30
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PROBLEMS 607

100 cps and give the position of the nodal planes and the reverberation times
of each corresponding standing wave.

List frequencies, nodes, and reverberation times of the normal modes between
» — 0 and » = 100 for the room of Prob. 29 when walls, floor, and ceiling all
have an average absorption coefficient of 0.1.

The air in the room of Prob. 29 is started into vibration so that all the normal
modes between » — 98 and » = 102 are set into motion with equal initial
amplitudes. What normal modes are excited? Plot the decay curve of
intensity level against time after the source is shut off at the midpoint of the
room; at the midpoint of one wall; at a point 167 cm out from two walls and
250 cm up from the floor.
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CHAPTER

10

COUPLING OF ACOUSTICAL SYSTEMS

10.] SYSTEMS OF INFINITE EXTENT

In the earlier chapters of this book we studied the vibrations and wave
motions of homogeneous systems of infinite, and also of finite, extent.
In Chaps. 4 and 5, for example, we discussed the traveling and standing
waves in uniform strings, membranes, and plates in vacuum; in Chap. 6
we took up the study of the wave motion in a homogeneous fluid of infinite
extent, uncoupled to any vibrating solid system. Even in Chap. 7 we
assumed that the radiated waves were produced by vibrating sources having
known velocities, so that, though the waves in the medium were produced
by the vibrations of the solid source, we effectively neglected to include the
reaction of the medium back on the source.

In many cases this neglect is justifiable, particularly if the source is
small in size compared with the wavelength and is stiff in comparison with
the medium. But if the vibrating solid system is extended in size and/or
if it also supports wave motion, which can be induced by the reaction of the
medium, the coupling between solid and fluid systems should be included
from the start in our theory. Many problems of practical interest involve
the interaction between two or more wave-carryjng systems, coupled together
so strongly that the motion of each is noticeably affected by the other.
Membranes or plates do not usually vibrate in vacuo; they affect and are
affected by the air (or water) in contact with their surfaces; the velocity of
their transverse waves is appreciably modified by the contact.

In this chapter we shall take up a few examples of this coupled motion,
indicate the characteristic results of the coupling, and illustrate some of the
methods by which these characteristics can be calculated. Some systems are
of sufficient size so that we can observe traveling, rather than standing, waves;
these will be discussed in the first section. We shall see that the coupled
motion involves two (or more) different sorts of waves, each kind involving
motion of both systems, but with the apportionment of energy between
the systems different for the different kinds. We shall also see that the
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10.1 SYSTEMS OF INFINITE EXTENT 609

characteristics of these different kinds of wave will depend markedly on the
relationship between the wave velocities in the two (or more) separate
5){5[Em5.

There are two possible traveling, transverse waves on a membrane in
contact with air, for example, one wave having velocity near that for the
same membrane in vacuo, and the other with velocity near that for sound in
air. Both waves involve the motion of both membrane and air. If the wave
velocity of the membrane in vacuo 1s less than that of air, the former wave,
but not the latter, can propagate along the membrane without attenuation.
On the other hand, if the sound velocity in air is not as great as that of
transverse waves on the membrane in vacuo, the situation is reversed; the
latter kind of wave will “cling” to the membrane and propagate along it
without attenuation, whereas the former kind will continually radiate energy
away from the membrane into the air; the membrane wave of this kind will
lose energy as it travels along, and thus will be attenuated.

Elastic, porous solid

The simplest example of coupled wave motion is that of two copene-
trating media which couple together at every point in space. A porous solid,
such as a piece of sound-absorbing material, for instance, couples to the air in
its pores. The solid portion of the system can be considered as an inter-
locking mesh of elastic fibers, with a characteristic compressibility and
effective mass density. In vacuo we could consider this mesh, for waves
considerably longer than pore size, as an elastic medium of mean density p,
and volume compressibility «, (s meaning “solid” here, not isentropic).
It also would support shear waves, but we are not interested in following this
example further than discussing the coupling effects in the compressional
waves.

The motion of the air in the pores has been discussed in Sec. 6.2; it also
has an effective density p,, which may not be equal to the density of air in
free space, and an effective bulk modulus «,, which was written as Q,
in Eq. (6.2.22). These two systems may have different displacements from
equilibrium and different Eulerian velocities, defined so that u, is the volume
of air flowing per unit time per unit area through the pores, and p,u, is the
fluid momentum per unit volume; u, is the velocity, and p,u,, the momen-
tum per unit volume for the solid portion of the system.

Next we note that compressional force can be applied to the two parts
of the system independently. Pressure can be applied to the air, to change
its density without appreciably changing the density of the solid fibers; also,
forces can be applied to the fiber network which will compress the net without
appreciably affecting the interspersed air. This latter force, in the large,
can be considered to have a mean compressional component p, which will
change the fiber spacing and thus the mean solid density, the gradient of
which will produce acceleration of the network (there also will be shear
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610 COUPLING OF ACOUSTICAL SYSTEMS

stresses, but these are not pertinent to our discussion). True, compression
of the solid network will reduce the porosity  somewhat and thus will
change the density of the air in the pores, but if Q is not very small and if the
compressibility of the fibers is considerably smaller than that of the air, this
coupling effect will be of second order and can be neglected for small-amplj.
tude waves.

The major part of the coupling between the two systems will come in the
frictional force arising when the velocities of the solid net and the entrapped
air are not equal. In Eq. (6.2.23), when u, was considered to be zero, we
defined this force in terms of a measurable flow resistance @, The generaliza-
tion is obvious: the coupling force is ®(u, — u,), acting with opposite
sign on the two systems. Thus, to first order, the equations of continuity
of the two portions are separate, but the equations of motion are coupled
by the flow resistance.

p. _ dp, :

ymr = —div u, S e —div u;
du, :

Pagy = —grad p, + ®(u, — u)) (10.1.1)
du,

Ps ot = —grad p, + (v, — u,)

If no air is present (p, — 0, x, — ), Pa 18 zero, u, equals u,, and the
solid network will transmit compressional waves with a wave velocity
Car \/Ups.ﬂcs (x often is complex, because of internal friction in the fiber
net). Likewise, if the density and compressibility of the fiber structure were
equal to that of the air, u, again would equal u,, and the wave velocity would
equal that of air, ¢, = V'1/p,x,. For intermediate cases the coupling will
modify the wave velocity of both parts of the system.

To demonstrate this we ask for the plane-wave solutions, setting

ilr—imi I_'r,".t('“ » 0
Pa = P, U, = T Pa = 7 Pa
Pﬂ-cﬂ-
(K L]
e [ kr—imi A, # —
!‘]S_Pse!‘, @ Hs_ R Ps_ Ekps
PHCS

and solving for & as a function of w, the «’s, and p’s.
IOk P, = (0?22 — k)P, and iwQk, P, = (0?a2 — k?)P,

where
w D ik, D

i
and 02 = s, p, + i
tr ey

msg = Kepy T 1

or
k* = jo*(a? + o) £ oY (x? — 2,2)% — dodkc D2 (10.1.2)
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When |¢,2 — ¢.}| > 40%/w?p,p,, the approximation
W\ ) P2 1
kzz(—) +io Ly
CS

2 2 2
Cy PsPa Cq” — C4

or

qu_L' b wp, P2 1
——g ik iR 2 2
Cy PsPa Cs" — Cq

is valid, indicating two possible waves, with two velocities,

i (D2 2 P2 2
f_j:*ca(l - i ) or cs(l—l— s )

g 2 ) 2 2 2 2
k 20 PaPs €4~ — C4 20 PaPs €55 — €4

The result is reminiscent of that of Egs. (3.1.3) for a pair of simple coupled
oscillators. The velocity of the faster wave is increased by the coupling;
that of the slower wave is diminished. Inserting the result into the equation
relating the magnitudes P, and P, shows that the wave with velocity near ¢,
has most of its energy in air motion; that with velocity near ¢, carries most of
its energy in motion of the solid network.

This particular example will not be carried further; all that was intended
was to point out the parallel with the coupled oscillators, to demonstrate
that there will be as many different kinds of waves as there are different
systems interacting, and that the particular wave which has its velocity near
that of one of the component systems will entrust its energy chiefly to that
component. In the more interesting and more complicated examples taken
up in the rest of this section, these general characteristics will appear, though
somewhat modified by the complications of the energy flow, which can be
concentrated close to a component system, traveling only in one direction,
or else can radiate outward to infinity.

Flexible string

As an example of somewhat greater practical interest, we take up next
the effect of the surrounding medium on a flexible string of diameter 2a,
of infinite length, under tension 7. According to the discussion of Chap. 4,
the velocity of transverse waves in such a string, if coupling to the surrounding

medium is ignored, is ¢, = V T/ma%p,, where p, is the density of the string
material, usually much larger than p, the density of the surrounding medium.
Thus we have two dimensionless parameters, @ = ¢/c,, the ratio of acoustic
wave velocity in the medium to the string-wave velocity, and u = p/p,, the
ratio of density of the medium to that of the string material. There also are
two wavenumbers, k = w/c for the medium, and K for the string, which
equals w/e, in vacuo but which differs from this in the presence of the medium.

We first look for possible free vibrations of the coupled system, to see
whether there can be a simple-harmonic wave propagating along the string,
for example. If such a wave were possible, the dependence of all parts of

/
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the system on z, the distance along the string, and on time 7, would be via the
factor exp (iKz — iwt). Presumably, this is possible only when there is 3
particular relationship between frequency o/27 = ke/2m and the string wave-
number K, which must be determined. The ratio (w/K) is then the phase
velocity of the wave along the string.

Suppose the displacement y(z,t) of the string, from its equilibrium
position along the z axis, is in the yz plane. If the wave is to have the char-
acteristics we have assumed, the displacement should be

n = A exp (iKz — iwt)
and the velocity, normal to the string surface (r = a) at the surface, is
u, = —iwA cos ¢ exp (iKz — iwt)

where r, ¢ are the polar coordinates in the xy plane, ¢ being the angle
between r and the yz plane of displacement of the string.

The pressure wave in the medium outside the string, produced by the
string’s motion, would then be

plryp,z,t) = Py cos ¢ H{Y(gr) exp (iKz — iwt)

where H{"(u) = Jy(u) + iNy(u) — —iV7[2iue™ (u— o) is the Hankel
function for outgoing waves for m =1, and ¢ = Vk? — K2 when k =
wfc > K and = iV K* — k* when K > k. If K > k, the argument of the
Hankel function is imaginary, and the wave attenuates exponentially;

no acoustic energy radiates to r — 0.
The radial velocity of the medium at r = a is

1 (0
u ( P)r:a: —i gg% cos ¢ H(qa) exp (iKz — iwt)

" ikpc \or
where
aHﬂ] I
i) = 2 3 — 1) = H) — 1 Hi G

omitting the superscripts for convenience. This must E:c‘lual the radial
velocity of the string surface, which provides a relationship between P, and 4,
the amplitude of motion of the string,
k! 2
P (10.1.3)
qH,(qa)

The wave motion in the medium reacts back on the string. The net force
in the y direction, per unit length of string, is

F(z,1) zfvrdq: a cos ¢ p(a,p,z,t) = maPyH,(qa) exp (iKz — iwt)
0

_ mak*pc? H(qa)

= A exp (iKz — iwt 10.1.4)
q Hyqa) P } (
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The equation of motion of the string is therefore

*n %y ma’p,
"egp =~ Tgm o TS
or
keatu H
(s — A = 0 Tig) (10.1.5)

qa H,(qa)
where « = ¢fc; and u = p[p,. This is the equation which relates K and k.
Usually, the wavelength of sound in the medium is much longer than the
string diameter 2a. 'When this is the case we can use the first few terms in
the series expansion for the Hankel function.
2i i A
Hw~ —= i—u[l T B (Cu)] C = 0.8905
T m m
Hy(u) —
H,(u)
If u is positive-imaginary, the imaginary term in brackets in the last equation
vanishes, and the logarithm is of the magnitude of . Since ¥ = ga and
u? = k?a* — K%a?, we obtain an approximate relation between K, the wave-

number in the z direction, and k, the wavenumber in the medium, w/c,
determined by the frequency.

ka{l + p — (1 — o2 — pa)k2a®u[ln (CkaV'l — o — pol) — i}t
when (1 + et < 1

kaf{l + u + (o2 + pa® — Dk%?u In (CkaV o2 + po® — 1)}
: wl}cn (1 + w2 > 1
(10.1.6)

When the string is heavy and the tension is not great enough to make
€y = \/T{wazps_ larger than ¢, quantity «*(1 -+ g) is larger than unity. In
this case the wavelength 27/K of transverse waves on the string is smaller
than the wavelength 27/k of waves in the medium, and an outgoing wave,
carrying energy from the string to r — oo, cannot be fitted onto the wave

in the string. The radial wavenumber component g =~ f’k\/azi,u +1)—1
is pure-imaginary, and the function H,(gr) is a real exponential, attenuating
to zero as r — o0. None of the energy possessed by the string or by the
motion of the fluid close to the string can be radiated away, except along the

string to z — oco. The phase velocity of this wave in the z direction is [see
discussion of Eq. (9.1.17)]

—u[l — u?®In (Cu) + miu®] if u is real

K~

k
€, = f ~ ¢, {1 — Jull + (o2 + uo? — 1)k%a? In (0.8905kaV o2 + pa2 — 1)]}

when a?(1 4~ x) > 1 (10.1.7)
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614 COUPLING OF ACOUSTICAL SYSTEMS 1

a speed somewhat less than ¢,, and thus definitely less than ¢. The effect
is as though the string were loaded with the additional mass of some of the
neighboring medium. Being a mass load, however, no energy is lost and
K is real, implying no attenuation of the wave as it traverses the string.

The situation is quite different if the string is light enough and the tension
great enough so that 1/a® = (¢,/c)? > | + u. In this case g is real, energy
can radiate away to the medium, and the wavenumber K has an imaginary
part, representing attenuation in the z direction. To the first approximation,
in the small quantity u, the attenuation constant and the phase velocity for
the string wave are

kﬂ 2
Im K~ ka(l — a®) ool 4 <1; 081 + p) <1
4
7 (10.1.8)
= Re Kz c,fl — dpu[l — k¥%a¥(l — ¢?) In (CkaV'1 — o2)]}

The transverse wave in the string is then
n = A exp (iKz — iwt) = Ae ™ T exp [i Re K (z — c,t)]

The wave in the medium is a conical one, propagating in a direction at
an angle ', such that

Re K
k

sinW' ~ V1 — o¥(u + D[l + 3k%a2%2u In (CkaV 1 — o®)] uw <1

The wave, and its asymptotic form, is

cost =

~ V1 + p [l — 1 — e®)k%au In (CkaV'1 — a2)]

p = P, cos ¢ Hy(qr) exp (iKz — iwt)

2
+==> —iPycos ¢ qur exp [ik(rsin¥ 4 zcos't' — ct)
kil
— lko(l — o®)mkauz,] (10.1.9)

where ¢ =~ k sin'¥, and P, is related to 4 by Eq. (10.1.3). Quantity z, =
z — r cot ¥ is the point on the string where the conical wave reaching point
r, @, z started from, as shown in Fig. 10.1. When o*(u + 1) < 1, the radial

FIGURE 10.1
Conical radiation from traveling wave on
a string.
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10.1 SYSTEMS OF INFINITE EXTENT 615

wavenumber ¢ has a negative-imaginary part, and K has a positive-imaginary
part. Therefore the wave attenuates as we increase z, holding r constant,
put increases exponentially as we increase r, holding z constant, since the
wave comes from farther to the left on the string (z, greater negative), and
thus from a portion of the string which has not attenuated so much.

Incidentally, we can verify Eq. (7.3.6) for the radiation impedance per
unit length of the string, at least for very long string wavelengths. We
insert the approximate formula for the Hankel function in Eq. (10.1.4) and
substitute U/—iw for A, where U is the velocity amplitude of the string.
The ratio of F to U is the desired impedance

Zoa == —io(ma®p)[l — a*(k® — K2) In (CaV'k® — K?)] + dn*pea*k(k® — K?)
(10.1.10)

(if K > k, omit the resistive term and use K% — k2 in the second reactive
term). This is equivalent to Eq. (7.3.6) if we neglect the logarithmic term
and set K— 0. Formula (10.1.10) shows, however, that the radiation
resistance is strongly dependent on the wavelength 27/K of the wave on the
string, vanishing completely if this wavelength is shorter than the wavelength
2w[k of the sound in the medium. Under the next heading we shall show
that the radiation resistance of a string of finite length differs even more from
that given by Eq. (7.3.6), unless c, is very much greater than c.

Arbitrary waveshape

The wave motion portrayed by Eqs. (10.1.8) is valid for the simple-
harmonic wave in a string of infinite extent. Because of the attenuation
of the wave for o*(1 4 ) < 1, it implies an infinite amplitude at z — —co.
A more realistic situation would be that of a string of infinite extent, with only
a finite portion of the string allowed to move transversally. We continue
to neglect the effect of the outer boundaries of the acoustic medium, but we
couple this infinite medium to a string of finite length, fastened rigidly at
both ends, for example. We could consider the string as being a very
narrow cylinder of finite length, but this would introduce difficulties at each
end; it would be easier to continue to consider the string as having infinite
extent but held motionless over all but a finite portion. The added motion-
less part makes it easier to fit boundary conditions, but does not appreciably
affect the wave motion if the string radius is small compared with the wave-
length.

Thus our next task is to survey the relationship between the transverse
motion of a string, only a portion of which moves, to the coupled wave
Motion in the medium. We assume that the string displacement #(z)e—**
15 entirely in the yz plane and is simple-harmonic with frequency w/2m;
n(z) is noNzZero over only a finite range of z. Adapting Eq. (7.1.17), using a
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Green’s function with zero radial gradient at r = a, we have

)
Pm(") = ‘ﬂff a—f G, (r..z I a,P0,Z0) Ao dzy
0

where we have omitted the common factor e=*®!,  For motion in the yz plane
this becomes

Iz @
Pm(r) = —pawﬂj COS @y d‘;’jﬂf ’?(Zu}Gm(ra?%-? | ﬂ:f}’mzu) dzﬂ
0 — 0

The appropriate Green’s function is

G, = Rat > €,-cos m(p — Q?o)f e'Kirz) JK
8 m=0 —m
J.(qa)

e Hm(qru):] (10.1.11)

X Hm(qr) [J‘m(qrﬂ) -

when ry < r, whereg® = k* — K®and k = w/c. Inserting this in the integral
for p and using the formula

H (0T, (ai) — TG (i) = =

-y
derived from the last of Egs. (7.3.2), we have for the radiated wave and the
reaction force on the string,

pe? f‘” 10 Hilgr) dKJ'“ o
» = —— COS etz — —— e~ B 5y(z,) dz

— —ipw® cos ¢

f etK=tiar gY(fr{) }ﬂ{ kr— oo (10.1.12)
R "?'Hl(qa)

e[ _F99) 1y ax
=7 i:anl'{qa)_ (K)

where Y(K) is the Fourier transform of the string displacement

2
Trir
= a]

F (2) = —wpc”kzﬁJ.

oo

Y(K) = 51;; J._in(zu)e—ixzu dz, _ n(z) = J 3 Y(K)e'K= dK

If n were a traveling wave Ae™?, then Y(K) would be the delta function
AS8(K — %), and F would have the form of Eq. (10.1.4), with x instead of K.
If, however, 7 were some function which goes to zero rapidly enough so that
the integral of [|® over z from —oo to -+ oo is finite, then, according ‘tO
Eq. (1.3.17), Y(K) goes to zero, as |K|— co, rapidly enough so that the 1n-
tegral of | Y|%, over the whole range of X, is finite; in fact, so that

fm @z =2 " YO K
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The spread of Y(K) in K depends on the degree of “jaggedness™ of . If g
is smoothly varying so that components of wavelength shorter than Amin
are unimportant, then Y(K) will be negligible for values of |K| larger than
27[Amin. In particular, if there is no “kink™ or rapid change in slope of 5
with a radius of curvature smaller than about 20a (where a is the radius of
the string), then Y is effectively zero for |K| larger than about 1/3a.

When such is the case, the quantity in brackets in the integral for F,(z)
in Egs. (10.1.12) can be approximated by the first term in its series expansion.

99 L e — koyin (CaVE—KF) — dmi] (K| < k
gaH,(qa)
~ —1 — a¥K® — k? In (CaV'K* — k?) K| > k

(10.1.13)

(where C = 0.8905) over the range of K, for which Y(K) is nonnegligible.
If the string radius is very small, this approximation is valid even for string
shapes with a fair amount of “jaggedness.” For example, if 7 is zero for
|z| = %/, as it would be if we were representing the motion of a string of finite
length, held rigid at -}/, as long as / > a, the “kinks™ at the two supports
will not be perfectly sharp in actual practice, but will be curves instead of
cusps, with a curvature radius of about 20a or greater. If this is the case,
the integral for the reactive force can be greatly simplified.

F,(2) ~ mpcik2a® f me“'K"Y(K)[l + a¥(K® — k) In (CaV'K? — k?)) dK

(10.1.14)

where the quantity in brackets is real and positive at K — oo, and the contour
of integration (C in Fig. 10.2) goes just above the real axis of K from — oo to 0
and just below the real axis from 0 to 4 oo in order that p,, be an outward-
traveling wave.

The first term in the brackets can be integrated immediately, for it is the
inverse transform of ¥. Thus, as was indicated in Eq. (10.1.10), the largest
part of the reaction force is ma®pw?®n(z), an inertial reaction, proportional to
—* times the displacement #, the added mass load being equal to an amount
of fluid medium equal to the volume of the string [this corresponds to the u
term in braces in Eqgs. (10.1.6)]. The logarithmic term is more difficult;
in fact, it can be worked out only when we know the formula for Y(K) (or
for #). It is important, however, for it is responsible for the resistive part
of the reaction, the part producing energy loss. We of course do not know
the exact form of % (in fact, we are in the process of determining its form).

But suppose we assume that this part of the reaction does not change
the shape of the vibrating string very much, that its shape is roughly the same
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as if it were vibrating in a vacuum, between supports at 4-3/, that is, that

0 gl
1(z) = Acosw—f —lH<z<il
0 Z >4l
H plane

FIGURE 10.2
Contours of integration for the reaction integral.

The Fourier transform for this function is

A et’HL"E + B—EKH'.."
21 K2 — (m[l)?

Y(K)=—— (10.1.15)

In this case the transverse force the medium exerts on the string, per un?t
length of string, in the range —}/ < z << / (it does not matter what force 15
exerted on the rest of the string; it is being held motionless), becomes

B mZ ma*pw?Aa® K2 — k?
SEl S mpe Ry 2l Jo KE— (a]l)?

