is present as in the rain.
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THE SCATTERING OF SOUND

The material inside an infinite cylinder of radius @, with axis along the z axis,
has density p, and compressibility «,. It is surrounded by a medium of density
p and compressibility x.  An incident plane wave of sound

pPi = explik,z + ikix — iwt) = exp (ik.z + ik,rcos ¢ — fwt)

where k.;* + k* = prw?, is incident on the cylinder, producing a scattereq
wave. Show that the pressure amplitude inside and outside the cylinder can
be expressed in terms of the cylindrical coordinates z, r, ¢ by the series

e™:* Y €,i"B,, cos (mp)J,,(k,r) r<a
eullt: 2 Em';m Cos {"”‘lb.:' [Jm(kir) o DmHt”{ka'r)] a-=r

m

Po =

where k> = (p,.x./px)k 2. Show that requirements of continuity of p and u,
across the cylindrical surface require that
2 b KCP

__Iulkea) kia) — o) (k) (k ) ’
"l k@) H Dk a) — T, (k@) HD (k a)  kp,

L m

where the primes indicate differentiation with respect to the argument. Show
that the asymptotic form of the scattered wave is

25 _,\/ ;{r et N ¢ D, cos (mg)
gy

Using the results of Prob. 4, plus the series expansions of J,, and N,,, show
that the long-wavelength form for the wave scattered from the cylinder, to
second order in k ,a, is

f e D " s
2 eikzztik;r fmk J (K‘._ X - ZPE 2P Cos ‘,ﬁ)

\f’m'fc,-r 4 T

Ps =

Use the Born approximation of Eq. (8.1.18) and the two-dimensional Green’s
function g,(r | ry) = (([HH{M(k [r —r,|) to calculate the scattered wave of
Prob. 4. If y, and ¥, are functions of the cylindrical coordinate r only, show
that

f a
Ps == 4mi ,—_2— etk tikirk® [y (r) + y,(r) cos $]Jy (ur)r dr
\ ik r o
where ¢ = 2k; sin (#/2). When 7, and 3, are constant inside r = @ and zero
outside, show that the integral is approximately equal to (a%/2)(, - 7p COS ¢).
Compare this result with that of Prob. 5. What does it indicate regarding the
range of validity of the Born approximation?

The cylinder of Prob. 4 contains material of large viscosity and thermal con-
duction, but the surrounding medium has values y, K, and C ., which cannu_vt
be neglected. Show that, at long wavelengths, if the incident wave has ampli-
tude 4 and moves normal to the cylindrical axis (k; = k — ®/c), the scattered
wave is, approximately,

= IIII f‘ﬂ' S ERF !'\-2 2 "H'I ¥ =i —_— W — ] ﬂ
P A\-" T a [ & 2(1 — D@ ) =
> 2
" 2p, <p [1 <At b Ef_’] cos 95}
Pe T P Pe T p a

Compute the energy lost per unit length of cylinder.
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Show that, neglectmg the difference bctwcen 7, and (3p, — 3p},’(2pe 4 p) the

assume that the quantity in braces in the first integral of Eq. (8.1.13) is
k2 (rpi(rg) — divgly(rg) Vop,] + (0 — 1)y — 1) d div [p(0)a,, o(ry — a)]
30 + t)?’pdu di\'n{aa"{aun ¥ UI}P;) ry — a)]

where ry = 0 is the center of the sphere, 3, and y, are as defined in Eq. (8.1.11),

and v is the ratio of speciﬁc heats, where ¢ is the Dirac delta function. Vector
a,, is the unit vector in the direction of r,, and A, is the unit vector pcrpend|c~
ular to a, in the ryz plane, and thus ag (a,, - ﬁp) is the component of the
gradient of p: perpendicular to r,. Show' that these terms correspond to
forces acting on the surface of the sphere. Discuss the relationship between
these forces and the physics of the heat conduction and viscous flow.

Suppose the sphere of radius a, centered at the origin, contains material of the
same density p as the medium in the rest of space, but has compressibility
k. = k(1 + y,) differing from the « for the medium outside. Show that the
integral equation for p,,, for an incident plane wave,

polt) = eikir +”ka 7 P lrolgalr | o) doy

can be converted into the variational expression

47 D(k,) kﬁfﬂyﬁ(r)pme-fka»r dv

kﬁfj v(Opt(r)etksit do .szf ¥ (OPAE)P(r) do
k"lJ.J.J.'_}fg{r)Pﬂ(r) (ft'.[.'.J.gm (r [ ru)};x(r{}}f){l"'u) fi’Un

where p“ 1s the adjoint function, the solution of the integral equation, with k;
changed to —k,. Show that, as the shape of p inside r = a is varied, the
stationary value of ® comes when p is the solution of the integral equation,
and that when the chosen shape of p differs somewhat from the correct solution
P> the resulting value of @ differs from the correct @, to second order. Use

p = Ae™®T and p* = Ae~%sT as trial functions and show that the best values

of A and © are

N

fj 7o) exp [i(k; — k) -r]dv

kZAfff 1o(r) exp [i(k; — k) -r]dv

Suppose 7, in Prob. 9 is constant throughout the sphere. Show that the
mtegrals in the expressmn for A and @ are

JAJ‘J,}’KE B0 duJ‘J.J.ng"Ne"k*'r“ dry
8

W
15 7%

A e

205 [1 + § ika v} — k%a® (13 — cos #) -+ - -]

JI[?;; exp [itk; — ky) - rldv = 43—" 7e@®[l — 5 k*a® + zhg k'a* - - 1]
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Calculate the angle-distribution factor ® and compare with the Born approy;.
mation and with the exact solution for the same case.

Show that the backscattered sound of frequency w/2x from a patch of varigpja
acoustic admittance f, in an otherwise rigid wall, is, approximately,

e :
Pos = 2%;_ f”"fﬁ‘{xu) exp (2ikx, sin 0) dx,

where the angle of incidence is 0 and the angle of scattering is # = — 6 for back.
scattering, the direction of the incident wave being in the xz plane, and where
B(x) = | fi(x,y) dy. Show that the component of the pulsed incident-plus-
reflected wave

Poi = Af)(: 4 Ecr.}s 6 — fSil‘l 0) - Aé(r - El.‘:(:ns f — isin E’)
c [ c c

which has frequency w/2x, is

A .
Pwi = 5 [exp (—ikz cos 6 + ikx sin 0) + exp (fkz cos 8 + ikx sin 6)]

which is the incident wave producing the p,,, above. Show thus that the back-
scattered wave produced by the incident pulse is

s A EB ct —r
Por = g rsinbar \2sm o

Explain in simple terms why the variations in space of B have turned into
variations in time of p.  If the material on the wall is laid out in periodic bands,
parallel to the y axis, so that B ~ B, sin 2n=x/l)for —{d < x < +id (d>1D),
what frequency sound will be backscattered from the pulse-wave?
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SOUND WAVES IN DUCTS AND ROOMS

9.1 ACOQUSTIC TRANSMISSION LINES

A large number of sound-generating devices are tubular in shape, sound
waves of large amplitude being set up inside the tube, and some of this
stored-up energy being radiated out into the open. Other tubular devices,
such as mufflers, are designed to attenuate the sound passing through them.

When a sound wave is transmitted along the interior of a tube, and when
the wavelength is large compared with the transverse dimensions of the tube,
the fluid motion is predominantly parallel to the tube axis, and the wave motion
is very nearly one-dimensional. The mean fluid velocity through a cross-
sectional area a distance x from one end of the tube, at time ¢, can be written
u(x,7), and the mean acoustic pressure there is p(x,r). If the first-order wave
equation (6.2.4) is to be valid for this motion, the fluid should be at rest and in
thermal equilibrium when no sound is present, and u and p must be small
compared with ¢, the wave \-;elocity, and with P, the equilibrium pressure,
respectively. For these waves the tube is analogous to an electric trans-
mission line, and ac circuit theory can be used. Constrictions or openings
in the tube can be considered as lumped-circuit elements, and uniform
yielding of the tube walls can be considered to be contributing to the line
impedance.

Standing waves

A long rigid tube of uniform internal cross section is a useful apparatus
Wwith which to measure the acoustic properties of a surface placed at the end
of the tube. A vibrating piston, generating sound of frequency w/2w, is
Placed at the end x = 0, and a sample of the surface to be tested closes the
other end of the tube, at x = /. By measurement of the pressure amplitude
of the standing wave within the tube, the acoustic impedance of the surface
can be determined. To see what measurements are to be made, we must
Study the nature of the standing wave set up in the tube.

Suppose two simple-harmonic waves are traveling along the tube, one,
p. = A, e™ @t going in the positive x direction with frequency /27 and

Ae7
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wavelength A = 27/k = 27c/w, and the other, p_ = A_e %! with the
same frequency and wavelength, but going in the negative x direction. The
actual acoustic pressure p at any x and f is of course given by the sum
p. + p_, as long as the amplitudes are small compared with P. Using
Eqs. (6.2.3), we find that the fluid velocity at x, ¢ is
1 dp 1
ulx,t) = — — = — x,t) — p_(x,t 9L
(1) iwp dx  pc lpx,t) = p(x,1)] i)
where
px,1) = p.(x,1) + p_(x,1)
As long as the tube walls are completely rigid and no energy is absorbed

as the waves progress, the wave velocity ¢ = w/k = V' 1/pk is real and equal
to the wave velocity in the open (i.e., in the same fluid, of infinite extent, with
no tube walls present). Also, the amplitudes |p,| and |p_| are independent
of x and 7. On the other hand (as we shall see), if the tube walls are not
perfectly rigid, or if the viscous and thermal-conduction effects are non-
negligible, the wave number k will have a positive imaginary part, corre-
sponding to wave attenuation. Usually, this part is small compared with the
real part of k, small enough so that the relationship Re k = 2[4, valid when
k is real, is still a good approximation. Thus we can write

2m
A

The acoustic quantities may be conveniently related by means of the
ratio (p/u) at point x for a simple-harmonic wave of frequency kc/2w, which
can be called the impedance z at x for that frequency. The value z;at x =0
determines the relation between the piston velocity and the pressure at the
piston surface; the value z, must equal the acoustic impedance of the material
closing the end of the tube. These impedances are most compactly expressed
in terms of the hyperbolic tangent function of a complex quantity m(x — if),
where o and f turn out to be linear functions of x (note that this § is not the
specific acoustic admittance of Chap. 6). The relationship between « and f§
and the real and imaginary parts of the hyperbolic tangent are shown graph-
ically in Plates I and II.

With these goals in mind, we write out the expressions for the pressure
and velocity, in a plane wave of frequency kc/27, as

p = A.e** + A_e~"*r — 4 cosh (ikx + ®,) = A cosh (ikd — @)

k=" + iy (9.1.2)

A A
u = — sinh (ikx + ®,) = — — sinh (ikd — @)
pc pc

A, =14e®% A_=13de® d=I1—x O, =+ ikl (9.1.3)

Oy = mog — im(fy + 4) O, = 7o, — in(f, + 1)
2 21
A

ik=—ﬂ'}f+f’ﬁ} g = o, + pl fo= B + =
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9.1 ACOUSTIC TRANSMISSION LINES 469

where the value of A is determined by the velocity amplitude of the piston
at x = 0, and the values of «, and f, are determined by the acoustic reaction
of the material closing the duct at x = /. This reaction is measured by the

hase angle ®,; the ratio between reflected- and incident-wave amplitudes at
x=11is exp (—2 Re ®,) = ¢~**, and the phase change on reflection is
—2Im @, = #(28, + 1).

If the reaction of the end material can be expressed in terms of an im-
pedance z; = (plu), = pel, = pc(0 — iy) [Eq. (6.3.4)], the equation deter-
mining o, and [, is

{; = coth ®, = coth w(«, — if, — i) = tanh m(x, — iB) (9.1.4)
since coth x = tanh (x — }=i). If the specific acoustic impedance (, is

known, ¢, and [, can be computed graphically from Plates I and 11, and then
the impedance of the fluid in the tube on the piston

{, = coth ®, = tanh @(«, — i) = tanh -:r[(uct + pl) — E({)’I + %)]
(9.1.5)

can also be computed from the same charts. A typical example is shown in
Fig, 9.1,

Measurement of impedance

On the other hand, if the impedance pc{, is not known, it can be meas-
ured by measuring the pressure amplitude in the tube as a function of x.
The mean-square pressure a distance d from the material at x = [ is
2

| 4|2 |cosh (ikd — @)|2 = |A[?

cosh w[(oct Foyd) — i(ﬁ; - sz 52 %ﬂ

= |A|2|:(:0sh2 (e, + yd) — COSEW(ﬁ; T %;)] (9.1.6)

As with any standing wave, this has a sequence of minima, a half-wavelength
apart, separated by maxima, halfway between. The minima come at a
distance d,;, from the x = / end, where

2d .
B + c—;‘ﬂ =n (an integer) or d,(n)=—in—pB)

Wwith the rms pressure there

pmin(”) = !A| sinh Tr[:ﬂ; g o %V'J(” = ﬁt)]

'_The maxima come at dmax(n + 3) = 3A(n + § — f,), where n again is an
Integer; the rms pressure there is

Pmax(n + 3) = |A| cosh mla, + dyi(n + § — )]
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470 SOUND WAVES IN DUCTS AND ROOMS

The larger the argument of the sinh, the less sharp is the pressure
minimum and the less is the difference between maxima and minima. Jf
there is no friction (i.e., if &, and y are both zero), the pressure minimum ig
zero, and the standing wave is “perfect.” Usually, y is small; if the materia]

at x
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FIGURE 9.1
Specific acoustic impedance { of material at x =/ end of

tube, phase angle ®, of standing wave there, and corre-
sponding radiation impedance Z, on piston at x = 0.

at x = / is fairly rigid, «; also is small, and the pressure minima are quite
pronounced. On the other hand, if the impedance at x = / is equal to the
characteristic impedance pc of the medium, then { = 1 and &, — 00, in which
case |pinl — |pmax|; no wave is reflected, and there is no interference;
so there can be no minima.
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9.1 ACOUSTIC TRANSMISSION LINES 471

To measure {,, we first determine the spacing between pressure minima
and the distance between the nearest minimum, » — 1, and the termination,
x = . The spacing is equal to 4, and 3, = 1 — [2d,,;,(1)/4]. The value
of y is determined by measuring the rms pressure at two successive minima,
say, for n and n + 1, and at the intermediate maximum. The difference
between the pressure amplitudes at the two minima is

3
2 || cosh w[oe; — 3y2(n + 3 — )] sinh’;

and the ratio between this and the amplitude at the maximum,

2 — ; -+ 1 wh y
|pm1n(”)| |Pmml(” 1 )| L ]"_ }r'j. <1 (9_ |.?)
| pmax(nn - $)| 4 2
serves to determine the attenuation factor y.
To determine o, we compute the ratio of the mean value of |p,;.| at the

successive minima to the intermediate |pmax|.

|Pmin(”}| f |Prn1n(” + 1)
2 [pmax(n + 1)

Knowing y, 4, and dmax(n + 1), this equation allows one to obtain the value
of a;. Then, from Plate I or 1I, we can compute pc(,, the impedance of the
material at x = / and pcS{,, the acoustic load of the air in the tube on the
driving piston.

