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PROBLEMS 779 

10 In Chap. 6 the Lagrangian density in a sound field was shown to be L = 
4 p[(Pr)2 - c- 2

( o'l '/ ot)2] , where 'l' is the velocity potential. This expression is 
valid in a coordinate system in which the unperturbed fluid is at rest. If the 
fluid is in motion with a uniform velocity V0 in the x direction with respect to 
the laboratory system S, what is the Lagrangian density with respect to S? 
Use the results obtained in Chap. 6 to derive an expression for the acoustic 
intensity with respect to S. 

11 A monopole source with a source strength Q = Q0 exp ( - iwt) moves along a 
circular path of radius a in the y z plane with an angular velocity n. Calculate 
the radiated sound field. Show that the spectrum contains frequencies 
lw ± 1101, where 11 = 0, I, 2, . . . , and that the corresponding pressure amplitudes 
are proportional to J,,(ka sin 0), where k = w/c, 0 is the angle between the 
direction of propagation and the x axis, and J,, is the 11th-order Bessel function. 

12 A rigid cylinder of diameter d = I cm is mounted between two opposite walls 
of a square duct perpendicular to the duct axis. The cross section of the duct 
is 30 by 30 sq cm. When air is passed through the duct, at what average flow 
speeds will stimulated Karman-vortex shedding and the related sound emission 
take place? 

13 For isentropic fluid motion, we have dS/dt = oS/ot + Y •VS = 0. If the 
unperturbed fluid is inhomogeneous, so that S

0 

= S0(x,z,y), and moving with a 
velocity V0, which may be a function of the space and time coordinates, show 
that the linearized wave equation for the pressure is 

1 o2p y - 1 oH 
cz a12 - v2p = c2 Tr - 'il. F + 'il. (pYo Yo). 'il 

Po o + 'iJ • (p u Y
0

) • 'il - - - (u • 'ilS
0 

+ Y
0 

• 'ilo) 
Cv ot 

where H = rate of energy transfer per unit volume of fluid 
F = external force per unit volume 

uY0 = tensor with components uxVox, UxVou, etc. 

Show that the source term can be written in a form that contains the gradient 
of the sound pressure. Also use the equation of state for an ideal gas S = 
C.v log P + Ci, log p + const to express the entropy source term as a function 
of the gradients of the unperturbed pressure and density. What external force 
is required to maintain the fluid in this unperturbed state? Consider as an ex­
ample sound propagation in a moving isothermal atmosphere. 

14 Derive Eq. (11.4.8). 
15 With reference to Eq. (1 1.3.24), show that the Green's functions, expressing 

the sound pressure fields from an axial and a tangential force of frequency w 
and unit amplitude at point (r1,q,1) in a cylindrical duct of radius r0 , are [see 
Eq. (9.2.11 )] 

G (rm I m ) - ~ I J ( )J ( )ei m(<P-<P ) e i k z- i wt 
% T rl.,..1 - £. SA ·m K,nnr1 m KmnY ) mn 

1n.n. mn 

= , n1 J (K /' )J (K r)ei nl(<P- <P1)ei kmn• -iw t 
,:., SI\. k m mn 1 111 " "' 

1n,n .. mn 11nt 

k,,.,.2 = (w/c)2 
- K mn2 

Use these functions to determine the sound pressure of Eq. (11.3.24) from the 
fan-force distributions/, and/"' in an inhomogeneous flow, as defined in the 
d1.scussion preceding Eq. (1 1.3.24). Discuss the amplitude of the (m,n)th 
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mode of the resulting sound as a function of the tip speed V = Or 0, where n is the angular velocity of the fan. In particular, investigate the relative contributions of the axial and the tangential force components when V ~ c. Show that the nth-order harmonic component in the Fourier expansion in <p of the flow perturbation gives rise to a p/(lne wave in the duct if n is a multiple of the number of blades B in the fan, and that, under these conditions, the contribution from the tangential (drag) force is zero. Assume that a.s, /Jq,f,o, and /"'0 are independent of ,. and calculate the values of the coupling coefficients Am•"' and B • .,.••. 
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CHAPTER 

PLASMA ACOUSTICS 

12.1 WEAKLY IONIZED GAS 

In the discussion of sound waves in a neutral gas we have had little 
occasion to consider effects of external forces acting in the bulk of the gas or 
fluid. In this chapter the situation is different, since we shall now be con­
cerned with the dynamics of an ionized gas or plasma. External electric and 
magnetic fields produce forces in the gas and internal fields, and corresponding 
forces are produced by the gas itself as a result of its motion. These fields 
and forces lead to many dynamical phenomena: we shall study here only 
those which may be considered to be acoustic in nature. The dynamical 
effects of external or internal fields and forces depend to a great extent on the 
degree of ionization of the gas, i.e., on the ratio between the number densities 
of the charged particles and the neutrals. For this reason we shall treat 
separately the weakly ionized and the highly ionized gas. 

In the weakly ionized gas the neutral gas plays a dominant part, and in an 
ordinary sound wave the ions and the electrons are forced to follow the 
neutrals. From this standpoint the presence of the charged particles is 
inconsequential. However, the charged particles draw energy from external 
electric fields, and some of this energy is transferred to the neutral gas, which 
then can lead to sound generation and amplification in the neutral gas. 

The energy transfer from the electrons to the neutrals leads not only to a 
heating of the neutral gas, but also to ionization. As we shall see, this 
creation of charged particles, under certain conditions, will travel as a wave 
through the gas. In the fully ionized gas we shall find, in addition to the 
ordinary sound wave, a wave mode in which there is charge separation. 
Such a particular kind of sound wave is often called a plasma 1rave, or plasma 
oscil!atio11. Finally, in the presence of an external magnetic field , the 
dynamics of the ionized gas is rather complicated; we shall consider in this 
chapter only some aspects of the problem which involve low-frequency 
phenomena, such as the magnetoacoustic waves in a conducting fluid. 
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Coupling to the electromagnetic wave 

A weakly ionized gas can be regarded as a mixture of three different 
gas components, the neutral-gas atoms ( or molecules), the ions, and the 
electrons. Such a gas mixture, often called a plasma, plays an important 
role in modern electronics. From an acoustic standpoint the basic difference 
between the plasma and a neutral-gas mixture is the fact that the plasma 
couples strongly to electric and magnetic fields, whereas for a neutral gas this 
coupling is very weak, being due to electrostriction only. Actually, a plasma 
not only responds to an electromagnetic field, but ordinarily depends on an 
electric field for its existence. The energy of the electrons is drawn from the 
external electric field that maintains the discharge, and in steady state an 
electron energy density is reached such that the energy-loss rate equals the 
rate of energy transfer to the electrons. 

The energy losses of the electrons are due to several processes. In a 
weakly ionized gas, as encountered in an ordinary glow discharge, the main 
energy loss of the electrons is the energy transfer to the neutral-gas particles 
through elastic collisions. Other loss mechanisms correspond to diffusion 
of electrons to the walls of the chamber and to ionization and excitation of the 
neutrals. All these losses depend on the average speed or temperature of the 
electrons, and steady-state conditions are reached at a particular temperature 
of the electrons. For example, in a typical weakly ionized gas, such as in a 
glow discharge with a neutral-gas density of about 1016 cm- 3 and an electron 
and ion density of 1010 to I 011 cm- 3, the steady-state electron temperature 
is of the order of 104 to 105 °K, whereas the neutral-gas temperature is about 
500° K. Tn other words, in contrast to the situation in a mixture of neutral­
gas components, the steady-state temperatures of the gas components in a 
plasma differ widely, the electron temperature being considerably higher 
than the ion and neutral-gas temperatures. Because of this temperature 
difference, there is a continuous energy flow from the electrons to the neutral­
gas component, and if this transfer is made to vary with time, sound will be 
produced in the neutral gas. 

The mechanism of the energy transfer from the electrons ( or the ions) 
to the neutrals is roughly as follows: In the time interval between collisions, 
an electron is accelerated in the direction of the electric field and receives 
a certain amount of energy corresponding i:o the distance of travel betw~en 
collisions. As a result of collisions with the neutral-gas particles, the motion 
of the electrons is randomized. and most of the energy received from the 
electric field between collisions goes into random motion. However, there 
remains a small net drift motion of the electron, and the drift velocity V, 
is proportional to the electric fie ld 

V, = b,E ( 12.1.1) 

where b is called the electron mobility . A similar relation holds for the ions, 
v. = b.iE. The average rate of energy absorbed by the electrons per unit 
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volume can then be expressed as 

H, = eN,b, E2 ( 12. 1.2) 

with a similar expression for the ions (e, of course, is the electronic charge). 

Since we have N, ~ N1, it follows that the energy contributions from the 

electrons and the ions are related as are their mobilities. Ordinarily, the 

mobility of the electrons is considerably larger than for the ions, and therefore 

the energy contribution from the ions can be neglected. 

If the electric field or the electron density varies with time, it follows from 

Eq. ( 12.1.2) that there is a corresponding time dependence of the energy 

transfer to the neutrals. There is very little time delay in this process, 

between lht: time variation of H and of £ 2 or N, , the charncteristic time being 

of the order of the electron collision time, typically of the order of 10-8 sec 

in a glow discharge. T hus, if the electric field is modulated at acoustic 

frequencies, we may neglect the collision time and treat ( 12.1.2) as true also 

when N, and £ are time-dependent. 

rn a similar manner we can express the rate of momentum transfer from 

the electrons and the ions to the neutrals. However, the contributions from 

the ions and the electrons tend to cancel each other, and the net effect is 

very small at the frequencies that are considered here. 

Since the energy transfer from the electric field may be regarded as 

instantaneous, and the energy loss from the gas due to heat conduction is a 

comparatively slow process, with a much longer relaxation time than the 

acoustic periods of interest here, we may neglect the effect of heat conduction 

and regard Eq. (12.1.2) as the time-dependent net heat transfer to the gas. 

We have already seen in Eq. (7.1.19) that the corresponding acoustic source 

term in the equation for the sound pressure is given by (y - I )c- 2(0H / ot), 

so that 

J o2p 
2 

y - I oH y - l O 2 

-:; -o 2 - V 'P = z -o = • e -o (N,b,E ) 
C" t C t c- I 

( 12. 1.3) 

After having obtained the expression for the source term in the wave 

equation for the acoustic pressure in the neutral gas, we can now proceed 

to calculate the sound pressure field in terms of the space-time dependence 

of the electric field and the electron density if these quantities are known a 

priori. This will be assumed to be the case in the two examples, which follow, 

~ut later, in the discussion of wave amplification and spontaneous oscilla­

tions, the reaction of the sound wave back on the plasma will be accounted 

for. 

Sound generation by ionization waves 

As mentioned briefly in the introduction, and as will be discussed in more 

detail later, in a plasma traveling waves frequently exist in the electric field 

and in the electron density. For example, it is well known that an ordinary 
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glow discharge often contains traveling "striations"' that move in the direction from the anode to the cathode with a velocity of approximately I 04 cm per sec. The frequency of oscillations typically is in the range 103 to 5 x 104 sec- 1. Thus, with the static field E0 and the perturbation E1E0, we can express the total electric field as E = £ 0[ I + 1;1 cos w(t - x/ V)], where V is the wave speed. Similarly, for the electron density, we have Ne = N 00[l + 
E2 cos w(t - x/ V)], where we have assumed that the two waves are in phase with each other; xis the coordinate along the axis of the tube, positive in the direction of the electric field. For simplicity we shall consider a somewhat idealized geometry of the plasma such that the unperturbed values N,0 and £

0 of the electron density and the electric field are both constant along the tube in the interval - L < x < L and zero outside this region, where only the neutral-gas component is present. Also, we shall be interested only in plane sound waves along the axis of the tube ; consequently, only the average values of'N,0 and E0 across the tube will contribute to the generation of these waves. In the present example we assume that N,0 and E0 stand for these averages. ff the perturbations are sufficiently small, we need include only first-order terms in E 1 and 1;2 in the source term in Eq. (J 2.1.3). Furthermore, we shall neglect the perturbation in the mobility resulting from the perturbation in the electric field. The quantity Hin Eq. (12. 1.2) can then be written in the form 

(
iwx ) H = H0 + /,0 exp V - icvt 

== eN,0b,El [ l + ( 1;1 ..L 21;2) exp ( i:x - iwt)] ( 12. 1.4) 

in the region - L < x < L, and zero outside this region. This function is now used in the source term in the wave equation ( 12.1.3), and to obtain the solution to this equation, we conveniently use the Green's-function techniques, which we have done so frequently throughout the book. The one-dimen­sional Green's function G(x I x0), being a solution to ( l /c2)<J2p/ot2 -o2p / ox2 = c5(x - Xo) exp (- iwt), is 

G(x I Xo) = 
2
~ eiklx-r 01e- iwt 

where k = w/c. The pressure field in the region lxl > L outside the plasma is then given by 

or 

where 

( • JI, p = - i<,J Y - hoe !. l kx- iwl _ _ 
1 

. eiuu0/V e 'F iwx0/c dxo c2 2k - L 

sin [(wL/ V) ~ (wl/c)] -'- ikr- iwt p = -(e1 T 2e2)Po (cvL/ V) ~ (wL/c) e -

(y - 1)eN,0b,E0
2L (y - l)LH0 Po = 

C C 

(12. 1.5) 
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The minus and plus signs refer to the acoustic waves emitted in the positive 
and negative x directions, respectively. We note that the amplitude of the 
wave in the positive x direction, the direction of the source wave, reaches a 
maximum value p0 when the speed V of the source wave is the same as the 
speed of sound c in the neutral gas. Jn the opposite direction the amplitude 
of the sound wave is always less than p0 • 

[t is interesting to rewrite the expression for the characteristic sound 
pressure p0 somewhat differently in order to relate it to some characteristic 
pressure in the plasma. To do this, we express the rate of energy transfer to 
the neutrals in a different manner, making use of the energy transfer of an 
electron to a neutral particle in an elastic collision. Since the electron tem­
perature of the electrons is considerably higher than the temperature of the 
neutrals, we can regard the neutrals as stationary in the collisions with the 

,... . . . . . 4m6 mev.2 
electrons. Then the.average energy trans,er rn a s111gle col11s1on 1s - - - , 

m,. 2 
where v, is an average value of the speed of the incident electrons. The 
number of collisions per second can be expressed as v,f le, where ' • is an 
average mean-free-path of the electrons. The total rate of energy transfer 
from the N. electrons per unit volume, then, is 

4m6 m ,v/ N ,, 4m6 v, 
H = m,. -2-fe = m .. !,Pe (12.1.6) 

where we have introduced p, = Nem.v//2. The characteristic sound 
pressure in ( 12.1.5) thus can be expressed as 

m,, v, L (I 17) Po = 4(y - I) - - - p • 2. . 
m 11 C /6 

To get an idea of the order of magnitude of the sound-pressure amplitudes 
obtained, we consider a He plasma at a neutral-gas pressure '.'.:::= l mm Hg, an 
electron density N,0 ::= 1010 cm- 3, and an electron temperature of about 1 eV. 
Assuming e1 = e2 = 0. 1, and with L = 10 cm, we find a value of the sound­
pressure amplitude (e1 + 2e2)p0 of the order of about 1 dyne per sq cm. 

Inside the plasma the sound field is a superposition of waves traveling 
in both directions. We leave it as one of the problems to determine this field. 

Plasma afterglow 

A second example of some importance in plasma acoustics is the 
generation of sound waves in the plasma afterglow. By plasma afterglow 
is meant the period of decay of the plasma after the electric field has been 
turned off. In the afterglow period the electron temperature decays quite 
quickly to the temperature of the neutral-gas component. For the purposes 
of the present discussion of sound generation, this decay can be regarded 
as instantaneous. The electron density, on the other hand, decays much 
more slowly and, as far as sound generation is concerned, is of minor 
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importance. However, the sound produced at the instant of turnoff of the 
electric field , due to the change in the heating of the neutral gas, frequently 
produces acoustic oscillations in the discharge tube which modulate the 
decaying electron density at the acoustic frequency. Such a modulation 
actually has been observed in several experiments. 

To get an idea of the strength of these oscillations, we shall consider the 
sound produced as a result of a sudden turnoff of the electric field £0 that 
maintains a discharge. In other words, the time dependence of the heating 
function Hin (12.1.3) is now such that H = eN,0baEa2 fort < 0, and H = O 
for t > 0. We let the plasma be contained in a tube with rectangular cross 
section, and for simplicity, only the modes perpendicular to the tube axis 
and to the tube walls at y = 0 and y = D will be treated. The coupling 
to these modes depends on the y dependence of the heating function H. 
The. electron density is approximately of the form N,0 = N0 sin (7ry/D), 
and therefore the y dependence of the heating function also is given by 
sin (1ry/D). 

Since the time dependence of H is described by a step function as dis­
cussed above, it follows that the wave equation describing the excitation of 
sound in the afterglow is of the form 

1 ?Pp a2p . ( 1ry) -- - - = Ho Sin - c5(t) c2 01 2 oy2 D 
( 12. 1.8) 

where 

To obtain the solution , we conveniently make a Fourier transform in time 
and express they dependence of the pressure in terms of a Fourier series of 
modes symmetrical with respect to the axis of the tube (since the source is 
symmetrical). T hus 

p(t,y) = ; J:: A,.(w) cos (kny)e- '"' 1 dw 
21rn 

k = ­
n D 

( 12.1.9) 

By expanding the right-hand side of Eq. (12. 1.8) in a similar way, we obtain 
2 c2 I 

A,. = - H0 --- ----
1r2 4n2 - 1 w2 - k 2c2 n 

Finally, after we have carried out the integration in Eqs. (12. 1.9), the pressure 
fie ld in the plasma afterglow is found to be 

00 2p0 . 21rnct 21rny 
p(t,y) = L - ---'--- Sll1 - - cos --

n = l 1r2n(4112 - 1) D D 
(12. 1.10) 

where p0 is the same as in ( 12. I. S) or ( I 2. I. 7), with L replaced by D. We note 
that the fundamental mode has an amplitude about ten times larger than the 
amplitude of the second mode, and for large n the amplitude decreases with 
11 approximately as 11- 3. 
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Acoustic wave amplification 

The preceding examples have been concerned with an electric field, 
imposed from outside the system, generating a sound wave. Next we should 
study the cases where there is a static electric field, and an acoustic wave is 
imposed from outside, or else is generated spontaneously from the interaction 
between acoustic density variations and thermal energy from the electrons. 
In a plasma the free electrons represent a constant source of additional 
thermal energy supplied to the gas; when this source is coupled to the acoustic 
wave, a positive feedback can occur which can transform electronic energy 
into acoustic energy. 

To investigate this problem in great detail would require the analysis 
of the equations of motion for the. neutrals, electrons, and ions in the plasma, 
accounting for the interaction between them in terms of momentum and 
energy transfer. Such a general analysis would include not only the acoustic 
mode of motion, but other wave modes as well. We shall not go into such an 
analysis here, but merely point out that, as far as the acoustic mode of motion 
is concerned, the neutrals, ions, and electrons all move approximately in phase 
with each other and with the same amplitude of oscillation. The relative 
density fluctuations for all components are also the same, so that a perturba­
tion nn in the neutral-particle density produces a perturbation n. in the elec­
tron density such that 

Ne 
n, ~ - n,. 

- N,. 
( 12.1.11) 

We have already seen in Eq. (12.1.3) that the source term in the wave equation 
for the sound pressure contains a term proportional to the rate of change 
of the total electron density. ~f this rate of change is produced as a result 
of a perturbation in the acoustic density, as in Eq. (12.1.11), and if 
the unperturbed electron density N.0, as well as the electric field £ 0, is 
time-independent, the corresponding contribution to the source term in 
Eq. (12.1.3) is (y - l)c- 2ebeE0

2(0Nef ot) = (y - l)c- 2eb.El(N,0/N,. )(on,./ or). 
Since the acoustic pressure p is related to the perturbation in the density 
through the relation p = c2m.,n,., where m.,. is the neutral particle mass, we 
can express on,./ot in terms of op/ot, and the wave equation (12.1.3) takes the 
form 

.!_ a2p - y2 - - 1 Ho op 
c2 ot2 'P - (y ) p

0
c4 ot 

where we have made use of Eq. (12.1.2). 

(12.1.12) 

It should be noted that the sign of the term on the right-hand side is 
opposite to that for a resistance in the simple-oscillator equation 

M(d2x /dt 2
) + R(dx/dt) + Kx = 0 

( - v'2 takes the place of K). Thus energy is being added, rather than lost. 
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Thjs energy of course comes from the electrons, kept at high temperature by 
the constant electric field. If the wavelength A = 2TT/k is specified, the 
frequency will have a positive-imaginary part, representing an exponential 
increase with time; if the frequency w/27T is specified, the wavenumber k 
will have a negative exponential part, representing an exponential buildup 
of the wave as it travels along. 

To study the behavior of such a plane wave, transmitted through the 
plasma at a frequency w, we introduce p ,...__, exp (ikx - iwt) into Eq. ( 12. l. I 2), 
and find that the corresponding value for the propagation constant is given 
by the dispersion relation 

wn· k = - I - - = a - i/3 
C WT 

( 12.1.13) 

where 
PoC2 

T = - ---
(y - 1)H0 

T his time can be described approximately as the time required to transfer 
from the electrons an amount of energy equal to the thermal energy of the 
neutral gas. Using the expression (12.1.6), we can express this time in terms 
of the electron collision time t.f v. and obtain 

( 12.1.14) 

where T,., T. are the gas and electron temperatures. Under normal glow­
discharge conditions, this time is of the order of 0.1 sec, and therefore for 
the frequencies of interest here, WT ► 1. Under special cond itions, how­
ever, -r may be considerably shorter. 

Returning to the dispersion relation (12.1.1 3), we obtain the following 
expressions for the real and imaginary parts of the propagation constant: 

J 2;T 

l 
- = /32 
2cT 

W T ~ 1 

WT ► 1 

( 12.1.15) 

WT ~ 1 

WT ► I 

Then, for w ~ 1/-r, the growth rate increases with frequency as v;;, and in the 
limit of high frequencies the growth rate is independent of frequency. 
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In obtaining these results, we have neglected the attenuation of the 
acoustic wave resulting from various loss mechanisms. When sufficiently 
small, the growth and the attenuation rates are additive, so that we can treat 
them separately. For a monatomic gas the acoustic losses are caused solely 
by viscosity and heat conduction. Normally, the plasma is contained in a 
tube, and we can make use of th.e results obtained in Chap. 6 to obtain the 
attenuation rate caused by viscous and heat-conduction losses. As we recall, 
it is convenient to consider separately the losses in the bulk of the gas outside 
the viscous and thermal boundary layers and the losses in the boundary 
layers themselves. These loss contributions lead to spatial attenuation rates 
for the fundamental mode [see Eq. (6.4.14) and page 519] . 

