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PROBLEMS 695 

13 The thin plate of Eq. (I 0.1.21) is periodically loaded with line impedances, like 
the membrane of Sec. 10.3, so that its equation of motion, when driven by a 
force F" exp (h~x - iwt), is 

u411 y4F iy4Z 
- - Y41/ = " ei""' + - -,-- 1/ .L c5(x - n/) 
ox4 2w2h p'/) 2wh P p 11 

Show that the steady-state displacement of the plate is 

y4F /2w2Ji P . . [ iZ(y/)4 C oo e< 2:r i/U"' ] 
1/ = " P e'""'- '"'' 1 + . - .L 

;-.4 - y4 2w h P 11 Q m=-oo (Y./ + 2 rrrn)4 - (y /)4 
where 

C(xl) = [cos(:-./) - cos (y/)][cos (xi) - cosb (y/)] 

Q(;d) = [cos(x/) - cos (y/) + (
8
:~Jsin (y/)] 

x [cos(:-./) - cosh (y/) - ( 8:~'/))sinh (y/)] - (
8
;:PJ2 

sin (y/) sinh (y/) 

Show that the free vibration of the plate occurs when Q(xl) = 0. Sketch the 
plot, corresponding to Figs. 10.15 and 10.16, for 1111 = x 11 // TT versus TTX/8whp,, 
and v = yl/-rr, for Z = R - iX p.urely reactive (R = 0). Is the plot periodic 
in v? 

14 Show that the Green's function for the periodically loaded plate of Prob. 13 is 

B = v4Z C(xl) 
2wlh p11 Q(xl) 

xi 
II = -

'1T 

y / 
V = ­

-rr 

functions C and Q being defined in Prob. 13. 

knl 
Un = ll + 2n = -

TT 

IS Carry through the calculations of Eqs. (10.3.13) to (10.3. 18) for the plate of 
Probs. 13 and 14, to obtain the wave velocities for the periodically loaded 
plate in contact with the medium. 

16 Show that the displacement of the periodically supported membrane of 
Sec. 10.3, when in contact with the medium and when also acted on by a driving 
force F(><) exp (ixx - iwt), is 

<X2/F(x) Woeixx ~ iBw,.e ik•"' + D.owo - ii'/ . t 
[ 

1 2i plv
2
/ TT <J ] 

1/ = - - - -,--~- -, + £., - --- -- -:--~-:-::---:--;:..,......,,.....,..,:::.,--~ e-•w 
" -rr2ac2 6.0w0 - iµI ,, 6.0(6. 11 w11 - ip/) I - (4i{p/v3/,r2a)r(u) 

where the quantities w,,, 6.,., B, etc., are as defi.ned in Eqs. ( I 0.3.10), and I'(u) is 
as defined in Eq. (10.3.15). What is the pressure wave associated with this 
motion? 
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17 Plot the mean-square pressure amplitudes I T012 and I T,,.1 2 of the transmitted 
and diffracted waves of Eq. (I 0.3.22), for those waves which go to z -.. _ co, 
for { = IO, 2rr/kl = ½,g = / 0 , and a.=½, as function of the angle of incidence 
0. 

18 Carry out the calculations resulting in Eqs. (10.3.15) and (10.3.16) for the 
periodically loaded plate of Probs. 13 and 14. 

19 Obtain the equivalent of Eq. ( I 0.3.22) for the diffraction of sound through the 
periodically supported plate of Probs. 13 and 14. 

20 A cylindrical enclosure is bounded by rigid walls at r = a, z = b, and z = -d. 
It is divided into two parts by a thin plate of the sort described in Sec. 5.3, 
along the plane z = 0. Jf the coupled standing waves in the two volumes have 
common angular factors cos (mt/>) about the cylinder axis, show that the dis­
placement of the plate, Y,,,(r) cos (mq>), is related to the pressure difference 
(p_ - P+)z=O = P,,.(r) cos (mq>) by the equation 

Y,,.(r) = 
2 

~; f a G,,.(r I r0)Pm(r0)r0 dr0 
W lpp O 

Write out the series for G,,.. Show that a closed form for the integral is possible 
if P "' were to equal J ,,.(qr). 

J
0 

G,,,(r I r0)J,.,(qr) r0 dr0 = (q4 _ y4~6. ,,.( ya) { 6.,,.Jm(qr) 

+ [~ 1:,,(qa)f.,,(ya) - J ,,.(qa)1;,.(ya)] J ,,,(yr) 

where 

+ [ J ,,.(qa)J .:i(ya) - ! J ;,,(qa)J m(ya)] J,,.(yr)} 

6.,,,(ya) = J ,,.(ya)I;,1()1a) - 1;n(ya)l ,,,(ya) 

(resonance of the plate occurs when 6.,,. = 0). Show that P ,,. is given in terms 
of Y111 by 

w 
k = ­

c 

and gd has d instead of b. The quantities A and a. are as defined in Eqs. 
(9.2.22) and (9.2.23). Suppose that b does not differ much from d, so that the 
resonance frequencies for i = 11,j = I are nearly the same for the two cavities. 
Use the procedures of Sec. I 0.4 to show that an approximate expression for the 
resonance frequencies kc/2rr closest to c[(am,,/2a)2 + (//2b)2]! is 

----~1-~ m ·m - I Y4a4 p€ [ 4y3a3J' (ya)!' (ya) ] 
2h pp( rr•,x "'" 4 - y•) ( 1r"ocm114 - )'•)(! - 11!2/ TT2<X2 ,,.,.)CJ.,,.(ya) 

[ 
1/b 1/d ] - I 

x k 2 - (rr0(
11111

/a)2 

- (rr//b)2 + k 2 - (1T<t.,,.,,/a)2 

- (,.,//d)2 -

when y4a0 p/2h p.,, is small. Work out expressions for the coupling coefficient, 
and discuss the effect of plate resonance on the resonances of the coupled rooms. 
What is the formula for the forced acoustic motion of the two enclosures? 

1 
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21 Consider a "double wall" consisting of two parallel stretched membranes 
separated a distance d. A plane wave is incident at an angle of incidence 0 
on the wall. Determine the transmitted wave and the sound field between the 
membranes. Show that the transmitted wave amplitude P 1 can be written in 
terms of the incident pressure amplitude Pi as 

I 

where 

f = i ;;[1 - (~)\in2 o] cos 0 

where u = membrane mass per unit area 
v = VTfa = velocity of free transverse waves on membrane 
p = density of air 
c = speed of sound in air 

The indices 1 and 2 refer to the two membranes which may have different 
values of € and v. 
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ACOUSTICS IN MOVING MEDIA 

I I.I PLANE WAVES IN UNIFORM FLOW 

Most of the material discussed so far has been devoted to th~ acoustics 
of a homogeneous fluid at rest, and this indeed covers a substantial portion 
of the problems of interest in acoustics. The restriction that the fluid be at 
rest may seem insignificant at first since the question of (uniform) motion 
or rest is merely a matter of a coo!"dinate transformation. However, when 
we consider a lso the sound sources, receivers, and boundaries involved in a 
specific problem, it is clear that a relative motion between the fluid and the 
various material bodies involved cannot be eliminated by a coordinate 
transformation; a transformation that brings the medium to rest sets the 
sources and the boundaries in motion. 

For example, let the fixed boundary be an ordinary straight-tube section 
open at both ends. If the tube length is land if there is no flow, the time of 
travel for a plane-wave pulse back and forth in the tube is T1 = 2L/c, and 
therefore the fundamental plane-wave resonance frequency of the tube is 

/ 1 = c/2L. In the presence of flow, however, the round-trip time for a pulse 
is T~ = [L/(c + V)] + [L/(c - V)] = T1/(I - M 2), where M = V/c, and the 
corresponding resonance frequency is /~ = (1 - M 2)/1. In other words, 
the presence of flow lowers the resonance frequency of the tu be. This simple 
example demonstrates the need for a reexamination of the problems of 
generation, propagation, and detection of sound when motion relative to the 
medium is involved. lo some sense the motfon of the medium makes it 
nonisotropic, since the speed of sound in the laboratory system depends 
on the direction of propagation with respect to the direction of motion of the 
medium. If, in addition, the medium is inhomogeneous, so that the speed 
of sound and other medium characteristtcs vary from one point to another 
as in the atmosphere and in the sea, various refraction and scattering effects 
must be considered. Some of these problems have already been discussed 
jn previous chapters for a medium at rest. Therefore the main emphasis 
in this chapter wiJI be on the influence of fluid motion on sound propagation. 

698 
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Doppler shift 

The changing pitch of the sound from, say, a fire-engine siren as it moves 
by at high speed is familiar to all; this effect, the Doppler effect, is one of the 
most obvious influences of relative motion between source and medium. 
Similarly, if a wave train of sound in the medium is received by an observer 
in motion with respect to the medium, a Doppler change of frequency also 
will result. If, for example, the observer moves with speed of the wave train, 
he will find a stationary pattern with zero frequency. The Doppler effect is a 
purely kinematic phenomenon, and can be studied without resort to the 
dynamical equations of motion of the wave. 

Let us consider, first, the case when an observer A is at rest in the labo­
ratory system S, recording the pressure fluctuations in the sound wave. The 
medium moves in the x direction with a velocity V and carries a plane sound 
wave that travels in the medium, also in the x direction, with the speed c of 
sound. In other words, an observer in a frame of reference S' moving with 
the medium observes a sound wave traveling in the x direction with a speed c; 
the frequency to him is, of course,/' = c/J., where ,l is the wavelength. 
With respect to an observer at rest, however, the speed of the wave is c + V, 
and since 2 is the same to both observers, the observed frequency is f = 
(c + V)JJ,. = f'(I + M), where M = V/c is the Mach number of the flow. 
([n what follows we always use primes to denote quantities measured by an 
observer moving with the medium; unprimed quantities are measured by an 
observer at rest in the "laboratory coordinates.") 

Next let us turn to the source that generated the plane wave of wave­
length .?.. If the source moves with the medium, the source frequency to 
produce the wave is/' = cf A. If the source is at rest in S, however, in the 
time of one period Ts of the source the wave will travel in the x direction 
a distance (c + V)Ts, which must equal the wavelength A. T he relation 
between the wavelength and the frequency of the source is then fs = I/Ts = 
(c + V)/,l = f'(l + M), where, as before,/' = cf). is the frequency observed 
in a coordinate system S' moving with the medium. We recall that the 
frequency recorded by a stationary observer is also /'(I + M), the same as 
the frequency of the stationary source. 

If the medium and the source are both at rest in S, but the receiver is 
moving in the negative x direction with a velocity V, we have a situation that 
kinematically is equivalent to the previously considered case of a stationary 
receiver and a medium moving (with the source) in the positive x direction 
with a velocity V. 

It is not difficult to extend this to three dimensions. What needs to be 
kept in mind i.s that a steady-state wave, such as a plane wave, is not like a 
projectile ; it is a moving pattern of wavefronts. The distance between these 
fronts, for example the wavelength ).., and the direction normal to the fronts 
will be the same for all observers, whether they are moving with respect 
to the medium or not. Other quantities will change, such as measured 
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frequency, particle velocity ( of course), and sometimes pressure, but the 
geometry of the pattern is invariant. 

Thus the wavenumber vector k, of magnitude 2TT/A and direction normal 
to the wavefronts of a plane wave, is the same in the laboratory system s 
as it is in the comoving system S', moving with the medium with a velocity v 
with respect to S. In the comoving system the pressure wave is proportional 
to 

exp (ik • r' - iw't) 

where r' and w' are measured with respect to S', and k = w' Jc. The trans­
formation to the laboratory system is given by 

r = r' + Vt t = t' 

so that, to an observer at rest in the laboratory system, the pressure will be 
proportional to 

exp [ik • r - i(w' + k • V)t] = exp (ik • r - iwt) 

producing the three-dimensional Doppler formula, relating the frequency 
w' /2TT in the comoving system to the frequency w/2TT in the laboratory 
system, 

w = w' + k • V = w'(l + M cos 0) ( I I. I.I) 

where 0 is the angle between the direction of motion of the medium and the 
normal to the plane wavefronts. In the laboratory system k is not equal to 
w/c. 

T he equations of motion 

With the kinematical preliminaries out of the way, we next should 
examine the equations of wave motion. In the coordinate system S' moving 
with the fluid , a sound field is described by the usual equations for mass and 
momentum balance [see Eq. (6.2.7)), which we write in the form 

( I 1. 1.2) 

where the subscript i refers to x, y, and z, respectively. If the velocity of the 
fluid has the components V;, the transformation of coordinates from the 
comoving system S' to the laboratory system S is given by 

I = t' V = const 

Thus, for any function/ of space and time, we have 
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In other words, the space derivatives are invariant under the t ransformation ; 

o/ox; = of ox,. However, for the time derivative, we get 

a~ = of of, + 2 of ax; = of+ 2 v. of 
of of of i ox; of a, , ax, 

or 
a a a a 

- = - + I v, - = - + V • V 
of' of ; ox, of 

[compare this with Eq. (6. 1.14)]. Using these transformations in (11.1 .2), 

we obtain the equations with respect to the laboratory system S. 

( a ) au, - + V • V p + p0 I - = 0 of , oxi 
(11. 1.3) 

From these two equations plus the relationship dp = c2 dp, the wave equation 

follows. 

I ( o )2 

- - + V • V p = V2p 
c2 a, 

or 

(I 1.1.4) 

For harmonic time dependence Eq. (II. I .4) reduces to 

V2p + (: r ( I + i ~ V • V r p = 0 

For a plane wave traveling in a direction specified by the vector wavenumber 

k, where k = w' /c and w' is the angular frequency as measured in the co­

moving coordinate system S ', we have V2 = - k 2 and V • V = iV • k, again 

arriving at the relation between wand w' given in Eq. (I I. I. I). 

So far we have considered only the Doppler shift in the case of a plane 

wave, in which case only the two values of the received frequency f 1 = 
fo/(1 + M) and f 2 = f 0/( 1. - M) are found. When we consider a spherical 

wave, emitted by a source that moves by a distant observer, the D oppler­

shifted frequency varies continuously between the two values f 1 and f 2. 

This case will be discussed in some deta il in Sec. 11.2. 

Fl uid motion and transd ucer response 

An important question concerns the measurement of a sound field in a 

moving fluid . If the transducers used for pressure measurements move with 

the fluid, the true static P and acoustic pressure p are measured. If the same , 

transducers a re kept at rest. however, so tha t there is relative motio~,between 

them and the fluid , the quanti ties measured by the transducer at'~-)'lOt neces­

sa rily P and p ; the output from the transducers generally will depen9 on the 

. . ·lJNIV ERS l-OAO. lllllcC1UN'"-. 
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B 
FIGURE I I.I 
Streamlined transducer or transducer housing 
in which the pressure-sensing area is located 
at 8 for minimum influence of fluid motion 
and turbulence. 

relative motion. Although a detailed analysis of what actually is measured 
by any one transducer in such a case is quite complex, it nevertheless is 
possible to say something about this problem, by using some well-known 
facts about the pressure distribution over a body in a moving fluid . 

Suppose the pressure measured by a transducer moving with the medium 
is P; we wish to measure the pressure when the medium is moving past it with 
velocity V. If the transducer has a blunt front as illustrated in Fig. 11.1, 
there will be one point A at the front of the body where the flow velocity is 
zero: At this point, the stagnation point in the flow, Bernoulli's law [Eq. 
(6.2.12)) for irrotational fluid motion predicts that the pressure would be 

y - l pV2 

PA = P + ---- ( I I. 1.5) 
y 2 

where y is the ratio between the specific heats at constant pressure and 
volume [see Eq. (6.1.3)]. 

If, on the other hand, we consider not the stagnation point, but a point 
Bon the side of the body, the flow velocity at this point is approximately equal 
to the free-stream velocity V (if the body is sufficiently slender), and the pres­
sure is then approximately equal to the free-stream pressure P. 

(11. 1.6) 

In the presence of a plane incident wave with sound pressure p and 
corresponding fluid velocity u, in the bulk of the fluid away from the body 
we have P = P0 + p and V = VO + u, where P0 and V0 are the unperturbed 
values of the pressure and velocity. If the wavelength of the sound is much 
larger than the dimensions of the body, the sound pressure about the body 
is approximately uniform and equal to the incident sound pressure. The 
stagnation pressure PA in (11.1.5) can then be expressed approximately as 

1 • 
PA'.:::'.Po+P +Y ~ (Po + b) IVo + ul2 (11. 1.7) 

If the transducer has its pressure-sensing portion in the stagnation point, 
we see that, if V0 ► u, the time-dependent portion of the pressure is 

P,t '.:::'. p( 1 + y ; l Mo cos <p) 

where M0 = V0/c. We have introduced V • u = Vu cos <p and p = pcu, 
valid for a plane wave of sound; <p is the angle between u and V. Thus the 
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relative motion between the transducer and the medium leads to an increase 
of the recorded pressure at A by an amount p[(y - 1)/y]M0 cos <p, which 
depends on the angle between V and the direction of the sound wave. 

If, on the other hand, the pressure-sensing part of the microphone is at 
point B (assuming that the microphone has a slender shape), the time­
dependent part of PB is approximately equal to the sound pressure p, the 
same as the pressure measured by a transducer moving with the fluid. 

If the medium is turbulent, the relative motion between the microphone 
and the medium will give rise to an additional time-dependent pressure 
on the microphone, a pressure which often "masks" the signal produced by 
the incident sound wave to be detected. The magnitude of these turbulent­
pressure fluctuations depends on the location of the pressure-sensing area 
of the microphone. It is larger at the stagnation point A than at the point B 
in Fig. 11.1. In the following estimate of the influence of the turbulence 
we shall assume that the fluctuating turbulent velocity v(x,y,z,t) is much 
smaller than the mean velocity V of the flow. The turbulent pressure field 
as recorded by a transducer moving with the average speed of the fluid is of 
the order of pv2(x',y',z',t)/2. The turbulent pressure Pn.t recorded at the 
position B of the stationary transducer will be of this same order of mag­
nitude, PB.t ~ ½pv2(x - Vt, y, z, t). 

At A, on the other hand, the turbulent pressure is PA. 1 ~ p VO • v(x - Vt, 
y , z, t), assuming that V ► v. This pressure is larger than Pn.t by a factor 
of the order of 2 V0/v. 

If, instead of a pressure-sensitive transducer, we have one that responds 
to a velocity component, say, the x component, a microphone moving with a 
relative velocity Vin the x direction in the turbulent fluid will record a velocity 
field vix - Vt, y, z, t). 

The pressure fluctuations recorded by the moving transducer as a result 
of the turbulence in the fluid represent undesirable noise which interferes 
with the measurement of the sound pressure field. If the sound pressure 
field is p, the corresponding velocity field is u = pf pc, assuming plane-wave 
conditions. If we use a microphone with the pressure-sensing element at the 
point B, the signal-to-noise ratio between p and the turbulent noise pressure 
PB.t is of the order of p/(pv2/2) ~ 2 cu/v2. The corresponding signal-to-noise 
ratio when referred to the stagnation point A is cu/v V. If, instead of a 
pressure transducer, we use a velocity-sensing transducer, the signal-to-noise 
ratio is u/v. Since in most cases of interest we have c > V > v, it follows 
that, when operating in turbulent flow, the pressure-type microphone meas­
uring the pressure at point Bis least influenced by turbulence, and the velocity 
transducer is the noisiest. 

Most of the standard transducers, such as crystal, condenser, or moving­
coil transducers, can be regarded as pressure transducers; when the pres­
sure sensitive membrane points in the direction of the relative motion, the 
influence of turbulence is the largest. lfthe transducer is turned 90°, so that 
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the membrane is parallel with the relative motion, the noise is reduced. The 
response to the sound pressure, on the other band, is approximately inde­
pendent of the orientation. 

To get an idea of the order of magnitude of the turbulent-pressure 
fluctuations, consider a microphone in a turbulent airstream with an average 
velocity 30 m per sec. The rms value of the turbulent-velocity fluctuation 
is assumed to be 10 percent of the mean flow speed. At the stagnation point 
the order of magnitude of the turbulent-pressure fluctuation p Vv = 0.1 p v2 

then will be about 900 dynes per sq cm, which corresponds to a sound­
pressure level of 126 db. In other words, only very intense sound waves 
could be detected under these conditions. At point B the turbulence level 
would be 13 db below this, still quite loud. 

ln the discussion so far we have disregarded the pressure fluctuations 
induced by the transducer because of the turbulent flow it produces. As it 
moves through the fluid, a turbulent wake is produced behind the transducer, 
and the corresponding pressure fluctuations produced by the flow will be of 
the order of p V2/2, where, as before, Vis the mean relative speed between the 
microphone and the fluid. Actually, in the range of velocities corresponding 
to Reynolds numbers between 102 and 105, these fluctuations are practically 
periodic. This oscillation, which produces the familiar Karman vortex 
street behind the body, has a frequency of the order of 0.2 V/d, where dis the 
transverse dimension of the wake. I n the case of a cylinder at right angles to 
the flow, the corresponding oscillatory force per unit length of the cylinder, 
tending to shake the cylinder sidewise, is found to be of the order of 0.5d 
(p V2/2) per unit length of the cylinder, where d in this case is, roughly, the 
diameter of the cylinder. The corresponding pressure fluctuation recorded 
by the transducer is then a maximum when the membrane normal points in 
the direction transverse to the motion (i.e., is in position B). This is in 
contrast to the case when the pressure fluctuations are due to the turbulence 
in the incident flow, in which case, as we recall, the maximum noise is ob­
tained when the membrane normal points in the direction of the flow (i.e., 
at point A). However, the self-induced turbulent-pressure fluctuations by the 
transducer can be reduced considerably by enclosing the transducer in a 
screen which alters the character of the wake behind the transducer. 

Having made these general comments about the relation between the 
pressure actually recorded by various transducers, variously oriented and 
moving at various speeds through the medium, and the pressure P which 
would be measured at the same point by a transducer moving with the 
medium, in the rest of this chapter we shall assume that the necessary 
corrections have been made and will discuss P, the " true" pressure at a given 
point and time. Of course, we still have the basic difference between the 
Lagrange and Euler representations portrayed in Fig. 6.2, if the point in 
question is moving with respect to the medium. The pressure at point rat 

, 

time t, in the laboratory system, in a medium moving with respect to this J 
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system, is the pressure measured by a comoving transducer which happens 
to be at point r at time t. 1f there is no turbulence, this is equal to the 
pressure measured at point Bin a transducer at rest in the laboratory system. 
When there is turbulence, corrections of the sort just discussed must be made 
before the measurements will correspond to the pressure given by the for­
mulas in this chapter. 