» (eKUE L e=iKU2) In (aCV/K? — k?)e®* dK

where the contour of integration is the one marked C in Fig. 10.2.
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For the exponential e!Edte2) if 7 — 1] the contour must be closed bya
semicircle around the upper half of the K plane, which can be shrunk down
to the contour D around the pole of the integrand at «//, plus the infinite
loop B around the branch point at K = k. For the exponential e~*K4t=2),
if z < 1/, the closing semicircle must be around the lower half-plane; it can
be reduced to the circle D" around the pole at —(ar//) plus the loop B’ around
the branch point —k. The shape of the loops B, B’ depends on whether
k is larger or smaller than #//, in other words, whether the wavelength
4, = 2m[ak of the wave in the string (if vibrating in vacuo) is smaller or larger
than A = 2w/k, the wavelength of sound in the medium, i.e., whether the
string wave velocity ¢, = ¢/o is smaller or larger than the medium velocity c.
Ifc,> ¢ (& <1),then A, = 2/ will be greater than 4 = 2wfk and «/k < [;
in this case the contours will be those shown in the upper half of Fig. 10.2.
Conversely, if ¢, is smaller than ¢, then & is smaller than =//, and the contours
to use are shown in the lower half of Fig. 10.2.

In either case, Eq. (1.2.15) shows that the integrals D and D', around the
poles, when |z| < }/, are

, ﬂzfpszﬂz(fefuu ‘,-ehmm) [i(.n)z 2:[ [ \/(w)z 2]
D+ D =— 7 27rjf+ 371 T_k In|aC 7 k

If z > }/, the contour D’ does not exist, and the e~***/* term is missing;
if z << —3/, the e'**/! term vanishes. If k > =/, the logarithmic factor has
an imaginary part, —(im/2).

This part of the reaction force is proportional to cos (wz/l), that is,
proportional to # (in the range |z| < //2). But the integrals B and B’ result
in a function of z which is not proportional to cos (wz[l). The difference in
value of the logarithmic factor between the incoming and outgoing parts

of B is imr; all other factors are unchanged as the path goes around K = k.
Thus, if k£ > =/l

o _ I BB i
21 v K2 — (a]l)?

and

fhn oo ima’parAa® [ K2 — k? e K (-2 g
21 x K2 — (a]l)?

These integrals can be made to converge more rapidly by changing the path
of integration to one from k to +ioo. It can be seen that B -+ B’ is not
Proportional to cos (mz/l), and thus that the total expression for F is not
proportional to #. Therefore 4 cos (wz//) is not an exact solution for the
shape of a string vibrating between fixed supports, when in contact with an

acoustic medium.
]
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Variational calculation of frequency

Since an exact solution in closed form is not possible, we set up a varj-
ational procedure to find a close approximation, at least for the naturg]
frequency of vibration of the string. We are considering a string of infinite
extent, held fixed along the z axis except for the portion between —}/ and
+1/, which can move transversally in the yz plane, with a displacement
n(z)e***. The motion is subject to the string tension T = ma’p,c 2 =
ma’pc®(1/pa?) (u = p/ps, & = cfc,) and to the reaction force F, (z)e—i@t of
the surrounding acoustic medium. We wish to determine the shape of the
string when it vibrates under the influence of these forces, and more important,
we wish to compute the natural frequency w, = k,/c of this motion. The
real part of w, /27 is the frequency of free vibration; the imaginary part of w,
(which must be negative) is the damping constant, related to the loss of energy
by radiation. What we have seen in the foregoing discussion is that the
damping constant depends strongly on «, the ratio of wave velocities in
medium and string.

We first set down the equation of motion for the free portion of the string.
Rewriting the equation for F somewhat, to assist in the subsequent manipu-

lations, we have
3

—matp,win = Tﬂ + F,(2) —H<z< 3l
or
: &1
e E)E[@ po” ] 16
o) = — (5) | 33 + |, G| 20 | (10119
where

= il Hilgd)
Gm =J. e;hfz zul[ [, :I dK
—o gaH (ga)

We multiply this equation by #(z) and integrate over z frorn —3 to +3/,
obtaining

1 2 "/ On\2 i3
el (e 2 o afe o] ou

with all integrations from —}/to +3/. We have integrated the first term by
parts, utilizing the fact that » = 0 at the end points of the integration.
The expression on the right of this equation is a variational expression;
if we vary the shape of #, the coefficient of 7 inside the integral is zero if 7
is a solution of Eq. (10.1.16); so for shapes near this, the variation of the
expression is second order. Therefore, if we insert a trial function 2(7)
instead of 7 in the expressi-::-n of Eq. (10.1.17) and adjust y so the expression’s
derivative with respect to y is zero, the difference between y and the correct ?::'
will be minimal, and the expression’s value will differ from the correct ®*
to the second order of this difference. We know, of course, that there are an
infinite number of exact solutions and a corresponding infinity of allowed
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values of w, corresponding to the fundamental and the higher harmonics
of the vibrating string. The lowest allowed value of w? is that for the
fundamental, so, as we vary y, the absolute minimum of the variational
expression is the square of the o for the fundamental mode. We shall see
later how to determine the higher harmonics. Note that the variational
expression is independent of the magnitude of y, since %2 (or #2) enters both
numerator and denominator. Since Eq. (10.1.16) is linear and homogeneous
in 7}, a constant times a solution is a solution.

If the coupled medium is light enough (4 = p/p, < 1) so that the radi-
ative reaction is small compared with the effect of string tension, we should
expect that  does not differ much from the shape of the same string in vacuo.
For the fundamental mode, therefore, we can insert cos (mz/l) for % in the
variational expression and expect that the resulting value would differ very
little from the correct value of w? for the fundamental. Thus a second-order
approximation to the fundamental eigenvalue is

sl o[ Hl(‘?ﬂ)] }
W=y ‘(fxi') 5 g J._m[ YKF [an{(ga) o

where o« = cfe,; ¢* = k? — K2; and Y(K) is the Fourier transform of
cos (mz[l), given in Eq. (10.1.15), without the factor A.

If / > a, we can assume, as before, that ¥2 is negligible in the range of
integration, where approximation (10.1.13) is no longer valid, and the simpler
form can be used for the quantity in brackets in the integral. Then we can

use Eq. (1.3.17) for the first term of the approximate form, and the variational
expression becomes

2 2,2 F 0
o (5] e

eiK1/2 ol E—:‘KHE:IE - 2
VK:— 10.1.18
X [ = If In (aCV K K*)dK ( )

the contour being the one marked C in Fig. 10.2, as before. Also as before,
this can be broken into the set B + D for the terms 1 4 ¢'X! in the de-
nominator, and the set B" + D’ for the terms 1 4 e Kt The integrals D

and D' around the second-order poles are evaluated by means of Eq.(1.2.13);
and we have

2 2 2
O R [ 8 0 e P

for k < mfl. If k > =/, the logarithmic factor becomes

| In [ac\/f:@jz] — Yim
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These first three terms for the eigenvalue are the same as those in Eq,
(10.1.6) for a traveling wave of infinite extent. If k is smaller than #// (i.e.,
if ¢ + pe > ¢,), these first three terms are real; a wave of infinite extent, if it
moves slower than the speed of sound in the medium (times 1 4 u), loses
no energy by radiation to r — oo, as was noted earlier. For the finite string,
however, some energy is lost even when ¢(1 + u) > ¢,, because of the sudden
change of slope of 5 at z = 43/ This contribution to the imaginary part
of w? comes from the contours B and B’ of Fig. 10.2, which arise because of
the form of Y(K), that is, because #(z) is zero for |z] > }/. The form of these
integrals differs, depending on whether k is greater or less than =//.

When k < wfl (I < }4 or ¢ + uc > c¢), the contours in the lower part
of Fig. 10.2 are to be used. The difference in the logarithmic factor, between
the incoming and outgoing part of B, is i7; that for B’ is —im. The resulting
integrals, for those parts going from K = 0 to K = _Lico, cancel each other;
the parts from 0 to 4-k add, so that

. 2f7r2;£wzazf" k* — K? e
B+ B ~ ), =g T e K
2fpw2k3aaj /2 sind (1 -+ e'*1cos?)
- 2 Jo [1 — (kifm)? cos? 0]
2iuwkia® (4

5+£k!) 2> 2

w

—

ﬂ.?.

Thus, when the wave velocity in the string is very much smaller than that in
the medium, the formula for the resonance frequency of the fundamental
mode, correct to first order in the small quantity um*a®/l, is

weY, uf2 (s-m)z[ (a-.-rC' 7) 8i :“
~ 2 (S i [T =)+
Wy i [ l‘l"f-‘\'r ! ( ys)n f ’\/ }’ls‘—'_sﬂ_y
(10.1.19)

when ¢, < ¢, where y.2 = [¢.2/c3(1 + w)] = [1/e3(1 + p)], and C = 0.8905.

The last term in brackets is the only imaginary part of w,; when ¢, < ¢
the sole reason for loss of energy is the finite extent of the string displacement.
This result differs radically from that of the simple Eq. (7.3.6); energy loss
from a string of finite extent is quite different from energy loss from a string
of infinite extent, particularly when ¢, is less than c. Of course, with the
strings used in musical instruments, the coupling with the air is not primarily
direct, but is transmitted through the string supports, which are not rigid,
to a sounding board, which is a much more efficient acoustic radiator than is
the string itself. Consequently, Eq. (10.1.19) is not applicable for the
calculation of the damping constant of a violin or piano string, for example;
it applies only to the case of the string with truly rigid supports.

Page 644 of 933

\



10.1 SYSTEMS OF INFINITE EXTENT 623

In the other limit, when ¢, > ¢ (kI > =), the contours B and B’ are
those shown in the upper half of Fig. 10.2, with the integrations carried from
k to +=ico. The approximate result is

i 2 s C ——
Wy = ?ij [l - lﬁj— (TTTH) (ysg = 1) In (E‘j_ }’52 E I)
M

__E_(”_")['_JF_?_ cxpmion Vo Wy ]]
T —— coth™ (y,) —5i— L c, >c
(10.1.20)

which has a larger damping constant than does the case for c.& ¢ ‘For
the intermediate range, when ¢, is roughly equal to ¢, the integrals B and B’
must be computed more accurately.

Calculations for the higher modes can be carried out by using y =
cos (mnz|l) for n odd or y = sin (wnz/l) for n even in Eq. (10.1.17). But
these are subject to increasing uncertainties, as the following discussion will
indicate. We can write Eq. (10.1.16) as w?) = ®,n, where &, is the differ-
ential and integral operator written on the right of Eq. (10.1.16). When the
exact solution 7, for the nth harmonic is used, the quantity ®,,n,, will equal
@,*1,. The eigenvalues w,? are complex because of the energy loss to the
medium, but their real parts are all positive and can be arranged in an ordered
sequence so that Re w?,, > Re w,?, with w,? the eigenvalue for the funda-
mental. Furthermore, it is not difficult to show that the 7, are mutually

orthogonal; i.e.,
uz 0 ns#“m
dz =

where the complex quantity N, is the normalizing constant for 7,,.

Choosing an arbitrary form for # is equivalent to choosing an arbitrary
expansion 7 = > A4,x, in terms of the eigenfunctions. Inserting this into
Eq. (10.1.17) shows that the variational equation is equivalent to

sS4, Y

where V' < W in most cases. Of course, we do not know the #,’s or w,’s
(otherwise we should not be using the variational procedure), but this
fepresentation of the variational expression is useful because it tells us more
about the limitations of the method. For example, since Re w,? though
Positive, is smaller than the real part of any other w,2, we can see that W
€an never be smaller than Re w,2. Thus, as we vary the A4.’s by varying
the shape of y, the absolute minimal value of W is Re @,*, which only occurs
when y = #, (4, = 0, for all n except n = 1).

To find w,® by means of the variational procedure, we must choose a
series for y whjch has A, = 0; in other words, we must arrange that the trial
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function, though variable in form, always is orthogonal to #, (i.e., that
J xmdz =0). When A4, =0, the argument used for w,* works for w,?2;
the minimal value of W for all shapes orthogonal to #, is Re w,?* which
occurs only when 7 = #,. And so on. But we do not know 7, exactly;
so we cannot find the family of trial functions exactly orthogonal to 7,
If we make the trial functions for 7, orthogonal to the best approximation
we can find for 7, these trial functions may have a small component of #,
in them (A4, is not exactly zero), and thus we cannot guarantee that the
minimal value of W for these functions 1s Re w,*; it may be somewhat
smaller than this. And if we then go on to w3* by using a set of trial functions
orthogonal to the approximations for 7, and 7,, we are compounding our
errors.

Thus the variational procedure used here (sometimes called the Rayleigh-
Ritz variational procedure) is most accurate in determining the fundamental
mode, and rapidly loses utility when it is used to compute higher modes.
In contrast, the procedure used in Eq. (9.4.19), though it involves more
computation, loses efficacy more slowly as n is increased. This will be
illustrated in a problem.

In the case of the string, we have illustrated the point, mentioned at the
beginning of this section, that the behavior of the wave representing coupled
motion of string and medium depends markedly on the ratio « of wave
velocities in the two systems, when uncoupled. The other point mentioned
earlier, that there are always two kinds of waves, with two velocities, has not
been emphasized in this example. The wave of Eq. (10.1.9) is obviously
related to that of the string in vacuo. There are, of course, waves in the air,
going with velocity ¢, which move the string slightly; these would be the
other set of waves. In the case of the string, however, the coupling is so
small that the characteristics of this second set are not appreciably affected by
the presence of the string (at least in regard to wave velocity]; we can cal-
culate their space distribution by use of Sec. 8.1.

If the interacting systems involve greater coupling, such as a membrane
plus surrounding air, the second class of waves may have its velocity also
modified by the coupling. In fact, as we shall see, for some wave-velocity
ratios, waves in the medium may be “trapped” by the plate; so they travel
parallel to the plate surface, the majority of the energy being carried by
the medium near the plate. This can be demonstrated by solving the prob-
lem of the coupled motion of a thin plate with the medium surrounding it.

Free motion of an infinite plate

We consider a thin plate of thickness 2h and density p,, with modulus
of elasticity Q and Poisson ratio s (usually equal to }). The analogous, but
simpler, example of a membrane in contact with a medium will be given as
a problem. According to Eq. (5.3.9), the equation of motion for the plate’s
transverse displacement, when driven by a simple-harmonic force F,(x,y)e ",
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is
62 az 2 y
(@—f——z)ﬂ—}"ﬁ:-—-—F {|0.|.2|)
where y* = 3w?p (1 — 5%)/Qh* and k = w/c as before, p and ¢ being the

density and sound velocity, respectively, of the medium. As an example of
magnitudes, for a sheet of steel 2 mm thick, with p, = 8 and Q =2 x 102

dynes per sq cm, parameter y is approximately equal to V/»/4,400 (v being
the frequency), and the ratio of the wave velocity of the plate w/y to the
velocity of sound ¢ in the air is (¢,/¢) =~ V'»/10%. The plate, of course, is a
dispersive medium for transverse waves.

First let us ask what sort of free sinusoidal waves can travel along the
plate in contact with the medium. We assume that the transverse displace-
ment of the plate and its transverse velocity are

n = A exp (iKx — iwt) u, = —iwn

4

where we have placed the xy plane at the mid-plane of the plate when in
equilibrium. The pressure waves above and below the plate must have the
same dependence on x; because of symmetry the two are equal and opposite
in sign at the plate surface.

P+ = Pexp(iKx + izq — iwt)  p_= —Pexp(iKx — izq — iwt)

. Y e A /TE L2
u, :tpck‘p q k Kz or iVEK:—k

where we have assumed that / is so small compared with A that we can assume
that the boundary conditions are at z = 0. The reaction force of these two
waves on the plateis F, = (p_ — p.),,. Therefore there are two equations
relating 4 and P, one equating the normal velocity of plate and neighboring
air, the other with —2Pexp (iKx — iwt) for F, in Eq. (10.1.21). The
combination relates the amplitude 4 of plate motion to amplitude P of
acoustic wave and also fixes the relationship between plate wavenumber and
frequency kc/2 at which there is free vibration.

4 1
-fwA=(i)P B =g 2 8 (10.1.22)
pck Pogh q
where u = p/p,h.

First let us find the various roots of the equation for K, regardless of
Whether the plate wave goes to infinity at x = + oo, but insisting that the
radiated wave is outgoing and noninfinite at z = 4-co (i.e., that only the
sheet of VK2 — k? with positive-real or positive-imaginary part be used).
There are four such roots, two real and two imaginary, when k < 7 (when
the plate velocjty is smaller than that in air). When both u/y and k/y are

Page 647 of 933



626 COUPLING OF ACOUSTICAL SYSTEMS

quite small, approximate expressions for K are

24

(y* — k%)
2
g+zi‘\fy2—k2|:] + L ]
4(y* — k*?
i (10.1.23)
peuk. Bl bl
= " e

iy P
_~VET kﬂ[1 + ———] == 2
Caa ar el T

For the steel plate 2 mm thick, p/y is roughly equal to V' 1/100» when the
plate is in air, and is V' 10,000/» when it is in water. The other roots, near

K = -}k, are not allowed, since they correspond to V' K* — k® being negative-
imaginary, when k < y, which is not allowed. When g is not small com-
pared with y, these formulas are not valid, but the roots still are two real and
two nearly pure-imaginary.

The first pair of roots corresponds to wave propagation along the plate
with no attenuation; the corresponding wave in air attenuates with increasing
|z|, so that no energy is radiated away to |z| — c0. The second pair, being
imaginary, cannot correspond to free-wave motion in an infinite plate;
they are used only to fit boundary conditions in a finite or semi-infinite plate.
We should note, however, that the corresponding ¢ is nearly real, corre-
sponding to energy loss to z — --o0; the presence of a boundary induces
loss of energy at the edge even for the case k < y. The wave velocity for the
roots + K, is close to w/y, the wave velocity for the plate in vacuum, when
¢ < y. Most of the energy is in the plate.

At higher frequencies, when k = y, all six roots are allmn._red. Formulas
for small values of u/y are

i
K= +K, Ky ol | < ee——s

4k — y)b
L i 2
~ Vk? — 2]:1————"“?} 1
‘I+ y 4(?{2 e yz)%
; e i

L) 2
e VET R 2[1 4 _fﬁ_]
7 YT de

1 1”)2 ( i )2] 4
= K e 1 - = M C— —~
K TR, K, k‘: +2(k kt — 8 qs—mkq._y-:
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The first root again corresponds to the free wave of the plate in vacuum.
This time (¢, > c¢), some of its energy can radiate away to |z| — . The
pressure wave above the plate is, approximately,

. kA ; : e POREE .
Pt —ipc —— exp I:n"f(x cosV + zsin¥) — X§— H.Uf}
1 — (ylk)? toh

(10.1.25)

where cos W' = y/k, and x, = x — zcotW. This is a plane wave, moving
in a direction at angle V" to the x axis, with velocity w/k = ¢, with amplitude
proportional to the plate amplitude at the point x,, the point at which the
wave which arrives at (x,z) was generated. The geometry is similar to that of
Fig. 10.1, with (z,r) changed to (x,z) and with the present wave a plane wave,
instead of the conical wave produced by the string. Since high-frequency
wave motion can radiate to |z| — oo, the plate wave attenuates with x, and
the acoustic wave attenuates with x,.

In contrast to this wave is the surface wave, corresponding to the third
pair of roots (only allowed when k£ > y). This wave has most of its energy
carried in the medium; since ¢ is imaginary and small, the ratio of P to A4
is large, and the disturbance in the medium attenuates slowly as |z| increases.
This wave has velocity slightly less than the acoustic wave velocity in the
medium. The plate moves just enough to cause the sound wave to “cling”
to the plate, with its wavefronts normal to the plate and with wave amplitude
largest near the plate, diminishing exponentially as |z| increases. This sort
of wave, produced by plate-medium coupling when ¢, > ¢, has no attenua-
tion in the x direction; thus no energy is lost to [z| — c0. Such a wave does
not exist for a plate in vacuum, nor does it exist in a medium without a plate;
it requires the interaction of both.

Linear driving force

If the plate is subject to a transverse driving force F(K)e'**7'®! per unit
area of plate, in addition to the radiation reaction of the surrounding medium,
the steady-state waves in the plate and medium can be obtained from Egs.
(10.1.21) and (10.1.22).

puyt s
iy il r—imi | S vy SR o S —
n = A(K)e (1«: y \/ﬂ)mm Tt PO
— 2
p = +P(K)exp (iKx T zVKE — k* — iwt)  P(K) = — —mee A(K)
Vi T
(10.1.26)

where the upper signs in the expression for p are used for z > 0, the lower signs
for z << 0. For the p wave to have the right asymptotic behavior, the square
root must be in the first quadrant of the complex plane; we take it to be real
and positive as K approaches --o0.
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If the driving force is simple-harmonic but not a sinusoidal function of x,
the force shape can be built up as a Fourier integral.

() =f F(K)e'k=dK  F(K) = > f_ F0)e K dy

The steady-state driven motion is then = a(x)e™**!,and p = +p(x, L z)eiot
where

= 4 NV — R
a(x) =f A(K)e'K* dK = Y f F(K) exp (ikx)V « k )

2hp,0* )¢ (K — MWK — k2 —
plx,z) = '#J"’f F(K) exp (iKx — zVK* — k?)
%,z) =}

dK z >0
o (K* — y)VK2 — k2 — upt

(10.1.27)

where the contour of integration is the one marked C in Fig. 10.3, and
p = plpy,h.  When x is positive this contour must be completed by a semi-
circle in the upper half of the K plane. It then surrounds the roots K, and
iK_ of Eq. (10.1.23) if k£ < y, or the roots K, iK_, and K, of Eq. (10.1.24)
if kK > . It also must avoid the branch cut, which starts from K = k and
goes to infinity in the first quadrant.

If the driving force f(X) is a line force Fyd(x) along the line x = 0,
the transform is simply F(K) = Fy/2#, having no additional singular
points in the K plane. In this case the integrals reduce to circuits
around the two or three poles of the integrand, plus a U-shaped inte-
gral around the branch cut, as shown in Fig. 10.3. If x < 0, the circuit is
completed around the lower half-plane, and the circuits are similar ones
around the other poles, with a U around —k going to —icc. To compute
the integrals around the poles we must calculate the residues (see page 15)
at each, by setting K = K, + ¢, etc., and finding the coefficient of 1/e as
e—>0. If <1 and k > y, we can use the approximate formulas of

Egs. (10.1.24) and find the residues of e&*/[(K* — y)V K2 — k% — uy']
to be (1/4y2K,)e'X+* at K., (if4y*K )e K= at iK_, and (u?[ky®)[y3/(k* — )P
at X,.