_ w/c [tv ( )~K] I J 2wln a1 - - - + y - I ~ - --
2d w wpC"' d c 

l (w)2
[4 v K ] (w)2 

02 = - - -- + (y - 1)-- ~ 1.16 - I.,. 
2 c 3 c pC'Pc c 

(boundary) 

( 12.1.16) 

(bulk) 

where In = v/c is approximately equal to the mean-free-path of the neutrals, 
K is the heat-conduction coefficient, and vis the kinematic viscosity v = µ/ p0. 
In obtaining the approximate expressions (12. l. I 6), we have setµ:::::: 0.67 X 

K/c'P, which is approximately valid for a monatomic gas. 
When fJ and the a's are small enough, the growth and attenuation effects 

are additive and the sound-pressure amplitude will depend on x through the 
factor exp ({J - a1 - a2)x; amplification will occur if fJ > a1 + a2• At very 
low frequencies all the quantities are small; in fact a2 is much smaller 
than a1. Thus in the very low frequency range, it appears that amplification 
occurs if 4/nc-r < d2. 

However, in the frequency range of major interest, fJ and the a's are not 
small and the effects are not additive. To obtain a more generally valid 
result, we would have to solve the coupled equations of motion for the three 
fluid components, electrons, ions, and neutrals. When this is done we find 
that the three fluids do not move exactly in phase, so that a sound wave 
produces charge separation and consequent electric fields. The situation is 
analogous to the coupled waves of Eq. ( l0.1.2). We shall not go into details 
but shall mention a few results of the more complete analysis. 

We find that the effects are additive and the pressure depends on the 
factor exp ({J - a1 - a2)x only for frequencies such that 

where Qn is the mean frequency of collision per second of a neutral particle 
with charged particles and the N's and T's are the particle densities and 
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absolute temperatures of neutrals and electrons, respectively. The wave­
number k of the acoustic-type wave is obtained from 

k 2 = - l - ~ + -(
w)2[ (n 1 ) c52 
c W WT J + (52 

( 
J 0., (5

2 I I ) ] +i - +--- - - ---
WT n W J + c52 

W T l + c52 ( 12.1.17) 

where 

and 

~ = (w)2 [tv + (y- I)~] +~[ /2v + (y- I) [2ic"] 
T n C pC1' d ✓-;;; ✓~ 

Quantity T is defined in Eq. (12.1.14). It is not difficult to show that when 
c5 ~ I and when both W T and WT n are larger than unity, the imaginary part of 
k reduces to -{J + a1 + a2 and the implications of Eqs. ( l2. l.13) to (12.1.16) 
have validity. 

Spontaneous excitations 

In addition to the study of the behavior of an externally produced wave 
.transmitted into the plasma, it is interesting to investigate the possibility 
of spontaneous excitations of normal modes. For simplicity, we consider 
the lateral modes between two rigid walls in a rectangular tube. The 
pressure field is then of the form cos (rrny/B) exp (- iw11t), the reflecting 
walls being at y = 0 and y = B. Tf we insert this into the wave equation 
(I 2. 1. 12), we obtain 

w . = - 1 - -- + - (12.1.18) rrnc J ( B )
2 

i 
" B 2m1CT 2T 

where, as before, T stands for the characteristic time defined in Eq. ( I 2.1. 14). 
Under the conditions of interest here, B/2rrnCT ~ I, and we note that the 
oscillations grow in time at a rate exp (t/2T). 

To obtain a criterion for the onset of spontaneous oscillations, we must 
compare the growth rate with the decay caused by the acoustic losses in the 
gas. We now conveniently apply the general results obtained in Chap. 6 
to the calculations of the energy losses in the lateral modes of oscillation of 
interest here. 

In Eq. (6.4.13), the loss rate per unit volume in a fluid is given by 

L = D + ;(grad 0)2 + div (; grad T) (12. 1. 19) 

where D = viscous dissipation function defined in Eq. (6.4.10) 
K = thermal conductivity coefficient 
0 = temperature in the sound field 
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Since we are interested in the average of the loss rate over one period of 
oscillation, the last term in Eq. (12.1.19) does not contribute. As in Chap. 6, 
to calculate L in the bulk of the fluid, we use the loss-free field distribution, 
and the temperature field then can be expressed in terms of the sound pressure 
(assuming adiabatic conditions), to give 

. _ (y - l)K 
2 (L hulk) - (D) + C 2 (grad p ) 

P l'pc 

where the brackets indicate time average. For the one-dimensional motion 

of interest here we have D = ( 
4
:) ( ~~ r As was shown in Chap. 6, 

the evaluation of Lin the thin boundary layers leads to an expression for the 
average loss rate per unit area of the surface, 

where lu.l is the amplitude of the tangential particle velocity just outside the 
boundary layer (which is approximately the same as the tangential particle 
velocity at the boundary in the loss-free solution), and lpl is the sound­
pressure amplitude at the boundary (loss-free solution). 

Jn the case of the lateral oscillations in a rectangular tube of width B, 
we have p = p0 cos (7Tny/B), and u.11 = (p0/pc) sin (7Tny/B). Since the motion 
is perpendicular to the walls y = 0 and y = B, only conduction losses will 
obtain, whereas at the remaining two walls we have both viscous and con­
duction losses. The total ene~gy in the sound wave per unit length of the 
tube is W = (pa2/4pc2)A, where A is the cross-sectional area of the duct. 
The loss rate is proportional to W, and if we call the constant of proportion­
ality 2/,,., we have dW/dt = - (2/r ,.) W. The time dependence of the pressure 
field is then given by exp ( - t/r,,). From the expressions for the losses 
(Lbulk) and (L . ), we find for a duct with square cross section that the decay 
time for the nth mode is given by 

T1 87T
2 

n
2
!,. . ~ [ ff] J nl n

2
!,. ~1/.,, - = - -- + V 27T 1 + 3(y - I) - - ~ 26 - + 8 -

r ,. 3 B 17cp B B B 

( 12. 1.20) 

where we have used K/Cp F:::1 1.5µ approximately valid for a monatomic gas. 
T1 is the period of the first mode corresponding ton = I. The two terms in 
(12.1.20) correspond to the bulk and surface losses, respectively. The 
criterion for the onset of spontaneous oscillations is given by 1/2-r > 1/ri, 
Where the growth and attenuati•on rates 1/2-r and l /r1 are given in Eqs. 
(12.1.18) and (12.1.20). 
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Ionization waves 

Although the ionization wave, or traveling striation, is not an acoustic 
wave in the ordinary sense of the word, we shall describe it briefly, since we 
used it earlier in this section as a particular type of sound source in one of the 
examples of sound generation in a plasma. The ionization wave actually is 
a self-sustained oscillation of the plasma, which may be described approxi­
mately as follows : The plasma is maintained by a constant electric field 
£ 0, which under steady-state conditions produces as many electrons (and 
ions) through ionization as are lost by diffusion to the walls in the discharge 
tube. 

A perturbation in the electric field in the plasma produces a perturbation 
in the ionization rate, and hence a perturbation in the charge density, the 
electron density and the ion density being initially perturbed in the same 
ma~rner. However, the electrons are more mobile than the ions and seek 
to distribute themselves according to a Boltzmann distribution in the periodic 
potential that corresponds to the electric field perturbation. Thus the elec­
trons move away from the regions of large electric field , leaving an excess 
of ions. This change, in turn, gives r ise to an electric field which is in the 
same direction as £ 0 on one side of the ions and in the opposite direction to £0 

on the other side. T his perturbation in the electric fie ld is displaced with 
respect to the initial perturbation in the direction of £ 0 , which is the direction 
toward the cathode. We have then closed the loop, and we realize that under 
certain conditions the process can be self-sustained, so that the perturbation 
in the electric field travels toward the cathode without decrease in amplitude. 

We can put these observations in somewhat more quantitative terms 
through the following linearized equations : The first expresses the fact that 
the perturbation in the production rate of the ion density is proportional to 
the electric field perturbation E and the equili brium density N . We assume 
that the characteristic time of change is much longer than the time required 
for the electrons to become diffused. Thus 

on+ N - = yE 
01 

The second equation is simply the Poisson equation 

oE 
- = 41ren+ 
OX 

where e is the unit charge. 
A plane wave of the fo rm exp (ikx - iwt) satisfies these equations 

of motion if the following dispersion relation obtains : 

1 
k = 41reyN-

w 
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This dispersion is unusual inasmuch as the wavelength is proportional to the 
frequency. As a result, the group velocity dw/dk [Eq. (9.1.18)) is equal to 
the phase velocity but opposite in direction. 

dw w yeN 
- = - - = - 41r--
dk k k 2 

F rom a more detailed analysis of this type of wave motion the conditions for 
wave growth can be established, but it is found that the relation between 
the group and phase velocity as given above is approximately correct under 
most conditions. 

12.2 HIGHLY IONIZED GAS 

In the weakly ionized gas considered in the preceding section, the number 
density of the charged particles was very small by comparison with the neutral 
particle density, say, one electron (and ion) for every 105 neutral particles. 
The dynamics of the gas is then much the same as for the neutral gas, and 
were it not for the energy transfer from the electrons, the charged particles 
could be regarded merely as " tracer" elements, which make possible the 
study of the motion of the gas by a study of the behavior of the charged 
particles. This is so because the charged particles are strongly coupled to 
the neutrals through collisions and, as was mentioned in the previous section, 
the relative changes in the density are all the same in the acoustic mode of 
motion. For this motion, charge separation and the creation of (fluctuating) 
electric field perturbations in the gas are of little or no consequence. The 
speed of sound in the gas is, for all practical purposes, the same as in the 
neutral gas. The contribution from the ions or even from the electrons to 
the total pressure in the gas is negligible, and the speed of sound is deter­
mined by the thermal speed in the neutral gas. 

Sound waves 

In the highly ionized gas the situation is different. The effect of the 
neutrals can be neglected, and we are left with the ions and the electrons, 
which have different thermal speeds and, in general, even different tempera­
tures; the electron temperature usually is much greater than the ion tempera­
ture. Thus there is no longer one unique thermal speed that might be 
approximately identified with the sound speed, as in the case of the neutral 

gas. However, we can express the speed of sound as 'VyP/p, where y is 
an appropriate specific-heat ratio. The total pressure P in the plasma is the 
sum of the ion pressure and the electron pressure P = Pi + P., and the 
total density is p = p; + p. = N,(m; + m,) c:::: Nm;, where N is the particle 
density of the ions (and the electrons) and mi and m. are the ion mass and the 
electron mass. Since under ordinary conditions P. ► Pi, we expect that the 
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speed of an ordinary sound wave in the highly ionized gas will be 

(12.2.1) 

An analysis of the various wave modes in a plasma shows that tbere is indeed 
an acoustic wave mode that travels with a speed given by ( 12.2. l). We note 
that in this mode, often called an ion-acoustic wave, the ions provide the 
inertia, whereas the electrons provide the "restoring" force. 

Plasma oscillations 

In the acoustic mode of motion of the plasma there is no charge sepa­
ra_tion, and the wave motion represents a perturbation of the density and the 
corresponding (adiabatic) change in the temperature. We shall now con­
sider a mode of motion which is longitudinal but in which charge separation 
and the related electric field are the essential characteristics. 

It is very simple to get a qualitative idea about the nature of this mode of 
motion. Consider an initially unperturbed portion of the plasma with an 
equal number N of ions and electrons. Suppose the electrons in this region 
are displaced an amount~ from their equilibrium position. This will leave 
·an excess N~ of ions per unit area, and an electric field is established between 
the electrons and the ions, E = 4TTeNf The corresponding restoring force 
on one of the displaced electrons is then 4TTe2N~, proportional to the displace­
ment. As a result, the electrons will perform an oscillatory motion with a 
frequency given by 

(12.2.2) 

According to Eq. (12.2.2), the frequency of oscillation does not depend on the 
wavelength of the oscillations, which means that the oscillation has zero 
group velocity, dw/dk = 0. In this qualitative analysis, however, the thermal 
motion of the electrons, clearly, is not accounted for, and the expression 
for the frequency obtained can only be approximately correct. Furthermore, 
this simple picture of the motion does not provide for any damping of the 
oscillation. 

To explore the motion further, we shall carry out here a hydrodynamic 
analysis of plasma oscillations. Let the electron density be p = Nm., with 
the perturbation ~ = nm.. We assume the ions to be stationary to form a 
uniform positive background to keep the plasma neutral on the average. 
The electric field E in the plasma is then due solely to the perturbation in the 
electron density, and we have 

div E = - 4TTne (12.2.3) 
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The equations of mass and momentum balance of the electrons are 

00 . 
01 

+ p div u = 0 

OU 
p - = - grad p - NeE 

ot 

(12.2.4) 

( 12.2.5) 

where p is the perturbation in the electron pressure. Introducing a char­
acteristic thermal speed v, we may set p = v2o = v2nm. Eliminating u 
and E and using o = nm, these equations lead to the following wave equation 
for <5 : 

ozo = v2y12c5 - 4rre2 N o 
ot2 m 

( 12.2.6) 

To find the dispersion relation, we insert the plane wave o = o0 exp (ikr -
iwt) and obtain 

(12.2.7) 

where w11 = J 4rr:
2

N 

is 2rr times the plasma freq uency. We note that k becomes imaginary when 
w < w11, and the plasma wave then decays exponentially. 

Comparing Eqs. (12.2.7) with the result (12.2.2) obtained from the qual­
itative observations, we see that by accounting for the thermal motion of the 
electrons (as we did here by introducing the electron pressure in the equations 
of motion), we get a dispersion relation that indicates that the oscillation is 
not stationary but that it propagates. The group velocity is dw/dk = kv2/w, 

w dw 
or k dk = v2

; the product of the phase velocity V11 and the group velocity 

Vu is V11 V0 = v2• The two velocities can be expressed as 

W V 
V = - = --;:==== 

'P k Vl - (w/w
11

) 2 

V0 = v'Vl - (w/w ,p)2 (12.2.8) 

which shows that the phase velocity is always larger than v for a propagating 
wave and that the opposite holds true for the group velocity. We can also 
express the phase velocity as 

V11 = w: J I + ( ~~ )
2 

where we have introduced Ad ' v(2rr/w "), the characteristic length traveled 
by an electron in thermal motion in a time equal to a period of plasma 
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oscillation. This length is called the Debye length. For wavelengths 
considerably longer than the Debye length, the phase velocity is approxi­
mately equal to w1,/k, that is, proportional to the wavelength. For wave­
lengths of the order of Att or smaller, a more detailed analysis of plasma waves 
will show that the waves are strongly damped. This will be explained under 
the next heading. 

The plasma wave is a longitudinal wave, a kind of acoustic wave, that 
involves fluid motion in the direction of propagation, as well as a longitudinal 
electric field . Returning to the equations of motion (12.2.3) to (12.2.5), 
we can now determine the relationsh ip between the various field quantities. 
We find, for example, 

u 
0 = -p 

vv 

which in o ur acoustic terminology means that the plasma-wave " impedance" 
relating the electron pressure and the particle velocity in the wave is the den­
sity times the group velocity. Simi larly, we find 

(12.2.9) 

which says that the electric field energy density in the propagating plasma 
wave (w > wv) is always smaller than the kinetic energy density due to the 
collective motion of the electrons. For w = wv they are equal. 

After having obtained Eq. (12.2.9), it is interesting to determine the 
total energy density in the plasma wave. It is the sum of three parts, the 
kinetic energy of the electrons UK, the electrostatic field energy U E• and 
the "potential" energy U-ri due to the compression of the electron gas 
(resulting in a perturbation of thermal energy). The potential energy in the 
wave can be expressed as Kp2/2, where K is the compressibility, 

0 l 

Hence the potential energy density is 

p2v,,2 [ ( w/})2] pu
2 

U,, = -- u2 = l - - -
2pv2 w 2 

The total energy density in the wave then can be written 

p112 [ ( <V 1,)2] p112 £2 2 £2 ( O) )
2 

U = - + I - - -- + - = p11 = - -
2 w 2 81r 47T w,,, 

(12.2. 10) 

where we have made use of Eq. (12.2.9). 
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Landau damping 

In our hydrodynamical analysis of plasma oscillations we have neglected 
viscous stresses as well as heat conduction in the electron fluid , and the 
resulting plasma waves were undamped. However, we can account for the 
effect of viscosity and heat conduction in the same way as we did in 
the preceding discussion and in Chap. 6. 

Actually, even in the absence of viscosity and heat conduction, a kinetic 
theory of plasma oscillations leads to a damping of the plasma waves. 
This damping, however, cannot be explained on the basis of the hydro­
dynamical model, since it is related to the trapping of electrons in the traveling 
periodic potential produced by the plasma wave and depends on the form of 
the velocity distribution function of the electrons. The hydrodynamic 
analysis deals only with averages of the distribution function. The electrons 
that will be trapped by the wave are those with a thermal velocity com­
ponent v., in the direction of wave propagation about equal to the phase 
velocity w/k of the wave. As we shall see, the degree of damping resulting 
from this trapping depends on the s lope of the velocity distribution function 
in the neighborhood of v,,. = w/k. 

To study the trapping mechanism to obtain an expression for the 
Landau damping, let the unperturbed velocity distribution function of the 
electrons be f(vx,uu,v, ) such that 

N = Jf f f(v.,,vv,Vz) dv., dvu dvz 

If propagation of the plasma wave is chosen to be in the x direction, we shall 
be interested mainly in the dependence off on v.,. It is convenient, therefore, 
to introduce 

g(v.,) = ~ f J J(vy,v,) dv,, dv. (12.2.1 1) 

The plasma wave represents a periodic electric field E = £ 0 sin kx and a 
corresponding potential V = (£ 0/k) cos kx that travels with a velocity 
V.,, = w/k in a direction which we choose to be the x direction. Imagine 
that the wave is formed at t = 0. The electrons which at this time have a 
velocity (V,, - .6.v) < vx < (V,, + .6.v) will be trapped in the potential well 
of the plasma wave if the velocity increment .6.v is such that 

111 e£0 2 ( .6.u)2 = T (12.2.12) 

This value of .lv should be regarded as an average since for any particular 
electron the actual value of the velocity required to make the electron go over 
the potential barrier depends upon the location of the electron at t = 0 
in the potential wave trough. Electrons that have a velocity in the range 
(V,, - .6.v) < v., < V)) will be speeded up and receive energy as a result of the 
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trapping, whereas the opposite holds true for the electrons in the range 
V11 < vx < V11 + !:iv. The corresponding energy will be drawn from or 
transferred to the plasma wave. 

An electron that has been trapped will perform an oscillatory motion in 
the potential wave trough with a frequency of oscillation which, at least for 
sufficiently small amplitudes, is 

WC
= ; eEcJc (12.2.13) 

\, m 

A trapped electron with the initial velocity v., oscillates back and forth with a 
velocity amplitude v,, - V1,, and its average total energy of oscillation is 
(m/2)(v"' - V.v)2. In addition, the trapped electron has the kinetic energy 
of translation (m/2) V,, 2 with respect to the laboratory system. Therefore 
th<;! net amount of energy gained by the electrons, and hence lost by the plasma 
wave, is 

v ,,+Av 

t:iW = 
1
; J g(v"') dvx [Vi,2 + (vx - V,,)2 

- v,,2 ] (12.2.14) 
V ,,-ov 

Since we are interested in values of v., in the neighborhood of V.,,, we expand 
g(vx). 

where g'( V.,,) = (dg/dv,,),,
1
,. If we insert into ( 12.2.14) this expansion of 

g(v.,), keeping only the first two terms, we obtain 

(12.2.1 5) 

The trapping process, and hence the energy exchange between the electrons 
and the wave, takes place approximately in one period Tc = 27T/w. of the 
oscillations of the electrons in the potential well, and as an average rate of 
energy transfer we may use coct:i W. Then, if the internal energy density of 
the plasma oscillations is denoted by U, we have 

au 
-=-w ~w Of C 

(12.2.16) 

Now we can express !:iv and we in terms of the electric field £, using 
Eqs. (12.2.12) and ( 12.2.13), which yields t:iW in terms of £ 2• From Eq. 
( 12.2. 10), £ 2 can be expressed in terms of U to give 

(12.2.17) 

The corresponding decay of the amplitude of the plasma oscillations is then 



Page 821 of 933

12.3. MAGNETOACOUSTIC WAVES 799 

exp (-/3t), where 

{12.2.18\ 

For a Maxwellian velocity distribution of the electrons, we have g(v:,:) = 
(1/cy";) exp (-v//c2

) and g'(w/k) = - (2w/kc3 y';) exp (- w2 /k 2 c2

) . The 
corresponding expression for the decay constant becomes 

4V2 (w )3 
( w2 ) /3 = 3V 1T w'P k; exp - k2c2 (12.2.19) 

where c2 = 2kTefm, Te being the electron temperature. 

12.3 MAGNETOACOUSTIC WAVES 

In the presence of a magnetic field, the plasma becomes nonisotropic, 
and the wave motion becomes considerably more complicated than in the 
absence of the field. A systematic study of this problem would carry us 
far beyond the scope of this chapter, and we shall limit the discussion to 
low-frequency phenomena in which we can neglect charge-separation effects. 

To save 47T'S in this section, we shall use a "normalized" set of electro-
magnetic units; in this section only, B = BJ V41r; D = Dc/V41r; and j = 
V 41r j 0 ; Be, De, and je being in the usual cgs units. 

Magnetic stress tensor 

The electrons and ions then move together as in a single conducting fluid. 
Under these conditions the principal effect of a magnetic field B on the motion 
of the conducting fluid is to produce a force per unit volume of the fluid, 

1 
F = - (j X B) 

C 
(12.3.1) 

where j is the current density. The current density, in turn, is related to the 
magnetic fie ld through the Maxwell equation 

I 
. aD . 

c cur B = J + Tr -:::::: J {12.3.2) 

In the last step we have neglected the displacement current aD/ at, 
which is justified in a fluid with high conductivity, at least for the low­
frequency phenomena we wish to study here. To see this, we note that, in a 
periodic field with a frequency w, aD/ at is of the order of W€E and j = crE, 
where € is the dielectric constant, er the conductivity, and E the electric field. 
Thus the ratio between the magnitudes of the displacement current and the 
conduction current is then (w€/a) , which is much less than unity for the prob­
lems to be considered here. 
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Now if we introduce j = c curl B into ( 12.3. l) and make use of the 
well-known relation B x curl B = grad (82/2) - (B • V)B, it follows that 
the ith component of the force in Eq . (12.3. I) can be written in the form . , 
remembering that Las,/ ax; = 0, 

F; = - I-:- (B22 O;; - BiBi) 
i vx1 

where O;; = 0 for i =I= j and <5ii = l for i = j. This expression for Fi makes 
it possible to write the equation of motion in the form 

a(pui) . a ( B2 ) 
a + I:;-- Poi} + pu;u; + - o;; - BiB; = o 

I ; vx 1 2 
(12.3.3) 

This way of writing the equation of motion demonstrates that the magnetic 
field is dynamically equivalent to a mechanical stress tensor (B2/2)oii - B,B,. 
To see the physical meaning of this stress a little better, we express it with 
reference to a coordinate system, with the x1 axis in the direction of the 
magnetic field. The components of the stress are then given by (B2/2)ou -
B20;1<5;i, In other words, the effect of the magnetic field is equivalent to 
an isotropic magnetic pressure component B 2/2 and a "pull" B 2 per unit area 
in the direction of the field lines. 