Flow paral lel to plane boundary 

An important aspect of the effects of moving media is the interaction 
with the boundary. As a simple example we consider the boundary to be 
the yz plane, the fluid moving parallel to it with velocity V, as shown in 
Fig. 11.2. Further, we assume a sinusoidal transverse wave to be traveling 
along the boundary in they direction, with velocity c1. In other words, the 
boundary can be a membrane or plate, with transverse wave motion in it 
having wave velocity c1 with respect to its material, or it could be that the 
boundary is a rigid corrugated surface, in which case ct would be zero. Tn 
any case, the relative velocity ct - Vwill produce wave motion in the medium. 

We have already seen that velocities and frequencies are altered by 
relative motion, but that lengths and directions of normals to wavefronts are 
unaltered. This suggests that we deal with displacements and pressure (or 
density changes) in fitting boundary conditions, rather than joining velocities 
at the boundary, as has been done heretofore. As a first step, we describe the 
wave in the boundary surface in terms of its displacement from the yz plane 
and its wavelength L (or wavenumber kt = 27T/L). Then the speed of this 
wave and its frequency in the laboratory system Swill be c I and w/27T = c 1/L, 
respectively. The transverse displacement of the boundary can thus be 
written, in the laboratory coordinates, as 

~ = ~o exp [ik i(y - c1t)] = ~o exp [i(w/c 1)y - iwt] 

The relative motion between the wave in the boundary and that in 
the medium produces a plane wave in the medium. In the laboratory 

y 

FIGURE 11 .2 
A transverse wave in the boundary at x = 0 
moves wit h velocity c, ; the medium to the right 
of the boundary moves with velocity V with 
respect to the laboratory coordinates x, y. 
Vector k is normal to the plane wavefronts in the 
medium. 
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coordinates x and y, the sound pressure (see the last paragraph under 
the preceding heading) will have the same frequency, w/211, as that of the 
transverse wave in the boundary (in the same coordinates). Thus the form 
of the pressure wave, in terms of x, y, and t , will be 

p = P exp (ik.,x + ik11y - iwt) 
= P exp [ik(x sin cf> + y cos r/>) - iwt] (I I. 1.8) 

where w = 211c,/L, and k 11 must equal k, = w/c, in order that the sound 
wave fit the boundary displacement wave along the xz plane. 

For comparison, let us write down the results if the medium were at rest, 
if V were zero. In this case, k would equal w/c, where c is the speed of 
sound in the medium. Equating k cos r/> to k I yields 

. C 
cos cp = -

c, 
and therefore k ,: = ksin cp = ;Ji (:J 

which determines the angle cp of the radiated wave. As we noted in Sec. 
10. 1, if the speed c of sound in the medium is greater than the speed c1 of the 
boundary waves, no true wave is propagated into the medium; kx is imaginary. 

The pressure amplitude P is related to the boundary displacement by 
using the equation p(o2e/ 01 2) = - (op/ox), obtained from Eqs. (6.2.3). 
The result is (to first approximation- see p1ge 238) 

the impedance load of the medium per unit area of vibrating boundary 
surface thus being pc/V L - (c/c,)2

• 

If, however, the medium is moving in the y direction with velocity V, 
these results must be modified. T he form of the pressure wave in terms of 
the laboratory coordinates x and y is the same, that given in Eq. ( 11.1.8), 
but the values of P, cp, and k are changed by the motion. Instead of the 
simple w11ve equation o2p/ot2 - c2'il2p, the pressure must satisfy Eq. (11. I .4), 
which in this case is 

Substitution of Eq. ( I 1.1.8) in this yields (co - Vk cos cp)2 = (ck)2, which, 
together with k Y = k cos cp = w/c 1 = 2r./ L, serves to determine both k and cp. 

<o ( V) co 
k = C I - ~ = C + V cos cp 

(() ~- ----
k x = - V(c1 - V)2 

- c2 

cc, 

C 
cos cp = V c, -

211c1 
(1) =--

L 

w 
k = ­

* C t 
( I I. I. 9) 
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Thus k is reduced by the factor I - (V/c1), involving the difference c1 - V, 
and cos cf, is increased by the reciprocal of the same factor (since kv cannot 
be changed by the motion of the medium). Thus, also, no energy is radiated 
away from the surface if c is greater than the velocity difference le 1 - VI. 
For example, if the " wave" in the boundary is motionless (the boundary 
being corrugated and c1 = 0), only if V > c (i.e., only if the flow past the 
boundary is supersonic) will this flow produce a " wave." 

Having determined the angle of propagation cf, and the wavelength 
A = 211/k of the wave, we next must determine its amplitude. As mentioned 
above, we must modify Eqs. (6.2.3) to take the fluid motion into account. 
The time-derivative terms in these equations are really total derivatives, the 
time rate of change of velocity or displacement measured in comoving 
coordinates. As long as the medium is at rest, the correction term u • V 
is negligible because the u is the velocity caused by the sound wave, which is 
quite small. Jfthe fluid moves with velocity V, on the other hand, we cannot 
neglect the term V • V of Eq. (6.1. 14). Thus the equation relating P toe at 
the boundary, in laboratory coordinates, for the present case, is 

P(i + v !_)2e., = - ap a, ay ax 

Inserting the expressions fore and for p, we obtain 

k 
pk/(cl - V)2eo = ikPsin <p = i .....! (c, - V)Psin <p 

C 

or 

- iwpceo ---------
( ! + M cos cf,) sin cf, 

V 
M = ­

c 

211c1 
W = --

L 

( 11. I. 10) 

(II.I.II) 

which goes to zero when the medium moves as fast as the wave on the 
boundary (V = c1), and to infinity when lei - VI = c. 

The ratio P/- iwe0 is the impedance load z of the medium on the 
boundary. [We use the Eulerian ae/ot, rather than the Lagrangian de/dr, 
for the denominator because the velocity in question is the rate of change of 
the point (O,y ) on the boundary, disregarding the sideward motion of the fluid; 
slippage of the fluid past the boundary is supposed to produce no force.] 
Thus 

(11.1. 12) 

where Mis the Mach number V/c. T his impedance is purely resistive when 
le, - VI is greater than the acoustic velocity c; it is negative-imaginary 
(massl ike) when the differential speed le, - VI is subsonic. The acoustic 
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power radiated per unit area of boundary is 

Y = Re (p* ag) = z l(!)gol2 

Of X=O 

4 2 
c,(c, - V)2 

= 7T pc ----,.====== 
L2·•/ (c , - V)2 - c2 

when lc1-Vl > c (11.1.13) 

where L is the wavelength of the sinusoidal wave in the boundary, c, its 
velocity of propagation, and V the velocity of the fluid. We now see that 
when the "wave" in the boundary is a stationary corrugation (c, = 0), 
no power is radiated, although a pressure "wave" is present in the medium, 
if I VI > c. In this case the "wave" is a pattern of alternately greater and 
lesser pressure which is stationary with respect to the laboratory system S, 
and the boundary is stationary, so that no power can be radiated. Also, 
when le 1 - VI < c, no power is radiated; in this case z is reactive. 

Refraction at an interface 

Next let us consider the transmission of a plane acoustic wave through 
an interface between two media in relative motion, as shown in Fig. 11.3. 
We start by investigating the kinematical conditions to be satisfied, from which 
we shall find a law of refraction analogous to Snell's law. 

Consider two semi-infinite fluid regions separated by the yz plane and 
moving in the y direction wjth velocities V1 and V2, respectively. For 
simplicity let the propagation vector of the sound wave lie in the xy plane. 
The plane wave originates in region I and travels in a direction which makes 
an angle cf,1 with they axis, as shown in Fig. I I .3. The sound is partially 

0 
..,.,.,.,.,.,.,...,. .,,r 

..,.,.,. ® 

FIGURE 11.3 
The trace velocity of the wave along 
the boundary between I and 2 (i.e., 
the velocity of T) must be the same in 
both media I and 2. (c1/cos ef,1) + V1 = 
(c2/cos ef,2) + V2 • 
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transmitted into region 2 in a direction of propagation that makes an angle 

rf,2 with they axis. T o obtain the angle cf,2 in terms of the angle rf, 1, we make 

use of the fact tha t the spatial variation of the fields along the interface must 

be the same in both regions. It follows that the motion of the intersection 

between a phase surface and the boundary must be the same regardless of 

whether the phase s urface belongs to region I or 2. The velocity of such an 

intersection, indicated by Tin Fig. 11 .3, can be expressed in two ways, either 

as (c1/cos r/>,) + V1 or as (c2/cos cf,2) + V2; these, then, must be equal. 

c, V C2 --- + l = -- + V2 
cos </>, cos r/>2 

.J.. C2 COS r/>1 
cos 't'2 = - - --- -

c, - 6. V cos cf,1 
or ( I 1.1.1 4) 

Here 6. V = V2 - V1 is the re la tive velocity between the two regions, i.e., 

the velocity increase encountered when crossing the boundary in the direction 

of the sound . 
If V2 > Vi, so that 6. V is positive, which includes the case when region I 

is at rest and region 2 in motion, we note that c/>2 < cf,,. The critical angle 

of incidence cf>ic, corresponding to a refracted wave traveling along the 

boundary in region 2 (so that cf,2 = 0), is given by 

c, 
COS c/>1c = - -- c/>2 = 0 

C2 + V 

For angles cf,1 smaller than this c ritical angle, no plane traveling waves will 

penetrate into region 2, and total reflection occurs. (Under these conditions 

the sound pressure in region 2 p ecays exponentia lly with the distance from the 

boundary, as will be discussed later.) For the largest value of cf,1 = 180°, 

the angle cf,2 is given by 
c. 

- cos cf,., lll!IX = -u V cf,, = 180° 
-· c, -;-

FIGURE 11.4 
Wave transmission into a 

moving flu id, and from a 
moving fluid into one at 

rest. tiV = V, - V,. 

OV>O oV<O 

0 l 

V, . 0 ~ - / t I '), Vz 
I / 
I / 

/ 

---- - ---
-- / ~ ✓ 

/ , 
/ . 

.... . • •·✓ 

Total '--- .:.··.:~.,.. 
reflection ShOdow 

Totol 
reflection 

v, t 
0 
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FIGURE 11.5 
Reciprocity does not apply for refraction in moving 
media. 

inaccessible for plane sound waves from region I and represents an acoustic 
shadow region. The behavior of the sound wave at the interface when 
traveling in a direction of increasing flow velocity is illustrated schematically 
in the first part of Fig. 11.4 for the case c2 = c1. 

If, on the other hand, V1 > V2 , so that !),. V is negative, which includes 
the case of transmission from a moving fluid into one at rest, we find from 
(11.1.14) that <p2 > cp1. The smallest possible value of cp2 is obtained for 
<p1 = 0, and we find cos <p2 ,m1n = c2/(c1 + 1/),. VI), and the region <p2 < <p2 .mtn 

represents a shadow. The largest possible angle, cp2 = 180°, is obtained 
for the critical angle of incidence given by - cos cp10 = c1/(c2 + 1/),.VI). 
For angles of incidence larger than cp1 0 , total reflection will occur, as indicated 
schematically in the right-hand part of Fig. 11.4. 

It is important to note that if a wave that has been transmitted from 
region I to 2 is reversed in direction, it will not follow along the path of the 
initial ray; this is illustrated schematically in Fig. 11.5. 

Reflection and transmission at the interface 

We now turn to the dynamics of the problem in order to calculate the 
reflection and transmission coefficients at the interface between the two fluids 
in relative motion. As before, the interface is the yz plane, and the fluids 
move with uniform velocities V1 and V2 parallel with the yz plane. Let us 
first note that only the velocity components that lie in the plane of the incident 
wave (the plane defined by k and the normal to the interface) will affect the 
propagation and refraction of sound. This follows directly from the wave 
equation • 

( 11. I. I 5) 

For a plane wave of the form exp (ik • r - iwt) we have V • V = iV • k = 
i V11 • k , where V11 is the component in the plane of the wave. Since the 
main object now is to investigate the effect of flow, we therefore can, without 
lack of generality, let V 1 and V 2 be placed along they axis in the plane of 
incidence of the wave. Then k = (kz,kv,0), V = (0, V,0), and V • k = Vk 
cos cp = Vkv, where cp is the angle between V and k. With kv = k cos cp and 
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k., = k sin cp, it follows from Eq. (11.1.15) that, for either medium, 

k = w 
c + V cos cp 

k., = k sin cf> kv = k cos cp 

( 11.1.16) 

Using this expression for kv in the two regions l and 2 (Fig. 11.3), 

together with the boundary condition that k 1v = k2v, 

Ci C2 
- - + V1 =-- + V2 
cos c/>1 cos 'Pi 

(II. I. 17) 

as found previously in Eg. ( I 1. 1.14). 

Jf the incident and reflected pressu re fields are p; and p,. the total field 

in region I is 

p = Pi + Pr = Pi[ei<k,.z+k,,11) + R ei<-k,.,z+k,-v>Je- i<ot ( 11.1. 18) 

Region 2 contains only a transmitted field, which is of the form 

( 11. 1.19) 

With reference to the previous discussion of boundary conditions in the 

problem of sound emission from a plane, the boundary conditions to be 

applied here are continuity of pressure and displacement !., at the interface 

x = 0. The particle-displacement fields corresponding to ( 11.1.18) and 

(11.1.19) are obtained by integrating Eq. (11.1. 10) and use ofEqs. (11.1.16) 

and (11.1. l 7). For example, the x displacement of medium l is 

iP sin c/>1 . e
1
., = 1 

2 
- (eHk1,:r+ k1,11l _ R e•<- k,.o:+ k,.vl) 

P1k1C1 

Equating pressure at x = 0 gives us 1 + R = T; equating displacements 

gives us (p 1c1
2k 1 sin cp2)T = (p2c/k2 sin cp1)(1 - R). From these, plus the 

requirement that k 1 cos c/> 1 = k2 cos cp2, an expression for the reflection 

coefficient is derived. 

pzcz2 sin {2c/>1) - P1 C12 sin (2c/>2) 

R = P2C22 sin (2c/>1) + P1C12 sin (2c/>2) 

T he corresponding transmission coefficient is T = l + R. 

( 11.1 .20) 

Generally, in discussions of refraction, one defines the angle of incidence 

and refraction as cf,; = 90 - cp1 and cf>; = 90 - c/>2. The form of R is not 

altered by introducing these angles, but in problems involving flow it is more 

convenient to use the angles c/>1 and cp2. For normal incidence, cp1 = c/>2 = 
90°, this relation reduces to the familiar result (p2c2 - p1c1)/(p2c2 + P1C1) 

because it follows from (1 1.1. 14) that, for normal incidence, we have 

sin (2</,1)/sin {2cp2) = c1/c2. In Fig. 11 .6 we have plotted the reflection 

coefficient for the special case p1 = p2, c1 = c2 , V2 = 0, with V1 = c1/2 and C1· 
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The corresponding relation between the angles </>2 and <p1 is also given. 
There are three angles at which there is no reflection from the interface. 
These angles are determined by sin (2</>

1

) = sin (2</>
2

) . With </>
1 

= ef,
2

, from 
Eq. (11.1.17), we get <p1 = 90°. The two remaining angles, corresponding 
to <p2 = 90 - <p1 and <p2 = 270 - <pi, are determined from 

± cot </>1 = l + M1 cos </>1 

O ne of these angles is less than 90°; the other, lareer than 90°. 

1.0 

180 
M,, 1 0.5 0 

0.8 R 

'P2 0.6 t 
150 t M1=1 0.5 

0.4 

120 Q2 

0 
90 

- 0.2 

60 +:1:2 
-0.4 

t~1 "'

2 v; 
V2 =0 -0.6 Vz=O 30 4\ 

-0.8 'P, 
-4', --'P, 

0 30 60 90 120 150 180 30 60 90 120 150 180 

FIGURE 11.6 
Angle of refraction and reflection coefficient for a plane 
wave going from a moving fluid to one at rest. 

Reflection from a surface 

The reflection coefficient of Eq. (1 1.1.20) may be· derived in another 
way. According to Eq. (ll.l.12), the impedance of medium 2 to being 
driven by medium 1 is 

P2C2 
Z2 = -:--- ---,----

( I + M 2 cos <p2) sin c/>2 

Suppose we simply replace medium 2 by an equivalent impedance and 
calculate the reflection coefficient by requiring that the ratio between p1 and 
o$if ot = -iw$1 be Z2 at every point of the surface X = 0. Inserting the 
expressions for p1 and $1 produces 

I + R = ~(I + M1 cos <p1)(sin </>1)(1 - R) 
P1C1 

(z2/ p1c1)(1 + M1 cos c/>1) sin <p1 - I 
R=~~~ -----~-~--

(z2/P1C1)(1 + M 1 cos <p1) sin <p1 + l 
( 11.1.21) 

where z2 is the impedance of the boundary surface as it appears to medium 1. 
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FIGURE 11.7 
Sound emitted by a jet is refracted away from the jet at the 
jet boundary. 

If, now, we insert tbe expression for the z2 of medium 2, we obtain Eq. 
(l 1.1.20), after applying Eqs. (l l. l. I 6) and (11. 1.1 7). We may, however, 
use Eqs. (11.1.21) for the reflection of a plane wave from any plane surface 
of effective impedance z2, when medium l is moving past the smface with 
relative velocity V (where Vis in the same direction as they component of the 
incident wave). Thus this is the generalization of Eq. (6.3.5) for the reflection 
coefficient ( there called Cr, here calJed R) when relative motion of the medium 
is taken into account (we remember that cos {} = sin </>1). 

The boundaries between fluid regions in relative motion encountered in 
practice are of course not so well defined as in the idealized situations treated 
above. Nevertheless, the results obtained should be useful as a first approxi­
mation in more complex problems, such as are encountered, for example, in 
jets and in atmospheric sound "ducts." Thus, on tbe basis of the previous 
analysis, the sound field emitted from sources within a jet is expected to have 
an acoustic shadow inside a cone in the forward direction with an apex angle 
2 cos- 1(c2/(c1 + V)] , where Vis the velocity of the jet, and c1 the speed of 
sound in the jet. In practice, one indeed finds a region in the forward 
direction of considerably reduced intensity. To obtain the actual field in 
this region, it is essential to account fo r diffraction effects, which of course 
do not enter when infinite plane boundaries are involved. 

Another important problem concerns the propagation of sound in 
"ducts" formed by velocity and temperature gradients in the atmosphere. 
Such ducts can trap sound and serve as waveguides for sound over large 

FIGURE 11.8 
Acoustic waveguide formed 
by flow. 

r 

Leaky mocte 

r 

Crit ical mode Trapping 
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distances. Using the results indicated schematically in Fig. 11.4, the 
qualitative behavior of sound in these two problems of sound emission from a 
jet and wave trapping in an atmospheric duct is shown schematically in 
Figs. 11. 7 and 11.8. 

Ducts 

To indicate at least one aspect of the influence of flow on sound trans­
mission through a duct, we shall consider the simple case of propagation 
between two plane parallel boundaries. Let the boundary at y = 0 be rigid, 
that is, z = oo, whereas the boundary at y = d has a fin ite impedance· 
z = pc/{3., The fluid between the boundaries moves in the x direction with a 
velocity V. The solution to the wave equation, 

is then of the form 
. p = P1 cos (kry)eik~xe- ico/ ( 11.1.22) 

where k ,..2 + k/ = k2( I - kMkxr 

Employing the boundary condition for continuity of the particle displacement 

; Y aty = cl, we have . (i _ Mk'")2 

k.tan kvd =-rP k k 

From these equations we obtain the propagation constants k,, and k
11 

in the 
x and y directions. For sufficiently small values of the admittance, we can 
set tan (kyd)c::= kyd for the fundamental mode, and the corresponding value 
of kx for the fundamental mode can be written in the form 

( 11.1.23) 

where A = I + (i(J/kd). The resulting pressure attenuation of the funda­
mental mode for propagation in the direction of the flow is then 

; J 
0: ~ - -----: 

2d(l + M)2 
f3 < I 

and for propagation in the opposite direction of the flow, 

~ I ()'.,_, ____ _ 
• - 2d( I - M)2 

where ; = Re /J. The same result clearly applies to the case where both 
planes have the impedance z = pc{r1 if they are separated a distance D = 2d. 
When lf31 ~ I , the phase velocity downstream and upstream is c + V and 
c - V, and is independent of f3 to the first order in {3. 
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In this connection it is interesting to consider the case of a rigid duct wall 
in which f3 = 0. Then we obtain, for the two values of k" corresponding 
to waves in the direction of the flow and against the flow, 

In other words, the wavelength of the wave in the direction of the flow is 
stretched to the value l(l + M), and in the opposite direction the wavelength 
is compressed to l(l - M), where l = 2rr/k = 2rrc/w is the wavelength in a 
fluid at rest. Since the wave speeds in the direction with and against the 
flow are c(J + M) and c(I - M), respectively, it is clear that the frequency 
recorded by an observer at rest is the same regardless of the direction of 
travel of the wave. The evaluation of k ,, and k 11 under more general con­
ditions requires numerical analysis. The solution presented here is a highly 
idealized one since it implies a laminar uniform flow in the duct and a point­
reacting flexible boundary without turbulence and boundary layers. 

fn this example it is implied that there is no relative motion between 
the sound source and the observer; both are stationary in the laboratory 
system. This is implicit in the assumed form of the pressure wave given 
in Eq. (I 1.1.22), in which the frequency is given for the laboratory system S, 
independent of the flow velocity. 

A moving plane-wave source 

It was implied in the preceding analysis that the sound source was at 
rest in the duct. We did not concern ourselves further with the source 
conditions, but merely studied the behavior of the wave once it had been 
generated. Although we shall" devote Sec. 11 .2 to the problem of sound 
generation by moving sources, it is instructive at this point to consider a 
simple case involving sound generation in a duct by a plane-wave source 
when motion between the source and the medium is involved. T he relative 
motion is obtained either by moving the fluid in the tube with the sou rce 
stationary or by moving the source. Both situations are encountered in 
practice, particularly when the sound is produced by the heating of the 
neutral gas in a portion of the duct. 

An interesting heating mechanism is encountered in an ordinary electric 
gas-discharge tube. In such a tube the electrons are kept at a considerably 
higher temperature than the neutral atoms by the action of the electric 
field in the tube, and the neutral gas is heated through the encounters with the 
electrons. If the electric field is time-dependent, the heating of the neutral 
gas will be time-dependent also, and as a result sound will be produced. 
Thus, if the gas in the tube is made to flow through the discharge region, we 
obtain a situation in which the source is stationary and the gas is moving. 
In a discharge tube, however, the reverse situation is more common. More 
often than not, there exist, in a gas discharge, traveling-wave disturbances, 
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known as traveling striations, which represent perturbations of electron 
density and electron temperature, moving with a certain speed, generally 
from the anode to the cathode, in the discharge tube. With reference to the 
neutral gas, these traveling waves represent a periodic source distribution 
with a frequency w/2TT = V/J.., where Vis the speed of the traveling wave and 
A its wavelength. The phase of the source varies along the tube in accord­
ance with the time of travel of the source, and is expressed by the factor 
exp (iwx/ V). 