Therefore, for 4 < 1 and for x > 0, the integrals around the poles for
a(x) are '

; EF il x =K _z 2 4 3 _—
DD 4 D~ ry |:€ a2 ie 5 M ( V4 )e”‘*-"]
2hp 0% L 4K, 4K Ky kit —9*

fory <k

The first two terms together have zero slope at x = 0 and thus fit smoothly
onto the symmetrical pair for x < 0. The third term, corresponding to a
surface wave of small amplitude, does not join symmetrically to its opposite
number for x < 0; the integral around the branch point cancels out this
discontinuity in slope. Remembering that K* — k® is real and positive
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FIGURE 10.3

Contours for the integrals for % and p of Eq. (10.1.27).
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when K — 400, and thus that VK2 — k% — e”“v"’u(ﬂ' + iu) along the

upgoing half of B (with K = k + iu) and VK* — k* = —e'""/u(2k + i)
along the downgoing part, this integral, for x > 0, is

—F, J‘x L TN W2k + iu) du
: Lo o e ur e
T 2mwpcrk? 0 L — i1y )Wkt + - - - + ut — y"2u(2k + iu)
i H 4 k 3
_}%_ff'"uﬁe,-kw e an(#M ) S
pc(2mikx)? 2pc¥ \kt —
(10.1.28)

This just cancels the integral D” at x = 0, thus leaving no discontinuity in
there. The asymptotic formula indicates that this part of the wave does not
attenuate exponent:a[ly, but falls off as I/x}. This corresponds te a cylin-
drical wave in the medium, centered at the line source ot x = 0, as will be
demonstrated by computing p.

The integral around the branch point

The residues around the three poles in the integral for p are calculated
the same way as were those for . The integral around the branch cut from
k to co requires further discussion. We can write it

B = —fp.y‘FDJ'm exp (iKx -+ rz‘v/kz K?)
4 4 k(K — )V — K2 — iuy!
exp (iKx — izV k% — K?)
— Y)Wk — K2 + juy!

]dx (10.1.29)

When x and/or z is large, both terms in the integrand oscillate rapidly over
most of the path of integration. In such cases it is useful to find a point in
the allowed region of the K plane, where the argument of the exponential has
zero slope; close to this point the integrand ceases to oscillate rapidly, and
the majority of the value of the integral arises from this region.

The derivative with respect to K of the exponent of the first term is zero
when

kx

K
Vx4 22

= k cos ¢

where ¢ = tan~!(z/x) is the angle between the radius vector r from the origin
and the x axis. Near this point on the K plane, when K = k cos ¢ + ¢, the
exponent of the first term has the form

3

ff(x-{—:‘zkka—Kﬂzikr—éfésﬁ—]—--- 72— x? } g2
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If the path of integration is deformed so that it crosses the real K axis at

k cos ¢ at an angle of either 45 or 135° (i.e., if € is either uV'i or uV/—i, with
u real), the integrand does not change phase, and thus does not oscillate near

u = 0. Butif e = uVi, the exponential increases as |u| is increased; so the
point K = k cos ¢ is a minimum for the integrand in this region, whereas
if € = uV/ —i, the point is a maximum. For this reason a point of zero
derivative is called a saddle point of the function.

If we run the path of integration through the saddle point K = k cos ¢
at 1357, as shown in Fig. 10.4, it is possible to route the rest of the path so
that by far the largest contribution to the integral comes from the region
close to the saddle point. And if kr is very large, the integrand is non-
negligible only for small values of |u|. The first approximation to the integral
for kr large is then obtained by using the first two terms in the expansion of
the exponent and by extending the range of integration to 0. Thus the
asymptotic approximation for the first term in B can be written

. AV -
P77 dm[(k*cost p — yHk sin p — iuyt] J-=
iuy'kFy sin ¢ e

e (rI2k sin® d)u® du

~ — kr, kz 21
2V 2mikr[(k* cost ¢ — yh)k sin ¢ — iuyt]
q:antangbem g
2V mikx
(10.1.30)

There is no saddle point in the first quadrant for the second term in the
brackets of Eq. (10.1.29); when kr > 1, the second integrand oscillates
continuously, no matter what allowable path is taken from K = k to K = io0.
Thus the expression of Eq. (10.1.30) is the complete expression for the asymp-
totic form of integral B,, as written. We note that it is a cylindrical wave,
with origin the origin of the x, z coordinates (i.e., the location of the line force).
Its amplitude dies out inversely as the square root of r; it is dipole radiation,
since its amplitude goes to zero along the plate (¢ = 0° and 180°).

Having reached this stage, we must point out that the arrangement of
the branch cut to go through the saddle point K = k cos ¢ has an important
effect on the contour integral around the pole at K = K,. If K= kcos ¢
is greater than 7, the cut goes above the pole at K., as shown in the upper
part of Fig. 10.4. In this case the denominator of the first integral goes to
zero at K = K|, as defined in Eq. (10.1.24); therefore K, is a pole for the
integrand. But if & cos ¢ is smaller than y, the cut goes below K., factor
Vk* — K®in the numerator changes sign, and K. is no longer a pole for the
integrand. Therefore the contour integral around K__is to be included in the
formula for p only as long as k cos ¢ is larger than y.

-
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o1
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kcos¢p >y
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! Ks
kCOS ¢
FIGURE 10.4

Path of integration along the branch cut B, going through
the saddle point at K = k cos ¢.
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10.1 SYSTEMS OF INFINITE EXTENT 633

Collecting all the expressions and carrying out the contour integrations,
we can finally write out the asymptotic formulas for plate displacement and
pressure wave, for x and z positive, for u/y small, and for k > .

_ipyF, {exp liyx — (uyldk)x] | exp [—yx — i(uy/4k,)x]
©7 8pw? 1+ i(uyldk_) 1+ i(pyldk.)
A
_ yF, {exp [iyx 4 ik_z — (uyx[4k_) + (py*z/4k_?)]
=g k_[U + (ipfak_) + (ip*[ak_2)]

i fexp [—yx + ik z — (iuyx/dk,) — (uy*z|4k. ?)]
k(U + (ipfdk,) + Gpy?[4k,?)]

I 41# y4 ¥ 5 ( ‘u'y‘l —1 ) — i
+ = (k“ = ?d) exp | iKex — B z | g™t Bog
(10.1.31)

where k % = k* — o2, k.? = k* + % and u = p[hp,; B, and B, are given
in Eqgs. (10.1.28) and (10.1.30), respectively, and y is given in Eq. (10.1.21).
Function u(w) is the step function, being zero when w << 0 and unity when
w > 0, and K is given in Egs. (10.1.24).

?4 ’ H —tw —iw
(k4 =~ y‘l) exp (stx)}e bl Bila)e

u(k cos ¢ — y)

The radiated wave

The radiated wave has an interesting, though not unexpected, shape.
Starting from ¢ = 90°, vertically above the driving force, at first, as we
decrease ¢, the predominant part of p for large r is the cylindrical wave
represented by B, of Eq. (10.1.30). The first term in braces in Eq. (10.1.31)
1s zero as long as cos ¢ is less than y/k; the second and third terms are
negligibly small for large z. As long as ¢ is larger than't" = cos™ (y/k) [see
Eq. (10.1.25)], the wave amplitude is small, because of the factor u/y. As ¢
approaches ', this amplitude increases, as will be clear if we rewrite the
asymptotic form of |B,|? in terms of the angle V.

(ukFo)? sin® ¢

2 i
1851 == 167kr [(cos ¢/cos'V')* — 1]2sin? ¢ + pu?

This has a sharp maximum when ¢ =¥, the direction of the pressure wave
of Eq. (10.1.25), arising from the free wave in the plate, having wavenumber
K.

At angle ¢ =", the first term in braces for p, suddenly enters. Re-
writing the mean-square amplitude of this term,

u VP exp [—(ur/2) cot'V csc ¥ sin (V' — ¢)]
D2~ (% e
| D, (B Fu) cof 1 + u?esctV

-

p< ¥
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we see that it represents a plane wave going in the 't" direction, with o
attenuation at the angle ¢ = ‘I, but dropping off rapidly as't" — ¢ increases,
When pr > 1, this drop-off is sharp enough so that | D_|* has a delta-functiop
peak in the V" direction.

rcos't' | Fy|?
32r(1 + p?csctt)

| Dyl* — ot — ¢)

For ¢ less than ', the B, term is again the largest, though even its
amplitude drops as ¢ diminishes, first rapidly, then more slowly approaching
zero as ¢ — 0. When ¢ is so close to zero that uz < 1 (kr still very large),
the effect of the surface wave, the third term in braces in the formula for p in
Egs. (10.1.31), begins to be felt. This wave, as mentioned earlier, travels with-
out attenuation, confined roughly to the region |z| < (hp,/p)[(k* — y)[y%];
so its asymptotic, mean-square amplitude is again a delta function

pRIRE( »* ¥
8kir \kt — 5 @)

Thus, although a small amount of the energy supplied by the linear driving
force radiates away in all directions (the cylindrical wave B,), most of the
energy is concentrated into six sharp beams, the more intense being at the
angles 4+, (= — V) to the plate, the two beams of lesser intensity being
along the plate (¢ = 0, =), corresponding to the surface waves D,. By the
time |x| — oo, the majority of the energy, which was mostly possessed by the
plate when |x| was small, has been transferred to the medium and has
radiated away. Involved in this coupled motion are all the waves mentioned
at the beginning of this section: the waves with velocity near that of the plate
in vacuo [the first term in braces in Eq. (10.1.31)]; the bound surface waves
with velocity near ¢ (the third term in braces); and the free-wave motion in
the medium, caused by the discontinuity at x = 0, the line of application of
the force (the integrals B). The second term in braces does not constitute
a wave; it is the correction term required by the fourth-order equation for the
plate, needed only to satisfy boundary conditions at the origin, large only
near the origin. '

The case of the plate driven by a line force at low frequency, when
k <y (¢, < c¢),is much simpler. There is no surface wave, but the wave
with wavenumber K, propagates along the plate without attenuation. Also,
the integral along the branch cut has no high peak, and there is no cutoff
of the integral D, since ¥ = cos™ (y/k) is imaginary. Thus the power
radiates fairly uniformly in all directions, but with a peak near the plate
surface, and here the majority of the energy is carried by the plate. The
details are left as a problem.
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Incident plane wave

One way of forcing the plate into motion is to send a wave of sound in its
direction. Suppose the wave is plane, propagated at an angle of incidence
f to the z axis, normal to the plate, in the xz plane. This wave will be
reflected from the plate, will also set the plate into motion, and thus will
generate a transmitted wave on the other side of the plate. The acoustic
waves and the induced transverse displacement of the plate will have the
forms

P; exp [ik(x sin 0 — z cos 0) — iwt]
p= + P, exp [ik(x sin § + z cos 0) — iwt] z 0
P, exp [ik(x sin 0 — z cos 0) — imt] 2 1)
n = A exp (ikx sin 0 — iwt)
In this case neither the surface wave, of wavenumber K, nor the cylindrical
wave, represented by the integrals B, is excited.

The equations of motion, with (p_ — p,)._, as F,, and the two equations
matching fluid and plate velocities on the two sides of the plate, are

cos 0 cos 0

—iwA = (—P;+ P) = — P,
and
- . ¥
(kqslﬂ 0 — y)A ‘—_-m(f’! _Pi _'Pr)
with solutions
P, —iQ(0)P; —i(1/pew) cos 6 P,
smupee TR O ol A= 10.1.32
" 1—iQ(6) " 1—1i0(0) 1 —iQ(0) ( .
where
k\ k p
0 = [1 — (-)sin“ﬁ:l—cosﬂ =
Y Iz “ Pl

If k[y (which is roughly equal to V/»/60,000 for the 2-mm steel plate in air)
is much smaller than unity, then the quantity Q is large for all values of 6,
the angle of incidence, except for grazing incidence, § = 7. In this case
-'Pg, the amplitude of the transmitted wave, is small; most of the incident wave
s reflected. If the frequency is great enough so that k/y > 1, then Q will
be zero when sin 0 = y/k; at this angle of incidence all the incident energy is
transmitted through the plate. Put another way, when the frequency and
angle of incidence are such that the horizontal component k sin 0 of the
Incident wavenumber is equal to the wavenumber y of the transverse wave in
the plate, the plate is transparent to the incident wave.

-
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Now suppose the incident wave, instead of being sinusoidal, is a pulse,
with Fourier transform P(w).

1
pi = P(T) T_—_r—E(xsinﬁ—-zcosﬂ)

P (w} — f (T)e!mt di = 2_1,. :(w.l‘c}lliz' sin 6—z cos @)

Then the reflected and transmitted waves, and the displacement of the plate,
will be corresponding Fourier transforms of the functions given in Egs.
(10.1.32). For example, the transmitted wave, in the region z < 0, is

i J’i’ exp [ik(x sin § — z cos 0) — iwt] dw e 8

t T 2m_w T — k@)1 — (w]w,)? sin® B] cos 0 e
_ —iP;  pew? = e~ 'oT do
27 cos B sint 0w w[w? — (w,/sin® 0)2] — i(ucw,2/cos 0 sin? 6)

(10.1.33)

where u = plhp,, and w,? = c*yfw?® = 3c%p, (1 — s*)/Qh?; for the 2-mm
steel plate in air, yu ~ 0.0016 and w,~ 5 x 104%

There are three poles of this integrand, roots of the denominator; one
of them is on the negative-imaginary axis of the w plane; the other two are
above the real axis, symmetrically placed with respect to the origin. We can
label the roots of

w, ¥ . cw,?
ma—m( ﬂ)HI pew,,

sin? 0 cos 0 sin? 0 o
as
w, =w-+ v w_= —w -+ v W, = —2iv
where
w2 e w2
2 3= 2 (w2 2) — e 10.1.34)
% : sint 0 ) 2 cos B sin* 6 (

w c
—_ g &
sin? 2 cos B

—_

when  ucsin?f < w,cos 0

the last line giving approximate values when pc/w, = (p[cp,)V Q[3p,(1 — s%)
is smaller than cos 0/sin? 0 (it equals about 1072 for the steel plate in air,
about 0.4 for the same plate in water). When uc/w, is not small, w and v
are given by Table 10.1.

The second line of Eq. (10.1.33) has been written so that the denominator
of the integrand is

(0 — o) w — o ) w— o) =(o—iv—wo—iv+ w)(o + 2iv)
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According to Egs. (1.2.15), the transmitted pressure wave is

v . e'uT
(cosz—3—51n wT)?,:L o |
P, puce 2 W we + v —
Pt Gos Osint0) o7 S (10.1.35)
o >

where T=1 — (1/e)(xsin 0 — zcos 0), (1fe)(xsinf — zcos f) being the
time the incident pulse-wave would arrive at the point x, z (z < 0) if the plate
were not present.

In this case a ““precursor’ wave is present; the observer at point x, z
(z < 0) hears sound before he would hear the pulse if the plate were not
present (i.e., for T'<< 0). Because of the factor e"?, the sound is not loud

TABLE 10.1

pesin*@ | wsin® 0 vsin®fl | pcsin*f | wsin®f vsin® 0

w, cos 0 w, W, w, cos 0 w, W,
0.1 1.0037 0.0495 1.2 1.1975 0.3802
0.2 1.0138 0.0965 1.4 1.2312 0.4148
0.4 1.0462 0.1776 1.8 1.2938 0.4740
0.6 1.0848 0.2428 2.2 1.3504 0.5242
0.8 1.1239 0.2961 2.6 1.4026 0.5678
1.0 1.1616 0.3412 3.0 1.4505 0.6067

until —7" is small. The frequency heard is inversely proportional to the
square of the sine of the angle of incidence (if f§ — 0, w — o0, and there is no
precursor wave). In addition, there is an exponential decay of pressure
when T is positive, which attenuates most slowly when 0 — 0 (since v —
tcf2 cos 6 as 6 — 0). This result appears to conflict with the discussion of
page 479, which indicated that no sound can arrive at the observer faster
than the signal velocity can bring it. There is no contradiction, however;
the velocity of transverse motion on a plate is proportional to the square root

of the frequency (¢, = w/y = eV w|w,), so that there is no limiting velocity
4s w — oo, and therefore there is no signal velocity (or if you like, the signal
velocity is infinite). The pulse, incident on the plate at angle 6, moves along
the plate with a velocity ¢/sin 6; and @ /27 sin? 0 =~ w/2x is the frequency
of the plate wave which has this velocity.

What is happening is also illustrated by the expression for the plate
displacement % as function of 7. From Eqs. (10.1.32) and (10.1.33) we
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have

P.ucw,? J’“’ e 1T day

= 2mpesint 0 - w(w — w — iv)(w + w — v)(w + 2iv)

(e'r.'T
= [(w? — 3v®) sin wT

. —Puw,?
— psint O(w? - v?)(w? + 91}3)1

+ 4wv cos wT'] T<0
1
% [(W2 + 9?) — (w2 + pR)e2eT] T>0

\

where T'= t — (x/c) sin 0, since z = O for the plate. Quantity % is con-
tinuous in value and slope at 7' = 0; its greatest positive value is just before
T = 0; after the pulse has passed (T > 0), the plate approaches exponentially
its -final displacement, —[P,uw,?2pv(W?* +- v*)sin?* 0] = —(P, cos 0/pc),
which is thus its greatest negative displacement. At grazing incidence
(6 — }m), v — $(ucw,2[cos 0 sin® 0)* and w — v/3u, both going to infinity as
cos  — 0. In this limit all waves become pulse-waves, traveling parallel
to the plate surface.

Incident spherical wave

Suppose a simple source of frequency w/27 and strength S, is placed
at x =y =0, z =/, above a plane plate in the xy plane, the plate having
density p,, thickness 2h, elastic modulus Q, and Poisson ratio s, as before.
If the plate were not present, the pressure wave from the source would be

7 :
= ;:; Spe ot = —ikpeS gi(r | ro)e !
— I% S"’f Ju(ﬁr)eiwlz—ll &B e—iot
m™ 0 W

in terms of the cylindrical coordinates of Fig. 10.5, where w = V k* —

or = iV 2 — k% The first formula comes from Egs. (7.1.5); the last is
still another form of the Green’s function, appropriate for our present use.

With the source on the z axis, all waves will be symmetric about this axis,
independent of angle ¢. Thus, from Egs. (1.3.27), the plate displacement
and the pressure waves below and above the plate can be written

n = e “a@pnp dp (10.1.36)
P -+ P = e—i'r.u!J.m [k:'_{‘"s;o er'w|z—l| ot B(ﬁ)eiwzjljﬂ(ﬁr)ﬁ dﬁ z > 0
p= = 0 W
po=et  C(BeJ(Br)f dp z<0

L]
where A4, B, and C must be determined from the boundary conditions at
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!
Tt Source
I
4
ZZ
¥ |
T B
Biane.
(ri, 2]
FIGURE 10.5
Angles and distances for
waves from a simple source
above a plane plate.
z=0. To join velocities at z=0, we set —iwd = —(S,/4m)e""" +

(w/pck)B = —(w|pck)C or (pckS,/dnw)e’®* =B + C and A = —(iw]
pck?)C. The equation of motion (10.1.21), when applied to the integrands,
with F = p, — p; — p,, is
g __ A ZP},“( ey _m“ iwl)
@A 2pw? i drw
where u = plhp,, and y* = 3w?p,(1 — s*)/Qh?, as before,
Solution of the simultaneous equations results in

d =it B=ILt g g
pw? 4w

—(i/4m)uy*pwS,e™
W — o) — iy’
which then can be substituted in the integrals for #, p,, and p,. The integrals
are similar to those of Egs. (10.1.27), but the differences merit discussion.
In the first place, the integrals over § are from 0 to oo, not from —co to oo.

Since the asymptotic form of J, is not simple, it is best to separate it into the
two Hankel functions,

Jo(Br) = YHP(Br) + $H(Br)
H§(u) = Jo(u) + iNg(u) — /ﬂ—i{ et u— o (10.1.37)
2i

C

W = k2 — e

HP(u) = Jo(u) — iNo(u) > | — e~
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in accord with the discussion following Egs. (7.3.2). The two Hanke]
functions have a logarithmic singularity at zero, but have simple asymptotjc
forms, H{"(u) going exponentially to zero when the imaginary part of 4 i
large and positive, H{*(u) going to zero when the imaginary part of y jg
large and negative.

Thus the integrals of Eq. (10.1.36) can be broken into two parts, the term
containing H{" being integrated along contour C of Fig. 10.6, and that

+ 3 plane
Im B8 e 8
J/"LY Y
A

_J'},

(ol

k>7

FIGURE 10.6
Contours of integration for Egs. (10.1.37).

containing H® going along C'. This is possible because Hg"(iz) =
—H{®(—iz) (z real), as an examination of Eqs. (5.3.15) will demonstrate.
Therefore the integral of the H{" part along the positive-imaginary portion
of C is exactly canceled by the integral of the H{* part along the negative-
imaginary portion of C'; so these parts can be added to the parts along the 0
to oo portions of C and C' without changing the value of the integral sum.
Contour C can then be completed by a quarter circle around the first quadrant
at oo, since the integrand is zero there; similarly, contour C’ can be com-
pleted by surrounding the fourth quadrant. Finally, these closed contours
can be shrunk, C reducing to the circles about the poles # = K, and p = K,
(if kK > ) plus the loop from ico around the branch point § = k and back
to ico, and C’ to the circle around the pole —iK_. Approximate values of
K., K_, and K, are given in Egs. (10.1.24).

The calculation of the integrals proceeds as with the integrals of Eqs-
(10.1.27). For example, the wave p,, transmitted through the plate to the

Page 662 of 933



10.1 SYSTEMS OF INFINITE EXTENT 641
region z < 0, for k > y and R® = r? 4 (I — z)* very large, is
exp [iK,r + ig.(1 — 2))
V.V k: — 2V 27K r
exp [—K_r + ig_(I — 2)] 4K exp [iK,r + ig(l — z)]
viq Vk® + vV 2aK_r Y k(k* — yV2miK
£ Vg etkr
(k*sin®* 6 — %)k cos 0 — iuy* 4mR

Definitions and approximate value of K, K, K, and g, etc., are given in
Egs. (10.1.24) for k= y.

When u/y is small, the exponential of the first term in braces can be
rewritten

P —3pck S, uyt {u(k sin 6 — y)

-

] (10.1.38)

exp liyr + i(l — 2)VEE — 32 — ﬂf%{z) Vi — 32 — (I — z}]}

= exp {ikRcos (3= — 0 — V') — LuRsin (3= — 6 — V') cot'¥ csc 't}

where r = Rsin6; / — z = Rcos 0; and k cosV' = y, ¥ being the angle of
Eq. (10.1.25) between the plate and the direction of propagation of the
radiation into the medium for the frequency w[2w. Because of the step
function u(k sin 0 — y), this wave has zero amplitude (for R large) for 6
smaller than 7= —W'. At angle 6 = }w — ' to the z axis, there is no
exponential attenuation of this part of the wave (though the wave is inversely
proportional to V/r), but the amplitude drops exponentially with sin (37 —
W — 0) for larger values of . This conical wave arises from the spherical
incident wave. Since, as we saw earlier, the plate is transparent, at this
frequency, only to waves with angles of incidence close to }m — %, the
transmitted wave (this part of it, at any rate) is concentrated on the surface
of a cone of angle 7 — " with respect to the z axis and vertex at the source
point,

The second term in Eq. (10.1.38) is negligible for large R; it comes from
the exponentiallike solution Jy(iyr) required to maintain continuity of slope
atr = 0 [see discussion of Eqs. (5.3.15)]. The third term corresponds to the
surface wave induced by the incident wave; it represents a radial flow of
energy outward in a region close to the xy plane of the plate. An incident
spherical wave produces such a surface wave (though of small amplitude);
an incident plane wave does not, as Egs. (10.1.32) show.