The magnetic Reynolds number 

Before proceeding to study specific motions, it is interesting to mention 
an additional general property of motion which has to do with the coupling 
between the magnetic field and the fluid velocity field. We shall find that in 
the limit of infinite conductivity, the coupling is so strong that the magnetic 
field lines are convected with the fluid as if they were "trapped by" or "frozen 
into" the fluid. To prove this important aspect of the motion, we first seek 
an expression for the time rate of change of the magnetic field in a coordinate 
system moving with the fluid. We start from the expression for the current 
density, 

j = a(E + ~x B) 

together with Maxwell 's equations, 
. oE 

c curl B = J + ot 

oB 
ccurl E = - -

01 

div B = 0 

div E = 0 

whe~e we have assumed zero net charge density in the fluid . 
From these equations follows 

~ 08 = -curl (! - U x s ) 
• , ., •• ,. • , _ _. l; ~/~ tt ·f 111'• , :r.t a C 

( 12.3.4) 

(12.3.5) 

(12.3.6) 

(12.3.7) 
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and if we neglect the displacement current aE/ a, we get 

aB I c2 

- - curl (U x B) = - - c2 curl (curl B) = - V2B a, a a (12.3.8) 

By making use of curl (U x B) = (B • V)U + (U • V)B and introducing 
d/dr = a/ a, + U • V , this equation can be expressed as 

dB = (B . V)U + c
2 

V2B (12.3.9) 
dt a 

Next consider two fluid particles located at the positions r and r + dr on a 
particular magnetic field line at time t. The separation between the particles 
is specified by the vector dr, which has the same direction as B, so that we can 
set dr = EB, where £ is a small quantity. As the fluid moves, the separation 
between the particles will also change, in general, so that at time t + dt the 
new vector is given by 

dr' = dr + (dr • V)U dt = £[B + (B • V)U dt] 

However, for the time dependence of the B vector, we have a lready seen that, 
for Cf- oo 

so that 

dB 
- = (B , V)U 
dt 

dr' = E(B + dB) = EB' 

(12.3.10) 

where B' is the magnetic field vector at t + dt. In other words, dr and B 
remain lined up at all times. We can interpret this result pictorially as a 
comovement of the magnetic field lines with the fluid , just as if the lines were 
embedded in the fluid like rubber bands that stretch and bend to conform 
to the variations in the fluid flow field . 

This interpretation, taken together with the result obtained earlier that 
the electromagnetic stress corresponds to a tension along the field lines equal 
to B2 per unit area, suggests the existence of a transverse wave motion in the 
fluid in much the same way as on a stretched string. To see this, let the 
unperturbed magnetic field be a uniform field in the z direction of magnitude 
B. The fluid is initially at rest. Consider now perturbation of the fluid in 
the form of a local displacement perpendicular to the z axis. This leads to a 
local transverse displacement of the magnetic field lines. Since there is a 
force B2 along the field lines per unit area, and since a fluid string of unit area 
has a mass per unit length equal to p, the density of the fluid , we expect, 
by analogy with wave motion on a string, that the transverse displacement 
of~ fluid and the magnetic fie ld "string" will propagate with a speed 

"'! B2
/ p. = B/V p. We shall show under the next heading that this obsei:_vation. -.. 

IS consistent with more quantitative detail. ·•• · ' · ·.: ·, ~ .... 
If the conductivity of the fluid, is finite, the coupling between tfi(~agnetic· --:'· ~ .'.·, 

field and the fluid motion is not complete; the field lines will diff~flf,:or "slip" .,:_;'• 1 
UfltlYE.lt.SIDAO NAC.IODIAl: •• • , . ' '°' 
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through the fluid. As a result, the wave motion described above will be 
damped. To discuss the degree of coupling on somewhat more quantitative 
terms, let us return to Eq. ( I 2.3.9). If, for simplicity, we consider two­
dimensional motion of the fluid in a magnetic field perpendicular to the flow 
velocity, the equation reduces to 

dB = (c2) V2B 
dt a 

which describes the diffusion of the magnetic field in a coordinate system 
moving with the fluid. We rewrite this equation in dimensionless form, 
introducing a characteristic length L and a characteristic time T and a 
corresponding characteristic velocity U = L/T of the fluid . Then, with 
-r = t/T and~ = x/L, we get 

dB = c2T V 2B = - V. 2B 
dT aL2 

' R.,,. • 

The dimensionless quantity 
UL 

R,,. = ( l /a)c2 
( 12.3.11) 

is called the magnetic Reynolds number. It plays the same role in regard to 
diffusion of the magnetic field as does the ordinary Reynolds number 
UL/(µ/ p) in regard to diffusion of vorticity. The characteristic time of 
diffusion of the magnetic field is given by 

L2a 
T11, = ­

c2 

The characteristic time available for the diffusion can be expressed as 
T = L/U, and a necessary condition that the magnetic field be trapped in the 
fluid is T ~ Tc1, which means U ► c2/ La. 

This, obviously, is not a sufficient condition for good coupling, however. 
We must a lso have a magnetic field present, and for this magnetic field to 
have a pronounced effect on the motion, it is necessary that the magnetic-field 
energy density B2/2 be at least of the same order of magnitude as the kinetic 
energy density pU2/2 of the fluid, so that B2 > pU2. Jf we now use the con­
dition for the velocity U ► c2/La obtained above, we get a condition for the 
magnetic field, 

9- 1 c-v p 
B ►-­

La 
or 

BLa 
D,,, = 2_ i - ► I 

Cy p 
(12.3.12) 

to assure good coupling between the magnetic field and the velocity. This 
condition is well satisfied in astrophysical situations, where D"' may range 
from, say, 10 for the ionosphere to 1010 for the solar corona and hot inter­
stellar gases. On the laboratory scale D m is considerably smaller, say, 
between I and 100 in experiments with liquid metals and hot plasmas. 
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Transverse waves (Alfven waves) 

The qualitative observations in the preceding discussion about transverse 
waves traveling along magnetic field lines will now be verified by a study of the 
linearized equations of motion. We shall choose a particularly simple 
situation in which the fluid performs one-dimensional motion perpendicular 
to a uniform external magnetic field. Thus, with an external magnetic field 
Bo in the z direction and with a fluid motion in the y direction, we have 
of ox = of oy = 0. The induced current j in the fluid then has only an 
x component, and the corresponding induced perturbation in the magnetic 
field b has only a y component. Under these conditions, and assuming an 
incompressible fluid, Maxwell's equations (12.3.4) to (12.3.6) and the 
momentum equation (12.3.3) are considerably simplified, and the linearized 
forms of the equations are 

. oby 
} z = - C OZ 

obv oEZ 
- =-c-
ot oz 

(12.3.13) 

From these equations follows the " wave equation" for by: 

ozb B 2 o2b cz osb __ 11 _ _ 0 __ 11 __ 11 =0 
ot2 p oz2 <J ot oz2 

(12.3. 14) 

Seeking a wavelike solution of the form exp (ikz - iwt), we have o2/ot 2 = 
- w2

, o2/ oz2 = - k 2, and o3/ ot oz2 = + ik2w. Equation (12.3.14) then 
yields 

where 

w 2 1 w2 

kz =- • =----
c.,/ I - i (c2w/<JcA2) cA2 l - iwr 

(12.3. 15) 

B c2 1 
C4 =--= T = - -

Vp C,1_2<J 

Th . c2 1 . . ,, f h . 
e time -r = -

2 
- can be regarded as a "relaxation time o t e magnetic 

field lines. cA <J 

If the conductivity is infinite, we get k = w/c4 , which indicates that the 
wave speed is cA = B/Vp, in agreement with the preliminary observations 
in the previous subsection. If <J is large enough so that wr ~ l, 

k-:::::. w (1 + i ~ ) 
CA 2 

which means that in this limit the phase velocity is cA and the wave amplitude 
is attenuated exponentially, corresponding to the factor exp (-ax), where 

c2 w2 , 
a. = ---

2<J C 3 
4 

or a?. = rr(w-r) 
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The general expressions for the phase velocity and the attenuation constants 
are 

V2Vl + (WT)
2 {C,1 

c = C,1 VI + Vl + (wT)2 _. C,,1.V2wT 

'\12 TTWT {TT( WT) 

il.o: = V 1 +VI + (wT)2 -► '"'V2WT 

where il. = c,1(2'"/w). 

WT ~ J 

WT ► 1 

WT ~ 1 

WT ► l 

( 12.3.16) 

As an example, Jet us calculate the energy flow in an Alfven wave. The 
wave is generated by a source which produces an oscillatory motion of the 
fluid , Vy = v0 exp (-iwt) in the plane z = 0. The constant external magnetic 
field B0 points in the z direction, and as we have seen before, the transverse 
motion generated at z = 0 will be propagated in the z direction with a speed 
c,1 = B0/Vp. From Eq. (12.2.13) it follows that the perturbation in the 
magnetic field is proportional to v11• In fact, we have p ov

11
/ ot = B0 ob,)oz, 

and with v11 = v0 exp [i(wz/cA) - iwt] , it follows that 

or 
b 2 2 

v pv11 
- = - -
2 2 

(12.3. 17) 

This shows that the magnetic and kinetic energy densities in the wave are the 
same. 

The energy fl.ow in the wave can be obtained in several different ways. 
For example, we can express it as c,1 times the total energy density, I. = 
[(pv//2) + (b//2)]cA. = (pv,/)cA' 1t is instructive to derive this result in a 
different manner, using the magnetic stress tensor. As we recall, the magnetic 
stress tensor (B2/2)oi; - BiB; in Eq. (12.3.3) plays the same role as the pres­
sure tensor, and the components of the related energy flow vector I can be 
expressed as 

In this example the velocity v has only the component v
11

, and the energy 
flow in the z direction again is found to be 

where we have used Eq. (12.3.17). 
The force required in the source plane z = 0 to produce the wave must 

be such that F11v11 = pc,1v/, or 

The ratio F11/v,, = pc,1 is the wave impedance of the Alfven wave. j 
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Longitudinal waves 

Next we wish to study the effect of a magnetic field on the propagation 
of a sound wave in a conducting fluid. It is clear that there will be no effect 
if the waves are propagated in the direction of the magnetic lines, and that the 
largest effect is to be expected when the direction of propagation is perpen­
dicular to the magnetic field. We shall start by studying this particular case. 
As a preliminary observation we note that on the basis of the previous 
findings about the coupling between the fluid and the magnetic field, we may 
expect that the magnetic field will provide an additional "restoring" force 
for the particle motion in the fluid, and this should result in an increase in the 
speed of sound. 

In the mathematical analysis of the problem let the uniform magnetic 
field be in the z direction and the sound wave in the x direction. The 
linearized equations of motion are then 

00 ov/1) 
ot + Po ox = O 

ov/1) _ op - 1 · 
Po ot - - ox - C JyBz 

(12.3. 18) 

A plane wave of the form exp (ikx - iwt) inserted in these equations leads 
to the following dispersion rel~tion: 

(;)2 = c/ + c,l 1 + iwr
1

1(c8k/w)2 

where r 1 = c2/c8
2a, c.2 = 1/Kp0 , and c~/ = B2/ p. As expected, the mag­

netic field increases the phase velocity of the sound wave. In fact, in the 
limiting case of infinite conductivity, so that wr1 = 0, the phase velocity 

is w/k = ·v c/ + c A 2. In the other limiting case of zero conductivity, we 
get w/k = c., as expected. For intermediate values of the conductivity, 
the propagation constant k is complex for real values of w, and the sound 
wave is attenuated through conduction losses. If wr1 ~ 1, we can insert 
c/ + c_,l for (w/k)2 in the denominator, and with -r2 = -r1[c5

2/(c_,i2 + c/)] = 
c2/(c./ + c,2)a, we obtain 

k-:::::. w ( I + ~ 
2 
c.,t2 

2 
iw-r

2
) 

Vc.2 + c_.,2 2c.4 + c5 

c2 • 1 
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from which it follows that for wr2 ~ J, the attenuation of the wave is pro­
portional to w2. It is interesting to note, however, that in both limits, 
wr2 ~ 0 and wr2 -► oo, the attenuation is zero, and consequently attenuation 
will attain a maximum value for some value of wr2 (of the order of unity). 
We leave it as a problem to study the dispersion relation in further detail. 

Coupled waves 

Under the last two headings we have considered two special cases of 
motion: first, the transverse (Alfven) waves traveling along the magnetic 
field lines, and second, ordinary sound waves traveling perpendicular to the 
field lines. In the analysis of these waves an arbitrary value of the con­
ductivity was used which enabled us to determine not only the phase velocity 
of the waves, but also the attenuation . 

. To carry through a similar general analysis of waves traveling at an 
arbitrary angle with respect to the magnetic field lines is quite involved, and 
we shall consider here only the case when the conductivity is infinite. 

In analyzing this problem, we first have to deal with the questions con­
cerning the definition of directions, etc. The two prominent directions 
involved in the problem defined by k and B establish a plane, and as we shall 
see, the nature of the wave depends markedly on whether the fluid velocity 
is parallel with or perpendicular to this plane. Tn the latter case we expect 
the wave motion to be, simply, an Alfven wave having a speed equal to 

B cos 0/Vp, where O is the angle between the direction of propagation and 
magnetic field. As we recall, the perturbation b of the magnetic field in such 
a wave is in the same direction as the particle velocity in the wave motion, 
and if the plane of k and B is taken to be the xy plane, the only components 
of a and b then are u. and b, . If, on the other hand, the particle velocity 
is in the plane of k and B, the wave mode is expected to contain both a 
transverse and a longitudinal motion, corresponding to the particle velocity 
components perpendicular to and parallel with k, respectively. The per­
turbation in the magnetic field again should be perpendicular to k. If the 
direction of k is the x axis, this magnetic fidd perturbation will have a b11 
component only. T hese qualitative observations are easily verified from the 
linearized equations of motion of a conducting fluid in a magnetic field. 
In the case of infinite conductivity, and when the wave perturbation is of the 
form exp (ik • r - iwt), these equations are 

wo = p0(k • u) wb = - [k x (u x 8 0)] ( 12.3.19) 

PoWU = kc20 + [Bo X (k X b)] 

where o, u, and b are the complex amplitudes of the perturbations in density, 
velocity, and magnetic field . . . 

It follows from the first of these equations that a density fluctuation is 
produced only if there is a velocity component in the direction of propagation 
and the perturbation in the magnetic field is always perpendicular to k. ~ 
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furthermore, if the plane defined by k and B is chosen to be the xy plane, 
with the x axis along k, we fmd that the velocity component u, belongs to 
a transverse wave motion (Alfven wave) that travels in the x direction with a 
phase velocity 

Bo 0 Bx 
c 1 = v' Po cos = v' Po 

where 0 is the angle between k and B0, and B0/v' p0 = cA is the characteristic 
Alfven speed in the fluid. T his mode of motion represents one of three 
possible characteristic modes of motion that can exist in the fluid. The 
remaining two modes correspond to wave motion with the fluid velocity 
components in the xy plane. We can regard these modes as coupled waves 
involving both transverse and longitudinal motions. One of them is more 
Like an Alfven wave with a touch of sound in it, and in the other mode the 
opposite holds true. To find the dispersion relation for these waves, we 
insert a wave motion with the particle velocity in the kB plane. After some 
algebra we then find that two modes exist with the phase velocities 

c2.s = ~ cv1 r IX2 + 21X cos e ± v1 + 0:2 - 21X cos O) c12.J.20) 

where IX = c.,r/c,, and c, = sound speed = v' l/1<p0. For small values of 
the magnetic field, so that IX < I, the two modes, apart from second-order 
terms in IX, reduce to an ordinary sound wave with velocity c, and an Alfven 
wave with the velocity c,1 cos 0. We note that if propagation is in the direc­
tion of the magnetic field so that 0 = 0, the two waves reduce to a pure sound 
wave and a pure Alfven wave. For propagation perpendicular to the 
magnetic field, so that 0 = 77/2, the Alfven-wave component is absent, and 
we have only a sound wave with a speed c8V 1 + cx.2. 

Problems 

A uniform plasma is maintained in a region of length L in a long tube by means 
of an electric field E0. The electric field is modulated by a periodic electric 
field E1 sin (wt) with £ 1 < £0 . As a result of this modulation, sound is gener­
ated. Derive an expression for the sound field outside the plasma region as 
well as inside this region. At what frequencies of modulation is tbe sound 
pressure field outside the plasma a maximum (minimum) ? The tube is so long 
that reflections can be neglected. 

l The intensity of a microwave beam that has been transmitted through a plasma 
depends on the electron density of the plasma, and the fract ional change in this 
intensity is approximately equal to the fractional change in electron density. 
If such a modulation is to be produced by a traveling sound wave, what should 
be the pressure amplitude of the wave to produce a I percent modulation of the 
transmitted microwave intensi~y? The plasma parameters are helium gas, 
neutral-particle density = 1016 cm-3, electron density = 1011 cm-3, neutral-gas 
temperature = 500°K. 
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3 In Prob. 2 let the electron temperature be I 04°K, the diameter of the discharge 
tube 3 cm, and the electron-neutral elastic collision cross section 2 x I 0- 16 sq cm. 
Under these conditions is acoustic wave amplification possible? If so, deter­
mine the frequency range in which amplification is expected. 

4 In the study of the amplification and spontaneous excitation of a sound wave 
we considered only the case of plane waves in a rectangular tube. Consider 
now the problems of spontaneous excitation of sound waves in a spherical 
discharge, and derive an expression for the growth rates of radial modes of 
oscillation. In this case the distribution of electron density and electron 
temperature is such that Eq. (12.1.12) is of the form 

o2p 2 2 • ("') op o12 - c v-p = 2flJo R T, 

where R is the radius of the spherical cavity, and fJ a constant that depends on 
the electron density and the electron temperature. Set p = "i:,P,,.(t)J0("<Xnr/R), 
where j 0 is the zeroth-order spherical Bessel function, and;;( ,r<1.,,.) = 0. Show 
that the equation for P,. is of the form 

d 2Pn 2 _ f3 ~ f, dPm 
-dz + w,. P., - 2 £.. ,,,m -d 

I 111 I 

where w,,. = ,r<1.,.c/R, and determine/~ .... (/1.1 = 0.60,/1.2 = 0.145, etc.). Then 
set Pn(t) = p,,,, exp ( - iwt) and derive, in determinant form, an equation for the 
eigenfrequencies w. If, in the determinant, nondiagonal terms containing 
[m.n (m 'I: 11) are neglected, show that 

w = ifJ/,, ,n ± y' w,.2 - fl3/n,n = i/J[n,n ± w., 

where fl[n,n is the growth rate. 
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CHAPTER 

ACOUSTOOPTICAL INTERACTION 

13.1 LIGHT SCATTERING BY A SOUND BEAM 

(n the preceding chapter we studied some aspects of the acoustics of an 
ionized gas. We found that an important feature of the plasma is that the 
electron temperature is considerably higher than the neutral-gas temperature. 
Consequently, energy flows from the electrons to the neutrals, which may 
lead to the generation of sound. The problem of the interaction between 
light and sound can be viewed in much the same manner if we consider the 
light field as a photon gas. The photons have a considerably higher tempera­
ture than the medium carrying the sound wave, and as a result an energy 
flow into the fluid medium is to be expected. 

The interaction between the electric field and the material medium is due 
to the response of the atomic electrons to the electric field, which results in a 
polarization of the material an<! a resulting index of refraction. This index 
depends on the density in the material; consequently, the density fluctuations 
in a sound wave produce a perturbation in the index of refraction. As a 
result an electromagnetic wave transmitted through the medium will be 
modulated by the sound wave, and scattering and refraction will occur. 
Conversely, a spatial variation of the electromagnetic field intensity and the 
corresponding electromagnetic stress lead to a volume force distribution in 
the medium (electrostriction), which, under certain conditions, leads to 
sound generation. This mutual interaction between light and sound may 
also lead to instabilities and wave amplification, just as in the case of electron­
sound interaction discussed in the preceding chapter. 

The coupling equation 

To study the scattering and diffraction of an electromagnetic wave by 
sound, we start from the wave equation for the electromagnetic field E. 

809 
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where n is the index of refraction, and c is the speed of light in vacuum. This 
equation is valid also for a time-dependent index of refraction as long as 

~ ~n T ~ 1, where Tis the period of the oscillation in the E field. We write 
n ul 

the unperturbed value of the index of refraction as 110 . If the perturbation 
n1 caused by the sound wave is small , n1/n0 ~ I, we have n2 = n0

2 + 2noni, 
and the wave equation can be expressed as 

( 13.1.1) 

In the last term we have introduced the relative variation in the dielectric 
constant, which is related to the index of refraction as n ,..__, V~, so that 
2on/n = OE/Eo-

Similarly, the effect of the electric field on the sound field can be repre­
sented as a source term in the acoustic-wave equation, the source term being 
the divergence of the force distribution produced by the electromagnetic 
stress. The sound pressure, and therefore the perturbation in the dielectric 
constant, depends on the electric field, and the wave equations for the 
electric and acoustic fie lds are thus coupled, as will be discussed further in 
Sec. 13.3. However, in the study of the scattering of light by sound, we can 
ordinarily neglect the influence of the electric field on the sound field, so that 
OE in Eq. (13.1.1) can be regarded as a known function of space and time, 
independent of E. The wave equation is of the same form as encountered 
in many of our acoustic-scattering problems. 

As an example we shall treat here the problem of light diffraction by a 
sound beam ( usually referred to as the Debye-Sears effect). If the width 
of the sound beam is not too large, we expect it to act in much the same way 
as an ordinary optical transmission grating with a grating constant equal to 
the wavelength?.. of the sound wave. If, for example, a light wave is incident 
at right angles to the sound beam, we should expect that the angle for the 
first-order diffraction line from the "grating" would be given by sin 0 = 
A/?.., where A is the wavelength of the incident light and 0 is measured from 
the incident light beam. From the angle of diffraction 0 and the wavelength 
A of light, the acoustic wavelength 2

8 
can be measured. H owever, the finite 

width of the ultrasonic grating, its time dependence, and motion make the 
acoustic grating somewhat more complex than the ordinary optical grating, 
and we shall devote our initial discussion to this problem. 