A
— cosh % tanh 7[#, — ydmax(n + 1] (9.1.8)

Open tube end

When the end of the tube at x = / is open to free space, the conditions
of flow and the distribution of pressure across the opening are not uniform,
even when the wavelength is much longer than the tube diameter. In this
long-wavelength limit, however, the only wave which can propagate inside
the tube is the plane wave, the fundamental mode, which is the situation
under discussion in this section. When this is the situation, it is possible to
ignore the nonuniformity of velocity across a tube cross section and to assume
that the air in the open end, at x = /, acts like a piston, radiating sound out
into the open, as well as reflecting some back toward the driving piston at
x = 0. At very long wavelengths little is radiated out of the open end, a
strong standing wave is built up inside the tube, and the simple approximation
we are discussing is close to the actual behavior. But as the driving frequency
Is increased, more and more energy leaks out of the open end, and the simple
model loses validity.

For a circular tube of length / and inside radius a, with end x = 0
provided with a driving piston and the end x = / flush with a rigid plane wall
(i.e., the open end is provided with a large, rigid flange), the air in the open
end may be considered, for long wavelengths, to be a piston of zero mass,
radiating some energy into the open and returning some back down the tube.
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472 SOUND WAVES IN DUCTS AND ROOMS

To this approximation we can talk about an acoustic impedance of the open
end, the ratio of the mean pressure at x = / to the mean axial velocity there,
The reactive part of this impedance would produce reflection back to the
driving piston at x = 0; the resistive part would represent energy lost from
the tube by being radiated out of the open end. Reference to Eq. (7.4.31)
indicates that this open-end impedance, for a flanged open end, would be the
function 0, — iy, (plotted in Fig. 7.9 and shown in Table 1X) multiplied by pe,

T T T T T T T | T I y |
A
oal N
/
//'/"z""‘*
—_
= \Gﬁqeff,f \ =
®0 X
N o
02} il c\’i\c’(\g /f}oqaé \—
£ ‘3?0 /qu‘\ o
2 -
)
= i .
e

/ 5
0 l 1 ] | 1 | | | | | 1
0 Q.5 10 by
{20/ A) hee

FIGURE 9.2

Impedance parameters @,z = f§, + ix, for open end of
circular tube. Curves marked unflanged are for open end in
infinite space; curves marked flanged are for opening in
plane wall, radiation confined to one side of wall.

Therefore the standing-wave parameters «, and (3, for the wave inside
the tube can be determined. We define the quantities «, = «, and 3, = f
such that
By — ixe = tanh w(x, — if,) (see Table 1X)

The radiation load on the piston at x = 0 is then easily computed from
Eq. (9.1.8).

. 21
Z.=R,— iX,= pcStanh = I:-x;, + pl — .r'('a"fp -+ 7):| (9.1.9)

where S = ma® is the cross-sectional area of the tube. R, and X, can thus
be calculated by using Plates I or I1I. The parameters «, and f3, for a tube
with flanged open end are plotted as the dashed lines marked flanged, as
functions of 2afi = aw|mc, in Fig. 9.2. We see that, for 42 > 10a, the
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9.1 ACOUSTIC TRANSMISSION LINES 473

majority of the energy stays inside the tube (the ratio of reflected to incident
intensity 1s e 7%, and for x << 0.05, this ratio is greater than 0.5, indicating
that a minority of the energy coming to the open end, from the piston, escapes
from the tube). We also see that the reactive effect of the open end is
considerable (this reactive effect is measured by the phase change e*"*» of
the pressure wave on reflection, and 8, is larger than 0.1 unless 4 > 20a).

In many cases the tube is not flanged, but radiates into free space (as
with an open organ pipe, for example), in which case the impedance functions
fl, and yx, given in the dashed curves of Fig. 9.2 are not appropriate. The
equivalent impedance of an unflanged circular tube can be computed exactly
for 2 > 2a [see Levine and Schwinger, Phys. Rev., 73: 383 (1948)]. It requires
the solution of a Wiener-Hopf integral equation, a subject beyond the scope
of this book. The results may be translated into values of o, and §,, and
are included in Fig. 9.2 as the solid lines marked unflanged. We note that,
because the escaping sound must spread out over the whole solid angle 4,
instead of the 27 in front of the flange in the previous case, the unflanged
curves indicate a smaller reactive effect and less energy radiated than for the
flanged tube at the same frequency (a larger solid angle corresponds to a
poorer impedance match between inside and outside). The general trend
of the curves is the same, however. The calculations for the unflanged
case are invalid for 2a/Z4 larger than 1.22, above which a higher-mode
symmetric wave can be transmitted inside the tube, as will be shown in Sec.
9.2

Having values of o, and 3, at least for the longer wavelengths, we now
can use Eq. (9.1.9) to compute the radiation impedance on the driving piston
at x = 0. A single example of the results is displayed in Fig. 9.3, for an
unflanged tube twice as long as its diameter. The lower curve gives the real
part, and the upper curve the imaginary part, of the hyperbolic tangent. The
resonances are clearly indicated, particularly at the lower frequencies. If
the boundary condition at x = / had been that p is zero there (as is sometimes
assumed in calculating resonance frequencies for open tubes), «,, f,, and
R, would have been zero, and X, would have been pcS tan (27//2). The
resonances would have come at 2//A = 4, 3, .... Figure 9.3 shows that the
actual resonances are for somewhat smaller values, for 2//1 = 0.43, 1.33, 2.25,
3.21.  As the frequency is increased, more and more energy is lost through
the open end (=, increases); so the resonance peaks get broader and less high
until, for 2//A > 4.88, the plane-wave approximation loses all validity.
Obviously, a much narrower tube, in relation to its length, would have many
more sharp resonances, coming at values of 2//4 much closer to half-integer
values, at least for the lower resonances.

If the tube is used as a musical instrument, the “driving piston™ is either
a vibrating reed or vibrating jet of air, which generates sound of all frequen-
cies. In this case the energy radiated will be more or less proportional to the
radiation resistance R, at the piston. This radiated energy is concentrated
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in narrow frequency bands, corresponding to the peaks in the curve of
R,. For a long narrow tube, these peaks come for frequencies such that
2l/A = n + }, the usual formula for resonance in an open-ended tube. For
the higher harmonics, however, when n begins to be as large as //a, the peaks
drop off in height and narrowness, and the resonances differ more and more
from the simple-harmonic ratio 2» 4 1 to the fundamental.

Unflanged end

| =
™
20 L I J/E\IAI//_I

Xt

L/

FIGURE 9.3

Radiation resistance R and reactance X of a piston driving air
in a circular tube of radius g and length /, the other end open
to free space, as functions of klf7 = 2I/A.

2..?:’9«]

Analogous impedance

When the wavelength of the sound wave in the tube is much greater than
the cross-sectional dimensions of the tube, the wave motion is quite analogous
to the flow of electric current in a transmission line. If the tube has cross-
sectional area S, the total flux of fluid, U = S, is the analogue of the electric
current /, and the sound pressure p is the analogue of the voltage E. The
inductance L, per unit length of transmission line is defined, in circuit theory,
by saying that the magnetic energy per unit length of line is }L,/% The
analogous inductance L,, per unit length of the pipe, is likewise deﬁned by
saying that the kinetic energy of the fluid, per unit length of pipe, is 3L, U2,
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so that
2 2 p
La: EZKE=EE%SPH2:§ (9.'.'0)
from Eq. (6.1.7), since the volume of a unit length of pipe is S.

Similarly, we can define the analogous capacitance C, per unit length of
pipe by saying that the potential energy per unit length is }C,p*  Again from
Eq. (6.1.7),

- - 3 o 9.1.11
C“=E£PE=E-;S@=SK_;—2 (9.1.11)
Thus the analogous characteristic impedance of the acoustic transmission line
and the velocity of wave motion along it are

L, pe \/ I

e & I.C,
and the power transmitted along the wave is pU = (pe[S)U? = S(pcu?),
where pcu? is the intensity of the sound wave.

This is all that needs to be said if the tube walls are perfectly rigid, if we
are willing to neglect energy losses at the tube walls, and if the tube cross
section is independent of x. But if we desire to include the effects of
heat conduction and viscosity at the tube walls, we must also include an
analogous resistance R, per unit length of tube. By analogy the resistance
would be defined by stating that the power loss per unit length is R, [U]%
According to Eqs. (6.4.37) and (6.4.38), for a wave moving tangentially
to the surface (k, = w/c = k), the power loss per unit area of surface is
[kd, + (y — Dkd,](Ip|?/2pc), where d, and d,, are defined in Eqs. (6.4.31). If
D is the perimeter of the duct’s internal cross section, and since |p| =~ pc Ju| =
(pe/S) |U| on the average, we can write the equation for the analogous resist-

ance per unit length of duct of uniform cross-sectional area S and perimeter
D as

cD
R P

2= oo [kd, + (r — Dkd)] (9.1.12)

This resistance is proportional to the square root of the driving frequency;
for ducts of cross-sectional area larger than 1 sq em and for frequencies of a
few kilocycles or less, it can ordinarily be neglected.

Ducts with yielding walls

The equation of motion given in Eqs. (6.2.3) for free space may be written
for a plane wave in a duct in terms of acoustic pressure and flux U = Su,
in accord with the electric-circuit analogy,

R . (9.1.13)
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where, as we have just said, we can often neglect the R, term. If the dyct
walls yield somewhat to the internal pressure, the equation of continuit},’
relating the time rate of change of pressure to the gradient of U, must be
modified.

The term —(0U]/dx) represents a rate of influx of gas into a unit length
of duct, and this corresponds to a change of density, and thus of pressure
there. If the duct walls are rigid, this influx equals the compressibility
k = 1/pe? of the gas times the time rate of change of pressure. But if the
duct walls yield, so that an increase of pressure produces a fractional change
of cross-sectional area, this dilutes somewhat the increased compression of
the gas, as though the two effects acted in parallel. Thus the equation of
continuity would be written

where K, the wall stiffness constant, is the ratio between the pressure p and
the fractional change in cross-sectional area of the duct, produced by p-
The pressure p 1s not static, however, and we also should take into
account the inertia of the duct walls. In a stiffness-controlled system
[Egs. (2.3.4)] the impedance is K/—iw, where w/2#7 is the frequency of the
wave. If massis to be considered, the impedance is —iwM + (K[ —iw) = Z.
Therefore the equation of continuity for a duct with yielding walls is

—BU—S( A )ap_S[l { I ]ap
e —iwZ,) ot " Llpc2 | M (0 — w?)] ot

where wg* = K,,/M,, w27 being the resonance frequency of transverse
expansion oscillation of the duct walls, unencumbered by the fluid inside.
Thus the second of Eqs. (6.2.3) becomes

oU % 0, — »® dp dp

it e sl MR ey SEPRN < e K — oo 9.1.14
ox KEUOE—(MQ dt = Ka! A = ( }

where ®,2 = w,% + (pc*/M,), /27 being the resonance frequency of the
walls when stiffened by the air inside it. 1t should be noted that this analysis
assumes that the duct walls are locally reacting, in the sense of page 260;
that no expansive wave motion is produced along the duct by the wave
motion inside (see Prob. | of Chap. 10 for waves in the duct walls).

In an electric transmission line the corresponding equation is —(2//0x) =
C(8V/ar), where C is the capacitance per unit length of the line. Therefore,
for a tube with locally yielding walls, Eq. (9.1.11) for the analogous capacl-
tance per unit length of duct becomes

S w? — e?

. (9.1.15)

pctwy" — ot
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The wave velocity in the duct is then

1 (m{,2 — w2y - 1 (9.1.16)
B = =c|l —— 2 =— 2 8
Y Yiic % — wg) pK

as long as the wavelength is long compared with the tube perimeter D.
The effect of the wall motion is to make this velocity a function of frequency.
If the walls are *‘soft,”” so that w, and w, are in the range of frequencies for
which the transmission-line analogy holds (i.e., for which myD/c and @, D/c
are much smaller than unity), the wave velocity inside the tube differs greatly
from the speed ¢ of sound in the open.

As o is increased from zero, the wave velocity first diminishes, becoming
zero when @ = m,, when the wave energy is entirely diverted to exciting tube
oscillations. For w, < @ < m,, the wave velocity is imaginary, indicating
that acoustic motion is so strongly attenuated that no true wave motion can
exist (this is identical with the anomalous dispersion and absorption in
optical media). Finally, when o is larger than w,, the wave velocity is again
real, but larger than ¢. It decreases as w increases further, approaching
¢ as @ — o0, Of course, when @ becomes larger than ¢/d, the wavelength
of the sound is no longer much greater than the tube diameter, and our simple
one-dimensional theory is no longer valid.

Thus the wave velocity in the tube is a function of the frequency of the
wave. Optical media, in which the light velocity is a function of frequency,
exhibit dispersion, so that a medium in which the wave velocity is frequency-
dependent is called a dispersive medium. A pipe with yielding walls is a
dispersive medium for longitudinal acoustic waves. Waves of arbitrary

shape will not maintain their shape as they travel along the interior of the
tube.

Phase and group velocity

With dispersive waves, when ¢ is a function of @, we must distinguish
between a number of different wave velocities. First there is the phase
velocity c,, the velocity with which the phase angle [t — (x/c,)] of a simple-
harmonic wave of frequency w/2m progresses along the tube. This is the
wave velocity of the wave of Eq. (9.1.16).