The last term in Eq. (10.1.38), coming from the integral around the
branch cut, is a spherical wave emanating from the source point, with a
Pronounced dependence on the angle 6. When # = 0 (along the —z axis)
and when 6 = {= (out along the xy plane), the amplitude is small because
of the u in the factor outside the braces. But the amplitude of this part of
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the wave has a sharp maximum, larger by the factor kfu, at 0 = ln —yp
the angle at which a plane wave can penetrate the plate without loss, Thu;.
all the wave types discussed earlier are produced by the incident spheric]
wave.

At low frequencies, when ¢, << ¢ (k <C ), there is no surface wave ang
no direction of strong penetration, since ¥ = cos (yfk) is complex. In the
expression for p,, corresponding to Eq. (10.1.38), the only term which does
not die out exponentially as z — co is the integral around the branch point,
representing a spherical transmitted wave of small amplitude, increasing
monotonically as § increases from 0 to = and having no maximum. Detajls
are left for a problem.

10.2 A FINITE PANEL

When all the coupled systems are infinite in extent, as they were in the
problems discussed in Sec. 10.1, the wave motion can extend to infinity, and
reflections can be neglected. But when one or more of the systems are finite
in size, then standing waves, and therefore resonances, add their com-
plications to an already intricate problem. The calculations required for a
solution are often involved, and the solutions, usually approximations, are
necessarily complex in order to take into account all the resonances, anti-
resonances, transparencies, and other effects typical of coupled resonating
systems. Space is available, in this chapter and its problems, for only a few
examples. In this section a single example is worked out of a triple system,
one element of which is finite. A problem deals with a double system, a
simplified Helmholtz resonator.

Circular membrane in rigid wall

We consider a rigid wall coincident with the xy plane, with a circular
opening in it of radius a, centered at the origin. This openirtg has a mem-
brane, of areal density o, stretched across it under tension 7, so that the
velocity of transverse waves is ¢, = \/T_fur = ¢/a, ¢ being the acoustic
velocity in the medium on either side of the wall. The transverse vibration
of the membrane is subject to the equation

13( an) 1 0%y - o
Pty [ il i e e < 10.2.1)
ror\' or Trzr:’k,ﬁz'kcJL oc? r=d (
where » = 0 whenr = a

k = wlc

r and ¢ = polar coordinates in xy plane
7 = displacement of membrane in z direction :
P = pressure difference p_ — p, tending to move membrane 10
positive z direction
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According to Eq. (5.2.22) [see also Eq. (9.3.31)], the eigenfunctions for
free vibration of the membrane, in the absence of the medium, are

cos Tawil s w
o (mqb).fm(—a—) where J,,(jun) = 0 (10.2.2)

Thus jun = TBma 18 the nth zero of J,, (see Table X). By methods similar
to those used in deriving Eq. (9.4.2), we can show that the Green’s function

for the membrane, solution of (V,* + k%*)G = —8(x — x5)0(y — Yo)» 18

o0 [ oo Jm .mn .Im _mn A
6(rp | rode) = 3 "Heosmp — 40 2. 7 _1(({:' ?[[? e

for0 < r,rg<a (10.2.3)
Thus the displacement of the membrane under the influence of a net pressure
difference P(r,¢)e ¢! is
Q._E 2T a
ﬂ(rstjﬁ) . EEJ; d¢0jn G(r,¢ | rﬂ,¢“)P(ru,¢u)rﬂ dj"o (|0.2-4)

times the factor e~*“%.
The integral is a Fourier series in ¢, because of the form of G; thus we
have a sequence of equations for the Fourier components of n. If we set

n = 3 cos (mp)Y,(r) and P =3 cos (m@)P,(r)
then o "

2 a
o) = 2 | Gl | 10 dr (1025)
gc=Jo
where

B b 2 Jm(jmnr{a}-]m(jmnrﬂi"a)
Gm(r l rﬂ} _ﬂgj_ -I;L:I_._]_(jmn) jmnz s (kaa)E

If ®,, happens to be proportional to the Bessel function J.a(gr), a closed

form for Y, can be found [as was done with Eq. (9.3.33)]. Since the
function

J(qa)
J,(koa)

fled) = A cos (mh| J(ar) — 1, k)|

satisfies the boundary condition f(a,¢) = 0 and also satisfies the equation
(V2 + k%02) f = A cos (mp)(k%a® — g*)J .(gr), we can show that

1 J..(qa) ]
G 7. g T L b
J; (r | rod u(gro)re dry 7 kﬂmﬁ['f’“(qr) J,,,(kota)Jm(kw)

1

_ A  J,(kaa)
= ka[r.!m_l(kar) i S

= 10.2.6
T T a.fm(kmr}] when g = ko ( )

These formulas will be useful later.
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Reaction of the medium

The air, or other medium, on either side of the wall, has density p and
transmits acoustic waves with velocity ¢. The Green’s function for the
region z > 0 is most appropriately given in Eq. (7.4.8) for cylindrical cg.
ordinates r, ¢, z and for a rigid wall.

2. Jey f“’ # du {COS #Z€W L3730
B AL T Jour)J, (ur ; ;
g+ mgﬂ 2 {(ﬁ ¢I}) 0 m(ﬁ ) ('u 0) b4 Cos HIy - ped Z = Zp = 0

(10.2.7)

where

:J.=‘\/k2——;ﬁ or  iVu—k?

The Green’s function g_ for the region z < 0 is obtained from & by reversing
the Signs of z and z,.

Motion of the membrane produces waves in the medium, and this
produces a reaction back on the membrane. Suppose a plane wave p =
A exp (ikz cos 0 +- ikr cos ¢ sin 6 — iwt), with direction of propagation in
the xz plane at angle of incidence 6 with respect to the z axis, comes from
— o to strike the negative side of the wall at z = 0. If the whole wall were
rigid, this wave would be reflected with no change of amplitude or phase,
and the pressure in the region z < 0 would be (we omit the time factor)

Pi = 2P, cos (kz cos 0) exp (ikr cos ¢ sin 0)
= 2P, cos (kz cos 0) ¥ e,,i™ cos (me) J,,(kr sin 0) (10.2.8)

by using Eq. (1.2.9). If the membrane displacement is expressed as a
Fourier series 7 = > cos (m¢) Y, (r), the pressure wave in region z << 0 is
modified to become

2 [
=0k szf dpo| g_(r.,z r fﬂsﬁf’nso)’?("nsﬁén)fn dr,
0 0

> [ZPlemi”*J m(kr cos 0) - pwzfagm(r | v} ¥orilradrs dr,,] cos (md)
" A (10.2.9)

where
pdp

4

x =k — p?

gm(r I ru) =1 " Jm{iu‘rjjm(#rﬂ)

as obtained from Egs. (10.2.7) and (7.4.16), taking into account the fact that
the membrane velocity u, is equal to —iwy, and for the negative side Ol_?' the
wall, the expression of Eq. (7.4.16) for P 1s +ipw, rather than —ipw, times
the first integral.
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10.2 A FINITE PANEL 645

If there is no incident wave in the region z > 0, the only sound there will
pe that produced by the motion of the membrane.

2r a
P+ = 'P“FJ.D dey u§+("=¢’z | 70:b0,0)7(rosbo)ro dry
o> —p? 3 cos (md) | ulr | 1) Yulro)rodry (102.10)
m 0

Taking the second lines of Egs. (10.2.9) and (10.2.10), we have a second
integral equation relating P and 7, and thus a second set of equations relating
the @’s with the Y’s.

2 &
P=(p_—pio=p;+ szzf d?SuJ. g(r,$,0 I r0:P0:0)1(rosho)rg dry
0 ]
or (10.2.11)
D, (r) = 2P;e, i"J (krsin 0) + prrJﬂfagna{r | ro) Y . (ro)ro dr,
0

for the range 0 < r < @ only. The simultaneous solutions to these and the
counterpart equations (10.2.5) will be called ®,(0 | r) and Y,(0 | r). From
them one can compute the energy transmitted through the membrane, as
well as the angular distribution of the transmitted wave in region z > 0 and
the distortion of the reflected wave produced by the membrane motion.

The transmitted wave

Knowing Y,,(f | r), Eq. (10.2.10) can be used to compute the wave in
the region z > 0. Its asymptotic form, for z very large, can be computed
by using the alternative form for g, given in Eq. (7.4.6). Using the spherical
coordinates R, ¢, ¥ instead of cylindrical coordinates r, ¢, z, the asymptotic
form for g, is

| eikR
2. (R, | FosPo.0) — S exp [—ikrycos (¢ — o) sin 9]

Inserting this in Eq. (10.2.10) and using Eq. (1.3.11), we obtain

gikdt

P+ > 0,0 9) cos (me)
" (10.2, 12)

®m{6 ! 1{}} — P{uzf_mJ.aJm("!‘TD Si]"l 3_9') Ym(& ’ ru)ru dro 0 =, ﬂ = %'ﬂ"
1

Thus the sum ¥ ©,,(6 | #) cos (m¢) gives the asymptotic dependence on the
spherical angles #, ¢ of the wave transmitted through the membrane,
generated by a plane wave incident at angle 6 on the other side of the wall.

The total power transmitted through the membrane could be obtained
by integrating |p.|?/pc over the hemisphere of large radius, from (10.2.12).
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646 COUPLING OF ACOUSTICAL SYSTEMS

But we can also calculate it by integrating Re (p,u*) over the surface of the
membrane, withu, = —iwn. Since, forz = 0,p_ — p, = Pandp_ + Py =
P WeE can write

P+ = éP. — P = _sz Z COos ("”‘?5} gm(r | o) Ym(e I rﬁ)rﬂ dr':'
m 0

from Eq. (10.2.10). Since u, = —iw > cos (m¢) Y, (r), we have for the total
power transmitted

Y = 27paw® Re [Z ;f Y0 ryr d!'f Zulr | ro) YX(0 | ro)r dr{,]
1w mv0 0

= 27pw?® Re [E lJ‘ﬂYm(ﬂ | F)r dr
€

m m

a ‘I' d#
x| Y2 | ro)ro dr f T\, (ur —‘”—_} 10.2.
L w0 | ro)ry dr, o k) (o) Vit — (10.2.13)
A possible method of solution is to expand Y, into a series of the eigen-
functions J,.(j,.rfa) (n=1,2,...).

Vul0]) =3 A, 0, (22

n=1

This can be inserted in the left-hand side of Eq. (10.2.5), to equate with the
coeflicients of the expansion of G, obtaining

202 1 fﬂ g
A,"(0) = - D, (0 J(”"") d

O = et o o — G Jy O 8| a\ 57 )
Substituting Eq. (10.2.11) for ®,, and again using the expansion of ¥,
produces a set of simultaneous equations from which the coefficients 4,™ can
be computed. Using the equation for g,,, we have

n 0:2{;2}{ oct i I m ;

A,"(0) =jm12 — Gaa) {2P,-em: F,"(ka sin 0)

_:!1 %fp(ﬂzﬂ z A!'”?{Q)JEE—l(jﬂv)[anv”r(ka) = fxnvm{ka)] (lo'z' 14}
where '

F"’"{x) e 2.')'mn ,:(JL} — w1 % ""jmn

J-m—l(.!mu)(x — Jmn )

and & i

ﬂrwm("‘. e nvm 3 =J. an va

) = ™ (x) = | FE"(WE(p) Ve —

We have used the last of Egs. (5.2.21), which in the present case becomes

a 7 .
jlnil! 1 P L
[ 22T e de = 400 (G o)
to carry out the integrations over the Bessel-function products.
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10.2 A FINITE PANEL 647

The functions F,™(ka sin 0) measure the direct effect of the incident
wave on the mth component of the transmitted wave. Some of these
functions are plotted in Fig. 10.7; in general, they are large only in the range
Jma1 <X < jm.ns1» and only those for m = 0 are large near x = 0. The

; . ; Joz
Joy Jyy Joy Joz fs he da l2y a2
| | I | I [ 11 |

Js4

£ )

L £,
. 5P

Ly | I | | I

S 5 g 10
FIGURE 10.7

Angle-dependence functions F,™(x) for wave transmitted
through circular membrane. See Eqs. (10.2.14) and (10.2.15)
and Table XI.

quantities 6,,"(x) — iy,,"(x) measure the interaction between the various
eigenfunctions of free-membrane vibration, via the reaction of the medium
on both sides of the membrane. The £ and y are resistance and reactance
factors analogous to the factors of Fig. 7.9 for the circular piston. Some of
these factors are plotted in Fig. 10.8, more are given in Table XII, the F’s
in Table XI. In general, they have large magnitudes only near j,,, and juy,
for n different from », and the diagonal terms 0,,,” and y,,,™ are larger than
the nondiagonal terms, for n 7= ».
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&
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FIGURE 10.8
Resistance and reactance factors for sound transmission
throughacircular membrane. See Eq. (10.2.14) and Table XII.

Once the A4’s are determined, the items of physical interest can be com-
puted. For example, the asymptotic form for the transmitted wave, on the
side opposite the incident wave, is given in terms of the functions ©,, of
Eqgs. (10.2.12).

= 3]
em(g | ﬁ) i %f_mpmzaz z Anm(a)an—l{jmn)an(ka sin ﬁ} ('0‘2' Is)
n=1
The power transmitted through the membrane becomes

= ]
T =impw®a®y — 3 A,"ART2_ (Jruu2 —i(Fme)Ons™(ka) (10.2.16}

m=0 “m n.v
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10.2 A FINITE PANEL 649

But to solve for the A’s by successive approximations involves the sum-
mation of many series. The variational procedure will usually achieve satis-
factory accuracy and will result in more compact formulas. First, however,
we should see what Eq. (10.2.14) predicts in various limiting situations.

Approximate solutions

When kaa is close in value to j,,,, the (m,n)th normal mode of the mem-
brane is strongly excited, and 4,"(6) becomes the dominant coefficient in the
expansion for # (as long as —pw?a is small compared with oc®/a*s®). For
frequencies well below the lowest resonance (kaa < jy,), only A{ is non-
negligible; the pressure near the membrane is nearly independent of position
and of angle of incidence. Approximate formulas for the quantities of
interest, in this case, are
a2a® B (_;Mr)
oc® jor*Ji(jor) "\ a
4pm2k2a4 e.l'kﬁ'

— ; R— 10.2.17
P+ Gjul4 ‘Pi R 0 { )

=4

| il* J2*(jor)
pc  jn®

The power transmitted equals 27 R® times I/pc times the square of the
asymptotic amplitude of p. (as it should), since 0% ,(ka) — 4ka/jy,%/1*(jor)
when ka — 0. We note that the transmitted power is proportional to the
square of the ratio (pa/c) between the density of the medium and that of the
membrane; at these low frequencies the transmission is mass-controlled.

As the frequency of the incident wave is increased to the resonance
frequency of the (0,1)st normal mode of the membrane, 4? remains the
dominant coefficient,

0
Ay

v o (2

o

01y(ka)

(202a%P,[oc?)F)(ka sin 0)

Joi* — (kaa)* — (pk*a®[20)J ( jo)[x1y(ka) + i (ka)]
becoming quite large, but not infinite, at resonance (kaa = j,). The
asymptotic form of the transmitted wave is, approximately,

aP F(ka sin 0)F%ka sin #)(e'*%|R)
[20]pk*ax 2JL2(101)][101 — (kaa)?] — zfn(ka} f??;(ka)
when R — co. The symmetry between the angle of incidence 6 and the angle
of transmission # is a consequence of the principle of reciprocity.

Close to the (1,1) resonance, the coefficient 4, predominates, and when
koa is exactly equal to j;;, the membrane displacement is

4P ,F,*(ka sin 0) cos b J, (J‘u")
pw?al*(jo)lxu'(ka) + ity (ka)] a

(10.2.18)

pi— (10.2.19)

n=
and so on.
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650 COUPLING OF ACOUSTICAL SYSTEMS

Variational formulas

For purposes of computation, the variational procedure is more usefy]
than the series expansion. As indicated in connection with Eq. (9.3.28),
we can work either with the shape of @,,, the pressure component, or with
that of Y,,, the membrane-displacement component. We have just seen that
Y,, changes shape radically as the frequency approaches one of the resonance
frequencies of the membrane. The driving pressure @, also alters near
membrane resonance, but if pa is small compared with o, the first term on the
right-hand side of Eq. (10.2.11), representing the direct effect of the incident
wave, remains the dominant term (or at least does not become negligible
compared with the second term) at resonance. Thus it will be easier to
devise a form for @, which is satisfactory over a wide range of frequency
than it will be to discover and work with one for Y,,.

.We start by multiplying Eq. (10.2.11) by ¥,(0|r) and integrating.

0= gpifm,-mJ.Jm(kr sin 0) Y,,.(6 ‘ r)rdr —-J‘tbm Y, (0 | r)r dr

-+ pr?J ) | r)J.gm(r | ro) Y,.(0 | ro)ro dry rdr

This can be changed to an expression in terms of the ®,’s by using Eq.
(10.2.5) several times. From Eq. (10.2.12) we see that the integral in the
first term is proportional to the function ©,,, which determines the asymptotic
form of the transmitted wave,

1
fJ,,,,(k sin 0)Y,,(0 | nr dr = —,i"0,,(0| 0)
pw

Adding this to the preceding equation and using Eq. (10.2.5) to eliminate the
functions Y, we obtain a symmetric expression which can be used to obtain
a variational solution,

P- 2
(=" 2;} n 0,0 | 0) = 4P,e,,i" i’z’ Jcbmfemim(kr sin 0)

2

ol 32 d
e J d)mf(?m(bm + 2;;1; f(l)mJ.GmJ.ng.Gmdlm (10.2.20)

in our shorthand notation. As usual, we check this by noting that if the
shape of ®,, is varied (inserting ®,, + 0@, for ®,), the coefficient of
|G,, 0@, inside the integral, is zero if @, satisfies Eqs. (10.2.5) and (10.2.11).

Thus, if we choose to approximate ®,(0|r) by the trial function

B,,U,(r), the optimal value of B, will be
2P.e,i" [J, (krsin8) [G,U,

" [Un JGU — (20K*3%]3) [Up JGoy 18m 1GmUn

from which we can calculate ©,,(6 | 9), the transmitted power and any other

(10.2.21)

B
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10.2 A FINITE PANEL 651

desired part of the solution. If U, is well chosen, the resulting quantities
will be close to the exact solution. Moreover, if U, is a Bessel function
7,(qr), we can take advantage of Eq. (10.2.6) to obtain a closed form, rather
than a series, for the integral of G,,U,,. For example, we define the function
H,,(uvw), finite for all real values of u, v, w and symmetric to interchange
of u, v, w, as

H,(uow) = Jm(:,)JlaJm(u i) J er.aGrn(f‘ l W (U {)S ds
a 0 d 0

a

H‘Im—l(u)Jm( ”)Jm( “‘) PJm—-l(”)'Ln“”*Ln( W}
o — ) — wh) T (0 — w3 — w?)
w'Ini—l{“’)‘!m(u)‘!m(w)
(W — ) (W —?)
. (uew)™
w0 28mEm ! (m + 1)! (m - 2)!

.. (10.2.22)
P+ 2(1‘2 o 1\»'2) [J"“E(u) — Jm—l{u)Jﬂl+1(u)]
e Jm(u) [ujm"l(u)‘fm(w) R H'J,.H_l('l'.')Jm(H)]
(uz == w?.)z

uzrrrjm+2(.lt.)
o WEPTHm | (m 4 1)!

1
i 4:_'.»‘2 {J (w)[mJ,2(w) — (m — D i (W ()]

) —_ W-Im—l( W} [sz(.w) o l"”m—.'l.{w}"'r“”‘i“i{l‘llr‘)]}

where u = ka sin 0 and w = «ka, as indicated in Eq. (10.2.6). This provides
a closed form, rather than an infinite series, for the integral in the numerator
of B,, (if U,, is a Bessel function) and also for the first term in the denomi-
nator. Functions H,, are plotted in Fig. 10.9, given in Table XIII.

The same procedure may be used for the second integral in the denomi-
nator of B,,, but this would result in a set of integrals over the variable u
in g,,, different from those of Eq. (10.2.14), and thus would require a lot of
additional numerical integration. Therefore the series expansion for the
G's is preferable here, especially since the result,

2w
st 152 [ o ()

— z [Jm—l({grf)']m'—l(_fun')]a
n.v jnm,}'ml‘

_an (u)Fvur{”]Fnrn(“.)va(“.)

X [x;;;'m{x) + iart\""("t)]
= I,,(uw | x) + iQ,(uw | x) (10.2.23)

involves functions already defined and tabulated, converges rapidly, and is
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symmetric to interchange of # and w. These functions are plotted in Fig
10.10. '

Setting U, = J.(qr[a) for trial function yields
i i ZPEE,,,[”’J,,,(w)Hm(qu)
A m(WH,(qqw) — 2yw?S wlgw f x)

where w = aka, x = ka; and y = pajo measures the coupling between
membrane and medium. Since both y and S,, are usually small, the second

006 0006 e 0006

04 1004 < % m=2
00 0004 e 0004

002 0002 |- A 0002

1

001 0001 < 0001

: %
0004 00004 @\ .. \& 00004
0002 00002 e\ \& = 00002
0001 00001 JFH = 2 00001 |

0 0 oK
-0.001 - 00004 -00001
-0002 -00002 -00002 |-
-0004 -00004 -00004 |-
=001 -0.001 -0001 F

I e MR L (Tt | R R A Y L Y N T
0 2 4 & @ 6 2 4 % @&
i o

FIGURE 10.9

Typical plots of the angle-distribution function H,. Note
that H, (uvw) = H, (vuw) — H.(wvu). See Eq. (10.2.22) and
Table X111,

term in the denominator is usually much smaller than the first, except when
Jm(w) = 0 (membrane resonance) or H,(qqw) = 0 (antiresonance). Deter-
mining the “best” value of q cannot be done analytically, but graphical
determination indicates that q = u is ordinarily a good choice. In nearly all
cases the variational expression of Eq. (10.2.20) changes slowly near q=u;
the exact value at which its derivative with respect to g is zero depends a
little on the value of y, but as long as the second term in the denominator is
not large, the choice ¢ = u = ka sin 0 is quite satisfactory. To obtain a
decidedly better trial function, we should have to use a two-term BJ,, (ur/a) +
CJ . (gr/a), with g # u. We shall show later that this complication is seldom
necessary.