The beam of sound is assumed to travel in the x direction and to fill the 
region between the two planes z = L and z = - L, as indicated in Fig. 13.1. 
The incident light beam travels parallel to the xz plane at an angle 0 with 
respect to the z axis. Inside the sound beam the index of refraction varies 
with the acoustic densi ty fluctuations at the frequency w./27T of the sound. 
This frequency is considerably lower than the frequency of the light Q/271'-
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FIGURE 13.1 
A sinusoidal wave of sound is a diffraction 
grating for light. 

Actually, this fact justifies the omission of terms involving the rate of change 
011/01 of the index of refraction in the wave equation (13.1. l). 

After a F ourier transform in time (and using the result of Prob. 23 of 
Chap. J), this equation becomes 

V2E(x,z,w) + k 2E(x,z,w) = - c- 2f 00 (w')2E(x,z,w')J(w - w') dw' 
-co (13.1.2) 

where k = w/c, and /is the Fourier transform of OE/E0 . This is a vector wave 
equation ; its general solution would involve dyadic Green's functions. How­
ever, for the purposes of this chapter, we need only deal with polarized waves, 
such that scalar-wave solutions are sufficient. 

The Born approximation 

The space-time dependence of OE and the corresponding Fourier trans­
form f(w) depend on the sound beam that forms the diffraction grating. 
We shall consider here a single harmonic collimated beam of sound, with the 
acoustic pressure in the region between z = - L and z = L, where the sound 
pressure may be set equal to p = p 0 cos (k,x - w,t), where 2TT/k, = A8 is the acoustic wavelength, and w,/27T is the frequency. The perturbation 
in the index of refraction will have the same form, and we shall set 

OE 
- = 'YJ cos (k ,x - w.t) 
Eo 

The Fourier transform/ of OE/Eo in Eq. (13.1.2) then is 

I (w - w') = ('Y]/2)[o(w - w' - w.) exp (ik.x) 

(13. 1.3) 

+ o(w - w' + w,) exp (- ik,x)] 

F urthermore, if the incident light is monochromatic with a frequency 
0./2-rr and with K = D./c, we have 'for the incident light £ = £ 0 cos (K • r -
O.t), where K • r = Kx sin 0 + Kz cos 0 (Fig. 13. l). 
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If we use the transform of this wave in the integral of Eq. (13. I.2), 
we shall be using a variety of the Born approximation to calculate the 
diffracted light. The Fourier transform of the incident field is E(x,z,w') = 
(E0/2)[o(w' - 0) exp (iK • r) + o(w' + 0) exp (-iK · r)]. 

If we use these expressions for f (w - w') and E(x,z,w') in the integral 
of Eq. (13.1.2), this equation becomes 

V2E + k2E = - 0
217

Eo {o(w - Q - w.) exp [i(K • r + k 8x)] 
2 

+ o(w - Q + w8) exp [i(K • r - k 8x)] 

+ o(w + Q - w.) exp [-i(K • r - k.x)] 

+ o(w + Q + w5) exp [-i(K • r + k.x)]} = S(x,z;w) (13.1.4) 

J:his equation expresses the fact that the sound wave modulates the incident 
light so that electric-field components with frequencies Q ± w 5 are produced 
in the interaction region. 

The corresponding scattered field, when E0 is parallel with they axis, is 
conveniently calculated with the help of the two-dimensional Green's 
function of Eq. (7.3.17). 

( 13.1.5) 

which is a solution of the equation V2G + k 2G = -o(r - r0), representing 
the field produced by a line source of unit strength at (x0 ,z0). The electric 
field scattered from the so und wave can then be expressed as 

f +'° f +L 
E(x,z,w) = )_

00 

dx0J_L dz0 S(x0,z0 ;w)G.,(x,z I x 0,z0) (13 . 1.6) 

where the source term Sis defined in Eq. (13.1.4). 
Setting K • r0 = x0K sin 0 + z0K cos 0 = Kxxo + K,z0 in S, we note 

that in the integral over x0 in ( 13.1.6), the source term contributes expo­
nentials of the form exp [± i(Kx ± k 5)x0] exp (± iK,z0). Thus we are com­
puting the Fourier transform of the Hankel function H ~1>(KR), where 
R2 = (x - x0)2 + (y - y0)2 and K = w/c. The trick here is to use Eqs. 
(7.3.14), (7.3. I 7), and ( 1.2.15). We have the two forms for the Green's 
function in two dimensions, 

i ,11 _ I ff exp [iKx(x - x 0) + iK, (z - z0) ] dK IK 

4 Ho (KR) - 41r2 K/ + K:2 - K2 - ----, x < z 

i I exp [iK.,,(x - x0) + i V K2 
- K,,2(z - z0)] 

= - dK 
41r x v' K 2 - K:/ 

and the inverse transform of this is 

i i ""' . i exp [iµx + i V K2 
- µ 2

(z - z 0)] 
_ e'WoH<ll(KR) dx0 = - ---- --;====-----
81r -oo 

O 41r ·v K 2 - µ 2 
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for a typical term of S, µ would be ± (K., ± k5); so the integral of the 
exponential times H ~1> for this term would be 

( /)
2 

0
± exp[± iwxsin0/+ i ~(z - z0)cos00±] (13.1.7) 

WC COS s C C 

where (w/c) sin 0s ± = K,. ± K. = K sin 0 ± k . . This expression represents 
a scattered plane wave traveling in a direction that makes an angle e. with 
the z axis. 

It remains to carry out the integration over z0 in Eq. (13.1.6). 

J+L [ ( w ) ] sin [K. - (w/c) cos o. ]L 
dz0 exp i K,--cos0. z0 = 2L [ -( /) O) (13.1.8) 

- L C K. w C cos • l 

Collecti!]-g the contributions to E(x,z,w) from the four exponential terms in S 
[Eq. (13.1.4)] and inverting the Fourier transform to obtain 

E(x,z,t) = f_+
00

«> E(x,z,w )e- ic,t dw 

we find that the scattered electric field consists of two plane waves traveling 
in different di rections, one with the frequency n + w., the other with a 
frequency Q - w •. . 

E(x,z,t) = E+ sin [K+ • r - (Q + w 8)t] + E_ sin [K_ • r - (Q - w,)t] 

where 
(13.1.9) 

E _ 0 2L17E0 sin [(QL/c)(cos 0 cos 0.±)] 
± - c(Q ± w

8
) cos 0

8
± (QL/c)(cos 0 - cos 0

8
±) 

Q . • Q ± w. 
K± • r = - x sm 08 ± + --- z cos 0.± 

C C 

Here the amplitude of the sound wave is expressed in terms of the 
parameter 17 [Eq. ( I 3.1.3)], which is the amplitude of the relative change 
c3E/ E0 of the index of refraction. We can express 17 in terms of tbe sound­
pressure amplitude p0 as 

1 OE 1 OE Po 
17 = - - 6p = - - -

Eo Op Eo Op C8
2 

(13.1. 10) 

The diffracted waves 

The relation between the angle of incidence 0 and the angle 01 giving the 
direction of the diffracted wave is shown in Eq. (J 3.1.7) . 

. 
0

... K sin0 ks 
Sill l ~ = - --- ± ----

(Q ± w.)/c (Q ± w,)/c 

. ' o k. . 0 A c::= S10 ± - = SIO ± -
K ,l, 

(13.1.11) 
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where As and A are the wavelengths of sound and light. ff the incident light 
beam is perpendicular to the sound beam so that 0 = 0, we see that the dif­
fraction lines corresponding to the frequencies n + Ws and n - Ws are found 
in the directions given by 

. 0 A 
Stn l~ ± -

As 
(13.1. 12) 

as expected. 
To calculate the amplitude of the scattered wave under these conditions 

' we · have, for small values of 0, 

cos 0 s = V l - sin 2 0 s ~ cos 0 + ~ ks tan 0 ( 13. I. 13) 
2K 

and from (13.1.9), 

E ~ .QL E sin (½k.L0) ~ QL E _ 2 'YJL E 
± - -;;- 'Y/ o ½k.L0 - -;;- 'Y/ o - 1T ;:- o 

In other words, the scattered amplitude is proportional to 17l = l::!..L, the 
perturbation in the optical path length caused by the sound wave. The 
validity of the Born approximation clearly implies that the corresponding 
phase shift 21r(l::!..L/J) be small. 

It should be emphasized that the sinusoidal grating corresponding to the 
traveling sound wave produces only a first-order diffraction pattern with a 
single line on either side of the incident-beam direction. If the sound wave 
is periodic but contains many Fourier components, such as encountered, for 
example, in a large-amplitude sound wave with nonlinear distortion (as will 
be discussed in the next chapter), an additional order of diffraction is obtained 
for each harmonic component of the sound wave. For the nth-harmonic 
acoustic component we then find a diffraction line at an angle 

and the frequencies of the diffracted light in these directions are n + nw, 
and Q - nw

8
. 

Partial-wave analysis 

Returning to the expression for the scattered light, we note that the 
analysis based on the Born approximation is good only as long as the 
perturbation of the optical path length across the beams is small compared 
with the wavelength of light (i.e., as long as the width 2L in Fig. 13. l is small). 
In order to obtain a solution valid over a wider range, we can of course 
improve upon the Born approximation by using a better approximation than 
the unperturbed incident field in the source term in Eq. (13.1.2). To illus­
trate another procedure, however, we return to the basic wave equation 
(13.1.1) and seek to satisfy it directly by series expansion of the electric field. J 
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In this approach we wish to study how the light beam gradually changes 
from the initial plane monochromatic wave as it enters the sound beam 
at z = - L to a superposition of partial waves of different frequencies and 
directions inside the sound beam. The amplitude of these partial waves 
will increase gradually with z from zero at the plane of entrance z = -L 
of the sound beam to some final value at the exit plane z = L . To study this 
gradual deformation of the light beam, we seek a solution to the wave equa­
tion (13.1.1) subject to the boundary condition that all partial waves are zero 
at z = - L except for the initial incident beam. 

The acoustic frequency w 8 is always considerably smaller than the optical 
frequency .Q, and if we express the electric field as 

E(x,z,t) = VJ(x,z,t) exp (iKx sin 0 + iKz cos 0 - i.Qt) + complex conjugate 

(13. 1. 14) 

the amplitude VJ will be a slowly varying function of time. Therefore, if 
we insert this expression in Eq. (l 3.1.1) and neglect derivatives of VJ with 
respect to I, we find that the equation for VJ is 

0
2

VJ 0
2
1/) • ( • OVJ OVJ) c5E (.Q)

2 
- + - + 21K Stn 0 - + cos 0 - = - - - 1P ( 13.1.15) 
OX2 OZ2 OX OZ Eo C 

If the sound wave travels in the x direction and is periodic in x and t, the 
amplitude function VJ will have the same periodicity in x and t. The z 
dependence of VJ is of main interest here, and to obtain the equation describing 
this z dependence, it is convenient to make a Fourier transform of Eq. 
(13. I. I 5) with respect to x and t. Then, if the Fourier transforms of VJ and 
c5E/E0 are 1P(z,k:c,w) andf(z,k:c,oj), respectively, we obtain from Eq. (13.1.15) 

2iK cos 0 :: - k,}VJ - 2kxK sin 0 VJ 

+co 

= - (~)2 ff dw' dk: VJ(z,k:,w')f(w - w' , kx - k:) ( 13.1.16) 
- CO 

Since VJ(z,kx,w) varies slowly with z, we have neglected 02VJ/ oz2 • 

As an example we consider, fi rst, the case when we have a single periodic 
traveling sound wave so that 

(13.1.17) 

with the corresponding Fourier transform 

f (w - w', kx - k~) = ½17[c5(w - w' - w.)c5(k,. - k~ - k 8) 

- c5(w - w' + w 8)c5(k,. - k ~ + k.)] (1 3.1.18) 
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Under these conditions the amplitude function tp(x,z, t ) will be periodic in 
x and t with the period of the sound wave, and the Fourier transform is then 
a sum of delta functions, 

+ co 
tp(z,k: ,w') = L l;,.(z)o(k: - nks)O(w' - nw.) ( 13.1.19) 

n =-ct:> 

Inserting Eqs. ( 13. 1.18) and ( 13.1.19) into Eq. (13.1.16) and identifying terms 
of equal frequency, we find the following recursion formula for the wave 
amplitude (,.: 

2iK cos 0 dis,. - i7JK2(s,i-t - s,,+1) = [(11k.)2 + 2nk.K sin 0]s,, 
(, z 

( 13. 1.20) 
Q 27T 

K = - = -
c A 

which can be solved to find the dependence on penetration distance of the 
various diffracted beams of light. 

For example, if the light wave is moving at right angles to the sound 
wave (0 = 0, the incident light moving in the positive z direction), we can 
neglect the right-hand side compared with the left-hand side, since k. ~ K. 
In this case we can take advantage of the second of Eqs. (5.2.21), which may 
be written 

to show that ( ,, should be proportional to the Bessel function l n(7JKz). 
In fact, if the lower bound of the sound beam is the plane z = 0, then the 
electric vector of the light wave will be, approximately, 

E0 exp (iKz - if!t) z< 0 

(13.1.21) 

co 

E0 L J ,.(7]Kz) exp [ink8 x + iKz - i(Q + nw.)1] z > 0 
,i::c-CO 

Thus, as the light penetrates the sound wave, the incident beam n = 0 
diminishes in amplitude, slowly at first, then oscillates, proportional to 
Jo('l')Kz). The first-order waves (n = + I) rise linearly from zero at z = 0, 
reaching maximum value of about 0.6£0 at z '.::: 0.3(A/'YJ) (which is many 
wavelengths since the amplitude 17 of 01=/ Eo is usually very small), and thereafter 
oscillate. The second-order waves (n = ± 2) rise from zero at z = O 
proportional to z2 and reach their first maximum amplitude (about 0.5Eo) 
at z '.::: 0.5(A/'YJ), and so on, each higher order rising more slowly with z 
initially and reaching its first maximum for greater z. 
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13.2 BRILLOUIN SCATTERING 

The analysis in the preceding section is best applicable to comparatively 
narrow beams of sound, when the effect of the beam is essentially equivalent 
to that of a plane grating. As we have seen, these are the conditions for 
constructive interference in the scattered field at all angles of incidence of 
the primary light beam. In the other extreme case, when the width of the 

FIGURE 13.2 
Brillouin scattering of light from sound waves. 

beam is very large so that it can be regarded as a·· succession of a set of infinite 
partially reflecting planes, we expect the incident light to be scattered in a 
manner analogous to Bragg reflection from a crystal. In order for such 
scattering to take place, however, the width of the sound beam must be 
considerably larger than Ajsin 0, where ). is the acoustic wavelength and 0 is 
the angle of incidence measured from the direction perpendicular to the sound 
beam as shown in Fig. 13.2. (In order to get interference, we must have at 
least two reflected rays for each incident ray.) 

Bragg reflection 

The condition for constructive interference of the light reflected from 
successive planes is the familiar Bragg condition for the first-order diffraction 
line, 

(13.2.1) 
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where A,, the separation of the planes, is the wavelength of the sound wave 
' and A is the wavelength of the incident light. Thus, for a given wavelength 

and direction of propagation of the sound, there is only one direction of the 
incident light which will give rise to a (first-order) diffraction line. This is in 
contrast to the scattering characteristics observed in the case of a narrow 
beam of sound, discussed in the previous section. 

The scattering angle 01, that is, the angle between the direction of 
propagation of the observed scattered light and the direction of the incident 
light beam, as indicated in Fig. 13.2, is twice the angle of incidence, 01 = 20,. 
Thus, rewriting Eq. (13.2.l), the angle 01 that corresponds to the first-order 
diffraction line can be obtained from the formula 

or 

k . 81 
s = 2Ksm 2 

where n = mean index of refraction of medium 
w = acoustic frequency 
Q = light frequency 
v, = speed of sound 

Since the reflecting planes in Fig. 13.2 are moving with the speed of sound, 
the Bragg scattered light will be Doppler-shifted, and this shift equals 
2Q(nv,/c) sin (01/2). This follows directly from the fact that the relative 
speed between the fixed point of observation and the (moving) image of the 
primary light source is ± 2v, sin (01/2). The plus and minus signs refer 
to motion of the sound toward and away from· the observer. Comparison 
with Eqs. (13.2.2) below shows that the frequency shift LiQ equals the 
frequency of the sound wave, LiQ = w. This frequency shift will make the 
magnitudes of K' = Q' Jc and K = 0./c slightly different, but since w ~ 0., 
we may use K' instead of K in Eqs. (13.2.2). Then, since the direction of 
propagation of the sound wave is the same as the direction of K - K', it 
follows from Eqs. (13.2.2) that k = K - K', corresponding to the vector 
diagram in Fig. 13.2. The kinematic relations that exist between the acoustic 
wave and the incident and scattered light beams then can be summarized as 
follows: 

k = K - K' 

. 01 
k = 2Ksm -

2 

w=O-Q' 

A . 81 - = 2 Sill -
},, 2 

r, ,--,, Vs r, . 01 
LiQ = ;i." - ;i." = W = 2n - u Sill -

C 2 

(13.2.2) 
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the unprimed quantities belonging to the incident wave, the primed quantities 
to the scattered wave. In other words, from measurements of the frequency 
shift Q - Q' = w (which determines the acoustic frequency w) and the 
corresponding angle of scattering Oi, we can determine the speed of sound v

8 

in terms of the speed of light c, the optical frequency Q, and the index of 
refraction n of the medium. 

If the conditions are such that the scattered wave is in the backward 
direction, 01 = 7T, the frequency shift, and hence the frequency of the target 
sound wave, is 2n(v./c). With Ve~ 105 cm per sec, c ~ 3 x 1010 cm per sec, 
and Q ::::: J 015 cps, we see that in order for this type of scattering to take place, 
the frequency of the acoustic wave involved must be of the order of 1010 cps. 
For scattering i11 a directio11 close to the forward directio11 (01 '.:::'. 0), the 
acoustic frequency involved is of course smaller; but from a practical 
standpoint, measurements cannot be made too close to the forward direction, 
and the acoustic frequencies usually involved in measurements of this kind 
lie in the range 109 to 1010 cps. Thus, because of the high frequencies in­
volved, this method of measurement lends itself to the study of the dispersion 
relation v5 = vs(w) for high-frequency sound waves, hypersonic waves that 
are excited in the thermal motion of matter. 

Thermal sound waves travel in all directions and have a wide frequency 
spectrum. Therefore, when a light beam is scattered from these waves, there 
will be frequency-shifted scattered light at any direction of observation, 
corresponding to an arbitrary angle 01. For each direction, the light beam 
selects an acoustic target wave with the appropriate wavelength and direction 
of propagation so as to fulfill the conditions in Eqs. (13.2.2). This phe­
nomenon is usually called Brillouin scattering. The scattered light contains 
two frequencies, Q + wand Q - w; in a spectroscope they would show as a 
doublet, the Brillouin doublet. ln addition, there is scattered light with 
unshifted frequency, called the Rayleigh scattered line. 

Thermal motion of the medium 

Jn this context the scattered-light components may be regarded as a 
result of the interaction of the light wave with collective modes of motion of 
the fluid, in thermal motion. There are several types of such collective 
modes, and if the fluid is in thermal equilibrium, they are all excited. fn our 
general analysis of the (small-amplitude) dynamics of a real fluid in Chap. 6, 
we found three types of such collective motions. The first is the ordinary 
sound wave [the propagational mode of Eqs. (6.4.23)], traveling with the 
speed v8 and being attenuated at a rate given in Eq. (6.4.1 4). The second 
mode of motion is a rapidly decaying shear, or transverse, wave, obeying 
the second of Eqs. (6.4.17). 

The third mode is the thermal wave of Eqs. (6.4.25), also with a com­
paratively short " lifetime." These two latter modes both contribute to the 
entropy fluctuations in the fluid, but the viscous wave contributes only to 
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second order in the field variables, the rate of entropy production being 
proportiona l to µ(c url u)2. Thus it may be neglected in comparison with the 
entropy fluctuations resulting from the thermal-wave modes. For these 
thermal waves the space-time dependence is described by Eq. (6.4.18), 
Tp(o<J/01) = KV2T, with K the thermal conductivity, and where, at constant 
pressure, T(o<J/ 01) = C,,(oT/ 01). Thus a periodic temperature field with a 
spatial distribution oT(q,t) cos (qx) will decay in time according to the 
equation o(oT)/ot = - (K/pCv)q2 oT, which has the solution 

oT = oT(O) exp (- {Jt) 
K 

where fJ = - q2 

pCv 
(13.2.3) 

A corresponding initial perturbation in pressure, op cos (k
8
x), on the 

other hand, will decay in time as 

½ c)p e- «1[cos (ksx + wsf) + cos (k8x - w,t)] 

representing two decaying disturbances that travel with the speed v
8 
= wJk. 

in opposing directions. A light wave interacting with these traveling, 
decaying waves will be scattered into two lines with frequencies Q ± w., 
as was demonstrated previously. Because of the decay of the waves, these 
lines, the Brillouin lines, will be broadened by an amount of the order of oc, 
the inverse of the lifetime of the propagational waves in the fluid. 

In our previous discussion of the decay of acoustic waves (Sec. 4.1), 
we have considered mainly the spatial decay of a wave driven at a frequency 
w/27T and in the corresponding dispersion relation k = k(w) [Eq. (6.4.26)) 
w has been regarded as real and k as a complex quantity. However, in the 
present problem of the thermal excitation of acoustic modes in a medium, 
we are concerned with the decay, in time, of an acoustic wave of given wave­
length 27Tjk. To obtain th is decay we have to return to Eq. (6.4.26) and 
express w (now complex) in terms of k (real). Although this inversion of the 
dispersion relation can be made in principle, it is not always simple, partic­
ularly because of the frequency dependence of the bulk viscosity coefficient 
17. In the cases where a, the spatial decay constant, times the wavelength 
of the sound is very small compared to unity, the approximate relation 
oc = rp is valid for the temporal decay constant ex, where v, is the speed of 
sound. In many cases of interest for Brillouin scattering this is not the case 
and a much more complicated formula, relating a and oc, holds. We shall 
not pursue this matter further, but will simply remark that in monatomic 
fluids , where ·,, is negligible and when the a of Eq. (6.4. 14) times .il is quite 
sma ll , the temporal decay constant has the simple form 

( 13.2.4) 
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Sinceµ/ p and K/ pC" are both of the order of !vs, where in a gas/ is the mean­
/ w 2 

free-path , we see that a-:= - - . The decay time of the sound wave is thus 
v. v, 

of the order of I/rt.= 1/v.a -:= (J...//)w.-1, where i. 8 is the wavelength of the 
sound wave. 