There are many similar situations in which the sound is produced by 
traveling disturbances, but we limit the discussion here to the one-dimensional 
problem in which the source function is a uniform monopole distribution 
traveling with the speed Vin the x direction. 

( I 1.1.24) 

The amplitude Q of the source will be assumed constant in the regions 
-L < x < Land zero outside, and the tube will be chosen long enough so 
that reflected sound can be ignored. The wave equation c- 2 o2p/ ot2 -

o2p/ ox2 = oQ/ ot, in the case of harmonic time dependence, reduces to 
o2p/ox2 + (w/c)2p = iwQ(x,w), where Q equals p times the s of Eq. (7.1.23), 
being the mass, rather than the volume generation. We have seen in Eq. 
(4.4.11) that the Green's function G(x,x0,w) satisfying the equation o2G/ox2 + 
(w/c)2G = -o(x - x0) is G(x,x0 ,w) = (i/2k) exp (ik Ix - x01), where k = 
w/c. With the source function ( 1 l. l.24) , the acoustic pressure field in the 
present case is 

p(x,w) = =..!_ Q (ioJ)eiwxolVeik lo:- o:0 1 dxo . JL 
2k - L . 

In the region -L > x > L, outside the source, where we have only outgoing 
waves, we get 

( X' ) _ . sin {kL[l ± (1 / M)]} e i kx-iwt 

p , ,w - QlL kL[l ± (1/M)] ( I 1.1.25) 

where M = V/c. The minus sign refers to the region x > L and represents 
the forward radiated so und from the traveling source. We note that the 
pressure amplitude contributed per unit length of the source is a maximum 
when V = c, in which case the sound-pressure amplitude in the forward 
direction is Qcl. Under these conditions the sound from all regions of the 
source arrives in phase at the point of observation. Such constructive 
interference cannot occur in the backward direction, for x < - L. 

The sound pressure field inside the source region is made up of waves 
traveling in both positive and negative x directions. We leave the calculation 
of this field as one of the problems. 
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11.2 SOUND EMISSION FROM MOVING SOURCES 

The main object of the precedi.ng section was to demonstrate the prin­
cipal effects of fluid motion on sound transmission, and for this purpose only 
plane waves of sound were considered. The sound field from an actual 
sound source, however, is ordinarily not a plane wave; we must therefore 
inquire about the influence of flow on the sound field from such a source. 
The problem is not simple. For one thing, the flow field about a source of 
finite dimensions is generally turbulent, and the interaction of sound with 
this flow field must be accounted for in a detailed analysis. Furthermore, 
the corresponding static-pressure distribution and the turbulent-pressure 
fluctuations on the source in motion may influence the operation of the 
source considerably. To illustrate this point, we mention a design of a train 
whistle, which was found to operate perfectly well when tested in the labora­
tory, but which ceased to operate at all on the train at speeds exceeding 
50 mph. 

We shall not attempt an explanation of this and similar peculiar effects 
in moving media; we wish to study more general properties. Even then we 
have to idealize our problem by considering the radiation from point sources 
in relative motion with the medium. This avoids the question of the flow 
distortion about the source and the question of turbulence. In applying the 
results obtained to an actual source, however, we clearly have to be cautious, 
in particular at high frequencies, when the wavelength is of the order of the 
source dimensions. 

Practical problems, where the influence of relative motion between the 
source and the medium is of interest, are found in numerous appl ications, 
particularly in aviation acoustics, and in treating some of these problems 
later in this chapter it is useful to be familiar with the idealized situations to 
be discussed in this section. 

We start by considering the sound radiation from an acoustic point 
monopole source that moves along a trajectory in a fluid at rest. Our dis­
cussion is therefore an extension of the analysis in Chap. 7, to include relative 
motion between the source and the surrounding medium. 

Kinematics 

Before turning to a calculation of the sound pressure field, it is instructive 
to establish some purely kinematic properties of the problem, without using 
the dynamical equations of motion. 

We consider a sound source moving along a path specified by the position 
vector r.(t) with the components x .(t), ys(t), and zs(t). The point of ob­
servation O is at the position r with the coordinates x, y, z at rest with 
respect to the medium. The sound pressure observed at r at the time t was 
emitted by the source at a time te = t - (R/c), at which time the source was 
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O(x,y,z;f) 

X 

v(f-lq)=fR (x - vt) 
FIGURE 11.9 

Rcose=x-vt+ MR "ource in uniform subsonic motion. 

at r ,(t, ), the emission point E. The distance R = r - r s(t~) between E and 
the point of observation O is determined by the equation 

( 11.2. 1) 

To solve this equation for R, of course, requires specification of the path 
rs(t). Depending on circumstances, it is possible that more than one value 
of R is found to satisfy this equation. For example, in the case of supersonic 
motion of the source along a straight line with constant speed, we shall find 
that there are two emission points and corresponding emission times which 
will produce simultaneous contributions to the sound field at the time tat the 
point of observation. 

We shall start with the simplest possible situation, illustrated in Fig. 11.9, 
in which the source moves along a straight line, the x axis, with a constant 
speed V smaller than the speed of sound, so that the Mach number M = 
V/c < I. Then, if we let the source pass the origin of the coordinate system 
at the time t = 0, we have xs(t) = Vt and Ys = z, = 0. The equation for 
R in (11.2.l) then reduces to 

R2 = [x - V (, - ~) ]
2 

+ r2 = [(x - Vt) + MR]2 + r2 (11.2.2) 

where r2 = y 2 + z2 . This equation is satisfied by 

R = A1(x - Vt) ± V(x - Vt )2 + (1 - M 2)r2 

I - M 2 
(11.2.3) 

If M < 1, it is clear from (1 1.2.3) that only the positive sign will give a 
positive value for R. If we introduce 

we have 

R1 = V(x - Vt)! + (1 - M 2)r2 

M(x - Vt ) + R1 

R = I - M2 . 

( 11.2.4) 

(11 .2.5) 
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1f we denote by 0 the angle between the direction of motion and the 

direction ofR as indicated in Fig. 11.9, we havex - x, = x - Vt,= R cos 8, 

and with R = c(t - t, ), we get M(x - Vt) = J\ll[x - Vt, - V(t - t,)] = 
MR( cos 0 - M). Therefore it follows from ( 11.2.5) that 

R1 = R(l - M cos £J) ( 11.2.6) 

a result which will be used frequently later. 
If M = V/c > l, that is, when the speed of the soitrce is supersonic, 

the plus and the minus signs in (l l.2.3) are both acceptable, yielding positive 

values of R provided that x - Vt < 0, that is, when the point of observation 

is behind the source. We can then wri te 

M(Vt - x) ± (Vt - x)Vl - (M2 - l)r2/(Vt - x)2 

R =------------ --------
± M2 - 1 

If we introduce r/( Vt - x) = tan £J2 and sin 01 = 1/ M as shown m Fig. 

11.10, we get 

R = M( Vt - x) ± ( Vt - x)-V l - (tan £J2/tan {)1)
2 

± M 2 - I 
( 11.2.7) 

In other words, R+ is real only when ()2 < 0i, that is, inside a cone with the 

vertex at the source and the vertex angle 201. [f we consider a point of 

observation inside the cone as in Fig. I I. I 0, we can construct the points of 

emission E+ and E_ corresponding to R+ and R_ which contribute to the 

sound pressure at the point of observation O at a time t. This point O must 

FIGURE I 1.10 
Kinematics of the wavefield from a point 

source in uniform supersonic motion. 
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lie on the intersection between two spherical phase surfaces which are both 
tangent to the cone and have their centers on the x axis. These centers are 
the emission points £ .,. and £_ that correspond to 0. The construction is 
illustrated in Fig. I 1.10. 

In the special case when the point of observation O is on the x axis, the 
distinction between the wave kinematics for subsonic and supersonic sources 
can be visualized in a simple manner in a space-time diagram as shown in 
Fig. 11.11. In the subsonic case a point O will be reached at a certain time 

Subsonic, V < C 

ct 

Bockword 
wove 

x= Vt Source trajectory 

~, 
' ' ' 

,I 
/ 

,/O(x,tJ 
/ . 

/ ~Wove troJectory 
' forward wove ct- E 

X 

FIGURE II . II 

Supersonic, V > C 

ct 

Space-time diagrams for the wave kinematics of sources in 
uniform subsonic and supersonic motion. 

X 

Source 
t rajectory 
x • Vt 

t only by the forward-going wave from the source corresponding to the emission point £. In the supersonic case, however, there is one forward­
and one backward-going wave, reaching 0 simultaneous·ly, although emitted 
at different times, corresponding to E+ and E_. 

Figure 11.12 also gives a hint as to the intensity distribution of the 
sound. A point 0 1 in front of the sou rce receives the energy emitted during the time b.t in the time interval b.t1 which is smaller than the time interval 
corresponding to a point of observation 0 2 behind the source. In other 
words, we expect a source which has a symm·etric radiation pattern at rest to focus its radiation in the direction of motion. Th is will be analyzed 
quantitatively a little later. 

By examining the phase surfaces that correspond to a succession of emission points from the moving source, as illustrated in Fig. I 1.9, we can 
easily obtain the D oppler shift noted by an observer at rest. Jn the forward 
direction the distance between phase surfaces emitted by the source with a J1 
time difference T is cT - V,T = T(c - V, ). Since the phase surfaces travel with a speed c relative to the observer at rest, he observes a time 
interval between these phase su rfaces T(c - V.)/c = T[I - (V,/c)]. The 
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FIGURE 11.12 
Relation between emission and reception time 
intervals for points of observation in front of 
and behind a moving source. 

ct 

Source trojectory 

x=vt 

X 

corresponding observed frequency is then larger than the source frequency 
by a factor (1 - M)- l, where M = v.Jc. For an observer at a point 
corresponding to an angle 0 between V and r measured from the emission 
point, we find that the observed frequency is larger than the source frequency 
by a factor ( I - M cos 0)- 1. We shall return for a derivation and detailed 
discussion of this Doppler-shift formula. 

The sound pressure field; subsonic motion 

Turning now to the dynamics of the problem, we consider a monopole 
point source of sound moving with uniform velocity V with respect to the 
surrounding fluid. We recall that a monopole point source can be thought 
of in terms of a small pulsating sphere, the strength of which is specified by q, 
which represents the total rate of mass flux out of the source (thus q equals 
p times the volume flux S of Sec. 7. I). The source-distribution density can 
thus be expressed as Q(r,t) =;a q(t)c5(x - Vt)c5(y)c5(z). We can imagine this 
point source monopole being produced, for example, by the heating and 
expansion caused by some modulated radiation focused at a point that is 
moved through the fluid, or else by the interaction between neutral a toms 
and electrons, mentioned earlier. 

fn any event, the wave equation fo r the sound pressure field, produced 
by the moving source distribution, is of the form 

1 a2p a 
v2p - - - = - - q(t) c5(x - Vt) c5(y) c5(z) 

• c2 ot2 ot 

Using a velocity potential 1P equaling p times the 'P' of Eq. (6.2.9), we have 

01/) 
p = -

ot 
and we get 

l iJ2"P 
V 21/) - 2 '.:l 2 = - q(t) c5(x - Vt) c5(y) c5(z) 

C ut 
( 11.2.8) 
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This eguation can be solved in many different ways. We shall here use 
a method based simply on a coordinate transformation which enables us to 
reduce the problem to that of radiatjon from a stationary source. Later in 
this chapter we obtain the solution using Fourier transforms. 

If we perform a Galilean transformation of coordinates, we reduce the 
right-hand side of the equation to that corresponding to a stationary source, 
but then the left-hand side becomes a rather complicated differential form, 
as we have seen already, in Sec. l l.l. On the other hand, the left-hand side 
remains unchanged in form if, instead, we use a linear transformation of 
coordinates analogous to a Lorentz transformation. The transformed 
right-hand side of the equation hopefully can be written in the form of a 
stationary source. Thus we attempt the following transformation of 
coordinates: 

x' = y(x - Vt ) I y = y I z = z 

t' = r(t - ; x) 
(11.2.9) 

where y = 
I 

V l - M 2 

V 
M = - c = speed of sound 

C 

If we denote by a prime differential operations with respect to the x; system, 
we obtain 

n,2 I a2
1P [ ( , x' V)] 5: (x') -~ , .1: , v tp - - -, = - q y t + - v - v(y) v(z) 

c2 a, 2 c2 y 

Since o(x'/y) = y o(x'), this becomes 

n12 I a2"P ( I 5:( I 5: ,. 5:( ') 
V 'tp - -

2 
'.:l 19 = -yq y/ ) V X) v(y) V Z 

C vi -

To make the equivalence with a stationary source problem complete, we 
d . d II I // I II I d II I • h. h procee to 111tro uce t = y t , x = yx, y = yy, an z = yz, m w 1c 

case V" = y2V', and the new equation becomes 

( 11.2. I 0) 

The equation is now completely analogous to one representing the radiation 
from a stationary source with the strength y 2q(t11). Using the results already 
obtained in Sec. 7.1, the solution can be written directly in terms of the 
coordinates (r",t"). 

( 
" t ") - z q(t" =F (r"/c)] 

tpr, -Y 4 " rrr 
( 11.2. 11) 
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Transforming back to the initial variables x, t , we obtain 

r" , yr' V(x - Vt)y2 y ,------- - -
t" =F - = y t =f - = t - ---- =f - v(x - Vt 2)y2 + y2 + z2 

C C ~ C 

M(x - Vt) ± V(x - Vt )2 + (y2 + z2)(J - M 2) R 
= t - - - - - - - ----------- = I - -

c( J - Af2) C 

where 
M(x - Vt) ± V(x - Vt )2 + ( I - {J2)(y 2 + z2) 

R=------------- - - - -
1 - M 2 

M(x - Vt) ± R 1 

I - M 2 
( 11.2. 12) 

From the discussion of the kinematics of the problem we recognize R as the 

distance between the emission point and the point of observation. The 

minus sign in ( 11.2. 12), which corresponds to the plus sign in (11.2. 1 l), is 

acceptable only when we have supersonic motion of the source, as discussed 

earlier. 
In the subsonic case, only the plus sign can be used in (1 1.2.12). The 

corresponding value of R is labeled R .. , and the subsonic solution for 'l/J is then 

( ) 
q[t - (R+/c)] 

tp r,t = .;..._ ___ _ 
4rrR1 

( 11 .2.1 3) 

where we have used r" = y2R1 . 

R1 = V(x - Vt)2 + (1 - M2)(y2 + z2) 

Using the expression R 1 = R(.1 - M cos 0) given in (11.2.6), we can express 

this solution as 

i(r,t) = q[t - (R/c) ] 
V 4rrR( I - M cos 0) 

where, from Eq. (11 .2.6) and Fig. 11 .9, 0 is the angle between the x axis and 

R. The corresponding sound pressure field, as we recall from (11.2.8), 

is p = o1P/ ot. Thus 

Wi th R given in (11.2. 12), we obtain 

~ dR = _ 1 [M2 M(x - Vt)] 
C dt I - M 2 + Rl 

M [ R( cos O - M ) ] M cos (J 
=--- M + - ------,- =- - --- ( 11.2. 14) 

I - M 2 R( l - M cos 8) l - M cos 0 
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where we have used x - Vt = x - Vte - V(t - t,) = R cos 0 - MR and 
R = c(t - t ,). Hence 

I q'[t - (R/c)] q (cos O - M)V 
p = 41r R(l - M cos 0)2 + 41r R2(1 - M cos 0)2 

(11.2.15) 

The first of the two terms in (I 1.2.15) represents the radiation field with the 
corresponding pressure decreasing as 1/R. We note that when 0 = 90°, 
the pressure in the far field is the same as when the source is at rest. As 
expected from the qualitative considerations in connection with Fig. I l.12, 
we now see that the pressure in the forward direction (0 = 0) is larger than 
the pressure in the backward direction (0 = 1r) by a factor ( l + M)2/(l - M)2• 

Simple-harmonic source 

We now consider harmonic time dependence so that q(t) = q0 sin (w0t). 
The pressure field, which contains the factor q0w0 cos [w0(t - R/c)], then has 
the phase 

which no longer is simply proportional to time since R now is time-dependent. 
If the point of observation is on the line of motion of the source in front 

of the source, so that x - Vt > 0, we have R = x - Vt, and 

cf> = Wo t - Wo X 

l - M c(l - M) 

The observed frequency is then 

and the corresponding wavelength obtained from the spatial dependence of 
the phase is ( 1 - M)?,.0. 

Similarly, if the point of observation is behind the source, so that 
x - Vt < 0, we obtain in a similar manner the received frequency and 
wavelength 

and 

When the point of observation is not on the line of motion, the frequency 
clearly will vary continuously as a function of time between the limits 
wO/( 1 - M) and w0/( I + M), which then correspond tot = - <X> and t = + oo. 
Actually, the concept of frequency is not so well defined, when, as in our case, 
the phase no longer is proportional to time. However, if we generalize the 
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concept of frequency and define it as the time derivative of the phase, we 
obtain 

w = d<p = wo(l - ~dR) = wo(t + . McosO ) = w0 

dt c dt I - M cos 0 l - M cos 0 

( 11.2. 16) 

where we have used the expression for (1/c)(dR/dr) in Eq. (11.2.14). This is 

0.8 

0 .3 

- 10 -8 -6 -4 - 2 0 2 4 6 8 
(ctlr) 

FIGURE 11.13 
Time dependence of frequency w/21r at point of observation 
located a distance r from the line of motion of the source. 
Frequency of source = w0/21r, speed = V. 

the general Doppler formula. As the source moves past an observer, the 
angle 8 varies between 0 = 7T and 0 = 0, and the frequency varies between 
the values w0/(J - M) and w0/( l + M). 

Thus we have seen that both the pressure amplitude and the frequency 
can be expressed in a very simple manner in terms of the angle 0 as measured 
with respect to the source position at the retarded time t - (R/c). If, 
instead, we wish to express these quantities explicitly in terms of the time t, 
we have to introduce 

(l - M cos 0)- 1 = _R = ( 1 - M2) - 1 [1 - --;::==M=-,-===] 
R1 V(l - M 2) + -r2 
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where r = t/(r/V). R 1 and R are given in (11.2.12) and ( 11.2.13). In 
Figs. 11.13 and J 1.14 we have shown the time dependence of the frequency 
and the amplitude at the position x = 0 a distance r from the line of motion 
of the source. We note that the main changes in the frequency and the 
amplitude both take place in a time of the order of r/ V. 

-10 -8 -6 - 4 - 2 0 2 4 6 8 10 
(Ct/ r) 

FIGURE 11. 14 
Time dependence of the pressure amplitude at t he point of 
observation described in Fig. 11.13. The reference pressure 
Po is the pressure that would be observed when V = 0. 

Supersonic motion 

The sound pressure field in the case of supersonic motion is obtained by 
adding the contributions from the two source points E+ and £_. 

o {q[t - (R+jc)] q[t - (R-/c)]} 
p = -o, _ _ 4_7r_R_l _ _ + __ 4_7r_R_, __ ( 11.2. 17) 

where ± M(Vt - x) ± R1 R = -------
M 2 - l 

R 1 = V(Vt - x)2 - (M2 - l)r2 

( 11 .2.18) 

Introducing Vt - x = V(t - t6) - (x - Vt,) = MR - R cos 0, we obtain 

R1 = R+(M cos 0+ - 1) = - R- (M cos 0- - I) 

where the O+ and 0- indicate the directions of R+ and R - from the emission 
points £ + and E- to the point of observation, as previously indicated in 
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fig. 11.10. The ti me dependence of the two angles is given by 

R+ 1 Mr 
(M cos e+ - 1)- 1 = - = - -- --== === + l 

R1 M 2 - ly7 2 _ (M2 - 1) 

R- 1 Mr 
(M cos e- - 1)- 1 = - - = - - -- -===== - 1 

R1 M2
- I Vr2 -(M2 - I) 

where r = (Vt - x)/r. 
With 

l dR ± M cos e .1:. 
- -- = - ---,---
c dt M cos O± - l 

and considering ( 11.2.18), the pressure fie ld can be expressed as 

- q'[t - (R+/c)] q'[t - (R- Jc)] 
p - -------- + --------- 47TR+(M cos e+ - 1)2 47TR- (M cos e- - 1)2 

_ q[t - (R+Jc)] (M - cos O+)V + q[t - (R- Jc)](M - cos O- ) (l 1.l.l
9
) 

47T(R+)2 (M cos O+ - 1)3 47T(R- )2(M cos O- - 1)3 

If the point of observation is on the x axis, we have, simply, R+ = 
(Vt - x)/(M - I) and R- = (Vt - x)/( M + 1). Then, if the source has 
harmonic time dependence, so that q'(t - R+jc) = q0w cos w0[t - (R+/c)], 
we see that the phase becomes 

[ 
Vt - x ] w0 W 0X 

<p(t) = Wo I - c(M - I) = - M - I t + c(M - I) 

This phase corresponds to the signal received from the emission point£+, in 
which case the source moves toward the point of observation. We note that 
the frequency formally is negative, which may be interpreted as a result of 
the fact that the phase surfaces which were emitted last a rrive first. For the 
sound that arrives from the emission point £ -, the frequency has the same 
form as in the subsonic case, namely, w0/(1 + M). For any arbitrary 
position, this frequency is -w0/(M cos 0 - 1). 

