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Preface to the Second Edition

In the first edition, models initially developed to describe wave propagation in porous
media saturated by heavy fluids are used to predict the acoustical performances of air
saturated sound absorbing porous media. In this expanded and revised edition, we have
retained, with slight modifications, most of the basic material of the first edition and
expanded it by revisiting several original topics and adding new topics to integrate recent
developments in the domain of wave propagation in porous media and practical numerical
prediction methods that are widley used by researchers and engineers.

Chapters 1 to 3 dealing with sound propagation in solids and fluid and Chapter 9
dealing with the modelling of perforated facings were slightly modified. Chapters 4 to 6
were greatly revisited. A more detailed description of sound propagation in cylindrical
pores is presented (Chapter 4), related to the more general presentation of new parameters
and new models for sound propagation in rigid-framed porous media (Chapter 5). Also in
Chapter 5 a short presentation of homogenization, with some results concerning double
porosity media, is added. In Chapter 6, different formulations of the Biot theory for
poroelastic media are given, with a simplified version for the case of media with a limp
frame. In Chapter 11 we have revisited the original representation of the modelling of
layered media (Chapter 7 of the first edition) and extended it to cover the systematic
modelling of layered media using the Transfer Matrix Method (TMM). In particular, a
step by step presentation of the numerical implementation of the method is given with
several application examples.

Major additions include five new chapters. Chapter 7 discusses the acoustic field
created by a point source above a rigid framed porous layer, with recent advances con-
cerning the poles of the reflection coefficient and the reflected field at grazing incidence.
Chapter 8 is concerned by the poroelastic layers excited by a point source in air or by a
localized stress source on the free face of the layer, with a description of the Rayleigh
waves and the resonances. Axisymmetrical poroelastic media are studied in Chapter 10.
In Chapter 12, complements to the transfer matrix method are given. They concern mainly
the effect of the finite lateral extend, and the excitation by point loads, of sound pack-
ages. Several examples illustrating the practical importance of these extensions are given
(e.g. size effects on the random incidence absorption and transmission loss of porous
media; airborne vs. structure borne insertion loss of sound packages). In Chapter 13, an
introduction to the finite element modelling of poroelastic media is presented. Emphasis
is put on the use of the mixed displacement-pressure formulation of the Biot theory,
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xiv PREFACE TO THE SECOND EDITION

which appears in the Appendix of Chap. 6. Detailed description of coupling conditions
between various domains including a waveguide are presented together with sections on
the breakdown of the power dissipation mechanisms within a porous media and radiation
conditions. Several applications are chosen to illustrate the practical use of the presented
methods including modelling of double porosity materials and smart foams.

As in the first edition, the goal of the book remains to provide in a concrete manner
a physical basis, as simple as possible, and the developments, analytical calculations and
numerical methods, that will be useful in different fields where sound absorption and
transmission and vibration damping by air saturated porous media are concerned.

Acknowledgments

The first authors (Prof. Allard) is grateful to Professor Walter Lauriks (Katholieke Uni-
versiteit Leuven) for his collaboration for more than twenty years which has brought a
significant contribution to the book. The second author (Prof. Atalla) would like to single
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en Sécurité du Travail), Dr Raymond Panneton (Université de Sherbrooke), Dr Mohamed
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their various collaborations and discussions that resulted in many beneficial improvements
to the book.

Jean-Francois Allard, Le Mans, France
Noureddine Atalla, Sherbrooke, CanadaAugust 2009
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1

Plane waves in isotropic fluids
and solids

1.1 Introduction

The aim of this chapter is to introduce the stress–strain relations, the basic equations
governing sound propagation which will be useful for the understanding of the Biot the-
ory. The framework of the presentation is the linear theory of elasticity. Total derivatives
with respect to time d/dt are systematically replaced by partial derivatives ∂/∂t . The
presentation is carried out with little explanation. Detailed derivation can be found in
the literature (Ewing et al. 1957, Cagniard 1962, Miklowitz 1966, Brekhovskikh 1960,
Morse and Ingard 1968, Achenbach 1973).

1.2 Notation – vector operators

A system of rectangular cartesian coordinates (x1, x2, x3) will be used in the following,
having unit vectors i1, i2 and i3. The vector operator del (or nabla) denoted by ∇ can be
defined by

∇ = i1
∂

∂x1
+ i2

∂

∂x2
+ i3

∂

∂x3
(1.1)

When operating on a scalar field ϕ(x1, x2, x3) the vector operator ∇ yields the gradient
of ϕ

grad ϕ = ∇ϕ = i1
∂ϕ

∂x1
+ i2

∂ϕ

∂x2
+ i3

∂ϕ

∂x3
(1.2)

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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2 PLANE WAVES IN ISOTROPIC FLUIDS AND SOLIDS

When operating on a vector field v with components (υ1, υ2, υ3), the vector operator
∇ yields the divergence of v

div v = ∇ · v = ∂υ1

∂x1
+ ∂υ2

∂x2
+ ∂υ3

∂x3
(1.3)

The Laplacian of ϕ is:

∇ · ∇ϕ = ∇2ϕ = div grad ϕ = ∂2ϕ

∂x2
1

+ ∂2ϕ

∂x2
2

+ ∂2ϕ

∂x2
3

(1.4)

When operating on the vector v, the Laplacian operator yields a vector field whose
components are the Laplacians of υ1, υ2 and υ3

(∇2v)i = ∂2υi

∂ϕ2
1

+ ∂2υi

∂ϕ2
2

+ ∂2υi

∂ϕ2
3

(1.5)

The gradient of the divergence of a vector v is a vector of components

(∇∇ · v)i = ∂

∂xi

(
∂υ1

∂x1
+ ∂υ2

∂x2
+ ∂υ3

∂x3

)
(1.6)

The vector curl is denoted by

curl v = ∇ ∧ v (1.7)

and is equal to

curl v = i1

(
∂υ3

∂x2
− ∂υ2

∂x3

)
+ i2

(
∂υ1

∂x3
− ∂υ3

∂x1

)
+ i3

(
∂υ2

∂x1
− ∂υ3

∂x2

)
(1.8)

1.3 Strain in a deformable medium

Let us consider the coordinates of the two points P and Q in a deformable medium
before and after deformation. The two points P and Q are represented in Figure 1.1.

The coordinates of P are (x1, x2, x3) and become (x1 + u1, x2 + u2, x3 + u3) after
deformation. The quantities (u1, u2, u3) are then the components of the displacement
vector u of P . The components of the displacement vector for the neighbouring point Q,
having initial coordinates (x1 +�x1, x2 +�x2, x3 +�x3), are to a first-order approxi-
mation

u′
1 = u1 + ∂u1

∂x1
�x1 + ∂u1

∂x2
�x2 + ∂u1

∂x3
�x3

u′
2 = u2 + ∂u2

∂x1
�x1 + ∂u2

∂x2
�x2 + ∂u3

∂x3
�x3

u′
3 = u3 + ∂u3

∂x1
�x1 + ∂u3

∂x2
�x2 + ∂u3

∂x3
�x3

(1.9)
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STRAIN IN A DEFORMABLE MEDIUM 3

x1

x2

x3

P

u

P′
Q′

u′

Q

(x1, x2, x3)
(x1+∆x1, x2+∆x2 ,x3+∆x3)

O

Figure 1.1 The displacement of P and Q to P ′ and Q′ in a deformable medium.

A rotation vector �(�1, �2, �3) and a 3 × 3 strain tensor e can be defined at P by
the following equations:

�1 = 1

2

(
∂u3

∂x2
− ∂u2

∂x3

)
, �2 = 1

2

(
∂u1

∂x3
− ∂u3

∂x1

)

�3 = 1

2

(
∂u2

∂x1
− ∂u1

∂x2

) (1.10)

eij = 1

2

(
∂ui

∂xj
+ ∂uj

∂xi

)
(1.11)

The displacement components of Q can be rewritten as

u′
1 = u1 + (�2�x3 −�3�x2)+ (e11�x1 + e12�x2 + e13�x3)

u′
2 = u2 + (�3�x1 −�1�x3)+ (e21�x1 + e22�x2 + e23�x3)

u′
3 = u3 + (�1�x2 −�2�x1)+ (e31�x1 + e32�x2 + e33�x3)

(1.12)

The terms in the first parenthesis of each equation are associated with rotations around
P , while those in the second parenthesis are related to deformations. The three compo-
nents e11, e22 and e33, which are equal to

e11 = ∂u1

∂x1
, e22 = ∂u2

∂x2
, e33 = ∂u3

∂x3
(1.13)

are an estimation of the extensions parallel to the axes.
The cubical dilatation θ is the limit of the ratio of the change in the volume to the

initial volume when the dimensions of the initial volume approach zero. Hence,

θ = lim
(�x1 + e11�x1)(�x2 + e22�x2)(�x3 + e33�x3)−�x1�x2�x3

�x1�x2�x3
(1.14)

and is equal to the divergence of u:

θ = ∇ · u = ∂u1

∂x1
+ ∂u2

∂x2
+ ∂u3

∂x3
= e11 + e22 + e33 (1.15)
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4 PLANE WAVES IN ISOTROPIC FLUIDS AND SOLIDS

If �x denotes the vector having components �x1, �x2 and �x3, after a rotation
characterized by the rotation vector �, the initial vector becomes �x′ related to �x by

�x′ − �x = � ∧ �x (1.16)

The rotation vector �, in vector notation, is

� = 1

2
curl u (1.17)

1.4 Stress in a deformable medium

Two kinds of forces may act on a body, body forces and surface forces. Surface forces
act across the surface, including its boundary. Consider a volume V in a deformable
medium as represented in Figure 1.2.

Let S be the surface limiting V and �S an element of S around a point P that lies
on S. The side of S which is outside V is called (+) while the other is called (−). The
force exerted on V across �S is denoted by �F. A stress vector at P is defined by

T(P ) = lim
�S→0

�F
�S

(1.18)

The stress vector T(P ) depends on P and on the direction of the positive outward unit
normal n to the surface S at P . The stress vectors can be obtained from T1(σ11, σ12, σ13),
T2(σ21, σ22, σ23), and T3(σ31, σ32, σ33) corresponding to surfaces with normal n parallel
to the x1, x2 and x3 axes, respectively.

The components T1, T2, T3 of T can be expressed in the general case as

T1 = σ11n1 + σ21n2 + σ31n3

T2 = σ12n1 + σ22n2 + σ32n3

T3 = σ13n1 + σ23n2 + σ33n3

(1.19)

In these equations n1, n2 and n3 are the direction cosines of the positive normal n
to S at P . The quantities σij are the nine components of the stress tensor at P . These
components are symmetrical, i.e. σij = σji , like the components eij . An illustration is
given in Figure 1.3 for a cube with faces of unit area parallel to the coordinate planes.

X1

X2

X3

O

S

V
P

∆S
n

Figure 1.2 A volume V in a deformable medium, with an element �S belonging to
the surface S limiting V .
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X1

X2

X3

O

F1

F2

F3

Figure 1.3 A cube with faces of unit area parallel to the coordinate planes. The three
components of the forces acting on the upper and the lower faces are represented.

The variations of the components σij are assumed to be negligible at the surface
of the cube. With the components of the positive unit normal on the upper face being
(0, 0, 1), Equations (1.19) reduce to

T1 = σ31, T2 = σ32, T3 = σ33 (1.20)

The force F(F1, F2, F3) acting on the upper face is equal to T3. The components of
the unit normal on the lower face are (0, 0, −1). The forces on the lower and the upper
face are equal in magnitude and lie in opposite directions. The same property holds for
the two other pairs of opposite faces. The elements σij where i = j correspond to normal
forces while those with i �= j correspond to tangential forces.

1.5 Stress–strain relations for an isotropic elastic medium

The stress–strain relations for an isotropic elastic medium are as follows:

σij = λθδij + 2µeij (1.21)

The quantities λ and µ are the Lamé coefficients and δij is the Kronecker delta:

δij = 1 if i = j
δij = 0 if i �= j (1.22)

In matrix form Equation (1.21) can be rewritten


σ11

σ22

σ33

σ13

σ23

σ12


 =




C11 C12 C12 0 0 0
C12 C11 C12 0 0 0
C12 C12 C11 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C44







e11

e22

e33

e13

e23

e12


 (1.23)
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6 PLANE WAVES IN ISOTROPIC FLUIDS AND SOLIDS

C11 = λ+ 2µ
C12 = λ
C44 = 2µ = C11 − C12

(1.24)

The strain elements are related to the stress elements by

eij = − λδij

2µ(3λ+ 2µ)
(σ11 + σ22 + σ33)+ 1

2µ
σij (1.25)




e11

e22

e33

e13

e23

e12


 =




1/E −ν/E −ν/E 0 0 0
−ν/E 1/E −ν/E 0 0 0
−ν/E −ν/E 1/E 0 0 0

0 0 0 1/2µ 0 0
0 0 0 0 1/2µ 0
0 0 0 0 0 1/2µ







σ11

σ22

σ33

σ13

σ23

σ12


 (1.26)

where E is the Young’s modulus and ν is the Poisson ratio. They are related to the Lamé
coefficients by

E = µ(3λ+ 2µ)

λ+ µ
ν = λ

2(λ+ µ)
(1.27)

The shear modulus G is related to E and ν via

G = µ = E

2(1 + ν) (1.28)

Examples

Antiplane shear

The displacement field is represented in Figure 1.4. For this case, the two components
eij which differ from zero are

e32 = e23 = 1

2

∂u2

∂x3
(1.29)

The angle α is equal to

α = ∂u2

∂x3
(1.30)

Using Equation (1.21), one obtains two components σij which differ from zero:

σ32 = σ23 = µα (1.31)

The coefficient µ is the shear modulus of the medium, which relates the angle of
deformation and the tangential force per unit area. The three components of the rotation

Page 22 of 374



STRESS–STRAIN RELATIONS FOR AN ISOTROPIC ELASTIC MEDIUM 7

X1

X2

X3

O

P

Q

P′

Q′

T(M)α

Figure 1.4 Antiplane shear in an elastic medium. A vector PQ initially parallel to x3

becomes oblique with an angle α to the initial direction.

X1

X2

X3

O

P Q

P′ Q′

Figure 1.5 Longitudinal strain in the x3 direction.

vector � are

�1 = −1

2

∂u2

∂x3
, �2 = �3 = 0 (1.32)

The deformation is equivoluminal, the dilatation θ being equal to zero, and there is a
rotation around x1.

Longitudinal strain

For this case only the component e33 of the strain tensor is different from zero. The
vectors PQ and P′Q′ are represented in Figure 1.5.

The stress tensor components that do not vanish are

σ33 = (λ+ 2µ)e33

σ11 = σ22 = λe33
(1.33)

Unidirectional stress

From Equation (1.26) the stress component σ33 transforms a vector PQ parallel to the
axis x3 into a vector P′Q′ parallel to x3. The ratio P′Q′/PQ is given by

P ′Q′/PQ = σ33/E (1.34)

A vector PQ perpendicular to x3 is transformed in a vector P′Q′ parallel to PQ and
the ratio P′Q′/PQ is now given by

P ′Q′/PQ = −νσ33/E (1.35)
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X1

X2

X3

O

V

V’p

p

p

p

Figure 1.6 Compression of a volume V by a hydrostatic pressure.

Compression by a hydrostatic pressure

For this case, represented in Figure 1.6, the components of the stress tensor that do not
vanish are

σ11 = σ22 = σ33 = −p (1.36)

From Equation (1.21) it follows that the dilatation θ is related to p by

θ = −p
/ (

λ+ 2µ

3

)
(1.37)

The ratio −p/θ is the bulk modulus K of the material, which is equal to

K = λ+ 2µ

3
(1.38)

Contrary to the case of simple shear, � = 0 and θ is nonzero. The deformation is
irrotational, as in the case with a longitudinal strain. Note that since a hydrostatic pressure
leads to a negative volume change, the bulk modulus K is positive for all materials and
in consequence Poisson’s ratio is less than or equal to 0.5 for all materials.

1.6 Equations of motion

The total surface force Fv acting on the volume V represented in Figure 1.2 is

Fv =
∫∫

T dS (1.39)

The projection of the force Fv on to the xi axis is

Fvi =
∫∫
S

(σ1in1 + σ2in2 + σ3in3) dS (1.40)
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By using the divergence theorem, Equation (1.40) becomes

Fvi =
∫∫∫
V

(
∂σ1i

∂x1
+ ∂σ2i

∂x2
+ ∂σ3i

∂x3

)
dV (1.41)

Adding the component Xi of the body force per unit volume, the linearized Newton
equation for V may be written as∫∫∫

V

(
∂σ1i

∂x1
+ ∂σ2i

∂x2
+ ∂σ3i

∂x3
+Xi − ρ ∂

2ui

∂t2

)
dV = 0 (1.42)

where ρ is the mass density of the material. This equation leads to the stress equations
of motion

∂σ1i

∂x1
+ ∂σ2i

∂x2
+ ∂σ3i

∂x3
+Xi − ρ ∂

2ui

∂t2
= 0 i = 1, 2, 3 (1.43)

With the aid of Equation (1.21) the equations of motion become

ρ
∂2ui

∂t2
= λ ∂θ

∂xi
+ 2µ

∂eii

∂xi
+

∑
j �=i

2µ
∂eji

∂xj
+Xi i = 1, 2, 3 (1.44)

Replacing eji by 1/2(∂uj/∂xi + ∂ui/∂xj ), Equations (1.44) can be written in terms
of displacement as

ρ
∂2ui

∂t2
= (λ+ µ)∂∇.u

∂xi
+ µ∇2ui +Xi i = 1, 2, 3 (1.45)

where ∇2 is the Laplacian operator
∂2

∂x2
1

+ ∂2

∂x2
2

+ ∂2

∂x2
3

.

Using vector notation, Equations (1.45) can be written

ρ
∂2u
∂t2

= (λ+ µ)∇∇ · u + µ∇2u + X i = 1, 2, 3 (1.46)

In this equation, ∇∇ · u is the gradient of the divergence ∇ · u of the vector field u,
and its components are

∂

∂xi

[
∂u1

∂x1
+ ∂u2

∂x2
+ ∂u3

∂x3

]
i = 1, 2, 3 (1.47)

and the quantity ∇2u is the Laplacian of the vector field u, having components

∑
j=1,2,3

∂2ui

∂x2
j

i = 1, 2, 3 (1.48)

as indicated in Section 1.2.
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10 PLANE WAVES IN ISOTROPIC FLUIDS AND SOLIDS

1.7 Wave equation in a fluid

In the case of an inviscid fluid, µ vanishes. The stress coefficients reduce to

σ11 = σ22 = σ33 = λθ
σ12 = σ13 = σ23 = 0

(1.49)

The three nonzero stress elements are equal to −p, where p is the pressure. The bulk
modulus K , given by Equation (1.38), becomes simply λ:

K = λ (1.50)

The stress field (Equation 1.49) generates only irrotational deformations such as
� = 0.

A representation of the displacement vector u in the following form can be used:

u1 = ∂ϕ/∂x1, u2 = ∂ϕ/∂x2, u3 = ∂ϕ/∂x3 (1.51)

where ϕ is a displacement potential.
In vector form, Equations (1.51) can be written as

u = ∇ϕ (1.52)

Using this representation, the rotation vector � can be rewritten

� = 1

2
curl ∇ϕ = 0 (1.53)

and the displacement field is irrotational.
Substitution of this displacement representation into Equation (1.46) with µ = 0 and

X = 0 yields

λ ∇∇ · ∇ϕ = ρ ∂
2

∂t2
∇ϕ (1.54)

Since ∇ · ∇ϕ = ∇2ϕ, Equation (1.54) reduces, with Equation (1.50), to

∇
[
K∇2ϕ − ρ ∂

2

∂t2
ϕ

]
= 0 (1.55)

The displacement potential ϕ satisfies the equation of motion if

∇2ϕ = ρ ∂
2ϕ

K∂t2
(1.56)

If the fluid is a perfectly elastic fluid, with no damping, K is a real number.
This displacement potential is related to pressure in a simple way. From Equations

(1.49), (1.50) and (1.52), p can be written as

p = −Kθ = −K∇2ϕ (1.57)
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By the use of Equations (1.56) and (1.57) one obtains

p = −ρ ∂
2ϕ

∂t2
(1.58)

At an angular frequency ω (ω = 2πf , where f is frequency), p can be rewritten as

p = ρω2ϕ (1.59)

As an example, a simple solution of Equation (1.56) is

ϕ = A

ρω2
exp[j (−kx3 + ωt)+ α] (1.60)

In this equation, A and α are arbitrary constants, and k is the wave number

k = ω(ρ/K)1/2 (1.61)

The phase velocity is given by

c = ω/Re k (1.62)

and Im(k) appears in the amplitude dependence on x3, exp(Im(k)x3). In this example,
u3 is the only nonzero component of u:

u3 = ∂ϕ

∂x3
= −jkA

ρω2
exp[j (−kx3 + ωt + α)] (1.63)

The pressure p is

p = −ρ ∂
2ϕ

∂t2
= A exp[j (−kx3 + ωt + α)] (1.64)

This field of deformation corresponds to the propagation parallel to the x3 axis of a
longitudinal strain, with a phase velocity c.

1.8 Wave equations in an elastic solid

A scalar potential ϕ and a vector potential ψ(ψ1, ψ2, ψ3) can be used to represent dis-
placements in a solid

u1 = ∂ϕ

∂x1
+ ∂ψ3

∂x2
− ∂ψ2

∂x3

u2 = ∂ϕ

∂x2
+ ∂ψ1

∂x3
− ∂ψ3

∂x1
(1.65)

u3 = ∂ϕ

∂x3
+ ∂ψ2

∂x1
− ∂ψ1

∂x2

In vector form, Equations (1.65) reduce to

u = grad ϕ + curl ψ (1.66)
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12 PLANE WAVES IN ISOTROPIC FLUIDS AND SOLIDS

or, using the notation ∇ for the gradient operator

u = ∇ϕ + ∇ ∧ ψ (1.67)

The rotation vector � in Equation (1.17) is then equal to

� = 1

2
∇ ∧ ∇ ∧ ψ (1.68)

Therefore, the scalar potential involves dilatation while the vector potential describes
infinitesimal rotations.

In the absence of body forces, the displacement equation of motion (1.46) is

ρ
∂2u
∂t2

= (λ+ µ)∇∇ · u + µ∇2u (1.69)

Substitution of the displacement representation given by Equation (1.67) into Equation
(1.69) yields

µ∇2[∇ϕ + ∇ ∧ ψ] + (λ+ µ)∇∇ · [∇ϕ + ∇ ∧ ψ] = ρ ∂
2

∂t2
[∇ϕ + ∇ ∧ ψ] (1.70)

In Equation (1.70), ∇ · ∇ϕ can be replaced by ∇2ϕ, ∇ · ∇ ∧ ψ = 0, allowing this
equation to reduce to

µ∇2∇ϕ + λ∇∇2ϕ + µ∇∇2ϕ − ρ ∂
2

∂t2
∇ϕ +

(
µ∇2 − ρ ∂

2

∂t2

)
∇ ∧ ψ = 0 (1.71)

By using the relations ∇2∇ϕ = ∇∇2ϕ and ∇2∇ ∧ ψ = ∇ ∧ ∇2ψ, Equation (1.71)
can be rewritten

∇
[
(λ+ 2µ)∇2ϕ − ρ ∂

2ϕ

∂t2

]
+ ∇ ∧

[
µ∇2ψ − ρ ∂

2ψ

∂t2

]
= 0 (1.72)

From this, we obtain two equations containing, respectively, the scalar and the vector
potential

∇2ϕ = ρ

λ+ 2µ

∂2ϕ

∂t2
(1.73)

∇2ψ = ρ

µ

∂2ψ

∂t2
(1.74)

Equation (1.73) describes the propagation of irrotational waves travelling with a wave
number vector k equal to

k = ω(ρ/(λ+ 2µ))1/2 (1.75)

The phase velocity c is always related to the wave number k by Equation (1.62). The
quantity Kc defined as

Kc = λ+ 2µ (1.76)
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can be substituted in Equation (1.75), resulting in

k = ω(ρc/Kc)1/2 (1.77)

while the stress–strain relations (Equations (1.21) can be rewritten as

σij = (Kc − 2µ)θδij + 2µeij (1.78)

Equation (1.74) describes the propagation of equivoluminal (shear) waves propagating
with a wave number equal to

k′ = ω(ρ/µ)1/2 (1.79)

As an example, a simple vector potential ψ can be used:

ψ2 = ψ3 = 0 ψ1 = B exp[j (−k′x3 + ωt)] (1.80)

In this case, u2 is the only component of the displacement vector which is different
from zero

u2 = −jBk′ exp[j (−k′x3 + ωt)] (1.81)

This field of deformation corresponds to propagation, parallel to the x3 axis, of the
antiplane shear.
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2

Acoustic impedance at normal
incidence of fluids. Substitution
of a fluid layer for a porous layer

2.1 Introduction

The concept of acoustic impedance is very useful in the field of sound absorption. In this
chapter, the impedance at normal incidence of one or several layers of fluid is calculated.
The laws of Delany and Bazley (1970) are presented and used to replace a layer of porous
material by a layer of equivalent fluid. The surface impedance at normal incidence for a
layer of porous material backed by a rigid wall with and without an air gap is calculated.
The main properties of both the reflection coefficient and the absorption coefficient are
also discussed in this chapter.