For the thermal disturbance, on the other hand, the decay is aperiodic, 
and there are no traveling waves involved . The light scattered from such a 
disturbance will not be frequency-shifted, and the corresponding scattered 
tine, the Rayleigh line, will have the same frequency as the incident line, 
except for a line broadening by an amount of the order of {3 = (K/ pCP)q2. 

The scattered intensity 

The previous considerations, which have been mainly kinematic, do not 
say anything about the intensity of the scattered light or about the details 
of the line shapes. To study these aspects of the problem, we return to the 
wave equation (13.1.1). 

Again we use the Born approximation, so that the electric field in the 
source term is replaced by the incident field E0 exp i (K • r - iOt). We 
express the function [OE(r,t)/E0] by its spatial Fourier transform 

OE(r,t) J 
-- = 17(k ,t) exp (ik • r) dvk 

€0 

( 13 .2.5) 

Using the free-field Green's function (1/4rr Ir - r0I) o(t0 - t + Ir - r01/c), 
we find , in a plane perpendicular to E0, that the scattered field is 

E' = EoD.
2 

f dvkf exp (iK ."r0 - iO 
1 

- Ir - rol ) 17(k,t)eik-ro dv0 ( 13.2.6) 
4rrrc2 c 

where we have assumed that I / Ir - r01 '.:::'. 1/r, which is true if r is large enough. 
We introduce Ir - r01 '.:::'. r - K' • r0/K' in the exponential, where K' 

is the propagation vector for the scattered light wave and IK'I = 0 /c. The 
integration over r0 gives Vc5(k - K' + K), where V is the volume of the 
source region, and o the delta function. Consequently, the scattered field 
is given by 

E'(r,K',t) = ~Q.
2

~ 17(k ,t)iK'r-iQI 
re 

k = K - K' (13.2.7) 

To determine the frequency spectrum of the scattered-light intensity, 
we make use of the fact that the spectrum density of E 2(r,t) is the Fourier 
transform of the autocorrelation function (E(r, K', t - -r)E*(r ,K',t)) = 1/J(-r), 
where ( ) indicates the time average. 
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Fluctuations of the refractive index 

In order to apply this equation to the problem of scattering from the 
thermally excited collective modes in a substance, as discussed above, we 
must first relate the fluctuations in the dielectric constant to these modes 
of motion. From a thermodynamic standpoint this is, in effect, accomplished 
when we consider E as a function of the two independent thermodynamic 
variables, pressure and entropy. We have 

( 13.2.8) 

The fluctuations in E, then, are a result of fluctuations in P and S, and these 
fluctuations, as we have seen from the previous qualitative considerations, 
c~rrespond to two of the independent types of collective modes of the fluid, 
the propagational waves and the thermal waves (the shear waves contribute 
only to second order in the entropy fluctuations and will not be included in a 
first-order analysis). 

After these observations regarding the fluctuation in E, we can proceed 
to derive an expression for the scattered electric field and the frequency 
spectrum of the scattered intensity. We obtain, using Eqs. (13.2.7), 

I(D.',r) = IE'(r,D.')12 = - {E'(r , I + -r)E*(r,t))ei0
' T d-r 1 f"' 

21T - ()0 

( D.)
4 

I l J •o •o, ) = Ea2 - - """."". - (17(k, t + -r)17*(k,t))e-i 'ei T d-r (13.2.9 
C ( 41Tr ) 2 21r 

Since 'IJ = 8E/ E0, we obtain from Eq. (13.2.4), realizing that the fluctuations 
in P and S are uncorrelated (they represent different collective modes of 
motion), 

( 13.2. 10) 

where l (OE) 1 (OE) 
A = €0 i)p .s B = Eo as p 

and Y p(-r) = (8P(k, t + -r) 8P*(k,t)) 

·r s (-r) = (8S(k, t + ·-r) 8S*(k,t)) 

are the autocorrelation functions for the pressure and entropy fluctuations. 
Here 8P(k ,t) is the amplitude of the spatial component of pressure, having the 
wavelength 21r/k. 

(13.2.11) 

with a similar equation for the amplitude 8S(k ,t). Note the parallel with 
the discussion following Eq. (8.1.26), for the scattering of sound from turbu• 
Jence. ~ 
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To obtain more specific formulas for the spectrum of the scattered light, 
we must be more explicit about the autocorrelation functions Y l' and Y s 
for the pressure and entropy fluctuations. As we have seen, in the preceding 
discussion of the basic properties of these modes of motion, a pressure mode 
of a certain wavelength 21r/k, which happens to be excited at a certain time, 
wi ll decay like a damped harmonic oscillator with a temporal decay rate (1., 

given on page 820. Similarly, a thermal wave will decay exponentially 
without oscillations with a decay rate {3, given in Eq. (13.2.3). 

fn the course of time these modes are excited at random intervals, and the 
resulting time dependence of bP and bS is analogous to the time dependence 
of the damped harmonic oscillator driven hy a random force, a.c; discussed in 
Sec. 1.6. There we determined not only the average spectrum density of the 
oscillator displacement, but also the corresponding autocorrelation function, 
which we expressed as the root-mean-square displacement of the oscillator 
multiplied by a function of the time delay variable T , as shown in Eq. (2.3.15). 
In a completely analogous manner we can express the autocorrelation func­
tions Y 1. and Y s for these randomly excited acoustic and thermal oscillators 
(the thermal mode corresponds to a damped oscillator with resonance 
frequency equal to zero) in terms of the mean-square wave amplitudes. 
Thus, with reference to Eq. (2.3. I 5), we find 

The scattered Ii nes 

Y1, = (lbP(k)l2) e-'* 1 COS (w8T) 

Ys = (lbS(k)l2) e-111,1 
(13.2.12) 

T he corresponding spectrum density of the light intensity /' ,._, 1£'12 

scattered from the acoustic oscillations in the medium is then obtained from 
Eq. (13.2.9). 

1;,(k,O.') = / 0 D(bP(k)l2) J_: e-'-' l•I cos (w . T)ei< '2- U' ), dT 

= /0 D(lbP(k)l
2

) L2 + [0.' _:·(O. _ w. )]2 

+ O.' oc 0. 2}

2 

(13.2.13) 
(1_2 + [ - ( + w.)] 

(
Q.)4 ( I )2 V ( 'i)p)2 where D = - - - :;- , and / 0 is the intensity of the incident 
C 41Tr 1T U€ ,S 

light. These represent the two Brillouin lines, centered at the frequencies 
O.' = .Q - w . and .Q' = 0. + co,, broadened by an amount determined by 
the "lifetime" 1/r:,_ of the frequency co, . The line shape is what is commonly 
called Lorentzian. T hus, from measurements ofO.' - 0. = w ,, the scattering 
angle 01 [Eq. (13.2.1)], and the line width, we can determine not only the 
speed of sound at the frequency w., but also the decay rate. In other words, 
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the complete (complex) dispersion relation w = w(k) can be measured in th.is 
way for sound waves in the kilomegacycle region, which are those involved 
in the Brillouin scattering. 

In a completely simila r manner we obtain the intensity contribution 
l s from the entropy fluctuations of wavenumber k . In fact , the result is 
obtained directly from Eq. (13.2.13) by putting w. = 0 and replacing ix 

by the decay constant (3 given .in Eq. (13.2.3). 

(
Q)4 1 7T (0€)2 (3 

1;(k,.Q') = lo ~ (4rrr)2l oS,, V <loS(k)j
2
) (32 + (D' - Q)2 (13.2.14) 

This represents the Ray leigh line, centered at the incident-light frequency 
Q and broadened by an amount corresponding to the lifetime 1/(3 of 
the entropy waves. As we note from Eq. (13.2.3), this lifetime decreases 
with k 2. 

It remains to relate the mean-square amplitudes <lop(k)l2
) and {loS(k)l2) 

in terms of the intensity of thermal agitation, as measured by the temperature 
of the medium. For sufficiently long wavelengths the various modes are 
excited with equal strength, and we may set (loP(k)l2) '.::: {loP(O)l2 ) . Then, 
from the inverse Fourier transform in Eq. (13.2.11 ), we get (loP(k,t)l2) =::'. 

(2rr)- 3(loP(r,t)l2) V2, where {lop j2 ) is the mean-sq uare pressure fluctuation , and 
V the volume element under consideration [see a lso Eq. (1.3.17), for an 
alternative derivation]. Similarly, we have (loS(k,t)l2) '.::: (loS(O,t)l2) =::'. 

(27T)- 3{joS(r,t)l 2 ) V2. Then, from well-known thermodynamic relations, 
we have (IOPl2 ) = (k1,T)(V/ Ks ) = kbTVpv/, <loSl2 ) = kbCvpV2, where kb 

is the Boltzmann constant, Tis the temperature, Ks = ~ ( :;)s = (pv/)- 1 is 

the adiabatic compressibi lity, and C» is the specific heat at constant pressure. 
We have now determined all the quantities in the expression for 11,(Q',k) 

and J8 (Q',k) to enable the numerical calculation of the spectral-intensity 
distribution in terms of the incident intensity and the thermodynamic 
properties of the medium. Actually, in such calculations it is convenient to 
express the power scattered into the solid angle dQ at the point of observation 
a distance r from the region of scattering. This scattered power is l'r2 dfJ.; 
from it we can define a scattering cross section d 1: given by the equation 

( 13.2. 15) 

and it follows directly from the sum of Eqs. (I 3.2. I 3) and (13.2. 14). 
We could study several o ther properties of the scattered light on the 

basis of the relations we have derived, but we shall stop here, and take up J 
some of these questions in the problems. J 



Page 847 of 933

13.3 STIMULATED BRILLOUIN SCATTERING 825 

13.3 STIMULATED BRILLOUIN SCATTERING 

In the discussion of scattering in the two preceding sections, the per­
turbation in the dielectric constant was assumed to be a known function 
of space and time, independent of the electric field. However (as was 
mentioned in the introduction), the electric field does produce small mechan­
ical effects on the medium. 

Electrostrictive pressure 

Although it is well known from classical electromagnetic theory, we 
shall demonstrate the presence of electrostrictive pressure in the following 
manner: The change of the electrostatic energy E£2/87T per unit volume 
element V, when a substance is compressed so that the density changes by 

0€ £ 2 
dp, is op 

8
7T dp. To produce this change, a pressure PE is required such that 

the work done by the pressure, PE(dp/ p) per unit volume, equals the change 
in the electric energy. Thus 

0€ £2 £2 
PE = p-- = 0€ -

op s7T s7T 

where p(oE/op) is of the order of unjty for many liquids and solids. As far 
as the dynamics of the medium is concerned, this pressure has the same effect 
as the ordinary pressure P. Under more general conditions the effect of an 
electric field on a material medium is known to be the same as a mechanical 
stress tensor, ( E/47T )[EiE; - (£2/2)oii]. 

Thus, in a more careful study of the interaction of light and sound waves, 
we should allow for the feedback from the light to sound and express it as a 
source term in the acoustic-wave equation. In the same way as the acoustic 
field enters in the source term of the electric-field equation (13.1.1) through 
the variation in E, we also have a source term in the acoustic-wave equation 
that contains the electric field. From our previous discussion it follows that 
these two equations are 

I o2E ck/Eo o2E 1 l ( 0€) o2E 
vzE - c2 ot2 = 7 ot2 = c2 €

0 
oP s p ot2 

(13.3. 1) 

for the electric field, and 

1 a2
p ( € • ) v2p - - -- = _y2 - E-

v 2 a12 s7T s 

(13.3.2) 

for the sound field. We have neglected losses in both equations. To study 
the coupling between the electric field E and the sound pressure p in connec­
tion with Brillouin .scattering, we make use of the previous analysis and 
consider the electric field to consist of three components: a primary wave E0 

With frequency Q, and two scattered waves E+ and E_, with frequencies 
w + = Q + w 8 and w _ = Q - w,. 

Studying the general character of the source terms in these coupled 
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equations, we note that the source term in the equation for E, because of the 
product of the primary field E0 and the sound field p, contains a term with 
frequency w_ = Q - w, (the term with the frequency w+ = Q + w, is of 
no particular interest now). lf p and E0 are traveling waves, this source term 
is also a travel_ing wave, which, under the conditions of Brillouin scattering, 
has a propagation constant K_ = K - k8, where Kand k8 are the propagation 
constants for the primary light wave and the sound wave, respectively, as 
shown in Fig. 13.2. 

[n fact, if the sound wave and the primary electric wave are p = Po 
cos (w _,t - k, • r) and E = E0 cos (01 - K • r), respectively, the wave 
equation for the electric field produced by the term with the frequency 
Q - w, = Q_ will be 

l o2
E_ [ 1 l (OE) ] V2E_ - - -- = - - - - p00 2E0 cos [(Q - w )t - (K - k )· r] 

c2 dt 2 2c2 E0 cJP s s • 

( 13.3.3) 

The particular solution to this equation, which satisfies the boundary con­
dition E_ = 0 at K' • r = 0, is 

E_ = ~ .!_ (~) p0Eo(K' • r) sin (O_t - IL· r) 
4 Eo cJP s 

where, under conditions of Brillouin scattering, we have K' = K - k,. 
In other words, we see that the amplitude of the electric field E_ grows 
linearly with distance if p0 and E0 are independent of r. 

Let us now see what effect this growing electric field has on the sound 
field . We note that the contribution to the source term in Eq. (13.3.2), 
arising from (E0/87T)V2(E0 • E_), has a wave component with the frequency 
w

8 
and propagation constant k,. Consequently, the corresponding sound 

pressure field is obtained from the acoustic-wave equation (I 3.3.2), with a 
source term that is a wave traveling with the speed of sound in the direction 
of k. . Just as in Eq. (13.3.3), we find that the generated sound also will 
grow with the distance of travel. 

Thus the coupled electroacoustic wave system is unstable. In other 
words, the electric field E_ feeds energy into the sound field through Brillouin 
scattering, and the sound field in turn feeds energy into E_(and E0). T hrough 
this feedback phenomenon a small initial sound field will build up, and with 
it the electric field component E_. However, this growth does not apply to 
the higher frequency component E+· 

Ln this discussion we have neglected both acoustic and electric losses. 
If these were accounted for, we could then show that there exists a critical 
threshold for the primary electric field strength, which must be exceeded for 
the stimulated Brillouin scattering to occur. This threshold has been 
exceeded experimentally in high-intensity (pulsed) laser beams, and stim­
ulated Brillouin scattered light has been produced both in solids and liquids, J 
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Problems 

In the discussion of Debye-Sears scattering the sound-pressure amplitude in the 
sound beam was assumed to be uniform across the beam. (a) Generalize the 
results in Eqs. ( I 3.1.9) and ( 13.1.13) to include a .variation of the sound-pressure 
amplitude across the beam so that p0 = p0(z) and 17 = 11(z) [Eq. (13.1.10)]. 
(b) If the light beam is incident at right angles to the sound beam, discuss the 
possibiUty of determjning the sound-pressure-amplitude distribution p0(z) from 
measurements of the scattered light. (c) Suppose the amplitude of the sound 
wave is uniform across the beam but large enough so that distortion of wave­
shape takes place (as discussed in Chap. 14). Then the sound wave will be 
periodic, but not simple-harmonic. What information about the waveshape 
can be obtained from studies of tbe scattered light? 

l In Brillouin scattering of a laser beam (frequency 5 x 1015 cps) from a liquid 
the scattered light in the direction perpendicular to the incident beam is observed. 
Jn this direction the frequency separation of the two BriJlouin lines is found to be 
6 x 109 cps, and the width of a line (at an intensity equal to half the maximum 
intensity) is I 08 cps. If the index of refraction of the liquid is 11 = 1.4, determine 
the frequency, phase velocity, and spatial attenuation of the thermally excited 
target sound waves involved. 

3 Determjne the total scattered power in the Brillouin and Rayleigh lines by 
integrating 1; and 1; in Eqs. (13.2.13) and (13.2.14) over the frequency il'. 
Obtain an expression for the ratio between these powers. 

4 In our discussion of Brillouin scattering only first-order diffraction (corre­
sponding to an optical-path difference of one wavelength between the light rays 
scattered from neighboring Bragg planes) takes place. Under what conditions 
(if at all) can higher-order djffraction lines occur? 

5 Brillouin scattering can be regarded as an elastic collision between phonons 
with momentum /ik, and energy liw8 and photons with momentum liK and energy 
lift Show that the scattering formulas (13.2.2) follow from conservation of 
momentum and energy in such a collision. 

6 A circular light beam of radius r0 is intensity-modulated so that the intensity is 
of the form I = /0 [ I + € sin ( wt)], where € ~ I. Derive an expression for the 
sound field produced by such a beam in a liquid as a result of electrostriction. 
Also discuss the case of a pulsed light beam, where the intensity is I = 10 for 
-T < t < T and I = 0 fort > T. 
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CHAPTER 

NONLINEAR OSCILLATIONS AND WAVES 

14.1 THE SIMPLE OSCILLATOR 

Throughout the preceding chapters we have dealt with linear, or linear­
ized, equations of motion. The unknown quantities in these equations, the 
displacements, velocities, pressures, densities, and temperatures, all enter the 
equations to the first power; higher-power terms were either neglected or, 
as in the case of turbulence, were considered as known source terms. As 
was mentioned many times, the reasons for this restriction are quite per­
suasive. In the first place, the usual acoustical motions are small enough so 
that the nonlinear terms are considerably smaller than the linear ones, and 
their neglect does not alter the nature of the solution in any important respect. 

An equally weighty reason, as far as this book is concerned, is the fact 
that the techniques for solving linear equations are simpler and much more 
completely worked out than are the techniques for solving nonlinear equa­
tions. Even though there are many acoustical phenomena in which non­
linear effects cannot be neglected, a book dealing with the theory of sound 
and explaining the methods for computing acoustical behavior must devote 
most of its space to linear equations, simply because there is so much more 
that can be said about them. The whole gamut of general techniques, 
so useful in linear theory, such as the Green's function , Fourier transforms, 
indeed the whole procedure of adding solutions to produce yet other solutions, 
is for the most part useless in dealing with nonlinear systems. We cannot 
employ the useful complex factor e-iwt, since real and imaginary parts do not 
separate in a nonlinear equatio~. 

In this final chapter we shall present a representative sample of t~e 
methods of solution of those few nonlinear problems to which analyac 
solutions have been obtained to date. The first section will discuss the 
motion of a sim ple oscillator, a point mass moving in one direction, acted on 
by nonlinear forces, to bring out some of the general characteristics which also 
apply to more complex systems. The rest of the chapter will present a few . 
examples of nonlinear wave motion. An increasing number of nonlinear ~ 
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problems are being solved numerically, for specific cases, by the use of 
electronic computers. Such numerical techniques, for either linear or 
nonlinear equations, applicable for individual cases but lacking the generality 
of analytic solutions, are not discussed in this book. 

Examples of nonlinear forces 

Even the usual examples of the simple oscillator, a mass on the end of a 
coiled spring, exhibits nonlinear aspects if the amplitude of motion is large. 
If the spring is stretched too far, it becomes a straight piece of wire, with 
much greater stiffness than that of the coiled spring. Likewise, if the coiled 
spring is compressed sufficiently, the "pitch" of the spiral eventually will 
become zero, and the coil spring will become like a solid tube, with a stiffness 
which again considerably exceeds that of the original spring. 

We need not, however, go to such extremes in order to illustrate non­
linearity. In fact, some oscillators are nonlinear even for very small dis­
placements, as we shall see shortly. Consider, for example, the oscillator 
shown schematically in Fig. 14.1. Here both ends of a coil spring are held 
fixed a constant distance L apart. A mass is attached to the center of the 
spring and is set in oscillation transverse to the length of the spring. lf the 
relaxed length of the spring is L0 and the spring constant is K, the potential 

energy of the spring is ½K[2V (L/2)2 + x2 - L0]2, and the restoring force 
on the mass is 

FIGURE 14.1 

F = -4.Kx ( I - --;;:=L=o==) 
vL2 + 4x2 

Example of a nonlinear 
oscil lator with a "hard" 
restoring force. 
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For sufficiently small values of x, tliis can be expanded into the series 

x [(x')3 (x)s ] F = -4K(L - L0) L - SK.Lo L. - 3 L + • • • x<L 

which contains all the odd powers of x. 
For x very much smaller than L, we can usually neglect the higher terms 

and consider the force to be Ji near in x. But note that if the relaxed length L
0 

of the spring is equal to the distance L between the supports, the linear term 
vanishes, and even for small values of x, the restoring force, F ~ - (8K/L2)x3, 
is proportional to the cube of the displacement. 

The oscillator in Fig. 14.1 is said to have a "hard" restoring force, which 
means that the slope of the F versus x curve increases with x. There are 
many other oscillators with this general property, as illustrated by some of 
the problems. An extreme but simple example is the "particle-in-a-box" 
oscillator, where the particle bounces elastically back and forth between 
parallel walls a distance L apart. The force on the particle in the region 
between the walls is zero; it rises suddenly to a very large value at the walls. 

Another familiar example of a nonlinear oscillator is the simple pen­
dulum. In terms of the angle of deflection, the equation of motion of the 
pendulum is ML(d20/dt2) + MgL sin 0 = 0, where M is the mass and Lis 
the length of the pendulum. Thus, for sufficiently small angles of deflection, 
the restoring torque is MgL8 - !vlgL63/6. ln this case the nonlinearity 
has a "softening" effect on the restoring torque, in contrast to the effect of the 
nonlinearity in previous examples. 

Deviations from linear oscillator 

As a result of the nonlinearity, the oscillator characteristics will differ 
from the well-known properties of the linear oscillator. For example, the 
period of oscillation no longer is independent of the amplitude. In the 
special case of the particle-in-a-box oscillator, for example, the period 
clearly is proportional to the distance between the parallel walls, and hence 
proportional to the amplitude of oscillation. Also, it is inversely pro­
portional to the velocity amplitude of the motion. In other cases it may not 
be so simple to find an explicit expression for the period, but we shall find that 
a " hard" nonlinearity generally serves to decrease the period with increasing 
amplitude and that the opposite is true fo r the "soft" nonlinearity. 

So far we have implied a conservative oscillator in which the force 
depends only upon the position coordinates. However, there are many 
examples of oscillators in which velocity-dependent forces, such as frict ion, 
play an essential role. Since a friction force changes sign with the velocity, 
it follows that it will contain only odd powers of the velocity. We shall 
consider, for example, a force of the form av + bv3. Although in most 
cases both a and b are positive, there are oscillators which correspond to a 
negative value of a. Under these conditions self-sustained oscillations will 

J 
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result; the energy in these oscillations often is produced by a time-inde­
pendent force, such as in the bowing of a violin string. 