Then there is the group velocity, the velocity of progress of the “center of
gravity” of a group of waves that differ somewhat in frequency. For exam-
Ple, we might combine a sequence of simple-harmonic waves, each of the
form exp [i(w/e,)(x — c,1)]. with pressure amplitudes which are maximum
for ) — @, and fall off on either side, as given by the “‘error-function™
formula, (A4/0\ 27) exp [ (o — ®,)%/20%), so that the acoustic pressure is

A % : ; (0} 1
P = rﬁ’\-‘% f_mcxp[ It + 1x (',p(ru) s (ﬁ)(m = mu}z] div (9']_!7)
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Here w, /2 is the mean frequency of the group, and d/27 is the mean deviation
in frequency of any one component of the wave from this average. If the
phase velocity ¢, were independent of , this group of waves would have the

form
s i : _\; — 1_{32( i }_2]
p=4 cxp|: :r)a(r C{p) 0| I p )

[

which is a pulse extending, roughly, from x = ¢t — (c,[0) to c,t + (c,[0)
in space, traveling with velocity ¢, and oscillating with frequency @,/27 as
it travels along.

But if ¢ is a function of @, we must take this into account in performing
the integration. We can, for example, expand the quantity

) (0,
=—+4+(®w—w,)—+ -
cl®) ¢ &y

where

1 d o
e =e,(w,) = _1:(?“ C{P(fﬂ)]m:wd (9.1.18)

a

in a Taylor’s series about the average value w,. If 9, the “spread™ in fre-
quency of the group, is small compared with ,, we can usually neglect all
the terms higher than the first order in this expansion, and the exponent of
the integrand of Eq. (9.1.17) becomes

] X 1
—.r'{ua(f — ;!:) — i(w — mu)(r - i)— z—az(w — w,)?

The integration can then be carried out, giving

p= Aexp [—im"(! — {i) ,‘3-62(! — ;)} (9.1.19)

i’

This represents a pulse of spatial length ¢,/0 and of frequency w,/2m. The
velocity of the surfaces of constant phase-angle in this group wave is ¢, =
c,(7,), the phase velocity of the component of average frequency. But the
velocity of the wave peak, the point where the various components are all in
phase, is not ¢,, but ¢, = 1/[d(«/c,)/d®], , which is the group velocity of
any group of waves of frequency centered around w,. 1f ¢, is independent
of m, ¢, = ¢,, but if ¢, does vary with o,

m, (oc, -1
=l =% (EL

which is smaller than ¢, if de/de is negative (as it is for acoustic waves in 2
yielding tube).
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Finally, there is the signal velocity, which is the velocity of the front
of a group of waves, the speed at which one end of the tube first learns that
a signal has been started from the other end. Since a wave, to have a be-
ginning, must be a combination of waves of different frequencies, it is obvious
that the signal velocity (if there be one) is some sort of average value of c,,.
But if there are waves with phase velocity of any value, no matter how large
(as there are with waves in a nonrigid tube), it is not obvious that a wavefront
can be maintained. In fact, it would seem probable that the components of
high phase velocity would inevitably draw ahead of the rest and that even-
tually there would be no sharp wavefront.

This is the case with the diffusion of heat, for example. If the tempera-
ture at the end of a rod 1s suddenly increased at time ¢ = 0, the temperature
at a distance x along the rod begins immediately to rise, slowly at first but
continuously, so that at no time after t = 0 can we say that the *“heat front”
has suddenly arrived. There is no wavefront, and thus no signal velocity for
heat flow (in fact, there is no true.wave motion for it). One can ask whether
there can be such a thing as a sharp wavefront (and hence a signal velocity)
in a dispersive medium, such as a pipe with yielding walls.

[t turns out that the crucial test is not whether the phase velocity goes
to infinity for some intermediate value of @, but whether ¢ has a finite limiting
value as m — oo, By extension of Egs. (1.3.16) and (2.3.6), we see that the
pressure at point x at time ¢ in a one-dimensional dispersive wave, for which
the pressure is py(r) at x = 0, is

plx,0) =f P(w) exp (i i X — f{u!) dw
—_0 C
where | [ '
P(w) = _2;_[.@ polt) et dt (9.1.20)

and ¢, is some function of w. Now, if py() is zero for ¢ < 0, then all the
poles and other singularities of P(w) will be on or below the real axis of the
variable m, and the contour of integration of o will be just above its real axis.
Also, the singularities and zeros of ¢,(w) are on or below the real axis of w
[Eq. (9.1.16)], so that the contour of integration for o lies above all the
singularities of the integrand. Thus, according to Egs. (1.2.15), the acoustic
pressure p(x,r) is zero for t — [x[c(o0)] < 0, and so, if ¢ (@) approaches a
finite value, ¢,(90), as w — oo, nothing will occur at point x until time
I = xfe,(c0): the wave will have a true wavefront which travels with the
signal velocity c¢,(0).

__The velocity of simple-harmonic “waves™ of heat is proportional to
Vs thus ¢,(w) — o0 as w —> w0, and heat conduction has no wavefront,
as we pointed out earlier. On the other hand, for waves in a pipe, if we
assume that Eq. (6.4.21) holds over the whole range of w, then ¢,(c0) is just
equal to ¢, the velocity of sound waves in free space; thus the signal velocity

of waves in a tube exists and equals c.
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Lumped-circuit elements

Sudden changes of duct cross section produce sudden changes of pres.
sure, and in the long-wavelength approximation, their effects are equivalent
to the lumped-circuit impedances, capacitances, and resistances familiar jp
electric circuits. For example, a constriction in a duct gives rise to a cop.
centration of flow through the constriction, with consequent increase ip
kinetic-energy density. If the net increase is concentrated in a region sma])
compared with the wavelength, the total increase can be represented by 3
lumped inductance. If the constriction also produces an increase in viscous-
energy loss, this addition can be represented as a lumped resistance.

The various types of acoustical circuit elements are shown in Fig. 9.4,
together with their electrical analogues. The closed volume V, at D
behaves like a capacitance, since additional volume of fluid, introduced into
D, increases the pressure there. The potential energy of this compression
is approximately 3V xp*; so the analogous capacitance corresponding to D
i1s [see also Eq. (9.1.11)]

. ¥p
Cphe= e (9.1.21)

To calculate the analogous impedance and resistance of a constriction
like the openings at C or B of Fig. 9.4, we compute the extra kinetic energy
and viscous-energy loss, produced by steady flow through the opening. The
simplest case is that of a circular opening of radius b in a thin but rigid plate.
If the area b is considerably smaller than the area S of the duct cross section,
we can consider the flow pattern through the hole to be unaffected by the
duct walls and calculate the flow through a circular hole in an infinite plate.

As shown in Fig. 9.5, the lines of flow are hyperbolas, 7 = constant,
with foci the traces of the sharp edge of the hole on the rx plane. The
surfaces of constant velocity potential, & = constant, are oblate spheroids,
with elliptical sections in the rz plane, having the same foci. Thus &, 7, and

analogous to an acoustical transmission line
with openings, constrictions, and shunt
volumes.

£ FIGURE 9.4
& lllustration of electric-circuit elements
fa
G,
5 ks l
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$, the angle around the x axis, the appropriate set of coordinates to describe
’ 2
the motion, are related to x, y, and z by the equations

x==bén
y = bV(£2+ 1)1 — 3P cos ¢
z=bV(E + 1)(1 — ¥ sin

FIGURE 9.5
Lines of flow, i = const, and velocity-potential surfaces,
& = const, for steady flow through a circular orifice.

It can be shown that the magnitude « of the fluid velocity at the point
X, V. zor & n, ¢ is (U2abD)[(1 + E3)(5* + #%)] %, going to zero at infinite
distances from the hole (§ — o) and going to infinity at the edge of the hole
(§ — 5 — 0) if the plate is infinitely thin. Factor U is the total rate of flow
through the opening, and thus is the value of the analogue to the current,
as already used. The volume element in the &, 4, ¢ coordinates is

b*(&2 + 9®) d& diy dd
So the total kinetic energy of the fluid is

U )EJ‘E:M)J‘I; J‘D" E)Q(EE L .”2}(.;5 ot Pu-zj' = dE _iug
2)Je Cl) s @ D@+ 2abde T8 4

1
Z P(
27
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Thus, in accord with Eq. (9.1.10), when #b* is much smaller than S, the
lumped-circuit inductance of the opening is

p
I — —
= b

If we had chosen a mechanical, instead of electrical, analogue, we should
have talked about the air in and near the opening as equivalent to a solid
plug of material, moving back and forth through the opening with velocity
u = UJmb* and kinetic energy I M,u® In this case the effective mass would
be

M, = 1m®b?p = (wb®)2:L,

which is equivalent to a slug of fluid of density p, of cross section equal to
So = wb?, the area of the opening, and of length /, = I=b equal to one-
quarter of the perimeter of the opening. This leads us to a way of writing
these formulas, in terms of the area S, of the opening and its perimeter D,,

s pD,

Mﬂz -]fD{}SDP La— 48,
[i]

(9.1.22)
which we have just shown is valid for circular holes, as long as S, < S < 4%
We should expect such formulas to apply reasonably well to square holes or
holes of other shape, as long as (D,/4)* is of the same order of magnitude
as S, (i.e., as long as the opening is about as long as it is wide).

To compute the analogous resistance of the circular hole, we use Eq.
(6.4.39) to compute the additional power lost because of the increase in
velocity near the edge of the opening. Equation (9.1.12) gives the analogous
resistance per unit length of duct for the uniform duct. The tangential
velocity near the sharp edges of the hole is much larger than that tangential
to the duct walls. Thus, though the thermal-conduction loss rate is not
increased much, the viscous loss may be quite large near the edge of the hole.
In fact, if we assume that the surface of the plate corresponded to the surface
1 = 0 (i.e., the plate were of zero thickness), the tangential velocity next to
the plate would be Uwahz\-"rrE{] - &%), which goes to infinity at § = 0, at the
infinitely sharp edge of the opening. _

This formula for the tangential velocity next to the plate is incorrect for
two reasons. First, the plate has a finite thickness, and the edge has a finite
radius of curvature, not zero. It would be more accurate to approximate
the surface of the plate by the surface #, = \'W, where i < b is the radius
of curvature of the edge of the hole, and thus 2/ is roughly equal to the
thickness of the plate near its edge; / is small but not zero. In the second
place, the formula of Eq. (6.4.39) has to do with tangential velocity just
outside the viscous boundary layer; the tangential velocity at the surface
of the plate is zero. The thickness d, = V2u/poy ~ 0.21/V» cm for air at
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standard conditions applies only when 4, is smaller than the radius of curva-
ture of the surface. Only when this i1s true can we assume that the utan
of Eq. (6.4.39) is the uyapn calculated for the surface when viscosity is neglected,
the way Eq. (6.4.39) has been used. Thus the 4 in the formula », = \/m
is either the half-thickness of the plate near the edge of the hole, or else is the
thickness d, of the viscous boundary layer, whichever is larger.

Using Eq. (6.4.39), the power lost by flow through a circular hole of

radius b is the integral of — pwd (utan)® over the surface 7, = ‘\”fzfr,’b.

2 for @ SE2
épmdu (Z_U;)E)J (ivf]igJ‘ il i (2}1]'{);!: b2 df e zL:: U2 1n 2—:
— L
e (& -+ l}(f? + 3)

when /i < b. Therefore the analogous resistance of a circular hole of radius
b < V;Sfrr is

pod,  2b 1 2b
~ I i = 9.1.23
R, R n B 4s, ‘\/2pw,u, In 7 ( )

where i < b is either the half-thickness of the plate near the hole edge (i.e., is
the mean radius of curvature of the edge) or else is the viscous-boundary-
layer thickness d,, whichever is larger. (When b becomes the same size as
d,, the boundary layers merge in the hole, and the exact solutions of Sec. 6.4
must be used; fortunately, such a minute hole is of no great practical interest.)
The resistance R, is in series with the lumped-circuit inductance L, of Eq.
(9.1.22) for the hole, as shown in Fig. 9.4. At moderate and large intensities,
turbulence around the edges modifies R; see Eq. (11.3.36).

Two-dimensional flow

To determine the lumped-circuit impedance and resistance of a con-
stricted opening which is considerably longer than it is wide, we resort to a
technique which can be used whenever the problem is a two-dimensional one.
If the duct is rectangular in cross section, with two walls parallel to the xy
Plane, everywhere a distance d apart, the distance between the other two walls
varying with x, then the fluid motion in the duct will be parallel to the xy
plane, and p and u will be functions of x and y only (except for the time
dependence). We then can use the complex notation (Fig. 1.1) to assist us.
Both velocity and pressure can be expressed in terms of the velocity potential
¥ of Eq. (6.2.13) (for convenience here we shall use minus the potential,
¥ =-Y),

When the wavelength is long compared with the duct width, the function
w(x,y) will approximate a solution of the Laplace equation, (d%p/0dx®) +
(G%/8y%) ~ 0. 1In this case  will turn out to be the real part of a function
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of the complex variable z = x + iy:

F@)=¢xy)+ib(xy) z=x+iy z*t=x-—1iy

o 2. 2. 8 a2 2
RS ox 0z 0dz* Oy 0z Z*

and the velocity potential  and the flow function 0, so defined, will be related
by the Cauchy relations
oy db dpy 90

5B B 9

We can then use the geometric representation of a complex quantity,
pictured in Fig. 1.1, to define the vector velocity of the fluid, the real part,
dy/0x, being the x component, and the imaginary part, dy/dy, being the y
component, so that

dy _ay;_] _ | G ) 1 @ . ] G, .
E{+fa—y—ia(¥}*!9)-1‘£f§}(w 10] EB_F Ela—‘yF
1 d 1o ., 10 | @ *_aF*
-5 P i P =

Since F is a function of z alone (not z*), F* will be a function of z* alone,
and dF*/0z* will be the complex conjugate of the complex quantity dF/dz.
Thus the complex quantity representing the magnitude and direction of the
fluid flow at the point x - iy within the duct is given by the complex con-
jugate of the derivative dF/dz, where the real part of F(z) = y | if is the
negative velocity potential.

dF dF

U, = Re‘—i; u, = —ImE
(9.1.24)

dF |2

~ ipw Re F 2 =
p=ipw Re |u| e

Inductance and resistance of a slit

If the traces of the duct walls perpendicular to the xy plane consist of
portions of straight lines, we can use the Schwartz-Christoffel transformation
to find F as a function of z (actually, we find z as a function of F, but this is
only moderately embarrassing). As an example of the method, we consider
the duct of Fig. 9.6, having depth d perpendicular to the xy plane and having
constant width a in the y direction, except for a diaphragm at x = 0 with ap

open slit of width b symmetrically located.
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FIGURE 9.6

Conformal transformations from the z plane of the duct to
the velocity-potential F plane, via the w plane, for half a
rectangular duct with slit of width b. Dashed lines are
Streamlines, () — const; dotted lines, velocity-potential
Contours, 1 = const.