2.2 Plane waves in unbounded fluids

2.2.1 Travelling waves

As indicated in the previous chapter, a simple displacement potential solution of the
linear wave equation (1.56) in a compressible lossless fluid is

ϕ(x, t) = A

ρω2
exp[j (ωt − kx)] (2.1)

In this equation, ω is the angular frequency and k the wave number, given by

k = ω(ρ/K)1/2 (2.2)

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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16 ACOUSTIC IMPEDANCE AT NORMAL INCIDENCE OF FLUIDS

K and ρ are the bulk modulus and the density of the fluid, respectively. The quantity A
is the amplitude of the acoustic pressure. From Equations (1.63) and (1.64), it follows that
the acoustic pressure p and the components of the displacement vector u are respectively

p(x, t) = A exp[jω(t − kx)] (2.3)

and

uy = uz = 0, ux(x, t) = −jAk
ρω2

exp[jω(t − kx)] (2.4)

Only the x component υx of the velocity vector does not vanish:

υx(x, t) = kA

ρω
exp[jω(t − x/c)] (2.5)

Equations (2.3) and (2.5) describe a travelling harmonic plane wave propagating along
the x direction. Pressure and velocity are related by

υx(x, t) = 1

Zc
p(x, t) (2.6)

with

Zc = (ρK)1/2 (2.7)

The quantity Zc is the characteristic impedance of the fluid.

2.2.2 Example

As an example, for air at the normal conditions of temperature T and pressure p (18 ◦C
and 1 033 × 105 Pa), the density ρ0, the adiabatic bulk modulus K0, the characteristic
impedance Z0, and the speed of sound c0 are as follows (Gray 1957):

ρ0 = 1 · 213 kg m−3

K0 = 1 · 42 × 105 Pa

Z0 = 415 · 1 Pa m−1 s

c0 = 342 m s−1

2.2.3 Attenuation

In a free field in air at acoustical frequencies, the damping can be neglected to a first
approximation when the order of magnitude of the propagation length is 10 m or less.
In the previous example, the effects of viscosity, heat conduction, and other dissipative
processes have been neglected. The phenomena of viscosity and thermal conduction
in fluids are a consequence of their molecular constitution. The description of sound
propagation in viscothermal fluids can be found in the literature (Pierce 1981, Morse and
Ingard 1986). The effects of viscosity and heat conduction on sound propagation in tubes
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MAIN PROPERTIES OF IMPEDANCE AT NORMAL INCIDENCE 17

are described in Chapter 4. Viscosity and heat conduction in tubes lead to dissipative
processes, and in a macroscopic description of sound propagation, the density ρ and
the bulk modulus K must be replaced by complex quantities. The wave number k and
the characteristic impedance Zc given by Equations (2.2) and (2.7) respectively, become
complex:

k = Re(k)+ j Im(k)
Zc = Re(Zc)+ j Im(Zc)

(2.8)

If the amplitude of the waves decreases in the direction of propagation, the quantity
Im(k)/Re(k) must be negative if the time dependence is chosen as exp(jωt). In the
alternative convention, exp(−jωt), Im(k)/Re(k) must be positive (see Section 2.7).

2.2.4 Superposition of two waves propagating in opposite directions

The subscript x is removed for clarity. The pressure and the velocity, for a wave propa-
gating toward the negative abcissa are, respectively,

p′(x, t) = A′ exp[j (kx + ωt)] (2.9)

υ ′(x, t) = −A
′

Zc
exp[j (kx + ωt)] (2.10)

If the acoustic field is a superposition of the two waves described by Equations (2.3)
and (2.5) and by Equations (2.9), (2.10), the total pressure pT and the total velocity vT
are

pT (x, t) = A exp[j (−kx + ωt)] +A′ exp[j (kx + ωt)] (2.11)

υT (x, t) = A

Zc
exp[j (−kx + ωt)] − A′

Zc
exp[j (kx + ωt)] (2.12)

A superposition of several waves of the same ω and k propagating in a given direction
is equivalent to one resulting wave propagating in the same direction. The acoustic field
described by Equations (2.11) and (2.12) is the most general unidimensional monochro-
matic field. The ratio pT (x, t)/vT (x, t) is called the impedance at x. The main properties
of the impedance are studied in the following sections.

2.3 Main properties of impedance at normal incidence

2.3.1 Impedance variation along a direction of propagation

In Figure 2.1, two waves propagate in opposite directions parallel to the x axis. The
impedance Z(M1) at M1 is known. By employing Equations (2.11) and (2.12) for the
pressure and the velocity, the impedance Z(M1) can be written

Z(M1) = pT (M1)

vT (M1)
= ZcA exp[−jkx(M1)] + A′ exp[jkx(M1)]

A exp[−jkx(M1)] − A′ exp[jkx(M1)]
(2.13)
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18 ACOUSTIC IMPEDANCE AT NORMAL INCIDENCE OF FLUIDS

M1M2

d

x

Z(M1)Z(M2)

p

p′

Figure 2.1 Plane waves propagate both in the x direction and in the opposite direction.
The impedance at M1 is Z(M1).

At M2, the impedance Z(M2) is given by

Z(M2) = ZcA exp[−jkx(M2)] +A′ exp[jkx(M2)]

A exp[−jkx(M2)] −A′ exp[jkx(M2)]
(2.14)

From Equation (2.13) it follows that

A′

A
= Z(M1)− Zc
Z(M1)+ Zc exp[−2jkx(M1)] (2.15)

By the use of Equations (2.14) and (2.15) we finally obtain

Z(M2) = Zc−jZ(M1) cotg kd + Zc
Z(M1)− jZc cotg kd

(2.16)

where d is equal to x(M1)− x(M2). Equation (2.16) is known as the impedance trans-
lation theorem.

2.3.2 Impedance at normal incidence of a layer of fluid backed
by an impervious rigid wall

A layer of fluid 1 backed by a rigid impervious plane of infinite impedance at x = 0 is
represented in Figure 2.2. Two points M2 and M3 are shown at the boundary of fluids 1
and 2, M3 being in fluid 2 and M2 in fluid 1. The impedance at M2 at the surface of the

M2 M1

x=−d

x
p

p′
M3

Fluid 1

x=0

Fluid 2

Figure 2.2 A layer of fluid of finite thickness in contact with another fluid on its front
face and backed by a rigid impervious wall on its rear face.

Page 34 of 374



REFLECTION COEFFICIENT AND ABSORPTION COEFFICIENT 19

M1M6

x

Π

M2

d1

M3M4M5

d2 d3

Figure 2.3 Three layers of fluid backed by an impedance plane II.

layer of fluid 1 is obtained from Equation (2.16) with Z(M1) infinite:

Z(M2) = −jZc cotg kd (2.17)

where Zc is the characteristic impedance and k the wave number in fluid 1.
The pressure and the velocity are continuous at the boundary. The impedance at M3

is equal to the impedance at M2, the velocities and pressures being the same on either
side of the boundary:

Z(M3) = Z(M2) (2.18)

2.3.3 Impedance at normal incidence of a multilayered fluid

A multilayered fluid is represented in Figure 2.3. If the impedance Z(M1) is known, the
impedance Z(M2) inside fluid 1 can be obtained from Equation (2.16). The impedance
Z(M3) is equal to the impedance at M2. The impedance at M4,M5 and M6 can be
obtained successively in the same way.

2.4 Reflection coefficient and absorption coefficient
at normal incidence

2.4.1 Reflection coefficient

The reflection coefficient R at the surface of a layer is the ratio of the pressures p′ and p
created by the outgoing and the ingoing waves at the surface of the layer. For instance,
at M3, in Figure 2.2, the reflection coefficient R(M3) is equal to

R(M3) = p′(M3, t)/p(M3, t) (2.19)

This coefficient does not depend on t because the numerator and the denominator
have the same dependence on t . Using Equation (2.15), the reflection coefficient at M3

can be written as

R(M3) = (Z(M3))− Z′
c)/(Z(M3)+ Z′

c) (2.20)

where Z′
c is the characteristic impedance in fluid 2. The ingoing and outgoing waves at

M3 have the same amplitude if

|R(M3)| = 1 (2.21)
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This occurs if |Z(M3)| is infinite or equal to zero. If |Z(M3)| is finite, a more
general condition is Z∗(M3)Z

′
c + Z(M3)Z

′∗
c = 0. If Z′

c is real, this occurs if Z(M3) is
imaginary. If |Z(M3)| is greater than 1, the amplitude of the outgoing wave is larger than
the amplitude of the ingoing wave. If Z′

c is real, this occurs if the real part of Z(M3) is
negative. More generally, the coefficient R can be defined everywhere in a fluid where an
ingoing and an outgoing wave propagate in opposite directions. For instance, it has been
shown previously that the ratio p/v for a travelling wave propagating in the positive x
direction is Z′

c. As indicated by Equation (2.20) there exists only an ingoing wave at
M inside a fluid if the impedance at M is the characteristic impedance. The behaviour
of the reflection coefficient as a function of x is much simpler than the behaviour of
the impedance. Returning to Figure 2.1, Equations (2.3) and (2.9) provide the following
relation between R(M2) and R(M1):

R(M2) = R(M1) exp(−2jkd) (2.22)

where d = x(M1)− x(M2). Hence, the reflection coefficient describes a circle in the
complex plane if k is real. If k is complex, the reflection coefficient describes a spiral.

It should be noted that the propagation of electromagnetic plane waves in a waveguide
can be described with impedances and reflection coefficients in a similar way to the use
of those concepts in describing sound propagation. The Smith chart, which provides a
graphical representation for the propagation of electromagnetic waves, can also be used
to describe the acoustic plane-wave propagation.

2.4.2 Absorption coefficient

The absorption coefficient α(M) is related to the reflection coefficient R(M) as follows

α(M) = 1 − |R(M)|2 (2.23)

The phase of R(M) is removed, and the absorption coefficient does not carry as much
information as the impedance or the reflection coefficient. The absorption coefficient is
often used in architectural acoustics, where this simplification can be advantageous. It
can be rewritten as

α(M) = 1 − E′(M)
E(M)

(2.24)

where E(M) and E′(M) are the average energy flux through the plane x = x(M) of the
incident and the reflected waves, respectively.

2.5 Fluids equivalent to porous materials: the laws
of Delany and Bazley

2.5.1 Porosity and flow resistivity in porous materials

Porosity

Materials such as fibreglass and plastic foam with open bubbles consist of an elastic
frame which is surrounded by air. The porosity φ is the ratio of the air volume Va to the
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p2

p1

V

h

Figure 2.4 A slice of porous material is placed in a pipe. A differential pressure p2 − p1

induces a steady flow V of air per unit area of material.

total volume of porous material VT . Thus,

φ = Va/VT (2.25)

Let Vb be the volume occupied by the frame in VT . The quantities Va , Vb and VT are
then related by

Va + Vb = VT (2.26)

Only the volume of air which is not locked within the frame must be considered in Va
and thus in the calculation of the porosity. The latter is also known as the open porosity
or the connected porosity. For instance, a closed bubble in a plastic foam is considered
locked within the frame, and its volume therefore belongs to Vb. For most of the fibrous
materials and plastic foams, the porosity lies very close to 1. Methods for measuring
porosity are given in Zwikker and Kosten (1949) and Champoux et al. (1991).

Flow resistivity

One of the important parameters governing the absorption of a porous material is its
flow resistance. It is defined by the ratio of the pressure differential across a sample of
the material to the normal flow velocity through the material. The flow resistivity σ is
the specific (unit area) flow resistance per unit thickness. A sketch of the set-up for the
measurement of the flow resistivity σ is shown in Figure 2.4.

The material is placed in a pipe, and a differential pressure induces a steady flow of
air. The flow resistivity σ is given by

σ = (p2 − p1)/V h (2.27)

In this equation, the quantities V and h are the mean flow of air per unit area of
material and the thickness of the material, respectively. In MKSA units, σ is expressed
in N m−4 s. More information about the measurement of flow resistivity can be found
in standards ASTM C-522, ISO 9053 (1991), Bies and Hansen (1980), and Stinson and
Daigle (1988).

It should be pointed out that fibrous materials are generally anisotropic (Attenborough
1971, Burke 1983, Nicolas and Berry 1984, Allard et al. 1987, Tarnow 2005). A panel
of fibreglass is represented in Figure 2.5. Fibres in the material generally lie in planes
parallel to the surface of the material. The flow resistivity in the normal direction is
different from that in the planar directions. In the former case, air flows perpendicularly
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Planar direction

Normal direction

Figure 2.5 A panel of fibrous material. The normal direction is perpendicular to the
surface of the panel, and the planar directions lie in planes parallel to the surface.

to the surface of the panel while in the latter case it flows parallel to the surface of
the layer. The normal flow resistivity σN is larger than the planar flow resistivity σP .
The flow resistivity of fibreglass and open-bubble foam generally lies between 1000 and
100 000 N m−4 s.

2.5.2 Microscopic and macroscopic description of sound propagation
in porous media

The quantities that are involved in sound propagation can be defined locally, on a micro-
scopic scale, for instance in a porous material with cylindrical pores having a circular
cross-section, as functions of the distance to the axis of the pores. On a microscopic scale,
sound propagation in porous materials is generally difficult to study because of the com-
plicated geometries of the frames. Only the mean values of the quantities involved are of
practical interest. The averaging must be performed on a macroscopic scale, on a homog-
enization volume with dimensions sufficiently large for the average to be significant. At
the same time, these dimensions must be much smaller than the acoustic wavelength.
The description of sound propagation in porous material can be complicated by the fact
that sound also excites and moves the frame of the material. If the frame is motionless,
in a first step, the air inside the porous medium can be replaced on the macroscopic scale
by an equivalent free fluid. This equivalent fluid has a complex effective density ρ and
a complex bulk modulus K . The wave number k and the characteristic impedance Zc of
the equivalent fluid are also complex. In a second step, as shown in Chapter 5, Section
5.7, the porous layer can be replaced by a fluid layer of density ρ/φ and of bulk modulus
K /φ.

2.5.3 The Laws of Delany and Bazley and flow resistivity

The complex wave number k and the characteristic impedance Zc have been measured
by Delany and Bazley (1970) for a large range of frequencies in many fibrous materials
with porosity close to 1. According to these measurements, the quantities k and Zc
depend mainly on the angular frequency ω and on the flow resistivity σ of the material.
A good fit of the measured values of k and Zc has been obtained with the following
expressions:

Zc = ρoco[1 + 0.057X−0.754 − j0.087X−0.732] (2.28)

k = ω

co
[1 + 0.0978X−0.700 − j0.189X−0.595] (2.29)
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where ρo and co are the density of air and the speed of sound in air (see Section 2.2.2),
and X is a dimensionless parameter equal to

X = ρof /σ (2.30)

f being the frequency related to ω by ω = 2πf .
Delany and Bazley suggest the following boundary for the validity of their laws in

terms of boundaries of X, as follows:

0.01 < X < 1.0 (2.31)

It may not be expected that single relations provide a perfect prediction of acoustic
behaviour of all the porous materials in the frequency range defined by Equation (2.31).
More elaborate models will be studied in Chapter 5. Nevertheless, the laws of Delany
and Bazley are widely used and can provide reasonable orders of magnitude for Zc
and k. With fibrous materials which are anisotropic, as indicated previously, the flow
resistivity must be measured in the direction of propagation for waves travelling in either
the normal or the planar direction. The case of oblique incidence is more complicated
and is considered in Chapter 3. It should be pointed out that after the work by Delany
and Bazley, several authors suggested slightly different empirical expressions of k and
Zc for specific frequency ranges and for different materials (Mechel 1976, Dunn and
Davern 1986, Miki 1990).

2.6 Examples

As a first example, the impedance at the surface of a layer of fibrous material of thickness
d equal to 10 cm, and of normal flow resistivity equal to 10 000 Nm−4 s, fixed on a rigid
impervious wall (Figure 2.6), has been calculated with the use of Equations (2.17), (2.28)
and (2.29).

The real and the imaginary parts of the impedance Z are shown in Figure 2.7.
As a second example, the impedance of the same layer of fibrous material with an

air gap of thickness d ′ equal to 10 cm (Figure 2.8) has been calculated.
The general method of calculating Z(M) is given in Section 2.3.3. In the example

considered, Equation (2.16) can be used, Z(M1) being the impedance of the air gap.
The values of Zo and co are used to calculate Z(M1) with Equation (2.17). Expressions
(2.28) and (2.29) for Zc and k for the fibrous material have been used. The impedance is

d

M

Figure 2.6 A layer of porous material fixed on a rigid impervious wall.
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Figure 2.7 The impedance Z at normal incidence of a layer of fibrous material of
thickness d = 10 cm, of normal flow resistivity σ = 10 000 N m−4 s, calculated according
to the laws of Delany and Bazley.

d′

M M2 M1

airFibrous

layer

Figure 2.8 A layer of fibrous material with an air gap between the material and the
rigid wall.

represented in Figure 2.9, and the absorption coefficient for the material with and without
an air gap is shown in Figure 2.10.

The interesting effect of the air gap appears clearly in Figure 2.10. The air gap
increases significantly the absorption at low frequencies. This is explained by the fact
that sound absorption is mainly due to the viscous dissipation, related to the velocity of
air in the porous medium. When the material is bonded onto a hard wall, the particle
velocity at the wall is zero, and thus the absorption deteriorates rapidly at low frequen-
cies. When backed by an air gap, the particle velocity at the rear face of the material
oscillates and reaches a maximum at the quarter-wavelength of the lowest frequency of
interest, thus increasing the absorption. This is an alternative to an increase of the material
thickness.
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Figure 2.9 The impedance Z at normal incidence of a layer of fibrous material of thick-
ness d = 10 cm, and flow resistivity σ = 10 000 N m−4 s, with an air gap of thickness
d ′ = 10 cm.
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Figure 2.10 The absorption coefficient for the two previous configurations.
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2.7 The complex exponential representation

In the complex representation, the function cos(ωt − kx) is replaced by exp[j (ωt − kx)].
The function exp[−j (ωt − kx)] is removed from the cosine which is given by

cos(ωt − kx) = exp[j (ωt − kx)] + exp[−j (ωt − kx)]
2

(2.32)

and the remaining function is multiplied by two. The result, in signal processing, is called
an analytical signal (Papoulis 1984). It is simpler to handle this quantity rather than the
initial function, as the negative frequencies have been removed. Many authors use the
time dependence exp(−jωt), where the positive frequencies are removed. The complex
representation of a wave travelling in the direction of positive x will be exp[j (k∗x −
ωt)], because decreasing the amplitude in the direction of propagation implies that the
new wave number is the complex conjugate of k. When adding the positive frequency
components of a real signal to its negative frequency components, the initial real signal
must be obtained. This will be possible simultaneously for both pressure and velocity, the
characteristic impedances in both representations being complex conjugate. For instance,
the real damped wave characterized by

p(x, t) = A exp(x Im k) cos(ωt − x Re k) (2.33)

υ(x, t) = A/|Zc| exp(x Im k) cos(ωt − x Re k − ArgZc) (2.34)

has the following two representations:

p+(x, t) = A exp[j (ωt − (Re k + j Im k)x)] (2.35)

υ+(x, t) = (A/Zc) exp[j (ωt − (Re k + j Im k)x)] (2.36)

p−(x, t) = A exp[j (−ωt + (Re k − j Im k)x)] (2.37)

υ−(x, t) = (A/Z∗
c
) exp[j (−ωt + (Re k − j Im k)x)] (2.38)

The quantities p− and p+ are related by

(p+ + p−)/2 = A exp(x Im k) cos(ωt − x Re k) (2.39)

In the same way

(υ+ + υ−)/2 = υ(x, t) (2.40)

The characteristic impedance Zc becomes Z∗
c for the time dependence exp(−j ωt).

The impedances present the same property.
Similar arguments about the reconstruction of a real signal can be used to demonstrate

that the bulk moduli K in both representations are related by complex conjugation; the
same is true for the density ρ.
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3

Acoustic impedance at oblique
incidence in fluids. Substitution
of a fluid layer for a porous layer

3.1 Introduction

The dilatational plane waves studied previously have equiphase planes and equiamplitude
planes which are both perpendicular to the direction of propagation. These waves are
called homogeneous plane waves. They have been used to represent the acoustic field
in layered fluids having plane boundaries perpendicular to the direction of propagation.
Transmission and reflection at oblique incidence may be described by inhomogeneous
waves, with nonparallel equiphase and equiamplitude planes. A short description of these
waves is presented in this chapter, both in isotropic and in anisotropic fluids. Next,
these waves are used to calculate the surface impedance and the absorption coefficient of
both isotropic and anisotropic highly porous materials according to the laws of Delany
and Bazley (1970).

3.2 Inhomogeneous plane waves in isotropic fluids

In Chapter 2, waves propagating parallel to a coordinate axis have been considered. The
same plane waves can propagate in any direction defined by a unit vector n if the fluid
is isotropic. Let n1, n2 and n3 be the three components of n. The wave propagating in
the direction n is then described by the following two equations:

p(x1, x2, x3, t) = A exp[ j (−k1x1 − k2x2 − k3x3 + ωt)] (3.1)

υ(x1, x2, x3, t) = An
Zc

exp[ j (−k1x1 − k2x2 − k3x3 + ωt)] (3.2)

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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In these equations k1, k2 and k3 are the components of the wave number vector k

k1 = n1k1 k2 = n2k2 k3 = n3k3 (3.3)

Using the wave equation (1.56), the components of the wave vector satisfy the equation

k2
1 + k2

2 + k3
2 = k2 = ρ

K
ω2 (3.4)

Equation 3.2 can be rewritten as

υ1(x1, x2, x3, t) = A

Zc

k1

k
exp[ j (−k1x1 − k2x2 − k3x3 + ωt)]

υ2(x1, x2, x3, t) = A

Zc

k2

k
exp[ j (−k1x1 − k2x2 − k3x3 + ωt)] (3.5)

υ3(x1, x2, x3, t) = a

Zc

k3

k
exp[ j (−k1x1 − k2x2 − k3x3 + ωt)]

For the plane wave described by Equations (3.1)–(3.3), k is perpendicular to the
equiphase and equiamplitude planes. A more significant generalization can be achieved
by discarding Equation (3.3) and using only Equation (3.4) to define k1, k2 and k3. A
first simple example is considered where k2 is real in Equation (3.4).

The components of the wave number vector k are

k1 = l, k2 = −j m, k3 = 0 (3.6)

where the quantities m and l are real, positive and are linked by Equation (3.4), which
can be rewritten as

l2 −m2 = ρ

K
ω2 (3.7)

From Equations (3.1) and (3.5), it follows that

p(x1, x2, x3, t) = A exp[ j (−lx1 + ωt)−mx2] (3.8)

υ1 = Al

Zck
exp[ j (−lx1 + ωt)−mx2] (3.9)

υ2 = −j Am
Zck

exp[ j (−lx1 + ωt)−mx2] (3.10)

υ3 = 0 (3.11)

From the above equations it is seen that the equiamplitude planes are parallel to the
x2 = 0 plane, and the equiphase planes are parallel to the x1 = 0 plane. The factor −j in
υ2 indicates a phase difference of π /2 between υ1 and υ2. These two quantities cannot
be the geometrical projections of a vector on the x1 and x2 axes unless complex angles
are used to take into account the phase difference between the components.

Plane waves with distinct equiphase and equiamplitude planes are called inhomo-
geneous plane waves. Equations (3.3) can always be used to define the three complex
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θ
n

X1

X2

Figure 3.1 Symbolic representation of an inhomogeneous plane wave with k parallel
to the plane x3 = 0.

components n1, n2 and n3 of a unit vector n such that n2
1 + n2

2 + n3
2 = 1. In the follow-

ing, we will be concerned only with waves with a vector velocity parallel to a coordinate
plane, for instance the plane x3 = 0 if k3 = 0. A complex angle θ can be used to indicate
the direction of propagation. Equation (3.4) then reduces to

k1 = k(1 − sin2 θ)1/2, k2 = k sin θ, k3 = 0 (3.12)

The quantity sin θ can be any complex number, associated with a complex angle such
that

sin θ = (ejθ − e−jθ )/(2 j) (3.13)

A symbolic representation is given in Figure 3.1.
The components of the unit vector n in Equations (3.3) are

n1 = k1/k = (1 − sin2 θ)1/2 = cos θ, n2 = k2/k = sin θ, n3 = k3/k = 0 (3.14)

In the previous example

n1 = l/k, n2 = −jm/k, n3 = 0

The attenuation in the direction x2 is not due to the dissipation in the fluid, but to the
fact that l is larger than k. The equiphase and equiamplitude planes are perpendicular. It is
easy to show that this property is always valid for media with k2 real. The vector k = nk
with components k1, k2 and k3 will be used in the following, even if its components are
complex.

3.3 Reflection and refraction at oblique incidence

Two fluids with a plane boundary are represented in Figure 3.2.
Let k and k′ be the complex wave numbers in fluid 1 and fluid 2. Let k i(ki1, ki2, ki3),

k r(kr1, kr2, kr3) and k t(kt1, kt2, kt3) be the wave number vectors of the incident, reflected
and refracted waves, respectively. The three components of k i are

ki1 = k sin θi, ki2 = 0, ki3 = k(1 − sin2 θi)
1/2 = k cos θi (3.15)
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Fluid 1

Fluid 2
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X1
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X3

ki kr

kt

Figure 3.2 Plane wave reflection and refraction at a plane interface between two fluids.

The angle of incidence θi can be either real or complex. The incident wave is repre-
sented by the following equations which are similar to Equations (3.1) and (3.5):

pi = Ai exp[ j (−k(sin θix1 + cos θix3)+ ωt)] (3.16)

υi1 = Ai

Zc
sin θi exp[ j (−k(sin θix1 + cos θix3)+ ωt)] (3.17)

υi3 = Ai

Zc
sin θi exp[ j (−k(sin θix1 + cos θix3)+ ωt)] (3.18)

υi2 = 0 (3.19)

Two similar sets of equations describe the reflected and the transmitted waves. At the
boundary, velocities and pressures are the same in both media. From these conditions, it
can be shown that reflection and refraction are described by the laws of Snell–Descartes.