When we go from the free to the forced oscillations of a nonlinear 
oscillator, we find further unfam iliar features in terms of our experience 
with linear oscillators. Physica.lly, the most important of these featu res is, 
perhaps, the fact that the principle oflinear superposition of motions produced 
by two or more driving forces no longer applies. For example, two harmonic 
forces with frequencies w 1 and w2 will produce a displacement which contains 
not only these frequencies, but also "combination tones," with frequencies 
nw1 ± mw2 , and in some cases also "subharmonic" frequencies. 

The mathematical analysis of a one-dimensional nonlinear oscillator 
thus involves the solution of an ordinary differential equation which contains 
nonlinear terms in the position coordinates and/or its derivatives. These 
can be solved numerically, but there is no general theory for differential 
equations of this kind ; exact solutions are known onJy in very special cases, 
which rarely are of interest in problems of practical interest. It should be 
mentioned in this connection, however, that approximate equations of motion 
of an oscillator sometimes can be solved exactly. An important example is a 
conservative oscillator in which the restoring force can be described approxi­
mately as ct.X + f3x3, typical of the oscillator of Fig. 14.1, to the third order of 
approximation. This can be solved exactly in terms of elliptic functions 
which have been tabulated. When more general types of nonlinearities are 
considered, we have to resort to graphical or other approximate procedures in 
the analysis of the motion ; the purpose of this section is to survey some of 
these methods and apply them to a few special examples. The survey is not 
intended to be exhaustive; we refer the reader to the specialized treatises 
mentioned in the bibliography-for further details. 

Conservative forces 

Let us consider first the problem of free oscillations of a nonlinear one­
dimensional oscillator in which the restoring force is conservative, dependent 
only upon the position coordinates of the oscillating mass. The equation 
of motion is then [Eqs . (1.3.1) to (1.3.4)] 

d2x dv 
M dt2 = M v dx = F(x ) 

If we introduce the potential energy 

V(x) = - f F(x) dx 

we obtain the energy relation 

v 2 
M - + V(x) = E = const 2 , 

(14. 1.1 ) 

(14.1.2) 
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which, with v = dx/dt, can also be written 

J
., dx 

t - fo = "'o V2(£ - V)/M (14. 1.3) 

Forma1ly, this relation represents the solution to the equation of motion, and 
even if we cannot express the integral explicitly, in closed form, we can 
determine x as a function of time and the period of oscillation T'P of Eq. 
(1.3.4) to any degree of accuracy by numerical analysis. 

In the particular case of a simple pendulum of length L, the position 
coordinate along the path of motion is x = LO, where 0 is the angle of 
deflection. The potential energy is MgL(l - cos 0), and if the maximum 
angle of deflection in the oscillation is 00, we have E = MgL(l - cos 00) . 

Then, setting t1 = 0 when x1 = 0, we obtain for the pendulum 

fi r o ± do 1 rz r o ± do 
t =✓ 2g Jo vcos 0 - cos 00 = 2 ✓i J o Vsin2 (00/2) - sin2 (0/2) 

If we introduce the new variable <p, given by sin (0/2) = k sin <p, where 
k = sin (00/2), this equation becomes 

JL l 'P d<p J t = - --==== = - F(k,<p) 
g o VI - k2 sin2 <p g 

( 14.1.4) 

By expanding (1 - k 2 sin2 <p)-! in a power series and integrating term by 
term, we obtain t as a function of <p. The function F(k,<p), known as an 
elliptic integral, is available in tabulated form. 

1-3 1-3-5 
F(k,<p) = <p + ½k2Ji(cp) + 2. 4 k4f2(<p) + 2 . 4 . 6 k6Ja(<p) + ... 

where I,,(cp) = f
0

,psin2 '' <p d<p 

Using the first term only, we obtain the harmonic motion 0 = 00 sin (V g/Lt), 
familiar from the linear analysis. The period of oscillation can be ex­
pressed as 

T = 4 l F(k~7T) = 27T l ( I + :
2 +: k4 + • • ·) (14.1.5) 

For an amplitude of oscillation corresponding to 00 = 90°, we havek = 1/V2. 
and the period of oscillation is T-::::: l.4T0, where T0 is the small-amplitude 
period, 27TV L/g. 

Thus the motion of a simple pendulum is an example of a nonlinear 
oscillation that can be described exactly in terms of elliptic functions. These 
functions can also be used for an exact description of a conservative oscilla­
tion in which the restoring force is of the form ax + {3x3, as will be discussed 
further in one of the problems. 
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The phase plane 

Even if the integral of Eq. (14.1.3) cannot be evaluated explicitly in 
terms of known functions, it is always possible to describe the behavior of 
the oscillator qualitatively by plotting the momentum p or the velocity v 
as a function of the position coordinate x. This representation of the 
motion in the vx plane, the phase plane, follows directly from conservation 
of energy. In the case of a harmonic oscillator, we have 

½M v2 + ½Kx2 = E 

Thus, for each given energy of oscillation £ , the relation between v and x is 
represented by an ellipse in the phase plane. It is often convenient to 
normalize the coordinates v and x . For example, if we introduce v/v0 and 
x /x0, where v0 and x 0 are the velocity and displacement amplitudes in the 
harmonic motion, we obtain 

(
x )2 ( v)2 -- + - - 1 
Xo Vo 

2 2£ 
Xo = -

K 
2 2£ 

Vo = -
M 

(14.1.6) 

Thus, in terms of the coordinates x/x0 and v/v0, the phase-space trajectory 
representing the motion is a circle of unit radius. 

A deviation of the restoring force from linearity will produce a distortion 
of the circle. For example, in the extreme case of the particle-in-a-box 
oscillator, the circle is replaced by a square path. In this particular oscillator 
the force can be considered to be of the form (x/x0r, where n is a very large 
odd number. For more moderate nonlinearities the deviation of the phase­
space trajectory from the circle depends on the energy of oscillation, as will be 
demonstrated in the following discussion. 

As pointed out in connectjon with Fig. 1.2, if the potential energy of the 
oscillator increases monotonically from a stable equilibrium point, as in the 
linear oscillator, the motion is always periodic and the phase-plane trajectories 
are all closed paths about the equilibrium point. If, on the other hand, the 
potential energy has a maximum corresponding to an unstable equilibrium 
point, we shall find that phase-plane trajectories intersect at that point. 
To illustrate these characteristics and the use of the phase plane in general, 
we consider the mass-spring osci llator mentioned in connection with Fig. 
14. I. 

ff, as before, the relaxed length of the spring in Fig. 14. 1 is L 0 and the 
distance between the supports is L, we obtain, for the potential energy 
corresponding to a transverse displacement x, 

V(x) = 2Kx2 + KLL0 ( I - J I + ~
2

) + ~K(L - L 0)
2 

or in dimensionless form, and omitting the useless constant, 

V(x) Lo . 1 - - = 'Y/2 + - ( r - v 1 + 4?]2
) 

2KL2 2L 
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0 
i,:J 

E3---+- ---- --:!I ...... E'--- ---- _ ,__ 
T)---

PIP0 

L=2L0 

-----

Lo=2L 

Tl - FIGURE 14.l 
Potential-energy and phase­
plane trajectories for the 
oscillator of Fig. 14. 1. 

where 'Y/ = x/L. We have already seen that the behavior of the oscillator 
depends, essentially, upon the ratio (L0/ L) between the relaxed length of the 
spring and the distance between the fixed end points of the spring. If 
L0 < L, the equilibrium position x = 0 is stable, and the potential-energy 
curve has a minimum. On the other hand, if L0 > L , the spring is com­
pressed when x = 0 and the potential-energy curve has a maximum as shown 
in Fig. 14.2, where the special cases L0/L = 0.5 and L0 = 2 are considered. 
Note that in the latter case there are two stable equilibrium points, at approxi­
mately x = ± L, about which oscillatory motion can occur for sufficiently 
small energies. 

In Fig. 14.2 are shown the integral curves in phase space for some 
different energies. For L0/ L = ½, the energy cu rves are all ellipses centered 
about p = 0, x = 0. For L0/ l = 2, however, the curves are essentially 
different when E > 0 and when E < 0. ln the former case the integral 
curves are closed paths around the origin. For £ = 0, on the other hand, 
the integral curve runs through the origin, and the slope of the curve at the 
origin depends on the direction of motion; the particle comes momentarily 
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to rest as it passes through the origin. Finally, for £ < 0, the integral curve 
splits up into two separate closed branches centered about the two stable 
equilibrium points mentioned earlier. 

In the calculation of the period of oscillation, we shall consider only the 
case when L > L0. For sufficiently small values of the amplitude of oscilla­
tion, the restoring force becomes 

,.._, 4Kx(L - L0) 8Kx3 _ [ (:.\2] 
F(x) _ L + L2 - kx I + d/ 

where k = 4K(L - L 0)/L is positive, and d = LV 2L0/(L - L0) is the dis­
placement at which the linear and nonlinear parts of the restoring force are 
equal. The potential energy is then (again omitting the constant term) 

(14.1.7) 

If the amplitude of oscillation is x0, the total mechanical energy of oscillation 
can be expressed as 

kxa2 [ l (x0)
2
] E = - l +- -

2 2 d 

and the period of oscillation, according to Eq. (14.1.3), becomes 

fM f "'o 8d {M f "'o dx 
T1J = 4 ✓2 J., (£ - vr½ dx = V2✓k J., V(xo2 - x2)(xo2 + 2d + x2) 

If we introduce x = x0 cos 1P, this integral reduces to 

T = To [~ I 21; dVJ ] 
11 

-rr J o VI + (xa2/2d2)(1 + cos2 1P) 

where T0 = 2,,,.VMjk. Expanding the square root, we obtain 

(14.1.8) 

and T0 is shown to be the limiting period, when the amplitude of motion x0 

is much smaller than d, so that the motion is simple-harmonic. We note 
that the period decreases with increasing amplitude, a characteristic feature 
of an oscillator with a " hard" spring. For an oscillator with a "soft" 
nonlinearity, as demonstrated already in the case of a pendulum, the period 
increases with increasing amplitude. 

Nonconservative forces 

In many cases it is necessary to consi.der, in addition to the conservative 
force F(x), a nonconservative force G(x,v), which depends on the velocity v. 
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In the damped linear oscillator i11 Chap. 2 we had , for example, G(x,v) = 
-Rv. The force G(x,v) clearly will change the total mechanical energy 
H of the oscillator at a rate given by 

dH 
- = G(xv)v cit , 

where Mv
2 J' H = -

2
- + ( - F)dx 

This result follows, of course, from Eq. (1.3.2). 
If we again use the linear damped oscillator as an example, we have 

Gv = - Rv2 ; that is, energy is removed from the oscillation at a rate equal 
to Rv2. As a result, the amplitude of oscillation decreases exponentially with 
time. In other oscillators, which will be discussed later, we shall find that 
energy is not always removed from the oscillation. Here the function Gv 
will be found to be positive, at least in some parts of the phase plane, and in 
these regions the total mechanical energy of the oscillator will increase. 
Under such conditions the relation Gv = 0 defines a curve in the phase plane 
which divides the plane into regions of negative and positive values of Gv, 
which we shall call dissipation and activation regions, respectively. For 

example, if G(x,v) = Av - Bv3, it follows that v > V A/B defines a dissipa­

tion region, and v < V A/B an activation region, if A and B are positive. 
When both dissipation and activation regions exist, so-called self­

sustained oscillations can be produced. For such oscillations, the phase­
plane trajectory of such a periodic oscillation must pass through both the 
dissipation and the activation region, so that the energy dissipated in one 
region is regained in the other. Jn the particular case referred to above, 
in which G = Av - Bv3, it follows that the velocity amplitude of any 
self-sustained oscillation must have a velocity amplitude which is larger than 

,! A/B ; otherwise the phase-plane trajectory would not be able to enter the 
dissipation region. We shall return to these oscillations later, with special 
examples. 

Graphical analysis 

In the presence of a nonconservative force it is no longer possible to 
obtain an integral solution similar to that in Eq. (14.1.3); generally, we have to 
resort to graphical or other numerical methods to construct solutions to the 
equation of motion. In the graphical procedure it is convenient to write the 
equation of motion in the form 

- = 
dx Mv 

dv F(x) + G(x,v) (14. 1.9) 

from which the slope of the phase-plane trajectory can be calculated directly j 
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from F and G. The trajectory can then be constructed when the initial 
condjtions are given. 

The graphical construction becomes particularly simple in the special 
case when the conservative force is linear and the nonconservative force 
depends only on v. Then, with F(x) = -Kx, we obtain dv/dx = ( - wlx + 
g)/v, where wl = K/ M and g = G/ M. Furthermore, if the new coordinate 
x1 = w0.x is introduced, the equation reduces to 

- x 1 + (g/wo) 
-= -
dx1 

dv 

V V 
(1 4.1.1 0) 

where g 1 = g/w0. The slope_ dv/dx1 can now be constructed at a certain 

< o l 

FIGURE 14.3 
Graphical construction of slope dv/dx 1 at Q. 
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point x1, v in the following manner: First plot the function g 1{v) as indicated 
schematically in Fig. 14.3a. T he horizontal line through the point Q(xi,v) 
intersects g1 in the point P. The distance PQ is then equal to x1 - g 1(v). 
Draw the vertical through P and mark the intersection O with the x1 axis. 
The required slope of the trajectory through Xi, t> is then perpendicular to the 
line 0Q. It is noted that the trajectory must have infinite and zero slopes 
when it crosses the x1 axis and the "guide" curve g1(v), respectively. 

In the special case when G(x1,v) is a constant friction force of magnitude 
A, the solution is particularly simple. T he guide curve is represented by the 
straight lines g 1(v) = - (A/(l.)0 M) for v > 0 and g1(v) = + (A/w0M) for 
v < 0. We find that the amplitude of oscillation decreases along a spirallike 
phase-plane trajectory which consists gf a succession of semicircles with 
centers alternating between the points 0 1 and 0 2 given by x 1 = - (A/woM) 
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and x1 = + (A /w0M), as indjcated in Fig. 14.3b. At the points 0 1 and o 
2, 

the magnitudes of the spring force and the friction force are equal. Between 
these points the friction force is larger than the spring force, and once the 
velocity has become zero in this region1 the oscillations cannot be continued. 
Thus, in the motion illustrated in the figure, the amplitude of the oscillations 
decays until the mass comes to rest between 0 1 and 0 2, at which point the 
oscillator stops. 

Slowly varying amplitudes 

If the nonconservative and nonlinear forces on an oscillator are small 
compared with the linear one (which is often the case at sufficiently small 
amplitudes of oscillation), the motion can be analyzed formally by various 
approximate methods. It is not our intention here to attempt a systematic 
survey of these various methods; we shall select one which is simple, yet 
typical of many situations encountered in practice. 

We start by considering again a linear oscillator of mass m. If we use 
the same coordinates in the phase plane as in Eq. (14.1.10), that is, v and 
w0x , the trajectory representing the linear oscillator will be the ci rcle 

2£ 
v2 + (wox)2 = -

m 

with a radius equal to the velocity amplitude v0 = ~ - Actually, if we 
wish the projections of the radius on the two axes to represent the displace­
ment and the velocity, respectively, we should use as the coordinates - v 
and w0x , since w0x = v0 cos (w0t) and - v = - dx/dt = v0 sin (w0t). 

A nonlinearity in the oscillator produces a deviation from the circular 
trajectory and makes both the length of the radius vector A and its angular 
velocity in the phase plane time-dependent. fnstead of the constant velocity 
amplitude v0 and the phase w0t , the time-dependent polar coordinates A and tp 
of the point (w0x,v) in the phase plane will be used. In many cases of 
practical interest the fractional changes of A and tp - w0 t during the course 
of a period T0 = 21r/w0 are both small, and under these conditions it is 
possible, as we shall see, to obtain simple approximate expressions for the 
rates of change of the amplitude and the angular velocity. To see how these 
relations are obtained, we start by expressing the equations of motion in 
terms of the polar coordinates A and tp, defined by w0x = A cos tp and 
- v = A sin 11'· 

This appears, at first, to be substituting two independent variables, 
A and tp, for one, x. This is not so, since we have required that the velocity 

dx 1 dA A dtp . 
V = - = - -- COS tp - - - SIil tp 

dt w0 dt w0 dt 

be equal to -A sin tp. The second equation determining A and tp is, of 
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course, the equation of motion 

dv dA . chp 2 - = - - sin 1P - A - cos 1fl = -w0 x + g(x,v) 
dt dt d1 

= - w0A cos 1/J -1- g(A,'l{J) 

As before g = G(x,v)/m, where G(x,v) is the nonlinear or nonconservative 

part of the force on the oscillator. Solving these two equations simul­

taneously for dA/dt and d!p/dt, we obtain 

dA . 
dt = g(A,'l{J) sin 1/J 

(
d'P ) A dt - w0 = g(A,'l{J)cos 1fl 

(14. 1.1 1) 

These equations reduce to tile linear oscillator equations A = const and 

'P = w0t when force g(x,v) = 0. Since g(x,v) = g(w0-
1A cos 1/J, - A sin tp), 

it then follows that the right-hand members of the equations are both 

periodic functions of tp, and thus can be expanded in Fourier series. 

and 

Tbe first terms in these series, those independent of 1/J, a re, respectively, 

1 f 2:r 
a(A) = - g(A,'l{J) sin "P d!p 

27T 0 

I J 2:-b(A) = - g(A,1fl) cos '1/J dip 
27T 0 

(14.1.12) 

These terms represent the average, or secular, ra te of change of A and 

'1/J - w0t over a period. If A and 1P - w0t vary slowly, so that their fractional 

change is much less than unity in a period, these average rates should be good 

approximations for the determination of the time dependence of A and 11'· 

Under these conditions we can approximate Eqs. ( 14.1.11) by 

dA 
- = a(A) 
dt 

A(~~ - w0) = b(A) (14.1. 13) 

The first of these equations can be integra ted directly, yielding t as a function 

of A; then 1P can be determined from the second equation. 

f b(A) 
1fl = w0t + Adi ( 14. 1.14) 

Before we apply these results to some specific cases, we observe that if 

the system is conservative, g depends only on x = w0- 1 cos 'P, and not on v, 

i
b 

and is consequently an even function of.1/J. As a result, 
0 

g(A ,'1/J) sin 1P = 0, 
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and according to the first of Eqs. (14. 1.12), the average rate of change of the 
amplitude A vanishes. Thus, to the approximation considered here, the 
amplitude of oscillation remains constant, A = v0 , and only the phase is 
affected by a conservative perturbation of the linear oscillator. The phase is 
then given by 

[
b(v )] [ I 1

2
= ] 1j) = w 0t + - 0 

l = w 0 +
2 

G(A ;1p)COS'lj)d1p t (14. 1. 15) 
v0 rrmv0 o 

The period of the oscillation, i.e., the time required to change the phase by an 
angle 27T, is then 

21T T0 T - - - - - - - --- -
- w0 + (b/v0) - I + (b/°'!0V0) 

The quantity (b/w0v0) can be interpreted as the ratio between the mean value 
of ·the nonlinear force, averaged over the motion, and the maximum linear 
restoring force nw,0v0 . If this average nonlinear force is negative (soft 
spring), the period is increased; if it is positive (hard spring), the period is 
decreased by the nonlinearity. 

Frictional forces 

Having considered the effect of a conservative perturbation, we next treat 
the case when the force g depends only on the velocity. We get b = 
(2rr)-1 i 2~g( - A sin '1/J) cos '1/J d'I/J, and if g is an odd function of v, this is zero. 

Therefore, according to Eqs. (1.4.1.13), only the amplitude, and not the phase, 
is influenced by the perturbation force g. 

I t is instructive to use the present approximate method on the familiar 
example of a linear oscillator in which the damping force is G = -Rv. 
With v = - A sin '1/J and g = G/m, we have g = (2/T)A sin '1/J, where 2/T = 
R/m. The rates of change of the amplitude and the phase of the oscillator 

then reduce to a(A) = (2rr)-1 g sin '1/J d'lfJ = (2rr)-1(2/T) sin2 '1/J d'lfJ = A/T f 2~ f 2" 

0 VO 

and b(A) = O; that is, 

dA A 
- = --
dt T 

The solutions are A = v0e- tlr and '1/J = w 0t + 4>0. Thus the expression for 
the velocity amplitude agrees with the exact solution in Chap. 2, whereas the 
angular velocity '1/J = w0 falls short of the exact ·solution by a factor 1/ 

Vl - (w0T)- 2. T his deviation from the exact solution is negligible for 
practical purposes when the "lifetime." T of the oscillation is long compared 
with the period T0 = 21T/w0 of the undamped oscillator, as we have assumed. 

As another illustration of the method, we consider again the problem 
of the transverse mass-spring oscillator already shown in Fig. 14.1. fn that 
case, from Eq. (I 4.1. 7), the restoring force for sufficiently small displacements ·J 
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js of the form kx[l + (x/d)2]. The nonlinear part is then G(x) = kx3/d2, or 

g(x) = G/m = w0
2x3/d2, which, with x = (A /w0) cos 11', becomes g(A ,v,) = 

(A3/w0d
2) cos3 v,. Since in this case a(A) = 0, the amplitude of the oscillation 

remains constant, A = v0• T he expression for the rate of change of the 

phase, according to Eqs. ( 14.1.12) and ( 14.1.1 3), is then 

b(A) = (27T)- 1 -
0

- cos4 v, dip = - _o_ V 3 1 2• 3 V 3 

w0d
2 o 8 w0d

2 

and Eq. (14. 1. 15) gives the corresponding expression for the period of 

oscillation, 

T0 [ 3 (x0)
2 

] 
T = I + ¾(xo/d)2 = To I - 8 d + ••• 

where we have introduced v0 = w0x0, x0 being the displacement amplitude. 

It is interesting to see that this result for the period is the same as that in 

Eq. (14. l.8), obtained from the exact solution of the equation of motion. 

As a final example, let us consider an oscillator with a Linear restoring 

force and with a friction force of the form G = Rv + Cv3 = Rv[I + (v/µ)2]. 

Here the quantityµ is the velocity a t which the linear friction force is equal 

to the nonlinear one. Introducing the polar coordinates, we h ave v = - A 

sin 1P and g = G/m = -(2/ -r) A sin 1P + µ- 2A3 sin3 v,, where -r = 2m/R. 