An interesting feature of the supersonic field is the interference between 
the two contributions from the two emission points £+ and £ - . These 
waves, which have different frequencies and amplitudes, give rise to a sound­
pressure amplitude which oscillates with time. We leave it for one of the 
problems to study this interference field. 
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Power spectrum 

The calculation of the frequency spectrum of the radiated field from a 
moving source can be carried out directly by Fourier transform of the pressure 
field in Eq. (I 1.2.15). However, it is instructive to start directly from the 
wave equation, 

1 a2 a 
V 2p - - _l!_ = - - [q(t) o(x - Vt) o(y) o(z)] 

c2 ot2 ot 

and take its Fourier transform. Thus we multiply by e;"'' and integrate over 
time. Rewriting the delta function as 

the Fourier transform of the right-hand side gives 

Similarly, the Fourier transform of the left-hand side of the equation is 
V2p(r,w) + (w/c)2p(r,w), where p(r,w) is the Fourier transform of the pressure. 
We shall specialize further and consider harmonic time dependence of the 
source so that 

(1 1.2.20) 

Consider, first , the contribution to the pressure field from exp ( - iw0t) and 
denote this contribution by p+. Then 

( 11.2.21) 

Since the radiation field is symmetrical about the line of motion, the sound 
field will be of the form 

i(w - w0)x 
p+ = f(r) exp---­

V 

where r = Vy2 + z2. Inserting this expression into the wave equation, we 
obtain 

[(w)
2 (w - w )2

] iw v2 J(r) + - - 0 f(r) = -q0 o(y)o(z) 
v.z c v2 • 47T V 

(11 .2.22) 

The free-space Green's function g(r ,w) to this Helmholtz equation in two 
dimensions is a solution to 

V;.~g(r ,w) + k2g(r,w) = -o(y) o(z) 
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and as we have found previously [Eq. (7.3.17)], 

In this case 

Since the field contributions from e - ia,o t and e;"'01 in the source term merely 
involved changes in the sign of w0, it is convenient to introduce the notation 
k+ and k- , where 

The solution to Eq. ( 11.2.22), then, is 

f(r) = 
1
::~HJ1>(k+r) 

and the pressure field is 

p + = w qo H ' ll(Jc+r)ei (ro--wo)Z/V 
167TV 0 

( 11.2.23) 

Inverting the Fourier transform, we find the space-time dependence of 
the sound pressure field p+. 

p+ = ~ f +<X> wH6J)(k+r)eiCw- wo> z/V e- ia,t dw 
161T V - <X> 

( 11 .2.24) 

The corresponding radial component of the particle velocity field obtained 
from p(ou,/ot) = -op/or is then 

u + = - qo f +"' k+ H<ll(Jc+r )ei(w- wo)z/V e- iwt dw 
T 167TV(ip) -<X> 1 

( 11 .2.25) 

where we have used dHJ1>(z)/dz = - H?>(z). 
The contributions p- and u,- produced by the second term, exp (iw0t), 

in the source term (l l.2.20) are obtained simply by changing the sign of 
w0 in Eqs. ( 11.2.24) and ( 11.2.25), and the total sound pressure field and the 
total radial particle velocity are then 

Before investigating these fields further, we shall study the frequency 
dependence of the propagation constants k ± as given by (1 1.2.23). We have 

(k+)2 = (w)2

- (w - w0 \2= M 2 
- l (w _ w0 )(w _ Wo ) 

c V ) V2 1 - M 1 + M 

where M = Vfc. By considering the signs of the two factors in this equation, 
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we see that, for M < I, the propagation constant k+ will be real only in the 
range 

Similarly, for M > I, there will be t11•O intervals, 

Wo 
-co < w < - --­

M - I 
Wo --- < w < oo 

M + I 

(11.2.26) 

(11.2.27) 

where Jct' is real. The corresponding ranges for Ir are obtained by changing 
the sign of wO• 

This behavior is consistent with our previous observations about the 
D oppler shift. In the subsonic case, kf < 1, the observed frequency was 
found to be w0/(l - M cos 0), which has a maximum value w0/(l - M) 
when 0 = 0 (emission point at x = -oo) and a minimum value w0/( I + M) 
when 0 = 1T (emission point at x = + oo). Similarly, in the supersonic case, 
the frequency is -w0/(M cos 0 - I), which gives - w0/(M - 1) when 0 = 0 
and goes to - co when cos 0 = I/ M. Then w switches to + co as 0 passes 
through the value 0 = cos-1 (1 / M), and approaches w 0/(I + M) when 
_0 -. 0 (x-. co). As discussed earlier, the negative sign of the frequency 
in one of these regions expresses the fact that the signals that were emitted 
last from the source arrive first at the point of observation. In the frequency 
intervals in which (k+)2 is negative, k+ is imaginary, and the wave functions 
HJ1>(Jct'r) and H1l)(Jct'r) will decay exponentially away from the line of 
motion of the source. Thus these frequencies will not contribute to the 
sound field in the far-field region, and the corresponding frequency intervals 
can be excluded in the far field. 

The acoustic power emitted by the moving source will be evaluated by 
integrating the radial component of the acoustic energy flux over the surface 
of an infinitely long cylinder enclosing the line of motion of the source. 
Actually, we shall determine the average power over one period, 27T/Wo, 

of the source. Thus, the radius of the cylinder being r, the acoustic power I1 
is expressed as 

(11.2.28) 

where the bar indicates the time average over one period, 27T/w0. In eval­
uating this integral the asymptotic form of the Hankel functions will be used, 

and H{1> ~ - iH~0 (kr). 
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fn the far field only the frequency intervals in which k- and k+ are real 
will contribute to the pressure and velocity fields. To indicate this restriction 
in the range of integration, we introduce the function S+(w), which is unity 
when k+ is real and zero elsewhere. Similarly, S_(w) is unity when k­
is real and zero elsewhere. Clearly, S_(-w) = S+(w). 

The integrals involved in ( 1 I .2.28) are then of the form 

+ co 

J p+u- dx = Cf _+
00

"' dx J J dw dw' S+( w )S_( w')e;<k++k' - 1r 

-<n 

where k'- = k-(w'), and C = 4q0
2/(16TTV)2p. Because S_(-w) = S+(w), 

this integral turns out to be independent oft; thus an average over a period 
is not zero. A similar integral is obtained for p- u+. The contributions 
from p ~u+ and p- ir will be zero when averaged over one period of the source 
because they both oscillate with time. The integration over x gives 
27T Vo(w + w'), and therefore the integration over w' merely involves re­
placing w' by -w in the integral. Using S_(- w) = S+(w), the remaining 
integration over w, then, is 

J f+co {k'= 
p+u- dx = (277V)C -CO S./(w)✓ k+ wei (k++k'-lre-lu/ 2 dw 

On account of S+2(w), the integration reduces to the interval in which k+ is 
real. lt follows from (I J .2.26) that in the range wherek+ is real (and positive), 

we have k'- = -k+ and VJl=: = ivk+. Thus 

J p+u- dx = (2TTV)C J _+'°co S+2(w) w dw (11.2.29) 

It is not difficult to see that J p- u+ dx is equal to J p+u- dx. 
Thus, in the subsonic case in which the range of integration is a = 

w0/( l + M) < w < w0 /(l - M) = b, we obtain for the radiated power 

TI = 7o w dw = qo Wo --- - = s 
J 2 f b 2 2 1 IT 

l677(pc)M a 87TpC (1 - M2) 2 (1 - M2)2 
( 11.2.30) 

where TI = (qowo)2 = (pSowo)2 

s 877pC 877pC 

is the power radiated by a source at rest, which is identical with the result 
obtained in Eq. (7. 1.5) (when we take into account that q0 and S0 here are 
maximum, not rms, values). Consequently, for a point monopole source the 
relative motion between the source and the fluid causes an increase of the 
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acoustic power output by a factor (1 - M 2)-2. The energy spectrum, 

defined by TI = Io°" Es( w) do.,, is seen to be 

qa2 w 
Es(w) = l61Tpc M 

Wo <Vo - --<w<--­
l + M 1-M 

.M < l 

Although the source is simple-harmonic, the sound reaching the observer 
has a spread of frequency because the source is moving, another way of 
stating the Doppler effect. 

In the supersonic case, S+Cw) is different from zero in the two regions 
given in ( 11.2.27), and the integral in ( L 1.2.29) becomes 

J:00 w dw + i °" w dw = ~

2 

[(M ~ !)2 - (M : !)2] = (~~~~)2 
where /3 = -w0/( M - I) and a = w0/( M + I), and the power is 

Il = TI 
1 

., (M2 - 1)2 M > L 

Thus we see that, formally, the expressions for the total radiated power in 
the subsonic and supersonic cases are the same. The energy spectrum 
differs markedly, however; for M < I, the frequencies are those 
below w0/27T(I - M), whereas for M > I, they are all those greater than 
w0/27T(I + 1\1), clear to infinity. 

Dipole sources 

The ideal point dipole is represented by an oscillating point force acting 
on a fluid. At sufficiently low frequencies many actual sound sources such 
as an oscillating piston are approximately equivalent to dipoles. An 
airplane in "bumpy" flight through turbulent air will act as an acoustic 
dipole source moving through the atmosphere, and in a similar manner 
a ship moving over the ocean waves will be a dipole source for low-frequency 
underwater sound. T he so und radiation from propellers and turbines also 
can be described in terms of moving-dipole-source distributions, as will be 
discussed later in this section. . 

An ideal dipole source moving in the x direction with a velocity Vis 
described by a force distribution per unit volume with components of the 
form 

F1 - f;(t)o(x - Vt)o(y)o(z) 

The corresponding source term in the wave equation is oF1/ ox 1, as we have 
seen already in Eq . (7.1.23). Thus, if we introduce a vector A with the 
components A 1 such that 

p = div A ( 11.2.3 1) 

, 
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it follows that the equation for Ai is 

I o2A. 
v 2Ai - 2 ~ = J;(t )o(x - Vt)o(y)o(z) 

C vi 
(11.2.32) 

In complete analogy with ( l l.2.13), we obtain the solution, for V < c, 

/ ;[I - (R+/c)] 
A - = - -----, 47TR

1 

where R+ and R1 are defined in ( 11.2.18). The pressure then follows from 
( 11.2.31). For future reference we express the fields from the transverse 
dipole with the force components J, = (0,/ 2,0). 

I y (I , l ) 
P2 = - -· - /2 + - /2 

47TR1 R 1 C R1 
( 11.2.33) 

Here the prime signifies differentiation with respect to the a rgument. Simi­
larly, the sound pressure field for a longitudi nal dipole, in which the force 
components are Ji = (/ 1 ,0,0), is 

_ J , [ M x - Vt ] _ I x - Vt ( I I 2 3 ) 
Pi - 47TR1Ch I - M2+ Ri(I - M2) f- 47TRi2 R 1 /i •• 

4 

The detailed study of the properties of these fie lds is left for some of the 
problems. 

We turn here, instead, to the Fourier transform of Ai obtained from 
Eq. ( 11.2.32) when the fo rce has harmonic time dependence f;(t) = 
Joi cos (w0t). Again, by analogy with ( 11.2.24), we get 

A + = i/01 I-+'° H (ll(k+r )ei(ca-o,ob-/V e - iwt dw 
' l67TV ..:.co 0 

( 11.2.35) 

T he sound pressure field ( l 1.2.3 1) and the corresponding radia l velocity 
component then fol low from A 1, and in much the same manner as for the 
monopole, we find that the power emitted from a longitudina l dipole (force 
component/, ) is 

n - lo:r2w(,2 1· i·2 (y - ()2 d - TT C (M) 
- 6 ~ . y - ,t l I 7TV· p . ;·, y 

(11.2.36) 

<,J I I 
y = wo Y1 = I + M Yi = I - M 

where 

2r 2 n I = <UOJO:t 

' 247TpC3 

3 I [ (I -'- M) 2M(2M2 
- I)] 

G1(M) = 2 M3 log 1 - M + ( I - M2)2 

We leave it as one of the problems to derive this and some similar expressions 
for other moving sources. 
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The quantity Ila is the power emitted from a dipole at rest, in agreement 
with the result obtained in Eq. (7.1.7), for fo = w D, and allowing for the 
change from rms to maximum amplitude. The function Gi(M) expresses 
the velocity dependence of the power. For the moving transverse dipole 
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Power spectra of a longitudinal dipole in uniform subsonic 
motion for some different values of the velocity. V/c = M. 

corresponding to the force component _t;, ( or J.), the total power emitted 
is found to be 

(11.2.37) 

where 

and llt1 is given in (11.2.36). 
The power spectra, defined by 11 = i coE(w) dw, for the longitudinal 

and transverse moving dipoles., are obtained directly from the integrals for 
IT ; they are found to be 

11 ,1 3 (y - I )2 

E1(w) = -2M3 
Wo . y 

Eiw) = IT ,1 
3

3 
[(M - l)y + l][y(M + I) - l] 

w 0 4M y 

( 11.2.38) 
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FIGURE 11.16 
Power spectra of a trans­
verse dipole in uniform 
subsonic motion for some 
different values of the ve­
locity. V/c = M. 

11.2 SOUND EMISSION FROM MOVING SOURCES 735 

It may appear that the spectrum shape of the longitudinal moving dipole is 
independent of the speed. We should keep in mind, however, that the 
width of the spectrum determined by the extreme values of the D oppler­
shifted frequencies does depend on M. These spectra are shown in Figs. 
l l.J 5 and l l.16 for some different values of M. For the longitudinal dipole 
the intensity is zero for w = w0. This is understandable since, for a dipole 
lined up in the direction of motion, the direction of zero Doppler shift 
coincides with the direction of zero intensity in the dipole radiation pattern. 

For the "transverse" dipole, on the other hand, the directions of zero 
intensity are along the line of motion, and on these lines the Doppler-shifted 
frequencies are w0/( l - M) and w0/(l + M), in front of and behind the 
source, respectively. Consequently, the energy spectrum is expected to be 
zero at these frequencies, and this is indeed the case. 

Sound emission from a piston source in a moving medium 

In many applications we encounter problems in which a sound source is 
at rest in the laboratory system and the fluid is moving. As already pointed 
out, however, the problem of sound emission from a point source moving 
in the positive x direction is equivalent to the emission from a stationary 
source in a fluid moving in the negative x direction. Therefore we should 
not need to say anything further about this case, except perhaps to point out 
that it is convenient to express the field in terms of coordinates attached to 
the source rather than the fluid. In addition, some comments should be 
made about the calculations of the sound field from an extended source, and 
we shall choose as an illustration the radiation from an oscillating piston in 
an infinite plane in contact with a fluid moving past it. 

Thus, returning to the expression for the sound field from a moving 
monopole source in (11.2.13) or ( 11.2.15), we introduce the coordinates 

~ = X - Vt 

attached to the moving source. In terms of these coordinates, the solution 
represents the sound field from a stationary source in a flow fie ld moving in 
the negative ~ direction. With reference to ( 11.2.15), in which we set R1 = 
R( l - M cos 0) [see ( 11.2.6) ], the sound pressure field from a monopole 
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at the point (!0,1]0,{0), when the surrounding fluid moves with a velocity v 
in the negative ~ direction, is given by 

where 

and 

R12 = (! - ~0)2 + ( 1 - M2)[(?J - ?Jo)2 + (( - ,0)2) 

(l - M 2)R = M(! - ¢0) + R1 

(11.2.39) 

For a source with harmonic time dependence q = q0 exp ( - iwt), this field 
can be expressed as 

where 

- iw (R ~ - e M) p(r;ro) = -- e ikll - + i o - qoe-iwt 
41rR1 R1 R 1 kR1 

V 
M = ­

c 

w 
k = ­

c 

(11 .2.40) 

With% = I this corresponds to the free-space Green's function for a moving 
fluid (velocity Vin the negative ! direction). 

We shall use this result for the calculation of the sound emission from a 
rectangular piston set in an otherwise rigid plane, coincident with the ¢'I] 
plane, with the fluid moving in the negative ! direction with a speed V. 
The piston, with the dimensions 2a and 2b, has a velocity U exp (-iwt) 
in the ( direction, and therefore a displacement d, = (iU/w) exp (-iwt). 
The corresponding ( component of the fluid velocity at the plane is given by 
[o/ ot - V(o/ oe)] d, = {I + i(V/w) [o(e - a) - o(e + a)]}U exp ( - iwt). 
The a-function contribution from the velocity arises when the fluid flows 
over the edge of the piston as it moves up and down. Since we have assumed 
that the flow is in the - ! direction, these jumps are only at the~ = ± a edges, 
not at the others. With q0 in ( 11.2.40) replaced by 2p times this fluid 
velocity, the sound field from the piston is obtained by integrating p(r/ r0) 

in (11.2.40) over the region - a < e0 < + a, - b < 'Y/o < + b. The integral 
includes the o-function contribution to the velocity from r, = - b to 'IJ = + b. 
Considering here only the far field , we use the first term in ( 11.2.40) and 
obtain for the pressure field 

2ipcUkab e.-"n- R' sin X sin Y( X) 
p - - ---------- l + M-

1r R~ R~ X Y ka 

R~ = e2 + ( I - M2)('Y/2 + t2) 

( I - M2)R' = M ~ + R~ 

= ka[M - (~/ R~)] . y = kb!}_ 
X 1 - M 2 ' R' 

l 

(11.2.41) 

The first term in the factor l + M(X/ka) represents the contribution from 
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the surface of the piston, whereas the second term comes from the ~ = ±a 
edges of the piston. T he surface of the piston represents an extended 
monopole source distribution, and it is interesting to see from ( 11.2.4 I) that, 
in contrast to the point source, this part of the emitted sound pressure field 
remains finite when V = c. The reason for the divergence for the point 
source when V = c can be traced to the zero size of the source. At a given 
point of observation upstream from the source, the pressure-wave contri­
butions from the point source all a rrive in phase as V .- c, regardless of the 
emission time. But the wavelength of the sound in the fluid then approaches 
zero, and if the sou rce has a nonzero size, however small , the difference in 
travel time for rays emitted from different parts of the source will be sufficient 
to cause destructive interference. This is what happens to the surface 
contribution from the piston, and as a result the field remains finite for M = I. 

The line sources at the edges of the piston, however, having zero size 
in the direction of motion of the flow, behave much like a point source, and 
the corresponding sound-field contribution does indeed diverge at V = c, 
as can be seen from Eqs. ( 11.2.41 ). 

fn practice, the behavior of the flow at the edges of the piston will not 
be steplike, as implied by the use of o functions in the acoustic source 
function. Instead, the flow profile will be blurred because of turbulence, 
so that this contribution, also, will remain finite at M = 1. 

11.3 SOUND EMISSION FROM RIGID-BODY FLOW INTERACTION 

As already mentioned in Sec. I l. I in the study of the effect of flu id 
motion on transducer response, the interaction between a body in motion 
relative to a fluid leads to pressure fluctuations on the body. T hese fluctua­
tions result either from turbulence or inhomogeneities in the incident flow 
or from the turbulence produced by the body itself. T o obtain the sound 
field produced in this manner, we must start by investigating the interaction 
between the body and the flow. A general analysis of this problem, starting 
from fi rst principles, is hardly possible, and in this phase of the study we must 
rely upon experimental data relating the interacting forces with the param­
eters describing the flow field and the body. Such experimental data are 
available for a number of simple bodies such as spheres and cylinders and, 
in particular, for airfoils. 

In this section we shall start with some comments about the so und from 
a rigid body in motion relative to a turbulent fluid. Next we consider the 
case when the incident flow is uniform and the turbulence is produced by the 
body itself. As a typical example, the Karman vortex sound from a cylinder 
will be discussed. Actually, turbulence is not a necessary requirement fo r 
sound emission from a rigid body in a moving fluid . For example, if the 
motion of the body is supersonic, it is well known that a shock wave is 
produced, and if there is an array of bodies moving through a fluid, as in 
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the case of a propeller, a periodic pressure field is generated which, under 
certain conditions, results in a radiated sound field . The important problem 
of propeller sound will be considered for the case of both uniform and 
nonuniform flow. Finally, some observations will be made relating to the 
problem of the effect of flow on a mechanical oscillator and on the acoustical 
properties of an orifice in a partition. 

Sound from a propeller 

As an example of sound radiation in Sec. 7.4, we considered briefly the 
sound field produced by a source distribution which, in its essentials, could 

r 

---------- ----- ---- --- - ...... z 

FIGURE I 1.17 
Sound radiation from a propeller. 

serve as a model for a propeller. We. shall now justify this model by con­
sidering the elementary aerodynamics of a body such as the propeller blade 
of Fig. 11 .17 moving through a fluid , and include the case often encountered 
in practice when the propeller operates in an inhomogeneous fluid. For 
example, a ship propeller operates in the inhomogeneous flow in the wake 
of the ship, a compressor rotor interacts with the wakes of stationary guide 
vanes in fron t of the rotor, and an airplane propeller often moves through 
a turbulent atmosphere. It turns out that flow inhomogeneities give rise 
to sound radiation which generally far exceeds the radiation in a homo­
geneous flow. T o study this aspect of the s9und generation by a propeller, 
we shall start by investigating the interaction between a propeller blade and 
the surrounding fluid. 

When a propeller blade moves through a homogeneous fluid , there will 
be a pressure distribution about the blade resulting in a net force distribution 
over the blade. It is customary to express the force per unit area of the 
blade in terms of a thrust and a drag component / 1 and J,,, illustrated in 
Fig. 11 . 18, which are expressed as 

(11.3. 1) 
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It, 

FIGURE I 1.18 
Airfoil (propeller blade) moving w ith a velocity 
Vb through a fluid that moves with a velocity V1. 

r, v1 '--::--==:::::til~""" 

The thrust and drag coefficients ct and ca depend strongly on the "angle of 
attack" r of the flow velocity (Fig. 1 I .17) and only weakly on the magnitude 
of the relative velocity V, 

v = v, - vb 
where V1 is the fluid velocity, and V~ the blade velocity. 

The coefficients c I and c<t must be determined empirically as functions 
of the position on the propeller blade. Jf the flow is uniform, the force on a 
blade is independent of the angular position of a blade as it moves through 
the fluid. Thus, in a coordinate system rotating with the angular velocity 
of the propeller, the force distribution over the plane of the propeller is 
time-independent. However, the effect of the propeller on the surrounding 
fluid as observed at a fixed point in the laboratory system is represented by a 
force which is periodic in time with an angular frequency equal to <1)1 = BO., 
where n is the angular velocity of the propeller shaft, and B the number of 
blades. The plane of the propeller, then, can be regarded as a sound source 
with a dipole source distribution corresponding to the force (11.3.1 ) on the 
portion occupied by the blades and zero between the blades. The co­
ordinates in this plane are shown in Fig. 11.17. 

Considering, first, the case of uniform flow, the amplitude of the periodic 
force on the fluid is independent of <pi, but the phase is proportional to <pl. 
Thus, if the z component of the force on the fluid at <p1 = 0 is J.(t ;r1,0) = 
+ ex, 

L As(r1)e-i•w,t, it is, at cp1 , 
-ex, 

r.(, ;r1,<p1) = LA s exp [ - iSW1 ( / - ~l)] = J,°''ioc.eisRrp,e-isw,t ( 11 .3.2) 

A s 
W1 = BO. as = f.o 

Here the coefficients J.0 and o: , generally are functions of the radial coordinate 
'1• For the cp1 component of the force, we obtain 

( 11.3.3) 

We have here assumed that the angular dependence of f<P and J. is the same 
but the magnitudes are different. Actually the time average value f.0 is con­
siderably larger than J; for a well-designed airfoil. Constants J.0 and JJ can 
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t FIGURE 11.19 
Example of t ime dependence of the 

dipole source function in the plane 

of the propeller. 

be expressed in terms of the total thrust force F1 and the total torque T of the 

propeller from 

F, ~ J f.0r 1 dr 1 d<p1 and T = J (J;r 1)r 1 dr 1 d<p 1 ( 11 .3.4) 

The coefficients C1.s are obtained from 

I e - ;sBq,1f.T/2 

(1. = - --- • (t <p )e1""'' dt 
s 1"0 J z ' l 

Jz 'T - T/2 

( 11.3.5) 

If, as an illustration, we assume that the pressure distribution over a blade 

is uniform, the time dependence off is represented by a rectangular function 

as shown in Fig. 11.19. Then we obtain from Eq. (11.3.5): 

Cf.o = I 2 
_ sin (sb1Tjd) 

(1.$ - Sb1T/d s > O ( 11.3.6) 

where b is the width of the blade, and d the separation between two blades. 