The vectors ki, kr and kt are in the same plane. In the given example, the x2 com-
ponent of the three wave number vectors vanishes:

kr2 = kt2 = ki2 = 0 (3.20)

Continuity of the velocity at the interface shows that the angles of incidence and
reflection, θi and θr , are equal:

θi = θr (3.21)

and that the angles of incidence θi and of transmission θt are related by the equation

k sin θi = k′ sin θt (3.22)

It follows that

ki1 = k sin θi = k sin θr = kr1 (3.23)

ki3 = k cos θi = k cos θr = −kr3 (3.24)

The component kt3 is given by

kt3 = k′ cos θt = k′(1 − sin θ2
t )

1/2 (3.25)
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From Equation (3.22) it follows that

ki1 = kt1 (3.26)

and

kt3 = (k′2 − k2 sin2 θi)
1/2 (3.27)

The appropriate choice of the square root to avoid the amplitude of the refracted wave
tending to infinity with x3 is the one with Im(kt3) < 0.

In terms of the wave speeds c and c′ in the two fluids, if the wave numbers are real,
Equation (3.26) reads

sin θi
c

= sin θt
c′

(3.28)

This is the classical form of Snell’s law of refraction.

3.4 Impedance at oblique incidence in isotropic fluids

3.4.1 Impedance variation along a direction perpendicular
to an impedance plane

An ingoing and an outgoing plane wave are represented in Figure 3.3. Let n and n′ be
the unit vectors associated with the incoming and outgoing wave, respectively. Both are
parallel to the plane x2 = 0. The 0x2 axis is perpendicular to the plane of the figure. Let
θ be the angle between the x3 axis and n, and between the x3 axis and n′. This angle
can be real or complex. First, it will be shown that with this geometry, the ratio of the
pressure p to υ3 (the component υ3 of velocity on the x3 axis) is constant on planes
parallel to x3 = 0. These planes are impedance planes on which the impedance Z in the
normal direction

Z = p/υ3 (3.29)

is constant, this impedance depending only on x3.
By employing Equations (3.1) and (3.4), the pressure and the velocity component on

the x3 axis can be written for the two waves respectively

p(x1, x3) = A exp( j (−k1x1 − k3x3 + ωt)) (3.30)

υ3(x1, x3) = A

Zc

k3

k
exp( j (−k1x − k3x3 + ωt)) (3.31)

p′(x1, x3) = A′ exp( j (−k1x1 + k3x3 + ωt)) (3.32)

υ ′
3
(x1, x3) = −A

′

Zc

k3

k
exp( j (−k1x1 + k3x3 + ωt)) (3.33)

On the plane x3 = x3(M1), the impedance in the direction x3 is equal to

Z(M1) = p(x1, x3)+ p′(x1, x3)

υ3(x1, x3)+ υ ′
3(x1, x3)

(3.34)
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Figure 3.3 The ingoing and the outgoing plane waves associated with an impedance
plane II.

Substitution of Equations (3.30)–(3.33) into Equation (3.34) yields

Z(M1) = A exp(−j k3x3)+A′ exp( j k3x3)

A

Zc

k3

k
exp(−j k3x3)− A′

Zc

k3

k
exp( j k3x3)

(3.35)

This expression depends only on x3.
Equation (3.35) can be obtained by the substitution of Zck/k3 and k3, instead of

Zc and k, respectively, into Equation (2.14). With the same substitution, the impedance
translation theorem, Equation (2.16), can be rewritten

Z(M2) = Zck

k3




−jZ(M1) cotg k3d + Zc k
k3

Z(M1)− jZc k
k3

cotg k3d


 (3.36)

where d is equal to x(M1)− x(M2).

3.4.2 Impedance at oblique incidence for a layer of finite thickness
backed by an impervious rigid wall

The layer is represented in Figure 3.4 in the incidence plane with the incident and
the reflected waves. The angles are real or complex. For instance, fluid 2 can be a
nondissipative medium with a real wave number k′ and fluid 1 a dissipative medium
with a complex wave number k. If θ ′ in fluid 2 is real, θ in fluid 1 is complex and
defined by Equation (3.22).

k1 = k′
1 = k′ sin θ ′ = k sin θ (3.37)

Equation (3.4) yields

k3 = (k2 − k′ 2
1 )

1/2 (3.38)
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θ

M1M2

d

θ′

M3

Fluid 2
Fluid 1

X3

X1

Figure 3.4 A layer of fluid of thickness d backed by an impervious rigid wall.

Both determinations of the square root can be used if d is finite. At the impervious
rigid wall Z(M1) is infinite and Equation (3.36) becomes

Z(M2) = −Zc k
k3
j cotg k3d (3.39)

where Zc is the characteristic impedance in fluid 1. The impedance Z(M2) at the boundary
in fluid 1 is equal to the impedance Z(M3) at the boundary in fluid 2, as in the case
for normal incidence. If the velocity in fluid 1 is much smaller than that in fluid 2, it
follows from Equation (3.22) that sin θ is close to zero and k3 is close to k for large range
of angles θ ′ around normal incidence. Therefore, Z(M2) as given by Equation (3.39) is
close to its value at θ ′ = 0, and weakly depends on the angle of incidence. Medium
1 is called a locally reacting medium (Cremer and Muller 1982). The locally reacting
property means that the material response at a given point on the surface is independent
on the behaviour at other points of the surface. It is a good approximation for several
engineered materials such as honeycombs and acceptable for a number of thin porous
materials. This approximation has been and is still widely used in finite element and
boundary element vibro-acoustic simulations. In these applications, the sound package
attenuation is accounted for in terms of a surface admittance, the latter is measured or
simulated in a plane wave incidence context. Chapter 13 replaces this approximation with
detailed modelling using poroelastic finite elements.

3.4.3 Impedance at oblique incidence in a multilayered fluid

A multilayered fluid is represented in Figure 3.5. Let k, k′ and k′′ be the wave numbers
in fluids 1, 2 and 3, respectively. The angle of incidence is θ ′′. The 0x1 component of
the wave number vector is the same in the different media and is equal to

k1 = k′
1 = k′′

1 = k′′ sin θ ′′ (3.40)

In fluid 1, the component k3 of k is

k3 = (k2 − k2
1)

1/2 (3.41)
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M1M2

d2

θ″

M3

(2) (1)

X3
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d1
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(3)
Π

Figure 3.5 Three layers of fluid backed by an impedance plane �. The incident and
reflected waves are represented in fluid 3.

The impedance Z(M2) can be calculated by Equation (3.36), d being replaced by d1.
In the same way, Z(M4) and Z(M6) can be calculated successively. This approach can
be used for any number of layers.

3.5 Reflection coefficient and absorption coefficient
at oblique incidence

The reflection coefficient at the surface of a layer is the ratio of the pressures p′ and p
created by the outgoing and the incoming wave, as in the case of normal incidence. More
generally, this coefficient can be defined everywhere in a fluid backed by an impedance
plane. At any point M(x1, x2, x3) in the fluid represented in Figure 3.3, the reflection
coefficient is given by

R(M) = p′(M)/p(M) (3.42)

where the pressures p(M) and p′(M) are given by Equations (3.30) and (3.32). Substi-
tution of Equations (3.30) and (3.32) in Equation (3.42) yields

R(x3) = A′

A
exp(2jk3x3) (3.43)

and, like the impedance, R is a function of x3 only. If k3 is real, R(x3) describes a circle
in the complex plane as x3 varies, while if k3 is complex, R(x3) describes a spiral. With
the aid of Equation (3.35), the reflection coefficient can be written as

R(x3) =
Z(x3)− Zc k

k3

Z(x3)+ Zc k
k3

(3.44)

where k/k3 can be replaced by 1/cos θ .
An absorption coefficient α at oblique incidence can also be defined by Equation

(2.23):
α(M) = 1 − |R(M)|2 (3.45)
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This coefficient has the same interpretation as the absorption coefficient at normal
incidence.

3.6 Examples

In Chapter 2, the surface impedance and the absorption coefficient for a layer of fibrous
material with and without an air gap were calculated at normal incidence. Since fibrous
materials are not isotropic, the formalism which has been worked out in the present
chapter cannot be used for these materials. The sound propagation in porous foams with
a flow resistivity of about 10 000 N m−4 s or less can be described approximately by the
laws of Delany and Bazley. As these materials are generally not noticeably anisotropic,
the formalism previously worked out can be used.

The surface impedance of an isotropic porous material of porosity close to 1, of
flow resistivity σ equal to 10 000 N m−4 s, and of thickness d equal to 10 cm, has been
calculated for the two configurations indicated in Figure 3.6.

In the first configuration, the material is fixed to a rigid impervious wall. The front
face of the material is in contact with air. The angle of incidence is real and equal to π /4
radians. In the second configuration, there is an air gap of thickness d ′ = 10 cm between
the porous material and the wall. The angle of incidence θ is the same in the air gap as
in the air in front of the porous material.

It follows from Equation (3.27) that, in both configurations, the component k3 of k
in the porous material is

k3 =
(
k2 − k2

o sin2 π

4

)1/2
(3.46)

where ko and k are the wave number in air and in the porous material, respectively. The
wave number k is calculated by means of Equation (2.29). The surface impedance for the
first configuration is evaluated by Equation (3.39), Zc being given by Equation (2.28).
In the case of the second configuration, Equation (3.36) may be used. The impedance

d′

θ

(1)

X3

X1

M′M

d

air
porous
layer

θ

(2)

M′M

d

air
porous
layer air

M1

Figure 3.6 First configuration: the material is fixed to an impervious rigid wall. Second
configuration: there is a gap of air of thickness d′ between the material and the rigid wall.
In both cases, the front face of the porous material is in contact with air.
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Figure 3.7 Impedance Z at oblique incidence (θ = π /4) for a layer of thickness d = 10
cm, and flow resistivity σ = 10 000 N m−4 s (see Figure 3.6; configuration 1).
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Figure 3.8 The impedance Z at oblique incidence (θ = π/4) on the same layer of
porous material as in Figure 3.7, with an air gap of thickness d ′ = 10 cm (see Figure 3.6;
configuration 2).
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Figure 3.9 The absorption coefficient at oblique incident (θ = π/4) for both configu-
rations of Figure 3.6.

Z(M1) is the impedance of the air gap. This impedance may be evaluated by the use of
Equation (3.39), where k, k3 and Zc are given by

k = ko
k3 = ko

[(
1 − sin2 π

4

)]1/2 = ko/
√

2 (3.47)

Zc = Zo
where Zc is the characteristic impedance in air.

The impedance is represented in Figure 3.7 for the first configuration while Figure 3.8
shows the result for the second configuration.

The absorption coefficients in air for both configurations of Figure 3.6, evaluated
from the calculated impedances by using Equations (3.44) and (3.45), are represented in
Figure 3.9. It may be noted that as in the case for normal incidence, pressures, velocities
and impedances are individually equal at either side of the boundary between air and the
fluid equivalent to the porous material; however, due to the variation of the characteristic
impedance, the reflection and absorption coefficients are different.

3.7 Plane waves in fluids equivalent to transversely
isotropic porous media

As indicated in Section 2.5, fibrous materials such as fibreglass are anisotropic (Nicolas
and Berry 1984, Allard et al. 1987, Tarnow 2005) because generally most of the fibres lie
in planes parallel to the surface. A panel of fibrous material is represented in Figure 3.10.
The normal direction is parallel to x3 and the planar directions are parallel to the plane
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F

u

X1

X3

Figure 3.10 A panel of anisotropic fibrous material. The vectors υ and F indicate in
the plane x2 = 0 the direction of the flow of air, and the force acting on the air due to
viscosity, respectively.

x3 = 0. Since the flow resistivity is larger in the normal direction than in the planar
direction, the viscous force F acting on air flowing in the direction υ is generally not
parallel to υ.

The force F lies in a direction opposite to that of v only if v is parallel to a normal or a
planar direction. The porous medium is supposed to be transversely isotropic. Rotations
around the axis x3 do not modify the acoustical properties of the layer. The case of
transversely isotropic porous media is considered in Chapter 10 in the context of the full
Biot theory. If the frame is motionless, the material can be replaced by a transversely
isotropic fluid. In the transversely isotropic fluid, the bulk modulus is a scalar quantity.
In the system x1, x2, x3 the density is a diagonal tensor with two different components
ρ3 = ρN , ρ1 = ρ2 = ρP . Let u be the displacement vector. The Newton equations (1.43)
and the stress-strain equations (1.57) can be written, respectively

− ∂p
∂x1

= ρP
∂2u1

∂t2
, − ∂p

∂x2
= ρP

∂2u2

∂t2
, − ∂p

∂x3
= ρN

∂2u3

∂t2
, (3.48)

−p = K
(
∂u1

∂x1
+ ∂u2

∂x2
+ ∂u3

∂x3

)
(3.49)

The wave equation can be written

∂2p

∂t2
= K

ρP

(
∂2p

∂x2
1

+ ∂2p

∂x2
2

)
+ K

ρN

∂2p

∂x2
3

(3.50)

With the exp(jωt) time dependence, this equation becomes

K

ρP

(
∂2p

∂x2
1

+ ∂2p

∂x2
2

)
+ K

ρN

∂2p

∂x2
3

+ ω2p = 0 (3.51)

The quantities ω(ρP/K)
1/2 and ω(ρN/K)

1/2 will be denoted by kP and kN

kP = ω
(ρP

K

)1/2
, kN = ω

(ρN

K

)1/2
(3.52)

A solution of Equation (3.51) is

p(x1,x2, x3, t) = A exp[ j (−k1x1 − k2x2 − k3x3 + ωt)] (3.53)
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The components k1, k2 and k3 of the vector k are related by

k2
1

k2
P

+ k2
2

k2
P

+ k2
3

k2
N

= 1 (3.54)

and A is an arbitrary constant.
Substitution of Equation (3.53) into Equation (3.48) yields the three components of

the velocity υ

υ3(x1, x2, x3, t) = Ak3/kN

(ρNK)1/2
exp[j (−k1x1 − k2x2 − k3x3 + ωt)]

υi(x1, x2, x3, t) = Aki/kP

(ρPK)
1/2

exp[j (−k1x1 − k2x2 − k3x3 + ωt)]i = 1, 2
(3.55)

Planes waves in fluids equivalent to fibrous materials can be described by Equations
(3.53)–(3.55).

3.8 Impedance at oblique incidence at the surface of a fluid
equivalent to an anisotropic porous material

The layer of a fibrous material is fixed to a rigid, impervious wall, on its rear face, and
is in contact with air on its front face, as shown in Figure 3.11.

The acoustic field in the air is homogeneous and the angle of incidence θ is real. The
formalism is the same if θ is complex. The Snell–Descartes law for refraction may be
written

ko sin θ = k1 (3.56)

where ko is the wave number in air, and k1 the component on x1 of the wave number
vector k in the fibrous material.

The component k3 of k , obtained from Equation (3.54) is

k3 = kN

(
1 − k2

1

k2
P

)1/2

(3.57)

X3

X1

d

air fibrous
layer

θ

Figure 3.11 A layer of fibrous material backed by an impervious rigid wall and in
contact with air on its front face.
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The pressure p in the fibrous material has the form

p(x1, x2, x3, t) = A exp[j (−k1x1 − k3x3 + ωt)]
+ A′ exp[j − (k1x1 + k3x3 + ωt)] (3.58)

The component of velocity in the x3 direction obtained from Eq. (3.55) is

υ3(x1, x2, x3, t) = 1

(ρNK)1/2

k3

kN
[A exp[ j (−k1x1 − k3x3 + ωt)]

− A′ exp[j (−k1x1 + k3x3 + ωt)]] (3.59)

At x3 = 0, v3 = 0, and A = A′. At x3 = −d , the impedance Z is equal to

Z = (ρNK)
1/2 kN

k3
(−j cotg k3d) (3.60)

The laws of Delany and Bazley, Equations (2.28) and (2.29), can be used to evaluate
the characteristic impedance (ρNK)

1/2 and kN from the normal flow resistivity, as well
as kP, that is used in Equation (3.57), from the planar flow resistivity. The evaluation of
the reflection coefficient and the absorption coefficient is the same as in Section 3.5.
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Figure 3.12 Predicted impedance Z in Pa m−1 s versus the angle of incidence θ in
degrees for three values of the anisotropy factor s = σP /σN .

Page 58 of 374



REFERENCES 43

3.9 Example

The impedance Z of a layer of anisotropic fibrous material is represented in Figure 3.12.
The normal flow resistivity σN and the thickness d of the material are respectively σN =
25 000 N m−4 s and d = 2.5 cm.

The impedance at 630 Hz is represented as a function of the angle of incidence θ
for three values of the anisotropy factor s = σP/σN = 1, 0.6, 0.3. A value of s close to
0·6 was obtained in measurements performed on several glass wools (Nicolas and Berry
1984, Allard et al. 1987, Tarnow 2005).
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4

Sound propagation in cylindrical
tubes and porous materials
having cylindrical pores

4.1 Introduction

The geometry of the pores in ordinary porous materials is not simple, and a direct
calculation of the viscous and thermal interaction between the air and these materials is
generally impossible to perform. Useful information can be obtained from the simple case
of porous materials with cylindrical pores. In this chapter, a simple modelling of sound
propagation in cylindrical tubes of various cross-sectional shapes is presented, and this
modelling is used to predict the acoustical properties of porous materials with cylindrical
pores and to define important concepts such as tortuosity.

4.2 Viscosity effects

The Kirchhoff theory (Kirchhoff 1868) of sound propagation in cylindrical tubes provides
a general description of viscous and thermal effects, but this description is unnecessarily
complicated for many applications. Moreover, the fundamental equations of acoustics
that are used in the Kirchhoff theory can be very difficult to solve in the case of a
noncircular cross-section. A simplified model in which thermal and viscous effects are
treated separately has been worked out by Zwikker and Kosten (1949) for the case
of circular cross-sections. The validity of this model is justified later (Tijdeman 1975,
Kergomard 1981, Stinson, 1991) for the range of radii from 10−3 cm to several centime-
tres at acoustical frequencies. This model will be used to describe viscosity effects in slits
and cylindrical tubes having a circular cross-section. The thermal exchange effects will

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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be related to the viscous effects by a model worked out by Stinson (1991). The simplified
linear equations that satisfy the velocity υ, the pressure p, and the acoustic temperature
τ of the fluid in a pore, i.e. the variation of the temperature in an acoustic field, are

ρ0
∂υ

∂t
= −∇p + η�υ (4.1)

ρ0cp
∂τ

∂t
= κ∇2τ + ∂p

∂t
(4.2)

where η is the shear viscosity (the volume viscosity is neglected), κ is the thermal con-
ductivity, cp is the specific heat per unit mass at constant pressure. For air in standard
conditions, η = 1.84 10−5kg m−1 s−1, κ = 2.6 10−2w m−1 k−1. The pressure is consid-
ered constant on a cross- section of the tube. The boundary conditions at the air–frame
interface are

υ = 0 (4.3)

τ = 0 (4.4)

A volume of air is represented in Figure 4.1, with a velocity υ(0, 0, υ3) parallel to the
x3 axis and whose magnitude only depends on x1. The variation of this velocity with x1

produces viscous stress. Due to the viscosity, the air is subjected to a shear force parallel
to the x3 axis, and proportional to ∂υ3/∂x1. More precisely, the right-hand side of plane
� is subjected from the left-hand side of � to a stress T parallel to X3. The projection
of T on the x3 axis is

T3(x1) = −η∂υ3(x1)

∂x1
(4.5)

The resulting force due to the stresses at � and �′ for a layer of unit lateral area is
dF parallel to the x3 axis such that

dF3 = −η∂υ3(x1)

∂x1
+ η∂υ3(x1 +�x1)

∂x1
(4.6)

Per unit volume of air, this force is equal to

X3 = η∂
2υ3

∂x2
1

(4.7)

x1

X1X2

X3 v(x1) + ∆v

Π′

∆x1

Π

v(x1)

Figure 4.1 A simple velocity field in a viscous fluid.
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If υ3 depends also on x2, X3 is equal to

X3 = η
(
∂2υ3

∂x2
1

+ ∂2υ3

∂x2
2

)
(4.8)

This simple description will be used to evaluate the effect of viscosity in cylindrical
pores, the radial velocity components being neglected, and the pressure depending only
on the x3 direction of the pores.

Cylindrical tubes having a circular cross-section

A cylindrical tube having a circular cross-section is represented in Figure 4.2. The axis
of the cylinder is 0x3. By using Equation (4.8), Newton’s law reduces to

jωρoυ3 = − ∂p
∂x3

+ η
[
∂2υ3

∂x2
1

+ ∂2υ3

∂x2
2

]
(4.9)

ρo being the density of air, and p the pressure.
The geometry of the problem is axisymmetrical around 0x3, and Equation (4.9) can

be rewritten

jωρoυ3 = − ∂p
∂x3

+ η

r

∂

∂r

(
r
∂υ3

∂r

)
(4.10)

The velocity υ must vanish at the surface of the cylinder, where the air is in contact
with the motionless frame. The solution of Equation (4.10), where the velocity vanishes
at the surface r = R of the cylinder is

υ3 = − 1

jωρo

∂p

∂x3

(
1 − Jo(lr)

Jo(lR)

)
(4.11)

In this equation, l is equal to

l = (−jωρo/η)1/2 (4.12)

and Jo is the Bessel function of zero order.
Both determinations of the square root in Equation (4.12) give identical results,

because the Bessel function J0 is even. The mean velocity ῡ3 over the cross-section
is equal to

ῡ3 =
∫ R
o
υ32πr dr

πR2
(4.13)

r

R

x3

X3

v(r)

0
0
v3

M(r,x3)

X1

Figure 4.2 A cylindrical tube having a circular cross-section of radius R.
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Making use of ∫ a

0
rJo(r) dr = aJ1(a) (4.14)

and substitution of Equation (4.11) into Equation (4.13) yields

ῡ3 = − 1

jωρo

∂p

∂x3

[
1 − 2

s
√−j

J1(s
√−j)

Jo(s
√−j)

]
(4.15)

In this equation, s is equal to

s =
(
ωρoR

2

η

)1/2

(4.16)

The effective density ρ of the air in the tube is defined by rewriting Equation (4.15)
in a more compact form as

− ∂p
∂x3

= jωρῡ3 (4.17)

with

ρ = ρo
/[

1 − 2

s
√−j

J1(s
√−j)

Jo(s
√−j)

]
(4.18)

On the other hand, the true density ρo can be used in the Newton equation (4.15)

− ∂p
∂x3

= jωρoῡ3 + 2

s
√−j

J1(s
√−j)

Jo(s
√−j)

ρojωῡ3[
1 − 2

s
√−j

J1(s
√−j)

Jo(s
√−j)

] (4.19)

Slit

The geometry of the problem is represented in Figure 4.3. With the same simplifications
as in the case of cylindrical tubes having a circular cross-section, the Newton equation
(4.9) reduces to

ρo
∂υ3

∂t
= − ∂p

∂x3
+ η∂

2υ3

∂x2
1

(4.20)

where υ3 is not dependent on x2. The velocity must vanish at the surface of the slit. The
solution of Equation (4.20), where the velocity vanishes at x1 = ±a, is

υ3 = − 1

jωρo

∂p

∂x3

[
1 − cosh (l′x1)

cosh (l′a)

]
(4.21)
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Figure 4.3 Flow in a slit limited by the planes x1 = a and x1 = −a.

In this equation, l′ is equal to

l′ = (j ωρo/η)1/2 (4.22)

As with the case of l, both determinations of the square root in Equation (4.22) give
identical results. The mean velocity is equal to

ῡ3 =
∫ a
−a υ3 dx1

2a
(4.23)

Upon integrating, we find

ῡ3 = − 1

j ωρo

∂p

∂x3

[
1 − tanh (s′ j1/2)

s′ j1/2

]
(4.24)

In this equation, s′ is equal to

s′ =
(
ωρoa

2

η

)1/2

(4.25)

The effective density of the air in the slit is defined by rewriting Equation (4.24) as

j ωρῡ3 = − ∂p
∂x3

(4.26)

where

ρ = ρo
/[

1 − tanh (s′ j 1/2)

s′ j 1/2

]
(4.27)

On the other hand, the true density ρo can be used in the Newton equation

− ∂p
∂x3

= j ωρoῡ3 + j ωρoῡ3
tanh (s′ j 1/2)(s′ j 1/2)

1 − [tanh (s′ j 1/2)(s′ j 1/2)]
(4.28)
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Figure 4.4 The ratio ρ/ρo, where ρ is the effective density of a fluid of density ρ0 in
a cylindrical tube having a circular cross-section, as a function of s.
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Figure 4.5 The ratio ρ/ρo, where ρ is the effective density of a fluid of density ρ0, in
a slit, as a function of s′.

This formulation shows the contribution added to the inertial term by the interactions
with the tube. The effective density ρ is represented in Figures 4.4 and 4.5 in the case
of the circular cross-section, and the slit, respectively.

4.3 Thermal effects

The equation of state of air, considered to be an ideal gas, is

p = Po

ρoTo
[ρoτ + Toξ ] (4.29)
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In this equation ξ is the acoustical density, Po and To are the ambient mean pressure
and mean temperature. The variations of τ in the x3 direction parallel to the tube are
smaller than in the radial directions x1 and x2, and Equation (4.2) reduces to

∂2τ

∂x2
1

+ ∂2τ

∂x2
2

− jω τ
ν′ = −j ω

κ
p (4.30)

where ν′ is given by

ν′ = κ

ρ0cp
(4.31)

This equation has the same form as Equation (4.9) for v3. Moreover, the boundary
conditions are the same, τ being equal to zero at the surface of the tube.