When we set ¢ = u, the variational solution for the mth component of
the pressure difference across the membrane becomes

iJ . (kr sin 0)

iDm(ﬁ' l r) == ZPfEml'me(lt'} m
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10.2 A FINITE PANEL 653
where _
Z (uw | x) = R, (uw | x) — iX,(uw | x) = |Z,,| e  (10.2.24)

S,(uw | x)

o N — Viwd
= iJ (W) — 2iyw B (i)

may be considered the impedance of the mth component of the membrane-
plus-radiation load to the incident plane wave. As before, ¥ = ka sin 6,

'_I_lll]TrT[trlllTllll10_2:IIII|IIIIl:IIII|]IIII
m=0 B m=1
103 =
107

IBEL
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FIGURE 10.10
Typical curves of the radiation resistance and reactance
functions I, and Q,,. Note that l(uw | x) = I (wu| x) and

Quluw | x) = Q. (wu | x).

W = aka, and x = ka; y = pa/o is the coupling constant. When y goes
to zero there is no radiation load, Z,, becomes simply i/,,(w), and ®,, reduces
to the mth component of the incident wave. The real part of Z,, pro-
portional to the 0's of Eq. (10.2.14) and Fig. 10.8, is small if y is small. The
reactive part, X, includes the reactance —iJ,(w) of the unloaded membrane,
in addition to the radiation reactance.

The mth component of the membrane’s displacement is, from Egs.
(10.2.5) and (10.2.6),

2a%,i"P, . r i
Ym(ﬁ | r) = im:.ﬁz(u-z P “_1'2)Zm(uw I 2’) I:Jm{“ )Jm(u E) = Jm(u)"rm(“ ﬂ)]
(10.2.25)
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This function goes to zero at r = a, as it should; it does not become infinjte
at = w, as the limiting form of Eq. (10.2.6) shows. Its amplitude g
inversely proportional to the impedance Z,,. The angle-dependence factor
®,, for the transmitted wave and the resulting transmitted intensity are then

H, (uvw)

©,.0 | #) ~ 2aye, P, n~ ]

1 4q2 H, (uvw)H (uvw)
I e AP S
¢ R+ RE iy | Z 2w | x)Z (uw | x)|

% cos (m¢) cos (Ip) cos (2, — Q;) (10.2.26)

The transmitted intensity varies with the azimuth ¢ and with the zenith
angle ¢ through the variable v = kasin #; thus the functions H, (uvw)
determine the dependence of the transmitted wave on angle of incidence 6,
on the zenith angle # of the radius to the observer, on the wave-velocity ratio
o = c[e,, and on the coupling constant y. Because of the symmetry of the
functions H, (uvw), all three factors, sin 0, sin &, and o, have the same effect.
The symmetry between 6 and # is another way of stating the reciprocity
principle; the symmetry between sin f and « is related to the transparency
of the infinite membrane or plate which occurs when sin 0 equals « [see
discussion of Eq. (10.2.30)].

Finally, the total acoustic power transmitted through the membrane is

1F3Qm(kﬂ' sin ﬂ kao. | kﬂ)
T i 2 2
Bmraa®y g ™\Z, (kasin 0, kao “»ﬂ)ﬁ

(10.2.27)

where the factors Q,, involve the radiation-resistance factors 6,"(ka),
plotted in Fig. 10.10. We note that (ma? | P,|?/pc) cos 0 is the power incident
on the membrane, and thus that the dimensionless quantity

|
T~ 2axy®> €,1* Re

: (10.2.28)
m Zm(kﬂ' sin G., kao. | kﬂ')

may be called the transmission factor, the ratio between the power actually
transmitted through the membrane to the power carried in an area ma®
of the incident wavefront. If the membrane transmitted all the incident
power, then 7 would equal cos 6. It is usually considerably smaller than
this, for many reasons, which our variational solution is accurate enough to
demonstrate.

Transmission; resonance and antiresonance
The presence of the membrane impedes the flow of incident energy
through the circular aperture in the wall, because of its mass and tension,

as indicated by the presence of the factors « = ¢/c, = ¢V o/T and y = palc
in the formula for Y. The transmission factor is inversely proportional to the
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10.2 A FINITE PANEL 655

square root of the membrane tension and the three-halves power of the
membrane mass density o. These general effects are modified, as we change
frequency and angle of incidence, by the various membrane resonances and
by the results of the coupling between membrane and medium.

Well below the lowest membrane resonance (xka < 1), all terms for
m > 0 are negligible, and Egs. (10.2.25) to (10.2.27) become

= el
9 = — |-
! 20c,” a

eikR

R— o

pa
ps— & (kazfP,

S LT

o/ pc \ju

which are similar to, but better approximations than, Egs. (10.2.17).

To separate the various effects which enter as the incident frequency
is increased, let us first look at the case of normal incidence. When G =0,
parameter u = ka sin 0 is zero, there is no dependence on the axial angle P,
and consequently only the m = 0 term in the sums over m differs from zero.
The simplified formulas become

vho@u(w) — wIOA®) | 1 payy gy wda(w)]

Hy(Ovw) =
oOow) vw(w? — v?) v—w 2w

1

Sﬂ(o“’l x)=T7 [‘EJ;“";J;(J_““)] 2}?3(“')172(“0[;(2(_:;) + i0° (x)]
eV OnJ0v

2a%P; Jo(wrla) — Jo(w)

= Y0 r) =~
7= T0{n) oc,?  w2Zy(Ow | x)
-~ — (10.2.29)
e'k H,(0vw) ae'™
— 040 =~ 2yW?P; — —
pe— OO0 | N = 2w m s = R o

¥ & b 1
i ":Zwaﬂm}ﬂ' d Re
pc  Zy (0w | x)

where

a Ll W 1a Y |®
ZD(OW | X) = iju(“"} i 4? J:E“-) z [ 1(.‘;};: _;:Jm)]

% FQw)FY(w)[05,(x) — ix5,(¥)]

for v = ka sin &, w = aka, and x = ka.
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In Fig. 10.11 four curves for T = pcY[ma® | P,|* are plotted as functiong
of ka for two different values of o — c/c, and of y = pajo. Increase of y
increases the coupling between the medium and the membrane, thus jp.
creasing “throughput” and raising 7 closer to unity, the value for a completely

= Jo

I

ps f'al
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|
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_ 2
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FIGURE 10.11

Power Y transmitted through a circular membrane of radius a
in a rigid wall, from a normally incident plane wave of fre-
quency kc/2n, for different membrane-medium coupling
constants ) = pafa and wave-velocity ratios (c/c,) = a.

“transparent” membrane. It also broadens the membrane-resonance peaks.
Increase of 1/2 proportionally increases all the membrane resonances in
terms of x = ka, since a membrane resonance occurs when w — oka = fons

Thus, taking the « = 1, y = 5 curve, 7 increases from zero at ka = 0
to reach a maximum at ka =~ ji,, where X,(Ow | x) = 0. This is the lowest
symmetric resonance of the membrane, at which nearly 80 percent of the
incident power is transmitted. ~As ka is further increased, 7 decreases, until,
when ka = j,,, T is zero again. At this frequency, called the antiresonance
frequency, H,(00w) is zero; the membrane shape is such that no energy is
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radiated to infinity, and the membrane behaves as though it were rigid. To
the degree of approximation of these formulas, the effective impedance
Z,(Ow | x) becomes infinite. A better trial function, chosen so that not all

arts of the membrane would vibrate in phase [as it must with the form
BJ,(ur[a) for ®;], would remove the zero, but there still would be a pronounced
minimum at w = j,;. When 6 > 0, the other components, which do not
have minima at the same place, would cover the minimum; so it is not usually
worthwhile to go to the trouble to find an improved value at the minimum
for m = 0.

Just above this antiresonance frequency the membrane has its nextm = 0
resonance. Because the antiresonance is close below, the resonance peak is
distorted, the maximum coming somewhat above w = j,. As ka is still
further increased, there comes another antiresonance at w = ja,; just beyond
it X, goes to zero at the next m = 0 resonance; and so on. At higher
frequencies the peaks and valleys come closer together on a logarithmic scale
(and with a better trial function, the valleys diminish in depth), until at high
frequencies the curve is an irregularly fluctuating one, with a general trend
of decrease with increasing frequency, typical of mass-controlled response.
At other angles of incidence, the m > 0 terms add their differently placed
peaks and valleys; so the curve for T is even less irregular, only the first few
peaks and valleys being distinguishable.

Thus the membrane resonance maxima and antiresonance minima,
both typical of the finite size of the membrane boundaries, serve to differen-
tiate these phenomena from the reflection and transmission of sound through
an unbounded membrane. Appropriate modification of the discussion
of Eq. (10.1.32) for the case of a membrane, rather than a plate (taken up in
Prob. 7), provides the transmission formulas for an infinite membrane. If
the membrane has areal density ¢ and tension T = o¢,? an incident plane
wave of amplitude P; and angle of incidence 0, coming from — oo, would
produce a plane transmitted wave in region z > 0, traveling in the same
direction as the incident wave, with an amplitude

—1
P Pi[l + ét’i ka cos 9(12 sin® 0 — l)]
pa o

Thus the infinite membrane sends all its transmitted energy in one
direction (¢ = 0, # = 6), instead of in all directions, as Egs. (10.2.26)
indicate for the finite membrane. The equivalent, for the infinite membrane,
of the transmission factor 7 of Eqgs. (10.2.29) and Fig. 10.11 would be the
power transmitted through an area ma® of the membrane, divided by wa*
times the incident intensity,

T— cos
1 + (ka/2y)? cos® O[(1/«2) sin® 6 — 1J?

(unbounded membrane)

(10.2.30)
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the cosine in the numerator coming from the inclination of the area 42
of the membrane to the direction of the incident-transmitted wave. Thjs
formula has a strong maximum at sin 0 = o, when the velocity of the
pressure wavefronts at the membrane equals the velocity of transverse waveg
on the membrane.

To compare this with the transmission factor of Eq. (10.2.28), for the
bounded membrane, we have plotted 1" as a function of the angle of incidence
0, for several different frequencies. We choose « = } so that the peak of
transmission for the infinite membrane will come at ) = 30°; we choose the
coupling constant y = | large enough to expect an appreciable fraction of the
incident energy to be transmitted at the angle of transparency. The choice of
frequency is not easy if we are trying to exhibit a simple relationship between
the transmissions for infinite and finite membranes; the finite membrane
has too many resonances and antiresonances to be able to avoid them all
(except at very low frequencies, where very little energy gets through anyway).
We have chosen ka = 2, 4, and 8 to illustrate some of the complexities;
other frequencies would have exhibited other peculiarities.

Thus Fig. 10.12 has three plots of T, as computed from Eq. (10.2.28),
as function of angle of incidence 0, for ka = 2, 4, and 8. The dashed lines
are T from Eq. (10.2.30) for the unbounded membrane for the same values
of «, ¥, and ka, for comparison. At ka = 2 the driving frequency is well
below any resonance or antiresonance, but the incident wavelength 27/k
is longer than the diameter of the membrane, and one would not expect much
directionality, and thus much similarity, with the infinite-membrane behavior.
The transmitted wave is more or less independent of ¢, and less than one
percent of the incident power is transmitted—somewhat less at 6 = 90° than
at 0 = 0°.

The frequency corresponding to ka = 4 is near the first resonance for
m =0 (ju/o = 4.8). Thus the curve of 7 for ka = 4 reflects the fact that
the m = 0 component of Y is exaggerated; the transmitted power is large for
0 = 0 and falls off as 0 increases. The components for m > 0, which would
contribute to a “transparency” peak at § = 30°, are almost drowned out by
the strong m = 0 contribution; one can see a small “bump™ near 0 = 30°
where the m = | and m = 2 components have their maxima.

On the other hand, the frequency corresponding to ka = 8 is close to a
membrane resonance for m =1 (j,/x = 7.7), so that the m =1 com-
ponent is exaggerated. Also, both Hy(uuw) and H,(uuw) have zeros,
corresponding to antiresonances, the one for H, coming at § about 30°
and the one for H, at 6 about 50°. Thus the m = 0 contribution is nearly
nonexistent at § = 30°, the angle at which the infinite membrane is trans-
parent. The peak of Y which is exhibited, corresponding to an increase in
transmission by a factor of nearly 10 from 0 = 0 to 6 = 20°, comes pre-
dominantly from the m = 1 term. This term goes to an antiresonance zero
at 50°, leaving the small contributions from the m = 0, 2, and 3 components.
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10.2 A FINITE PANEL 659
Beyond 50° the transmission has another small peak; the resulting curve has
little resemblance to the dashed curve.

The angle distribution of the transmitted wave also exhibits some of the
complexities arising from the wave reflections from the finite-membrane

05

02

o

005

2
Transmission factor [pCTfﬂ'ﬂz]Pr'1 ]

0.0z

0.0

l
|
I
l
_;J
fL ] | ] ] ]
0'0050** 30° 60° 90°
Angle of incidence, 8

FIGURE 10.12

Power Y transmitted through a circular membrane of radius a
in a rigid wall as a function of angle of incidence {} of a plane
wave of frequency k¢/27. Dashed lines would be the trans-
mission factor if the circular membrane were to behave as
though it were of infinite extent, with no wave reflection at
its edges.

boundaries, which produce the large differences from the simple behavi_or
of the infinite membrane. In Fig. 10.13 are plotted contours of intensity
of the transmitted wave, a large number of wavelengths from the origin on
the z > 0 side, for a plane incident wave in the direction $ =0, 0 =30
(the direction of maximum transmission for an infinite membrane) for the
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same values of «, y, and ka as for Fig. 10.12. The transmitted wave for ap
unbounded membrane would be a plane wave in the same direction as the
incident wave, which would be represented by a delta-function peak at
¢ = 0, # = 30°, shown by the cross on each contour plot.

In the left-hand plot, for ka = 4, we see again the effect of the m = o
resonance. The transmitted energy radiates away in a pattern nearly sym-
metric with respect to the normal (¢ = 0); the intensity peak is deflected a

FIGURE 10.13

Angle distribution of transmitted sound for conditions of
Fig. 10.12, for angle of incidence of 30°. Contours of |,
proportional to |p, % at large distance R from origin, plotted
against spherical angles # and ¢.

small amount away from the zenith, but is certainly not centered on the cross.
The peak is quite broad, typical of long wavelengths. In contrast, the radia-
tion pattern for ka = 8 is typical of the m = 1 resonance. Since the driving
frequency is higher than the m = 1 resonance, the m = 1 component is out
of phase with the others, which results in more being radiated in the ¢ = 180°
direction than in the ¢ = 0 direction of the incident wave. The m = 0
component is very small, as mentioned earlier; the interaction between the
m = 1 and m = 2 components broadens the peaks parallel to the ¢ = 90-
270° axis (makes them ‘“‘ridges,” rather than peaks); it, plus the m = 0,
m = 1 interaction, accounts for the asymmetry with respect to this axis,
and the fact that B, is negative accounts for the fact that the ¢ = 180° ridge
is higher than the ¢ = 0 one. The peak maxima are not at $# = 30°, though
they are closer than the peak for ka = 4.
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Other calculations, for other values of ka, o, ¥, and 0, show a wide
variety of forms, corresponding to the manifold combination of resonances,
antiresonances, and transparencies, which can result in all possible combina-
tions of amplitudes and phases for each component. In such an exploration
of a truly complex system, the results of a variational calculation are of
great value, for they are usually accurate enough to indicate the correct order
of magnitude of the various effects, and though the answers may differ by 10
or 20 percent from the correct values, they do not go to infinity or to zero,
and thus fail completely, at crucial points.

Somewhat better results can be obtained by using the two-term trial
function AJ,(urla) + BJ,(gr/a), with g adjusted so that J (w)H, . (qqw) =
2yw?l,(qw | x). In this case the “best” values of 4 and B turn out to be

- 2P,i"J (W)H, (ugw)
" T H (ugw) — 2yw2S, (ugw | x)

—2ywES, (uw | x)
[J(W) H (ugw) — 2ywS,, (ugw | x)I?

52 o) )

is an obvious generalization of the function of Eq. (10.2.23). When the
coupling constant y is small, B,, is small compared with A4, ; so this improve-
ment is slight, except near an antiresonance. Because S, (uw ] x) is complex,
B,, is out of phase with A4,,, so that the resulting shape of #, for each m, has
some traveling waves as well as standing waves, as would be required for a
damped membrane. As mentioned before, the values of the component
terms at their antiresonances are not usually of much interest, so that it
is not usually worthwhile to carry out this more arduous calculation.
Thus, in practice, as long as y is less than about 10, the one-term trial
function BJ,(ur/a), with the resulting formulas (10.2.24) to (10.2.27), is
sufficient.

A similar calculation could be carried out for a plate set in an otherwise
rigid wall. The computations would be somewhat more laborious than the
ones sketched here for the membrane, but the general characteristics would
turn out to be much the same. The functions F, H, ), ¥, and S would involve
combinations of the Bessel functions of real and imaginary arguments re-
quired for a disk clamped at its edge, but their general shapes would be
similar to those plotted for the membrane, with a different frequency scale
to correspond to the different resonance and antiresonance frequencies. A
similar series of peaks and valleys would result for the curves of the trans-
mission factor 7. Some of this will be demonstrated in the problems.

Bm = Z-Piemimjm(w)Hm(qu)

where
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10.3 PERIODICALLY SUPPORTED SYSTEMS

A system of considerable practical interest consists of a plane partition,
strengthened by linear studs or beams, periodically placed. The complete
details of finite structures of this type cannot be represented by any soluble
model, but many of their properties can be understood by studying a model
of infinite extent, with the struts replaced by linear impedance loads, attached
at equal spacing to the wall, each load having stiffness, mass, and resistance
per unit length. A completely satisfactory model would have a thin, uniform
plate for the partition. Such a model can be worked out (some aspects are
given as problems), but the algebraic complexities hinder an understanding
of the results.

Membrane with regularly spaced supports

We shall, instead, replace the partition by a flexible membrane (see
Sec. 5.2) of mass o per unit area and with transverse wave velocity ¢, = ¢/,
¢ being the wave velocity in the medium (air or water) on both sides of the
partition. This is not a bad approximation for simple-harmonic motions,
as long as the wavelength of the transverse waves in the wall is smaller than
the spacing between struts. In this case the results computed for the mem-
brane model, particularly in regard to the coupled waves in the medium,
are much the same as for a model using a plate with equal ¢ and ¢,,. Tran-
sient effects will differ, of course, because the velocity of transverse waves

in a plate 1s proportional to V' w, instead of being independent of w, as with
a membrane. With this limitation in mind, we proceed with the simpler
model, leaving the modifications produced by the stiffness of the plate to be
taken up in the problems.

Thus our model is an infinite membrane, the equilibrium plane being
the xy plane, of mass & per unit area, under tension T = oc,? with transverse
wave velocity ¢, = c/o. (thus defining the dimensionless constant o).
Attached to this membrane, along lines parallel to the y axis, are line im-
pedances, of magnitude Z per unit length (dimensions of force per unit
length per unit velocity) along the lines x =nl (n=...,—1,0,1,2,...).

_N—--

i L " B SO = FIGURE 10.14
| Transverse displacement of membrane,
ot periodically loaded with linear supports,

each having impedance Z per unit length
in the y direction.
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These are roughly equal to struts or beams, spaced a distance apart. In
many cases Z is larger than oc,, the characteristic impedance of the membrane.
Thus our problem, in a sense, involves coupling three systems, the membrane,
the set of parallel struts, and the medium on both sides of the wall. Figure
10.14 shows a section of the membrane, with its supporting struts.

Motion in a vacuum

First we deal with the coupling of a membrane-and-strut system, without
the added complications of the radiation reaction of the surrounding fluid.
We omit also the complication of wave motion in the y direction, since this
depends on the longitudinal stiffness of the struts; we consider only wave
motion in the x direction. In this case the struts move as a set of coupled
oscillators, and the strips of membrane between each pair move in combina-
tions of moving and standing waves coupling the struts. The motion is
related to, but more complex than, the motion of coupled oscillators, treated
in Sec. 3.3.

As an easy introduction, we can study the behavior of the system under
the influence of a transverse driving force Fe”* '®* per unit area. The
steady-state membrane displacement 7 must also have the factor e=*** and
must repeat itself in each successive strip, with the exception of an addi-
tional phase factor e per strip. In other words, 7(x + 1) should equal
e*!n(x).

In addition to the driving force, there will be, at x = nl, the linear
reaction of the strut impedance, —Z(9n/dt) = ikenZ times the delta function
8(x — nl). Thus the equation of motion for the membrane will be

ac? d*n

=55 + ok2c*y = —F. ™ —ikcZny 2 6(x — nl) (10.3.1)

Except at the points x = n/, where thereis a discontinuity in slope,  must be
a combination of a solution of the homogeneous equation plus a solution of
the inhomogeneous equation, — F,e"* being the inhomogeneous term. Thus
the solution, except at x = nl, will be the combination

szJ oc* fxr _| ikar —ikax
m{e -+ Be + Ce ) (B g
with constants C and B so adjusted that Be'*** + Ce~"** at x = [is e’ times
its value B 4+ C at x = 0. To achieve this, B must equal A(e™ — e~'**)),
and C must equal A(e'**' — ¢'*'), where A4 must then be adjusted to satisfy
the strut-reaction requirements at x = nl.
Thus the solution is
«?F [oc?
(s o 7

(™ + Q)
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where
e G MR S SRR e T e e s
[sin ak(x 4 1) — e~ sin akx] S ot |
Q = A{ [e™ sin akx + sin ak(/ — x)] D=tx <1
[e***! sin ak(x — 1) 4 €™ sin ak(2] — x)] b ot 2
oo i wiee e R A

with A adjusted so that the discontinuity in slope at x = 0 is —ika{(0),
where { = Z[oc, = «Z[oc is the dimensionless strut-impedance parameter,
In other words,

Aloke™ — ak cos (akl) — ak cos (akl) -+ ake ]
= —iak{[l + A sin (akl))
The solution of thisis 4 = -—f&}rQ’ where

Q = 2 cos (xl) — 2 cos (akl) -+ il sin (ockl)

The steady-state solution may be written in the form Just shown, or as et
times a Fourier series, the coefficients of which may be obtained by sub-
stitution in Eq. (10.3.1). Contrary to appearances, % does not become
infinite when % = ka. Various forms for n are given here:

{e"""' — fé [sin ak(x -+ 1) + e~ sin :xkx]}

i «?F [oc? —d < e )
R Ty T
R :e""“ — fé [e™! sin akx + sin ak(/ — x)]}

------------------------------------

--------------------------------

i F 2 2\ _
= ms’x,l"{?.fcg; [(x - Z) e'"** sin akl — lei**! sin ockx:J O<x<l
in («

--------------------------------

a®F, [oc? 2ilakl

xz = kﬂmﬂ

ge [I - [cos (x/) — cos (akl)]
] E{EJ?EmJ’H:r- }
7 m=z—cﬂ (Kl’ + 21’”‘?‘!}2 — kac@fg
«2F [I — akl cot (akl) + 4i(akl/()

® qiakx
—_—
m—rak l:_,-':.2 4k2a2

2 e{En‘mHl.r

o I il ] (10.3.2)

i) 2am 2akl + 2mm

the factor 1 — 4,,, in the last form ensuring that the term m = 0 is omitted
from the sum.
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The Fourier series expansions are obtained by substituting # =
> B, exp (ixx + 2minx/l) in Eq. (10.3.1). To find the coefficients B, we
multiply by exp (—ixx — 2mimx/l) and integrate over x from —eto / — ¢
(e — 0). The integral over the last term on the right is —ikeZ > B,, for any
value of m; thus we obtain an equation for B, in terms of F, and of > B,.
Summation over m results in an equation for » B,, which involves a sum

which can be expressed in closed form.