To find the steady-state flow, we first transform the interior of the half-

duct, between the lines y = 0 and y = —ia to the upper half of the w =
€ -+ iy plane, by the Schwartz-Christoffel transformation
dz _a w— 1
dw 2w '\/‘I(u' — o2} (w — ]_f.:gz)
a i 4w o (9.1.25)
— e — —_— W —
Z:E]n “an-'—oci*—l—'\/’w—l[l;’:'u)2 27 O
T V(1) = (1fw) + V& — (1/w) a_ wQ
i —— w—0
27 4
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where 0 = (1/2)2 + 22 + 2 = [(1/2) + «]%, and where, in order that point
C (w=1) correspond to z = (i/2)(a — b), the quantity = must equal
tan (wb/4a).

The transformation from the w to the F plane is simple.

. au
w = e Flau F=—Inw
W

if the fluid velocity at x = - 0 is , so that the total flux is wad = U. Thus
at point E (x — 00 Oor w— 00 Or § — ), the fluid velocity, in magnitude
and direction, is the limiting value of the complex conjugate of

dF dFdw au 2mw \/ ( 2 [ ( 1 ﬂ
—_—————— = — w— |- - ) —
dz dwdz 2awa(w —1) po= e o . W

The limiting value is real, indicating that the vector velocity is parallel to
the x axis, and has magnitude u, as it should.

To calculate the lumped-circuit inductance of the slit at x = 0, we need
to calculate the total kinetic energy of the fluid in the duct between x = —/
and x = -/, where / >a. This, minus the quantity }pu*2/ad) (which
would be the kinetic energy if there were no constriction), must equal $L,U?
where L, is the analogous inductance and U = wad. To compute the
corresponding resistance we must integrate |u|* along the surface of the
plate, from points B to C to D (or from B to C times 2). From Eq. (6.4.39),
the analogous resistance R, of the slit is pod,|U? times the integral of
|dF|dz|* from B to C.

To transform the integral from the z to the F plane, we use the relation
dx dy = |dz/dF|*dy df. For the inductance we integrate over half the
duct and multiply by 2.

4 i af2 dF |2
L i (éde._lde; dy o %p.’adﬁ)
e -] 2
= d do — lau®) = - [(p, — v_) — 2lu]
bl 2 — lau Md[(w. y_)
where ¥, is the value of y at x = -/, and y_ is its value at —1. Since
w, = e¥vilat and w_ = 2¥-/a*, we can use the second line of Eqgs. (9.1.25)
to relate ¥, and y_ to +/.
p, a o 1) o @ (1 1 )
~ = ——In|= + =— ==+ -In\z+ —
¢ u wn(z 2 I u 17rn 2+21.

Thus, finally, the lumped-circuit inductance of the slit, of width b, in a duct
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of cross section a by d, is

2 2 [ b
Lﬂ——P!n(ix—k Lo 1) = —Eln(étanzf—k-é cotﬂ—)

- wd wd 4q 4a,
2p. 2a (9.1.26)
;{} In w—b b ‘< a
wp [a — b)2
— — b £
ad ( a i >

Since the Schwartz-Christoffel transformation includes the duct sides,
this formula is valid for all values of b in the range 0 < b < a, as long as 4
is much larger than a. If the slit is wide, the obstruction being but a pair
of fins sticking out from the walls, the inductive effect is small, being pro-
portional to the square of the relative extension (¢ — b)/a. For a relatively
narrow slit, the analogous inductance goes to infinity logarithmically as
slit width goes to zero, in contrast to that of the circular hole, which is
inversely proportional to the radius of the hole when this radius is small
compared with a.

The effective mass of the high-speed air in the slit is

2 b ah
—— 2 —a 2 1 1
M, = (bd)*L, = — pb%dIn ('5 tan 7 -+ 3 cot _a)

When b < q, this is equivalent to the mass of a slug of air of cross section
equal to that of the slit bd and of length (2b/7) In (2a/mb), which is longer and
longer, compared with its width b, as b goes to zero.

According to Eqgs. (6.4.39) and (9.1.23), the additional power lost
because of the constriction, R, U2 should be 2d times the integral of
$pod (uwn)? dz over the surface, in the z plane, from B to C to D. The
magnitude of u® equals |dF/dz|? = |dF|dw|* |dw[dz|?, and if we transform to
the w plane, dz = |dz/dw| dw. Therefore

2pad, [ 2

dw
R, =— .
a*du® )2

dz

dF

~ pod, [
dw -

Y — w]|}
(w — a®)[(1/a)® — w] s

¥ wi(l — w)?

mad Jat

If we assume that the fins forming the constriction have zero thickness, the
Path of integration will be along the real axis in the w plane, and the integral
W%ll diverge. But if we assume that the fins have small but finite thickness,
With maximum radius of curvature /1 at their edges, the integration will be
along the line 4, — ((4mh/a)[(1/=) — «]}* above the axis in the w = & + iy
Plane. The result, if 4 is small compared with a, is the same as if we integrate
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along the & axis from « to 1 — #j,:

_ pod, (l sf.) In { a (1)) —«

~ 2mad \o wh [(1]2) + o]

2pd, b (9.1.27)

A 4h <b <
T PR
podfa—b), a—b .
1 e L
A7 T R G~

where o« = tan (wbf4a), and d, = ’\Q;ﬂfpm, as before. Also as before,
with Eq. (9.1.23), / is either the half-thickness of the plate near the slit edge,
or else it is d,, the viscous-boundary-layer thickness, whichever is larger.,
When the slit width b becomes as small as d,, the formula no longer holds.
Turbulence also modifies these results, as shown in Eq. (11.3.36).

Change of duct width

The same analysis can be applied to the case of a rectangular duct of
depth d and width b for x << 0 and a for x > 0, as shown in Fig. 9.7. The
details will be left for a problem; the results are given here. The lumped-
circuit inductance and resistance corresponding to the sudden increase in
cross section are

Lazi[(a_b)zl a+t+b (a—l—b)j

A T e G
p a
kLo & ik 5
mf( +1“4.5) Ghoae
— by 2
35 (a ) ([ +In ) b—a
17(?' a i —
(9.1.28)
pod,a — b ( a® — b? + -'.'3')
R.= {4 I
“= 5.4 b B el o
pwd, 2 +
&b
%d = ay Rb
Pl"'l'd}_, a—b
2ad b R

Both L, and R, vanish when @ = b (i.e., when there is no change in
width). When b is much smaller than a, both L, and R, are fairly large
since the excess velocity at shoulder C becomes large. The resistance
increases as the inverse of b, whereas the inductance increases only as the
logarithm of a/4b. Since the angle at ¢ is only 90° (instead of the 180° at
the edge of the plates of Figs. 9.5 and 9.6), the integral of (un)* does not
diverge, and we need not introduce the minimal radius of curvature A.
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FIGURE 9.7
section of a rectangular duct with sudden if///////////fi—"'
change of width in the y direction. 0 e g

Acoustical circuits

Returning to Fig. 9.4, the effective impedance of opening A4, which
allows energy to escape from the duct, would be a combination of the local
mass and viscous loads, represented by Egs. (9.1.22) and (9.1.23), and the
radiation impedance of the opening, represented by the functions 0, — iy,
used in Eq. (9.1.9) and plotted in Fig. 7.9 (or else the impedance correspond-
ing to the «,, f, marked “unflanged” in Fig. 9.1). Since reactance yx,
corresponds to the mass load outside the hole, the reactance of Eq. (9.1.22)
should be divided by 2, to represent only the concentration of flow inside the
duct, near the hole. Therefore the analogous impedance of opening A4 of
Fig. 9.4 is

A S,
Z,=R,— inL, L,~ D [&DA e xﬂ(zk\/__q)il
S_-l 2 T

pe [ (45__—,) ( S‘,l)]
g ap i |t | - k(=2
R S |:ei 41 wh * - 0o 2 T

A

(9.1.29)

where k = wfe = 2w[i; S and D, are the area and perimeter, respectively,
of the opening A4 h, is the half-thickness of the duct wall; and ,, y, are the

functions shown in Table 1X, with argument w = Zk'\/S__;f‘:r.
The impedance of opening B is, of course, R;; — iwL,;, where
e 4Sp

D kd,
Ly~ PL g R, ~ PCRU,,

unless B is a slit, extending from one side of the duct to the other, in which
case Eqs. (9.1.26) and (9.1.27) can be used, with d and b equaling the length
and width, respectively, of the slit, and a equaling the cross-sectional area
of the duct S divided by d (that is, S = ad). All these formulas are valid
only as long as the wavelength of the sound is considerably longer than the
Square root of the cross-sectional area of the duct, S.

The opening C and volume D of Fig. 9.4 constitute a resonating acous-
tical system, called a Helmholiz resonator. The analogous elements Cj,
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R, and L. are given in Egs. (9.1.21), (9.1.22), and (9.1.23). The resonance
frequency is wy/27, where
1 B
\/— = .
LcCp DoV

The Q of the.resonator [Eq. (2.2.4)] is

Q J([}Lf ED[- j!é
.ri In (4S¢[mh¢®)

This defines the rate of damping of free oscillations of the resonator and the
width of the resonance peak. If opening C looks out into open space
instead of the duct interior, the inductance and resistance of the analogous
circuit will be given by Egs. (9.1.29), since radiation resistance must be added.
The resonance frequency is then the solution of the implicit equation

S [ 8 [Sc 1 ]—i we [Se
Wy = 2¢ - L 4+ — — (W, W, =2 — X
0 \/ DoV = B wg Zo(Wo) Ro == g il

and the Q of the resonator will be
. 7o) + wo( Do/ 16)V'7[Se .
Oo(wo) + wo(d,/16)V 7[S In (4S o[ mh?)

which is smaller than the Q of Eq. (9.1.30), since it is reduced by the added
radiation resistance.

f"}o —

(9.1.30)

Periodic structures

The acoustical elements can, finally, be arranged sequentially to form a
filter network. For example, a duct with equally spaced constrictions, as
shown in Fig. 9.8, is equivalent to a network of series inductances and shunt
capacitances, making a low-pass filter. The equations of motion for flow
through the nth constriction are

Pn— Prni1= {Ra = f(uLﬂ)Un = ZEI.UI'E
for low frequencies, where R, and L, are given by Eqs. (9.1.22) and (9.1.23),

FIGURE 9.8
Acoustical low-pass filter circuit.

Page 512 of 933



9.1 ACOQUSTIC TRANSMISSION LINES 491

or else (9.1.26) and (9.1.27), if the opening is a slit. The equation of con-
tinuity, relating the compressibility times the pressure change in the (n -+ 1)st
enclosure to the net influx to this volume, is

where C, is given in Eq. (9.1.21).
Expressing U, and p,., in terms of U, and p,, we have

,PFHI :pu = ZuUﬂ
Un 1= -‘IFFJC“P." o ([ — fa)caza:l Uﬂ

For wave motion propagated in the positive n direction, p,,, and U, ., must
both be a constant factor times p, and U,, respectively. If we write this
factor ¢'®, the real part of @ will be the phase change from element to element
in a simple-harmonic wave, and the imaginary part will measure the atten-
uation of the wave. Solving Eq. (9.1.31), with p,, = €¢®p, and U,,, =
e'*U,, we find that

e® = 1 — tinC,Z, + V —iwC,Z, — HwC,Z,)

(9.1.31)

or
lfwE 1 W
cos® =1— limC,Z =l——(—)——'( ) 9.1.32

sivC,Z, ;) o 0P ( )

where
1 wDL
We® = 3 and g = Val
L,C,

The real and imaginary parts of @ can be determmed graphically from
Plate 111. :
For frequencies considerably below the resonance frequency w,/2, the

relation
() 1 !m SD, So Dy
P e o [ 9.1.33
g 2! Q2 2cN S,/ 164': ( )

is valid. It provides a basis for calculating the wave w:locnty and attenuation
in the filter sequence. Since the pressure in the nth enclosure, roughly, a
distance x = n/ from the beginning, is Pye™®, the pressure a distance x
from the beginning is

Pue;rmﬂ ~ P[l EKP J:l;frl(i \/;S_D? — ,f) — ._Y Erfi’\fsnpﬁ:l
2\ Sil 116\ Si

for m < w, Q>1 (9.1.34)

where S = cross-sectional area of duct
! = distance between successive constrictions
Sy = area of constricted opening
D, = perimeter of opening
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Thus we see that the effective phase velocity ¢, of the wave along the network,
and the damping constant y, the inverse of the distance within which the
amplitude decreases by a factor e™?, are

. _kd, [S,D,
o=\ 'sD, <N S

As the driving frequency is increased to wy/2m and greater, these formulas
are no longer valid, and one must solve Eq. (9.1.32) graphically or numer-
ically. A sudden change comes at the frequency g/, particularly when
Q > 1. For at driving frequencies greater than w,/m, the real part of
cos @ is less than —1, and the imaginary part of @, which had been small for
@ < 2m,, now increases rapidly with frequency.

)

1 2
O~ a4 fcosh""]:i(——) — l} w > 2w, Ors1 (2.0.35

g

Each enclosure oscillates out of phase with its neighbors, and the wave is
rapidly damped out with increasing n. Above this cutoff frequency w,/m,
true wave motion is impossible.

Other sequential acoustical circuits can be devised, to act as high-pass
or bandpass filters. The details will be left to the problems.