An angular frequency ω′ defined by

ω′ = ω η

ρoν′ (4.32)

will be used instead of ω in Equation (4.30) which then becomes

∂2τ

∂x2
1

+ ∂2τ

∂x2
2

− j ω′ ρoτ
η

= −j ω
′υ ′ρop
κη

(4.33)

The quantity η/(ρ0ν
′) is the Prandtl number, and will be denoted by B2. We rewrite

Equation (4.9) as

∂2υ3

∂x2
1

+ ∂2υ3

∂x2
2

− j ωρo

η
υ3 = 1

η

∂p

∂x3
(4.34)

By comparing Equations (4.33) and (4.34), it follows that τ and v3 are equal to

τ = pν′

κ
ψ(x1, x2, B

2ω) (4.35)

υ3 = − ∂p
∂x3
ψ(x1, x2, ω)

1

j ωρo
(4.36)

where ψ(x1, x2, ω) is a solution of the equation

∂2ψ

∂x2
1

+ ∂2ψ

∂x2
2

− j ωρo
η
ψ = −j ωρo

η
(4.37)

with the boundary condition that ψ vanishes at the surface of the tube.
The effective density is calculated from the average value ῡ3 of υ3 over the

cross-section of the tube (Equation 4.17)

ρ = − ∂p
∂x3

1

j ωῡ3
= ρ0

ψ̄(x1, x2, ω)
(4.38)

Using Equation (1.57) and the linearized continuity equation, the bulk modulus is
given by

K = −p/∇̄u = ρ0p/ξ̄ (4.39)
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where the mean density ξ̄ is the average of ξ , given by Equation (4.29), on the
cross-section:

ξ̄ = ρ0

P0
p − ρ0

T0
τ̄ (4.40)

The expression for K can be rewritten with the use of Equation (4.35) as

K = P0

1 − P0

T0

ν′

κ
ψ̄(x1, x2, B

2ω)

(4.41)

Let cv be the specific heat at constant volume. Making use of ρ0(cp − cv) = P0/T0

which is valid for ideal gases, Equation (4.41) can be rewritten as

K = γP0

γ − (γ − 1)ψ̄(x1, x2, B
2ω)

(4.42)

where γ = cp/cv . Denoting ψ̄(x1, x2, ω) by F(ω)

ψ̄(x1, x2, ω) = F(ω) (4.43)

ψ̄(x1, x2, B
2ω) can be written as

ψ̄(x1, x2, B
2ω) = F(B2ω) (4.44)

Equations (4.38) and (4.42) then become

ρ = ρo/F (ω) (4.45)

K = γPo/[γ − (γ − 1)F (B2ω)] (4.46)

For air at 18 ◦C with Po = 1·0132 × 105 Pa, γ = 1·4 and B2 = 0·71 (Gray 1956).
For cylindrical tubes having circular cross-section, F is obtained from Equations

(4.18) and (4.45):

F(ω) =
[

1 − 2

s
√−j

J1(s
√−j)

Jo(s
√−j)

]
(4.47)

The dependence of F on ω is given via Equation (4.16).
The bulk modulus K is obtained from Equation (4.46). It is equal to

K = γPo
/[

1 + (γ − 1)
2

Bs
√−j

J1(Bs
√−j)

Jo(Bs
√−j)

]
(4.48)

The bulk modulus for slits is obtained in the same way

K = γPo
/[

1 + (γ − 1)
tanh (Bs′

√
j)

Bs′
√
j

]
(4.49)

Page 68 of 374



THERMAL EFFECTS 53

This method of determining K holds for all cylindrical tubes. The bulk modulus K ,
for cylindrical tubes having a circular cross-section, and slits, is represented in Figures 4.6
and 4.7 as a function of s and s′, respectively. It is seen that its real part is equal to
P0 at low frequencies (isothermal limit) and to γP0 at high frequencies (adiabatic limit).
These limits are detailed in Sections 4.5 and 4.6.
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Figure 4.6 The bulk modulus K of air in a cylindrical tube having a circular cross-
section, as a function of s. The unit is the atmospheric pressure P0.
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Figure 4.7 The bulk modulus K of air in a slit as a function of s′. The unit is the
atmospheric pressure P0.
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4.4 Effective density and bulk modulus for cylindrical
tubes having triangular, rectangular and hexagonal
cross-sections

The effective density has been calculated by Craggs and Hildebrandt (1984, 1986) using
the finite element method (Hubner 1974, Zienkiewicz 1971). The calculation has been
performed for slits, for cylindrical tubes having a circular cross-section, and also for
cylindrical tubes having triangular, rectangular and hexagonal cross-sections. With the
notation of Craggs and Hildebrandt, the effective density ρ can be written

ρ = ρe + 	e/j ω (4.50)

where ρe and 	e are real parameters. Let r̄ be the hydraulic radius, given by

r̄ = 2 × cross - sectional area

cross - sectional perimeter
(4.51)

The quantities 	er̄2/η and ρe/ρo are calculated by Craggs and Hildebrandt as func-
tions of the variable β given by

β = (ρoω/η)1/2 r̄ (4.52)

In the case of a circular cross-section, r̄ is the radius R, and β is equal to s. In the
case of a slit, r̄ is equal to the width 2a, and β is equal to 2s′.

The quantities 	er̄2/η and ρe/ρo have been fitted by Craggs and Hildebrandt (1986)
to polynomials in the case of slits, circular, triangular and square cross-sections,

	er̄2/η = a1 + a2β + a3β
2 + a4β

3 (4.53)

ρe/ρo = b1 + b2β + b3β
2 + b4β

3 (4.54)

This representation is valid in the range 0 < β < 10. The coefficients ai and bi
are given by Craggs and Hildebrandt (1986). The quantity F(ω) in Equation (4.45) is
equal to

F(ω) = ρo/(ρe + 	e/j ω) (4.55)

and the bulk modulus can be evaluated with the use of Equation (4.46), where F(B2ω)

is given by

F(B2ω) = 1

/ [
(b1 + b2Bβ + b3B

2β2 + b4B
3β3)

+ 1

j ωB2

η

ρor̄2
(a1 + a2Bβ + a3B

2β2 + a4B
3β3)

]
(4.56)

A more general method for predicting the effective density and bulk modulus is given
in Section 4.7.
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4.5 High- and low-frequency approximation

Tubes having a circular cross-section

For small and large values of s, asymptotic expressions of J1/Jo can be used in Equation
(4.19). With the Prandtl number close to 1, in the same ranges of frequencies, asymptotic
expressions can be used simultaneously in Equation (4.48) to evaluate the bulk modulus
K . The quantity s is large if (

η

ωρo

)1/2


 R (4.57)

The range of frequencies where Equation (4.57) is valid is called the high-frequency
range. The length δ

δ =
(

2η

ωρo

)1/2

(4.58)

is called the viscous skin depth. This length is approximately equal to the thickness of the
layer of air close to the surface of the tube where the velocity distribution is considerably
perturbed by the viscous forces generated by the motionless frame. If Equation (4.57)
is valid, the effect of the viscous forces is negligible in a large part of the tube centred
around the axis of symmetry and a flat central core appears in the velocity distribution
over the cross-section of the tube. Similarly, a thermal skin depth δ′ can be defined by
the relation

δ′ =
(

2η

ωB2ρ0

)1/2

=
(

2κ

ωρ0Cp

)1/2

(4.59)

At high frequencies, choosing

(−j)1/2 = (−1 + j)/
√

2 (4.60)

J1/Jo is equal to j and Equation (4.18) approximates to

ρ

ρ0
= 1

/ [
1 − 2

s
√−j

J1(s
√−j)

J0(s
√−j)

]
= 1 +

√
2(1 + j)
js

(4.61)

The Newton equation (4.19) becomes

−∂p
∂x

= jωρoῡ3 + (1 + j)ῡ3

(
2η

R2
ρoω

)1/2

(4.62)

and the bulk modulus (Equation 4.48) can be written

K = γPo[1 +
√

2(−1 + j)(γ − 1)/(Bs)] (4.63)
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Conversely, at sufficiently low frequencies, the quantity s is less than 1. Here the effect
of the viscous forces is important everywhere in the pore. The range of frequencies such
that (

η

ωρo

)1/2

� R (4.64)

is called the low-frequency range. At low frequencies, the following approximations can
be used:

2

s
√−j

J1(s
√−j)

Jo(s
√−j) = 1 − js2

8
− 4

192
s4 (4.65)

and

2

s
√−j

J1(s
√−j)

Jo(
√−j)

{
1 − 2

s
√−j

J1(s
√−j)

Jo(s
√−j)

} = −8j

s2
+ 1

3
(4.66)

Using this last equation, Equation (4.19) can be rewritten

− ∂p
∂x3

= 4

3
j ωρoῡ3 + 8η

R2
ῡ3 (4.67)

It should be noted that, at low frequencies

η

R2
� ρoω (4.68)

Hence, in the Newton equation (4.67), the magnitude of the term (4/3) jωρoῡ3 is
much smaller than that of (8η/R2)ῡ3. The bulk modulus K given by Equation (4.48) is

K = Po
[

1 + 1

8
j
γ − 1

γ
(B2s2)

]
(4.69)

Slit

The high- and low-frequency ranges are defined by

(
η

ωρ0

)1/2


 a, s′ =
(
ωρoa

2

η

)1/2

� 1 High - frequency range

(
η

ωρ0

)1/2

� a, s′ =
(
ωρoa

2

η

)1/2


 1 Low - frequency range

At high frequencies, with

j 1/2 = 1 + j√
2

(4.70)
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the term tanh(s′j 1/2) is equal to 1. The Newton equation (4.28) becomes

− ∂p
∂x3

= j ωρoῡ3 + (1 + j)√
2
ῡ3

( η
a2
ρoω

)1/2
(4.71)

and the bulk modulus K is

K = γPo
[

1 +
√

2

2
(−1 + j)(γ − 1)/(Bs′)

]
(4.72)

At low frequencies, the following approximation can be used:

1

s′j 1/2
tanh (s′j 1/2)

/(
1 − 1

s′j 1/2
tanh (s′j 1/2)

)
= 3

(s′j 1/2)2
+ 1

5
(4.73)

The Newton equation (4.28) becomes

− ∂p
∂x3

= 6

5
j ωρoῡ3 + 3η

a2
ῡ3 (4.74)

and the bulk modulus is

K = Po
[

1 + 1

3
j
γ − 1

γ
(Bs′)2

]
(4.75)

4.6 Evaluation of the effective density and the bulk
modulus of the air in layers of porous materials
with identical pores perpendicular to the surface

First, the cylindrical pore having a circular cross-section and the slit are considered.
Next, general models with adjustable parameters, used for the evaluation of the effective
density and the bulk modulus of the air in pores with other cross-sectional shapes, are
presented. The flow resistivity is used as an acoustical parameter.

4.6.1 Effective density and bulk modulus in cylindrical pores having
a circular cross-section

The sample of porous material represented in Figure 4.8 has n pores of radius R per unit
area of cross-section. The flow resistivity σ given by Equation (2.27) is equal to

σ = p2 − p1

ῡnπR2e
(4.76)

The air in the pores is submitted to two opposite forces due to the viscosity and the
pressure gradient. Using Equation (4.67) at ω = 0 gives

ῡ = R2

8η

(
−∂p
∂x

)
(4.77)
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Figure 4.8 A sample of porous material of thickness e and of unit cross-section, sub-
mitted to a constant differential pressure p2 − p1. The mean molecular velocity in the
pores is ῡ.

The flow resistivity σ is given by

σ = 8η

R2(nπR2)
(4.78)

The quantity nπR2 is the porosity φ of the material, and Equation (4.78) may be
rewritten

σ = 8η

R2φ
(4.79)

Using Equation (4.79), Equation (4.16) can be rewritten

s =
(

8ωρo
σφ

)1/2

(4.80)

Equations (4.18), (4.48) and (4.80) can be used to calculate ρ and K at a given angular
frequency ω in the porous material represented in Figure 4.8. The description of the
viscous force in the Newton equation (4.19) can be modified in the following way. The
quantity ρoj ω/s is given by

ρoj ω/s = −σφs(
√

−j)2/8 (4.81)

Substituting the right-hand side of Equation (4.81) for ρoj ω/s in Equation (4.19)
gives

−∂p
∂x

= j ωρoῡ + σφῡGc(s) (4.82)

where Gc(s) is given by

Gc(s) = − s
4

√
−j J1(s

√−j)
Jo(s

√−j)
[

1 − 2

s
√−j

J1(s
√−j)

Jo(s
√−j)

]
(4.83)

The limit at low frequencies of Gc(s) is 1 at ω = 0, and Eq. (4.82) becomes

−∂p
∂x

= σφῡ (4.84)
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This last equation describes the static measurement of flow resistivity as represented
in Figure 2.4.

At the first-order approximation in 1/ω, Equations (4.67) and (4.69) yield

ρ = 4

3
ρ0 + σφ

j ω
(4.85)

K = γP0

γ − (γ − 1)/

(
4

3
+ σφ

jB2ωρ0

) (4.86)

In the high-frequency range, Equations (4.61) and (4.63) yield

ρ = ρ0

(
1 +

√
2/j

δ

R

)
(4.87)

K = γP0

γ − (γ − 1)/

(
1 + √

2/j
δ

BR

) (4.88)

where
√

2/j = 1 − j and δ is the viscous skin depth given by Equation (4.58).

4.6.2 Effective density and bulk modulus in slits

For the material represented in Figure 4.8, the circular pores are now replaced by slits.
Equation (4.76) becomes

σ = p2 − p1

2naῡe
= p2 − p1

φῡe
(4.89)

Using Equation (4.74) at ω = 0 gives

ῡ = a2

3η

(
−∂p
∂x

)
(4.90)

The flow resistivity σ is given by

σ = 3η

φa2
(4.91)

Using Equation (4.91), Equation (4.25) can be rewritten as

s′ =
(

3ωρo
φσ

)1/2

(4.92)

Equations (4.27) and (4.92) can be used to calculate ρ and K . The description of the
viscous force in the Newton equation (4.28) can be modified in the following way; the
quantity ρoω/s′ is given by

ρoω/s
′ = σφs′/3 (4.93)
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Substituting the right-hand side of Equation (4.93) for ρoω/s′ in Equation (4.28)
yields

− ∂p
∂x3

= j ωρoῡ + φῡσGs(s′) (4.94)

where

Gs(s
′) = j 1/2s′ tanh (s′ j 1/2)

3

[
1 − tanh (s′ j 1/2)

s′ j 1/2

] (4.95)

The limiting value of Gs(s′) at ω = 0 is 1 as in the previous case, and Equation
(4.94) can be rewritten

−∂p
∂x

= σφῡ (4.96)

At the first-order approximation in 1/ω, Equations (4.74) and (4.75) yield

ρ = 6

5
ρ0 + σφ

j ω
(4.97)

K = γP0

γ − (γ − 1)/

(
6

5
+ σφ

jB2ωρ0

) (4.98)

In the high-frequency range, Equations (4.71) and (4.72) yield

ρ = ρ0

(
1 +

√
2/j

δ

2a

)
(4.99)

K = γP0

γ − (γ − 1)/

(
1 + √

2/j
δ

2Ba

) (4.100)

4.6.3 High- and low-frequency limits of the effective density and the
bulk modulus for pores of arbitrary cross-sectional shape

At low frequencies the limit of the effective density is at the 0 order approximation in
ω, from the definition of flow resistivity, Equation (4.84)

ρ = φσ

jω
(4.101)

From Equation (4.46), the limit for the bulk modulus at the first-order approximation
in ω is

K = γP0

γ − j (γ − 1)ωB2ρ0/(φσ)
(4.102)
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Both parameters ρ andK only depend on the flow resistivity in the previous equations.
At high frequencies, when ω tends to infinity, the viscous skin depth tends to zero and
the velocity is the velocity without viscosity, except in a small layer close to the surface
of the cylinders. When the viscous skin depth is very thin compared with the smallest
lateral dimension of the pores, the velocity distribution close to the surface of the pores
is the same as for a plane surface. Le q be the distance from the surface to a point close
to the surface. In Figure 4.3 q = a − x1. The mean velocity component in the direction
x3 is given by

jωρ0v3 = − ∂p
∂x3

∫
S
{1 − exp[−q(1 + j)/δ]} dS

S
(4.103)

where dS is the infinitesimal area related to dq, and S is the area of the cross-section.
This expression is valid close to the surface, where the plane approximation is valid
and dS = ldq, l being the perimeter of the pore, and far from the surface, where the
exponential is negligible. The contribution of the exponential function to the integral is

−
∫
S

exp[−q(1 + j)/δ] dS = δ

1 + j l (4.104)

where l is the perimeter of the pore. This leads to the following approximation for the
effective density

ρ = ρ0

(
1 + δ

√
2/j

l

2S

)
(4.105)

which can be written in terms of the hydraulic radius r̄ = 2S/l

ρ = ρ0

(
1 +

√
2/j

δ

r̄

)
(4.106)

From Equation (4.46), the related bulk modulus is given by

K = γP0

γ − (γ − 1)/

(
1 + √

2/j
δl

2SB

) (4.107)

which can be rewritten

K = γP0

[
1 + (γ − 1)

√
2/j

δ

r̄B

]
(4.108)

Both the high-frequency limits of the effective density and the bulk modulus depend
only on the hydraulic radius.

4.7 The Biot model for rigid framed materials

4.7.1 Similarity between Gc and Gs

Biot (1956) has pointed out that Gs(s′) is very similar to Gc(s) if s is taken as

s = 4
3s

′ (4.109)
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This is easy to show at high frequencies, the quantities Gc and Gs being close to

Gc(s) = s
√
j/4 (4.110)

Gs(s
′) = s′

√
j/3 (4.111)

and at low frequencies, where s tends to zero and

Gc(s) = 1 + js2/24 (4.112)

Gs(s
′) = 1 + js′2/15 (4.113)

Figure 4.9 compares Gc(s) and Gs(s′) when s′ = 3
4s. It appears from Figure 4.9 that

this property is valid for the entire range of variation of s and s′. Substituting for s′ in
Equation (4.109) the expression of s′ given by Equation (4.92) yields

s =
√

2

3

(
8ωρo
σφ

)1/2

(4.114)

σ being the flow resistivity of the porous material having rectangular slits. The quantity
Gs(s

′) can be replaced by Gc(s), s being given by Equation (4.114).
For a given value of σ and φ, Equation (4.82), which is valid for circular pores, can

also be used in the case of slits, but Equation (4.80) needs to be modified, since s must
be expressed as

s = c
(

8ωρo
σφ

)1/2

(4.115)

where

c = ( 2
3 )

1/2 (4.116)

4.7.2 Bulk modulus of the air in slits

Biot did not proceed to obtain a prediction for the frequency dependence of the bulk
modulus. It is now easy to complete his model by using Equations (4.45) and (4.46).

The bulk modulus can be calculated, for the case of slits, in the following way. From
Equation (4.82) the effective density ρ is

ρ = ρo
[

1 + σφ

j ωρo
Gc(s)

]
(4.117)

s being given by Equation (4.115) with c = ( 2
3 )

1/2. Using Equation (4.115), ρ can be
rewritten

ρ = ρo
[

1 + 8c2

js2
Gc(s)

]
(4.118)
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Figure 4.9 The form factors Gc(s) and Gs(s′) for s′ = 3s/4.

The function F in Equation (4.45) is equal to ρo/ρ. It follows from the two previous
equations that

F(ω) =
[

1 + 8c2

js2
Gc(s)

]−1

(4.119)

From Equation (4.46), the bulk modulus K is

K = γPo/(γ − (γ − 1)F (B2ω)) (4.120)
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where F(B2ω) is given by

F(B2ω) =
[

1 + 8c2

js2B2
Gc(Bs)

]−1

=
[

1 + σφ

j ωB2ρo
Gc(Bs)

]−1

(4.121)

4.7.3 Effective density and bulk modulus of air in cylindrical pores
of arbitrary cross-sectional shape

Using for the slit the effective density given by

ρ = ρ0 + φσGc(s)

jω

s = c
(

8ωρ0

σφ

)1/2 (4.122)

with c = √
2/3 gives the right asymptotic expression for Re(ρ) and Im(ρ) when ω tends

to infinity, ρ = ρ0[1 + √
2δ/(

√
j r̄)], and the right imaginary part when ω tends to zero,

ρ = φσ/(jω). In the whole frequency range, Equation (4.117) gives the effective density
to a good approximation. The slit and the circular cross-section are very different, and
it can be guessed that the use of Equation (4.117) for other pore shapes is possible. The
parameter c must be chosen by adjusting the high-frequency limit. The right limit is
obtained by using in Equation (4.115) c satisfying

r̄ = 1

c

√
8η

σφ
(4.123)

When ω tends to zero, ρ tends to

ρ = ρ0

(
1 + c2

3

)
− j σφ

ω
(4.124)

The limit of the imaginary part is right. As a test for the validity of the general
formulation, the limit of the real part, ρ0(1 + c2/3), is compared in Table 4.1 with
evaluations performed by Craggs and Hildebrandt (1984, 1986) using the finite element
method.

It appears that Equations (4.123)–(4.124) can be used to predict the limit Re(ρ/ρ0)

when ω → 0 with a good precision for the cross-sectional shapes considered.

Table 4.1 Flow resistivity as a function of the hydraulic radius, c obtained from
Equation (4.123), (1 + c2/3), and Re(ρ/ρ0) obtained with the finite element method.

Cross-sectional shape σφ c 1 + c2/3 Re(ρ/ρ0)

Circle 8η/r2 1 1.33 1.33
Square 7η/r2 1.07 1.38 1.38
Equilateral triangle 6.5η/r2 1.11 1.41 1.44
Rectangular slit 12η/r2 0.81 1.22 1.2
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In conclusion, for a porous material with porosity φ and flow resistivity σ , where
pores are identical parallel holes normal to the surface, the following expressions for the
effective mass, and the compressibility of air in the material, can be used:

ρ = ρo
(

1 + σφ

j ωρo
Gc(s)

)
(4.125)

K = γPo/[γ − [(γ − 1)F (B2ω)]] (4.126)

where

F(B2ω) = 1

/[
1 + σφ

jB2ωρo
Gc(Bs)

]
(4.127)

and

Gc(s) = − s
4

√
−j J1(s

√−j)
Jo(s

√−j)
/ [

1 − 2

s
√−j

J1(s
√−j)

Jo(s
√−j)

]
(4.128)

In Equation (4.128), s is equal to

s = c
(

8ωρo
σφ

)1/2

(4.129)

and c depends on the hydraulic radius, c = (8η/(σφ))1/2/r̄ . Table 4.1 gives the values
of c for various cross-sections.

4.8 Impedance of a layer with identical pores
perpendicular to the surface

4.8.1 Normal incidence

The layer of porous material represented in Figure 4.10 is placed on an impervious rigid
floor and is in contact with air in which a normal plane acoustic field is present. The
acoustic field in the air is plane up to a small distance e from the material and identical
waves propagate in each pore. The distance e is smaller than the distance between two
pores, and can be neglected for the more common acoustic materials. The porous material
of Figure 4.10 is represented on a macroscopic scale in Figure 4.11.

Two points M1 and M2 are selected at the surface of the material, M2 in free air and
M1 in the porous material. Let υ(M1) be the mean velocity of the air in a pore close
to the surface and υ(M2) the velocity in free air in the plane field, the distance e being
neglected. The pressures p(M2) and p(M1) are the pressures in free air and in a pore,
respectively. The continuity of air flow and pressure at the surface of the porous material
implies the following two equations:

p(M2) = p(M1) (4.130)

υ(M2) = υ(M1)φ (4.131)
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e

Figure 4.10 A layer of porous material with identical parallel pores perpendicular to
the surface in a normal plane acoustic field. Arrows represent the trajectories of air
molecules.

M1

M2

Z

Figure 4.11 A simplified representation of the porous material of Figure 4.10.

Two impedances, Z(M2) in free air and Z(M1) in a pore, can be defined at the surface

Z(M2) = p(M2)/υ(M2), Z(M1) = p(M1)/υ(M1) (4.132)

related by

φZ(M2) = Z(M1) (4.133)

The wave equation in a pore is

K
∂2ῡ

∂z2
= ρ ∂

2ῡ

∂t2
(4.134)

The bulk modulus K and density ρ are given by Eqs. (4.125)–(4.129). The charac-
teristic impedance Zc and the complex wave number k in a pore can be calculated by
the equation

Zc = (Kρ)1/2, k = ω(ρ/K)1/2 (4.135)

The impedance Z(M1) may be calculated by Equation (2.17)

Z(M1) = −jZc cot g kd (4.136)
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and Z(M2) is equal to

Z(M2) = −j Zc
φ

cot g kd (4.137)

where in both equations d is the thickness of the material.

4.8.2 Oblique incidence – locally reacting materials

Equations (4.130)–(4.137) are still valid for the case of oblique incidence. The impedance
Z(M2) is given by Equation (4.137) and does not depend on the angle of incidence.
Sound propagation in each pore depends only on the pressure of air above the pore, and
the material is a locally reacting material. If the pores were interconnected, the surface
impedance could depend on the angle of incidence, because of the interference between
waves out of phase inside the material. An isotropic porous material, where pores are
isotropically distributed and connected, may be represented by an equivalent isotropic
fluid. It has been pointed out previously, in Section 3.4.2, that the impedance of a layer
of fluid depends weakly on the angle of incidence if the velocity in the porous material
is much smaller than that in air, and the transmitted wave propagates perpendicular to
the surface. In such a case, the material is also called a locally reacting material.