N onuniform flow 

If the flow is nonuniform, so that the velocity Vin Eqs. (11 .3.1) depends 

on r1 and <pi, the response of a propeller blade is considerably more com­

plicated than in the homogeneous case, but as long as the flow is tiroe­

independent, the time dependence of the force distribution will still be 

periodic, with the fundamental frequency w 1 = BO.. We shall consider 

only this case of a time-independent (although inhomogeneous) flow field. 

Jn contrast to the homogeneous case, the amplitude factors J.0 andf: are now 

functions of cp1. If we express this cp1 dependence in terms of the Fourier 

series, +oo 
J.O(<p1) = ff 2, p~eiO<Pt ( 11.3.7) 

-oo 

we obtain, replacingf.0 by J,0(<p1) in {11.3.3), 

r (t •cp r ) = ;o , C1. R eil'1J+o>q,-isw 1t 
J z , h 1 J z £,,, sfJo 

( 11.3.8) 

IQ 

This expression includes, through the term q = 0, the case of uniform 

flow considered above. Similarly, the cp 1 component of the force becomes 

r (t •cp r ) = r o , C1. 6 ei<sJJ+o)q,-lswit 
J q, , l• l J q, ,t.., s q 

(11.3.9) 

"' 
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The relationship between the coefficients f}q, Oa, and the flow velocity field 
will be quite complex in general, but in the case where the width of the 
propeller blade is sufficiently small, the expression ( 11.3. l) for the force 
should be a good approximation, even when Vis a function of cp1 . Thus, 
if the nonuniform part of the flow velocity V1 is v(cp1), the nonuniformity 
in the relative velocity V is also v(cp1), since the blade velocity is constant. 
The corresponding nonuniformity in the force distribution is then obtained 
from Eq. ( 11.3. 1) as 

df, = df, = i [c,d(V 2

) + V 2 dc, ] = i [cid(V 2

) + V2
~~ d r ] 

The angle of attack r of the flow is r = r b - r /• where the angles r b and 
f 1 aredefined in Fig. 11.18. 

If the axial and tangential components of the flow velocity are v,z 
and VN and the radial component is zero, the relative velocity can be ex­
pressed as 

V = v'( Vb - Vrq,)2 + v,, 2 

and the angler, is given by 

V V r , = tan- 1 f • '.::::'. _!!. 
vb - v fq, vb 

ff the components of the flow perturbation a re v, and v<i> and if (v.,vq,) ~ 
V, and fu rthermore, if V ~ V11 , we obtain dV2 '.::::'. - 2 V11v<i> and dI' = - dr 1 

'.::::'. - v.J V0• The correspondi ng expression above for the perturbation df, 
in the z component of the fo rce is then 

df. 2vq, I de I v, - - = - + - - -
1.0 vb Ct ell' v b 

(11.3.10) 

In other words, instead of the constant fo rce amp I itude in ( l l.3 .2), the 
expression for the total force is now 

(11.3.1 la) 

with a similar expression for the drag force, 

r = ,0[1 - 2v<i> _ _!_ dcd v. (rp)] = ro ' o e;qql 
1 <i> 1 q• V c dI' V 1 rp ""' 0 

b d b q 

(11.3 .l lb) 

From this we can express the coefficients f3Q and oq by a Fourier expansion 
of the flow field . 

It is interesting in this connection to obtain the expressions (l I .3.1 1) 
in a different and somewhat more direct manner. Since the force f 
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(components/;) depends on the relative velocity V (components V1) between 

the propeller blade and the incident How, it follows that, V being the only 

vector from which f can be constructed, the force components must have the 

form 

( 11.3.12) 

where p V2/2 is obtained from dimensional considerations. The dimension­

less coupling coefficients rxi; may be functions of such dimensionless param­

eters as the Reynolds and the Mach numbers. T hese coefficients are 

assumed to be known from experiments. Splitting up the velocity V into a 

uniform part V0 and a perturba tion v( <p) = (O,vcp,vz), it follows that the 

force J. to first order in v becomes 

Also 

Comparing these expressions with (11.3.11), we see that the coupling 

coefficients have the following meaning in terms of the thrust and drag 

coefficients: 
(Xzcp = Ct 

( 11.3. 13) 

The radiated sound 

After having obtained the acoustic source function , we can now express 

the corresponding sound field, using the appropriate Green's function as 

demonstrated several times throughout this book. T he acoustic source 

distribution is defined over the plane of the propeller over a ci rcle of radius 

a, the radius of the propeller. A point source of unit strength placed at the 

position ri, <p1 in the plane produces the sound field g0 = exp [ik Ir - r 1I]/ 

4w Ir - ril, where k = w/c and r is the position vector of the point of 

observation. Expressing the position vectors in the spherical coordinates 

r = (r,&,<p) and r1 = (r 1,w/2,<p1), where ,{) = O defines the axis of the pro­

peller, we obtain in the far field r ► ri, Ir - ril ~ r - r 1 sin {} cos (q, - <p1)-

The sound field from the unit-strength harmonic point source at r 1 with 

a frequency <v is then 

(O 

k = ­
c 
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If we use the Fo urier expansion of Eq. ( 1.2.9), 
+co 

ei•COS(q, - ,p,) = L i"il m(z)eilll(q,-q, , ) 

where l m is the Bessel function of the mth order, the expression for g0 can 
be written 

As we have shown earlier, in Chap. 7, we can generate multipole fields 
from the monopole field simply by repeated differentiation with respect to 
the source coordinates. Thus the dipole-field sound field from a unit­
strength point force in the z direction ({} = 0) is simply g1z = - og0/ oz = 
- ( ogo/ or) cos{}. 

e ikr co . . 
g = - ik cos{} - ' i"'J (kr sin fJ)e•k<rp-.,,,>e- '"'1 ( 11.3. 140) l z 4 £.., m l 

1TJ" 1~l-.-«> 

Similarly, the dipole field from a unit force in the <p1 direction is 

I og O i e ikr . ( ) . 
glq, = - - - = - - L mimJ,,.(kr1 sin {})e•m q, - ,p, e-iwt ( I l.3. I 4b) 

r 1 O<p r 1 4?Tr ,,. 

When applying these expressions for the calculation of the sound pro­
duced by the sth harmonic of the propeller-blade passage frequency w1/2?T, 
we have to set w = sw1 and k = sw1/c = sk1 in the expressions for g1z and 
g1.,,. The total sound field from the z component of the force distribution is 
then obtained as 

pz(r,<p;ft) = II fz(rl><p1)g1ir1,<PJ;r,{},<p)r1 dr1 d<p1 

with a similar expression for the field from the <p1 component of the force. 
Inserting the expressions for J. and gi. as given by (11.3.8) and (I 1.3.14), 
we find that the integral over <p 1 is zero except when m = sB + q, in which 
case the integral is 2?T, and the sound pressure becomes 

ik1 cos{} . . . p,p(r,<p,{}) = - --- _L ; • B + qe1sk1re•(sR+ q),p-,sw,t 

41Tr SQ 

X i a sfz°i:xsf]ql sn+iu)2?Tr1 dr1 d<p1 

In general, .f.0 , i:x.8 , and {Jq are all functions of r1. The quantities must be 
determined from the experimentally known aerodynamic characteristics 
of the propeller blades, and the integral in ( 11.3.15) must be evaluated 
numerically. However, formally, we can express it as 

(i:x,/JqlsfJ+q),,. a,J J.027Tr1 dr1 
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where az is an average value of the radial coordinate determined from 

(C1.5 8,rf sB+o)r,=a, = (F,)- 11" fz°o-./JJsll+a21Tf1 dr1 ( 11.3.16) 

where Ft = J
0

11 

fz°2rrr1 dr1 

is the total thrust force of the propeller. We can then rewrite ( 11.3.15) 
to express the sound pressure field from the z component of the force dis­
tribution in terms of the mean radius a. and the total thrust force of the 
propeller. 

1 
p. = ( -ik1 cos {})F1 -4 1Tf 

X L s(C1.sf:Jq)lsB+a(sk1a. sin ·O,) exp [isk1r + i(sB + q)(<p + ½rr) - isw1t] 

In a completely similar manner we obtain the sound pressure p'P produced 
by the <p component of the force 

p"' = J f"'g1"'2rrr1 dr1 

where/<P and g1 <P are given in Eqs. (11.3.11) and (ll.3.14). There is one 
slight difference, inasmuch as the radial integration now contains an extra 
factor (r1) - 1, the radial integral being 

i a cxs1\J;(r1)-1JsB+o2-rrr1 dr1 

Again this integral has to be evaluated numerically, but we can always 
express it in terms of the total torque T = f (J:r1)2rrr1 dr1 by introducing a 
mean radius a<P such that 

r(~)\(1..o,;zB+o),,- a'P = i0

a.0(1J:(r1t11slJ+q21Tr1 dr1 (11.3.17) 

It should be noted that the mean radii a2 and atp, determined from Eqs. 
(11.3.16) and (11.3.17), in general, are not the same. The sound field 
produced by the <p component of the force then can be expressed as 

T I 
p<P = - 2 -

4 
L (sB + q)(C1.800) 

Qtp 7Tf S,q 

X J ,B+/sk1ad. sin{}) exp [isk1r + i(sB + q)(<p + ½-rr) - isw1t] 

If as an approximation we assume that the mean radii az and a<P are the 
same, (a,,aq,) = a,,., the expression for the total sound pressure field p = 
p, + P<i> can be written in the form 

1 , ( 00 sB + q) fJ • {}) p = -
4 

L. sk1F1 cos f} + T -/3 2 C1., ~•B+tlsk1am sin 
7Tf S,Q Q Om , 

x exp [isk1r + i(sB + q)(<p + ½TT) - isw1t ] ( 11.3. 18) j 
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Fundamental and harmonics 

For numerical calculations and for comparison with experimental 
results, it is convenient to express the sound pressure field in real form. If 
we consider, first, the case of uniform flow, we have to set q = 0 and sum over 
all values of s. Th us, if 11 is a positive integer, we have to add terms corre­
sponding to s = n and s = - 11 and then sum over 11 . Carrying out this 
summation and making use of J ,,(z) = J_,.(- z), we obtain for the pressure 
field 

Pa=O = -
1
- .(k1F 1 COS f> -f- B~) 

4rr1 am 
00 

X I n(2ct.,,)J11B(nk1a,,. sin,{}) sin [nk1r + 11B(<p + ½rr) - nw1t] 
w==-1 

This sound field represents a pressure wave which spins with the angular 
velocity w1/ B = Q of the propeller. The amplitude of the nth-harmonic 
component can be written 

) (2(/.,,)k1 Ft ( .<l Fd ) • .<l (P1, ll= O = ---- cos v + -- nJ,.B(nBM sin v) 
4rrr FtM 

where we have introduced the drag force Fa = T/0111 and M = amO/c, the 
Mach number of the propeller blade at the mean radius am. T he value of 
the Fourier coefficients 2<X11 is obtained from Eq. (l l.3.5), which in the special 
case when the pressure over the blade is assumed uniform results in Eqs. 
(I 1.3.6). For the first few harmonics, t he value of 2(/.11 is of the order of 
unity. 

Ordinarily, the propeller bfade at radius am is not traveling faster than 
the speed of sound, so that M sin f} < l. In this case we can use the first 
term in the power series for the Bessel function [Eq. (5.2.20)) and can use 
the approximation (n B)! '.:::'. ~(11B)11 Be- nB- 1 to obtain an approximate 
expression for the amplitude of the pressure wave radiated at frequency 
n0B/2rr. 

(1 1.3. 19) 

The factor (sin -&) 11 /J peaks sharply at ·f} = 90°, in the plane of the propeller. 
As long as {eM '.:::'. 1.4M is less than unity, the amplitudes of the higher 
harmonics fall off fairly rapidly with increasing n, and if this were the sound 
produced by the usual a irplane propeller, aircraft noise would not be the 
problem it is. The difficulty is that the fl.ow past the propeller blade is not 
uniform, and we must include the terms for q =fa O in Eq. (11.3.18). 

For nonuniform fl.ow, we introduce the positive numbers n and / and 
sum the terms corresponding to s = n, s = - n, q = I, q = - /. In carrying 
out this addition, it is convenient to pair up the contributions from (s = n, 
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q = !) and (s = -n, q = -!) and from the terms (s = n, q = - /) and 
(s = - n, q = /). Making use of J,.(z) = J_n( - z), we then find the following 
expression for the total sound pressure field: 

P = 
4
~r I (211k10:,,) { I (/3,F, cos{} + <\ nB -

1 
Fd)l,,n_i(nBM sin ff) 

n=l 1= 0 nBM 

X sin [nk1(r - ct) + (n B - l)(<p + }1r)] + I ( fJiF, cos{} + ol 
118 + / Fd) 

1= 0 nBM 

x lnn+iCnBM sin ,{}) sin [nk1(r - ct) + (nB + /)(<p + ½77))} (11.3.20) 

We note that the sound field is composed of two distinct groups of 
wa~es, the first representing a pressure field which spins with an angular 
velocity, greater than .Q, 

W 
= nw1 = nB r.. - I -- .H. (11.3.21) 

nB - 11B- l 

in the positive <:p direction. The other wave spins with an angular velocity 

nB 
w = -- .Q 

+ nB + I ( 11.3.22) 

which is always smaller than the angular velocity of the propeller. This 
second kind of wave is negligible, compared with some of the first kind, 
as long as the propeller Mach number M is less than about 0.7, for the 
reasons we pointed out in connection with Eq. (I 1.3.19) ; Bessel functions of 
high order (nB + I ► I) and argument (nBM sin{}) smaller than order 
are quite small. 

The first series over /, however, contains low-order Bessel functions; 
in fact, the term for I = 118 contains the factor Jo(nBM sin,{}), which has its 
maximum at {} = 0 instead of ,{} = 90°. The phase of this wave is inde­
pendent of <p; its amplitude is 

-
1
- nrx 11k 1{3.,, 11F1 cos,{} Jo(nBM sin,&) 

2?Tr 

which is maximum at {} = O (along the axis of the propeller) and is zero in 
the plane of the propeller. The amplitude of the component of the nth­
harmonic wave, having a spin velocity nBD/m (where m = nB - /), on the 
other hand, is 

rx,.nki ( f3nn-mF, cos ,0. + Onn- mFa BmM)J m(nBM sin{}) ( 11.3.23) 
2?Tr • n 

which is zero for -0- = 0, but does not peak sharply at {} = 90°, at least when 
mis small. 
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Unless Mis very close to I, these terms are larger than the uniform-flow 
terms of Eq. (11.3.19), even if the nonuniformity factors f3 and bare small, 
particularly in directions away from the equatorial plane of the propeller. 
Therefore, even a modest flow irregularity gives rise to a radiated sound 
pressure, which, at least at low Mach numbers, is considerably larger than the 
sound field from the uniform-flow component. 

ff an aircraft carrying such a propeller is moving through the air with 
velocity Va, these formulas must be modified according to the discussion 
in Sec. 11.2. The motion modifies the directionality of the emitted sound, 
as measured by an observer at rest with respect to the fluid. For subsonic 
flight (M .. = Vafc < I), the angle ,0, in the foregoing formulas corresponds 
to the angle (J of Fig. 11. 9; in other words, the 1J for the sound which reaches 
an observer at O at time t is the angle between the direction of flight and the 
line of sight R measured at the time t = R/c, when this sound originated at 
the aircraft. All the directional factors will be modified by being multiplied 
by the factor 1/( 1 - M cos 0), which accentuates the amplitudes ahead of the 
plane and diminishes those behind. In addition, of course, there are the 
Doppler changes of frequency a nd the further modifications of amplitude 
indicated in Eqs. (11.2.33) and (11.2.34). 

Compressor noise 

An axial-flow compressor such as in an aircraft jet engine is acoustically 
equivalent to a propeller which is operating in a cylindrical duct with rigid 
walls. The flow that enters through the rotating blade assembly of the 
compressor (the rotor) is generally not uniform, but is distorted by stationary 
guide vanes placed in front of each rotor. As a result, the flow velocity has 
a pronounced angular dependen·ce, with a period determined by the number 
of guide vanes. Since the analysis of the sound produced in this case is quite 
analogous to the previous free-field radiation from a propeller in inhomo­
geneous flow, we leave the details of the analysis for the reader, and merely 
quote the result and make some comments about it. 

Let the rotating blade assembly be located in a circular duct of radius r0 

in the plane z = 0, where z is the coordinate along the axis of the propeller. 
The angular frequency of the assembly shaft is n, and the fundamental 
angular frequency of the sound produced is 

W1= BO 

where B is the number of blades. As before, we use Eqs. (11.3.7) and 
(l 1.3.9) to obtain the expression for the equivalent force distribution in 
the plane of the propeller. Thus for the axial force per unit area we 
have 

00 

J. =/,o I 
s,q= - oo 

oc. R ei<o+sB ),p 1e -iso,t 
sf'q 
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The tangential component has the same form, with J. and / ,0 replaced by J,, 
andfq,o· The quantities/,0 and/q,o are the time averages of the forces. The 
Fourier coefficients rx, relate to the force distribution over the propeller in 
uniform flow [see Eq. (11.3.5)] and the /3/s relate to the expansion of the 
flow inhomogeneity [see Eq. (11.3.11)]. 

Using the Green's function for the inside of a cylindrical tube (see 
Prob. 11 .15), we find that the sound pressure produced by the force com­
ponents J is 

( 11.3.24) 

where, as before, m = q + sB. We have here introduced the total forces 

and 

and the coefficients Amnsq and Bm,.sq that express the coupling of these forces 
to the (m,n)th duct mode, as 

A mnsa = 2~' t i' • <X.~ f3of,oJ ,n( K,,.,.r 1)r 1 dr1 

and a similar expression for Bm,.sa. The quantities K 111,. are the ratios 7Trxm,./r0 

of Eq. (9.2.23). 
Since the axial force produces an asymmetric field around the propeller 

plane z = 0 and the tangential force produces a symmetric one, we must use 
the plus sign in Eq. (I 1.3.24) for z > 0 and the negative sign for z < 0. 
(See Prob. I 1.15 for a discussion of this equation.) 

The propagation constant kmn• of Eq. (9.2.6), is now 

k - SlV1 2. ✓( )2 mn - C - Km1i (11.3.25) 

It follows that the (m,n)th mode will propagate if jsa>ifc l > K mn · For homo­
geneous flow, corresponding to q = 0 and m = sB, we have 1;,iK11inr0) = 0. 
For sufficiently large values of sB the smallest root K mi is approximately 

sB 
Km1~­

'o 
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Therefore the condition for the generation of a propagating mode in homo­
geneous flow is, approximately, 

or 
Or0 - > I 

C 
or 

V 
- > I 
C 

( 11.3.26) 

where we have used w1 = OB. In other words, the condition is, roughly, 
tbat the tip speed V = Or0 of the rotor be larger than c. It comes as no 
surprise that this condition is much the same as that found in the study of 
sound generation from the moving corrugated board in Sec. l 1. 1. In most 
instances the tip speed of the rotor (with a radius equal to the duct radius) is 
indeed less than the speed of sound. Then, if the flow were strictly uniform 
across the duct, so that the load on all the blades was the same, the rotor 
would produce no propagating sound; all the wave modes would decay 
exponentially away from the rotor. 

It is a well-known fact, however, that a jet-engine compressor does 
produce a very intense high-pitched screech which frequently dominates the 
noise of airports, so that the conclusion just reached about the absence of 
propagating modes is not applicable. In practice, however, the flow is never 
completely homogeneous, and modes other than those produced in homo­
geneous flow will be produced. Some of these modes represent spinning 
pressure patterns with angular velocities greater than the rotor velocity, as 
already indicated in Eq. (11.3.21). (The situation is much the same as when 
a wheel is photographed by a motion-picture camera. Depending upon the 
relationship between the angular velocity of the wheels, the number of spokes 
on the wheel, and the number of film frames per second, the projected motion 
of the wheel can have an angular velocity considerably different from the 
actual velocity of the wheel.) • 

Actually, according to this equation, the /th Fourier component in the 
angular expansion of the flow velocity gives rise to a spinning pressure 
pattern with an angular velocity s.QB/(sB - /) = wi, where .Q is the angular 
velocity of the shaft, and s is the order of the harmonic of the emitted sound. 
The approximate condition for propagation of the corresponding acoustic 
mode produced by this pressure pattern, using wir0 > c, then becomes 

V sB-1 I 
- > - - = 1 - ­
c sB sB 

In other words, in order for the mode to propagate, the tip speed V of the 
blade assembly need not exceed the speed of sound. In fact, the fundamental 
frequency cu = w1 corresponding to s = I will be produced at all speeds if 
I = B. Then a plane wave will be produced in the duct. 

In the discussions of sound generation by a propeller, we have considered 
so far only the effect of the momentum transfer to the fluid corresponding 
to a dipole source distribution. Thus, if the pitch angle of the propeller 
blades is adjusted to give zero thrust of the propeller, this dipole source 
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distribution will be eliminated. However, there remain other features of 
the interaction between the propeller and the surrounding fluid that give rise 
to sound. The fact that a blade occupies a certain volume means that when 
a blade moves into a region of the fluid , the volume of the fluid is displaced 
to make room for the blade. This " thickness effect" of the blade gives rise 
to an acoustic monopole source distribution. 

To express this distribution in mathematical terms, we assign a propeller 
thickness function S(r ;,q,~) over the propeller plane, where the prime indicates 
coordinates attached to the propeller. . This function is zero between the 
blades and equals the blade thickness at the position of the blades. When 
expressed in terms of the coordinates of the laboratory system, this function 
becomes S(ri, <p1• - D.t). The rate of displaced air mass per unit area of the 
propeller plane at the position (r1 ,q,1) is then Q(r1q,1) = p(oS/ ot) = - D.pS' = 
- 0.p(oS/oq,;). T he corresponding acoustic source term in the wave 
equation for the sound pressure is then 

oQ = - D. s" = n2 a2s 
or P P oq,? ( 11.3.27) 

Once the source function is known, we can proceed to compute the radiated 
field in a manner completely analogous to the dipole fie ld. We leave this 
calculation for one of the problems. 