9.2 HIGHER MODES IN DUCTS

It is possible to consider a sound wave in a pipe as a one-dimensional
wave, somewhat like a wave in a string, only when the wavelength of the
sound transmitted is much longer than the transverse dimensions of the pipe.
This limiting case was dealt with in detail in the preceding section; it is now
time to take up the higher-frequency waves, where this simplification is
not valid. In addition to the fundamental wave, traveling in the axial
direction and having wavefronts which are uniform across the duct cross
section, there are waves which reflect back and forth from the duct walls as
they travel along, for which the pressure distribution is not uniform across the
duct. :

These higher modes of wave transmission have phase velocities which

are greater than the velocity ¢ = \V/1/xp of sound in free space. As the
frequency is decreased, the phase velocity of each higher mode increases,
to become infinite at some cutoff frequency, characteristic of the mﬂd_'3
considered. Below the cutoff, true transmission cannot take place for this
mode: the wave attenuates rapidly. Thus, at low frequencies, only the
plane wave, the fundamental mode, is transmitted. At higher frequencies
some of the higher modes also are propagated, and these additional waves
must be included in our calculations.
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internal reflections and higher modes

Thus we can consider a wave inside the duct as a combination of plane-
wave components, incident on and reflecting from the duct walls. When
the wavelength A = 27c/w in free space is small enough, in addition to
the plane wave traveling in the direction of the tube axis, there will be other
waves, which reflect from side to side as they travel along. They cannot
strike the sides at any angle; the incidence must be such as to avoid de-
structive interference between successively reflected waves.
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FIGURE 9.9

Reflected-wave components making up the first higher mode
propagating between two parallel plates. Solid lines repre-
sent pressure maxima of the component wave; dotted lines,
pressure minima. Arrows, representing direction of propa-
gation of the components, are normal to the wavefronts.

To illustrate these points we first consider a two-dimensional model,
that of wave motion between plane parallel plates, as shown in Fig. 9.9.
Reference to Eq. (6.3.5) indicates that if the duct surfaces are rigid, the phase
of the incident and reflected waves must be equal at the plate surface, maxi-
mum coinciding with maximum and minimum with minimum. If the
alternate reinforcements are a single wavelength apart, so that 2/ cos § = 1,
as shown, the wave is the first transverse mode; if they are m wavelengths
apart, so that 2/cos § = mA, the wave is the mth transverse mode. The
wave for 0 = Imx (m = 0) is, of course, the fundamental mode. Thus
the distance between successive maxima on the sides of the duct is

21 A
—cotl =
m V1 — (mi[2])?

and since w/27 = ¢/ of them must pass a given point in a second, the speed

Page 515 of 933



494 SOUND WAVES IN DUCTS AND ROOMS
of the mth mode down the duct is

2 c ¢
Phase velocity ¢, = =

sinf,, /1 — (mA20)

(9.2.1
na. TINC
1 1 — = e Py -1
Angle of incidence = 0,, = cos 57 =
The maximum A for the mth mode, corresponding to 6,, = 0°, is 4,, = 2//m,

At the frequency o, /27 = mc/2[, corresponding to this maximum 4, the
phase velocity of the mth mode is infinite: below this mth cutoff frequency
the mth mode cannot propagate along the tube. Finally, by noting where
pressure maxima cross pressure minima of the reflected waves, we can
convince ourselves that the mth mode has m nodal surfaces (where p 1s zero)
parallel to the duct axis.

This same geometrical analysis can also provide an approximate
answer when the acoustic admittance of the walls is not zero. For example,
in the case of the parallel plates of Fig. 9.9, if the lower plate has specific
acoustic admittance £, and the upper one has admittance 8, (with § = & — ic
in both cases), then Eq. (6.3.5) indicates that at each reflection the wave is
changed in amplitude and phase by the factor

~— —2 2i
_ 1 —(gJeos By) 4 & + 2ig,

Con Y e p mil2 if  ml>4118,] (9.2.2)
the subscript s being 1 for reflection from the lower plate, and 2 for reflection
from the upper plate. For mi > |4/§|, the formula for 0,, in Egs. (9.2.1)
is still valid. Thus, at each reflection, the amplitude of the wave is reduced
by a factor roughly equal to exp (—2&,/cos 0,,), and the phase of the wave is
advanced by 2o /cos f,, radians, so that incident maxima do not exactly
coincide with reflected maxima at the sides of the duct.

Since in two reflections, one from each side, the acoustic ray has pro-
gressed a distance 2/tan 0, down the duct, the attenuation of the wave per
unit distance is given by the factor

5 (_ 26, + 26, 1 ) - ( 6+ 52) 9.23)

cosfl, 2/tanf ~ /sin 0.,

m

and the phase of the wave is advanced by (¢, + 0,)//sin 6, radians per unit
length, because of the reflections. However, even if the wall susceptances
o, and o, were zero, the phase would be advanced in a unit length by an
amount equal to the angular velocity ® = 2mc/A divided by the phase
velocity ¢, of Eqs. (9.2.1). Thus the total change of phase per unit length
along the duct is, roughly, (2#/4)sin 0, + [(¢, + o3)//sin 0,], and the
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dependence of the pressure on the distance z along the duct is via the factor

[|:2m" l."l (mﬁ)2 . o+ o, &+ & ] ]
PO i » 9.2.4
g 21) T VR = Im22r V2 — Imit 7 e

when |p| <<maf4l. Compare these results with the exact solution, Egs.
(9.2.14) and (9.2.16).

An approximate answer is all we can expect from this mixture of wave
and geometrical acoustics. Furthermore, the effect of reflections, when the
duct walls are not planes, 1s not easily computed this way. On both counts

it is desirable to work out the exact solution for a wave traveling along the
inside of a uniform duct.

General formulas for transmission

We set the z axis parallel to the axis of the duct. The interior cross
section, parallel to the xy plane, is some area S, bounded by a perimeter D,
the intersection of the cross-sectional plane and the inner duct surface.
The wave equation for simple-harmonic waves

g® a2 o2 ) (m)2
! B —ln= 9.2.5
(Ebvr2 } dy? ¥ az2) ¥ s c/? ( )
thus allows the z factor to be separated off, p = ¥(x,y)e’*=%, where we have,

as usual, omitted the time-dependent factor e¢~*®’. The equation for the
transverse factor 'V is then

g? i (.::;)2_ S neite b
(ax2 + @)1’ ‘|—AII{J —0 : —k —kz 1= # {9.2.6)

Note that the » of this section is not the compressibility «.

This equation for ' is the same as Eq. (5.2.3) for the vibrations of a
membrane, except that now it is for a factor of the pressure, instead of
transverse displacement. As with the earlier problem, the solutions which
fit the appropriate boundary conditions occur only for a discrete set of values
of the constant , these values being called characteristic values (or eigen-
values), and the corresponding solutions V' being called characteristic
functions (or eigenfunctions). Since the boundary conditions in the present
case differ from that for the membrane, the functions and values differ in the
two cases, but many of the general properties are the same.

For the membrane within rigid boundaries, the displacement has to be
zero along the perimeter. For a duct with rigid walls, the fluid velocity

normal to the surface wall must be zero. Since the vector velocity is related
to the pressure according to the equation

1
U = m grad p w = ck
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the boundary condition for rigid walls is that the component of grad ¥,
normal to the perimeter (which we can write 0'%"/dn), be zero at every point
on the perimeter.

On the other hand, if the duct walls are locally reactive to the pressure,
so that we can ascribe to the surface an acoustic impedance z = pfu, or a
specific acoustic admittance f§ = & — io = pc/z, then the boundary con-
dition, to be satisfied everywhere on the perimeter, is

;o — w
;i ikpY k= = (9.2.7)

where the normal is directed into the wall, away from the interior of the duct.
The discrete set of eigenvalues of » for which this boundary condition is
satisfied may, for simplicity, be distinguished from each other by the index
number n (though we shall see later that it is often more convenient to use
a pair of index numbers). The characteristic function satisfying boundary
condition (9.2.7), corresponding to »,, will be denoted V', (x,y).

If the impedance of the duct surface is purely reactive, so that f is
pure-imaginary, the eigenvalues », will all be real numbers. If, however,
# has a real part, then %, will have a negative-imaginary part (as will be
demonstrated later), and thus the wavenumber k, = k, = [(w/e)? — ,%]* for
this mode will have a positive-imaginary part. The corresponding char-
acteristic functions ¥, have the same general orthogonality properties as
indicated in Eqs. (5.2.16) and (5.2.26). These general properties can be
summarized as follows:

P, = z An'l}f'n(x’y)efk..s-x'mi

02 0? )
_— - =V, = —x 2
(33\.’2 |_ 3_}’2 ‘LiJ n 2 qJ ] Zn lP.n
¥, satisfies Eq. (9.2.7) along the perimeter D,

5 2
k, = i + Iy, = ((:) o
ki €

0 m=n
[[¥apnaxay -
£ SA, m=an

where the subscript 2 is used to specify that the Laplace operator V,? is for
the two-dimensional area of cross section. The complex dimensionless factor
A, is the mean value of ¥ ,% averaged over the duct cross section S. Note
that if the duct surface is not locally reactive, the g of Eq. (9.2.7) will de-
pend on m and the set of functions ', will nor be mutually orthogonal.

(9.2.8)
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The separation of k, into its real and imaginary parts shows that the
wavelength along the duct axis of the nth mode is 4,, and thus that its phase
velocity is ¢, = wi,[27, and that the pressure amplitude attenuates by a
factor of ¢! in a distance |/7y,. Since |%,| increases as n increases, we
note that 4, tends to decrease as n increases. Therefore, for any specified
frequency, there is a value of » for which Re %,2 < (w/c)* < Rex} ,. At
this frequency the imaginary part of k,, for all values of n greater than this,
is much larger than the imaginary parts for smaller #’s, indicating that all
these higher modes are strongly attenuated. To put it another way, each
mode has a cutoff frequency c/2,; for driving frequencies above this the mode
propagates along the duct with (usually) quite small attenuation, but for
driving frequencies less than this the attenuation is very large, so large that
the mode cannot be said to propagate as a wave.

When the duct walls are rigid (§ = 0), the lowest eigenvalue %, is zero,
for which ¥, = 1, so that A, = 1. This is the fundamental mode; when
f = 0, its phase velocity is ¢, the velocity of sound in free space; it propagates
as a plane wave. For frequencies below the cutoff frequency of the lowest
higher mode (i.e., when @ < 27¢c[4,), only this fundamental mode is propa-
gated without attenuation (if § = 0); all higher modes are strongly atten-
uated. (This is the justification of the assumptions made in Sec. 9.1.)
As  is increased, when it becomes larger than 2mc/Z,, the first higher mode
also propagates with zero attenuation (if # = 0), though at a phase velocity
higher than ¢. And so on; as the frequency is increased, successively higher
modes can be transmitted along the duct, and the phase velocity of each
decreases, coming closer to the constant value ¢ of the fundamental mode.
Compare this with the discussion of Egs. (9.2.1); the quantity x,, replaces the
quantity ==m/l of the simple model, and for g = 0, the effective angle of
incidence ), of the simple model is equivalent to cos™ (x,c/w) of the exact
solution.

This same behavior is also true when the specific admittance f is not
zero but is pure-imaginary, except that here the phase velocity of even the
fundamental mode differs from ¢; all modes exhibit dispersion, as discussed
on page 477. If the specific conductance & of the duct walls is not zero, all
modes are attenuated at all frequencies, and thus the distinction between no
altenuation above the cutoff frequency and no transmission below it becomes
less clear-cut.  As long as & is small compared with unity, however, it still is
true that above its cutoff frequency the attenuation of the nth mode is slight;
below it the mode is sharply attenuated.

We should also mention that, unless the tube is very narrow, the surface
effects of thermal conduction and viscosity may be expressed in terms of the
€quivalent surface admittance

b= =0 & — Dkdy + (52,
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of Eq. (6.4.36) (see also page 292), which may be added to the admittance
of the surface itself to obtain the § of Eq. (9.2.7). We shall show later, for
various duct shapes, how to compute the value of the ratio (k,/k) for each
mode. Calculation of the effects in a very narrow circular tube will be given
at the end of this section.

Dispersion of the higher modes

Thus we see that wave propagation, for all modes except the fundamental
mode in a duct with rigid walls (and neglecting thermal and viscous effects),
is dispersive in the sense of the discussion of page 477. For a duct with
rigid walls, the phase velocity of the nth mode is

) ¢
'  — —

TR AL — (e, [m)?

where ¢ is the velocity of sound in free space. Below the cutoff frequency
cx,|2m, the phase velocity is imaginary, indicating no propagation. Just
above the cutoff frequency the phase velocity is very large and real, and as
o — o, ¢, approaches ¢ from above. The group velocity, for a group of
waves centering at frequency w,/2m, is, according to Eq. (9.1.18),

ok \? v, @ €

ct,:( )=cl—( )=—

0w . )y Co

which is less than ¢ for the frequencies above the cutoff.
The signal velocity ¢,(20) is ¢, in spite of the fact that the phase velocity
is greater than ¢ for all frequencies for which the wave transmits. For
example, by use of Eq. (9.1.20) and an extended table of Fourier transforms,

we can show that a delta-function pulse, for the nth mode, started at z =0
at 1 = 0, becomes the wave

L W = S P

i #x . B zil[xncv’rﬂ ~ (z/c)%]
_‘I"'n(,\,y){ﬁ(r c) u(r .r:') b1 \/ﬂ_—_(m }

a time ¢ later (where u is the unit step function). The pulse, represented by
the 8(1 — z/c) term, travels with the free-space velocity c; trailing behind it is
a “wake,” represented by the second term. Although the dispersive
propagation spreads out the wave behind the pulse, nothing reaches the
observer at z until time z/c, when the pulse arrives.

For ducts with nonrigid walls even the fundamental mode is dispersive,
and the expressions for phase and group velocities are more complicated
than the ones just discussed; but as long as the duct walls have stiffness and

mass, the signal velocity c,(0) is equal to the free-space value c.
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Generation of sound in a duct

Sound can be generated by placing a vibrating piston at one end of the
duct. Suppose the duct extends from z = 0 to z = oo, and suppose the
driving surface at z = 0 has velocity in the z direction, at point x, y on its
surface, equal to U(x,y)e '®'. As with Eq. (5.2.17), we use the properties
of the eigenfunctions given in Egs. (9.2.8) to work out the series expansions
for the wave in the duct.