4.9 Tortuosity and flow resistivity in a simple anisotropic
material

In this section, the concept of tortuosity will be presented via a simple example. A porous
layer having pores of radius R lying in two directions symmetrical with respect to the
normal of the surface is represented in Figure 4.12. The thickness of the layer is d , the
length of the pores is l, and the differential pressure is p2 − p1. The velocities in the two
pores, averaged over the cross-sections, are ῡ1 and ῡ2.

With n pores per unit area of surface, the porosity φ is given by

φ = nπR2

cosϕ
(4.138)

where ϕ is the angle between the axes of the pores and the surface normal. The pressure
gradient in the pores is

p2 − p1

l
= p2 − p1

d
cosϕ (4.139)

dl
ϕ

x

u1 u2

Figure 4.12 A porous material with pores of constant and equal radius, and oriented in
two directions, symmetrical with respect to the normal of the surface.
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Using Equation (4.77), the flow resistivity σ in the x direction is

σ = p2 − p1

n(ῡπR2) d
= 8η

nπR2 cos ϕ
(4.140)

where ῡ is the modulus of the average velocities ῡ1 and ῡ2. From Equation (4.138), σ
can be rewritten

σ = 8η

φR2 cos2 ϕ
(4.141)

The parameter s in Equation (4.128) is given by Equation (4.129). Eliminating η/R2

between Equations (4.16) and (4.141) we find

s =
(

8ωρo
σφ cos2 ϕ

)1/2

(4.142)

The quantity 1/ cos2 ϕ is the tortuosity of the material. The concept of tortuosity is
not recent, and it appears with different notation and meanings in previous works. For
Carman (1956) the tortuosity is related to (cos ϕ)−1 and in the book by Zwikker and
Kosten (1949), tortuosity is denoted by ks and is called the structure form factor. In latter
works, tortuosity is denoted as α∞

α∞ = 1

cos2 ϕ
(4.143)

Using α∞ instead of (cos ϕ)−2, σ and s can be rewritten

σ = 8ηα∞
φR2

(4.144)

s =
(

8ωρoα∞
σφ

)1/2

(4.145)

In the formalism of the Biot theory (Biot 1956) that will be presented in Chapter 6,
the tortuosity is related to an inertial coupling term ρa by

ρa = ρoφ(α∞ − 1) (4.146)

A method for measuring tortuosity exists, which, however, can only be used if the
frame does not conduct electricity. The porous material is saturated with a conduct-
ing fluid, and the resistivity of the saturated material is then measured, as indicated in
Figure 4.13.

Let rc and rf be the measured resistivities of the saturated material and the fluid,
respectively. It can easily be shown that the tortuosity α∞ is given by

α∞ = 1

cos2 ϕ
= φ rc

rf
(4.147)

which is independent of the shape of the cross-sections of the pores. As shown by Brown
(1980) the relation α∞ = φrc/rf can be generalized to any porous medium. Another
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Figure 4.13 Measurement of tortuosity. The material is saturated with a conducting
fluid and the resistivity of the material is measured between the two electrodes.

method of measuring the tortuosity uses the time of flight of an ultrasound pulse across
the material. This method will be discussed in Chapter 5. The concept of tortuosity is
generalized in Section 5.3 for the case of materials having non-cylindrical pores.

4.10 Impedance at normal incidence and sound
propagation in oblique pores

4.10.1 Effective density

The material represented in Figure 4.14 is placed on an impervious rigid wall. The
acoustic field in the air above the material is plane and normal to the surface.

As shown in Figure 4.14, there are two microscopic directions of propagation parallel
to the two symmetrical directions of the pores. The macroscopic direction of propagation
is x and only the x components υ(x) of the microscopic velocities ῡ1 and ῡ2 must be
taken into consideration at the macroscopic level:

υ(x) = ῡ1(x) cos ϕ = ῡ2(x) cosϕ (4.148)

The flux of air V through a unit surface area perpendicular to the x axis is given by

V (x) = υ(x)nπR2/ cos ϕ (4.149)

dl

X
X2 X1

M1 M2

u1 u2

j

Figure 4.14 Porous material with oblique pores in a normal plane acoustic field and
set upon an impervious rigid wall.
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The impedance Z(M2) at the surface of the material is given by

Z(M2) = p(M1) cos ϕ

υ(M1)nπR2
= p(M1)

φυ(M1)
(4.150)

p(M1) and υ(M1) being the pressure and the velocity of air in a pore at the surface
of the material. The effective density of the air in the material must be calculated in
the macroscopic direction of propagation, which is perpendicular to the surface of the
layer. In the case of circular cross-sectional shape, the Newton equation (4.19) in the
microscopic directions of propagation x1 and x2 can be rewritten, with Equation (4.128)

−∂p(x)
∂xi

= j ωρoῡi(x)+ 8ρ0ω

s2
Gc(s)ῡi (x) i = 1, 2 (4.151)

where Gc is given by Equation (4.128) and s by Equation (4.145).
In the x direction, by the use of Equations (4.141), (4.145) and

−∂p(x)
∂x

= − 1

cosϕ

∂p(x)

∂xi
(4.152)

Equation (4.151) can be rewritten in the macroscopic direction of propagation

−∂p(x)
∂x

= j ωρoα∞υ(x)+ σφGc(s)υ(x) (4.153)

where υ(x) is the velocity component in a pore in the macroscopic direction of propa-
gation. The effective density can be written

ρ = α∞ρ0

(
1 + σφGc(s)

j ωα∞ρ0

)
(4.154)

The high-frequency limit of ρ is now

ρ = α∞ρ0(1 +
√

2/jδ/R) (4.155)

It may be shown that Eq. (4.155) is valid for all cross-sectional shapes if R is replaced
by the hydaulic radius

ρ = α∞ρ0(1 +
√

2/jδ/r̄) (4.156)

For the general case of arbitrary cross-sectional shapes, Equation (4.151) can be used
with s given by

s = c
(

8ωρoα∞
σφ

)1/2

(4.157)

c = 1

r̄

(
8ωρ0α∞
σφ

)1/2

(4.158)

The bulk modulus is not modified when the pores are oblique and is given by Equation
(4.126) with

F(B2ω) = 1

/[
1 + σφ

j B2ωρoα∞
Gc(Bs)

]
(4.159)
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4.10.2 Impedance

The quantities K and ρ having been evaluated, the impedance Z(M2) at normal incidence
can be calculated in the same way as in the case where the pores are perpendicular to
the surface. This impedance is given by

Z(M2) = −j Zc
φ

cot g kd (4.160)

Zc and k being respectively

Zc = (Kρ)1/2 (4.161)

k = ω(ρ/K)1/2 (4.162)

Appendix 4.A Important Expressions

Description on the microscopic scale

Relations between, pressure, velocity, temperature, Eqs. (4.1)–(4.4)

ρ0
∂υ

∂t
= −∇p + η�υ, with the boundary condition at the air-frame interface υ = 0

ρ0cp
∂τ

∂t
= κ∇2τ + ∂p

∂t
, with the boundary condition at the air-frame interface τ = 0.

State equation, Eq. (4.29)

p = Po

ρoTo
[ρoτ + Toξ ]

Effective density and bulk modulus

Effective density,

ρ = − ∂p
∂x3

1

j ωῡ3
, Equation (4.38)

Bulk modulus

K = −p/∇̄u, Equation (4.39)

Connection between the bulk modulus and the effective density

ρ = ρo/F (ω), Equation (4.45)

K = γPo/[γ − (γ − 1)F (B2ω)], Equation (4.46)

Low-frequency limit:

ρ = φσ

j ω
+ cte, Equation (4.85), (4.97)

K = γP0

γ − j (γ − 1)ωB2ρ0/(φσ)
, Equation (4.102)
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High-frequency limit:

ρ = α∞ρ0

(
1 +

√
2/j
δ

r̄

)
,Equation (4.106)

K = γP0

[
1 + (γ − 1)

√
2/j

δ

r̄B

]
,Equation (4.108)
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5

Sound propagation in porous
materials having a rigid frame

5.1 Introduction

In Chapter 4, porous materials with cylindrical pores were considered. In the case of com-
mon porous materials, a similar analytical description of sound propagation that takes
into account the complete geometry of the microstructure is not possible. This explains
why the models of sound propagation in these materials are mostly phenomenological
and provide a description only on a large scale. A review of the models worked out
before 1980 can be found in the work by Attenborough (1982). Many models have been
presented since 1980. Moreover direct time-domain analysis has brought new tools for
the modelling and the measurements of these materials (Carcione and Quiroga-Goode
1996, Fellah et al. 2003). In order to give a physical basis to the description of sound
propagation in porous media, we have selected in the frequency domain a series of
semi-phenomenological models involving several physical parameters. A brief descrip-
tion of methods used to measure these parameters is given to clarify their physical nature.
As for the case of cylindrical pores, the air in the porous frame is replaced by an equiv-
alent fluid that presents the same bulk modulus K as the saturating air and a complex
density ρ that takes into account the viscous and the inertial interaction with the frame.
As in Chapter 4, the wave number k = ω(ρ/K)1/2 and the characteristic impedance
Zc = (ρK)1/2 can describe the acoustical properties of the medium. A detailed descrip-
tion of the conditions where an equivalent fluid can be used has been given by Lafarge
(2006). The main condition is the long-wavelength condition. The wavelength is much
larger than the characteristic dimensions of the pores, and the saturating fluid can behave
as an incompressible fluid at the microscopic scale. At the end of the chapter, the homog-
enization method for periodic structures introduced by Sanchez-Palencia (1974, 1980),
Keller (1977), and Bensoussan et al. (1978), is presented with the dimensionless analysis
developed by Auriault (1991). Real porous media are generally not periodic. However,

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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as indicated by Auriault (2005), a random medium and a periodic medium built with a
characteristic cell of the random medium present similar properties at the macroscopic
scale. Under the long-wavelength condition, different steps which justify the use of an
equivalent fluid are presented. Some properties of the double porosity media obtained
with the homogenization method by Olny and Boutin (2003), Boutin et al. (1998) and
Auriault and Boutin (1994) are summarized.

5.2 Viscous and thermal dynamic and static permeability

5.2.1 Definitions

Viscous permeability

More rigorously the viscous permeability should be defined as the visco-inertial perme-
ability. The viscous dynamic permeability q has been defined by Johnson et al. (1987).
The viscous dynamic permeability is a complex parameter that relates the pressure gra-
dient and the fluid velocity υ in an isotropic porous medium by

−q(ω)∇p = ηφ <υ> (5.1)

where η is the viscosity and φ is the porosity. The symbol <> denotes an average over
the fluid part �f of a representative elementary volume �. This leads to (see Equation
4.38)

q(ω) = ηφ

jωρ(ω)
, (5.2)

where ρ is the effective density. From the definition of the flow resisivity σ , the limit q0

of q when ω tends to zero is

q0 = η

σ
(5.3)

The static viscous permeability q0 is a intrinsic parameter depending only on the
microgeometry of the porous frame.

Thermal permeability

The dynamic thermal permeability q ′ has been defined by Lafarge (1993). The thermal
permeability is a complex parameter that relates the pressure time derivative to the mean
temperature by

q ′(ω)jωp = φκ <τ> (5.4)

where κ is the thermal conductivity. The use of the same denomination for the thermal
and the viscous parameters is justified by the analogy which appears at the microscopic
scale between Equations (4.1), (4.3) and Equations (4.2), (4.4) which are valid under the
long-wavelength condition. In Equation (4.1) the source term is −∇p and in Equation
(4.2) the source term is ∂p/∂t . In Equation (4.2) the thermal inertia ρ0cp replaces the
density ρ0 in Equation (4.1). Moreover, v and τ are equal to 0 at the air–frame contact
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surface. The condition τ = 0 at the air–frame contact surface is due to the fact that the
density of the porous media used for sound absorption and damping is generally much
heavier than air, and the thermal exchanges with the saturating air do not modify the
temperature of the frame. This condition must be fulfilled for the previous description
of the bulk modulus to be valid. The bulk modulus of the saturating air depends on the
thermal permeability q ′ via the averaged density. From Equation (4.40), the averaged
density <ξ> is given by

<ξ> = ρ0

P0
p − ρ0

T0

q ′(ω)jωp
φκ

(5.5)

From Equation (4.39), and using P0/T0 = ρ0(cp − cv), the bulk modulus of the sat-
urating air can be written

K(ω) = P0/

[
1 − γ − 1

γ

jB2ωρ0q
′(ω)

φη

]
(5.6)

where B2 is the Prandtl number. When ω tends to zero, q ′ tends to the static thermal
permeability q ′

0. It has been shown by Torquato (1990) that q ′
0 ≥ q0. A comparison of

Equations (5.6) and (4.102) shows that both parameters are equal for identical cylindrical
pores parallel to the direction of propagation. From Equations (4.45)–(4.46) and Equation
(5.6) it can be shown that q ′(ω) = q(B2ω) for identical cylindrical pores. When the
density of the frame has the same order of magnitude as the air, the isothermal limit for
the bulk modulus cannot be reached (Lafarge et al. 1997), and the previous description
must be modified.

Static permeabilities and low frequency limits of ρ and K

The limit of the ratio ρ/[φσ/(jω)] is 1 when ω → 0 as shown in Chapter 4 for cylindrical
pores. Norris (1986) has shown that this relation was always valid. More precisely, the
limit when ω → 0 can be written

ρ(ω) = ηφ

jωq0
+ cte (5.7)

The nature of the constant is shown explicitly in Section (5.3.6).
The limit of the bulk modulus at the first order approximation in ω is obtained from

Equation (5.6) which can be rewritten

K(ω) = P0

[
1 + γ − 1

γ

jB2ωρ0q
′
0

φη

]
(5.8)

This equation is the generalization of Equation (4.102) obtained for the case of parallel
identical cylindrical pores. The static thermal permeability q ′

0 is the limit when ω tends
to zero of CImK(ω) where C is given by

C(ω) = γφη

P0(γ − 1)B2ρ0ω
(5.9)
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It has also be shown by Lafarge (1993) that a physical intrinsic parameter, the trapping
constant � of the porous structure which only depends on the geometry of the frame, is
related to q ′

0 by

� = 1/q ′
0 (5.10)

The evaluation of the dynamic thermal permeability of a porous frame can be per-
formed by solving the diffusion-controlled trapping problem (Lafarge 2002, Perrot et al.,
2007). This is beyond the scope of this book.

A justification of the existence of the dynamic thermal and viscous permeability under
the long-wavelength condition, and therefore of the use of an equivalent fluid, can be
obtained by the homogenization method.

5.2.2 Direct measurement of the static permeabilities

The viscous static permeability can be evaluated from the flow resistivity measured
with the techniques previously described. The thermal static permeability can be eval-
uated from measurements of the bulk modulus K at sufficiently low frequencies. At
these frequencies the use of a Kundt tube generally does not provide precise results. A
method developed by Tarnow to measure the compressibility of air in glass wools at low
frequencies is described in Lafarge et al. (1997).

A short description of the method with simplified calculations is given in what follows.
As shown in Figure 5.1, the sample is set in a long tube where a loudspeaker creates
a plane field. A microphone measures the pressure around the λ/4 resonance, where the
pressure is close to zero. Frequencies as low as 25 Hz can be reached with a tube longer
than 3.5 m. The surface impedance Zs is given by Equation (4.137),

Zs = −jZc
φ

cot(k1l).

l

M2Porous layer

Microphone

Loudspeaker

d

M1

Figure 5.1 The experimental setup. The distance from the porous layer to the micro-
phone is d and the thickness of the layer is l.
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At these frequencies, for samples of thickness l around 3 cm or less, cot kl can be
developed to first order in kl , and the impedance Z(M2) is given by

Z(M2) = − jK
φωl

(5.11)

The reflection coefficient at M2 is given by

R(M2) = ReZ(M2)− Zc + j ImZ(M2)

ReZ(M2)+ Zc + j ImZ(M2)
(5.12)

where ZC is the characteristic impedance of the free air. This equation can be rewritten,
under the conditions |ImZ(M2)| � Zc and |ImZ(M2)| � ReZ(M2), which are fulfilled
at sufficiently low frequency,

R(M2) =
[

1–2
ZcReZ(M2)

Im2Z(M2)

]
exp(−jϕ) (5.13)

where ϕ is a small real angle, ϕ = −2Zc/ImZ(M2). The function in the square brackets
in Equation (5.13) is a development at the first-order approximation of the modulus of
R. If the losses out of the porous sample are neglected, an incident pressure amplitude
p at M1 corresponds to a total pressure pT given by

pT = p[1 + R(M2) exp(−2jωd/c)] (5.14)

where c is the speed of sound. This equation can be rewritten

pT = p
{

1 +
[

1–2
ZcReZ(M2)

Im2Z(M2)

] [
cos

(
ϕ + 2ω

d

c

)
− j sin

(
ϕ + 2ω

d

c

)]}
(5.15)

The minimum value for |pT | is given by

min |pT | = p
∣∣∣∣2ZcReZ(M2)

Im2Z(M2)

∣∣∣∣ (5.16)

and is obtained for ω satisfying the relation ϕ + 2ωd/c = π . For small variation of ω

around this value, cos(ϕ + 2ωd/c) is stationary. The variation �ω related to an increase
of the amplitude min |pT | → √

2 min |pT | is given by

�ω
2d

c
=

∣∣∣∣2ZcReZ(M2)

Im2Z(M2)

∣∣∣∣ (5.17)

At sufficiently low frequency, ReK can be replaced by P0 in Equation (5.11), and
ImK is given by

ImK = �ω

ω

dP0

2φlγ
(5.18)

An example is presented in Figure 5.2 for layers of steel beads of thickness l ranging
from 2 to 19 cm. The mean diameter of the beads is 1.5 mm, and the viscous static perme-
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Figure 5.2 The measured quantity CImK which tends to the static thermal permeability
when ω tends to 0 (Debray et al. 1997).

ability q0 = 1.510−9m2 (the flow resistivity σ = 12 000 N m−4 s). The predicted thermal
permeability calculated from Figure 4 in Straley et al. (1987) for a similar medium is
equal to 4.8×10−9m2.

5.3 Classical tortuosity, characteristic dimensions,
quasi-static tortuosity

5.3.1 Classical tortuosity

Tortuosity, denoted as α∞, has been precisely defined by Johnson et al. (1987). When a
porous frame is saturated by an ideal nonviscous fluid, the effective density of the fluid
is given by

ρ = α∞ρ0 (5.19)

The apparent increase of the density can be explained in the following way. In a flow
of nonviscous fluid, let us denote by υm(M) the microscopic velocity at M . The macro-
scopic velocity υ(Mo) is obtained by averaging υm(M) over a representative elementary
volume V around M0

υ(M0) = 〈υm(M)〉v (5.20)

The tortuosity is defined by the relation

α∞ = 〈
υ2
m(M)

〉
v /υ

2(Mo) (5.21)

Per unit volume of saturating fluid, the kinetic energy Ec is given by

Ec = 1

2
α∞ρ0υ

2(M0) (5.22)
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l2

l1

r1
r2

Figure 5.3 A pore made up of an alternating sequence of cylinders.

As far as the macroscopic velocity is considered, the nonviscous fluid must be replaced
by a fluid of density ρ0α∞. The value of the tortuosity is an intrinsic property of the
porous frame that depends on the micro-geometry. When the saturating fluid is vis-
cous the effective density must tend to α∞ρ0 when the viscous skin depth tend to zero
and the viscosity effects become negligible. For the material of Sections 4.9 and 4.10,
α∞ = 1/ cos2 ϕ in the direction perpendicular to the surface of the layer. A tortuosity
larger than 1 is due to the dispersion of the microscopic velocity in Equation (5.21). This
dispersion can be created by variations of the diameter of the pores. Let us consider, for
instance, a material with identical pores parallel to the direction of propagation, made up
of alternating cylinders represented in Figure 5.3, with lengths l1 and l2 and cross-sections
S1 and S2, respectively. Even if the fluid is nonviscous, the description of the inertial
forces and the evaluation of α∞ by Equation (5.21) are very complicated at the junction
of the two cylinders. A simple approximation is obtained by assuming constant veloci-
ties in each cylinder. It is shown in Appendix 5.A that with this approximation, α∞ is
given by

α∞ = (l1S2 + l2S1)(l1S1 + l2S2)

(l1 + l2)2S1S2
(5.23)

The evaluation of tortuosity can be performed from resistivity measurements, as indi-
cated in Section 4.9. Another method simultaneously allowing the measurement of other
high-frequency parameters is described at the end of Section 5.3.5.

5.3.2 Viscous characteristic length

For materials with cylindrical pores, as indicated by Equations (4.107) and (4.155), the
high-frequency behaviour of ρ and K depends on tortuosity and on the hydraulic radius.
The viscous characteristic length defined by Johnson et al. (1986) replaces the hydraulic
radius for more general micro-geometries. Johnson et al. have defined the characteristic
dimension � by

2

�
=

∫
A
υ2
i (rw) dA∫

V
υ2
i (r) dV

(5.24)

For a static flow of nonviscous fluid in the porous structure, υi(rw) is the velocity of
the fluid on the pore surface and the integral in the numerator is performed over the pore
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surfaces A in the representative elementary volume. The velocity υi(r) is the velocity
inside the pores, the integral in the denominator is performed over the volume V of
the pore. The parameter � given by Equation. (5.24) only depends on the geometry of
the frame. With the factor 2, � is equal to the hydraulic radius for identical cylindrical
pores. It has been noted by Johnson et al. (1986) that � and the flow resistivity σ are
related by

� =
(

8ηα∞
σφ

)1/2 1

c
(5.25)

with c close to 1. It has been shown by Johnson et al. (1987) that the effective density
can be written at high frequencies at first-order approximation in 1/

√
ω

ρ = α∞ρ0

[
1 + (1 − j) δ

�

]
(5.26)

A previous expression of the dynamic viscous permeability obtained by Auriault
et al. (1985) for anisotropic media leads to a similar result where ρ is the sum of a real
inertial term and a correction proportional to 1/

√
ω due to viscosity.

5.3.3 Thermal characteristic length

It has been shown by Champoux and Allard (1991) that the high-frequency behaviour
of the bulk modulus K can be characterized by a second length denoted as �′ and
given by

2

�′ =
∫
A

dA∫
V

dV
= A

S
(5.27)

The integral in the numerator is performed over the pore surfaces A in the elementary
representative volume and the integral in the denominator is performed over the volume
V of the pore, as for Equation (5.24), but there is no weighting by the squared velocity. As
shown in Appendix 5.B, the bulk modulus K is given at high frequencies to first–order
approximation in 1/

√
ω by

K = γPo

γ − (γ − 1)

[
1 − (1 − j) δ

�′B

] (5.28)

For identical cylindrical pores, �′ = � = r̄ . This is a direct consequence of the def-
inition of these quantities and this can be verified by comparing Equation (4.156) with
Equation (5.26), and Equation (4.108) with Equation (5.28).

5.3.4 Characteristic lengths for fibrous materials

As indicated in Chapter 2, fibres in layers of fibreglass generally lie in planes parallel to
the surface of the layers. At normal incidence, the macroscopic air velocity is perpendic-
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ular to the direction of the fibres. The characteristic dimension � at normal incidence is
calculated in Appendix 5.C. The fibres are modelled as infinitely long cylinders having
a circular cross-section with radius R. In the case of materials with porosity close to 1,
� is given by

� = 1

2πLR
(5.29)

where L is the total length of fibres per unit volume of material. The characteristic thermal
dimension, evaluated from Equation (5.27) is given by

�′ = 1

πLR
= 2� (5.30)

5.3.5 Direct measurement of the high-frequency parameters, classical
tortuosity and characteristic lengths

In this present subsection, let n2 be the squared ratio of the velocity in a free fluid to the
velocity when it saturates a porous structure. In the high-frequency range, using Equation
(5.26) for the effective density and Equation (5.28) for the bulk modulus, n2 is given, to
first-order approximation in 1/

√
ω by

n2 = α∞
[

1 + δ
(

1

�
+ γ − 1

B�′

)]
(5.31)

A sketch of the experimental set-up for the measurement of n is represented in
Figure 5.4.

The phase velocity is obtained by comparing the phase spectra at the receiver with
and without the porous layer. In the domain of validity of Equation (5.31), n2 is linearly
dependent on 1/

√
f . In Figure 5.5 the squared velocity ratio is represented as a function

of the square root of the inverse of frequency.
The porous layer has been successively saturated with air and with helium. For helium,

(γ−1)/B is close to 0.81 and for air it is close to 0.48. A comparison of both slopes in

transducer transducer

Amplifier

Function
generator

Porous
layer Amplifier

Oscilloscope

Figure 5.4 Measurement of the refraction index.
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0 1e-3 2e-3 3e-3 4e-3
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1.16

Hélium

Air

Figure 5.5 Measured n2 for a foam of porosity φ = 0.98 and viscous static permeability
q0 = 3.08×10−9 m2 (Leclaire et al., 1996). Reprinted with permission from Leclaire, Ph.,
Kelders, L., Lauriks, W., Melon, M., Brown, N. & Castagnède, B. Determination of the
viscous and thermal characteristic lengths of plastic foams by ultrasonic measurements
in helium and air. J. Appl. Phys. 80, 2009-2012. Copyright 1996, American Institute of
Physics.

Figure 5.5 gives � = 202 µm and �′ = 367 µm. The intercepts of the straight lines that
extrapolate the measurements toward increasing frequencies give a tortuosity α∞ = 1.05.