3 ikall - sin (akl)
n (2l + 2mn)? — (kal)? “ 7 cos (»l) — cos (akl)

Further algebra results in the series form given in Eq. (10.3.2). Alternatively,
it may be obtained by expanding the first form of Eq. (10.3.2) in a Fourier
series in the usual manner.

The first form of Eq. (10.3.2) indicates the division between the traveling
wave e¢'** and the membrane wave motion, at wavenumber k«, induced in
each strip by the motion of the struts, each successive strip differing in phase
by the factor e”'. The limiting form shows that 7 does not become
infinite when » — keo; it becomes infinite only if both » and ke equal wn/l
or when the quantity Q is zero. The Fourier-series form, valid for all values
of x, shows that # is equal to e”* times a function which is periodic in x with
period /, as required.

Free-wave motion

The free-wave motion of the strut-membrane system is obtained by
finding the values of » for which #/F, becomes infinite, for then % can be
finite even though F,— 0. This occurs when Q, defined earlier, becomes
zero. Suppose the root of @ = 0 with the smallest, positive, real part is
%, + i&. Then, because of the periodicity of @, all the possible roots of
0 =0 are

2mn 2mn ]

X, = Ky + i + i& and —%,; -+ o i i& (10.3.3)
where 7 is any integer, positive or negative. Since the addition or sub-
traction of 27n/l to » makes no difference to the value of either ¢*' or cos =/,
there are really only two different solutions for the free-wave motion of the
System.

A{exp [-L(ix, — &)I] sin (xkx) + sin [ak(l — x)]} O il
n = { A{exp [£2(ix, — &)] sin [xk(x — )]
-+ exp [+ (ix, — &)] sin [ok(2] — x)]} &2l

--------------------------------------

= idsintany S Pt + QoY

Il f 10.3.4
S g Gy vl (102:4)
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where %, = %, + if. The solution with the plus signs represents a waye
moving to the right; the one with minus signs, a wave going to the left;
each with speed ¢, = o/, and with attenuation constant £. The Fourjer-
series form shows the nature of the periodicity.

A plot of the root x, of the equation @ = 0 is given in Fig. 10.15 for
purely reactive strut impedances, Z = —iX. Contours for the wavenumber
parameter x,//m = u, are plotted against different values of v = akl/7 and

— -2 ] g : 4

N
\

o
o

DN

o
f

Frequency porameter v =(wl/mcp)

M
o

Strut reactance parameter (X/ecp)=—Im(L)

FIGURE 10.15

Relation between system wavenumber parameter u, = x,lfm,
frequency parameter v = (wl/nc,), and strut reactance param-
eter—Im () for traveling waves in a periodically supported

membrane with purely reactive support struts (Z = R — iX,
R = 0).

of —Im . 1In this case, when Re { = 0, there is a band of values of v and
of —Im { for which the parameter u, is real (¢ = 0), and the wave does not
attenuate, but travels at a speed ¢, = w//mu,. Outside this band, in the
shaded regions of the plot, » has an imaginary part (¢ 5= 0) and the wave is
strongly damped. This is a general property of wave propagation in
periodic structures [see, for example, the discussion of Eq. (9.1.35)]; the
systems behave like bandpass filters. Because of the periodicity of the equa-
tion Q = 0, the plot can be extended upward and downward. The range
0> 0> —} can be covered by changing the signs of u, v, and X, in
effect rotating the chart 180° about the origin and changing the sign of u.
The range } < v < | is obtained by changingwand vto 1 —u*and 1 — v
and reversing the sign of X, in effect rotating the chart 180° about the point
X =0,v= 4. We note that, for & small, massy struts (X > 0) allow wave
propagation, stiff struts (X << 0) attenuate the waves.
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If Z is not purely reactive, the wavenumber parameter « will be complex
over the whole area of Fig. 10.15, but if Re { is small, there will be a band,
roughly the same as the unshaded area of Fig. 10.15, in which £ is small and
outside of which & increases rapidly. When the strut reactance is large
compared with the characteristic impedance of the membrane (i.e., when
|{| > 1), the roots of Eq. (10.3.3) are, approximately,

_ Jsin (kal)

~ cos~! [1 — Lo sin (xkl! e
W e eos | bg sin (akl)] sl 2 sin (%,l)

where { = f — ig. These formulas are for the small range of values of ka/
for which sin (ka/) lies between zero and 2/f (fis large); for the rest of the
range,

] :Jé; cos (kad)|} &'~ In [g sin (kal)]

Forced motion in vacuo

If, for example, a single transverse line force Fye—'!' d(x) acts on the
membrane and strut at x = 0, the steady-state forced motion is

....................................

s A{—e " gin (akx) + sin [ak(/ 4 x)]je " —l<x<0
) = A{e'#— 9 sin (akx) + sin [ak(l — x)]}e~*! O = =
..................... (%
where
P o F,loc?

= 260 — 2 cos (akl) + il sin (akl)

the free wave for positive x going to the right, that for negative x going to the
left. If the strut impedance is that of a simple oscillator, Z = i[(K/w) —

wM] = —iX, the strut resonance will be at wy = V K/M. Since Z is purely
reactive, we can use the plot of Fig. 10.15 to work out the behavior of the
system. At very low driving frequencies, X is large and negative and the
wave is strongly damped; no power is transmitted to x = oo by the wall.
As o is increased, the point on the (X/oc,, v) plane, corresponding to the
system, moves along the line X/oc, = (M=[al)[v — (v,*/v)] (the dashed line
of Fig. 10.16), where v, = wyl[c,m. 1f v, < 1, this line will cross the heavy
line marked « = 0 at a value of v less than }, at point a in Fig. 10.16, for
example. At this point (for this driving frequency), the wavenumber x, is
zero, the attenuation constant & is zero, and the amplitude A is equal to
infinity. For a somewhat higher frequency, w,/2m, the strut impedance is
zero, but %, by this time is positive and real (it equals k=« at this point),
indicating that true wave motion is carrying power away from the driving
force to -oo. There is no resonance here because the membrane is resisting
the force, even if the struts are not.
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3 Illustration of computation of behavior of
2 - . 2 P
= membrane periodically loaded with simple-
0 oscillator struts. Dashed line is strut

reactance curve; when it is in shaded regions
the wave motion is attenuated.

{X;U'Cg]

As the frequency is further increased, », increases further, until at point b,
where the dashed line crosses the curve marked w = 1, resonance occurs
again, with alternate struts moving in opposite directions, instead of being
all in phase, as they were when x, = 0. Further increase of frequency
brings the curve into a shaded region, when the wave motion is attenuated.
At still higher frequency, at point ¢, & again becomes zero, and the system
begins again to carry unattenuated waves. For this case, and for the similar
points such as d, when both u and v equal n, the amplitude of motion does not
go to infinity, as it does at points like @ and b, where %, equals n7 but does
not equal kx/. Of course, the amplitude would never be infinite if we were
to take into account the reaction of the air or other medium surrounding
the membrane-strut system.

Thus, for some ranges of driving frequency, wave motion can carry
power along the membrane; for other ranges, where the curve for strut
reactance passes through a shaded region of Fig. 10.16, wave motion is
severely attenuated. :

Green's functions

To calculate the effect of the presence of an acoustic medium on the
system we have just been describing, it will be useful to set up appropriate
Green’s functions, for both the strut-membrane system and the acoustic
media on either side of the membrane. If we are interested in a traveling
wave of frequency w/2m, both Green’s functions should have a phase factor
et Because of the periodicity of the system in x, we should expect an
additional factor, periodic in x with period /, just as the solution of Eq.
(10.3.2) has. We might as well make our Green’s functions periodic also,
by having them correspond to a regularly spaced sequence of line sources,
rather than just one.

Thus the equation for the Green’s function for the medium, for two-
dimensional motion (still assuming no motion in the y direction), would be
for a line source, not only at x,, z,, but also ones at x, + nl, z,, each source
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being out of phase by an amount »/ radians from the source next to the left.
The equation for such a periodic Green’s function is

0? 0* AR
(—a;:i -+ a—zz)g + k2e = —{5(2 — zﬂ)“.:zme”iﬂ 5{x — Xy — ﬂ”
so that g(x + 1, z | xo,2e) = e™*'g(x,z | x0:2,) and also g(x,z | X + 1, 2p) =
i | X0.Zp)- Then, instead of integrating g(dp/dn,), etc., over x,
from — oo to + oo, we need only integrate from O to /, since this moves each
one of the series of sources from one end of its period to the other end, thus
covering the whole range of x,.

Put another way, if we multiply the equation for g by p, and the equation
for p, (9%p/0x,?) + (9%p]0z,%) + k*p = 0, by g, subtract, and integrate over
x, from 0 to /, over z, from 0 to oo, we integrate over but one of the delta
functions, the n for which n/ << x << (n + 1)I. Thus the integral reduces to
an integral over the delta function and a surface integral, so that

: op ag]
inxl e Sy
e ale —nl, Z) jfl:g e P i dsS,

with the surface integral over the x, axis from x, = 0 to /, over the line
Xxp = I from z, = 0 to + o0, over the line at z, = o from x, =/ to 0, and
back to the origin from z, = oo to 0 along the z; axis. Since p also satisfies
the condition p(x, + [, z,) = e™p(xy,2,), the &' for the p cancels the
e ™! for the x, dependence of g, and the quantity in brackets is periodic in x,,
with period /. Therefore the integral up the line x, = [ is exactly canceled
by the integral down the line x, = 0, and if the wave is entirely outgoing the
integral over the segment at infinity is zero. What is left is the integral along
the x, axis from 0 to /.

If now we arrange that dg/dz, = 0 for z;, = 0, and if we remember
that e""'p(x — nl, z) = p(x,z), we obtain

el il EP)
p+(x=z) = _J; g+(l=z | xmo}(a_l.'u - dxﬂ

Since (0p/0z),_, = ipwu = pw?n(x), where u is the transverse velocity of the
membrane and 7 is its displacement, we finally arrive at the equation relating
the pressure wave in the region z > 0 to the membrane displacement,

pu(x,2) = —pat J 8.6,z | X 0m(xe) do (10.3.6)
0

if n also satisfies the requirement 5(x + /) = e'*'5(x). This is, of course,
quite similar in form to Eq. (10.2.10); the difference lies in the differences
between the Green’s functions and the limits of integration.

To find the expression for the function g,, we note that the series

S i 2mm
&8+ = E Jm(Z:20, %)™ Ky =%+ 5
m=—00
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1s as easy to handle as a simple Fourier series, for
i

J. ethmrg=iknz gy — [§
i}

Therefore we can manipulate the equation for g as easily as was done to
obtain Egs. (4.4.14) and (7.4.8), eventually obtaining

8+ = E

M= —=00 !q T

o " fexp [k (X — %] [Cﬂs gedest Bams (10.3.7)

COS (§,,70)€Im* i Al

where ¢,, = (k* — k5! = i(k,*> — k*)!. The corresponding ¢_ for the
region z << 0 is obtained from g, by reversing the signs of z and z,. The
integral relation between p_ and # is similar to Eq. (10.3.6), with —g_ sub-
stituted for +-g,. Therefore the pressure difference at z = 0, which pro-
duces transverse acceleration of the membrane, is

PO) = p_(50) = p.(x0) = 2p0* | gCx | xohnCro)dxo (1039
where ’

o

gx|x)= 3 7;—- exp [ik,,(x — xo)]

m=—m

This also satisfies the periodicity condition P(x + [) = P(x)e™* if 5 does.

The Green’s function for the membrane-strut system is more com-
plicated. Not only must it satisfy the periodicity condition; it must account
for the strut impedances as well as a periodic array of unit sources. The
equation is

d? :
(@ i k*f)G(x | %0) = —3 e 8(x — xo — nl)
iko*Z

C

where « = c/c,. After a great deal of algebra one can write out the appro-
priate Green’s function in any of the following forms:

Y 8(x — nh)G(x | x,)

1
2ka.Q

{2e ! sin ak(x — x,) — 2 sinak(x + I — x;)

4+ il[cos ak(x + xy — ) — cos ak(x + 1 — xp)]}

DRyl

1 = -
%20 {2 sin ak(x — | — x5) — 2e™ sin ak(x — xg)

+ il[cos ak(x + xo — 1) — cos ak(x, + I — x)]}
() TS e
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where
&y ¢ A e 9
wl kal 2ol 2mm
= — VD —m — == =— k,m b4 — =
T y l
k..l 2
u,=——=u+2m A,=u,—1" ,u——ELE
T o
I \2 3 10.3.10
gn = (k2 — kD wm=ﬁf=uﬂ—ﬂmﬂ==mm e
T a

v\ 2
W= [umz - (—)] C(u) = cos (mu) — cos (mv)

r
Q(u) = 2 cos (wu) — 2 cos (mv) + il sin (7v)
_ 2 cw
B = 2w

to list all the abbreviations to be used in the following discussion. The
functions

( ---------------------------------
sin [otk(! + x)] — e sin (akx) —l<x<0
: i& | et sin (akx) -+ sin [ak(l — x)] D<x=<li
P — pikm® __ I_
n(¥) =€ 0 ﬁ e sin [ak(x — 1)] + e sin [ak(2] — x)]
lex=2
R pp————
N o 10.3.11
— pikm® i .3.
e'*n® L iB(u) ,,.,Em N ( )

are generalizations of the forced waves in vacuum, of Eq. (10.3.2), written in
more compact form.

Using this Green’s function, the transverse displacement of the mem-
brane-strut system, under the influence of a force F,(x)e "' which satisfies
the periodicity condition F,(x + [) = e™F (x), is

2 i
w9 == [ e | mFx) s

ot MDD i
== 4 tkm¥y 10.3.12
ﬂggcg Z ﬁ’n(u) o e Fx('r.l) dxl ( )

where again the introduction of an array of sources in the equation for G
has meant that we need only to integrate over a single period of x;.
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Free-wave motion, fluid present

If we wish to investigate the free-wave motion of the system, we set the
force F, equal to the pressure P of the medium caused by the membrane
motion, given in Eq. (10.3.8). Inserting this for F, in Eq. (10.3.12), we
obtain the integral equation for free motion of a periodically supported
membrane, in contact on both sides with a medium of density p and acoustic
velocity ¢,
2paiw?®

J. G(x | x)) dxlf g(xy | xo)n(x,) dx,

n(x) =

4
— i g‘g“ﬁ‘}f &= *naop(x ) dio (10.3.13)
Wi J0

when we substitute the series for G and g and carry out the integration over x,
[see Eqs. (10.3.10) for definitions of symbols].

In the present case an exact solution can be worked out because the
component functions '¥",(x) consist of a term e™~* plus a term which is
independent of m. We assume that #(x) is a series £A4 e, and proceed to
calculate the relative magnitudes of the A’s. The procedure is complicated
by the fact that the 'V',’s are not orthogonal; so we cannot just multiply by
W, (—x) and integrate, but must expand everything in series of terms e®*n=,
which are orthogonal. The steps go as follows:

1 ; :kn:
Z Aigfkii‘ === Ilunfz “—‘&— I:ezka -+ IB(IJ) z :I

e | :I'I

with all summations from —oo to +c0. Multiplying both sides by e #n?
and integrating over x from 0 to /, we obtain

Won

l'l n

where the quantity in brackets is independent of m but is a function of u =
wlfmr.

This is an infinite homogeneous set of simultaneous equations for the
A,.’s, which has nonzero solutions only for certain values of u, corresponding
to the various sorts of free waves possible for the system. An equation of
self-consistency can be obtained by multiplying the equation for A4, by
1/w,A,, and summing, then equating the coefficients of X(A4,,/w,,A,,) on
both sides. The result is

|
-t
g : | #!B(“) g Am(wm'&m == ;;u"';}

or
4:5 plv?

'?TO'

I'(u) (10.3.15)
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where

I'(u) =

Ou) 5 A (WA, — ul) — 2cos (mu) — 2 cos (mv) + il sin (mv)
@ e 4
% 3 [(u+2m) — o2 [[(u 4 2m)t — (;)]

Hp=—

C(u) s 1 cos (mu) — cos ()

-1

X [(u + 2m)* — v?] — (2—}}:) 2

wa

with the proviso that, whenever vfe > u -+ 2m, the radical in the summation
becomes —i[(v/a)? — (u + 2m)?)%, not +i times the radical.

In our manipulations to obtain Eq. (10.3.15), we have, in effect, multi-
plied by A,.. Thus, when u,, = v, both C(u) and A,, go to zero and, in the
limit, Eq. (10.3.15) is satisfied. These roots do not correspond to solutions
of Eq. (10.3.13). The other roots of Eq. (10.3.15), however, do correspond
to values of u = =//m (and thus to values of %) which are solutions of Eq.
(10.3.13), and therefore represent possible free motions of the membrane-
strut-medium system. There are two such sets of roots, one for the wave
motion which has most of its energy in the membrane-strut part of the system,
the other where most of the energy is in the medium.

We note that function I'(x) is periodic in u with period 2, that is,
I'(u + 2n) = I'(u). Thus we need determine only those roots of the
equation in the first period of u; all other roots are obtained by subtracting
or adding an even integer to these. Moreover, an examination of Eq.
(10.3.14) shows that the other solutions are really the same, that the series
for n for u = u,, one root of Eq. (10.3.15) in the first period, is exactly the
same as the series for # for u = u, + 2n; only the coefficients and terms are
relabeled, the (m + n)th term of the first series being equal to the mth term
of the second series. Thus examination of the four roots of Eq. (10.3.15)
in the first period (solutions in pairs, corresponding to the two possible
directions of propagation) covers the complete capabilities for wave motion
of the triply coupled system.

The membrane-strut waves

When 2pl/ma, the mass of a unit area of blanket of the medium, of
thickness 2//m, divided by the mass o of a unit area of the membrane, is small
compared with unity (as it is if the medium is air), then I'(z) must be quite
large in order that Eq. (10.3.15) may be satisfied. Thus, to find solutions
valid to first order in 2p//mo, we look for singularities of I'(x) in the first
period of u. In the range 0 << Re u << 1, Q(u) has one root, the one plotted
in Fig. 10.15 for wave motion of the membrane-strut system in vacuo (we have
called this root u,). Therefore, when 2pl/mo is small, there is a solution of
Eq. (10.3.15) corresponding to wave motion with velocity near wl/mu,.
These waves involve the greatest amount of motion of the struts; so we call
them the membrane-strut waves.
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Call the first-period solution of Q(u) = 0 by the subscript u, (if the
strut impedance Z is reactive, #, can be real for certain values of v, as shown
in Fig. 10.15). Setting # = 1, + € and expanding I'(¥) to first order in e,
we obtain, for one root of Eq. (10.3.15),

(2plv® sin (7o)

;= D(u,)

wa sin (7u,)
|
(12 — A2 — v)Vu2 — (v/2)* — Qpl[mo)?]

(10.3.16)

where the second term in the braces is the term for m = 0 in I', and the term
D(u,) is all the other terms, for u = u,. We do this because, if v = aklfm =
2[4, (4, being the wavelength of waves on the membrane at frequency
o/2m) is small compared with unity, the series D can be approximated by

] = 1 1
D(“) = ﬁ ngl|:(m e %u)s L (m s ‘%H}s]

which is a small correction to the second term. At higher frequencies
several terms in the series must be separated off, and the computation
becomes more tedious, but the series always converges satisfactorily.

As with any wave-supporting surface exposed to an acoustic medium,
the properties of the surface wave motion depend on whether the wave
velocity of the surface in vacuo is larger or smaller than the speed ¢ of sound
in the medium. In the present case the criterion is whether v/a = kijm =
2l[A = wl[mc is larger or smaller than Reuwu, = »//m = wl/rc,, where
¢, = w[x, is the effective speed of transverse wave motion in the strut-
membrane system in vacuo. When ¢, < ¢ (u, > v/a) (this occurs to the
right of the v axis in Fig. 10.15, for example), the whole quantity in braces
in Eq. (10.3.16) is real, and if the strut impedance is either purely reactive or
purely resistive, u, is real to this order of approximation (if { is purely reactive,
u, is real to all orders in this case). Thus, as usual, when the velocity ¢,
is less than ¢, the acoustic wave motion cannot couple to the wall motion,
and the wave propagates along the wall without attenuation [see also Eqgs.
(10.1.23)]. On the other hand, if ¢, > ¢ (u, < v/a), the radical in the
second term in braces in Eq. (10.3.16) is —i[(¢/)* — u,2]}, u, has an imaginary
part (which turns out to be positive-imaginary), and there is some energy
transmitted through the medium to z = -+ oo, and thus some attenuation
of the wall wave.

Returning to the equations for 7 and for p, we see that this sort of wave
can be written
oo wm(u!)ef{u;-'r-'.!:n.i[ﬂ:cﬁl

?}{l) B A!”!Zm wm(“l)&m(ut) == liu"
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and

_ pck
p(x,2) = —iwA, =

3 S il + 2m)rx/l) + Gz Dl(eolfmre)? — Gy + 2m)*})
W) A () — Tul
(10.3.17)

The expression for p_ is obtained by changing the sign of z and also of the
whole expression. The series for # is not the same as for V'y(x), the wave
in vacuo, as given in Eq. (10.3.5), which in our present notation is

exp [i(u, + 2m)(mx[)]
A ()

If plfmo is small, however, the difference is not great. Root u, is not much
different from u,, and the effect on the denominator of each term in the
series for # lies in the term iu//w,, the radiation impedance load on the
membrane. Thus, when we include the load of the medium, there will be no
infinite amplitudes for # at points such as a and b of Fig. 10.16. The terms
in the series for p for which |4, 4 2m| > wl[wc attenuate as z increases and
only serve to modify p near the struts. If u, > wl[mc, all terms so attenuate,
and no energy escapes to |z| — oo,

There is also a root of Q = 0 at 2 — u,, within the first period of u; this
corresponds to the root —u,, for wave motion in the negative direction.
All other roots are for # = -Lu, 4+ 2m. However, adding or subtracting

2m to u, in Egs. (10.3.17) does not change % or p; so really there are only two
different membrane-strut wavés.