If we were to carry the analysis of the sound emission from a propeller 
even further, we should consider the influence of vibrations of the propeller 
blades. This effect, however, is ordinarily very small, and we shall not 
analyze it here. Instead, the problem of interaction of flow with an oscil­
lating body will be discussed a little later, in terms of a simpler example. 

In the preceding pages we have shown how the complicated flow field 
about a propeller can be described acoustically in terms of a monopole and a 
dipole source distribution that can be calculated from well-known char­
acteristics of the propeller. Although these contributions are the dominant 
ones, and account quite well for experimental observations, there still remain 
other more complex contributions to the source function. One of them 
refers to the vortex shedding and turbulence about the blades. However, 
for an ordinary well-designed blade profile, the corresponding contribution 
to the sound field has been found to be sniall, and we shall not discuss it 
further in this context. Instead, we shall consider a situation in which the 
vortex sound actually is the predominant one. 

Karman vortex sound (Aeolian tone) 

The interaction force between a rigid body in (subsonic) motion relative 
to the surrounding fluid is largely determined by the Reynolds number 
R = V D/v, where D is a characteristic uimt:nsion of the body transverse 
to the flow, V is the relative speed, and v is the kinematic viscosity µ/ p. 
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for sufficiently small Reynolds numbers, say, R < 100, the interaction 
force is mainly the viscous drag on the body which is proportional to the 
relative velocity. For example, the force on a sphere is given by the Stokes 
formula f = 61Ta'/'J V, which is familiar to physicists from the Millikan 
oil-drop experiment. Here 'I'/ is the shear viscosity coefficient, V the velocity, 
and a the radjus of the sphere. As the speed between the body and the fluid 
is increased, a value is reached at which the flow starts to separate from the 
body so that a wake is formed behind the body. The boundary between 
the wake and the surrounding fluid is a shear layer with a large transverse 
velocity gradient. This layer is unstable and breaks into turbulent motion 
farther down in the wake. 

For large Reynolds numbers, say, R > 105, the fluid motion in almost 
the entire wake is random or turbulent. For lower Reynolds numbers, say, 
for 300 < R < 104, strong periodic components of the fluid motion in the 
wake are frequently found. For example, the wake behind a cylinder 
exhibits a distinct transverse oscillatory motion in which vortices are shed off 
the cylinder alternately on one side and the other, forming the well-known 
Karman vortex street in the wake. The trail of eddies is arranged in a 
zigzag pattern, and during the formation there is a periodic oscillatory 
transverse momentum component of the fluid motion in the immediate 
vicinity of the cylinder. (This phenomenon is not uncommon. We are 
reminded of the oscillatory or zigzag motion of a piece of paper falling 
through the air or of a flat stone or a lure moving in water. These motions 
no doubt are related to the Karman vortex street.) As a result of the trans­
verse oscillatory momentum transfer to the fluid, a sound field is produced 
equivalent to that of an oscillatory volume force acting on the fluid. The 
frequency and magnitude of this equivalent volume force can be determined 
by measuring the reaction force on the cylinder. 

Experimentally, the frequency spectrum of the emitted sound in a free 
field has a predominant peak about a frequency given by 

where V = incident flow speed 
D = diameter of cylinder 

w o:V 
-=- ( 11.3.28) 

o: = so-called Strouhal number, approximately constant, rx ~ 0.2, 
over a wide range of Reynolds numbers from 102 to 105 

(Occasionally a slight indication of a second-harmonic component is found.) 
The width of the peak increases with the Reynolds number until R ~ 105, 

by which value the spectrum becomes fairly uniform without any pronounced 
peaks. The fluid motion in the wake is then fully turbulent. 



Page 774 of 933

752 ACOUSTICS IN MOVING MEDIA 

The magnitude of the transverse force per unit length of the cylinder is 
of the form 

The value of {3, found experimentally by various investigators, lies in the 
range between {3 = 0.5 and /3 ~ 2. There can be several reasons for this 
scatter. In the first place, the degree of turbulence of the incident flow 
affects the formation of vortices about the cylinder. Jn fact, only if the 
incident flow is comparatively free from turbulence will there be a pronounced 
oscillatory motion. Second, the vortices shed off a cylinder have been found 
to be in phase over a comparatively short length of the cylinder, of the order 
of a few cylinder diameters. The correlation length ti of the vortices has 
be~n found to depend on the total length of the cylinder and on the geometry 
of the flow system employed. Under such conditions some discrepancies 
between experimental data are to be expected. As a typical average value 
of {3, we shall use /3 ~ I in the following discussion. Correspondingly, a 
typical value of the coherence or correlation length ti is about three to four 
times the diameter. The total acoustic power generated by the cylinder is 
then obtained approximately as the sum of the power contributions from each 
length A of the cylinder. 

The wavelength of the emitted sound from the cylinder, using the 
frequency in ( I 1.3.28), is 

C 
J..~5-D 

V 

Since, ordinarily, c/V ► I, we have J,. ► D. Thus the wavelength ordinarily 
is much longer than the correlation length ti, and the acoustic power emitted 
by a length ti of the cylinder is approximately the same as that produced by 
an oscillatory point force 

( 11.3.29) 

To be somewhat more precise,/, is the force applied to a length ti of the 
cylinder by the turbulent layer of fluid surrounding it. If the cylinder does 
not move, this must equal the transverse force acting on the turbulence-free 
portion of fluid just outside this layer. ff both D and ti are small compared 
with J.., this can be equated to a point force / 1 acting at the origin on moving 
fluid, with the cylinder absent. The corresponding sound pressure field 
can be obtained directly from the sound field of a moving dipole source 
already derived in ( 11.2.33). If in this expression we introduce the coordi­
nates ~ = x - Vt, 'YJ, t attached to the cylinder (cylinder along the { axis), 
we obtain the sound field from a stationary cylinder in a fluid moving in the J 
negative t direction. The total emitted power per length A is then found by J 
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using the force (11.3.29) in ( 11.2.36): 

ITa = ~ o:2p2(P;3 112)MaG,2(M) ( 11.3.30) 

Ordinarily, the Mach numbers involved are so small that G1(M) ::::=. I. 

Jt is of interest to compare this acoustic power with the total flow-energy 

loss resulting from the steady drag force on the cylinder. Experimentally, 

this drag force has been found to be 
pV2 

Id ::::=. 1.3 2 D/1 

on a length /1 of the cylinder, and the corresponding rate of flow-energy loss 

(conversion into energy of turbulent flow) is 

pVa 
w d ::::=. 1.3 2 Dti 

The fraction of this energy that is converted into sound is, using Eq. ( 11.3.30), 

Wa 11 
W ::::=. 0.01 M 3 D 

d 

Effect of cylinder length 

For a cylinder of length L, longer than the correlation length /1 of the 

oscillatory force along the cylinder, a somewhat more involved calculation 

is needed to obtain the radiated power. We assume a cylinder of diameter D 

and length L , its axis coinciding with the z axis and center at the origin, the 

fluid flow being in the x direction. The observer O (at rest with respect to the 

cylinder) is a distance r from t~e origin (r ► D, L), the direction of r being 

given by the spherical angles {} (angle between rand the z axis) and <p (angle 

between the rz plane and the xz plane), as shown in F ig. 11.20. The driving 

force per unit length F 1 is then pointed along the y axis. If M is small, 

Eqs. ( I 1.2.6) and {I 1.2.33), combined with Eq. ( 11.3.30), indicate that, to the 

first order in M , the pressure wave at 0, from an element of length dz of the 

cylinder at z, is 
I ( ) 

sin -I} sin <p .k 'k co ~ 
"'P ~ B z ------ e' ,-, • s v 

(I - M cos 1.p)2 

where B(z) = (k{3D/ 167T)pV2 exp [ig(z) - iwr] , k = 27To:M/ D, M = V/c, 

and cos V' = sin {} cos <p. Function g(y) represents the fact that the phase 

o~ the force, and thence of p, is randomly distributed along the cylinder, 

with correlation length /1. The total pressure p at O is the integral of this 

over z from -{L to + ½L, and the intensity at O is lpl 2/pc. 

Sin2 
{} sin2 

m l I I / - ______ .,,__ ~ik cose dt ) *( 1:) d 
- ( I M . f) )4 2 e i, B(z1 B z, + \i Z1 

pc - sin • cos <p r 

where ~ = z2 - zi, and both integrals are over the length of the cylinder. 
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V 

FIGURE 11.20 
Cylinder generating an 
A eol ian tone. 

The second integral is, of course, L times the autocorrelation function i 
for B. If the correlation distance along z is D., a good approximation for i 
is IBl2 exp (- ~2/2A2). Utilization of the fami liar formula 

brings us to the desired equation for the intensity at O (assuming L ► A). 

~«2{32 p V3 
3 A sin2 -0- sin2 <p [ I (27T«M t!.)2 

2 _Q] I~ ---- M Lu - ----- --exp - - - -- cos v 32r2 2 (1 - M sin 0 cos <p)4 2 D 

( 11.3.31) 

The integral of this over the sphere of radius r is the total power radiated. 

When M and kA are small, 

kA = 2mx.MA 
D 

which (aside from the numerical factor v;;ri ~ 1.25) differs from the result 
of Eq. ( I 1.3.30), for L not large compared with A and J., only by the factor 
L/A. For a long cylinder the power radiated is proportional to its length 
(not the square of its length), as well as to the correlation length. 
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When 27T(/.M6./ D = k6. is less than unity (and lvf is small), the angle 
dependence of the intensity is, roughly, the same as for a point dipole pointed 
in they direction. This is the usual result, when the fluid flow past the cylin­
der has enough irregularities so that the correlation length 6. is roughly equal 
to the cylinder diameter D . On the other hand, if the flow is smooth enough 
so that 6. is considerably longer than D, k6. may be larger than unity, and the 
exponential function will concentrate the radiation near the equatorial plane 
({} = 90°). When this is so, 

7T (P va ) 4 TI ,_, - rx{J2 - LD M 2 = _ 1- WLD 
- 32 2 3v 277 

M small k6. large 

which is larger than the Il for k6. small , but not as large as the ratio between 
the k6.'s . In fact, when k6. > I, 11 becomes independent of k6.. 

The occurrence of an oscillatory wake behind a body is not limited to 
cylinders only. The basic condition for this phenomenon is the presence 
of a shear layer regardless of the shape of the body that produces the wake. 
The characteristic dimension D entering into the formulas (11.3.28) and 
( I l.3.29) more appropriately should be the size of the wake (separation 
between two opposite shear layers). Thus, for a plate inclined an angle 0 
with the flow direction, we have D c::::. L sin 0, where L is the width of the 
plate. 

Stimulated vortex sound; whistles 

The fluid oscillations about a cylinder and the corresponding sound field 
that we have just discussed concerned the conditions in free field, and may be 
referred to as spontaneous acoustic emission from the cylinder. This is in 
contrast to what might be called stimulated generation of vortices and emis­
sion of sound when a sound field is present to reinforce the fluid motion 
about the cylinder. The reinforcing sound may be externally produced, 
or it may be the sound from the cylinder itself, which has been reflected 
from surrounding surfaces. Under proper conditions this reflected sound 
field will stimulate the formation of vortices and thus increase the intensity 
of the emitted sound. 

Such an effect can be realized in a tube with fluid flow if a cylindrical 
rod is placed in the tube perpendicular to the axis. ff the flow speed is 
adjusted to a value such that the frequency of vortex shedding coincides with 
one of the transverse resonances in the tube, an intense sound field is pro­
duced. The amplitude of the sound field is found to be considerably larger 
than would be expected on the basis of forced motion of the tube, using 
the free-field value of the oscillating force as a source function. Therefore 
the sound emitted from the cylinder, after reflection from the tube walls, 
is not merely a matter of resonant excitation of a duct by a given dipole 
source, but rather the result of a reaction of the sound field back on the flow 
about the cylinder, drawing on the energy of the fluid flow. 
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Through this feedback mechanism the oscillatory force on the cylinder 
will depend on the amplitude of the sound, the system can become unstable, 
and large amplitudes can result. The amplitude presumably will be limited 
mainly by acoustic losses due to viscous and conduction effects considered in 
Chap. 6. Such a possibility for transforming the energy of steady flow into 
acoustic energy is of considerable practical interest, since it has been found 
to be responsible for the violent osci llations sometimes encountered in 
industrial test and processing facilities involving flow through tubes and 
ducts. Not only will enormous sound emission result (sometimes several 
kilowatts of acoustic power), but mechanical failure of the duct systems 
frequently has been the result. 

A similar instability will occur even in free field if, instead of being rigid, 
the cylinder is flexible in the transverse direction, with a resonance frequency 
coincident with the frequency of vortex shedding. In principle, th is situation 
is analogous to what occurred in the famous Tacoma Bridge disaster, in 
which enormous transverse oscillations occurred as the result of such an 
instability. 

The conditions for stimulated sound emission from the vortex flow 
around a rod of diameter d set in a duct are easily obtained by setting the 
Karman vortex freq uency equal to the transverse resonance frequencies of 
the tube. fn the case of a rectangular d uct with a transverse dimension D, 
the transverse resonance frequencies are given by J,, = 11c/2D. Therefore, 
using/~ 0.2V/d for the vortex freq uency as produced by the rod, given in 
Eq. ( 11.3.28), the condition for instability in the tube can be expressed as 

V d V c 
- ~ 2.5n - or - ~ 2.511 - (11.3.32) c D d D 

An additional condition is that the Reynolds number must lie in a region 
given approximately by 102 < R < 105• l t is convenient here to express the 

Vd . Reynolds number as R = Vd/v = - - , where / = v/c 1s of the order of the 
C I 

mean-free-path in the case of a gas, and 11 = µ / p is the kinematic viscosity. 
Then, introducing the value V/c = 2.5nd/ D from Eq. (11.3.32), we can 
express the additional condition for instability as 

d2 
102 < 2.511- < 105 ( 11.3.33) 

DI 

For a gas at atmospheric pressure, / ~ 10-5 cm, and we get 

c12 
10- 3 < 2.511 D < I cm 

As an example, a cylindrical rod with a diameter d = I in. is used in an air 
duct with D ~ I ft; the first resonant instability (11 = I) will occur at a flow 
speed of about 24 ft per sec; and the frequency of oscillation is about 550 cps. 
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The n = 2 mode will be excited at a velocity of about 48 ft per sec with a 
frequency of about 1, 100 cps, etc. The spectrum of the sound in each case 
contains not only the fundamental frequency, but a number of intense 
harmonics as well (as many as 10 harmonics have been observed). 

As an illustration of the second type of vortex-whistle mechanism, we 
shall consider the sound emitted from two or more identical cylindrical rods, 
with their axes perpendicular to the flow, placed one after the other along a 
line in the direction of the flow. The vortex street produced by one rod 
interacts with the next rod. This interaction gives rise to a pressure dis­
turbance which affects the vortex shedding by the first rod. lf the pressure 
pulse arrives at the time of formation of a new vortex in a phase such as to 
stimulate the formation, the vortex is amplified, and through this feedback 
mechanism, strong acoustic emission results. 

To obtain the condition for such a "resonance,'' it is important to 
realize that a vortex in the wake of a rod does not travel with the velocity 
V of the fluid , but somewhat slower. Actually, for a cylindrical rod the 
vortex drift speed is Vd :== 0.8 V. ff the distance between two rods is L , 
the vortex drift time between the rods is L/ Vd. The pressure pulse, produced 
when a vortex encounters the second rod, will reach the first rod after an 
additional time L/c, where c is the sound speed. The total time elapsed 
between the formation of a vortex at the first rod and the arrival of the 
feedback pressure pulse from the second rod is then (L/ Vd) + (L/c) :== L/ V,1, 

where we have assumed V d < c. The feedback pulse has been found to 
stimulate vortex formation when this total time delay equals a multiple of the 
vortex shedding period, T = 5d/ V, where dis the rod diameter. The con­
dition for resonance is then 

or with Vd :== 0.8 V, 

L d 
- = 5n­
V" V 

L :== 4nd ( I 1.3.34) 

Another way of interpreting this result is to say that resonance will occur 
when the distance L between two rods is a multiple of the distance between 
two consecutive vortices in the wake behind a rod. 

In contrast to the first vortex-whistle mechanism, in which reflection 
of sound from the walls of the duct provided the feedback mechanism, the 
present mechanism relies upon the interaction of a vortex with a second ob­
ject. T he characteristic length of significance in the feedback processes is the 
distance between the vortex source and the vortex receiver, and the char­
acteristic velocity is the vortex drift speed. Most vortex whistles can be 
described in terms of either one of these two types, or sometimes a combina­
t ion of both. For example, the well-known jet-edge whistle is analogous to 
the two-rod whistle. Here a thin jet is emitted from a slit with sharp edges. 
Because of the shear layers produced, the jet is unstable for transverse 
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perturbations, and the speed of these perturbations traveling down the jet is 
equivalent to the vortex drift speed in the previous example. The char­
acteristic length involved is the distance between the slit and the edge which 
is placed in front of the slit. Resonance occurs when this distance is a 
multiple of the wavelength of the perturbations of the jet. For a given L, 
the whistle can operate in different modes, in which the distance between slit 
and edge is I, 2, 3, etc., resonant wavelengths. 

Similar oscillations occur also if, instead of a slit, we have an annular 
opening and a circular edge in front of the annulus. 

Even the flow through a hole in a rigid partition, with a thickness com­
parable with the hole diameter, gives rise to feedback oscillations. The edge 
at the entrance of the hole serves as the vortex generator, and the edge at the 
other end of the hole as the vortex receiver, so that the characteristic length 
involved is the thickness of the partition. If a cavity resonator is added to 
this vortex generator, an intense sound can be produced. 

The well-known excitation of cavity resonance by flow across the cavity 
opening involves a combination of the two basic mechanisms described 
above. The flow that passes the opening of the cavity defines the character­
istic time V/d as in the jet-edge whistle. When this time equals the time of 
travel of an acoustic pulse being reflected from the walls of the cavity, 
strong resonance occurs; the approximate condition for oscillation in this 
case is V/d = L/c. 

Effect of flow on acoustic impedances 

To illustrate one effect of flow on an oscillating body, consider a one­
dimensional mass-spring oscillator vibrating in a fluid which is moving in the 
direction of motion of the oscillator. If the velocity of the mass in the 
oscillatory motion is u, and the incident flow velocity is V, the force on 
the body caused by the flow is of the form 

p(V - u)2 p(V2 + u2
) 

F = AC,, 
2 

= ACd 
2 

- ACdpVi.1 (11.3 .35) 

where A is the area of the oscillating body, and C,1 is the drag coefficient, 
discussed earlier in connection with the force on a propeller blade. Con­
sidering C,1 to be independent of the velocity, it follows from Eq. ( 11.3.35) 
that the presence of the fl.ow produces a time-dependent force on the oscillator 
which is equivalent to a friction force proportional to the velocity u of the 
oscillator. In addition, there is a force proportional to u2 which contains 
twice the frequency of the oscillator, but if u ~ V, this force is of little 
importance. Nonlinear contributions to the force of this type will be 
discussed further in Chap. 13. 

The acoustical characteristics of several other mechanical oscillators 
are influenced in a similar manner by flow. For example, the free oscillations 
of strings, membranes, and plates have been found to decay more rapidly j 
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when in relative motion with respect to the surrounding fluid. (There are 
conditions under which the flow can produce self-sustained oscillations of 
such systems, but this phenomenon will not be considered here.) 

We return to the analysis of sound transmission through an aperture, 
discussed earlier in Chap. 9, to inquire about the effect of flow through an 
aperture on its acoustical impedance. To study this question, we must first 
discuss the behavior of steady flow through the aperture. As in the case of 
flow interaction with any other rigid body, discussed earlier, we have to 
resort to experimental facts. At very low speeds the fluid motion no doubt 
is laminar, but for the velocities generally encountered in practice, the flow 
forms a turbulent jet on the downstream side of the aperture. The critical 
Reynolds number R = V Dp/µ at which flow separation and jet formation 
occur depends on the sharpness of the edges of the aperture, but generally 
the value is of the order of R =:: 100. 

The pressure jn the jet at the hole is somewhat lower than the ambient 
pressure P2 on the downstream side of the plate, but the jet pressure quickly 
adj usts to the ambient pressure as the jet becomes turbulent. 

To get an idea of the effect of a periodic perturbation on the orifice flow, 
we shall consider sufficiently low frequencies so that we may neglect com­
pressibility of the fluid in the aperture region. The flow in the region between 
the upstream side of the plate and point 2 in Fig. 11.21 , just before the flow 
becomes turbulent, is laminar, and we can apply the momentum equation 
in the form of Bernoulli's law for an incompressible fluid [Eq. (6.2.12)]. 

OVJ P 2 • P - p - + - V , . = const a, 2 

where VJ is the velocity potential , and V = - grad V'· Denote the incident 
flow speed and pressure by V1 and Pi, and the velocity of the jet at point 2 
by V2• The pressure at this point approximately equals the ambient pressure 
P2 on the downstream side of the plate. Furthermore, ifs is the coordinate 
along a stream line, and V, the corresponding velocity component (say, a long 
the axis of the orifice), we have 1P = - .f Vs ds. From Bernoulli's law, and 

FIGURE 11.21 
Flow through an aperture with a super­
imposed sound field. 
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( 11.3.36) 

where A2 and A1 are the cross-sectional areas at the stations l and 2, as 
indicated in Fig. 11.21. 

Next we consider a small perturbation of the flow velocity, such that 
v. = v_~ + u,, with corresponding perturbations u2, u1, t:,.p in V2, Vi, and 
t:,.p = P1 - P2• This perturbation represents a sound wave (incident) 
on the plate on the upstream side of the orifice. It follows from (11.3.36) 
that 

{
2 ou [ (A )2] PJ

1 0,8 els + pVfu2 I - A: = !:,.p 

or 

( 11 .3.37) 

This expression represents the specific impedance of the orifice. The first 
term, which represents a resistance, accounts for the fact that the modulation 
of the jet by an oscillatory flow increases the rate of energy converted into 
turbulence. The second term is the mass reactance of the aperture, pro­
portional to the M0 of Eq. (9.1.22). If we set u, = c(s)u1 and consider 
harmonic time dependence, we can express the integral as - iwpl/ pc, where 

I = f
1

\(s) ds is a characteristic length that corresponds to the mass end 

correction of the aperture expressed in a different way in Sec. 9.1 (see, for 
example, Eqs. (9.1.26) and (9.1.28)]. The resistive term is proportional to 
the unperturbed flow velocity Vf. The reactive term corresponds to an end 
correction resulting from the convergence of the flow on the upstream side 
of the aperture. It is expected to be approximately one-half of the mass end 
correction in the absence of steady flow, because in the latter case the end 
corrections account for the flow convergence (and divergence) on both sides 
of the aperture. Measurements of orifice impedance in the presence of 
flow are in good (qualitative) agreement with the result in Eq. ( I 1.3.37). 