These measurements can easily be performed on foams of low flow resistivity. For
granular media, diffusion in the high-frequency regime can modify wave propagation.
More generally, it has been shown by Ayrault et al. (1999) that measurements can be
improved by increasing the static pressure. The coupling of air with the transducers is
improved. The viscous skin depth decreases when the static pressure increases, and the
high-frequency regime appears at lower frequencies.

If the frame does not conduct electricity and can be saturated by a conducting fluid
with no modification of the microscopic geometry, tortuosity can be evaluated from
conductivity measurements, as indicated in Section 4.9, with no problem concerning
diffusion.

5.3.6 Static tortuosity

When the viscous skin depth is much larger than the characteristic dimensions, Equation
(5.7) can be used to predict the effective density. Lafarge (1993) has shown that the
real constant on the right-hand side is equal to the product ρ0α0 where α0 is the static
tortuosity. The static tortuosity is given by Equation (5.21), similar to α∞. The difference
is that the velocity field in Equation. (5.21) is now the static field at ω = 0 modified by
viscosity. It was shown by Lafarge (2006) that α0 ≥ α∞.
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5.4 Models for the effective density and the bulk modulus
of the saturating fluid

5.4.1 Pride et al. model for the effective density

A model that can be used for identical cylindrical pores with different cross-sectional
shapes has been described in Chapter 4. This model predicts the right asymptotic
behaviour at high and low frequencies, and gives good predictions in the intermediate
frequency range, at least for slits and circular cross-sectional shaped pores. More general
models have been suggested by Johnson et al. (1987), and Pride et al. (1993). The
effective density suggested by Johnson et al. (1987) has the simplest expression for
the high-frequency limit and the low-frequency limit of the imaginary part previously
indicated in this chapter, which satisfies the physical constraint due to causality
concerning the singularities which must be located on the positive imaginary frequency
axis. The model has been modified by Pride et al. (1993) to adjust the low-frequency
limit of the real part of the effective density with a parameter denoted as b in what
follows. The ratio ρ/ρ0 defined as the dynamic tortuosity is given by

α(ω) = νφ

jωq0


1 − b + b

[
1 +

(
2α∞q0

bφ�

)2
jω

ν

]1/2

 + α∞ (5.32)

where ν = η/ρ0 = B2ν′, B2 being the Prandtl number. The limit of the real part of
the effective density when ω tends to zero is ρ0[α∞ + 2α2∞q0/(bφ�

2)]. The right
low-frequency limit α0 for the real part of ρ is obtained by Lafarge (2006) for b,
given by

b = 2q0α
2∞

φ�2(α0 − α∞)
(5.33)

The limit for the circular pores is obtained for b = 3/4. Simulations on simple geome-
tries performed by Perrot (2006), and experiments with air-saturated porous media show
that Equation (5.32) can provide very precise predictions of the effective density. Nev-
ertheless, there is a limit to the applicability of Equations (5.32) and (5.33). Simulations
performed by Cortis et al. (2003) show that the general formulations of Pride et al.
(1993) with � given by Equation (5.24) become inadequate for porous structures with
sharp edges.

5.4.2 Simplified Lafarge model for the bulk modulus

In Johnson et al. (1987) the dynamic tortuosity α(ω) is the elementary function used
to express the dynamic viscous permeability, and in the present work, the effective
density. Similar functions exist for the description of the thermal exchanges and the
incompressibility. The function denoted as α′(ω), related to the bulk modulus K by

K = P0/

(
1 − γ − 1

γα′(ω)

)
(5.34)
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was selected by Lafarge et al. (1997) as the homologue of α(ω). From Equation (5.6)
the thermal permeability is related to α′(ω) by q ′(ω) = ν′φ/(jωα′(ω)). For the case of
identical parallel cylindrical pores, it is seen from Equations (4.45)–(4.46) that α(ω)
can be identified with 1/F (ω) and α′(ω) with 1/F(B2ω). With the simplified Lafarge
model, which gives for K the same high-frequency limit as Equation (5.28), the same
low-frequency limit as Equation (5.8), and satisfies the causality condition, α′ can be
written

α′(ω) = ν′φ
jωq ′

0

[
1 +

(
2q ′

0

φ�′

)2
jω

ν′

]1/2

+ 1 (5.35)

An additional parameter p′ is present in the complete expression of α′(ω) given by
Lafarge (2006). This parameter can provide minor modifications of the bulk modulus in
the low- and the medium-frequency range, but does not seem necessary in the description
of the bulk modulus of plastic foams and fibrous materials. This parameter is equal to 1
in Equation (5.35).

5.5 Simpler models

5.5.1 The Johnson et al. model

The dynamic tortuosity in the work by Johnson et al. (1987) is given by

α(ω) = νφ

jωq0

[
1 +

(
2α∞q0

φ�

)2
jω

ν

]1/2

+ α∞ (5.36)

The use of causality and of the asymptotic behaviour to justify the use of this expres-
sion was an important step in the description of sound propagation in porous media. The
same expression is obtained by setting b = 1 in Equation (5.32) that was carried out later
by Pride et al. (1993). The effective density ρ = α(ω)ρ0 has the right limit to first-order
approximation in 1/

√
ω for large ω given by Equation (5.26) and for small ω the limit

is given by

ρ(ω) = ρ0α∞
(

1 + 2α∞q0

�2φ

)
+ ηφ

jωq0
(5.37)

The limit of the imaginary part is given by Equation (5.7), j Imρ = ηφ/(jωq0) =
φσ/(jω). As an example, for identical circular cross-sectional shaped pores, with � = R
and q0 = η/σ = R2φ/8, the limit of the real part is 1.25 ρ0. The true limit obtained in
Chapter 4 is 1.33 ρ0. In spite of this small difference for the limit of Re ρ when ω tends
to zero, Equation. (5.36) and the ‘exact’ model give similar predictions.

5.5.2 The Champoux–Allard model

The direct measurement of the static thermal permeability is not easy. The simplified
Lafarge model has been used with q ′

0 replaced in Equation (5.35) by the permeability
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q ′
0 = φ�′2/8 of a porous medium with circular cylindrical pores having a radius R = �′

leading to

α′(ω) = 8ν′

jω�′2

[
1 +

(
�′

4

)2
jω

ν′

]1/2

+ 1 (5.38)

It will be shown in Section 5.6 that this arbitrary choice for q ′
0 can lead to a large

error in the localization of the transition frequency where the imaginary part of the
bulk modulus reaches its maximum. This does not necessarily lead to a large error in the
evaluation of a surface impedance because the damping is mainly created by the viscosity
via the effective density.

5.5.3 The Wilson model

In the model due to Wilson (1993), the effective density and the bulk modulus are
given by

ρ(ω) = φρ∞
(1 + jωτvor)

1/2

(1 + jωτvor)1/2 − 1
(5.39)

K(ω) = φK∞
(1 + jωτent)

1/2

(1 + jωτent)1/2 + γ − 1
(5.40)

The parameters τvor, and τent, are the vorticity-mode relaxation time, and the
entropy-mode relaxation time, respectively. The model is intended to match the
middle-frequency behaviour, and not to fit the asymptotic behaviour at high and low
frequencies. Therefore φρ∞ can be different from the effective density ρ when ω → ∞,
and φK∞ can be different from the bulk modulus K when ω → ∞, due to the fact that
the adjustment does not concern the high- and low-frequency asymptotic expressions.

5.5.4 Prediction of the effective density with the Pride et al. model
and the model by Johnson et al.

In Figure 5.6, the effective density ρ is successively predicted with Equation (5.32) for
b = 0.6 and b = 1. The other parameters used for the prediction are q0 = 1.23×10−10 m2,
q ′

0 = 5×10−10 m2, φ = 0.37,� = 31 µm, �′ = 90 µm, and α∞ = 1.37. These param-
eters have been measured for a washed quarry sand (Tizianel et al. 1999). A noticeable
difference exists for both evaluations of Reρ.

5.5.5 Prediction of the bulk modulus with the simplified Lafarge
model and the Champoux-Allard model

Measurements of the static thermal permeability are not easy and with the
Champoux–Allard model, the thermal permeability is set equal to that of the porous
material having identical circular cross-sectional shaped pores with a radius R = �′.
For a porosity φ = 0.95, and �′ = 610 µm, the static thermal permeability of this
porous medium q ′

0 = 4.4×10−8 m2. The bulk modulus of the air saturating the medium
is represented in Figure 5.7 for q ′

0 = 1.3×10−8 m2 with the simplified Lafarge model
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Figure 5.6 The real and the imaginary part of the effective density predicted from
Equation (5.32) with the parameters q0 = 1.23×10−10 m2, φ = 0.37, � = 31 µm, and
α∞ = 1.37.
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Figure 5.7 The bulk modulus predicted by Equations (5.34)–(5.35) for φ = 0.95, and
�′ = 610 µm q ′

0 = 1.3×10−8 m2, - - - - - - - q ′
0 = 4.4×10−8 m2.
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and q ′
0 = 4.4×10−8 m2. The predicted bulk modulus is different for both permeabilities,

the transition frequencies where ImK has a maximum are located at very different
frequencies. Measurements of the bulk modulus have been performed at low frequencies
with the measurement set-up described in Section (5.2.2). The porous medium was a
foam with porosity, tortuosity, viscous and thermal dimensions, close to those used for
the predictions. The measured bulk modulus in Lafarge et al. (1997) was close to the
one predicted with the lowest permeability, q ′

0 = 1.3×10−8 m2.

5.5.6 Prediction of the surface impedance

In Figure 5.8 the surface impedance at normal incidence is given by Equation (4.137),
Zs = −jZc/(φ tan kl). All the parameters have been measured with nonacoustical meth-
ods, except the thermal static permeability q ′

0, and the parameter b of the Pride et al. model
which have been chosen to adjust the predicted impedance to the measured impedance.
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Figure 5.8 The surface impedance of a layer of sand of thickness l = 3
cm. Prediction of effective density from Equation (5.32) with the parame-
ters q0 = 1.23×10−10 m2, φ = 0.37,� = 31 µm, α∞ = 1.37, b = 0.6, prediction of bulk
modulus with Equation (5.35), �′ = 90 µm, and q ′

0 = 5×10−10 m2 (Tizianel et al.,
1999). Reprinted with permission from Tizianel, J., Allard, J. F., Castagnède, B.,
Ayrault, C., Henry, M. & Gedeon, A. Transport parameters and sound propagation in
an air-saturated sand. J. Appl. Phys. 86, 5829–5833. Copyright 1999, American Institute
of Physics.
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5.6 Prediction of the effective density and the bulk
modulus of open cell foams and fibrous materials
with the different models

5.6.1 Comparison of the performance of different models

A systematic comparison of the performance of the Wilson model and the Johnson et al.
model has been performed by Panneton and Olny (2006) in the following way. The
parameters that characterize the effective density have been evaluated as a function of
frequency from careful measurements of the effective density, with the impedance tube
technique of Utsono et al. (1989), and the method proposed by Iwase et al. (1998) to
minimize the vibrations of the frame which is motionless in the previous models. In a
second step, the effective density has been predicted with these parameters. The first
test concerns the variations of these parameters with frequency. The variations must be
negligible in the range of frequencies where the model can be used and the measure-
ments sufficiently precise. The second test concerns the agreement between the predicted
and the measured effective density when an optimal unique measured set of parameters
is chosen. The materials were a low-resistivity polyurethane foam, a medium-resistivity
metal foam, and a high-resistivity rock wool. The measured and the predicted effective
densities are close to each other for both models, with a slight difference at low frequen-
cies for the metal foam and the Wilson model. A similar comparison has been performed
by Olny and Panneton (2008) for the bulk modulus with the simplified Lafarge model,
the Wilson model and the Champoux–Allard model. The materials were a low-resistivity
polyurethane foam, a medium-resistivity glass wool, and a high-resistivity rock wool.
The simplified Lafarge model provides excellent predictions of the bulk modulus. For
the Wilson model, the measured and the predicted bulk moduli are close to each other
for the three materials. For the Champoux–Allard model, the predicted bulk modulus
and the measured bulk modulus are noticeably different for the rock wool, the thermal
permeability being very different from φ�′2/8. A noticeable difference between predic-
tion and measurement with the simplified Champoux–and Allard model was observed
previously in Lafarge et al. (1997).

5.6.2 Practical considerations

Simulations show that the Pride et al. model and the simplified Lafarge model can give
precise predictions of the effective density ad the bulk modulus in the whole audible
frequency range. The use of physical parameters in these models provides a link between
the acoustical and the physical domain. The improvement of the performances of sound
absorbing porous media can be carried out via the modifications of these parameters. A
problem for the use of the full models is that some parameters can be very difficult to
measure. The use of simple phenomenological parameters, such as the Wilson model,
can provide around normal temperature and pressure conditions a simple and precise
representation of the measurements over a large frequency range. Moreover, natural and
synthetic porous structures are to some extent nonhomogeneous, anisotropic, and not
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exactly reproducible in the production process. Very precise predictions can be impossible
and simple approximations can be a sufficient goal. The bulk modulus appears in a
square root in the characteristic impedance and the wave number, and the adiabatic and
the isothermal values differ by a factor of 1.4. The thermal dissipation has a maximum
around the transition frequency between the isothermal and the adiabatic regime, but this
thermal dissipation is generally negligible compared to the viscous dissipation. In spite
of the possible erroneous location of the transition frequency, one-parameter models such
as the Champoux–Allard model can be used with confidence for the prediction of the
surface impedance and the absorption coefficient.

5.7 Fluid layer equivalent to a porous layer

The surface impedance at normal incidence of a layer of isotropic porous medium, given
by Equation (4.137), Zs = −jZc/(φ tan kl) is identical to the impedance of a layer of
isotropic fluid with the same thickness l given by Equation (2.17) Zs ′ = −jZc ′ cot k′l if

k′ = k (5.41)

Z′
c = Zc/φ (5.42)

These conditions are satisfied if the density ρ ′ and the bulk modulus K ′ of the fluid
are given by

ρ ′ = ρ/φ (5.43)

K ′ = K/φ (5.44)

With these conditions

Zs = Z′
s (5.45)

At oblique incidence, with an angle of incidence θ , Zs and Z′
s become

Zs = −jZc
φ cos θ1

cot kl cos θ1 (5.46)

Z′
s = −jZ′

c

cos θ ′
1

cot k′l cos θ ′
1 (5.47)

where θ1 and θ ′
1 (with θ1 = θ ′

1) are the refraction angles defined by

k sin θ1 = k0 sin θ (5.48)

k′ sin θ ′ = k0 sin θ (5.49)

where k0 is the wave number in the external medium. The porous medium can be replaced
by the homogeneous fluid layer without modifying the reflected field in the external
medium.
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5.8 Summary of the semi-phenomenological models

The effective density ρ and the bulk modulus K can be written

ρ = ρ0

[
α∞ + νφ

jωq0
G(ω)

]
(5.50)

K = γP0/


γ − γ − 1

1 + ν′φ
jωq ′

0
G′(ω)


 (5.51)

The expression for G in the Johnson et al. model is

Gj(ω) =
[

1 +
(

2α∞q0

φ�

)2
jω

ν

]1/2

(5.52)

The expression for G′ in the simplified Lafarge model is

G′
j (ω) =

[
1 +

(
2q ′

0

φ�′

)2
jω

ν′

]1/2

(5.53)

Under the hypothesis that the bulk modulus is similar to the one in circular
cross-sectional shaped pores, the following expression for q ′

0 can be used in Equation
(5.53)

q ′
0 = φ�′2/8 (5.54)

leading to the Champoux–Allard model

G′
j (ω) =

[
1 +

(
�′

4

)2
jω

ν′

]1/2

(5.55)

With a supplementary parameter, Gj in the Pride model and G′
j in the full Lafarge

model can be replaced by Gp and G′
p

Gp(ω) = 1 − b + b
[

1 +
(

2α∞q0

bφ�

)2
jω

ν

]1/2

(5.56)

G′
p(ω) = 1 − b′ + b′

[
1 +

(
2q ′

0

b′φ�′

)2
jω

ν′

]1/2

(5.57)

Dynamic tortuosities and permeabilities are related by

q(ω) = νφ/(jωα(ω))
q ′(ω) = ν′φ/(jωα′(ω)) (5.58)

Effective densities and bulk moduli are related to dynamic tortuosities by

ρ(ω) = ρ0α(ω)

K(ω) = P0/[1 − (γ − 1)/(γ α′(ω))] (5.59)
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5.9 Homogenization

Separation of scales

The semi-phenomenological models in the present chapter can be valid only under the
long-wavelength condition. Let L be the macroscopic size defined by

L = O
( |λ|

2π

)
, (5.60)

where λ is the complex wavelength in the porous medium. Let l be the microscopic
size which characterizes the representative elementary volume (see Figure 5.9). The
long-wavelength condition corresponds to L� l. The use of homogenization methods
is based on the same condition. Among these methods, the homogenization method
for periodic structures (HPS) has been used to describe sound propagation in ordinary
porous media (Sanchez Palencia 1974, Sanchez Palencia 1980, Keller 1977; Bensoussan
et al.1978, Auriault 1991, Auriault 2005) and in double porosity media (Auriault and
Boutin 1994; Boutin et al, 1998; Olny and Boutin, 2003) where two networks of pores
of very different characteristic sizes are interconnected. The period is defined by the
representative elementary volume and the period characteristic size is l.

Porous media are generally not periodic, but for random microscopic geometries the
method gives supplementary information about the parameters presented in the context
of the semi-phenomenological models. In what follows, some results obtained for simple
porosity media are presented. The fundamental parameter is ε given by

ε = l/L (5.61)

This parameter characterizes the separation of scales and the method can be used
under the condition ε 
 1.

Two dimensionless space variables are used. Let X be the physical space vari-
able. The dimensionless macroscopic space variable is x = X/L, and the dimensionless
microscopic space variable is y = X/l. The dependence on x corresponds to the slow
macroscopic variations and the dependence on y corresponds to the fast variations at the
microscopic scale.

Governing equations describing the fluid displacements in a motionless frame

The Navier–Stokes equation in �f

η�υ + (λ+ η)∇(∇·υ)− ∇p = ρ0
∂v
∂t

(5.62)

l

Ωf

Ωs

Microscopic
scale

Macroscopic
scale

L

Γs

Figure 5.9 A porous medium on the macroscopic scale and on the microscopic scale.
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where v is the velocity and λ is the volume viscosity.
Mass balance in �f

dξ

dt
+ ρ0∇·υ = 0 (5.63)

where ξ is the acoustic density.
Adherence condition on �s

υ/�s = 0 (5.64)

Heat conduction equation

κ�τ = jω(ρ0cpτ − p) (5.65)

Air state equation

p = P0

(
ξ

ρ0
+ τ

T0

)
, (5.66)

Thermal boundary condition

τ/�s = 0 (5.67)

In order to express these equations in a dimensionless form, the reference length L is
chosen, and the dimensionless space variable will be x = X/L. Adequate characteristic
values υc, pc, . . . of the quantities υ, p, . . . are used to derive the dimensionless quantities
υ∗, p*, . . . obtained from υ = νcυ∗ . . . and similar relations for the constant parameters.
The above set of equations introduces several dimensionless numbers whose orders of
magnitude are related to the characteristic values by

QL = |∇p|
|η�υ| = Lpc

ηcvc
(5.68)

RtL =
∣∣ρ0

∂υ
∂t

∣∣
η�υ

= ρ0cωcL
2

ηc
(5.69)

SL =

∣∣∣dξ
dt

∣∣∣
|ρ0∇υ| = ωcξcL

ρ0cvc
(5.70)

The flow is forced by the macroscopic pressure gradient, and |∇p| = O(pc/L). The
flow occurs in the pores, and the viscous forces satisfy

|η�υ| = O
(
ηc
υc

l2

)
.

At radian frequency ω, ∣∣∣∣ρ0
∂υ

∂t

∣∣∣∣ = O(ρ0cωcυc).

The wavelength λ = 2πL, leading to

|ρ0(∇ · υ)| = O
(ρ0cυc

L

)
.
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In the situation of greatest interest, the three forces in the Navier–Stokes equation
have the same order of magnitude, and the characteristic values are related by

ρ0cωcυc = O
(pc
L

)
= O

(
ηc
υc

l2

)
(5.71)

This leads to

QL = O(ε−2)

RtL = O(ε−2)

SL = O(1)
(5.72)

The dimensionless quantities satisfy the following equations

ε2η∗�v∗ + ε2(λ∗ + η∗)∇(∇·υ∗)− ∇p∗ = jω∗ρ∗
0υ∗ (5.73)

jω∗ξ ∗ + ρ∗
0∇·υ∗ = 0 (5.74)

υ∗/�∗
s = 0 (5.75)

In Equation (5.66) the relative variations of pressure, temperature, and density, are of
the same order of magnitude

O

(
ξ

ρ0

)
= O

(
τ

T0

)
= O

(
p

P0

)
(5.76)

leading to

O(ρ0cpτ) = O(p) (5.77)

In Equation (5.65) the only dimensionless number which must be estimated is

NL = |jωρ0cpτ |
|κ�τ | = ωρ0cpτcL

2

κτc
(5.78)

The thermal skin depth given by Equation (4.59) is of the same order of magnitude
as the viscous skin depth, and is of the same order of magnitude as the pore size, leading
to κ

ωρ0cp
= O(l2), and to

NL = O(ε−2) (5.79)

The dimensionless quantities satisfy the following equations

ε2(κ∗�τ ∗) = jω∗(ρ∗
0c

∗
pτ

∗ − p∗) (5.80)

p∗ = P ∗
0

(
ξ ∗

ρ∗
0

+ τ ∗

T ∗
0

)
(5.81)

τ ∗/�∗
s = 0 (5.82)
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The dimensionless acoustical pressure p∗, velocity v∗, the acoustic air density ξ ∗, and
the other space-dependent quantities involved are expressed in the form of asymptotic
expansions in powers of ε

p∗(x , y) = p(0)(x , y)+ εp(1)(x , y)+ ε2p(2)(x , y)+ . . . (5.83)

υ∗(x , y) = υ(0)(x , y)+ ευ(1)(x , y)+ ε2υ(2)(x , y)+ . . . (5.84)

ξ ∗(x , y) = ξ (0)(x , y)+ εξ (1)(x , y)+ ε2ξ (2)(x , y)+ . . . (5.85)

The superscript i in pi , υi , and ξ i denote the different terms in the developments, not
powers. The different pi , υi , and ξ i are periodic with respect to y with the same periodic-
ity as the microstructure. The gradient operator and the divergence are also dimensionless
and are given by

∇ = ∇x + ε−1∇y (5.86)

� = �x + 2ε−1∇x∇y + ε−2�y (5.87)

Equation (5.73) gives, at the order O(ε−1)

∇yp(0) = 0, (5.88)

And, at the order O(ε0)

η∗�yυ(0) + (λ∗ + η∗)∇y(∇y · υ(0))− ∇yp(1) − ∇xp(0) = jω∗ρ∗
0υ(0) (5.89)

Equation (5.74) gives, at the order O(ε−1)

�y.υ
(0) = 0 (5.90)

And, at the order O(ε0)

jω∗ξ (0) + ρ∗
0∇x · υ(0) + ρ∗

0∇y · υ(1) = 0 (5.91)

Equation (5.75) gives the relations

υ(0)/ �∗
s = υ(1)/ �∗

s = · · · = 0 (5.92)

At the order O(ε0), Equation (5.80) gives

κ∗�yτ (0) − jω∗ρ∗
0c

∗
pτ
(0) = −jω∗p(0) (5.93)

At the order O(ε0), Equation (5.81) gives

p(0)

P ∗
0

= ξ (0)

ρ∗
0

+ τ (0)

T ∗
0

(5.94)

At zeroth order the pressure does not depend on the microscopic space variable and
the saturating air is not compressible at the scale of the pore. The method confirms
the validity of the description of sound propagation in cylindrical pores in Chapter 4,
because the period is arbitrary in the direction X3 of the pores and at the microscopic
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scale p(1) and the other physical quantities in Equations (5.89) and (5.93) do not depend
on X3 (Auriault 1986). Therefore Equations (5.89) and (5.94) will provide, under the
long-wavelength condition, a description of sound propagation in cylindrical pores similar
to the one given in Chapter 4.

Moreover the justification of the semi-phenomological macroscopic description of the
dynamic flow of a viscous fluid in a porous medium with a viscous permeability tensor
q∗

ij which reduces to a dimensionless viscous permeability q∗ for isotropic media has
been obtained from Equations (5.89)–(5.92) by Levy (1979) and Auriault (1983)

φ〈υ0
i 〉 = −q

∗
ij(ω)

η∗
∂p(0)

∂xj
(5.95)

A return to dimensional quantities is obtained by multiplying the right-hand side of
this equation by l2pc/(Lηcvc) = 1. This leads to the linear relation

φ〈υ i〉 = −qij(ω)

η

∂p

∂Xj

qij = q∗
ij/l

2

(5.96)

where
〈·〉 = 1

|�f |
∫
�f

·d�

(In the main papers concerning homogenization, φ is removed because the velocity
is averaged over the total representative elementary volume). It has been shown by
Sanchez-Palencia (1980) that the tensor qij is symmetrical. Similarly, Auriault (1980) has
shown that Equations (5.92)–(5.93) lead to the following linear relation

φ〈τ 〉� = q ′(ω)
κ
jωp (5.97)

The use of an equivalent fluid at the macroscopic scale is justified, under the
long-wavelength condition, by Equations (5.96)–(5.97). The homogenization method
for periodic structures justifies the use of the semi-phenomenological models where an
equivalent fluid is described from an effective density and a bulk modulus.