Z

The surface wave

In addition to the wave motion with velocity near that of the wall in
vacuo, just discussed, there may occur a surface wave which travels at a
velocity slightly smaller than the wave velocity ¢ in the unbounded medium,
but in which the energy flow is parallel to the surface, being mostly in the part
of the medium near the surface. Such a surface wave can exist only if the
velocity ¢, of transverse wave in the membrane is greater than ¢ [see also the
. discussion of Eq. (10.1.24)]. The possibility of such a solution arises from the
fact that I'(u) has a sequence of poles at points where [1® — (vfa)?)? is equal
to (2plfma)[v?/(u* — v*)], the square root being small, not u* — v®. Setu =
(v/o) + €; if (v/x)® > ¢?, that is, if ¢, > c, a real value of € is possible. For
pl[ma small, it is approximately given by

\/EEE . 2plat 4il ploadC(v]or)

a  wa(l —oa?)  wiouv(l — o2)2Q(v/x)
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leading to

ki a(z_pz)Z( o? )3[1+2_£C(1rfac) o2

= wo/ \l — o? w0 Qvfe) 1 — e

T 20

corresponding to a velocity wl/mu, a little smaller than ¢, the acoustic velocity
of the medium. If the strut impedance is imaginary, u, is real.

Since w, is small for this wave, we see from Eqgs. (10.3.17) (substituting
u, for u, in the formulas) that % is small and p large, in comparison with the
waves for # = wu;, when the majority of the energy is carried by the wall.
All components of the pressure wave attenuate with increase of |z|, because
all coefficients of z in the exponent are negative and real. The smallest
coefficient, that for m = 0, is

A -] =2 [ D ]

The disturbance extends out from the wall to a distance of the order of
magnitude of the reciprocal of this, a considerable distance if o is much larger
than p. All other components, for [m| > 0, attenuate more sharply.

When « > 1 (¢, < ¢), e becomes imaginary, and there can be no root
of Eq. (10.3.15) which satisfies the physical requirement that p remain finite
at |z] — oo. Thus no surface wave exists when the velocity of transverse
waves on the membrane in vacuo is less than the acoustic velocity ¢ in the
medium.

We can also carry out the calculations for a driving force Fe'= !
applied transversally to the wall, including the reaction of the medium. This
can be manipulated, by means of the Fourier integral in x, to obtain the
membrane shape and pressure wave arising when the strut at x = 0 is driven
by a simple-harmonic line force. But this exercise will be left as a problem.
The one example of forced motion deserving attention here is when the driving
force is produced by an incident plane wave of sound, producing reflected
and transmitted waves.

2]2 (103.18)

Wave penetration through the wall

If the pressure wave incident on the strut-membrane system is A4 exp
(ikx sin O — ikz cos 0 — iwt), 0 being the angle of incidence (in the xz plane),
then the integral equation for the pressure above the xy plane is a combination
of Egs. (8.3.2) and (10.3.6).

I
p(x,2) = 24e%= 510 cog (kz cos 0) — pm“f g.(x,2 | x0,0)m(x,) dxq
0

where the k, = x in the g, of Eq. (10.3.7) is now k sin 6. Since this Green’s
function is chosen to have its normal gradient equal to zero at z = 0, the
inhomogeneous term in the integral equation must satisfy the same condition,
including what would be the reflected wave if the wall were rigid.
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We next insert Eq. (10.3.12) for %, with F, = (p_ — P g = P(x).
Therefore p., p_, and P are

pi(x,2) = 24e™* 00 cog(kz cos )

k2a2 [ l
e J;g'i-(x!z | Xp,0) dxﬂ»[] G(x, | x)P(xy) dx,

(13

pk2a? [ !
p(x,z) = = g_(x,z | x,,0) dx, | G(xy | x1)P(xy) dx, (10.3.19)

o 2pk%a? [ ¢
P(x) = —2de*e2inb | = J; g(x | xp) dxoﬁ G(x, | x)P(x,) dx,
where g is given in Eq. (10.3.7), g_ is obtained by reversing the signs of
z and z,, and g is given in Eq. (10.3.8) and G in Eq. (10.3.9). In all these we
set k,, = k sin 0 - (27m)/l).

It is obvious from the form of the series for g and G that P will be
expressed as a series of the form XP e, Once this series is known, the
series for p, and p_ can be determined, for from Eqgs. (10.3.19),

P-—p+=P and p_+ p, = 24e'*es atz=20

Therefore the wave transmitted through the strut-membrane system into the
region z < 0 is, at the surface of the membrane,

[J_(I,O} it Ae:‘.l:a:sinﬂ _|!_ éF(x)

We can express k,, and q,, = (k* — k,,2)} in terms of angles 0, of transmission
of the various waves with respect to the negative z axis by defining

: : 2mm _
sin 6, = sin 0 - —7 080 = (1 —sin® 6,.0F  (10.3.20)
If |sin0,,| > 1, the requirement of finiteness at z — —oo is that cos 7
be positive-imaginary; if |sin 0, | < 1, cos 0,, must be positive-real. In these
terms the transmitted wave in region z < 0 is expressible in terms of the
coefficients of the series for P.

P = Aetkxsin 0 —ikz cos 0 4. %ZP gikx sin by, — ikz cos O,
= m

= 2 T,exp (ikxsin 0,, — ikz cos 0,) (10.3.21)

Depending on the size of 2n/kl = A/, there are one or more values of m

for which [sin el corresponding to these values there will be one or
more plane waves, carrying energy to z — — oo at the corresponding angles
6,, (which can be positive or negative). These are the waves diffracted by the
Periodically spaced struts, according to the usual expression for the trans-
mission angles 0,, from a diffraction grating. The waves for which |sin 6,,| >
I will die out exponentially with z; their effect is to adapt the shape of the
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wave near z = 0 to the motion of the membrane near each strut, as the whole
moves in response to the pressure of the incident wave. Thus, if we cap
solve Eqs. (10.3.19) for P to obtain the coefficient P,,, we can compute the
amplitudes of the various diffracted waves.

The equation for P i1s quickly solved. We substitute Eqs. (10.3.7) and
(10.3.9) and the series for P into the last of Eqs. (10.3.19) and integrate over
x, and x, to obtain

ipa? P, ettn%

2
P kot — —24 ikx, .
wé £ ko wm (sin?f, — a?)cosf,

2’0;9;3(:' ea‘kmx i P

ey n
k20lQ w (sin?2 0, — o?)cos O, % sin?  — o2

which can be solved exactly as Eq. (10.3.14) was. The functions C and Q
are defined in Eqgs. (10.3.10), with 7u = k/sin 0 and #wv = kal. Referring
to Eq. (10.3.21), we see that the amplitude T, of the directly transmitted wave,
propagating at the angle 6 = 6, and the amplitude 7, of the mth diffracted
wave, going at angle 6, as defined in Eqgs. (10.3.20), are

—igA
O (sin2f — «2) cos O — ig e w o
where
A f
. cos

- [(sin® 6 — o®) cos 6 — ig][(sin® 0,, — &) cos 0, — ig]
2 cos {}'«::’ sin ) — 2 cos (kal) + il sin (kal)
cos (ki sin 1) — cos (kal)

+3 1 I

(sin? 8, — ®)[(sin® 0, — «?) cos 0, — ig]

XY

(10.3.22)

and where o = c/c,; Y = k%¢/2p{s®, and g = 2px*/ko. The only waves
which propagate to z — — oo are those for which [sin 0,,| < 1.

Usually, constant g is small, because Ap is usually smaller than o.
Where this is the case and where &« << 1 (¢, > ¢), the wall becomes trans-
parent to the incident wave when the angle of incidence 0 is equal to sin™ 2,
that is, when the horizontal phase velocity (w/k) sin 0 is equal to the membrane
wave velocity ¢, = w/ka. In this case the amplitude of the directly trans-
mitted wave (m = 0) is A4, the incident amplitude; and all the diffracted
beams vanish (B,, = 0). When the angle of incidence 0 is such that sin 8,, =
o (m +# 0), the diffracted beams also disappear, though the directly trans-
mitted wave (m = 0) is in this case not equal to the incident wave; part of
the incident wave is reflected to z — --oo0.
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If the strut impedance Z = oc ¢ is zero, all the B,’s for m 5= 0 are zero,
and the result reduces to that of a wave incident on a uniform membrane.
If the struts are very stiff or heavy (|&| > 1), the B, ’s are largest when
sin (ka/) = 0, which is when the membrane strip between each strut resonates;
at these frequencies the diffracted beams are most intense. Except at these
resonance angles or frequencies, the transmission through the strut-membrane
system is mass-controlled (proportional to g = 2pc*/koc,?) for the first
part of T, and is strut-impedance-controlled (proportional to y = Y//fxg)
for the B,’s governing the diffracted waves.

10.4 COUPLED CAVITIES

Finally, we shall work out the phenomena which arise when two
resonating cavities are coupled together. Suppose cavity @ has volume ¥V,
and boundary surface S,; cavity & has volume ¥V, and wall surface S,. The
two are joined by an opening S,, a surface common to both S, and §,, as
shown in Fig. 10.17, through which energy can pass from ¥V, to V,, and vice
versa.

The integral equations

To solve this problem we first compute the normal modes for each room
separately, with the coupling area S, rigidly closed; in fact, we assume that
the whole boundary area S, is rigid, and similarly for S,. In this case the
eigenfunctions ¢,* and eigenvalues 7,* and mean-square values A%, as
defined in Egs. (9.4.8), for room a, are all real, and the corresponding
quantities ¢,%(r), n,,’, and A,? for isolated room b are also real and inde-
pendent of frequency. The corresponding Green’s functions for driving
frequency w/2m,

. i ‘ﬁna(r)'rbna(rl})
Ge =y 2 oattn. — (@]e¥]

1 b"(1)$,,"(Ky)
G, = —
Vb E Amb[{?}mb)E T (wa)E]

also have no imaginary parts. The series for function G, is valid only

(10.4.1)

FIGURE 10.17
Two rooms, coupled by a common opening S,. N
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within ¥, and on §,; the series for G, holds only within ¥, and on S,; thyg
only on S, are both series valid.

The problem we wish to solve is that for which S, is not rigid but is ap
open space coupling the two rooms (another example, where S; is a flexible
membrane, is considered in the problems). Across this surface the normal

L . 1 dp . . .
velocity is uy(r*) = — —— (for convenience, we assume that u, is positive for

iwp On

flow from a to b) and the acoustic pressure is py(r). Utilizing Eq. (7.1.17)
for each room separately, the equations expressing the pressure in each room
are

:'pwija(r | T, )uy(r,®) dS, rin ¥,oron S,
plr) = (10.4.2)

—:‘pwfj Gy(r | ruy(rs®) dS,  rin V, or on S,

where both integrations are over the common surface S,. Both equations
hold simultaneously only when r is on §;, in which case p is the common
pressure p,. For the solution which approaches the Nth mode in room a
as S, is reduced to zero, the procedures which produced Egs. (9.4.11) and
(9.4.12) give, for the pressure in the opening and for the eigenvalue when
Sy is open,

0=¥ye) + f Gun® | EOA (1) dSo + [ [ G | e S, (10:430)
where
i z ¢na(r)¢nﬂfru) ( I 043!}}

oy = 3 2 R ln)? — (@]

and where

Ayt oy — (2f | = [[#weonsnras, (0439

Equation (10.4.3a) is one for the coupling velocity u%, over S,. Once
it is solved, the allowed frequency of free vibration wy/27 can be obtained
from Eq. (10.4.3¢), and the pressure distribution in the two rooms can be
obtained from Eq. (10.4.2). The integral equation is amenable to varia-
tional calculation; the function to be varied is

]
AxVa [(??.w“}g = (%)} =2 f PNUY, +f“§rf5a.\'uﬁv +fﬂivbeu§r (10.4.4)

If we use the very simple trial function 43, = A, the “‘best” values for k = w/¢
and for A are given by the equations

_ —fgyds
de.{ (GRN + G&) dSI}

(J ¢y dS)?
ANV, [ dS [ (Goy + Gy) dS,

A

k? = (x")* +
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10.4 COUPLED CAVITIES 681

The resonance frequency c7,%/27 of room a, uncoupled, may be close
to a resonance frequency ¢n,,°/27 of room b, uncoupled; if so, it may be
useful also to separate off the term in G, having (7,,°)? — (w/c)? in the
denominator. The equations for k% and for 4 then can be rearranged into
the forms

(S dSPIANV, | (§ o dSPIALY,

~ f deG(r | ) dS,

B — P k? — (")
G(r | ) = Goy + Gour (10.4.5)
s A.'\"a Va ay2 __ _(f @ )
= m [(my®)? — k] =\ | $5* dS

" AsP Vol — (13)]
(f dadS)* — AV [k® — (n3")*J dS | G dS,

where all integrations are over the coupling area S, and G,y and G,,, are
the series of Eqgs. (10.4.1), with the Nth and the Mth terms, respectively,
omitted. The first equation, for k?, is now symmetric with respect to the
two nearest resonance frequencies, one for each room. The equation for
A is not symmetric because the normalizing equation for 4%, Eq. (10.4.3¢),
is in terms of the normal mode ¢, of room a, which is not symmetric. The
ratios between the pressures in the two rooms, calculated from Eq. (10.4.2),
will be symmetric, however.

Analogy with coupled oscillators

The equation for k® has the same form as that of two coupled linear
oscillators. For example, Egs. (3.1.1) can be written in the form

(0 — 04 = W (B — A) (0 — 0B = 0,*(4 — B)

where

_ | K, K,
X = AE*:w! }, — Be—twt m[}lﬂ P Y o mclﬂ — ¥
ny m,

K, K

3

g™ = — and W,k = —

my My

The natural frequencies of the two oscillators, without the presence of the
coupling spring of stiffness Kj, are w,,/27 and w,,/27, respectively, and the
quantities w,, w,, and u of Eq. (3.1.2) are given by

e 2 g g __ 3 2 =
W, = wy® + w, We® = Wes® + wW,g 1 = w, .

The equation for w?, giving the natural frequencies of the coupled oscillators,
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682 COUPLING OF ACOUSTICAL SYSTEMS
is obtained by eliminating 4 — B from Egs. (3.1.1). Written in the form

2 2
. | .o

=1

{.UE e (0‘012 w {U‘z i mozz
it resembles the first of Egs. (10.4.5). Thus we can write

_ (J P dSP/AN"V, (J 2" dSY A"V,

K,y =
(Ken®) [dS | G(r|ry) dS, [ dS | G(r | r,) dS,

and (Kc.'lfb)2 ==

and obtain the equation
(K |, (Kead)
KR — O’ k= ()

for the natural frequencies of the coupled rooms which are nearest to the
Nth and Mth frequencies of the uncoupled rooms.

The solution of this equation for the natural frequencies of the coupled
rooms is ck y 3y 7/2m and ck y /27, where

(kyarD)t = HOD? + 122 + HIO? — O PE + 4y}

My art
(3?.\;“)2 — (??;‘IIB)E (|04?)
(kyar)® = Hn™? + @222 — Hla™? — 2P + el &

i”N:u*
(™2 — (")

~ 1 (10.4.6)

"y

—$: (") —

where

[ px*dS | ¢y dS
[dS | G(r | r,) dS,

' s b ]
pnart = K"K = ANAN VoV

The limiting forms, indicated by the arrows, hold when u2 < (v — (")
(we assume, with no loss of generality, that ny" > na”). In the rare cases
when u? > (ny)? — (13°)% the approximate solution is

(k,\u!i}z = jﬂ‘[(?}‘.\'u)a = (’-’I _ub}E] i .u_v_uz

Thus, for frequencies nearest the Nth resonance (cny?[2m), of room a,
uncoupled, and the Mth resonance (cn3?/27) of uncoupled room b, the
coupled rooms behave like two coupled oscillators with coupling constants
K.z® and K,/ and pya® = K.\"K. " As with the simpler system, the
resonance frequencies are pushed apart by the coupling.

When constant py 2 is much smaller than (ny%)* — (na%)?, the partic-
ular standing wave for the coupled rooms which oscillates with the frequency
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10.4 COUPLED CAVITIES 683

ckyarH/2m has the following waveforms in the two rooms [obtained by
setting the u, of Eq. (10.4.2) equal to the 4 of Egs. (10.4.5)]:

it " & . Ay § ¢, dS (ny")* — (kyar')?
Pu(r) = (fPCkNJI )1:(;{,‘\’ (r) _t_‘ug‘\' Anu j ¢Nu ds (Tjnﬂ)z o (k.\"lf+)2

$.00)|

Ao \d et
~ (ipck ™ ( 2 ) L 10.4.8
B = OPewat N BT G P —Toral® e
A 1!” .'F ‘ibmb dS (’*".-’ 11")2 = (k-\-' 1,i'+)2
b4 +2(r) + - - —
I:tﬁ‘u ( ) mg'l-f Amh j‘ ‘:ﬁ."l-.l'tr dS {nmb}z e (k;’\'31+}2

each expression being multiplied by the common time factor exp (—ik 5, ct).
Thus, for the resonance frequency nearest cxy®/2m, the standing wave is
largest in room a, the ratio between p, and p, being approximately the small
quantity

4,00

/A.‘Va th' Ju.'\"ﬂfjl—
N AV (Kyar™)? — (ar”)?

For the resonance frequency ck y 5;,~/27, nearest the room b natural frequency,
the formulas are reversed, and the sound is mostly concentrated in room b.

When either or both rooms have sound-absorbent walls, the eigenvalues
and eigenfunctions #,%, ¢,% etc., become complex and frequency-dependent,
so that Eq. (10.4.6) is an implicit equation for k%, The roots k5,7 and k3~
are then complex, corresponding to the fact that the free vibrations of the
air in the coupled rooms lose energy to the walls.

The coupling constant

The quantity most difficult to compute in these formulas is the function

" [} ¢,(r) dS]? [ ¢,.4(r") dST?
fciSfG(r I Tp) dS, —MZ::Y AV (1,5 — K2 rn%‘l! AV, — k7

These series converge, though slowly. If the walls are absorbing, the result
has an imaginary, as well as a real, part. If the area S, of the opening is
small compared with S, and S,, we can use the following argument to obtain
an approximate formula for [ dS | G(r l 1) dS,, which is at least as accurate
as the trial function we have used for u,.

We first point out that if we add the missing n = N and m = M terms,
the expression is proportional to the radiation impedance on a rigid piston
placed in the opening S, radiating sound into both rooms. Referring to
Eqs. (7.4.31) or Eq. (7.4.44), we see that this impedance would be

7, =2l = —ipek [ [as ][ 16,0100 + G ron s,

Uy
Sn
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684 COUPLING OF ACOUSTICAL SYSTEMS

If the rooms are nonabsorbent, Z, will be pure-imaginary, indicating that a|l
the energy radiated is reflected back to the piston, chiefly in the form of the
most strongly resonant waves (the n = N and m = M terms, which were
omitted in the sums). But if the room walls are absorbent, so that much
of the sound emitted by the piston never returns to the piston, and if the
resonant terms are omitted, the resulting expression should be approximately
equal to the piston impedance for completely absorbent rooms; and this
should be approximately equal to the impedance load on a piston set in a
plane wall, radiating into infinite space on both sides of the wall (as long as
S, is not near a corner of either room).

What has been just said is that if both rooms are at least moderately
absorptive (8 Re f greater than the ratio of S, to S, -+ S, as will be shown),
the quantity [dS [ G(r|r,) dS, is approximately proportional to the
impedances given in Eqgs. (7.4.31) or Eq. (7.4.44); in fact, that

VA 28,
frISfG(r ‘ ry) dSy =~ 2i — = — (x + i0) (10.4.9)
pck k

where, if the opening S, is circular, of radius a, ¥ = y(2ka), 0 = 04(2ka);
if the opening is rectangular with sides a and b, y = [ab[(a® — b*)][x(ka) —
2 (kb)] and 0 = [ab/(a® — b*)][0(ka) — 0 (kb)]; in any case, y will be
the specific reactance, and 0 the specific resistance (R/pcS,), per unit area of a
piston of the shape and size of the opening, radiating into free space on both
sides.

To this approximation the coupling constant becomes

a 5 b
iyt = outes) i d¥  koy2 (10.4.10)
SVANAL  (x + BVV,Y,

Thus the coupling constant is roughly equal to the product of the ratio
between the mean values of ¢,* and of ¢,,* across S, to the rms values of
$n® and ¢ ,,* over V, or ¥, and the ratio between the factor kSy/2(y + i0)
and the geometric mean of the room volumes, a small quantity having the
dimensions of k2. We note that if a nodal surface of either ¢, or ¢, cuts
across Sy, so that either of the area integrals is zero, then, to this degree of
approximation, there is no coupling between the rooms for this frequency
range. In these cases a better approximation can be worked out (if it is
worth the large amount of algebra!) by setting u, = Ad\® + By, in
expression (10.4.4) and carrying out the variational calculation for best
values of 4 and B.

Forced motion of the coupled rooms

If an acoustic source of frequency /2w, representable by a distributed
source strength S,(r), is placed in room a, the integral equations for the
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10.4 COUPLED CAVITIES 685

pressure in the two rooms are

r—ikpch[Gu(r | ro)S.(r,) dug

p(r) = +- :'kpcjj(}ﬂ(r | r,*)uy(ry®) dS, rin V,or on S, (10.4.11)
~—ikpcijb(r | x*)ug(ro") dS, rin ¥, or on S,
\

The volume integral is the pressure which would be in room a if S, were
rigidly closed; it could be called the driving pressure and could be symbolized
as P(r)(rin V,oron S,). We can now set up a variational expression for the
integral,

44 EJ.fuo(rﬂa)P(ri,‘) dsS, (10.4.12)

the real part of which is the power that the driving pressure gives to the
coupling area S,, which is transmitted through to room b. Equating p(r)
on S, from the two parts of Eq. (10.4.11), multiplying by u, and integrating
over S,, and then adding Eq. (10.4.12), we obtain the variational expression

T, =2 f u,P dS + ikpe f ", de(GE + G,)u, dS,

Inserting the trial value u, = A, as before, we obtain

) —[ PdS i s —(J PdSy?
~ikpe [ dS | (G, + G,)dS, " ikpe [ dS [ (G, + G,) dS,
(10.4.13)

with corresponding solutions for the steady-state pressure in the two rooms,
obtained from Eq. (10.4.11).

Thus the sound pressure in room a is the pressure P, the pressure present
if S, were closed, with a correction term because S, is open; the pressure in
room b is the amount which has come through S, from @. If all walls are
rigid, the transmission factor 7, is pure-imaginary; in steady state no further
power is being transmitted from room a to room b. If the walls of both
rooms have nonzero wall conductance, T, will have a real part corresponding
to the power which flows through S,, to be absorbed on the walls of room b.