1 op

l .
e i P oadtkpz—iwt s ) o )
4= o2y = 2 Untae = J f Ux, ), dx dy
s (9.2.9)

= Pl i CHy T w g :
p = pc Z ? Un‘]-' ﬂezknz—:wf = pc z oo i U,H’ nel.’cnz—uur

n ] (3]

All modes are present (unless U, is identically zero) close to the driving
surface, but those modes having cutoff frequencies greater than w/27 die out
rapidly, leaving only the lower modes to transmit energy any appreciable
distance along the tube. The wave cannot transmit all the details of the
piston motion, as represented by the function U(x,y); fine detail of dimensions
smaller than 4 = 2m¢/w is lost in transmission.

If the duct wall is rigid and we neglect thermal and viscous losses at
the walls, the lowest characteristic function is ¥, = 1, and =, is zero,
as mentioned earlier. Thus, by the last of Eqs. (9.2.8), the integrals
I/, dx dy, for all n > 0, are zero. In this case, if the driving surface
at z = Ois a perfect piston, with velocity U independent of x and y, U, will
equal U, all U, for n = 0 will be zero, and the propagated wave

U, = Uef{mfc]z—imt P - Pcueffm,fc:lz—i'mf
z

will be the plane wave discussed in Sec. 9.1, with constant ratio between
pressure and velocity. If the driving surface is not a perfect piston, however,
some of the higher modes will be excited, and the ratio between p and u,
at the driving surface will not be exactly pc. In fact, for those modes for
which %, > k, k, will be positive-imaginary and the radical in the sum for
p will be imaginary.

CR, 2715 pen [ (rf1)2:|_il’-
C 1 = : T — T _II.'. “_ 2 — —
pe 1= (2] = 82 = —iop [~

and the corresponding radiation impedance at the driving surface will contain
a mass-reactance term.

If the duct walls are not perfectly rigid, or if thermal and viscous eflects
at the surface are not neglected, some of the higher modes will be excited,
even if the driving surface is a perfect piston. For in this case ', will be a
function of x and v, and therefore the integrals || 'V, dx dy (n = 0) will not
be zero, and the radiation impedance will have reactive terms even for a
perfect piston. This effect will be accentuated if the driving frequency
happens to be just below some cutoff frequency, so that the factor [x, —
(w/c)2]4 is large for that n.
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The Green's function

If the sound generator is a simple source, at point x,, ¥o, Zo Within a duct
which extends from z = — o0 to z = oo, the resulting wave can be com-
puted from the Green’s function for an infinite duct, the solution of the
equation

0% 0® : g m\2 “ ‘
[gt_* o oy® = T e 8o(X.1:Z | X0.Y0:20)
= —08(x — Xo) &y — yo) 0z — z,)

which satisfies the boundary conditions of Eq. (9.2.7). It can be expressed
in terms of a series of the eigenfunctions t",,.

S0 = z Fn(z}lP‘-n(x'ry)

Insertion in the differential equation, multiplication by '¥',, and integration
of both sides over S results in a set of equations

it . W .(X0,0) ( 00‘)2
il 2 e, W TN = B BN
(dz‘z T k" )PH SAR 6(2 ZD} kn ¢ Ky
Reference to the derivation of Eq. (4.4.11) from Eq. (4.4.9) shows that
W (xe,
F, = a0 o ik, 1z — 2

2k, SA,

where, when Re x,2 > (w/¢)?, k, must equal i (not —i) times the radical
[x,2 — (w;’c)s]=1£ in order that the higher modes attenuate, rather than augment,
with increasing values of |z — z,].

Thus the Green’s function for the infinite duct is

i ‘Fﬂ(x,_v)q‘"“{.‘f{.,y ﬂ']

.{Ir'gé{ﬁf;y;ﬂ‘xm}’mzu) o ﬁ é At

As mentioned before, if we can assume that the duct walls are rigid, %, = 0
angd ‘lavmJdgpeigenvalues x,, are real, nonnegative quantities, and the 1',’s
are real, satisfying the condition 0'¥'/dn = 0 along the perimeter of S.
In this case we can separate the attenuated upper modes (for which n > N,
where %y < wfc < %y,,) from the propagated upper modes for n < N.

exp (ik, |z — z4l) (9.2.10)

e i ¥V, Y, (x0.)0)
e P ilofe)lz—zol o A A0S ik |z—zal
S 208 F ; 28 JZI "J\nkn :
1 il (x*}!]‘-}" (xX0:Y0) el
Ty 1 1l B — K plz=z¢l 9.2.' I
35,2, AKX, ¥ )

k“ —— (E)z‘_ 3 2 K :\/}{ g (fg)z
e n n n e

This series looks very different from the simple expression (1/4wR)e
of Eq. (7.1.6) for the Green’s function in free space. Indeed it is; the

ikt

Page 522 of 933




9.2 HIGHER MODES IN DUCTS 501

reflections from the duct walls have so modified the wave that the radiated
energy is channeled outward only along the 4 z axis, instead of going out in
all directions. Of course, if the source point is a large number of wave-
lengths away from the nearest portion of the duct wall, the interior of the
duct will look almost like free space to the source. In this limiting case,
when N is very large, k, will be real for a large number of terms in the series.
Physical intuition thus tells us that, for x, y, z close to x,, y,, 2o (R < 2), the
series of Eq. (9.2.10) approaches (1/47R)e’™™# when the driving frequency is
larger than the cutoff frequencies of a large number of modes of the duct.
This can be proved mathematically, though the manipulations required are
too lengthy to go into here.

Impedance of a simple source

When the wavelength is roughly the same size as the transverse dimen-
sions of the duct, the radiated pressure wave is appreciably different from the
free-space Green's function, even in the region close to the source point.
In this case the presence of the duct walls appreciably modifies the reaction of
the medium back on the simple source, even more than the presence of a
nearby plane surface [Eq. (7.4.14)]. To show this more specifically, we
suppose the sound generator to be a simple source, of strength S, (not to be
confused with S, the cross-sectional area of the duct) and of driving frequency
w/2m, of the sort discussed in Sec. 7.1. The pressure wave inside a duct with
rigid walls and outside the sphere of radius R = a[R* = (x — x;)*
(y — yo)? + (z — z)*] is —iwpS,g,(r, + R|r,). For wavelengths of the
same size as the duct dimensions, or longer, ®/c is smaller than x, for all
but the first N modes, with N small, and all but a few of the terms in s~

(9.2.11) are nearly equal to
UNi1Vy

ZSKHAR‘F“(x’y)q}n{xmy[))e_x”]z_zﬂ] n>N

It is possible to show that, close to the source point, BEN IR

oo

1 o |z — 2| ; 1 5 Ve )Y (xg,70) St

" st as R—0
47 R 28 28 a1 Ao

For the longer wavelengths (V small), therefore, the terms in series (9.1.11,
for n > N are approximately equal to the corresponding terms in the series
for 1/4=R, for R small.
Adding and subtracting this comparison series, we finally obtain an
approximate formula for g, valid for the longer wavelengths.
1 o |z — zo|
~ | PO !k|z—zn| 0
5% [%R TR v BN
" i W, (x)Y (x0.)0) (r’efkn1z—=n1 e—*n‘:z—zoi)}_im

- 2SA, B
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The mean pressure —iwpg,, on the small sphere of radius a of the source is,
approximately,
2, i po [—15 z g a(Xa:Y0)]® (

e~ _| )] —H:n‘
5 2S .417 k =] A P ] o

The fluid flux at the surface of the sphere is, by definition,

n n

S(1 — ika)etha—iot ~ § g-iot

Therefore the limiting forms for the mechanical force, velocity, and imped-
ance of a simple source in a duct are

ZTTG N 1l_r-n2( X yﬂ):l
Y .g )

2ma? N kW, 4(x0.70) }
= i e E SRS o T o) —i
} PC S |:1 —l_ n=1 Atnkn j| Sme

¥ e {—:‘pcua[l —

Si“ —imf
Ut =g (9.2.12)

25 & Hx
Z, = —ffu(47rpa3][1 o H0H Tt (o vn)]
S n=1 i\ “

n*cn

8 24 N gy 2
S ma [l 4 ke kY, (ru,yo):[

i S = T
for ka < 1 and for N small.

This is an interesting formula, particularly in comparison with Egs.
(7.1.11), the analogue for a simple source in free space. The first term in the
reactive part is the same as the reactive part in Eqs. (7.1.11); the presence
of the duct walls reduces the mass load on the source by a small amount,
proportional to the ratio between the radius @ of the source and the mean

dimension V'S of the duct cross section, the exact value depending on the
placement of the source.

In contrast, the resistive term in Eqs. (9.2.12) is larger than the resistance
for a source in free space by the large factor (1/ka)®. The radiation resistance
does not go to zero as (ka)* for ka small as it does for waves spreading out
radially in three dimensions; it approaches. a constant value, independent
of ka, as it does for plane waves moving in one direction. The first term,
corresponding to the fundamental (plane-wave) mode, is equal to the
radiation resistance on a plane piston of area 87%a%/S (much smaller than S)
radiating plane waves normal to its surface. The additional terms, one for
each higher mode which propagates at the driving frequency, have a more
complicated frequency dependence. When the driving frequency is just
larger than the cutoff frequency of a particular mode (say, the nth one),
its radiation resistance is larger than that of the fundamental mode [unless
the source is at a node of the nth mode, i.e., unless 'V, *(x,,y,) is zero].
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As the frequency is increased, the radiation resistance increases stepwise,
each new step corresponding to a new mode becoming propagational, being
introduced by a narrow peak of cross-duct resonance for that mode. The
steps get closer and closer together, and the peaks get narrower and narrower
and, if we average out the narrow peaks, the curve approaches the value
pe(4ma®)ka®, which is the radiation resistance of the source in free space.
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FIGURE 9.10

Radiation resistance R, of a simple source of radius a at
point x,, ¥, 0 in a rectangular duct of sides b, d. Numbers by
each peak indicate the m, n of the mode resonating. Dashed
curve is radiation resistance for same source in free space.

Figure 9.10 is a plot of the real part R, of the Z, of Egs. (9.2.12) for a rec-
tangular duct of width b and depth d, with the source at x,, y, as noted. The
stepwise character of the curve is apparent. The dashed curve is the
corresponding free-space resistance.

The impedance of a simple dipole in a duct differs even more from its
counterpart in free space, as described in Egs. (7.1.12). For example, if the
dipole is oriented transverse to the duct axis, there is no radiation below
the first cutoff frequency: at low frequencies the radiation impedance is

purely reactive. However, the general formulas do not merit writing down
here.

Rectangular ducts

To make further progress we must deal with specific forms of duct
Cross section. The simplest case is the rectangular duct, of breadth b in the
X direction and depth d in the y direction. If the duct walls are rigid, we
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choose the z axis to run along one corner of the duct, so that the bﬂundar}r
conditions are

dp
5;_—0 atx =0, x=> a_y_

The characteristic functions and values for the transverse factors of the
various modes are then

£ 0 aty=0,y=d

Y., = €08 —— COS —— A e
b d €, €

Tm\: n\: w\*
3 — —_— —t _— 2 — —_ —_— 2
'H:'.'HR \/( b ) ‘i ( d) kl‘ﬂi‘f (C) dl?’lﬂ

Contrast these functions with those of Eqs. (5.2.15) for the displacement
of a rectangular membrane, which must go to zero at the boundary. The
fundamental mode is, of course, the m = n = 0 case. In the change from
the two-index notation used here to the one-index notation used earlier,
the particular sequence of (m,n) pairs, which will form a monotonically
increasing sequence of x,,,’s, is one which depends on the value of b/d. The
cutoff frequency for the (m,n)th mode is cx,,,/27.

Incidentally, these results should be compared with the simple reflection
model of Fig. 9.9. Since the earlier model considers reflections from one
pair of planes, we should compare with the modes for n = 0. The phase
velocity ¢, = w/k,,, is equal to ¢/V'1 — (wme|wb)?, from Eq. (9.2.13), which
checks with Eq. (9.2.1) exactly. Therefore, in general, the angle of incidence
on the sidewalls of the (m,n)th mode is cos™! V (mme|wb)?® + (mne/wd).
The number of nodal surfaces (where p is zero) parallel to the x walls is m;
the number parallel to the y walls is n.

If the duct walls are not rigid, but have uniform specific acoustic
admittance, f3, for the two walls perpendicular to the x axis and f, for the
two y walls, then it is somewhat more convenient to run the z axis along the
central line of the pipe, so that the boundary condition is

TMX ™Yy 1 1 m=20
2 m=>0

(9.2.13)

0 ; d :
-a{% — +ikfp atx= +1b .a_i — tikBp aty= +}d

In this case we must distinguish between even and odd symmetry in each

direction. We set
x ¥y
3 = ( . _)C ( "_)
mn s]"l‘i q!i‘l b SH ql’t d

where

cos (mq,,u) whenn=0,2,4,...

CSm( miu) —
9 {sén (7q 1) whenn =1, 3,5; .-

Page 526 of 933




9.2 HIGHER MODES IN DUCTS 505

The boundary conditions for the x factor are met, for the even functions,
by adjusting g,, so that

g . T : ki
F z"’ L +ikf, cos T
or ” :
inq,. tan (3nq,,) = —3if kb for m an even integer

Those for the odd functions require that g,, satisfy

fg_m cos % = ik, sin Tqm

or
3nq.. cot (3mq,,,) = 3ip kb for m an odd integer
Two similar equations relate ¢, to f,.
In many cases of practical interest, the wall admittance is small enough
so that kb = (2m=b/2)f is considerably smaller than unity for both the x and

the y walls. When this is true we can use first approximations to the
solutions. For the x walls,

m= 0

i = in(fley — W) =~ V2iB kb
or

Mhiog 2 1 Im [\/(crz +- i£,)2kb] Pugio —I- Re [\/({}'m + i&,)2kb]
T T
m > 0:

: : _ kb (9.2.14)
(O — 5 17 O ol e o Zﬁm w?._m
or :
20,kb 2£kb
Ham e 2z vmm it 9

and the x factor in the characteristic function, with its normalizing factor, is

m even:
; L + (o, + iE)kb m =0
N lJ"bJr» . ('n'qum.‘:) d kb
, == cos i e :
R b 1 — (o, + i£) s M >0
b 5 Ty X VX | X
G m( i —) ~ COS in
Sl g B b <+ I b s b
m odd: (9.2.15)
L (7-‘,- ) kb
N == sin® | —g,..X)dx>= 14 - ik,
¥ bJ w2 b 1 ‘, Sl A e }71'2:??2
Ce. (qm- g) ~ sin (W#;mx) - iﬂ;"’x cos W#;"'x
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as long as fi,kb < 1. We note that, since the wall conductance must be
positive, v,,, is positive for all values of m.