After having performed the required integrations for the calculation of a(A), 

we obtain, according to Eqs. (14. 1.11) and (14.1.12), 

dA =- ~A [t + ~ (A)
2

] (14. 1.16) 
dt -r 4 µ 

It so happens that this equation can be solved exactly, in closed form; 

the solution is 

A = v0e-tl{ I + ~ (:0J(l - e- 211,)] - ½ (14.1.17) 

where v0 is the initial velocity amplitude. Thus 

x :::::'. (~J A(t) cos (w0t + (J)) 

neglecting higher terms in the Fourier series for x and v, which, as we saw, 

is allowable as long as -r ► I /w0, that is, as long as the Q of the oscillator, 

V Km/R2 = w0m/ R of Eq. (2.2.4), is a la rge number. The amplit ude of 

motion diminishes with time, a little faster than exponentially at first, because 

of the nonlinear term. 

Self-sustained oscillat ions 

When the dissipation function vG(x,11) is positive as well as negative 

here is the opportunity for the oscillator to gain energy, as well as to lose it., 
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-- v 

~ 000000000 '8 
FIGURE 14.4 ~-) "v 
Example of a self-sustained oscillator. 

And when the path in phase space traverses activation regions (where vG is 
positive) as well as dissipation regions (where vG is negative), steady-state 
motion is again possible if the amount of energy gained just equals the energy 
lost per cycle. A large number of mechanical and electronic systems display 
this characteristic. In some of these, self-sustai ned oscillations are produced 
by means of some "feedback" mechanism, the energy required to sustain 
the motion being derived from a time-independent energy source. Electronic 
tube oscillators belong to this category. In other systems the oscillations are 
driven more or less directly by some steady force; wind instruments and air­
craft wings are driven into oscillation by an air blast, violin strings by the 
friction of the moving bow, and clocks by the steady force of the mainspring. 
The activation of the oscillator by these forces in most cases can be regarded 
conveniently as a negative resistance, and the conditions for self-sustained 
oscillations then can be expressed by the requirement that the total resistance 
in the oscillator should be zero (or negative). 

As an illustration, let us consider the osci llator shown in Fig. 14.4. 
A mass m is attached to the end of a spring which provides a linear restoring 
force. The mass slides on a horizontal surface which is moving with a 
velocity V. We assume that air friction or some other damping mechanism 
produces a damping force - Rv proportional to the velocity v of the mass. 
In addition, there is the friction force from the belt, a force F( V - v), which 
depends on the relative velocity V - v between the mass and the belt. The 
equation of motion of m is 

d 2x 
,n- = - Kx R v I F(V - v) 

dt 2 

dx 
I) = -

dt 

We shall consider v < V and expand, F(V - v) = F( V) - F'( V)v + 
F"( V)(v2/2) + · · · . The contact friction- force decreases with increasing 
relative velocity (i.e., with decrease of v) so that F'( V) < 0. If we set 
F'( V) = - R' and neglect higher-order terms in v, we have F( V - v) '.'.::::'. 
F( V) + R'(dx/dt), and the resistive force in the equation of motion becomes 
-(R - R')(dx/dt). In other words, the effect of the moving belt, for small 
velocities v, can be interpreted as a negative resistance R', and if R' > R, 
the total resistance in the oscillator becomes negative and the oscillations 
grow with time. T hese oscillations do not grow indefinitely because the 
higher-order terms eventually will introduce further damping, and the 
amplitude of oscillation will be limited, as we shall see in the following 
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discussion. The mechanism illustrated by this example describes in principle 
the oscillations of a bowed violin string or the squeaking of a door or the 
brake on a car. 

To demonstrate the amplitude-limiting effect of the higher-order terms 
in the expression for the contact friction , we shall consider only the third-order 
term. We are interested now in the case when the total linear resistance 
R - R' in the oscillator is negative, and we set R - R' = - R1 . The total 
resistive force is then of the form 

-R1v + Cv3 = - R1v[1 - (~)2] 
where µ is the velocity at which the magnitudes of the linear and nonlinear 
terms are the same. 

Except for the difference in sign, this nonconservative force is of the same 
form as in the example discussed earlier in this section [Eq . (14.1.16)]. If 
this force is small compared with the linear restoring force, the same approxi­
mate method of solution can be used here. Under these conditions the 
expression for the velocity amplitude of the oscillation can be written down 
directly from the result already given in Eq. (14.1.17). The only change 
required is to replace..,. by - -rand µ 2 by - µ 2, and the time dependence of the 
(velocity) amplitude of the oscillations becomes 

A(t) = v0e11,[ l + ~ (:0r(e21/ r - l)] - ½ (14.1.18) 

where..,. = 2rn/ R1, and v0 is the velocity amplitude at t = 0. The "relaxation 
time"..,. must be much larger than l /w0 for the approximation 

x = (1/o.J0)A(t)cos (w0t + <I>) 

to be valid. We see that, no matter what its initial value v0, the velocity 

amplitude A eventually becomes viµ; if v0 is larger than this, the amplitude 
decreases ; if v0 is smaller, the oscillator picks up energy to reach the stable 
amplitude. This differs from the purely dissipative case of Eq. (14.1.17), 
for which the amplitude goes to zero, no matter what its initial value was. 

This result is consistent with our previous findings. The nonconserva­
tive force in the present case is G(v) = R 1v[I - (v/µ)2] , and the power 
transferred to the oscillation is Gv2(1 - (v/µ)2 ]. Thus, when v < µ , the 
~nergy transfer is positive, and when v > µ,it is negative ; the region lvl < µ 
in phase space is the activation region, and the region lvl > µ is the dissipa­
tion region. Therefore, when the oscillation is stationary, the phase-space 
trajectory must go through both these regions, and consequently the velocity 
amplitude must be larger than µ. 

When the oscillation amplitude has reached the stationary value vt µ, 
the rate of change of the amplitude is zero, as can be seen directly from 
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t - -
FIGURE 14.5 
Plot of time rate of change of amplitude. 

Eqs. (14.1.12) and (1 4.1.13), which in this case result in 

dA l [ 3 (A)
2
] - = a(A) = - A l - - -

dt T 4 µ 
(14.1. 19) 

Clearly, the rate of change dA/dt is zero also at A = 0. At this point, 
however, the motion is unstable, which is characterized by the fact that the 
·curve dA/dt versus A has a positive slope at that point, as shown in Fig. 14.5. 
A small disturbance from the point A = 0 makes the rate of change of A 

increase further in the same direction. At A = vj µ, on the other hand, 
the slope is negative, and an increase of A beyond this point will be reduced 

until the amplitude is brought back to the value vj µ; likewise, a reduction 
of A will cause a countertrend to increase A again. ln other words, regard­
less of the starting point in the phase plane, a ll phase-space trajectories end 

up Ln the same stable path A = vj µ , circular to this order of approximation. 
There are other types of force fields, producing self-sustained oscilla­

tions, for which this is not the case, forces resulting in a rate of change of the 
amplitude which depends on A, in the manner shown in Fig. 14.6. In this 
case, if the initial amplitude of oscillation is less than A1 , the oscillation will 
decay to the stable equilibrium point A = 0. If, on the other hand, the 
initial amplitude is la rger than A 1, the oscillation will be pulled toward a 
stable motion in which the amplitude is A2. A familiar example of an 
oscillation of this kind is an ordinary pendulum clock. T o get the clock 
going, the pendulum must be started with an amplitude that exceeds a 
1.:erlai11 value A 1 ; olhc;:rwise Lhe rnoLio n of the pendulum will decay. 

Graphical solutions 

When the nonconservative forces in the oscillator are not small compared 
with the restoring force, the approximate formulas of Eqs. (14.1.13) are no 

t --
FIGURE 14.6 
Oscillator with two distinct points of 
stable equilibrium, 0 and A2 • 
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FIGURE 14.7 
Phase-plane trajectories for systems with 
negative and strong positive resistive 
forces. 
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longer satisfactory. Rather than make use of improved versions of this 
method or other analytical techniques, we shall construct solutions graphi­
cally, using the method described in connection with Fig. 14.3. For this 
purpose it is convenient to rewrite the equation of motion mv(dv/dx) = 
- Kx + Rv[l - (v/p.)2] in terms of the normalized coordinates ~ = Wo-'</µ 

and 'I'/ = v/µ. In this way we reduce the number of parameters in the equa­
tion to one, and obtain 

d'YJ - ~ + f:J'YJ( 1 - 'Y/2) 
- = -------
d~ 'Y/ 

(14.1.20) 

where (3 = 2/w0T = R/w0m = l / Q is the reciprocal of the Q of the oscillator. 
We are now assuming that Q is not very large; therefore (:J is not necessarily 
small. This equation is the same as Eq. (1 4.1.10), with 'Y/ instead of v, 
? instead of Xi, and q = {:J71(I - rJ2) instead of g1(v). 

I n the graphical solution of this equation the curve q = (:J71( l - '1]2
) 

is shown as the dotted line of Fig. 14.7a. Using it as a guide curve, we 
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construct the slope of the trajectory following the procedure described earlier 
in Fig. 14.3. Trajectories thus obtained for the case /3 = 1 are shown in 
Fig. 14.7a. Two trajectories with different initial oscillation amplitudes are 
shown to be " pulled" in toward the same stable orbit, as expected. We 
recall from the analytical treatment that the phase-space trajectory for small 

values of {3 is approximately circular, with an amplitude A = v j µ, that is, 

1J = V½. The graphically constructed limiting orbit fo r fJ = I is not too 
far different from this circula r path. 

ln Fig. 14.7a are also shown tbe lines 77 = land 'YJ = - I which divide 
the phase plane into the dissipation and activation regions, l'YJ I > I and 
l'YJ I < l, respectively. Jn the dissipative region the amplitude of oscillation 
decreases, and in the activation region it increases. When the limit cycle is 
reached, the net energy exchange is zero, so that the motion becomes periodic; 
the dissipation along the paths A - Band A' - B' is then compensated by 
the energy gain in the regions B' - A and B - A'. 

As fJ is increased, the steady-state orbit will deviate more and more from 
the circular path and cling to the guide curve, as illustrated in Fig. 14.7b, 
where the steady-state orbit for fJ = 10 is shown. To study Eq. (1 4.1.20) 
for larger values of {3, it is convenient to introduce s = !//3 and obtain 
rJ(drJ/ds) = {32[rJ(I - rJ2) - sJ. Then, if f3 = ro, the slope drJ/ds is infinite 
at all points in the phase plane, except on the guide curve s = rJ(l - ?)2). 
lo view of this fact, and with reference to Fig. 14.7a and b, it is reasonable 
to assume (and it can indeed be shown rigorously) that as /3 approaches 
infinity, the limit cycle will approach the q curve, as indicated in Fig. 14.7c. 

In the sections be and da of this curve, the position coordinate remains 

constant (at s = ±2/3V3). (The corresponding values of 1J are 'Y/b = l/V3, 
'YJ a = - I /V3, 'YJa = 2/'\113, 'YJc = - 2/V3.) Therefore, in the calculation 
of the period of oscillation, these sections do not contribute. Since the times 

·between the points a and band between c and dare the same, the period of 
oscillation for large values of {3, say, f3 > 10, can be approximated by 

T = 2 ibldx/vl. [ntroducing ! = w0x/µ and 77 = v/µ, we get 

T = (2/w0) Jd!/rJ 

which, with ! = f3rJ( I - 772), can be expressed as 

2{3 fqb drJ 
T = - 11 - 3rJ21 -

Wo qa 1J 

/3 /3 To = (3 - 2 In 2) - '.:::'. l.61 - = -- T0 
Wo Wo 10.2T 

(1 4.1.21) 

where To = 21rVm/K, T = 2m/Ri, and q = vmK/R12 = 1/{3. As pointed 
out above, this expression is a good approximation only for sufficiently 
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Jarge values of /3, say, /3 > I 0, which means that the value of T must be less 
than about T 0/ l01r for the validity of Eq. ((4.l.21). We can also express 
this limitation directly in terms of T. With f3 > 10 inserted in Eq. (14.1.21), 
we see that the period T should be larger than three times T0. 

14.2 FORCED MOTION 

So fa r we have studied the effect of nonlinearities only upon the free 
and self-sustained motion of an oscillator. Of at least equal interest is the 
response of such an oscillator to an external harmonic driving force. The 
forced motion of an undamped linear oscillator, as we know, has infinite 
amplitude at resonance; therefore it is to be expected that, in practice, 
nonlinear effects should be of importance, at least in the neighborhood of the 
resonance frequency. The study of the nonlinear distortion of the amplitude­
frequency response curve is of particular interest in this connection. Non­
linearities are responsible a lso for other phenomena, such as the generation 
of motion containing harmonics, and under certain conditions even sub­
harmonics, of the driving frequency. Furthermore, when the driving force 
contains two or more frequencies, the resulting motion will contain fre­
quencies which are linear combinations of the driving frequencies. 

A simple example 

fn the following discussion of these questions, we shall consider only a 
special example, an oscillator with a " hard" restoring force of the form 
.Kx[I + (x/d)2] and with a linear damping force R(dx/dt). The equation 
of motion is then 

d
2 x: (dx:) • [ ( x)2] 

m dt: + R ~ + Kx 1 + ~ = Fcos (wt) (14.2.1 ) 

where we must use the cosine, instead of the exponential e- 1wt, since the 
equation is nonlinear. It is convenient to rewrite this equation in dimen­
sionless form. Two characteristic displacements are involved, the static 
displacement x 8 1 = F/K corresponding to the force amplitude F, and the 
displacement d at which the nonlinear restoring force becomes equal to the 
linear one. We pick the former for the normalization of the displacement, 
and introduce ~ = x/x .-1. Furthermore, we set w

0 
= V K/m, 0 = w0f, 

Y = w/cu0 , and E = (xs 1/d)2. First let us consider the resistance to be negli­
gible, in which case the equation of motion reduces to 

(14.2.2) 

We seek a periodic solution with the fundamental frequency equal to the 
driving frequency. Since the right-hand ' side is symmetrical with respect 
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to O = 0 and antisymmetrical with respect to yO = rr/2, the Fourier expansion 
of the left-hand side must have the same properties; that is, e must be of the 
form 

! = L ! 11 cos (nyO) 
'11 

where n = l , 3, 5, ... . 
T he left-hand side of the equation will be of the form A,. cos (ny0), 

where the A,.'s are functions of!,, ; to satisfy the eq uation we must have 
A 1 = 1 and A 11 = 0 for all other values of 11. This condition corresponds 
to an infinite set of equations from which, in principle, we can determine 
the amplitudes !n- As a first approximation, we consider now only two terms 
in the expansion and set ! = ! 1 cos (y0) + !3 cos (3y0) . By using the 
trigonometric relation 4 cos3 (y0) = 3 cos (yO) + cos (3yO), we find that the 
coefficient for the cos (yO) term on the left-hand side of Eq. (14.2.2) is 

A1 = c1 - r2)!1 + ¾E!1(!12 + ! 1!3 + 2e32
) 

and similarly, the coefficient for the cos (3y0) term is 

A3 = ( I - 9y2)!3 -r ir(!/ + 6!12!3 + 3e33) 
[n addition to these terms, we also get a series of terms containing the 

frequencies Sy, 7y, and 9y, namely, 

E!3 
4 [3!1(!1 + !3) cos (SyO) + 3!1~a cos (7y0) + !l cos (9yO)J 

These remaining terms are small compared with A 1 and A3 if E ~ l and l!al ~ 1! 11, and only under these conditions will our approximation be good. 
The terms containing the product r!3 in A1 and A3 also can be neglected, and 
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we obtain the following equations for the determination of the coefficients 
~ 1 and ~a: 

l 
1 - y2 + ¾ e~/ = -

~l 
( 14.2.3) 

The first of these equations represents the amplitude-frequency response for 
the fundamental frequency in terms of the nonlinearity parameter e. 

The amplitude of the third harmonic follows from Eqs. (14.2.3). 

€~13 

~ 3 = - 4(1 - 9y2) 

a valid approximation as long as 1~31 < 1~11. ff we wish to obtain improved 

10 

r -

FIGURE 14.9 
Ampl itude-frequency response curves for nonlinear oscillator. 
Amplitude ~. offundamental plotted against driving frequency 
w/21r = yw0/21r. 

expressions for ~l and ~3, we start with three terms in the initial expansion 
and satisfy Eq. ( 14.2.2) for terms including the fifth harmonic. From the 
three equations then obtained, the amplitudes ~i, ~ 3, and ~5 can be deter­
mined. Higher approximations are obtained in a similar manner. 

The dependence of the amplitude ~1 of the fundamental frequency 
in Eqs. (1 4.2.3) on the frequency ratio y = w/w0 is displayed in Fig. 14.8 
as the sum of the parabola I + ¾e~1

2 and the hyperbola - J /~1 . As in the 
case of the linear oscillator, the response curve contains two branches; in one 
the displacement is in phase, in the other it is out of phase with the driving 
force. Both branches approach the curve I + ¾e~1

2 asymptotically. 
Response curves obtained in this manner fore = 0.01 and e = 0.1 are shown 
in Fig. 14.9. 

The important difference between the linear and nonlinear oscillators is 
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exhibited in the response curve; for the nonlinear oscillator it is multivalued 
over part of the frequency range. For a hard nonlinearity, E > 0, this effect 
occurs above, and for a soft nonlinearity, E < 0, below the linear resonance 
frequency, as can be seen in Fig. 14.9. This result suggests that in these 
frequency regions the motion is unstable; the oscillator amplitude can jump 
suddenly from one value to another. 

The distortion of the frequency-response curve is consistent with the 
observation made earlier in the discussion of the free oscillations, that the 
characteristic frequency of the oscillator changes with the amplitude of 
oscillation. As the driving frequency increases from zero, the amplitude 
of oscillation increases, and if E > 0, the "resonance" frequency increases also. 
T he maximum of the displacement, therefore, is not reached at the customary 
value y = I, but is pushed toward higher frequencies. Tn fact, when damp­
ing is absent, the maximum value of the curve is moved out to y = oo. 

The effects of fr iction 

Just as in the linear oscillator, damping will limit the amplitude of 
oscillation. 1t is again useful to determine the amplitude and the corre­
sponding frequency in terms of the oscillator parameters. F or this purpose 
we rewrite the equation of motion (14.2.1), containing a linear damping 
term, in terms of the dimensionless variables ¢ and 0, as in the foregoing 
analysis, and obtain 

where ¢ = Kx/ F 

0 = w0t = tV K/m 

E = (F/Kd)2 

Q = (l/R).✓.i(;;, = mw0/R 

(14.2.4) 

The frequency dependence of the amplitude of the fundamental follows 
from this equation by inserting e = ¢1 cos (y0). T he left-hand side of this 
equation then will be of the form A cps (y0) + B sin (y0), where A = 
¢

1

(1 - y 2

) + {1:¢
1

3 and B = - (y/ Q)¢
1

. The expression for A, of course, is 
the same as in the previous analysis. The amplitude of the right-hand side 
is unity, and to satisfy the equation we must have A2 + B2 = 1. T o satisfy 
the phase relations in the equation, a phase angle should be added in the 
terms in the Fourier series for¢, but this does not alter the re lation between 
the amplitudes, which is 

(14.2.5) 
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FIGURE 14.10 
Response curve for oscillator with non-

I 

linear force proportional to x• plus friction . 0 
0 

Resonance is at point P. 

This response curve intersects the former asymptotic curve I - y2 + 
fE~1

2 = 0 at the point P (Fig. 14.10), with the coordinates y2 = ½(I + 
v' I + 3EQ2

) and e,2 = Q2 y 2

. In the case of a linear oscillator (e = 0), 

these coordinates are simply y = I and ?1 = Q, and the Q value [see dis­

cussion of Eq. (2.3.2)] can be interpreted as the ratio between the amplitude 

of oscillation x 1 at resonance and the static displacement x,
1

, Q = x 1/x,1. 

We recall that the parameter e is defined by e = (x,tf d)2, where d is the 

displacement a t which the linear and nonlinear restoring forces are equal. 

The quantity eQ2 thus can be given the simple interpretation (x1/d)2 ; it is a 

measure of the degree of nonlinearity present in the region of maximum 

amplitude. If x1/d < 1, the coordinates of the point P reduce to y2 ~ 

1 + (3eQ2/4) and?,~ Q(I + }eQ2). 

The maximum of e1, which appears a little to the left of the point Pin 

Fig. 14.10, is found to have the .coordinates 

( 14.2.6) 

For small values of eQ2 these expressions reduce to 

y ,,,2 - } ~ ¾ E( Q2 + } ) - ~2 

e,.. ~ (V I + Q2)(1 + ~e Q2) 

If we set y,,.2 - I ~ 2(y - I) = 26.w/w0 , and if Q ► I, the frequency 

corresponding to the maximum of the response curve can be written w0 + t!.w, 

where 

( 14.2.7) 
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To investigate the properties of the response curves further, we turn our 
attention to the points D1 and D2 in Fig. 14.11 , where the slope of the curves 
is infinite. The section of the curve between D1 and D2, as a detailed analysis 
will show, represents an unstable motion of the oscillator, and as the fre­
quency is increased continuously from zero, the oscillator amplitude will 
jump suddenly from the point D1 to D~ when the frequency Ym is reached, as 
illustrated schematically in the figure. Similarly, if the frequency is de­
creased continuously, the amplitude of oscillation follows the iower branch 
of the response curve until the point D2 is reached, at which the amplitude 

/ 

+ / 
/ 

/ lc1I o, 

½ 
I Dz I 

I 
I o; I 

0 
1 Ym - 0 y 

(0) 

FIGURE 14.1 1 
Illustrating the instabilities of the nonlinear oscillator near 
resonance. Dashed curve of b is locus of the points D1 and 
D2 , where jumps occur. 

{/ 7 

,... ... 

Ym --,-
(b) 

jumps suddenly to the point D;. As the nonlinearity in the oscillator is 
decreased, the region of instability is decreased until, at a certain value of E, 

the two points D 1 and D2 coincide. 
To determine this critical value of E , we proceed to find the coordinates 

of the points D1 and D2 . Differentiating Eq. (14.2.5) with respect to t 
we obtain, for dy/d; = 0, 

{I - y2 + fE;12)(1 - y2 + ¾E;12) + (;)2 = 0 (14.2.8) 

This relation is represented by the dashed curve in Fig. 14.1 lb. The points 
D1 and D2 are given by the intersections between the curves (14.2.5) and 
(14.2.8). These intersections merge at the point where the function of Eq. 
(14.2.8) has a vertical tangent. The response curve which passes through that 
point will not be multivalued, and the corresponding value of E then gives 
the limit below which no jump phenomenon occurs. After differentiation 
of Eq. (14.2.8) with respect to ~1 and with dy/d;1 = 0, we find that I - Y2 = 
- 9e;1

2/8, and the merging point is found to be given by I - y2 = - (3/2Q2
) >< 

[I ± VI + (4Q2/3)) and E~1
2 = (4/3Q2)[1 ± v l + (4Q2/3)]. (The minus J 
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sign corresponds to negative E.) Finally, if these values are inserted into 
Eq. (14.2.5), the particular value of E is found below which no jump phe­
nomenon will occur. The complete expression is somewhat lengthy, but if 
Q ► 1, we find that the amplitude-frequency-response curve is single-valued 
and jump-free if 

16 - 1 2 
IEI < 9 (V 4/3) Q3 ~ Q3 

Since E = (x,tfd)2, we can also express this condition as X si < d(l.4/ Qi), 
which means that the amplitude of the driving force must be smaller than 
Kc/(1 .4Q- }). 