11.4 GENERATION OF SOUND BY FLUID FLOW 

We have already considered some acoustical aspects of fluid motion that 
concerned the interaction of flow with a r igid body; a nonstationary flow 
impinging upon a body produces a time-dependent pressure distribution 
about the body, and as a result, sound is generated. Even in the absence 
of rigid bodies or boundaries, however, pressure fluctuation will be produced 
in the main body of a time-dependent flow field. This follows, for example, 
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[rom Bernoulli's law, discussed in Chap. 6 [Eq. (6.2.12)). The pressure 
fluctuations in the nonstationary fluid-flow region give rise to .(small) density 
fluctuations which propagate as sound to other regions of the fluid that may 
or may not be in motion. In any event, a nonstationary region of a fluid 
acts as a sound source, and the question that we wish to study in this section 
is the determination of the acoustic source strength and the corresponding 
sound field in terms of the fl.ow field. If the fluid is turbulent, the velocity 
field and the pressure and density fluctuations are random functions of space 
and time, and only statistical properties (such as autocorrelation functions) 
of these quantities can be measured or predicted. Correspondingly, we can 
describe the sound field only in statistical terms. The results, of course, are 
similar to those carried out in Chap. 7 in connection with sound radiation 
from random source distributions. 

Qualitative considerations 

Before we get involved in mathematical analysis, however, we shall dis­
cuss those order-of-magnitude relationships between fluid motion and sound 
that can be understood from simple qua}jtative considerations. The mech­
anism of sound generation in the bulk of a turbulent fluid is different from 
most of the sources considered so far, inasmuch as the sound is not a direct 
result of the interaction of the fluid with vibrating boundaries or with external 
energy sources. ln the present case the time dependence of the flow, re­
quired for sound emission, is caused by the instability of the fluid flow, so 
that even if the flow field is produced by a time-independent energy source, 
flow fluctuations and sound will be produced as a result of the flow instability. 

A local fluctuation v in the fluid velocity will produce a local pressure 
fluctuation, which (from Bern~)Ulli's law) will be of the order of pv2. T his 
local-pressure-fluctuation field acts as a (monopole) source of sound and gives 
rise to a sound pressure, a distance R away, of the order of p-:::= (d/R)pv2, 
where d is the size of the region over which the pressure fluctuation occurs. 
The corresponding radiated power 4rrR2(1pl2/ pc) then will be of the order of 

11 2d3 V V o <=::::J pv . - -
cd 

( 11.4. 1) 

Since d/v = T is the characteristic time of fluctuation, this can be inter­
preted as the fraction v/c of kinetic energy pvZd3 transformed into sound per 
unit time. H ence the "acoustic efficiency" of this flow monopole source is 
of the order of v/c, and the total acoustic output is proportional to the 
fourth power of the velocity fluctuation. 

When we consider a larger volume V of the turbulent fluid rather than a 
(small) volume element d3, this equation for TI0 , with V substituted for d3, 

is valid only if there is a net pressure and corresponding density fluctuation 
in phase over the entire volume. If the turbulent region is isolated or 
surrounded by a quiescent region, however, there is no net mass transfer into 
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the region, so that the net monopole strength will be zero. The pressure 
fluctuations in the fluid then will be distributed throughout the region, with 
positive and negative contributions which average to zero. 

Next let us consider a pair of such flow monopoles, regions of pressure 
fluctuations with opposite signs. ln Chap. 7 we have seen that two monopole 
sources of opposite sign represent a dipole source which produces a sound 
pressure of the order of d/J.. times the monopole pressure, where d is the 
separation of the monopoles and A the acoustic wavelength. For simplicity 
we have assumed this separation to be the same as the characteristic "size" of 
the monopole region used above. lt follows, then, that the acoustic power 
emitted from a "flow dipole" will be of the order (d/).)2 times the power from 
the monopole. With a characteristic time of flow oscillations T ~ d/v, 
we have J.. = c/T ~ (c/v)d, and we obtain for the acoustic power from the 
flow. dipole, using (II .4.1 ), 

( 11.4.2) 

We see that, in terms of the interpretation used for the monopole, the acoustic 
efficiency of the flow dipole is of the order of (v/c)3, and the total emitted 
acoustic power is proportional to the sixth power of the velocity fluctuation. 

This conclusion applies also to a finite region of the fluid if the region has 
a net flow-dipole strength. Since, as we have seen in Chap. 7, a dipole is 
equivalent to a force on the fluid, a finite dipole strength of the flu id region 
implies that there is momentum transfer from the region to the surrounding 
fluid. However, in the absence of external forces or boundaries acting on the 
fluid region, or if it is surrounded by a quiescent region of fluid, there will be 
no net momentum transfer and no net dipole strength. Therefore, in a region 
of velocity correlation in the fluid , two or more flow dipoles will occur, 
with opposite signs, so that the net dipole strength also is zero. 

Thus, in the absence of both a net density fluctuation and a net mo­
mentum transfer to the (turbulent) fl.ow region under consideration, the 
sound emission must be a result of quadrupole and higher-order sources 
(as was stated in Sec. 7.1). The acoustic pressure IT 4 from a flow quadrupole 
is of the order of d/2 = d/(c/T) = v/c times the dipole pressure, and therefore 
the radiated power is of the order of (v/c)2 times TT 2 in Eq . (I 1.4.2). Thus 

( 11.4.3) 

This expression corresponds to the radiation from a single region of flow 
correlation (an "eddy") in the fluid of volume d3• The acoustic efficiency 
is now proportional to (v/c)5 . I n contrast to the monopole and dipole 
formulas, the quadrupole formula can apply to a finite region of the fluid, 

1 
' 

and was applied in obtaining Eqs. (7 .1.28) and (7.1.37). The acoustic power j 
from it is merely the sum of the power contributions from the various 
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uncorrelated eddies in the fluid. The actual expression for this integrated 
power, although dimensionally of the form ( 11.4.3), involves additional 
constants which cannot be found from these simple considerations. For a 
region of isotropic turbulence we shall see that the constant factor to be used 
in ( 11.4.3) is of the order of I 0-2 . 

Thus, for subsonic velocity fluctuations with M < I, the power removed 
from an eddy through sound radiation is generally very small. For example, 
with v/c = 0.1 , the sound emission will remove about 10- 5 percent of the 
kinetic energy of an eddy in one period of oscillation T. l f sound were the 
only damping mechanism, the "lifetime" of an eddy would be large indeed. 
There are more important mechanisms, however, which damp out the eddy 
motion. For one thing, an eddy will feed energy to smaller eddies, which 
ultimately, through viscosity, go into heat. 

Applying Eq. (I 1.4.3), we can get an idea about the sound emission from 
a turbulent jet. The fluctuating velocity component in the jet is known to be 
proportional to the average flow velocity V of the jet; typical1y, we have 
v ~ 0.1 V. Furthermore, the size of the energy-carrying eddies in the flow 
is of the order of the diameter D of the jet. The quantity pv2d3(v/d) in 

E ( 4 3) I • • p V
2 

TT D
2 

h. h • h k. • q. 11 . . , t 1en, 1s proportional to 2 4 V, w JC 1s t e mettc energy 

per second being discharged from the jet nozzle. A certain fraction of this 
power will be radiated as sound, and it follows from (11.4.3) that the sound 
power is of the form 

pva 
TI = (const) M5 

2 A 
V 

M = ­
c 

(11.4.4) 

where A is the nozzle area. A.large number of experiments have shown that 
the constant of proportionality in this formula is of the order of I 0-4 for 
subsonic circular jets. The efficiency of conversion of jet energy into 
sound is then about J0- 4M5, which, for subsonic motion, is quite small. 
The jet energies involved, however, are often very large, and the acoustic 
powers emitted can be considerable, often of the order of kilowatts. This 
should be compared with the acoustic power from a human voice, which is 
about J0- 6 watt. 

Further analysis 

We have already treated the radiation from a randomly fluctuating and 
turbulent region in Sec. 7.1, and we refer to that section as one approach to 
the mathematical analysis of our problem of sound generation by turbulence. 
We shall supplement that analysis by presenting here a somewhat different 
approach, plus some additional observations regarding this complex problem. 
There is no significant loss of generality if viscosity and heat conduction are 
left out of the discussion, and we shall do so. In the absence of an external 
force, viscosity, and heat conduction, the general equations of fluid motion 
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(6.1.13) and (6.2.11), expressing mass and momentum balance in the fluid, 
can be formulated as 

o(pVi) + 2 o(pVi V;) = _ oP 

01 j OX; oxi 

(11.4.5) 

where Vi (i = l, 2, 3) stands for the components of the total fluid velocity, 
and p and P are the total fluid density and pressure. Under isentropic 
conditions the equation of state of the fluid can be expressed as P = P(p), 
the pressure being a function of density only, and the compressibility of the 
fluid is given by 

1 dp 
K =--

pdP 
( 11.4.6) 

By differentiating the first of Eqs. ( 11.4.4) with respect to t and the second 
with respect to X;, we obtain, using (l 1.4.6), 

PK c)2~ - 2 c)2(pViV;) = 2 c)2~ = y2p (11.4.7) 
ot ii OX;OX; oxi 

where, as we recall from Eq. (6.2.4), c2 = 1 / pK. In the absence of an external 
force field, viscosity, and heat conduction, this equation is a version of the 
general "wave equation" (7.1.21). 

Both the compressibility K and the density p, even in the absence of 
sound in the fluid, may be functions of position [Eq. (7.1.22)). However, 
we have neglected a possible time dependence of pK = 1/c2

• Before we 
proceed further, let us consider some general properties of Eq. ( 11.4. 7). 
First we observe that if the compressibility is zero, the pressure field is 
fixed by the velocity field via the equation V2P = -'2:.(o2pViV,/ox;ox1); 
the consequent pressure then is of the order of p V2. Under these conditions 
the ratio between the first and second term is of the order of (L/T)2/c2, where 
we have introduced a characteristic ti me T of pressure fluctuation in the fluid. 
In a turbulent fluid this characteristic time is of the order of T ~ L/ V, 
where Lis the characteristic length L (correlation length), so that (L/T)2/c2 ~ 
(V/c)2. Under subsonic conditions, so that V/c ~ I, compressibility has 
only a small effect, and the pressure field therefore is essentially the same as in 
an incompressible fluid. This pressure field we shall refer to as the hydro­
dynamic, or aerodynamic, pressure field. It is characterized by the property 
that the pressure fluctuation is proportional to the square of the velocity 
fluctuation. This is in contrast to a sound field, in which the sound pressure 
is proportional to the first po1rer of the velocity fluctuation. 

In a moving compressible fluid we generally have both hydrodynamic 
and acoustic pressure fluctuations; their relative strength ordinarily depends 
on the location of the point of observation. For example, inside a violent 
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region of motion such as in a turbulent jet, the hydrodynamic pressure 
fluctuations predominate, whereas sufficiently far outside this region, the 
pressure in the sound field, emitted from the violent region of motion, is 
larger than the local hydrodynamic pressure fluctuations. In this far-field 
region the hydrodynamic motion of the fluid generally is very small, and the 
characteristic period of oscillation is long, compared with the periods in the 
sound field which has been generated by the rapid fluctuations in the violent 
region. lf the typical angular frequency of the sound field is w, the first 
term in Eq. (l l.4.7) is of the order of w2p/c2 '.::'. w2c5, where c5 is the density 
fluctuation c5 = p/c2. Similarly, the second term can be expressed as p02, 

where we have introduced the characteristic frequency of the fluid motion 
Q = V/L. Consequently, the condition for predominance of the sound 

pressure field can be expressed as~ G;)2 ► 1. 

But even if this condition is fulfilled, we cannot completely ignore the 
hydrodynamic motion of the fluid, because there will be some coupling 
between the fluid motion and the acoustic field, resulting in refraction and 
scattering of the sound field throughout the entire fluid (as discussed in Sec. 
8.1). However, in many cases, as for a jet, there is a comparatively sharp 
boundary between the region of fluid motion and the outside "quiescent" 
region, and the refraction effects will be localized at the boundary. The 
refraction is then approximately the same as for a discontinuous change in 
fluid velocity, already considered in Sec. 11.1. 

To account for all the inhomogeneities often encountered in, for example, 
turbulent jets, we let Kand p be functions of position. Jf the space average 
values are Ko and p0, Eq. (11.4.7) can be written in the form 

cPP . • cJ2P (Po ) Po o2 pV;V; 
PoK0 - - V 2P = p0(K0 - K)- + - - 1 V2P + - --- = S(r,t) 

ot2 ot2 p p axiax, 
(11.4.8) 

We leave the derivation for one of the problems [see also Eq. (8.1.11)]. 

Interaction between turbulence and sound 

The foregoing discussion serves as a convenient starting point for most 
problems of sound generation and transmission in a loss-free inhomogeneous 
fluid, when external volume forces and heat sources are absent. Although 
it may be difficult to establish a clear separation between the "hydrodynamic" 
and "acoustic" contributions to the various field variables, the handling 
of this question in most cases of interest is fairly obvious. Suppose, for 
example, we are interested in the transmission of an acoustic signal from an 
external source through an inhomogeneous moving fluid, the state of which 
is time-independent. The sound wave then is simply represented by the 
time-dependent part of the field, and if the signal is sufficiently small, it can 
be treated as a perturbation to the fluid motion, as was done in Sec. 8.1. 
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The terms on the right-hand side in Eq. (11.4.8) then account for the scattering 
and refraction of sound from inhomogeneities in compressibility and density 
and from the motion of the fluid. The latter effect is seen if we set Vi = 
u. + ui , where U is the unperturbed velocity, and u the perturbation. The 
cross terms of the form U,u; then provide the coupling between the ·sound 
wave and the fluid motion. 

Another situation, in which the method of separating hydrodynamic 
and acoustic fields is fairly clear, refers to the generation of sound by a well­
defined region of fluid motion, such as a turbulent jet outside which the fluid 
is practically at rest. To obtain the sound field in the outside region, we 
integrate the source term multiplied by the appropriate Green's function over 
the source region. In this region the hydrodynamic portions of the source 
term may be assumed predominant and known a priori. The acoustic 
con~ribution to the source term in the source region accounts for the scattering 
and refraction of the emitted sound that it undergoes before reaching the 
outside region. However, we shall ignore these effects in this discussion, and 
consider the source terms in Eq. (11.4.8) as known hydrodynamic variables 
in the source region, at least in a statistical sense. 

Then, using an appropriate Green's function, we can express the radiated 
sound field directly in terms of integrals, as we have done several times before 
in this book. For example, in Eq. (7. l.23), we worked with the Fourier­
transformed wave equation, and in the absence of boundaries, the appro­
priate Green's function was g"', given in Eq. (7.1.6). We shall now handle 
the problem a little differently and use the wave equation in its original form, 
without Fourier transformation [see also the derivation of Eq. (8.1.24)]. 
Then, in the absence of boundaries, the appropriate Green's function is as 
given in Eq. (7.1.18), 

( I ) c5{t0 - [t - (R/c)]} 
g r,t ro,fo = 4rrR 

where R = r - r0. If, for simplicity, we neglect inhomogeneity of p and K 

in (1 1.4.8), the solution to this equation then can be written 

(11.4.9) 

where the volume element dv0 refers to the source region. T hrough integra­
tion by parts, the far-field contribution in (11.4.9) can be expressed as 

] <)2 I 
p(r,t) = 4rr Rc2 012 (p V, 2) dvo (11.4. 10) 

which is analogous to Eq. (7.1.28). Here V, = '2:.x;V;/r is the component 
of the fluid velocity V in the direction r from the source region to the point 
of observation, and the parentheses following the integral indicate that the 
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quantity inside is to be evaluated at the time t - Ir - r01/c. It is interesting 
that only the velocity component V,. contributes to the radiated sound field 
at r. Tbis is related to the angular distribution of the sound field from the 
elementary quadrupoles in the region. Recall, for example, that the radiated 
sound.field from a dipole is zero in a direction perpendicular to the direction 
of the dipole, and similar results apply to the quadrupoles. 

If rigid boundaries are present so that dP/dn = 0, where n is the unit 
vector perpendicular to the boundary, it is advantageous to choose a Green's 
function G such that dG/ dn = 0, as we have seen already in connection with 
(7. l. l 7). If we use this Green's function , there will be no contribution from 
integrals over the boundary. If, then, fo r example, we deal with a known 
turbulent flow field outside a boundary, we need not be concerned about the 
interaction between the .flow and the boundary and the corresponding pressure 
distribution along the boundary. On the other hand, in some cases it may be 
of interest to relate the sound field to the pressure fluctuations over the 
boundary, and another choice of Green's function may then be appropriate. 
ln this context we recall the discussion of sound generation from the Karman 
vortex street in the wake behind a cylinder, in Sec. 11 .3. ln that case, the 
sound, in fact, is generated by the volume source distribution in the oscillatory 
flow in the vicinity of the rigid cylinder, but we replaced this source dis­
tribution by its net dipole strength, determined indirectly in terms of the 
reaction force on the cylinder. The validity of this equivalence can be 
formally proved, but we shall not pursue it here. 

If, in Eq. (11.4.9), instead of expressing Pin terms of V as we did earlier, 
we now express Vin terms of P, using Eq. (11.4.7), the source term becomes 

1 a2P 
a monopole distribution - "'.:l 

2 
- V2P. Then, if we use the free-space 

c2 ut 
Green's function of Eq. (11.4.10) and integrate by parts, the volume integral 

contributions to the far field from ~ ~
2

p
2 

and V 2P cancel each other, except 
c2 ut 

for a term f div (g grad P) dv, which can be transformed to a surface integral 
over the surface that encloses the source region. Then Fqs. (11.4.4) and 
(11.4.5) show that the sound pressure in the far field can be expressed as 

I d J p(r,t) = - - (pVn) dv0 
41Tr dt 

( 11.4.11) 

where Vn is the flow velocity component normal to the surface of integration. 
As before, the parentheses following the integral indicate that the quantity 
inside is to be evaluated at t - Ir - r01/c. l f the surface of integration is 
taken outside the turbulent region, the velocity component that enters is the 
acoustic velocity u, and the formula then is merely an expression of Huygens' 
principle. 
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Description of turbulence 

In a turbulent fluid the motion is random, and the velocity field, and 
hence the radiated sound pressure field, are stochastic functions; the detailed 
time dependence cannot be expressed in terms of simple functions. The 
procedure in calculating the corresponding emitted acoustic power was 
discussed in Chap. 7 for a particular form (Gaussian) of the correlation 
function of the velocity fluctuations. We shall extend the calculation here 
to consider the so-called (Kolmogorov) inertial subrange of isotropic 
turbulence, and obtain an expression, not only for the total intensity, but 
also the frequency spectrum. These quantities are conveniently obtained 
from the autocorrelation function for the sound pressure at the point of 
observation. This function is defined as 

1(-r) = (p(r,t)p(r, r - -r)) (1 1.4.1 2) 

where the brackets indicate time average [see Eq. ( 1.3.13)]. From it we 
obtain the total acoustic intensity spectrum E(w) from the Fourier transform 

E(w) = 2TTpC J _+oooo l(-r)eiwr d-r 

and the total acoustic intensity is given by 

1(0) (p2
) J +"' 

l = - = - = E(w)dw 
pc pc -00 

(11.4. 13) 

(1 1.4. 14) 

If we express the sound pressure in terms of the fluid velocity field and 
introduce the notation 

T = pV 2 
r r 

the correlation function (11.4. 12) can be expressed as [see Eq. (I 1.4. 1 O)] 

where 

and 

l (-r) =(
4

TT~C2)2f f Ki(r0,r1,-r)dv0 dvl (11.4.15) 

K ( ) _ <cJ2T,(r0 , t0 ) 02 T,(r 1 ,t 1 ) ) 

t ro,r "-r - o o 12 ,2 

Ir - rol 
10 = t - --­

c 
Ir - r1I 

!1 = / - -r---­
c 

(11.4.16) 

I n other words, the acoustic emission from a turbulent fluid is uniquely 
specified by the function K, which in essence represents the correlation in the 
fluctuations of the kinetic energy at different locations. Equations (11.4.13) 
to ( 11.4. 16) can be regarded as the formal solution to the problem of sound 
emission from fluid fl ow. 