The y factors are constructed similarly, with d instead of 4 in the equa-
tions, and with different values of f if it should happen that the y walls differ
in admittance from the x walls., Thus the characteristic functions, their
normalizing factors, and their propagation constants may be written

‘Plﬂ‘!ﬂ = Csﬂl ('?m;ﬂ! g) C‘??r(qwr? 5) i.\'ﬂ‘l'-'i = N;rmNyn

o (wqm)“ L (ﬂ-qw)zz (mn)” i (w_ﬂ)“ _ 2e,fk 2ie,fk (9.2.16)

b ., d b d b d
X feg €,0 k [e & e & )
L g g0 vl msz nSwy
mn mn + k° ( b it d ) all k" ( b s d

mmn mn

where (k},,)* = k* — (wm[b)* — (wn[d)*; the approximate formulas are for
kbp small; and as always, €, = | when m = 0, ¢,, = 2 when m > 0.

It is interesting to note that for a two-walled duct the transmission factor
would be

- _(mmY €0+ i£)
ey (kb) B Vb2 — (mmfk)?

and therefore, to this approximation, the factor e*»* corresponds to the
factor of Eq. (9.2.4), obtained from the geometrical model for the higher
modes (m > 0, €,, = 2) when ; = f, = . The reflection model, however,
gave an indeterminate answer for the fundamental mode, whereas the present,
more detailed analysis shows that the fundamental mode is affected just
half as much (e, = 1) as are the higher modes, to this approximation.

Thus, when |f] is small compared with the ratio between the wavelength
A = 2w[k and the perimeter 2(b 4 d) of the duct, the attenuation factor
Im k,,, equals the weighted mean (¢,£,/b) + (¢,&,/d) of the specific con-
ductances of the walls, divided by the sine of the angle of incidence, sin 0,,,, =
[1 — (mm/kb)? — (a-m,l’kd)ﬁ]é'. The numerator is the same (to this approxi-
mation) for all modes except those which travel parallel to a pair of walls
(i.e., for which m and/or n are zero). For the fundamental (m = n = 0),
the numerator would be (&,/h) -+ (&,/d): for waves tangential to the x walls
(m = 0, n > 0), it would be (&,/b) - (2&,/d); and so on. This is, of course,
true only for those waves which propagate at the frequency w/27; for those
modes having cutofl frequencies higher than this, k) , is imaginary, and no
true propagation is possible.

When the duct is fitted with a piston at z = 0 which drives the air in
the region z > 0, with a uniform velocity amplitude U(x,y) = U,, the
formulas of Egs. (9.2.9) hold. In this case the approximate formulas for the
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amplitude factors U, of the transmitted wave turn out to be (if 5, = f, = f)

Ugo = Uoll — v5(o + i&)k(b + d)] U,., = 0if m and/or » is odd

 kd
UIJ,EI'I =~ Ul](_ l)nl_l{ﬂ' i IE} ﬁ
kb (9.2.17)
Usno = U(—1)" Yo + i&) ——
T

k*bd
(*mn)?

Uaictn = U — 1" Mo+ 2 m,n=>0

Thus, even though the piston is perfectly rigid, so that only the fundamental
mode would be radiated if the duct walls were rigid, when the walls are
nonrigid, the higher modes are also excited to some extent. And when the
driving frequency happens to be just greater than some cutoff frequency,
so that some k,,, is very small, Egs. (9.2.9) indicate that this mode will have a
large amplitude and a phase velocity markedly different from the other
components of the pressure wave. Measurements made in such a tube,
if interpreted on the assumption that only the fundamental mode is present,
will appear to produce erroneous results, since both the phase velocity and
attenuation constants of these higher modes may differ, by fairly large factors,
from those of the fundamental.

Finally, we can see, by reference to page 519 and to Eq. (6.4.36), that
the thermal and viscous effects can be approximated by ascribing to the
duct walls an additional specific acoustic admittance £, and, for the (m,n)th
mode, admittances f3,,,, and f3,,, for the x and y walls, respectively, where

T, 2
P =~ (1 — i)y — Dkd, ﬂmmz = ‘)[l T (‘}c%)]kdv

Large wall admittances

When |f#] kb is not a small quantity, the tangent-cotangent equations
for g,, must be solved numerically. A graphical method is illustrated by

Plate IV. We setg,, = —2ig, so that g = }»,, - Yiu,,, and we set
2 |z] A
so that

_pch _|BIkb
ClzlA T 2w
Where .z = R — iX = |z] ¢7*" is the acoustic impedance of the duct walls,
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|z| its magnitude, and ¢ its phase. Then the equations giving g in terms of
h and ¢ are

gtanh (mg) = ihe'”  for meven g coth (mg) = ihe'”  for m odd

The conformal transformation between v + iu and he'” is plotted for
these two cases in Plate IV. Knowing |z| and ¢, b and 4, we can determine
h and @, and the corresponding values of u and v can be picked off the
chart, for both the x and the y walls. Then the transverse function for that
mode is

; ‘ X " y
p mn(x'-'y} — CS"‘(JIL.‘NH — Wy 3) Csrr(lu'yn — Wy -{_i)

and its propagation factor k,, is given by

2 E)g ey (ﬂy'.rm)z ] (wpmrrt)z - (W‘Myﬂ)z (W’P_”n)"!
kmﬂ ( P b i b __d -+ 7

ﬁ'ﬁmm T”"xm | 2; wlu_vn van
i

b b d d

The values of u and » for m (or n) = 0 lie in the region marked “first even
mode” in the chart to the right; those for m = 1 are in the region marked
“first odd mode™ in the chart to the left; and so on. These values can then
be used in Egs. (9.2.15) and (9.2.16) in place of the approximate formula
given there.

Conversely, if the real and imaginary parts of k,,,,* can be measured (for
a single mode), the values of s,, »,, u,, and », may be computed (if b = 4,
g, = g, for m = n, for example), and the charts can be used to determine A,
and therefrom the wall admittance f. For the reasons given in the discussion
of Eqgs. (9.2.17), it is usually difficult to isolate a single mode, even the
fundamental, so that this procedure for measuring wall impedance has not
been very successful.

When three sides of the duct are rigid, the fourth side (say, the side at
x = b) having admittance {3, the same charts can be used to compute (s
and »,. We set the z axis along a corner of the duct, away from the soft
wall. Then

9

(9.2.19)

T - mhy

Y un = COS b coS b
so that Eq. (9.2.7) is automatically satisfied for the two y walls and for the
rigid x wall and becomes (7q) tan (wq) = —ifkb for the soft wall. Setting
kb pc2b
= — T | O o
Fom g and Bl =

produces the equation
g tanh (7g) = ihe'”
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which is plotted on the right-hand side of Plate IV. Thus, introducing the
extra factor 2 in the calculation of 4 and multiplying the values read from the
chart by } to obtain ., and v, , enables one to use the same chart to work
out this case. The corresponding propagation constant can be obtained

from
W ¥ mh . ?Tru'.;r,‘m)z (T‘r"r.:rm)z . ﬁ.lu:tm Wv:r,m
o e N ez - 9.2.20
(r) (d)(b+b"bb( )

It is obvious that the behavior of the sound waves, even of the principal
wave, is quite complicated when the admittance ratio of the walls is not small
compared with unity. If one adds to this the fact that many porous acoustic
materials have impedances that vary considerably with change in frequency,
it becomes apparent that very few sweeping generalities can be made con-
cerning the behavior of sound in ducts with highly absorbent walls. An
examination of Plate IV shows that, for negative phase angles (stiffness
reactance) and for large values of /i (small values of impedance and/or high
frequencies), the value of » can become quite large, and therefore even the
principal wave can be highly damped. Further examination shows that in
these cases the principal wave is far from a uniform plane wave, the negative
reactance of the walls having in some way pulled most of the energy of the
wave away from the center of the duct to the periphery, where it is more
quickly absorbed as it travels along. A positive phase angle (mass reactance)
has the opposite effect. The change of acoustic behavior with frequency is
greatest when /& and # are close to one of the “branch points™ of the equation
for g, shown as circles on the dashed lines separating the modes.

Figure 9.11 gives a typical example for a fairly *“soft™ duct wall (with
acoustic impedance similar to. a number of sound-absorbent materials).
The real and imaginary parts of k,,, = 27/2,.,) + iy, [Eq. (9.2.8)]
have physical significance for the transmission properties of the (m,n)th
mode. As discussed on page 497, the reciprocal of the real part is pro-
portional to the phase velocity of this mode, c,,, = c(k/k,,), and the
imaginary part is the attenuation factor my,, per unit length of duct.
Since a reduction of |p| by a factor of ¢ corresponds to a power reduction
of 8.686 db, the power attenuation of the mode in decibels per unit length
is 8.6867ry,,, — 27.3y,... The lower sets of curves of Fig. 9.11 show how
the phase velocity of the (1,1) mode rises for frequencies just above its cutoff.
They also show the very large attenuation of this mode, even for frequencies
well above the cutoff, for duct walls as soft as this.

Ducts of circular cross section

When the duct cross section is a circle of radius b, the transverse, eigen-
functions and values are

i cos ITrqmnr Wqﬂil'i
e J ( ) g 9.2.21
nin sin (”I(ﬁ] m b A mn b ( }
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FIGURE %.11

Transmission of sound along a square duct of width | covered
with acoustic material of acoustic impedance pc(l) — iy), for
principal (0,0)-mode and a higher (I,1)-mode wave. Quanti-
ties proportional to attenuation per unit length and phase
velocity are plotted against frequency. Sudden rise of 3,
and k., for (I,1)-mode illustrates the fact that higher modes
cannot be transmitted at low frequencies.

where ¢ = -1 for the cosine ¢ factor and — 1 for the sine factor, and r, ¢ are
polar coordinates about the central axis of the tube. The properties of the
Bessel functions are given in Eqs. (5.2.20) and (5.2.21). The boundary
condition (9.2.7) is that

?Tqm. nJ;,{W‘?m I'I} — #(fm u"rrrr— 1(7”,7 T iJ) ST "”Jm(wq:ﬂ H)
= ifpkbJ (7q n)
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i being the derivative of J,, with respect to its argumcnt: For each in-
tegral value of m there is a discrete set of values of ¢ which satisfies this
equation; the smallest will be labeled ¢,,,, the next g,,,, and so on. When
all ',,,,’s satisfy this condition, their normalizing constants are

27 b 0 cFxTorlxmork=n
J d¢f L L (9.2.22)
0 0 ab®A,,.. oc—=7and/ =mandk =n
where
| m? + (ﬂkb]j
.:'\ = — e L2 S 2
s € |:] ('-’Tqmu)E Jﬂ'i (?qu'"?l)

and €, =1 when m =0, =2 when m > 0. The (m,n)th wave has m
plane nodal surfaces, extending radially out from the axis, and » cylindrical
nodes concentric with the axis.

For a rigid duct the boundary condition is J, (mq) = 0 or wqJ,,_1(7q) =
mJ,(mq). Solutions of this equation will be called ¢ = «,,,, to distinguish
them from the roots f,,, of Egs. (5.2.23), solutions of J, (=) = 0 for the
circular membrane. A few values and corresponding values of J, (wx) are

2io=000000 =110 ay==23351
g = 0.5861 oy = 1.6970  ayy — 2.7140
b =011 =346 &= 3173
Agn—=>N+tm—3 m<n>Il (9.2.23)
Jo(morg) = 1.0000  Jo(mog) = —0.4028  Jy(motgs) = 0.3001
Ji(mayg) = 05819 Jy(moyy) = —0.3461  Jy(may,) = 0.2733
Jo(mag) = 0.4865  Jy(mag) = —0.3135  Jy(mog,) = 0.2547

2
2
T Lmn

As expected, the fundamental (0,0) mode for the rigid tube has a zero
characteristic value and thus is a plane wave, propagating at the free-space
velocity . The cutoff frequency for the (m,n)th mode is «,,,c/2b. Thus
the first modes to become propagational are (1,0), then (2,0) (each being a
pair of modes, one for ¢ = -1, the other for ¢ = —1), and only after these
is the second symmetric mode (0,1) propagated, as the frequency is increased.

Various properties of cylindrical tubes will be worked out in later
sections, but we can now use the formulas just developed to illustrate some
of the statements made regarding the radiation reaction on a simple source
in a duct. If the source, a sphere of radius a < b, has its center at the point
$ =0, r = r,, z = 0, then the frequency-dependent factor in Eqs. (9.2.12)
for the radiation resistance, the bracketed factor in the real part of Z,,

be
TR s2 <k e [t ol OV ()P

Thetid [l = (m,"wm,,m)s’]\/l — (Wamnfkb)z

"'rm('xmu] = m<n> |
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where we have absorbed the unity term (for m = n = 0) into the sum,
which is over all pairs of values of m and » for which «,,, < kb/7. The
graph for this sum is quite similar to that shown in Fig. 9.10, with the syc.
cessive peaks coming at kb = wa,,,. As before, the radiation resistance
jumps discontinuously as the driving frequency reaches the cutoff frequency
of another mode. Of course, if the tube were not perfectly rigid (or if we
took thermal and viscous surface losses into account), the peaks would be
rounded off and finite in height, becoming smaller and closer together as ¢
is increased, until the curve roughly equals the smooth curve for }(kb)2,
the corresponding radiation-resistance term for an isolated source. The
differences, at lower frequencies, illustrate how much the reaction on the
simple source is affected by the walls of the tube which surround it.