Subharmonics 

Which steady-state motions are actually produced depends on the injtial 
conditions; relatively slight changes may result in quite different behavior. 
All we can do here is to mention some of the alternative steady-state solutions 
which may eventuate. It is not difficult to see that in the particular 
oscillator with a restoring force Kx(l + (x/d)2], the equation of motion 
can be satisfied with a periodic motion with a fundamental frequency which 
is one-third of the driving frequency. Assuming the existence of such a 
periodic motion, we shall now investigate the conditions that must be satisfied. 
The calculations are analogous to those in the foregoing section, and as we 
set the amplitude of the subharmonic component equal to zero, we should, 
of course, obtain the result found earlier. 

Starting with the equation of motion without damping, 

c12~ 
d02 + !(I + E!2) = cos (yO) 

as in Eq . (14.2.2), where the normalized coordinates are defined, we set 
! = ! t cos (y0/3) + ! 1 cos (y O) + · · · and use in the first approximation 
only the first two terms in this expansion. The left-hand side of the equation 
then will be of the form At cos (y0/3) + A I cos yO + · · · , where the 
coefficients are functions of ! t and ! 1. As a first approximation, we then 
get the equations At = 0 and A 1 = I, to satisfy the equation of motion. 
These equations are 

! t [ 1 - ~2 + ~E(!!2 + 2!12 + ! t !1)] = Q 

( 14.2.9) 
E 

(l - y2)!1 + 4 (!13 + 6! 12! 1 + 3!/) = 1 

From these equations we can determine the amplitudes ~t and ! 1 as functions 
of the frequency parameter y. From the first equation we obtain 

~¼ = - ½~1 [ L ± J 27JE~12 (y2 - 9) - 7] 
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FIGURE 14.12 
Ampl itudes of the fundamental and 
subharmonic displacements of 
forced motion of a nonlinear 
oscillator. 

In order that ~t be real, the condition y 2 > 9 + (189e~?/16) must be satisfied. 
For small values of e this reduces to y > 3; for example, the driving fre­
quency must be larger than three times the (linear) resonance frequency 
w0/27T. 

If e is small, the amplitude of the subharmonic is large, approximately 

equal to ± V(4/27e)(y2 - 9). To obtain a corresponding approximation 
for the amplitude ~1 of the fundamental , we must solve the second of Eqs. 
(14.2.9). The largest term on the left-hand side is (e/4)~¼3, which is of order 

1/V;, but to compute ~1 we must also include the terms (1 - y2
)~1 and 

(2e/3)~¼2~ 1 , which are independent of e; terms in positive powers of e can be 
neglected. To this approximation, then, 

j e~¼3 
- J 

~1-::=-~--
1 + 1rfy2 

(14.2.10) 

Figure 14.12 shows a typical set of curves for the two amplitudes vs. the 
driving-frequency parameter y = w/cv0. The solid curves are one solution, the 
dashed curves the other; which pair is used depends on the initial conditions. 
(Note, however, that a combination of both solutions is not a solution; 
the steady-state motion corresponds either to the solid curves of Fig. 14.12 j 
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or to the dashed ones.) For the case of the solid curves, the fundamental 
amplitude goes to zero when 

y2~ 9 + 2-(~)l 
27 1: 

At this driving frequency, and for this mode of vibration, the driven motion 
is almost entirely at the subharmonic frequency. 

Bias forces 

Jn the study of the motion of a linear oscillator we are accustomed to 
disregard the influence of a constant force since it merely produces a change 
of the equilibrium position of the motion. For example, a mass-spring 
oscillator will have the same natural frequency when the motion is along a 
vertical line, under the influence of gravity, as when the motion is along a 
horizontal line. For a nonlinear oscillator, however, this is no longer the 
case; a constant force, which may be called a "bias" force, does influence 
the response of the oscillator to a periodic driving force. 

As an illustration, let us again study the oscillator with a restoring force 
of the form Kx[I + (x/d)2], where K is the spring constant for small displace­
ments, and d is the characteristic displacement at which the linear and 
nonlinear contributions to the restoring force are the same. Let this oscil­
lator be acted upon by a constant force F plus a periodic force f If/ ~ F, 
the equilibrium position X of the oscillator is determined solely by the time­
independent force, according to the equation 

which has the solution 

K X 3 + KX = F 
dz 

X = d[(a + b)½ + (a - b)!] 

where a = F/Kd, and b = v }7 + (F/2Kd)2
• A small periodic force pro­

duces an oscillation about this equilibrium, and as long as the corresponding 
displacement is sufficiently small, the response of the oscillator is the same 
as that of a linear oscillator, with a spring constant given by the slope of the 
force vs. displacement curve at the point X. The slope of the curve at X is 

dF [ (x)2] dX = K l + 3 d = Ki 

and the effective spring constant of the oscillator at that point is then 
K, = K(I + 3(X/d)2]. The frequency of small oscillations about the 

equilibrium point is then w1 = <Vo V I + 3(X/d)2, where w0 is the natural 
frequency of small oscillations without a bias force. 

A bias force of some acoustical importance is produced by a moving 
airstream. This force depends on the velocity of the stream relative to the 
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Airstream impinging on an oscillator produces 
additional damping of the oscillator. 

oscillator. It produces not merely a change in the effective stiffness of the 
oscillator (assuming, of course, that the restoring force is nonlinear), but 
also an additional damping in the system. To demonstrate this effect, 
consider as a simple example a mass-spring oscillator in an airstream moving 
along the line of oscillation of the oscillator, as shown in Fig. 14.13. If the 
velocity of the airstream is V, the force produced on the oscillator is of the 
form 

(14.2.11) 

where A is the area of the body ( or rather, the projection of the area on a 
plane perpendicular to the airstream), and Ca is a constant, the so-called 
drag coefficient. This coefficient, which has to be determined experimentally, 
depends on the geometry of the body and, in general, also upon V. In 
some cases, however, Cd is essentially independent of velocity over a wide 
range of velocities; we shall assume this to be the case in these calculations. 
(Clearly, at very low velocities, Cd varies inversely as the velocity since, in the 
limit V-+ 0, the force must become the viscous force, which is proportional 
to the velocity. We consider velocities large enough so that viscous effects 
are not important.) 

If the oscillator has a velocity u, the relative velocity between the air­
stream and the oscillator is V - u, and the force in Eq. (14.2. 11) becomes 

F + !:J.F = ACap(V2 + u2
) - 2pACaVu 

If u ~ V, we see that, in addition to the time-independent force F, we now 
have also the time-dependent force !:J.F = - (2ACdpV)u, which is proportional 
to the velocity u and is equivalent to a frictional force. In the more general 
case, when Ca is velocity-dependent, the equivalent frictional force can be 
expressed as (dF/dV)_yu. This aerodyna,mically produced frictional force 
in the oscillator has a considerable influence on various acoustical resonators 
operating in relative motion with the surrounding medium. T he free 
oscillations of cavity resonators, strings, and membranes, etc., have been 
found to decay more rapidly when in motion than when at rest. The 
reason for this behavior is much the same as in the present simple example. 

14.3 LARGE-AMPLITUDE STRING WAVES 

In keeping with the treatment in the rest of the book, in this chapter we j 
have first dealt with the nonlinear behavior of a point mass; next we should J 
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take up nonlinear waves on a string, and then come to the nonlinear acoustics 
of a fluid. This section is concerned with the wave motion of a string when 
its amplitude of transverse displacement is large enough so that the simple 
linear wave equation does not adequately describe its motion. 

Of course we shall not relax all the idealizations imposed in Chap. 4. 
We still assume that the string is uniform in mass density and is perfectly 
flexible , though corrections to the formulas to allow for stiffness can be 
applied analogous to those of Sec. 5.1. We also shall here continue to assume 
that the end supports, holding the string and applying the tension, are 
perfectly rigid, though the extension of the theory to allow for support 
motion is not difficult- indeed, is an obvious extension of the discussions 
on pages I 12 and 172. 

The nonlinearity discussed in this section comes about when the trans­
verse displacement of the string is large enough to modify the tension by a 
material amount; the string is stretched more in some parts than in others. 
We thus must consider the longitudinal motion of the string as well as its 
transverse motion-in fact, the two are coupled-and we must introduce the 
relationship between longitudinal strain and stress resulting from the differ­
ences in stretch, the string's equation of state, so to speak. In contrast to the 
last two sections of this chapter, where the effects of nonlinearities of the 
equation of state of the fluid are discussed, in this section we shall assume 
that the linear relationship of Hooke's law holds for the equation of state of 
the stretched string. 

General wave motion 

In equilibrium we suppose the string to be stretched along the x axis 
and its longitudinal strain !il/10 to be produced by being stretched between 
rigid supports, so that the equilibrium stress is tension T0 = QA(lil/10), 

Q being the Young's modulus [Eq. (5.1. 1 )] of the string and A its cross­
sectional area. J n this stretched condition, at rest along the x axis, the mass 
of the string per unit length is €0. When in motion, the element of string 
which was, in equilibrium, at point (x,0,0) will be at point (x + t 'Y/, O, 
its displacement from equilibrium being given by the vector r, so that the 
vector from the origin to its instantaneous position is 

R(x,t) = (x + ~)e., + rie!I + ~e. = xe., + r(x,t) ( 14.3. 1) 

where e.,, ev, e, are unit vectors along the coordinate axes. Thus we are 
using the Lagrange description, shown in Fig. 6.2, to specify the motion. 

The element of length dx in equilibrium will now have the length 
loR/oxl dx, where 

oR 
( 14.3.2) 
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Therefore the instantaneous mass density of the string, originally at (x,0,0) 

is ! 0/l oR/ oxl, and its tension T(x, t) will be modified by the change in length'. 

If Hooke's law holds, the change will be linear, so that 

T(x,t) = T0 + QA ( ~: - I) ( 14.3.3) 

The force on the displaced element (Fig. 4.2) will arise, not only because 

the pull across the two ends may be in sl ightly different directions, but also 

because the magnitude of T differs slightly between the two ends. If s(x,t) is 

the unit vector pointing along the tangent to the string at the point labeled x, 

a.R/ ox [I + (o~/ox)]e,, + (017/ox)ell + (oUox)e. 
S =---=~==== ==========-

joR/ox j V [ l t (oUox)]2 + (or,/ ox)2 +- (o(,/ox)2 

t~en the equation of motion of the element of string which was of length 

dx and at point (x.0,0) in equilibrium (and thus always has mass !o dx) is 

o2R o(Ts) oT as 
!o a,2 = ~ = s ax I- T ox (14.3.4) 

In Chap. 4 we neglected oT/ ox and assumed thats = e,, + (or,/ox)e11• The 

exact equation includes longitudinal, as well as transverse, forces. 

Inserting Eq. ( 14.3.3) into this equation of motion and using the formula 

os oR o2R o I oR/oxl 
- -- = --s----
ox ox dx2 ox 

we obtain 

(14.3.5) 

When s ~ e,, + ( or,/ ox)ell ~ oR/ ox, this reduces to the linear form of 

Eq. (4.1 .2). Constants c1 and c1 are the familiar longitudinal and transverse 

wave speeds for small-amplitude waves. It is interesting to note that the 

nonlinearity is all contained in the second term on the right-hand side of the 

equation of motion, and that this term is proportional to the difference in the 

squares of the longitudinal and transverse wave speeds. In other words, 

a string for wllich these speeds are equal would be linear; it would transmit 

large-amplit ude waves in just the same way as small-amplitude waves. 

However, to obtain such a string, with c, = c1, the tension T0 must be large 

enough to extend the string to twice its relaxed length. Except possibly 

for rubber strings or coil springs, this condition can hardly be satisfied for 

most strings used in practice ; generally, c1 is considerably larger than c,. 

The general wave equation (1 4.3.5) is written in vector form, but if we use the 

expHc;t express;on fo, R ands as they we,e defined , we obtain th,ee coupled J 



Page 881 of 933

14.3 LARGE-AMPLITUDE STRING WAVES 859 

differential eguations in terms of the components ~' TJ, r Before we discuss 
these eguations, it is interesting to consider, first, some general properties 
of motion. 

Constant tension 

ff the boundary conditions of the string are properly chosen, it seems 
possible that a wave can propagate on the string without altering the initial 
tension. fn order to investigate whether this is consistent with the equation 
of motion, we first observe from Eg. (14.3.4) that on the assumption of 
Hooke's law, a constant tension implies a constant value of I ?JR/ oxl and also 

o2R/ ?JR a constant value of e. J n that case we get os/ ox = ox
2 

ox , and the wave 

equation (14.3.3) then can be expressed in the form 

?J2R ?J2R 
e - = T- e, Tconst (14.3.6) 

01 2 ox2 

where we have introduced E instead of e0 according to Egs. (14.3.2). This 
eguation is just like the ordinary equation for small-amplitude motion; the 
only difference is that we use the actual values of E and T of the deformed 
string rather than the unperturbed values E0 and T0. Equation (1 4.3.6) 
is valid for arbitrary amplitudes, but limited to constant values of T (and 
e), and it follows that under these conditions all portions of a large-amplitude 

wave will travel with the same wave speed V T/e; no distortion of the wave­
form will take place. It is easy to see, however, that this conclusion is 
consistent with the requirement of a constant value of the quantity I oR/ oxl2 

(which is eguivalent to constant tension) only for a single traveling wave 
along the string. For such a wave we can maintain a constant value of 
loR/oxl, once established, be.cause, as we have seen, the wave will travel 
without change in its shape and therefore without change of or/ox; the mere 
translation of the wave pattern that occurs in the traveling wave cannot alter 
the constant value of I oR/oxl. For waves traveling in the opposite direction, 
on the other hand, a constant value cannot be maintained; the wave pattern, 
and consequently the derivatives o~/ox, etc. , will vary as different parts of 
the two waves interact. 

A wave of this sort can be generated by the rather impractical method 
illustrated in Fig. 14.14. The string is displaced from equilibrium along the 
portion from a to b by being fitted inside a frictionless tube, as shown, 
originally at rest. This transverse displacement will of course stretch the 
string so that the tension throughout its length will equalize to a new value 
T > T0, and its density will also take the uniform value e < e0. At point P 
of the tube, where the radius of curvature is p. the element ds of string will 
have acting on it a net force T ds/ p toward the center of curvature. 

Now set the string into motion, maintaining tension, with a velocity v, 
when the element ds will also have acting a centrifugal force w 2 ds/ p away 
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FIGURE 14. 14 
Large-ampl itude constant­
tension travel ing wave in 
string. 

from the center of curvature. If the speed happens to equal c = V T/€, 
these two forces will exactly balance, 110 matter ii-fiat value p has. Tn other 
words, a t this speed the tube could be removed , and the stationary wave 
would remain; at every point the forces ba lance, and there would be no 
change in waveform, and thus no change in string length or tension or density. 
Of course, the situation of the string moving with velocity c and the waveform 
standi.ng still is no different dynamically from the case of the string standing 
still (the part outside of ab, that is) and the wave moving with velocity c. 
Tt)us the wave, started in this artificial manner, will travel with constant shape 
and velocity and will maintain constant tension throughout the string. The 
wave must go in just one direction , however ; one could not start two inter­
penetrating waves, going in opposite directions, by this method. Also, 
if two such waves, originally noninterpenetrati ng, going in opposite direc­
tions, should meet, the conditions would no longer hold, the wave would 
change form, and the tension would no longer be uniform. 

Third-order equations 

Apart from the situation just outljned, of constant tension, or when 
c1 = c1, exact solutions of Eq. (14.3.5) are not known. With waves of modest 
amplitudes, however, an approximate form of the equation can be obtained 
from a power expansion of the nonlinear term os/ox in Eq. (14.3.5), in which 
only the first few terms a re retained. The equation thus obtained is a 
convenient starting point for perturbation calculations of nonlinear behavior 
of these waves. 

In obtaining the power series expansion, we start from the explicit 

form of s = !R/ ox in terms of the slopes o!/ ox, etc., as given in Eq. (14.3.5). 
I R/oxl 

Thus, after having expanded the square root in this expression and performed 
the differentiation os/ox, we obtain, after some algebra, the following three 
equations for the components t 'Y/, and r . 

02! 02! . o 
a,2 - cl ox2 = ½(c/ - c/) OX [('YJ,.2 + (.2)( 1 - 2f,,)] (14.3.7) 

az'Y/ 021J 0 
-::,12 - c?:12 = He? - c/) ~ ['Y}..,{'YJ./ + {/) + 217.,{,,( l - f,)] 
v vx v .\ 

( 14.3.8) 
02{ 02, a 
,;, 

2 

- Ct2 ~
2 

= ½(c
1

2 

- c,2) ~ [(.t('Y/./ + {/) + 2{.{.( I - f,,)) 
vi vx v .\ 

(14.3.9) 
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where we have here written alJ/ax as 'Y/x, etc. In these equations the non­
linear terms have been written as '·source terms" in the wave equations for 
the three modes of motion, the longitudinal mode and the two transverse 
modes. These modes are all coupled with each other as a result of the 
non Ii nearity. 

Even these equations cannot be solved exactly, and we have to resort to 
approximate methods of analysis much in the same way as in the case of the 
non linear one-dimensional oscillator in Sec. 14.1. In many cases we can 
start from the first-order motions being solutions of the linear string equa­
tions. Using these first-order solutions for the evaluation of the nonlinear 
source terms in Eqs. (1 4.3.7) to (14.3.9), nonlinear corrections to the linear 
solutions can be obtained, including the longitudinal-transverse and trans­
verse-transverse mode-coupling effects. 

The generation of a longitudinal wave mode by a transverse wave is to 
be expected on account of the stretching of the string which is associated with 
the transverse motion. This effect is expressed by Eq. ( 14.3.7), which shows 
that longitudinal motion is induced by transverse motion through a "source 
strength" of second order in the transverse motion, proportional to a(rJx2 + 
{/)/ ax. Less obvious is the coupling between the two transverse modes 
·17 and f This coupling consists of two contributions; the first is a " direct" 
coupling, which for the 77 motion corresponds to the source term aax3 f­
{xTJ..2)/ox, and the second is a coupling carried via longitudinal motion and 
expressed by the source term proportional to a( {xf.,)/ ox. This term is also 
of third order in the transverse field variables since, according to Eq. (14.3.7), 
~xis of second order in 77 and {. Consequently, in any study of interactions 
in latera l motions of a string, the l011gitudinal motion generally cannot be 
neglected. 

Transverse-longitudinal mode coupling 

As an example, we shall determine the longitudinal motion induced by 
the (first-order) fundamental mode of a transverse motion of a string clamped 
at both ends. Thus, let the first-o rder transverse motion be 17 1 = 170 

sin (77x/ L ) sin (wit) , where w,/277 = ctf2L is the fundamenta l frequency. 
This transverse motion generates a longitudinal motion, which we find from 
Eq. ( 14.3. 7). By using 171 in the source term of this equation, we get for the 
second-order longitudinal motion ! 2, 

a2!2 2a2~2 _ 1( 2 • a 2 
ot2 - c, 0.\'2 - :? Ci - C() ax 17x 

= (c,2 - c/)(k 1170
2

) :., [cos2 (k,x) si n2 (<vit)] 

where k, = <v1/c1. The steady-state solution to this equation is 

77 '1] [ ( 
!2 = 16 Lo 'Y/o sin (2k1x) cos (2cv1r} - I - :::) sin (2k1x)] 

(14.3.10) 
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The time-dependent part of ?2 varies with twice the transverse frequency; 
the string stretches at every transverse excursion of the string, rega rdless of 
its direction. The second term represents the time-average displacement 
(?2) . Its space average must be zero since, for fixed supports, the projection 
of the string on the x axis is not altered by the motion. The axial displace­
ment (¢2 ) is negative on the left half of the string, where each point of the 
string moves slightly to the left as the string makes its transverse displacement. 
The center point of the string moves vertically, so that ¢2 is zero there, and the 
points on the right half of the string move slightly to the right, making (¢2) 

positive. We leave it for one of the problems to calculate the corresponding 
changes in the mass per unit length and the tension. 

It is interesting to find that the amplitude of this solution is independent 
of the relation between the '·driving frequency" and the resonance frequency 
w1 of the longitudinal motion; one may expect resonance excitation to occur 
if w1 = <.o 1• However, the corresponding resonant denominator is canceled 
by the fact that the nonlinearity of the string, as we have seen, is proportional 
t 2 2 0 c, - c,, . 

Lateral-lateral mode coupling 

In much the same manner we can proceed to calculate the coupling 
between transverse modes, for example, the nonlinear distortion of a plane 
transverse motion, starting, say, from the fundamental 'Y/ mode. Or we can 
determine the coupling between an 'Y/ mode and a ( mode. Although we shall 
not carry out these calculations here, we merely point out that even when we 
deal with lateral-lateral coupling problems, the associated excitation of 
longitudinal motion cannot be neglected as a coupling mechanism. Suppose, 
for example, we are interested in the excitation of higher order ( motion by 
(fi rst-order) 17 and ( motion. The source term to be considered is then 
proportional to the x derivative of (:i:[(17,,2 + (.,2) + 2f,J, neglecting the term 
involving ¢,,2, which turns out to be of higher order than the other terms. 
The longitudinal motion f,, excited by the first-order 'Y/ and ( motions can be 
determined from Eq. (14.3.7), which, after differentiation with respect to x, 
can be written 

a 2f,, - 2 a2f,, - I ( 2 - . '.!) a2 ( 2 + r 2) 
012 Ci OX2 - 2 C1 l 1 OX2 'Y/:r. ':,z 

(14.3.11) 

where we have neglected the terms containing ~"' on the right-hand side, 
being of higher order. Suppose now that 'YJ:-/ + (./ contains terms of the 
form sin (mk1x) sin (1111v, 1) or sin (mk1x) cos (mw, t) or some other combina­
tion of these trigonometric functions. We denote this part of ri..2 + (./ by 
(17./ + (,,2) ,,,_111 • T he longitudi nal motion induced by these terms, as ex­
pressed by the solution f1: in Eq. ( 14.3.1 I), will have the same x , t dependence. 
Tn fact, the solution is 