First let us consider a stationary region of turbulence with zero drift 
velocity. Under such conditions the characteristic period T of fluctuat ion v 
of the velocity is T = L/v, where L is the characteristic eddy size. In the 

1 
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presence of drift velocity V0 ► v, the corresponding relation would be 
T ~ L/ V0, but if vis proportional to V, we may still set T ~ L/v. To make 
a general estimate of the integrand Kt in Eq. (11.4.16), we set o/ot ,..._, v/L 
and find, for the order of magnitude of K t, 

p2vs 
Ki '== £4 

We also observe, when carrying out the integration over r1 in ( 11.4.15), 
that we shall get a contribution only for r1 values within a distance of the 
correlation length L from r0. Then, assuming that the total volume of the 
turbulent region is much larger than L3, the integration over r 1 gives a value of 
the order of L3, and the expression for the total emitted acoustic power 
from the turbulent region then can be expressed as 

41rr
2 

p
2
v8L

2 J( Kt ) dv0 (v)5 pv3L
2 

IT '== 41rr2I = - Y(O) ,..._, -- . - = C - --
pc 41rpc5 p2v8/L4 r= O £ 3 C 2 

(11.4.17) 

which is co11sistent with (l l.4.3) [compare with Eq. (7. l.38)). The integral 
is dimensionless, and its value depends on the details of the flow in the 
turbulent region, but can always be expressed as the total volume of the region 
multiplied by some average value of the integrand. Therefore the constant 
factor in the last expression for TI can be regarded as proportional to the 
volume of the turbulent region, neglecting surface effects. It is interesting 
to compare this expression for the total radiated acoustic power with the 
mechanical power required to keep the turbulent region in motion. In the 
case of statistically stationary fluid motion, there must be a source which 
suppl ies mechanical power to the fluid , and this power, through the turbulent 
motion of the fluid, eventually is dissipated by viscosity and other loss 
mechanisms and by acoustic radiation. The mechanical power from the 
source first goes into kinetic energy of the large energy-carrying eddies, which 
are of the characteristic size of the driving mechanism. Here viscosity plays 
a minor role, and if the power transferred per unit mass of the fluid is E, 

it follows from dimensional considerations that the velocity v is of the order 
of (tL)½. Inserting this expression for the velocity in ( 11.4.17), and realizing 
that in this expression the constant C is proportional to the volume of the 
turbulent region divided by L3, we see that the acoustic power TI emitted 
per unit mass of the fluid can be expressed as 

TI ~ (const)M5E (11.4. 18) 

This shows that the efficiency of conversion of fluid-flow energy into sound 
via turbulent fluctuations is proportional to the fifth power of the Mach­
number fluctuations in the flow. In the particular case of homogeneous 
isotropic turbulence, the dimensionless constant in Eq. ( l l.4.18) can be 
shown to be approximately equal to 38, but we shall not derive this result here. 
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Frequency distribution 

These considerations referred only to the total emitted acoustic power. 
It is interesting to inquire also about the spectral distribution of this power. 
If we limit the discussion to statistically stationary turbulence, the time 
dependence of the function K involves only the time difference t0 - 1

1
• 

lo - t1 = T - ( Ir - rol - Ir - r1I) ~ T - y. r 
c c re 

We have introduced here Y = r0 - r1. If the fluid is homogeneous, the 
correlation function depends only on this difference, and not on the actual 
location of the points r0 and r1. fn an inhomogeneous 1luid this is not so, 
and it is then convenient to introduce, in addition to Y, the variable X = 
r0 + r1• Furthermore, if we introduce the time To = Y • r/rc for sound to 
travel a distance Y, the expression for the correlation function takes the form 

(1 1.4. 19) 

The Fourier transform of the correlation function yields the intensity spec-
trum 

( 11.4.20) 

where 

For homogeneous turbulence the function K is independent of X = r0 + r1. 
The integral over d3 Y is then simply the volume of the turbulent region. 
Consequently, the intensity spectrum radiated per unit volume of the source 
region has the form 

e(w) = 32773~2pc5 ff f d3 Y f _+
00

00 

Ki(Y, T - To)ei wr cfr ( 11.4.21) 

We recall that To represents the time of travel of sound a distance Y, or since 
Kt is substantially zero for Y larger than the typical eddy size L , we can say 
that To is approximately the time of travel across an eddy. Then, if the 
frequency of interest is such that the period of the sound wave is smaller than 
To (or the wavelength smaller than L), there ·will be interference between the 
sound emitted from different parts of an eddy. There is also the possibility 
that during the time To the state of an eddy has changed; i.e. , the lifetime of 
the eddy is small compared with T 0. Under these circumstances it is impor­
tant to retain T o in the equation. We can easily see, however, that if the 
fluctuating Mach number is considerably smaller than unity, the lifetime of an 
eddy is large compared with To (the characteristic time of the eddy is T = 
L/v). Then, if we restrict ourselves to the case of low Mach numbers, and also 
to wavelengths large compared with the typical eddy size, we are justified in 
setting To = 0 in the equation. J 
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With this simplification we turn to the question dealing with the form 
of the function K,. lf we have a statistically stationary turbulent region, it is 
clear that the particular form of the driving mechanism that maintains the 
turbulent flow must influence the structure of the turbulence, at least for 
eddies of the order of the size of the driving mechanism. These eddies 
receive their energy directly from the driver, and this energy is transmitted to 
smaIJer eddies through nonlinear coupling, and eventually the energy is 
degraded to the "microscale" eddies which give up their energy to heat. 
However, there is a range of eddy sizes, the so-called inertial subrange, for 
which the statistical properties of the flow are supposed to be independent 
both of the driving mechanism and of viscosity. The size of the eddies in 
this inertial, or similarity, range is smaller than the size L of the largest eddies, 
but is larger than the size / of the microscale eddies, which are influenced 
more by viscosity than by inertial effects. From dimensional considerations 
it follows that the size of the microeddies is of the order of! ~ (v2/ 1:)+, where 
v .is the kinematic viscosity, v = µ/ p. 

Thus, in the inertial subrange, the magnitude of Y will lie in the range 
L > Y > I. 1f in this range the statistical properties of the turbulence are 
independent of the geometry of the driving mechanism and of viscosity, the 
only quantities that should enter into the description of the motion are the 
eddy size R, the power 1: transferred to the fluid per unit mass, and the density 
p of the fluid. (The power 1: is transferred from larger eddies to smaller ones 
until it is transformed into heat.) Using these quantities, we can construct 
from dimensional arguments expressions for the quantities entering our 
acoustical problem. T hus, for the characteristic velocity, we obtain v ,.._, 
( 1:Y)½, and for the characteristic time of oscillation of an eddy of size Y, 
we get T = Y¾1:- ¼. From dimensional considerations it follows, then, that 
the function K , will be of the form K , r"'-' p2( 1: Y)"}<f,, where <pis a dimensionless 
function of the argument -r/T = -r/ YS1:- l. Thus, if we use 

K 1 r"'-' p2(1:Y)l <f,( y~-t) 

in (11.4.21) to obtain the acoustic power spectrum 411r2e.(w) of the sound 
radiated from the inertial subrange, we get, with dvr = 411Y2 c/Y, 

411r2e;(w) = 
8 

~
77 

5 
f Li Y 2 dYf +oo K;( Y,-r)<f,(x) dx 

7T pC I -co 
( 11.4.22) 

where L 1 is the largest eddy size in the inertial range. The lower limit on this 
integral goes to zero as the kinematic viscosity goes to zero. With this choice 
of lower limit, and using the dimensionless variables x = -r/ YS1:-½ and 
y = w Yi1:-½, we obtain 
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where Ym = wL;fcl\1. To obtain the acoustic contribution from the rest of 
the eddies with L; < Y < L, we must add to this integral a portion in which 
K 1 does not have the similarity form but depends on the geometry of the 
driving mechanism. However, as w-+ co, the upper limit in the integral 
goes to infinity, and the additional contribution from the larger eddies be­
comes negligible. Therefore, for w ► cM/L , the acoustic spectrum should 
be "universal,'' in the sense that it does not depend on the geometry of the 
driving mechanism. The acoustic power spectrum in this range is 

" C i ( )
,, 

4rrr2e(w) ~ (const)pc2M • wL 
cM 

w ►-
L 

( 11.4.23) 

the constant involving the value of the double integral, with the integral over 
y extended to co. 

• This result indicates that the power-spectrum density increases as Afli'­
and decreases with frequency as w- 1 in the high-frequency range, whereas 
the total power, including the entire spectrum, is proportional to M8. 

A simplified line source 

After these general considerations it is instructive to work through a 
simple specific example. Let us consider the sound emission from an 
idealized model flow field that may be used as a very simple model of a jet. 
When viewed from far away, a jet may be regarded approximately as an 
acoustic line source of finite length L, with a source strength that varies with 
position, and we shall use this model in the present example. T he acoustic 
source strength per unit length of this source, as we have seen, is determined 
by the velocity fluctuation in the direction along the line of observation. For 
simplicity, we assume that the time dependence of vr is a result of convection 
of a "frozen" pattern of flow irregularity. This means that in a coordinate 
system moving with the mean speed V0 of the flow, the time dependence of 
the flow irregularity (eddies) is only that corresponding to the (sudden) 
creation at x = 0 and absorption or destruction of the eddies at x = L. 
T he speed of convection is the mean velocity of the jet flow. To make the 
calculations simple, the spatial variation of v, is assumed to be harmonic in 
the region O < x < L, and zero elsewhere. The time dependence of v, 
at a point x is then given by 

V = 2-rr 
(

v, = 0 

' v0 sin A (x - V0t) == 1'0 sin (Kx - Qi) 

X < O; X > L 

O< x < L 
( 11.4.24) 

where K = 2-rr/A is the wavenumber corresponding to the "wavelength" 
A of the flow irregularity, and 0./2-rr = V0/A is the frequency of flow fluctua­
tion as seen by an observer in the laboratory system. With T, = pv,2, we 



Page 795 of 933

11.4 GENERATION OF SOUN D BY FLUID FLOW 773 

have 

a~~T = pvl (20)2 cos [2(Kx - Or)] 
ut 2 

To evaluate the function K 1 that occurs in (I 1.4.16), we have to evaluate 
o2Trf ot2 at (x0,t0) and (xt,11), where 

Ir - r01 r x0 cos 0 
t0 = t----~t - - + ---

c C C 

Jr - r 1 1 r X1 cos 0 
/ 1 = / - 7' - --- ~ 1 - 7' - - + ---

c C C 

Here O is the angle between r and the x axis. Using these expressions in 
Eq. (11.4.16), we obtain 

where M0 = V0/c. Next we have to integrate K1 over the range O < x0 < L, 
0 < x 1 < L. ff the cross-sectional area of tbe jet is A, we have ci3r0 = A dx0 

and d3r1 = A dx1 , and after integration over x0 and x1, we find 

L 

ff ( AL )2 v40 4 si n2 (r1.KL) 
1(7') = A2 K, dxo dx1 = 41rrc2 - 2- cos (207') (aKL)2 

0 

Vo 
a == l - - cos 0 

C 

( 11.4.25) 

According to Eq. ( 1 l.4.14), the total emitted intensity radiated in the direction 
0 is 

J O) = 1(0) = 1r2 A ( L)2 
A pv0

4 V0
4 sin2 

(aKL) 
( pc r 2 J\2 A c5 (rxKL)2 ( I 1.4.26) 

The frequency spectrum of the emitted sound in this simple model is pro­
portional to o(w - 20), so that only the one frequency 20 is present. With 
0 = 21r V0/A, we note that the intensity of the radiated so und is proportional 
to v0

4(0)0\ where we have indicated that the velocity ampl itude v0 generally 
will depend on O or A. The corresponding total radiated power is 

n = I 21Tl·21(0) sin O d0 

2 3 oo -- ·' d A (L)2 pv 4 V 4 A l J (t.J.. JnKL sin2 I' 
= 1T - - -- '.)' 

A2 A c5 KLM0 u-.1I>KL y 2 
( 11.4.27) 
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where we have assumed v0 independent of 0. In this simple model the 
velocity fluctuations are correlated over the entire length L of tl1e jet, but 
under more general conditions, the correlation length may be only some 
fraction of L. In that case we should obtain an expression of the form 
(11.4.26) for each length of the jet equal to the correlation length. The 
factor sin2 (t:1.KL)/(t:1.KL)2, which expresses the interference that takes place 
between sound emitted from different points a long the correlation distance, 
has a maximum value of unity at an angle given by cos O = 1/M0. 1n other 
words, a true maximum in the angular distribution resulting from this factor 
occurs only if M0 > I. We also note that the maximum gets sharper as 
KL = 21rl/A gets larger, i.e., as the frequency V0/A of the emitted sound 
increases. 

Turning to the total emitted power, we see that if MO < 1, the inter­
fereqce factor J(sin2 y/y2) dy rapidly goes to zero as L -- co, and the power 
radiated per unit length of the jet then goes to zero. T his behavior depends 
on the simplified model used here, in which there is no time dependence 
of the flow in the jet in a coordinate system moving with the mean velocity 
of the jet. On the other hand, if M O > 1, we see that, as Lf A - co, the 

interference factorf
0 

00 

(sin2 y/y2) dy equals rr/2 for MO > 1, and the power then 

becomes proportional to L. lf, on the other hand, the jet length is short, 
so that L/ A ~ 1, the interference integral is proportional to L, and according 
to Eq. (11.4.20), the power then is proportional to L2 . 

To simulate the conditions in a turbulent jet, we have to set v0 ""' V0 

(typically, v0 < 0.1 V0) , and we see that, apart from the interference factor 
J(sin2 y/y2) dy, the acoustic power is proportional to V0

8, consistent with the 
qua litative result in Eq. ( I J .4.4). As we have seen in this analysis, there is no 
radiation (per unit length of the jet) for a subsonic jet of infinite length; this 
is related to the fact that, in a coordinate system moving with the speed of the 
jet, the flow is time-independent. For a finite jet, however, there will be a 
radiated sound even at subsonic speed; this depends on the fact that, in a 
coordinate system moving with the speed of the jet, the flow is no longer 
time-independent, since there is a creation of a flow irregularity at x = 0 and a 
destruction thereof at x = L. The corresponding (si ngle) " lifetime" of an 
eddy then can be considered to be r c:::: L/ 1/.0. fn practice, there is a dis­
t ribution of lifetimes among the various eddies in the flow, and for each such 
lifetime there will be a corresponding length of travel Lt = VOr ; before the 
destruction of the eddy. Under these circumstances the flow always will be 
time-dependent, even in the coordinate system moving with the jet, since 
there is a continuous creation, decay, and destruction of eddies over the 
length of the jet. 

The simple model of sound emission from a jet considered here can 
easily be extended to incorporate some of these features so that it may be 
applied to an arbitrary convected flow irregularity containing a continuous 

J 
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distribution of wavelengths and decay times. To put these observations in 
quantitative terms, we should introduce an appropriate correlation function 
for the jet flow and proceed to evaluate the correlation function for the sound 
pressure field as given in Eq. ( 11.4. 15). Or we could follow the analysis in 
Sec. 7.1 dealing with the sound radiation from a randomly fluctuating fluid 
region. In attempting such an analysis, however, considerable difficulties 
are encountered because the jet flow is neither homogeneous nor isotropic. 
furthermore, the mean flow velocity is not the same throughout the jet, 
and the large velocity gradients transverse to the jet axis couple with the 
turbulent fluctuations to give rise to large fluctuations in the momentum 
flux tensor. T n addition, the mean velocity gradients cause refraction of the 
sound as it is transmitted from the jet to the surrounding quiescent atmos­
phere. The free-space Green's function used in Sec. 7.1 then is no longer 
appropriate. Qualitatively, the effect of refraction o ut from the jet is much 
the same as described in connection with Fig. 11 .7. 

Effect of translational motion of turbulence 

A detailed analysis of the noise from a jet, accounting for the various 
effects mentioned above·, will not be carried out here. Actually, for such 
an analysis to be meaningful, a better knowledge of the relevant flow cor­
relations is required than is presently available. However, in view of the 
fact that, in Sec. 7.1, we have already treated the sound emission from a 
region of stationary turbu lence, it is instructive in this context to determine 
the influence of translational motion of the turbulent region on the sound 
em1ss1on. We exclude the effect of refraction. The basic effect of the flow 
is to a lter the autocorrelation function and the spectrum density of the 
excitation functions ; they must be expressed in terms of coord inates at rest 
with respect to the observer. The transformation of coordinates, if the 
mean velocity of the turbulent region is U, in the direction of the z axis, is 
x' = x, y' = y, z' = z - Vt, and t' = t. The space and time correlation 
becomes mixed, and if, for example, Y s(d;r) and IS(K,w)l2 of Eqs. (7.1.32) 
and (7. 1.33) are the correlation function and spectrum density of the source 
function in coordinates moving with the jet at velocity U in the z direction, 
then the corresponding functions in coordinates at rest with respect to the 
observer and the surrounding air are 

In this system of coordinates the correlation between the same portion 
of fluid (d' = 0) at different times must be between the portion at r at t = 0 
and the portion at r + Ur at time t = r. Correlation between times an 
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interval T apart, for d = 0, corresponds to comparison between two parts 

of the fluid a distance VT apart in the moving fluid. The Fourier transform 

of this, the spectrum densi ty IStl2, has its frequency transformed to w - U . K 

because of the motion. Because of the motion, the frequency distribution 

of the radiation is shifted by an amount U • K, in accordance with the D oppler 

shift in frequency of the moving source. 

Equations (7. 1.35) and (7.1.36) for the intensity at frequency w/277 

and the total intensity, at the distant observation point in quiet air outside 

the turbulent region, become 

rv
2
VT w2 {-w2[ ( U )2]} 

18"' = pc(~/) 
6 2 2 2 - • exp - -2 

k/1r/ + I - -c cos{) 
I 1r c r w, 2w, 

PcV k 2w 3 

r = --;::== (6 2) • • 
• -./3277,2 • {k.2w/ -;- [I - (U/c) cos -0]2}~ 

( 11.4.29) 

where {} is the angle between the direction of the velocity U of the jet flow 

and the vector r from the jet to the observation point. lf the space variation 

of the random source distribution is more " fine-grained" than its time 

variation (i.e., if iv. < CT8 = 47Tc/w,), then k ,w, < 1, and the radiated 

intensity is strongly dependent on the angle {). The frequency distribution 

I .<i) has its maximum at 

Wmax = V2w s [ ( I 
lj )2 ]-! 

- c cos{) + k/w,2 -

,_, V2 w. 
- 1 - (U/c) cos{) 

When U < c, freq uency Wmax/21r is greatest at {) = 0, downstream of 

the turbulent region, and is least at {) = TT, upstream of the jet. The total 

intensity a lso decreases as {) is changed from 0 to TT. Thus, as the observer 

moves in a circle of large radius r about the turbulent region, from a position 

away from the motion ·0 = 1r to a point in the direction of the motion{} = 0, 

the mean frequency of the observed sound increases by an amount which is 

greater the nearer the jet velocity U is to the speed of sound c, and the total 

intensity also increases considerably. 

Tf the time variation of the source function s(r',t) is rapid and the size 

of the turbulent cells is large, then k ,,v • > I, and the radiation is not much 

dependent on the angle -0. In the limit the frequency distribution has its 

maximum at Wmax := V2(c/w,), and the tota l intensity a t the observation 

point is 

k,w, ► I 

independent of,{}, J 
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The same remarks can be made regarding the sound produced by the 
fluctuations of the stress-momentum tensor of Eq . (7.1.38). The factors 
l + k/H'/ and I + k/w/ in Eqs. (7.1.36) and (7.1.38) are changed, re­
spectively, to 

[(1 - ~ cos-&)2 + k/1v/] and [(1 - ~ cos •aJ + k/w.2
] 

The comments given above regarding the dependence of mean frequency 
and total intensity of the radiation on the angle 1J between the mean velocity 
U and the radius vector to the observation point also apply to the combined 
radiation. The intensity I . from the turbulent motion is somewhat more 
sharply directional than is the intensity l s from the fluctuating monopoles. 

When U > c, the maximum of the intensity, as well as the frequency 
w,,iax, comes, not at,&= 0, but at{} = cos-1 (c/U). 

Problems 
Derive the expressions ( l l.2.36) and (11.2.37) for the power emitted from a 
moving longitudinal and transverse dipole. Also determine the corresponding 
power spectra given in (11.2.38) in the text. Discuss the relative magnitudes 
of the power emitted in the two cases. 

2 An airplane travels through a turbulent atmosphere with a speed equal to 
half the sound speecl and, as a result, experiences a fluctuation lift force with a 
characteristic period of the order of T !:::: I sec and with an amplitude of the 
order of the weight w of the airplane. As far as the influence on the surround­
ing atmosphere is concerned, regard the airplane as a traveling transverse 
dipole source, so that the pressure field produced can be determined from 
Eq. (I 1.2.33). 

(a) Show that the integral of the near-field term in the pressure field over 
the ground surface (assumed plane) equals the weight of the airplane. 

(b) What is the maximum amplitude of the sound pressure field at the 
ground surface if the airplane flies at a height of 5,000 ft and if w = 10 tons? 

(c) What is the raruated acoustic power? 
3 Derive the expressions (11.2.33) and (1 1.2.34) for the sound pressure field 

radiated from a moving transverse and longitudinal dipole source. Introduce 
in these expressions the distance R between the point of observation and the 
point of emission [Eqs. (1 1.2.6) and (11 .2.1 2)] and the corresponding direction 
cosines, cos 01, cos 02, and cos 03, and show that the expressions for the pressure 
fields (11.2.33) and (11 .2.34) can be written in the form 

I cos 02 [1 , l ] 
P2 = 41rR (I - /J cos 01) 2 c/2 + R(I - {J cos 01) / 2 

fi' cos 01 / 1 cos 01 - {J V 
Pi = 41rcR l - /J cos 01 + 4,,,.R2 (I - (J cos 0)3 fJ = c 

4 A stationary acoustic source distribution in a duct has a uniform source 
~trength Q = Q0 exp ( - iwt) per unit volume over a length L of the duct and 
1s zero outside this region. The air in the duct is moving with a uniform 
velocity V along the duct. With reference to the discussion related to Eq. 
(11.1.25), calculate the sound field in the duct both outside and inside the 
source region. 
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5 A plane boundary is specified acoustically by a specific acoustic impedance t. The outside fluid moves parallel wi th ihe boundary with a velocity.Vas shown in Fig. 11.3. A plane wave is incident on the boundary at an angle ¢. Show that the pressure reflection coefficient is given by Eq. (11.2.21) and that the power absorption coefficient is 

411(1 + M cos <f,) sin <f, 
~ = - - - -----'-'----~ [,; + { I + M cos <f,) sin <j,]2 , o2 

where 

~ = L 
;- i<T 

and M = V/c, c being the speed of sound in the fluid. 
6 A thi11 plane partition of some kind, a membrane or a thin plate, separates two regions of a fluid in relative motion as indicated in Fig. 11.3. Generalize Eq. ( 11 .1.20) for the reflection coeflicient of a plane sound wave at the interface to account for the presence of a partition. The partition is specified acoustically • by means of an impedance z. defined as the ratio between the pressure difference between the two sides of the partition and the velocity of the partition. Show that the reflection coefficient in the case of a stretched membrane may be obtained from (11.1.20) by setting 

iwc [ 1• i2 cos2 <f,1 J p2c2 I { = - -- I - - - - - - --- + - -,--- --,--,------,,--p1c1 C1
2 ( I + M1 cos 'P1)

2 
P1C1 (L + M2 cos 'P2) sin 'P2 

where Eis the mass per unit area of the membrane, and v1 = vT/E, T = tension of membrane. For a thin plate with phase velocity of flexural waves vv, replace the expression inside the brackets by I - (vp/c
1

)

1 cos4 <j,
1

/(1 + lvf1 cos <j,1) 4

. 

7 As mentioned in the discussion of the sound field from a supersonically moving monopole source [Eq. ( l 1.2.19)), the sound field inside the sound cone can be regarded as a superposition of the field contributions from two emission points, £_ and E+. l n the case of harmonic time dependence of the sound source, this leads to the interesting effect of "standing-wave" formation inside the cone from a moving source. T hus, if the source strength is specified by q = q0 exp ( - iwt), show that the sound-pressure amplitude on the axis of the sound cone a distance x from the vertex of the cone (i.e., from the sound source) 
_ W % . 2 wx 

2 wx 
is given by . (2 ) { }½ 

P - 41rx(I _ pz) sin c(I _ fJ2) + fJ cos c(I _ {fl) 

8 Show that the d'Alembertian operator v 2 

- (l/c2 )(o2 /ot2

) in the acoustic wave equation is invariant under the "Lorentz" transformation 

I 
11 = -v;;::;1==c=v1:;::c~)2 

x' = y(x - Vt) 

, ( Vx) I =y f - c2 

y' = y 

z' = z 

9 Show that a Galilean transformation to a frame of reference moving with velocity V brings the ordinary acoustic wave equation into the form 

:2 ( :, + V • V )2 p - v2p = 0 

Show that this equation is consistent with Eq. (7.1.21). Is it valid when V 
depends on position? ~ 