When the wall admittance is not zero but is small compared with
A[27h, one can develop approximate formulas, similar to Eqgs. (9.2.14)

to (9.2.16), by using the equations
J:n(ﬂmmn) =0 and J" (ﬂ-'xmn) = _[l _ (”Tfﬂamn)zl‘,m(ﬂamn)

m

To the first approximation, in the small quantity |3| kb, we have

. 1
ingon = V2PKD) ko™ k + 7 (o + i€)

(o + i&)kb ] (o + i)k
~ 1 — k..~kb -
T m’“’“[ (7% )2 — M2 e mn + k0 b[1 — (mfma,,,)?
k.z
Yo~ 1+ (0 + f&)v;—b Agp= 1 — ¥o + i&)kb (9.2.24)

‘an = z:: {mﬁé)"‘!m(g mmnr) 9+ I& 1% l: 4 J:-n(E mmnr)

- (e, )% — m? Lme... b

]

TLmn l B [('?’fomn)i - "HE]2

where k® = \V'k? — (ma,,,/b)? or iV (7, [b)? — k2, depending on whether
the mode’s cutoff frequency is below or above the driving frequency.

The lowest mode of any axial symmetry (n = O for a given m) exhibits
the greatest attenuation, for frequencies above its cutoff frequency, because
the factor 1 — (m/mx,,,)? in the denominator for k,,, is smallest, for a given
m, for n = 0 (note that m > ma,, for all m). This is in contrast to the cas€
of the rectangular duct, where the lowest modes (m or n = 0) have a lower
attenuation than the rest. In the rectangular duct, of course, the higher-
mode waves reflect back and forth from plane-parallel walls, so that there
can be a whole set of modes which do not reflect at all from one pair of walls
(the ones m = 0, n > 0 or m > 0, n = 0). But for the cylindrical duct, thé
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only wave which does not reflect from the curved walls is the fundamental
mode, which has an attenuation constant £/2b, less than half the value

,!;'jb\f":l — (70 kb)*[1 — (m[7ra,,,)?] for any other mode (to this approxi-
mation).

In the case of the circular pipe the waves have in general two possibil-
ities, when the wavelength is small compared with b: they can reflect more or
less normally from the surface and thus focus in to the center, with circular
nodal surfaces for its standing waves (this corresponds to n large and m
small), or they can move in a spiral path, roughly parallel to the wall, with a
preponderance of radial nodes (which would correspond to m large and n
small). In the latter case the waves would not avoid reflecting from the
wall, as they would in the rectangular duct; their angle of incidence is large,
and they tend to ““cling” to the curved wall. As a matter of fact, the modes
for m large and n small have very small amplitude near the tube axis and
differ appreciably from zero only for r nearly equal to 5. Thus the majority
of these modes’ energy is close to the duct wall, where it is quickly absorbed;
these “‘spiral-tangential” waves are more strongly attenuated than the others,
in contrast to the truly tangential waves in the rectangular duct, which are
less strongly attenuated than the others,

If | 3] kb is not small, the boundary condition

"‘r-m—l(wq)
—iBkb = m — wy ——2_% J = —Jyform=0
ip m — mwq Trd) 1 9 m
must be solved exactly. If we set ¢ = —iw, so that w = v + ju, and set

h = |f| kbjm, with = |B| e'* = pe/|z| e7*% as before, the equation for w
in terms of A and ¢ for the J,, modes is
cm S (—imw)

ihe' = — — — jn
™ S —imw)

(9.2.25)
Plate V plots this conformal transform for m = 0 and m = 1. There is a
general similarity to the corresponding plots of Plate 1V for the rectangular
duct, though the exact locations of branch points, zeros, etc., differ somewhat.

As an example, to compare with Fig. 9.11, we have calculated the values
of » and y for the fundamental mode (0,0) in a circular pipe, with walls
having a unit specific acoustic resistance and a stiffness reactance inversely
Proportional to the frequency, as in the case of Fig. 9.11. The real and imag-
nary parts of the propagation parameter

2"?’1" . T 2 é
koo = j-;_o R —_|:k2 _(?)]

¢an then be computed and are plotted in Fig. 9.12. As mentioned earlier,
the real part of ky/k is the ratio of the velocity of sound in free space to the
Phase velocity of the mode in the tube, and its imaginary part is proportional
to the attenuation, and thus to the decibel drop in intensity as the wave
travels along the tube. These quantities are plotted in Fig. 9.12, for two
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different wall stiffness constants. The impedances in the two examples
were chosen to display large attenuations. On the w plane of Plate V the
dashed curve goes to the right of the branch point at # = 0.41, p = 0.94,
the solid curve goes to the left. The solid curves resemble those of Fig. 9,11
for the fundamental mode (note that the left-hand curve of Fig. 9.11 is for
Y00, Whereas the upper curves of 9.12 are proportional to Ayg).

30

Attenuation foctor 27.3 Yooh
in db per wavelength

mn
Q

o

2737001 = 546 1m(kyo/k)

Q 05 10 15

Phase velocity Cag
in units of ©

(Coo/C)=[Rethoo/n]

06

FIGURE 9.12

Attenuation and phase velocity of lowest mode in a circular
tube, with walls having specific acoustic impedance { = Z/pc,
as function of frequency, for two different values of stiffness
reactance.

Representation of randomly distributed sources

Occasionally, it is of interest to calculate the generation of sound from a
region inside the duct, where fluid is being produced (or expanded by radiant
heat) in a random manner or where the fluid is in violent turbulence. This
problem was discussed in Sec. 7.1 for a turbulent region in free space. Tl_ie
confining effect of the duct walls introduces additional complications, 11
part because it is less easy to define a random function in a restricted region
than in free space. To demonstrate these difficulties and to show how they
may be overcome, we consider a region of fluctuating fluid generation inside
a rectangular duct with rigid walls.
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Our first task is to devise a measure of the variability of some fluctuating
function f(x,y) within the finite area 0 << x << b, 0 << y < d. In unconfined
space this would be given by the autocorrelation function for f, generalizing
the definition of Eq. (1.3.13). But if we define

b i
T(&n) = %dej; fenfx+&y+n)dy (9.2.26)

as the correlation function for f, we must somehow decide what values we
should use for f when x + £ exceeds b or y -+ # exceeds d.

We could, of course, say that f is zero outside the limited area, but this
leads to computational difficulties. It might seem more “‘physical” to
consider the walls as mirrors and to consider f outside the duct cross section
to be the mirror image of the wave inside, somewhat as was done in the case
of the string (Fig. 4.7). Another way of saying the same thing is to expand f
in terms of the eigenfunctions of the cross section

b
1
f{x,}’) = E CHHHI‘HI .u{x!y) Cmn = bdA J‘J‘fll-:arnn dx d}: (9*2.1?)
it b =

and say that f, outside 0 << x << b, 0 << y < d, is simply the analytic con-
tinuation of the series, over the wider range of the variables. If the walls are
rigid, function f will be symmetric about the boundary lines.

If we do this, it is then easy to calculate the expansion of the auto-
correlation function in terms of the normal modes of the duct cross section.
Inserting series (9.2.27) twice into Eq. (9.2.26), using the formulas

cos [(wm[b)(x + &)] = cos (mmx[b) cos (wm&[b)
— sin (wmx/|b) sin (wmé&[b), etc.

and remembering that the integral of cos (wmx/b) sin (wmx/[b) over x from 0
to b is zero, we obtain

TJ‘(E”” = Z Amn |Cm|rz|2 q':‘rnn(E:?]) (9.2.28)

m.n

Thus the coefficients in the expansion of the correlation function of f are the
Squares of the coefficients of the expansion of f itself, a simple extension of
the relationship of Eq. (1.3.21). The coefficients C,,, can be considered as
transforms of function f, with respect to the set of eigenfunctions V.
Alternatively,

l b d
Y E ' (E ] ; 9.2.29
Conlt = 5 ), @€ [t v baen 0229

Now suppose the region R, of the duct from z = —1L to z = }L is
filled with fluctuating production of fluid, at a rate s(r,7) units of volume per
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second per unit volume, s being a function which is randomly variable i
region R, having a mean-square magnitude (s?) there, a correlation distance
in space of w, and a correlation interval in time of 7, = 1/m,, with w,/2x
the upper limit of the frequency distribution. Then, from Egs. (1.3.20),
(7.1.33), and (9.1.28), we can write

Cm”"‘(m,K} =

! : [ fwf—i N 2" 2
dx%bdA, J JE V(e p)s(r,e) dx dy dz dt

LT o
IC;nns((qu}|2 — m J.' . 'fTS(d,T}PfW?_?fL H’zilpm“(ciz,dy) d’T dvd

? (9.2.30)
i V_rf' : -fs(r,r)s(r +d, 1+ 1) dtdo

= L_T Z Amn : mn(( :dy) fJ‘ ICmﬂs((u,K)rﬂ e—fc:}r-i-a'.hfd; d dK

where the integrations are over the cross section of the duct, over z or d,
from —3L to {L, and over ¢ or 7 from —}T to 17, and the final integral over
@ and K is from —oo to + o0

The component of the pressure wave of frequency w/2x, at point r =
(x,y,z), to the right of region R,, can be obtained from the Green’s function
of Eq. (9.2.10) by integrating —ikpcg,_, times the component of s(r,f) having
the frequency w/2.

k C r mr r ]’)eiﬂmn" —
Pm(r) = 4?13}(!2 .f\( k f f tat—tkmato lP mn('fn,yu)s(rﬂ,!} dUﬂ df
= wkpe Y’ ﬂl{—{jﬂ‘F'mn(.\:,y)e”*'"“="a (9.2.31)
Also

u(r) = 73" Cp(,k ) o, y)eFmn for z > 1L

mn

is the axial component of fluid velocity for the frequency wf27. The sums
include all those modes for which the eigenvalue x,,,2 = (7m/b)* + (7n/d)?
is less than k? = (w/c)?, so that k> = k* — »,,,2% is positive, and the mode
propagates (which is the meaning of the prime over the summation sign).
The intensity at r in the unit o band at ® is then the real part of (p_u*), and
the total power radiated to the right from R, is

=J (pu¥) dx dy = mpcbd S kk €@k )2 (9.232)

mn
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Now suppose the source distribution has an autocorrelation function
which can be approximated by the usual formula

Y, (d,7) = (s*) exp [— %(ST— %{MDT)E:‘ 9.2.33)

where (s2) is the mean-square value of the source function s in region R, and
w is the correlation length and 1/w, the correlation time interval for s.
By using Egs. (9.2.30), if w <L, b,and d and (1/w,) < T, we can write out
an approximate formula for [C|* and for the power-spectrum level W .

(s? 1{ o)\
Tol. (0 | P . SN [_%(kwf—‘(i)]

lﬁﬂz-f'\mnzbdfuu xp 2 g/
(9.2.34)
LTw? —3(kw)* — Ho/wy)*
Ww - wepc <_§'2> Z; Exp [ f.( H‘) -((:J'ffuu) ]
]6&30 mn V1 — (}{mrh"k}a

The total power radiated to the right, for all frequencies, is obtained
by using Eq. (2.3.13).

2 [ ® mLwdpe [ ( 1 H
W= — W dw = s Sexp | —3x, A w4+ —
PR T FE L R M

Vo Volkew)?
~ = {s%) ifwand — € — =
6 i+ 1P T e S

g (9.2.35)
mw

where ky = wyfe, and V, = Lbd is the volume of the radiating region R..
The second formula is valid when the exponential in the sum m, n varies so
slowly that we can substitute for the sum an integral over n and m. The
quantity kow = 2mw/[A, is 27 times the ratio between the spatial-correlation
length w and the wavelength 1, corresponding to the upper limit w,/2m
of the frequencies present in the random source. The total power radiated
is maximum when this quantity is unity.

A similar calculation can be made for the radiation from a turbulent
region. Instead of the source function s(r,7), the kinetic-energy function

T i - 0° 0? 2
fr,r)=5@(ptfz)+@—g(puyﬂ) + 55 (PU?)

2 2 2z

L dx dy phutiy) = Ox 0z Sl 2 dy 0z

(pU,U.)

Is the generating term, where U,, U,, U. are the components of the turbulent
Velocity at r, +.  An autocorrelation function Y, can be formed from this
function, and the expansion coefficients C,,,' can be calculated, having
relationships to 7 and Y, similar to Egs. (9.2.30) for C,,,°. Integration by

mn
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parts produces the alternative formula

b { AL z(f‘i’)z... U‘E(E)z : U?Kﬂ
mn (” K) 41szdJ J‘P‘ [U.r b i ¥ \'d ! z

marx nay’
X COS cos

b d
i oph gy MERE WS (m:‘)-‘)
il b d

. TMX ny
-+- 2EUJ,U3K”%r sin ﬂ-b cos (ﬂd'})

P Tmx . wHY
- 2iU,U, K—Tcos—b— sin —
The rest of the calculation proceeds as for the function s.

Extension of these formulas to ducts of other shape is made difficult by
the complications of relating the expansion coefficients C to an autocorrela-
tion function. For example, for a cylindrical duct of radius a, for which a
random function f(x,y) is represented by a series of Bessel functions,

} dowl—il = dx dy dz dt

flxy) = Z[C,,,,f cos (mg) + C° sm(mcf;)].f,,l( H’) o, =0

mn

Coit = 3 f a'c;‘:f f(r cos ¢, rsin ¢) cos (m:;f»].fm( = )r dr

T H

and similarly for C? . If the random behavior of f is isotropic, the auto-

T

correlation function should be independent of ¢. It can be shown, in that
case, that

T(d) = 2f quj f(r cos ¢, rsin ¢)
% f(rcos¢ | dcosl, rsin ¢ -+ & sin O)rdr

'-rg'J'F!H(b
= z (J“" mnﬂ lcmﬂclz | \T;m I-C::mlg} 'm( )
i o

which is not an expansion in terms of the axially symmetric eigenfunctions
Jo(mx,,0/a).  Alternatively, one could define a rotational correlation
function

T(0)= % |.| f(rcos ¢, rsin ) f[rcos($ + 0), rsin (¢ + O)rdrdé
wa® )

= N (AL F1C, L2+ AL 1CL 1P) cos (mb)

wen o
L

expressible in terms of the angle functions, but it is not certain what use this
function would have. About all we can do is to assume that |C,,, |* = CL?
has, roughly, the form given in Egs. (9.2.34), and continue as before.
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