As an example, suppose both rooms are rectangular, having walls of
specific acoustic admittance §, = &, — io, and 8, = &, — io,, respectively,
with magnitude small but not zero. Then Eq. (9.3.41) indicates that, instead
of 7,% in Egs. (10.4.1) et seq., we should use K, where

S, %k
Va

(K = (m,.%)? — 2(0, + i) (10.4.14)

where
25, =€, 5;° + snvSy“ -+ E,,,:S;“ — €5 5
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and #,% is as given in Eq. (9.4.29); S,* = 2/,°1,% is the area of the two wallg
perpendicular to the x axis, etc.; and we assume that opening S, is in an x
wall. There is a similar expression for K.’

Now suppose the driving frequency is small, in the range where the
resonance peaks are separated, and suppose we excite the Nth mode of room
a, w being set equal to the real part of Ky®. Then one term in G, will be
larger than all the rest of G, + G, (unless room b happens to have an exactly
coinciding resonance). The rest of G, and all G, will produce the coupling
term of Eq. (10.4.9); so the acoustic wave in room a and the power trans-
mitted through S, to room b will be approximately

L.* L.’
~ B 4(r) —————— ReT,~ |By*L* ————— 10.4.15
Pa(T) = Bydn®(r) T eTo= By L =375 )
where
7. 25, Sy Ay* P (J§ $5* dS)*6 = pefff Sudy® dv
* pe C TS F ) YT 28,SAy

with 6 and y as given in Eq. (10.4.9).

These formulas have a fairly simple physical interpretation. According
to Eq. (9.4.32), L,° is the power which standing wave ¢, loses to the walls
of room a. Quantity L is the power lost by wave ¢,® to coupling area S,
transferred to room b. Thus the energy density in room a (proportional to
|p|?) is reduced, below the level (B,$,%)* it would have if S, were closed, by the
ratio between the energy L,* lost to the walls alone and the total energy
lost. The amount transmitted to room b is proportional to L,?, if there is
no coincidence of resonance.

Alternatively, when the driving frequency of the source in room a is
equal to one of the resonance frequencies of room b but room a does not
resonate, the pressure in room b is correspondingly increased. The pressure
distribution in room a, when S, is closed, can still be called P(r), though it
will have a more complex form than Bé,°, which it had at resonance. In
this case the resonant term in G, is larger than G, and the rest of G, and the

wave in room b is
1 oy AT PAS [ (J] $a’ dS)* ! 0.4.16
P0) = $20 @) g a:sﬂbds[zpcsua_—fowa+&L;’ (e

Since the coupling factor in brackets is of the order of magnitude of L, =
([ dS)20/2pcS, |0 — ix|?, and thusis much smaller than L,* = &,53"A "/
pc, we see that p, is smaller than P, but is much larger than the p,, for the
situation of Egs. (10.4.15).

The analysis starting with Egs. (10.4.1) can also be carried through,
when S, is covered by a membrane or thin plate which can vibrate and thus
transmit acoustic power, by adapting the procedures discussed in the be-
ginning of Sec. 10.2. The quantity to be varied is not the velocity in S,, but
the pressure difference across §,, which can be considered constant across
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10.4 COUPLED CAVITIES 687

Sy if Sy is small. We are led to a double integral, involving two Green’s
functions, one for the air in the rooms and one for the membrane motion.
The formulas are thus more involved, but satisfactory approximations can be
developed. This will be left to the problems.

Higher frequencies

When the frequency is high enough for geometrical acoustics to be valid,
the formulas of (10.4.15) and (10.4.16) no longer apply. In this frequency
range the simple formulation of Sec. 9.5, using energy density w and mean
intensity 7, applies. The intensity in room a is I, = |p,|}/4pc = cw,[4, and
that in room b is I,. Quantity a,, the wall absorption for room a, is given
by Eq. (9.5.2) or (9.5.16); a, is the corresponding wall absorption for room b.
If coupling area S, is small, the wavelength of the sound may be small
enough, compared with room dimensions, so that geometrical acoustics can
be used, yet large enough so that transmission through S, is still that of a
plane wave striking the opening, and the formulas (7.4.31) or (7.4.44) can
still be used in computing the impedance 2pcS,(f — iy) of the opening.

If the pressure is fairly uniform across S,, the effective acoustic im-
pedance of the air on the other side of the opening is pcSy(0 — ix), and in
accord with Eq. (10.4.12), the power removed from room a (and therefore
transmitted into room b) is €, S, |p,|* 0/pc(0* — x*). The factor ¢, , which is
2 for most high-frequency modes, is the ratio of the mean-square pressure at
the wall containing S, to the mean-square pressure throughout the room a.
Thus the power transmitted from room a to room & is 2[S; | p,|? 0/ pc(6% + %3],
and that going in the opposite direction is 2[S, |p,|® 0/ pc(6% 4 x*)] [we assume
that the phase relations between p, and p, are random so that the mean value
of Re (p,py) is zero]. The total power lost to room a is then La, +
8SoL,[0/(6% 4 x*)], and the power gain, by transmission through S, from
room b, is 85,7,[0/(6% 4 x*)]. The total acoustic energy in room a is w,V, =
4V, 1,[c, and if a source of acoustic power I1 is located in room a, the equations
relating the rate of change of intensity to the power lost and gained in the
two rooms are

4V, dl
Ca Erf -—l— ﬂ'ﬂ!ﬂ —l— SSﬂCnId — SSﬂC{jfb + n

4 (10.4.17)
V, dI

where C, = /(6% + x?) is the specific conductance of the opening. For
steady state the solution is

_ 1(a, -+ 85,Cy) - $:Co < a

: (2, + 85,Co)(a, + 85,C,) — (85,C,)? a 9+ 856Co o (IO: 18)
; 4.

I, 8115,C, SoCo < ay

" (a, + 885,Co)(a, + 8S,Co)
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688 COUPLING OF ACOUSTICAL SYSTEMS

When opening S, is closed, the intensity in room a is Il/a,, and the
mean-square pressure, which can be written | P[% is equal to 4pcll/a,. Thus
we can write, to the first order in the small quantity S,Cy/a

ia*

a
P~ PP ———
1Pal* = | P| PR T —
85,C, 1
|pul? = | P[?

a, + 85,C, 1 + (85,C,fa,)

for the mean-square pressure in the two rooms. This can now be compared
with the formulas of Eqgs. (10.4.15) and (10.4.16), obtained for resonance
conditions at lower frequencies. Equations (9.5.16) and (10.4.15) indicate
that a, = 8£,5,* when &, the specific conductance of the walls of room a,
is small. Multiplying top and bottom of Egs. (10.4.19) by Ay*/4pc and
remembering that 2A," ~ ({[¢,® dS)* on the average, we see that, very
approximately, the geometrical equation for [p,|* is equivalent to

i
2~ 2 b
Pt 1P =
which is the same as the square of Eqgs. (10.4.15) when L.* < L,*. A similar
comparison can be made between the second of Egs. (10.4.19) and the square
of Eq. (10.4.16).

Although the subject of coupled systems, and the various tricks useful
in working out their behavior, could be continued well-nigh indefinitely,
we must turn to other matters. Between the text and the problems of this
chapter, the more useful results and techniques have been at least touched on.
Next we take up acoustic propagation in moving media.

Problems

I A flexible tube under tension is filled with fluid of density p and adiabatic
compressibility « = 1/pe,2 It has inside radius @ when at equilibrium with
the static pressure P of the fluid, the longitudinal tension, and the tube’s
transverse elasticity. When an acoustic wave travels in the fluid, the acoustic
pressure p (< P) stretches the tube so that its radius is @ + n(y < a). Alter-
natively, a dilation wave can travel along the tube walls; the resulting change
of radius # will expand or compress the fluid inside. Show that the first-order
equations of motion relating the acoustic pressure p, the net flow of fluid
U = =(a + n)*u along the tube, and the change # in radius of the tube, for
wave motion of wavelength long compared with a, are

a2y 3%

2mace e EnaTB—_i + mazp — 2maKy
or
2y 1 &n 'cu")zj
a2 cgor " \¢)" "arf
ol ap al/ p an
O .o OO SRR - W/ bl
o = 8 s e e
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or
#n

or

32p 1 32p
el b R

8 lw

where ¢, 7, and K are the effective mass per unit length, tension, and transverse
stiffness, respectively, of the tube walls; ¢, = VT]e, the velocity of the dilation
wave in an empty tube; w, = VKJe is 2 times the frequency of dilation
oscillation of the empty tube; and ¢, = V1/px is the acoustic velocity of the
free fluid. Show that two simple-harmonic waves, of form ei(@/¢)z—iwt are

possible in the filled tube; that if wellew? <1, the phase velocities of the two
waves are, approximately,

2 W1 — (cfe)?] — w2 |}
N[l — (¢ fcy)?] — wy® F (pegle)

Compare this with the formulas of Eq. (9.1.16), when ¢, < ¢,. Show that in
the case of the minus sign in the denominator, most of the energy is carried by
the fluid; for the plus sign, the tube walls carry most of the energy.

Suppose the flexible wall of the tube of Prob. 1, in addition to having fluid
inside, is in contact with the same fluid outside the tube, extending to infinity.
Show that the equation for 9%5/dz2 has an additional term (a[2T)p,, where p,
is the pressure just outside the tube. Show also that the radial fluid velocity

. ; 1 9 : ,
just outside the tube, @5/ 2r, must equal — TE!EQ . For a simple-harmonic wave,
FLiy r

such that p = Dexp [((w/c)z — iwt], n = Eexp [i((w/c)z — iwt], and p, =
GHgV(xr) exp [i(w[e) — iwt], where »2 = (wfc,)* — (w/c)?, show that the
formulas for phase velocity given in Prob. I are modified by changing the
terms 1 — (c,/c,)? to

- (5)2* - {in 1 —(cdea)” — (wpll® | :‘W}

R e
or i
. - & 2_ f_a_z In JC2GJ2{IE wZ[] = {04'2!'9:12)] o wﬂnz A (Pcasz) "~ C2w2a2
6, 4e | ¢ @1 — (c2c,D)] — wy? e

for the fluid wave or the tube wave, respectively. [For the value of C, see
Eq. (10.1.6).] Explain the presence of the imaginary term in the first expres-
sion; why should the fluid wave attenuate, and why should the tube wave not
attenuate? Show that there is a third wave, also nonattenuating, thus with
an imaginary value for », with a velocity ¢ = [(1/c,)* + (x/w*a®]-}, and with x
the solution of x = (1/e) exp {(4/pa?) [I — (cjaw)®x — (¢ /ex)? — (wow)? +
(a®p[ex)]).

Show that an alternative solution of Eq. (10.1.16) is

palk? [ l
n(z) = — 5 J.g(z[ z,) .-:Izof G (2o | z)0(zy) dz,
0

™ do
where

G. (2| z)= —f eiKizo=20[] + a(K? — k¥ In (CaVK?: — k¥]dK

—oo

and g(z | z,) is the Green’s function for the string of Egs. (4.4.14) and (4.5.39)
(we have shifted the origin from the center of the string to one end). Show

'
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that this homogeneous integral equation may be turned into a variationa]
expression for the Nth eigenfunction by setting (w//c)* — (#N)* = (na2k?

#}{D‘wr, Whﬂ]‘e
¢ . mNx ’
D, =f dz, sin ( i "")f Gol(zo | z)n(zy) dzy
0 0

Show that the variational expression for @ [see Eq. (9.4.13)] is

@y = 2[sin () [ Gue | 2 — [ 0) [ Gute | 20z

1
et #'“2szfﬂ(z)fcw{z | z1) g;\’(zll zzlme(zz ‘ Zo)1(zy)

where
: - sin (7nz/l) sin (mnzyfl)
gi\'(zi Zl:l) n;y (w")z == {m-’f{'_g)z

Show that, if we choose 7 to be approximated by A sin (#Nz/l) and vary A, the
resulting approximate solution is

(o [Nz . e, pehl|
Py _f o (T)IG“’(Z““)S'“( 7 ){' * [Sin =Nzl | G, sin (aNzD)

 Jo () i (25

Compare this result with Eq. (10.1.19), coming from the Rayleigh-Ritz varia-
tional procedure. Would the present method be more dependable for the
higher modes ?

Show that the asymptotic form for the pressure wave radiated by the plate of
Egs. (10.1.27), in the region x > 0,z > 0, for k < y, is

inyFy l

exp (fyx — zVy® — k?)

pre R T T 1w’z }
+ exp| —yx +izVy* + k* — ——~ —__
\X}ﬂ E k2 P [ Vv Y 4{},2 4 k?)
. 433V 2 — |2 pikr
' V2#mikr(y* — k% cos? $)k sin qS}

Compare this with the expressions of Egs. (10.1.30) and (10.1.31) for y < k.
What is the plate displacement for y > k?

An infinite membrane of areal density o, under tension 7 per unit length, is in
contact on both sides with a medium of infinite extent, of density p, and
acoustic velocity ¢. Show that linear simple-harmonic transverse waves of
displacement 7 = A4 exp (iKx — iwr) are possible on the membrane if the
wavenumber K has the value

o e o s, - R
K—kqn(] +(f\".‘km2——‘f?) when ; Cyy &C’J'\"’k.mlz_—ﬁqgl

and where k = wec, and k,,, = w/c,,. What is the phase velocity of the wave?
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What is the pressure distribution in the medium above the membrane? Show
that, when ¢, > ¢, two waves are possible, with two different wavenumbers,

(2 pk %/ ok )
{kz — F mz)zil

ip

K zkn.(l L b

) and K, zk[l +

What is the physical significance of the imaginary term in the first expression?
What is the pressure distribution in the medium in both cases? Why is the
K, possible when ¢,, > ¢, and not possible when ¢,,, < ¢?

The membrane of Prob. 5 is driven by a line force Fyd(x)e !, Show that the
asymptotic form for the pressure wave radiated in the region z > 0, x > 0,

when 2pfaVik,® — k) <1, is
H'fm PFD . fr. B L9
Py av"m o (Hep X~ 2V k" — K%
ka \”kmz = k‘Z en’kr
V2xmikr(k,,? — k®cos? ¢)
Pk'ﬂ'lx

o VK — k2

2 i 3 2
Pkm - jl 4"Pkm EXP[!K..;X = Zpkm z ]

}e“‘“' P, ol

kﬂhﬂF{}

g R0 b iz VIE — g
ovVk: —k,*? i

!u(k cos ¢ — k) exp [fkmx —

T ok kD] ke — kD) o(k* — kn?)
‘ 'Ilr_“_“'-'_' . g Ls
_ 4Ikk1r: Vi - kmz Sl.n (¢) g }e—iwt Cn =B
V2mikr[(k® cos? ¢ — k,2k sin & — i(2 pk 2] 0)]
Wherc C1n2 — T".U, CE — ]l;.pﬂ'; k — w}rcr km ey wlllﬂm'.! r2 = xﬂ ¥ 22: and tan ¢ =

z/]x; u(w) = 0 when w << 0, = 1 when w > 0; and K is as given in Prob. 5.
What changes in the formulas are needed for x < 0? Forz < 0? Compute
the transverse displacement of the membrane. Discuss the behavior of the

radiated wave for r large, ¢,, > ¢, and ¢ near y = cos™! (k,/k).
The membrane of Prob. 5 has incident on it a plane sound wave

pi = Pyexp [ik(x sin 0 — z cos 0) — iwt]

at angle of incidence 0. Show that the reflected and transmitted wave am-
plitudes P, and P, and the amplitude A of transverse motion of the membrane
are given by Eq. (10.1.32). except that now quantity Q is [ — (¢,,/c)* sin® ] x
(ok/2p) cos 6. At what angles of incidence is the membrane transparent to
the wave?

Show that the expression for the p, of Eq. (10.1.38), for k < 3, is
_, pekS,n? fexp lir — (I —2) VR — k%]
Pt s — 1| Vi

R —kPexp [—yr + il — )V — kP
b s

V 2oy
4V22(» — k(e Rl47R)
(3 — k¥sin? O)k cos 6
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692 COUPLING OF ACOUSTICAL SYSTEMS

9 The spherical wave from a simple source S, and frequency w2 at z = ]
x =y =0, falls on the membrane of Prob. 5. Show that the asymptotic
form of the transmitted wave (z < 0) is

kmﬂpsm . /1. 8 Lo
e St — k) {zm'k F S [l — (F=a) ¥ =]

-+ (kmz = kz}("’f‘lknfz”ﬂ}

(k> — k® cos® )k sin 0 + i(2pk ,>[a)
= kﬂi2PS¢U l”(k cos O — km) A Pk,,,,f'

" ‘T(kE e km.z} l \-"2m'k,,,r exp e a k2 — kmz

e T A Pkrnzu 2}
i~ VI T + B

]E—zm!‘ B wia

ke 2.'::"{(??:2(“t %3 2‘}
vV 2mikr S I:J G a(k® — k) :I

4(k% — kD) (e*R[27R) L,—fm:
(k% cos? 0 — k,,2)k sin 0 — i(2 pk,2[0))

where r2 = x% 4+ % R = x% 4 y* + 22, and cos @ = r/R. Compare this
result with the solution of Eq. (10.1.38) for transmission through a plate.

10 Suppose the circular plate of Eq. (5.3.6) is substituted for the membrane of
Eq. (10.2.1). Write out the resulting modification of the integral equation
and Green’s function of Eq. (10.2.5). Use the results of Eq. (5.3.10) to obtain
the appropriate modification of Eq. (10.2.6). What are the new expressions
for the auxiliary functions H,, and §,, of Egs. (10.2.22) and (10.2.23)? In
terms of them, write out the modified formulas (10.2.24), (10.2.25), and (10.2.27).
What are the differences from the membrane in spacing of the first few reso-
nances and antiresonances?

Il Forcfc, = &, v = palo = 1, plot the transmission factor of Fig. 10.12 against
0 for ka — 3 and ka = 6. Plot the angle distribution of Fig. 10.13 for ka = 6.
Discuss the effects of the various resonances and antiresonances.

12 A Helmholtz resonator, consisting of a hollow sphere of radius a, centered at
the origin, with a circular hole of angular aperture 6, is shown in the figure.

C < Oy
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PROBLEMS 693

A plane wave of frequency w(2= is incident on the sphere, its direction being in
the xz plane, in the negative direction along a line at angle 0, to the z axis. If
the radial component of the air velocity in the hole is u,(#,¢), show that the
pressure inside the sphere is, for r < a,

< < (n — m)! Jnlkr)
=2 2 3 . m &
P m§=0 €,, COS (My) n__}_m( n + 1) e S,,"(0,)P,"(cos ) j__,'i{ka)

where the spherical harmonics Y, (#.9) = cos (mg)P,™(cos #) are defined in
Egs. (7.2.7). Show that the incident plane wave is

— m)!

pi=A E €, COS (mp) z (—"2n + 1) u P, (cos 0,)P,™ (cos #)j,(kr)
m n (H + i".?i')!

and thus that the total pressure field outside the sphere is

ny (1 — m)!
¥ 2 _jyn ="M p o (cos ©
pr =2 ém cos (m:p)zﬂ:( n + D(—i) s (cos i)

n

’A m 6.3y 1 Ea j;(kﬂ\} j| me m hn(kr)]
xl P,™ (cos 0,)| ju(kr) 27D h(kr) | + "8, f__l:](kﬂ:lj

i _pikr ; i p—m)] e o Jalkd) »w 6.
— py ’_kr mzrﬂ wik2n 1}(_——n = ‘h‘)!l (—1) 17 (ka) P," (cos 0,)
P _‘nSﬂm(aﬁ} i ﬁ
(—i) h:](ka)] cos (mg) P,™ (cos &)

The effect of viscosity is approximately to produce a pressure difference
p_ — p. = pekd,u, across the surface of the opening.

If now we assume that u, = (U/V2)sin (16,) (cos # — cos )% (why
make this assumption?), the coefficients S,™ become

[

s 2 o
5. o cos (me) dq:j 1 (p,8)P,™(cos #) sin & d?

& 411' 0 o
ipclU

= sin (16,) sin [(n + 3)6,)] 6
v in (30p) n [( 3)0p)] o

The constant U could be determined by a variational procedure, but if we
take the cruder approximation, requiring that the equationp_ — p, = pckd i,
at # = 0, show that the equation determining U is

pc s . 1
e U 19 ] P N — 22
o Usin (37) E,, sin [(n + l)&ull:j;(ka)h;(ka) + k*a kd,,]

(—i)"Py(cos 6,)
hy(ka)

. iA
= AY(6) = 53 >@n+1)

where
2n + 1 e"idnlka)
T8, =

@) = 2 Tz Bka
Quantities B, and &, are defined in Egs. (7.2.15) and given in Table VIII.
$eries AY(8,) is the pressure which would be present at the point r = a, # =0,
if there were no hole in the sphere. It can be considered to be an approximate
expression for the driving pressure, forcing the flow U through the hole.

(—i)"P,(cos 8;) 5> 1 — & ikacos ;
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694 COUPLING OF ACOUSTICAL SYSTEMS

Therefore the coefficient of — U, on the first line, is a rough approximation to
the impedance pc{, per unit area, of the hole. Using the comparison series

1
! s
g sin [(n + 3)0,] i 300

+ 1) sin (n + 3)6
5 (zn(n :::}:I?I;n+= S’ O = (7 — ) cos (16;)

to approximately cancel out the terms in 1/j,(ka)h, (ka), show that the imped-
ance of the opening is 3(pc/ka) sin®(36,)(R — iX), where

X = 3k*a*(m — 6p) cot (30,) — Re K

and
R = M} ad,csc® (30)) — Im K
where
1 & sin(n + 1), | cot §, 5 2n + 1 ik
&= ,,‘gﬂ sin (36,) BE T (ka) (n + D(n + &, B2

is a small quantity when 2nka << 1. Show that, at low frequencies, K ~
1 — {5 k%a® — % k3a®, so that the impedance becomes

4ma®sin® (36,) [R; — iwL; + i(1/wCy)]
where

pe 4ra®
RS = 411_&2 E%kﬁ{p CSCE (}jﬁu} 4 kﬂaz] Cﬂ = 3—Pc—.2 (1 + Tlgkslﬂﬂ)

By 4%& (= — 6,) cot (40,)

Point out the physical significance of each term in these analogous im-
pedances. At what value of w is the resonance? Is this the only resonance
of the resonator (i.e., is this the only value of w for which Re K = 0)? Since
the formulas for the velocity in the opening result in

_ Aka'¥'(6,) sin (n + $)8,  dg

AR
2 32n + 1) sin(36,) X — iR

write out the expression for the pressure amplitude at the center of the sphere.
At what frequency is this maximum? What is its value then? Show that the
scattering and absorption cross sections of the resonator at longer wavelengths
are _
2 in (2
a sin (30
R+ X sin (36,)

(3 1 yve —
+ (ka) {1 + 3X2% + 57 Lin a0, iR

Z, ~{na*(ka)*(1 — 2k%?) +

2 kdu H'{Hf)[z k*a®

Ea — 4:".r
TR - X9

csc®(30y)  ka <1

Again explain the origin of each term. What are the peak values of £, and
Z, at resonance, when X = 0? Compare them with the geometrical cross
section wa®.
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