5.10 Double porosity media

5.10.1 Definitions

In this section, the basic definitions and some results of the work by Olny and Boutin
(2003) about sound propagation in double porosity media are presented. Detailed calcu-
lations can be found in Olny and Boutin (2003), Olny (1999) and Boutin et al. (1998).
In these media two networks of pores of very different characteristic sizes are intercon-
nected, as for instance in an ordinary porous medium with a microporous frame. The
macroscopic size characteristic of wave propagation is defined by

L = O
(∣∣∣∣ λ2π

∣∣∣∣
)

(5.98)
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lmlp

Ωfp

Ωsp

Ωfm

Ωsm

Mesoscopic
scale

Microscopic
scaleΓsp

Figure 5.10 A double porosity medium on the mesoscopic scale and on the microscopic
scale.

Two characteristic sizes lp, lm are defined for the pore and the micropore structure,
related to two representative elementary volumes, REVp for the pores and REVm for the
micropores (see Figure 5.10).

The subscript p is used for the pores, the subscript m for the micropores and the
subscript dp for the double porosity medium. Two parameters, ε defining the (macro-
scopic/mesoscopic) separation of scale, and ε0 defining the (mesoscopic/microscopic)
separation are given by

ε = lp/L (5.99)

ε0 = lm/ lp (5.100)

The homogenization method for periodic structures can be used under the condition
that these parameters must be much smaller than 1. Two fictive single porosity materials
are introduced, the mesoporous medium defined from the REVp with an impervious
skeleton, and the microporous medium defined from the REVm without pores. Let φp
be the porosity of the mesoporous medium and φm be the porosity of the microporous
medium. The porosity φ of the actual porous medium is φ = φp + (1 − φp)φm.

5.10.2 Orders of magnitude for realistic double porosity media

Macroscopic size for a simple porosity medium

In a first step the Johnson et al. model is used to evaluate an order of magnitude of
the wavelength and of the macroscopic characteristic size of a simple porosity medium.
Two regimes characterize the viscous interaction. At low frequencies the dynamic viscous
permeability is close to the static viscous permeability. The static viscous permeability q0

is linked to the flow resistivity by q0 = η/σ (Equation 5.3), and the order of magnitude
of the flow resistivity is σ = O(η/φl2) where l is the characteristic size of the pores (see
for instance Equation 4.79, σ = 8η/(R2φ)). The order of magnitude of the static viscous
permeability is

q0 = O(φl2) (5.101)

At large ω, the viscous permeability has the following limit

q(∞) = ηφ

jωρ0α∞
(5.102)
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A rough estimate of the transition angular frequency ων between the viscous and the
inertial regimes is obtained when q0 = q(∞) and is given by

ων = O
(

η

l2ρ0α∞

)
(5.103)

The wavelength and the macroscopic size can be evaluated from the wave number k
in both regimes. The complex wave number k = ω(ρ/K)1/2 = ω[ηφ/(jωq(ω)K(ω))]1/2

can be evaluated with the adiabatic bulk modulus, the order of magnitude is not modified
by the factor

√
γ = 1.18. The low frequency estimation of the wave length is given by∣∣∣∣ λ2π

∣∣∣∣ = O
(
l

δν

λ0√
2π

)
(5.104)

where λ0 is the wave number in the free air. Tortuosity is generally close to 1 and the
high-frequency estimation is given by∣∣∣∣ λ2π

∣∣∣∣ = O
(

1

ω

√
γP0

ρ0

)
= O

(
λ0

2π

)
(5.105)

Realistic double porosity medium

Three conditions must be satisfied;

(i) The wavelength is much larger than the mesoscopic size lp in the whole audible
frequency range → lp ≤ 10−2 m.

(ii) The microporous medium must be sufficiently pervious to acoustical waves →
lm ≥ 10−5 m.

(iii) The separation of both smaller scales must be sufficient → lp/ lm>10.

Two different cases are selected, the first with a low contrast between static per-
meabilities lp = 10−3 m, and lm = 10−4 m, the second one with a high contrast, lp =
10−2 m, and lm = 10−5 m. The moduli of the wavelengths λp and λm predicted with
Equations (5.104)–(5.105) are shown in Figure 5.11(a) for the low-contrast medium and
in Figure 5.11(b) for the high-contrast medium.

In Figure 5.11(a) there is a domain for ω>ωνm where the wavelengths are similar in
the porous medium and the microporous medium, and a strong coupling can be supposed
between pores and micropores. In Figure 5.11(b) at ω = ωd the modulus of the complex
wavelength in the micropores is equal to the characteristic size of the pores. There
is a domain for ω>ωd where the wavelength in the micropores is smaller than the
characteristic size of the pores. The regime in the micropores is diffusive, and fast spatial
variation of pressure can occur around the pores in the microporous medium at the scale
of the REVp.

5.10.3 Asymptotic development method for double porosity media

Wave propagation in double porosity media has been described with the homogenization
method for periodic structures (HPS) (Olny and Boutin 2003, Boutin et al. 1998, Auriault
and Boutin 1994). The porous medium presents a double periodicity at the mesoscopic
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Figure 5.11 Asymptotic modulus of the wavelength in the pores (thick line) and in the
micropores (broken line) compared to the wavelength in the free air: (a) low contrast,
(b) high contrast (Olny and Boutin 2003). Reprinted with permission from Olny, X., &
Boutin, C. Acoustic wave propagation in double porosity media. J. Acoust. Soc. Amer.
114, 73–89. Copyright 2003, Acoustical Society of America.

and the microscopic scale. Three dimensionless space variables describe at each scale the
pressure and the velocity fields. Let X be the ordinary space variable. The macroscopic
space variable x is defined by x = X/L, the mesoscopic space variable y and the micro-
scopic space variable z are defined by y = X/lp and z = X/lm. The first separation of
scales is defined by ε = lp/L, the second separation of scales is defined by ε0 = lm/ lp.
The parameters ε and ε0 must satisfy the relations ε 
 1 and ε0 
 1. The acoustic pres-
sure and velocity are described with (x, y, z , ω) in the micropores, and with (x, y , ω) in
the pores except in a thin layer at the interface (�sp) with the micropores. In Section 5.7,
the porous material as a whole is replaced by an equivalent fluid of bulk modulus K ′
and density ρ ′ which occupies the full volume of the layer. This formalism is used in
the next subsections because its use is easier when two different porosities are present
than the initial model, where an equivalent free fluid replaces the air in the pores. Some
results are summarized in what follows.

5.10.4 Low permeability contrast

For the selected example, estimating L from Equation (5.98) for ω = O(ωνm) yields
ε = O(ε2

0). The pressure in the micropores only varies at the macroscopic scale. In
a REVp at first order, the pressure denoted as p0

dp(x), is uniform. At the macroscopic
level, the macroscopic flow law is similar to the macroscopic flow law given by Equation
(5.1) in a simple porosity medium

φ〈υ0
dp〉 = −q

∗
dp(ω)

η∗ ∇xpOdp

〈.〉 = 1

|�∗
fmU�∗

fp|
∫

�∗
fmU�∗

fp

.d�
(5.106)
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A calculation of qdp is performed in Olny and Boutin (2003) for a microporous
medium drilled with parallel circular cylindrical pores. The calculation is restricted to the
direction of the pores. The semi-phenomenological models cannot be used. For ω < ωνp
the velocity in the pores is much larger than in the micropores and the contribution of
the micropores to the flow can be neglected. From Equations (5.2) and (5.43) the density
of the fluid which replaces the porous medium is given, on the macroscopic scale by

ρ ′
dp(ω) = η

jωqdp(ω)
(5.107)

The bulk modulus defined by Equation (5.44) is given by

K ′
dp(ω) =

(
1

K ′
p(ω)

+ (1 − φp) 1

K ′
m(ω)

)−1

(5.108)

The volume of air in the pores is φp per unit volume of material and is (1 − φp)φm
in the micropores. The bulk modulus of air in the pores is φpK ′

p(ω) and φmK ′
m(ω) in

the micropores and
1

K ′
dp(ω)

= φp

φpK ′
p(ω)

+ (1 − φp)φm
φmK ′

m(ω)
.

5.10.5 High permeability contrast

For the selected medium, considering that ω = O(ωd) yields ε0 = O(ε3). As in the case
of low-contrast media at ω < ωνm the flow in the micropores is mainly viscous, and the
bulk modulus is isothermal. The viscous permeability is given by

qdp(ω) = (1 − φp)qm(ω)+ qp(ω) (5.109)

At first-order development the pressure p0
p in the pores only varies on the macroscopic

scale. The main difference with the low-contrast media concerns the first-order pressure
p0
m in the micropores which can vary as a function of the mesoscopic scale variable y ,

due to the poor transmission of the acoustic field in the micropores. The pressure satisfies
a diffusion equation in the micropore domain �sp (see Equation 91 in Olny and Boutin
2003). As indicated in Boutin et al. (1998) the description of the pressure field in the
microporous domain �sp around the pores in the double porosity medium is similar to
the description of the temperature field in the fluid around the pores in a simple porosity
medium. The temperature is equal to 0 at the surface of the pores in contact with air, and
the pressure is equal to the pore pressurepp at the surface of the pores in contact with
the microporous medium. The thermal skin depth is δ′ = (2ν′/ω)1/2 and the skin depth
for the pressure is given by (see Equation 91 in Olny and Boutin 2003)

δd =
(

2P0q0m

φmηω

)1/2

(5.110)

In Olny and Boutin (2003) the factor 2 on the right-hand side is removed due to
the different definition of the skin depth. In order to generalize the use of the simplified
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Lafarge model to pressure diffusion, in a first step, the dynamic thermal permeability
with α′ given by Equation (5.35) can be rewritten

q ′(ω) = q ′
0

[
jω

ωt
+

(
1 + j Mt

2
ω/ωt

)1/2
]

(5.111)

Mt = 8q ′
0

�′2φ
(5.112)

ωt = ωφδ′2

2q ′
0

(5.113)

A function D(ω), similar to q ′(ω), can be defined for the acoustic pressure by

D(ω) = D(0)
(
jω

ωd
+

(
1 + j Md

2
ω/ωd

)1/2
)

(5.114)

Md = 8D(0)

�2
d(1 − φp)

(5.115)

ωd = (1 − φp)P0q0m

φmηD(0)
(5.116)

The parameters D(0) and �d are geometrical factors which are defined similar to
q ′

0 and �′. The contact surface �sp is the same for both problems, but for the thermal
conduction problem the volume is the volume of the pores �fp and for the pressure
diffusion it is the volume �sp out of the pores. Therefore

�d = 2
�sp

�sp
= (1 − φp)

φp
�′
p (5.117)

where �′
p = 2�fp/�sp is the thermal characteristic length of the pore network.

In a second step, the relation 〈τ 〉 = q ′(ω)jωp/(φκ) which relates the average tem-
perature to the pressure for a simple porosity medium is reinterpreted. The temperature
field τ can be considered as the sum of two fields τ1 and τ 2, τ1 = ν′p/κ is the spatially
constant field created for a specific mass capacity of the frame equal to 0 and a temper-
ature of the boundary equal to τ 1. In order to satisfy the boundary condition τ = 0 on
� the second field τ 2 is the diffused temperature field related to the boundary condition
τ = −ν′p/κ on �. The average temperature τ2 is given by

〈τ2〉 = 〈τ 〉 − 〈τ1〉
=

(
1 − q ′(ω)jω

q ′
0ωt

) (
−ν

′p
κ

)
=

(
1 − q ′(ω)jω

q ′
0ωt

)
(−τ1)

(5.118)

This expression can be transposed to express the average diffused pressure field in
the air in the microporous medium �sp

〈pm〉 =
(

1 − j ω
ωd

D(ω)

D(0)

)
pp (5.119)
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Let F be the parameter defined by

F = 1 − j ω
ωd

D(ω)

D(0)
(5.120)

At low frequencies the diffusion skin depth is large around the pores in the microp-
orous medium and F is close to 1. At high frequencies, the diffusion skin depth decreases
and F tends to 0. At the macroscopic scale the bulk modulus of the fluid equivalent to
the porous medium is given by

Kdp
′(ω) =

(
1

K ′
p(ω)

+ (1 − φp)φmF(ω)
P0

)−1

(5.121)

Illustration in the case of a slit material (from Olny and Boutin 2003)

The microporous panels of thickness 2b are separated with air-gaps of thickness 2a
(see Figure 5.12). The mesoporosity φp = a/(a + b). The viscous permeability q of a
slit material of porosity φ, with slits of thickness 2a is obtained with Equations (4.27)
and (5.2)

q(ω) = −jφ δ√
2

(
1 − tanh j 1/2(a

√
2/δ)2

j 1/2(a
√

2/δ)2

)
(5.122)

where δ = (2η/(ωρ0))
1/2 (see Equation 4.58) is the viscous skin depth. The thermal

permeability has the same form, except that the viscous skin depth must be replaced by
the thermal skin depth δ′ = δ/B,B being the square root of the Prandtl number. The

0

1

2

3

40

Microporous
domain

Pore

x3, p

x2

2b2a

p 0
p

p0
m

1

Figure 5.12 The slit medium and the pressure field in the microporous domain:(0)
b/δd = 0.1, (1)b/δd = 1, (2)b/δd = 2, (3)b/δd = 5, (4)b/δd = 100 (Olny and Boutin
2003). Reprinted with permission from Olny, X., & Boutin, C. Acoustic wave prop-
agation in double porosity media. J. Acoust. Soc. Amer. 114, 73–89. Copyright 2003,
Acoustical Society of America.
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volume where diffusion occurs is the microporous medium and φ must be replaced by
1 − φp. The skin depth is δd and D(ω) is given by

D(ω) = −j (1 − φp) δd√
2

(
1 − tanh j 1/2(b

√
2/δd)2

j 1/2(b
√

2/δd)2

)
(5.123)

The semi-phenomenological model could be used with D(0) = (1 − φp)b2/3 and �d =
2b. The pressure field in the microporous domain is represented in Figure 5.12. When
the diffusion skin depth is much smaller than b, the pressure is negligible compared
with p0

p except in a small volume close to the pores. Volume variations are restricted
because the pressure is not transmitted in the whole volume of the microporous medium.
Large variations of the macroscopic bulk modulus are created by the variations of F .
Moreover, in the transition range where F varies rapidly from 1 to 0, the loss angle
of the macroscopic bulk modulus can be larger than for a single porosity medium (see
Figure 9 in Olny and Boutin 2003). The semi-phenomenological models for the thermal
exchanges and the bulk modulus described in Sections 5.1–5.5 are not valid for double
porosity media with a high permeability contrast.

5.10.6 Practical considerations

Double porosity materials may exist either in a natural state (fractured material with
a porous frame) or result from a manufacturing process (recycled materials, perfo-
rated porous materials). In particular, Olny (1999) and Olny and Boutin (2003) showed
both theoretically and experimentally that the absorption coefficient of highly resistive
porous materials could be significantly increased in a wide frequency band by perform-
ing properly designed mesoperforations in the materials. Atalla et al. (2001) presented a
finite-element-based numerical model accounting naturally for the assembling of air cavi-
ties and multiple porous materials, thereby alleviating the limitations of Olny’s HSP-based
model and extended his model to three-dimensional configurations. In particular, they
confirmed Olny’s results and showed the influence of several design parameters (size of
holes, meso-perforation rate and distribution of holes) on the absorption coefficient. An
example illustrating the increased absorption of properly selected double porous materials
is given in Section 13.9.5 with a comparison between the analytical and the numerical
models.

The review by Sgard et al. (2005) gives practical design rules to develop optimized
noise control solutions based on the concept of perforating a properly selected porous
material. The acoustic behaviour of these perforated materials is governed by three impor-
tant parameters: the size of the perforation, the mesoporosity and a shape factor which
depends on the perforation shape and on the mesopores distribution. The enhancement of
the absorption coefficient is intimately linked to the position of the viscous characteristic
frequency of the microporous domain ωvm and the diffusion frequency defined in Equation
(5.116): ωd = (1 − φp)P0q0m

/
(φmηD(0)). Two conditions are necessary for this poten-

tial enhancement. The first condition is that the flow in the microporous domain be viscous
that is: ω 
 ωvm where ωvm = ηφm

/
(ρ0α∞mqom). The second condition imposes that the

diffusion frequency ωd be much smaller than the viscous characteristic frequency of the
microporous domain ωvm, that is: ωd 
 ωvm. This condition means that the wavelength
in the microporous domain is of the same order as the size of the pore, so that pressure

Page 118 of 374



APPENDIX 5.A SIMPLIFIED CALCULATION OF THE TORTUOSITY 103

Lc

R

Lc

Figure 5.13 Cell geometry for a circular cross–section.

in the microporous part varies on the mesoscale. Combining these two conditions Sgard
et al. (2005) propose the following design criterion for perforated materials:

P0ρ0
(1 − φp)
D(0)

α∞mq2
0m

φ2
mη

2

 1 (5.124)

This criterion shows that the design parameters consist of the resistivity
(σm = η/q0m), porosity and tortuosity of the microporous medium, and a geometrical
parameter, (1 − φp)

/
D(0), defined from the mesoscopic structure. Both porosity and

resistivity of the substrate should be as large as possible while tortuosity as low as
possible. The mesostructure parameter, (1 − φp)

/
D(0), has to be evaluated for the

specific geometry and should also be as small as possible. For example, in the case of
circular perforations D(0) is given by (Tarnow 1996)

D(0) = L2
c

4π

(
ln

(
1

φp

)
− 3

2
+ 2φp − φ2

p

2

)
(5.125)

with φp = πR2
/
L2
c and Lc is the size of the cell (see Figure 5.13). In consequence, a low

φp with a large hole diameter must be chosen. Moreover, since the increase of absorption
occurs around ωd with a bandwidth depending on the design parameters, a small value of
ωd is needed to increase absorption at low frequencies, meaning again that a very porous,
highly resistive, weakly tortuous substrate material should be selected. These conclusions
are confirmed by a numerical parameter study in the case of straight holes with constant
cross-section along the thickness and experimental work (Atalla et al. 2001, Sgard et al.
2005). Results show that significant enhancements of the absorption properties can be
obtained over a selected frequency band by adjusting the mesopore profile. Moreover,
interesting absorbing properties can be obtained when coating a double porosity medium
with an impervious screen.

Appendix 5.A: Simplified calculation of the tortuosity for a
porous material having pores made up of an alternating
sequence of cylinders
The cylinders are represented in Figure 5.A.1. Let υ1 be the velocity in the cylinders of
section S1 and length l1, and υ2 the velocity in the cylinders of section S2 and length l2.
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l2

r1
r2

l1

Figure 5.A.1 A pore made up of an alternating sequence of cylinders.

The velocities are supposed to be constant in each cylinder. Then, υ1 and υ2 are
related by

υ1

υ2
= S2

S1
(5.A.1)

If the fluid is nonviscous, the Newton equations in the cylinders are

−∂p1

∂x
= jωρ0υ1 (5.A.2)

−∂p2

∂x
= jωρ0υ2 (5.A.3)

where p1 and p2 are the pressures in cylinders 1 and 2 and ρ0 is the density of the fluid.
The macroscopic pressure derivative ∂p/∂x and the macroscopic velocity υ are

∂p

∂x
= ∂p1

∂x

l1

l1 + l2 + ∂p2

∂x

l2

l1 + l2 (5.A.4)

υ = l1S1υ1

l1S1 + l2S2
+ l2S2υ2

l1S1 + l2S2
(5.A.5)

The quantities υ and ∂p/∂x are linked by the following equation:

−∂p
∂x

= α∞ρ0jωυ (5.A.6)

where α∞ is given by

α∞ = [l1S1 + l2S2][l2S1 + l1S2]

(l1 + l2)2S1S2
(5.A.7)

Appendix 5.B: Calculation of the characteristic length �′

In a porous medium, the temperature at high frequencies is constant over the cross-section,
except for a small region close to the frame–air boundary. The boundary between the
frame and the air in a porous material is represented in Figure. 5.B.1.
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FRAME

β
β+dβ

AIR

Figure 5.B.1 The frame–air boundary in a porous material.

At high frequencies, the spatial dependence of temperature close to the surface of the
pore is the same as if the surface were an infinite plane. Equation (4.33) can be rewritten

∂2τ

∂β2
− j ω

′ρoτ
η

= −j ω
′v′ρop
κη

(5.B.1)

The solution which vanishes at β = 0 is

τ = v′p
κ
(1 − exp(−jβgB)) (5.B.2)

where g is given by

g = 1 − j
δ

(5.B.3)

In a volume of homogenization V, 〈τ 〉 is given by

〈τ 〉 =
∫
τ dV∫
dV

= v′p
κ

[
1 − 1

V

∫
V

exp(−jβgB) dV

]
(5.B.4)

Very close to the frame–air boundary, the volume dV of air related to dβ is equal
to A dβ, A being the area of the frame that is in contact with the air in the volume V
of porous material. The quantity exp(−jβgB) decreases very quickly when the distance
β from M to the surface increases, and the integral in the right-hand side of Equation
(5.B.4) is rewritten in Champoux and Allard (1991)∫

v

exp(−jβgB)A dβ = A

jBg
= Aδ(1 − j)

2B
(5.B.5)

and <τ> is given by

〈τ 〉 = v′p
κ

(
1 − (1 − j) δ

B�′

)
(5.B.6)

where 2/�′ = A/V.
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The acoustic density 〈ξ 〉 defined by Equation (4.40) is

〈ξ 〉 = ρo

Po
p − ρo

To

v′p
κ

[
1 − (1 − j)δ

�′B

]
(5.B.7)

and by the use of Equation (4.39), the bulk modulus of air in the material can be written

K = ρop

〈ξ 〉 = γPo

γ − (γ − 1)
[
1 − (1 − j) δ

�′B
] (5.B.8)

Appendix 5.C: Calculation of the characteristic length � for
a cylinder perpendicular to the direction of propagation
The cylinder in the acoustic field is represented in Figure 5.C.1. The fluid is nonviscous,
and the velocity field can be calculated with the aid of the conformal representation
(Joos 1950).

The displacement potential is equal to

ϕ = v0

jω
x3

(
1 + R2

x2
1 + x2

3

)
(5.C.1)

υo being the modulus of the velocity far from the cylinder. The two components of the
velocity are

υ3 = ∂ϕ

∂x3
= υo

(
1 + R2

x2
1 + x2

3

− 2R2x2
3

(x2
1 + x2

3 )
2

)
(5.C.2)

υ1 = ∂ϕ

∂x1
= −2υox1x3

R2

(x2
1 + x2

3 )
2

(5.C.3)

The squared velocity υ2 at the surface of the cylinder is

υ2 =
[

4 − 4x2
3

R2

]
·υ2
o (5.C.4)

θ

u0

x3

C

x1

Figure 5.C.1 A cylinder having a circular cross-section is placed in a velocity field
such that the velocity far from the cylinder is perpendicular to the cylinder.

Page 122 of 374



REFERENCES 107

The squared-velocity-pondered length of the circle C in Figure 5.C.1 is∫ 2π

0
υ2(θ)R dθ = 4πυ2

oR (5.C.5)

If the porosity is close to 1, � is given by

� = 2υ2
o

4πυ2
oRL

= 1

2πLR
(5.C.6)

where L is the total length of the cylinder per unit volume of fibrous material.
The perturbation in the velocity field created by one fibre decreases as R2/D2, where

D is the distance from the axis of the fibre. The order of magnitude of the distance
between the closest fibres is 10 times, or more, as large as R for the usual glass wools
and rock wools, and the interaction between the different fibres can be neglected.

The radius R expressed in metres can be obtained from the empirical expression in
Bies an Hansen (1980)

σR2ρ−1.53
1 = 0.79 × 10−9 (5.C.7)

where σ is the flow resistivity expressed in N m−4 s and ρ1 the density expressed in
kg/m3.
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un fluide viscothermique: Définition de paramètres géométriques, analogie electromagnétique,
temps de relaxation. Ph. D. Thesis, Université du Maine, Le Mans, France.
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6

Biot theory of sound propagation
in porous materials having an
elastic frame

6.1 Introduction

For many materials having an elastic frame and set on a rigid floor, as shown in
Figure 6.1(a), the frame can be almost motionless for large ranges of acoustical frequen-
cies, thus allowing the use of models worked out for rigid framed materials. Nevertheless,
this is not generally true for the entire range of acoustical frequencies. Moreover, for the
material set between two elastic plates represented in Figure 6.1(b), and for many other
similar situations, frame vibration is induced by the vibrations of the plates.

The transmission of sound through such a sandwich can be predicted only in the
context of a model where the air and the frame move simultaneously. Such a model is
provided by the Biot theory (Biot 1956) of sound propagation in elastic porous media.
Only the case of isotropic porous structures is considered in this chapter. In the context
of the Biot theory, the deformations of the structure related to wave propagation are
supposed to be similar to those in an elastic solid, i.e. in a representative elementary
volume there is no dispersion of the velocity in the solid part, in contrast to the velocity
in air. This leads to a description of the air–frame interaction very similar to that used
for rigid structures in Chapter 5.

6.2 Stress and strain in porous materials

6.2.1 Stress

In an elastic solid, or in a fluid, stresses are defined as being tangential and normal
forces per unit area of material. The same definition will be used for porous materials,

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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(a) (b)

Figure 6.1 (a) Material set on a rigid floor; (b) material set between two elastic plates.

and stresses are defined as forces acting on the frame or the air per unit area of porous
material. As a consequence, the stress tensor components for air are

σ
f

ij = −φpδij (6.1)

p being the pressure and φ the porosity.
The stress tensor σ s at a point M for the frame is an average of the different local

tensors in the frame in the neighbourhood of M .

6.2.2 Stress–strain relations in the Biot theory: The potential
coupling term

The displacement vectors for the frame will be denoted by us. The macroscopic average
dispacement of air will be denoted by u f, while the corresponding strain tensors have
elements represented by esij and efij .

Biot developed an elegant Lagrangian model where the stress–strain relations are
derived from a potential energy of deformation. A detailed description of the model is
given by Johnson (1986). It has been shown by Pride and Berryman (1998) that, as for
the description of the fluid-rigid frame interaction in Chapter 5, the validity of the Biot
stress–strain relations is restricted to the case where the wavelengths are much larger
than the dimensions of the volume of homogenization. The stress–strain relations in the
Biot theory are

σ sij = [(P − 2N)θs +Qθf ]δij + 2Nesij (6.2)

σ
f

ij = (−φp)δij = (Qθs + Rθf )δij (6.3)

In these equations, θ s and θf are the dilatations of the frame and of the air,
respectively. If Q = 0, Equation (6.2) is identical to Equation (1.78) and becomes the
stress–strain relation in elastic solids. Equation (6.3) becomes the stress–strain relation
in elastic fluids. The coefficient Q is a potential coupling coefficient. The two terms
Qθf and Qθs give the contributions of the air dilatation to the stress in the frame, and
of the frame dilatation to the pressure variation in the air in the porous material. The
same coefficient Q appears in both Equations (6.2) and (6.3), because Qθs and Qθf

are obtained by the derivation of a potential energy of interaction per unit volume of
material EPI, which must be given in the context of a linear model by

EPI = Q(∇·us)(∇·u f) (6.4)
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where ∇·u denotes the divergence of u

∇·u = ∂u1

∂x1
+ ∂u2

∂x2
+ ∂u3

∂x3
(6.5)

The ‘gedanken experiments’ suggested by Biot provide an evaluation of the elasticity
coefficients P , N , Q and R. These experiments are static, but they give a description
which remains valid for wavelengths large compared with the characteristic dimension
of the representative elementary volume. There are three gedanken experiments which
are described in Biot and Willis (1957).

First, the material is subjected to a pure shear (θs = θf = 0). We then have

σ sij = 2Nesij and σ
f

ij = 0 (6.6)

It is clear that N is the shear modulus of the material, and consequently the shear
modulus of the frame, since the air does not contribute to the shear restoring force.

In the second experiment, the material is surrounded by a flexible jacket that is
subjected to a hydrostatic pressure p1. As shown in Figure 6.2, the pressure of the air
inside the jacket remains constant and equal to po.

This experiment provides a definition for the bulk modulus Kb of the frame at constant
pressure in air

Kb = −p1/θ
s
1 (6.7)

θs1 being the dilatation of the frame, and σ s11, σ s22, σ s33 being equal to −p1. For the case
of the materials studied in this book, Kb is the bulk modulus of the frame in vacuum.
Equations (6.2) and (6.3) can be rewritten

−p1 = (P − 4
3N)θ

s
1 +Qθf1 (6.8)

0 = Qθs1 + Rθf1 (6.9)

In these equations, θf1 is the dilatation of the air in the material, and is generally
unknown a priori . This dilatation is due to the variation in the porosity of the frame,
which is not directly predictable, the microscopic field of stresses in the frame for this
experiment being very complicated.

p1

P0

Figure 6.2 The frame of the jacketed material is subjected to a hydrostatic pressure p1

while the pressure in the air in the jacket is equal to po.
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Figure 6.3 A nonjacketed material subjected to an increase of pressure.

In the third experiment, represented in Figure 6.3, the material is nonjacketed, and is
subjected to an increase of pressure p1 in air. This variation in pressure is transmitted to
the frame, and the components of the stress tensor for the frame become

τ sij = −pf (1 − φ)δij (6.10)

Equations (6.2) and (6.3) can be rewritten

−pf (1 − φ) = (P − 4
3N)θ

s
2 +Qθf2 (6.11)

−φpf = Qθs2 + Rθf2 (6.12)

In these equations, θs2 and θf2 are the dilatations of the frame and the air, respectively.
The quantity −pf /θs2 , which will be denoted by Ks , is the bulk modulus of the elastic
solid from which the frame is made

Ks = −pf /θs2 (6.13)

In this last experiment there is no variation of the porosity, the deformation of the
frame is the same as if the material were not porous, and can be associated with a simple
change of scale.

The quantity −pf /θs2 is the bulk modulus Kf of the air

Kf = −pf /θf2 (6.14)

From Equations (6.7)–(6.14), a system of three equations containing the three
unknown parameters P , Q and R can be written

Q/Ks + R/Kf = φ (6.15)

(P − 4
3N)/Ks +Q/Kf = 1 − φ (6.16)[

(P − 4
3N)−

Q2

R

]/
Kb = 1 (6.17)

The elastic coefficients P , Q and R, calculated by using Equations (6.15)–(6.17) are
given by

P =
(1 − φ)

[
1 − φ − Kb

Ks

]
Ks + φ Ks

Kf
Kb

1 − φ −Kb/Ks + φKs/Kf + 4

3
N (6.18)

Q = [1 − φ −Kb/Ks]φKs
1 − φ −Kb/Ks + φKs/Kf (6.19)
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R = φ2Ks

1 − φ −Kb/Ks + φKs/Kf (6.20)

Equations (6.2)–(6.3) were replaced by Biot in a latter work (Biot 1962) by equivalent
stress–strain relations involving new definitions of stresses and strains. This second rep-
resentation of the Biot theory is given in Appendix 6.A and is used in Chapter 10 for
transversally isotropic media.

6.2.3 A simple example

Let us consider a glass wool. The glass is very stiff, compared to the glass wool itself. In
a first approximation, the volume of glass can be assumed to be constant in the second
gedanken experiment, represented in Figure 6.4. The material the frame is made of is
not compressible. This property remains valid for most of the frames of sound absorbing
porous media. A unit volume of material contains a volume (1 − φ) of frame at p1 = 0.
The same volume of frame, at p1 different from zero, is in a volume of porous material
equal to 1 + θs1 . The porosity φ′ is given by

1 − φ = (1 − φ′)(1 + θs1) (6.21)

The dilatation of the air in the material is due to the variation of porosity, and θf1 is
given by

φ′(1 + θf1 ) = φ (6.22)

For this material, the description of the second ‘gedanken experiment’ is simpler than
in the general case. By using Equations (6.21) and (6.22), the following relation relating
θ
f

1 to θs1 can be obtained in the case of small dilatations

θ
f

1 = (1 − φ)
φ

θs1 (6.23)

Equations (6.8) and (6.9) can be rewritten[
(P − 4

3N)−Q
(1 − φ)
φ

] /
Kb = 1 (6.24)

Q = R(1 − φ)/φ (6.25)

Figure 6.4 The second ‘gedanken experiment’ with a glass wool. The fibres are dis-
placed, but the volume of glass is constant.
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Figure 6.5 The third ‘gedanken experiment’ with a glass wool. Due to the stiffness of
the glass, the frame is not affected by the increase of pressure.

The third ‘gedanken experiment’ is represented in Figure 6.5. Due to the stiffness
of the glass, at a first approximation, one assumes that the frame is not affected by the
increase of pressure.

Equation (6.12) can be rewritten

R = φKf (6.26)

By using Equations (6.24)–(6.26), Q and P can be written

Q = Kf (1 − φ) (6.27)

P = 4
3N +Kb + (1 − φ)2

φ
Kf (6.28)

These expressions for P , Q and R can be obtained directly from Equations
(6.18)–(6.20) for Ks infinite (the material the frame is made of is not compressible),
and can be used for most of the sound-absorbing porous materials. It may be pointed
out that the description of the third ‘gedanken experiment’ is valid only under the
hypothesis that the frame is homogeneous. A more complicated formulation has been
developed by Brown and Korringa (1975) and Korringa (1981) for the case of a frame
made from different elastic materials.

6.2.4 Determination of P , Q and R

The complex dynamic coefficients of elasticity must be used at acoustical frequencies.
The rigidity of an isotropic elastic solid is commonly characterized by a shear modulus
and a Poisson coefficient. The bulk modulus Kb in Equation (6.28) can be evaluated by
the following equation:

Kb = 2N(ν + 1)

3(1 − 2ν)
(6.29)

ν being the Poisson coefficient of the frame. We have used N and ν instead of N
and Kb to specify the dynamic rigidity of the frame. For the case of porous materials
saturated with air, it is necessary to insert the frequency-dependent parameter Kf defined
previously (denoted by K in Chapters 4 and 5), in order to obtain from the Biot theory
a correct model of sound propagation similar to the model developed in Chapter 5 for
materials having a rigid frame. The bulk modulus Kf can be obtained from Equations
(5.34), and (5.35) or (5.38).
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6.2.5 Comparison with previous models of sound propagation in
porous sound-absorbing materials

It has been shown by Depollier et al. (1988) that, in the simple monodirectional case,
the stress–strain equations (6.2) and (6.3), used with the simplified evaluation at P , Q
and R by Equations (6.26)–(6.28), are very similar to the stress–strain equations from
Beranek (1947) and Lambert (1983), but are not compatible with the equation proposed
by Zwikker and Kosten (1949), (Equation 3.05 in Zwikker and Kosten 1949 is incorrect,
due to a term Po which must be removed.)

6.3 Inertial forces in the Biot theory

Biot introduced an inertial interaction between the frame and the fluid, which is not related
to the viscosity of the fluid, but to the inertial forces. The porous frame is saturated by
an nonviscous fluid. Denoting the velocity in the medium by u̇ and the density by ρ0,
the components of the inertial force per unit volume can be written as

Fi = ∂

∂t

∂Ec

∂ u̇i
i = 1, 2, 3 (6.30)

For the case of a porous material, similar expressions can be used to calculate the
inertial forces, but the kinetic energy is not obtained with the summation of the two terms

1
2ρ1

∣∣u̇s
∣∣2 + 1

2φρo
∣∣u̇ f

∣∣2
(6.31)

where ρ0 is the density of air. This is because the velocity u̇ f is not the true velocity of
the air in the material, but is a macroscopic velocity. In the context of a linear model,
the kinetic energy has been given by Biot:

Ec = 1
2ρ11

∣∣u̇s
∣∣2 + ρ12u̇s · u̇ f + 1

2ρ22
∣∣u̇ f

∣∣2
(6.32)

ρ11, ρ12 and ρ22 being parameters depending on the nature and the geometry of the
porous medium and the density of the fluid. This expression presents the invariance of
the kinetic energy, and, by using a Lagrangian formulation, leads to inertial forces that
do not contain derivatives higher than second order in t . The components of the inertial
forces acting on the frame and on the air are, respectively

qsi = ∂

∂t

∂Ec

∂u̇si
= ρ11ü

s
i + ρ12ü

f

i i = 1, 2, 3 (6.33)

q
f

i = ∂

∂t

∂Ec

∂u̇
f

i

= ρ12ü
s
i + ρ22ü

f

i i = 1, 2, 3 (6.34)

An inertial interaction exists between the frame and the air that creates an inertial
force on one element due to the acceleration of the other element. This interaction can
appear in the absence of viscosity. It has been described by Landau and Lifschitz (1959)
for the case of a sphere moving in a fluid. The interaction creates an apparent increase
in the mass of the sphere. The coefficients ρ11, ρ12 and ρ22 are related to the geometry
of the frame, and do not depend on the frequency. The following ‘gedanken experiment’
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in Biot (1956) supplies relations between ρo, ρ1, and these coefficients. If the frame and
the air move together at the same velocity,

u̇s = u̇ f (6.35)

there is no interaction between the frame and the air, and the macroscopic velocity u̇f

is identical to the microscopic velocity. The porous material moves as a whole, and the
kinetic energy is given by

Ec = 1
2 (ρ1 + φρo)|u̇s|2 (6.36)

A comparison of Equations (6.36) and (6.32) yields

ρ11 + 2ρ12 + ρ22 = ρ1 + φρo (6.37)

The components qfi of the inertial force per unit volume of material are given by

q
f

i = φρo
∂2u

f

i

∂t2
(6.38)

the microscopic velocity of the air being u̇ f. A comparison of Equations (6.38) and (6.34)
yields

φρo = ρ22 + ρ12 (6.39)

and thus ρ1 is given by

ρ1 = ρ11 + ρ12 (6.40)

This description can be related to the case of materials having a rigid frame. If the
frame does not move, Equation (6.34) becomes

q f = ρ22ü f (6.41)

with

ρ22 = φρo − ρ12 (6.42)

The quantity q f is the inertial force acting on a mass φρ0 of nonviscous fluid, the
comparison of Equations (6.41) and (5.19), or of Equations (6.32) and (5.22), yields

ρ22ü f = α∞φρoü f (6.43)

From Equations (6.42) and (6.43), the quantity ρ12 can be rewritten

ρ12 = −φρo(α∞ − 1) (6.44)

This quantity is the opposite of the inertial coupling term ρa previously defined by
Equation (4.146)

−ρ12 = ρa (6.45)
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6.4 Wave equations

The equations of motion (1.44) in an elastic solid without external forces are

ρ
∂2usi

∂t2
= (λ+ µ)∂θ

s

∂xi
+ µ∇2usi i = 1, 2, 3 (6.46)

Using Equation (1.76), these equations can be rewritten

ρ
∂2usi

∂t2
= (Kc − µ)∂θ

s

∂xi
+ µ∇2usi (6.47)

The equations of motion of the frame can be obtained by modifying Equation (6.47)
in the following way: by comparing Equations (6.2) and (1.21), where λ = Kc − 2µ, it
appears that an extra term Q(∂θf /∂xi) must be placed on the right-hand side of Equation
(6.47), and Kc − 2µ and µ must be replaced by P and N , respectively. For an nonviscous
fluid the inertial force at the left-hand side of Equation (6.47) is given by Equation (6.33),
where ρ11 is equal to ρ1 + ρa

ρ
∂2usi

∂t2
→ (ρ1 + ρa)

∂2usi

∂t2
− ρa

∂2u
f

i

∂t2
i = 1, 2, 3 (6.48)

with ρa = φρ0(α∞ − 1). For a viscous fluid, in the frequency domain, α∞ in ρa is
replaced by α∞ + νφ

jωq0
G(ω) (see Eqautions (5.50)–(5.57)). The inertial coupling term is

replaced by

−ω2ρa(u
s
i − ufi )→ −ω2ρa(u

s
i − ufi )+ σφ2G(ω)jω(usi − ufi ) (6.49)

Equation (6.47) becomes

− ω2usi (ρ1 + ρa)+ ω2ρau
f

i

= (P −N)∂θ
s

∂xi
+N∇2usi +Q∂θ

f

∂xi
− σφ2G(ω)jω(usi − ufi ) (6.50)

i = 1, 2, 3

In the same way, the following equations can be obtained for the air in the porous
material:

−ω2u
f

i (φρo + ρa)+ ω2ρau
s
i = R∂θ

f

∂xi
+Q∂θ

s

∂xi
+ σφ2G(ω)jω(usi − ufi )

i = 1, 2, 3
(6.51)

In vector form, Equations (6.50) and (6.52) can be rewritten

−ω2us(ρ1 + ρa)+ ω2ρauf

= (P −N)∇∇ · us +Q∇∇ · uf +N∇2us − jωσφ2G(ω)(us − uf )
(6.52)

−ω2(φρo + ρa)uf + ω2ρaus

= R∇∇ · uf +Q∇∇ · us + jωσφ2G(ω)(us − uf )
(6.53)
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Equations (6.52) and (6.53) become

−ω2(ρ̃11us + ρ̃12u f) = (P −N)∇∇·us +N∇2us +Q∇∇·u f (6.54)

−ω2(ρ̃22u f + ρ̃12us) = R∇∇·u f +Q∇∇·us (6.55)

where

ρ̃11 = ρ1 + ρa − jσφ2G(ω)

ω

ρ̃12 = −ρa + jσφ2G(ω)

ω
(6.56)

ρ̃22 = φρo + ρa − jσφ2G(ω)

ω

Three other formalisms of the Biot theory are presented in Appendix 6.A: (i) Biot’s
second formulation (Biot 1962), (ii) the Dazel representation (Dazel et al. 2007) and (iii)
the mixed displacement pressure formulation (Atalla et al. 1998). The latter will be used
in Chapter 13 to illustrate the finite element implementation of the Biot theory.

6.5 The two compressional waves and the shear wave

6.5.1 The two compressional waves

As in the case for an elastic solid, the wave equations of the dilatational and the rotational
waves can be obtained by using scalar and vector displacement potentials, respectively.
Velocity potentials are used in Chapter 8. Two scalar potentials for the frame and the air,
ϕs and ϕf , are defined for the compressional waves, giving

us = ∇ϕs (6.57)

uf = ∇ϕf (6.58)

By using the relation

∇∇2ϕ = ∇2∇ϕ (6.59)

in Equations (6.54) and (6.55), it can be shown that ϕs and ϕs are related as follows:

−ω2(ρ̃11ϕ
s + ρ̃12ϕ

f ) = P∇2ϕs +Q∇2ϕf (6.60)

−ω2(ρ̃22ϕ
f + ρ̃12ϕ

s) = R∇2ϕf +Q∇2ϕs (6.61)

Let us denote by [ϕ] the vector

[ϕ] = [ϕs, ϕf ]T (6.62)

Equations (6.60) and (6.61) can then be reformulated as

−ω2[ρ][ϕ] = [M]∇2[ϕ] (6.63)
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where [ρ] and [M] are respectively

[ρ] =
[
ρ̃11 ρ̃12

ρ̃12 ρ̃22

]
, [M] =

[
P Q

Q R

]
(6.64)

Equation (6.63) can be rewritten

−ω2[M]−1[ρ][ϕ] = ∇2[ϕ] (6.65)

Let δ2
1 and δ2

2 be the eigenvalues, and [ϕ1] and [ϕ2] the eigenvectors, of the left-hand
side of Equation (6.65). These quantities are related by

−δ2
1[ϕ1] = ∇2[ϕ1]

−δ2
2[ϕ2] = ∇2[ϕ2]

(6.66)

The eigenvalues δ2
1 and δ2

2 are the squared complex wave numbers of the two com-
pressional waves, and are given by

δ2
1 = ω2

2(PR −Q2)
[P ρ̃22 + Rρ̃11 − 2Qρ̃12 −

√
�] (6.67)

δ2
2 = ω2

2(PR −Q2)
[P ρ̃22 + Rρ̃11 − 2Qρ̃12 +

√
�] (6.68)

where � is given by

� = [P ρ̃22 + Rρ̃11 − 2Qρ̃12]2 − 4(PR −Q2)(ρ̃11ρ̃22 − ρ̃2
12) (6.69)

The two eigenvectors can be written

[ϕ1] =
[
ϕs1

ϕ
f

1

]
, [ϕ2] =

[
ϕs2

ϕ
f

1

]
(6.70)

Using Equation (6.60), one obtains

ϕ
f

i /ϕ
s
i = µi = Pδ2

i − ω2ρ̃11

ω2ρ̃12 −Qδ2
i

i = 1, 2 (6.71)

or

ϕ
f

i /ϕ
s
i = µi = Qδ2

i − ω2ρ̃12

ω2ρ̃22 − Rδ2
i

i = 1, 2 (6.72)

These equations give the ratio of the velocity of the air over the velocity of the frame
for the two compressional waves and indicate in what medium the waves propagate
preferentially. Four characteristic impedances can be defined, because both waves simul-
taneously propagate in the air and the frame of the porous material. In the case of waves
propagating in the x3 direction, the characteristic impedance related to the propagation
in the air is

Zf = p/(jωuf3 ) (6.73)
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The macroscopic displacements of the frame and the air are parallel to the x3 direc-
tion, and by the use of Equation (6.3), Equation (6.73) can be rewritten for the two
compressional waves

Z
f

1 = (R +Q/µ1)
δ1

φω
(6.74)

Z
f

2 = (R +Q/µ2)
δ2

φω
(6.75)

The characteristic impedance related to the propagation in the frame is

Zs = −σ s33/(jωu
s
3) (6.76)

By the use of Equation (6.2), Equation (6.76) can be rewritten for the two compres-
sional waves

Zsi = (P +Qµi)δi
ω

i = 1, 2
(6.77)

6.5.2 The shear wave

As in the case for an elastic solid, the wave equation for the rotational wave can be
obtained by using vector potentials. Two vector potentials, ψ s and ψ f , for the frame and
for the air, are defined as follows:

us = ∇ ∧ ψ s (6.78)

uf = ∇ ∧ ψ f (6.79)

Substitution of the displacement representation, Equations (6.78) and (6.79), into
Equations (6.54) and (6.55) yields

−ω2ρ̃11ψ
s − ω2ρ̃12ψ

f = N∇2ψ s (6.80)

−ω2ρ̃12ψ
s − ω2ρ̃22ψ

f = 0 (6.81)

The wave equation for the shear wave propagating in the frame is

∇2ψ s + ω2

N

(
ρ̃11ρ̃22 − ρ̃2

12

ρ̃22

)
ψ s = 0 (6.82)

The squared wave number for the shear wave is given by

δ2
3 = ω2

N

(
ρ̃11ρ̃22 − ρ̃2

12

ρ̃22

)
(6.83)

and the ratio µ3 of the amplitudes of displacement of the air and of the frame is given
by Equation (6.81)

µ3 = −ρ̃12/ρ̃22 (6.84)
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or by

µ3 = Nδ2
3 − ω2ρ̃11

ω2ρ̃22
(6.85)

6.5.3 The three Biot waves in ordinary air-saturated porous materials

For the case where a strong coupling exists between the fluid and the frame, the two
compressional waves exhibit very different properties, and are identified as the slow wave
and the fast wave (Biot 1956, Johnson 1986). The ratio µ of the velocities of the fluid
and the frame is close to 1 for the fast wave, while these velocities are nearly opposite
for the slow wave. The damping due to viscosity is much stronger for the slow wave
which, in addition, propagates more slowly than the fast wave. With ordinary porous
materials saturated with air, it is more convenient to refer to the compressional waves as
a frame-borne wave and an airborne wave.

This new nomenclature is obviously fully justified if there is no coupling between the
frame and air. For such a case, one wave propagates in the air and the other in the frame.
For the case where a weak coupling exists, the partial decoupling previously predicted
by Zwikker and Kosten (1949) occurs. With the frame being heavier than air, the frame
vibrations will induce vibrations of the air in the porous material, yet the frame can be
almost motionless when the air circulates around it. More precisely, one of the two waves,
the airborne wave, propagates mostly in the air, whilst the frame-borne wave propagates in
both media. The wave number of the frame-borne wave and its characteristic impedance
corresponding to the propagation in the frame can be close to the wave number and the
characteristic impedance of the compressional wave in the frame when in vacuum. The
shear wave is also a frame-borne wave, and is very similar to the shear wave propagating
in the frame when in vacuum.

6.5.4 Example

The two compressional waves propagating in a fibrous material at normal incidence
are described in the context of the Biot theory. The material is a layer of glass wool
‘Domisol Coffrage’ manufactured by St Gobain-Isover (BP19 60290 Rantigny France).
The material is anisotropic, but the compressional waves in the normal direction are
identical in this material and in an equivalent isotropic material which presents the same
stiffness in the case of normal displacements, and whose other acoustical parameters are
the same as for the fibrous material in the normal direction. The parameters α∞, ρ1, σ ,
φ, N and ν are indicated in Table 6.1. The shear modulus N is evaluated from acoustic
measurements, as indicated in Section 6.6, and the Poisson coefficient is equal to zero
(Sides et al. 1971).

The diameter of the fibres, calculated by use of Equation (5.C.7) is

d = 12 × 10−6 m

The characteristic dimensions � and �′ are obtained by the use of Equations (5.29)
and (5.30)

� = 0·56 × 10−4 m, �′ = 2� = 1·1 × 10−4 m
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Table 6.1 Values of parameters α∞, ρ1, σ , φ, N and ν for the glass wool ‘Domisol
Coffrage’.

Tortuosity Density Flow Porosity Shear Poisson
α∞ of frame resistivity φ modulus coefficient

ρ1 σ N ν

(kg m−3) (N m−4 s) (N cm−2)

1·06 130·0 40 000 0·94 220(1 + j0·1) 0

The bulk modulus Kf of the air in the fibrous material, G(ω), and the parameters P , Q
and R are evaluated using Eqs (5.38), (5.36), (6.28), (6.27) and (6.26), respectively. The
subscripts a and b will be used to specify the quantities related to the airborne wave and
the frame-borne wave. At high frequencies, for the airborne wave, the ratio µa of the
velocities of the frame and the air is µ2 given by Equation (6.71), and the wave number
is δ2 given by Equation (6.68). At frequencies lower than 495 Hz, the airborne wave is
related to µ1 and δ1.

The quantity |µa| is larger than 40 for frequencies higher than 50 Hz. The velocity
of the frame is negligible, compared with the velocity of the air, and this wave is very
similar to the one that would propagate if the material were rigidly framed. The wave
number ka is represented in Figure 6.6. The wave number k′

a for the same material with
a rigid frame is given by

k′
a = ω

(
ρ̃22

R

)1/2

(6.86)
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Figure 6.6 The wave number ka of the airborne wave in the fibrous material.
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R being given by Equation (6.26). The wave numbers ka and k′
a are represented by the

same curve in Figure 6.6. It should be noticed that at low frequencies this wave is strongly
damped, the imaginary part and the real part of ka being nearly equal. The characteristic
impedance Zfa related to the propagation of the airborne wave in the air in the material
is represented in Figure 6.7.

The related characteristic impedance Z′f
2 for the same material with a rigid frame is

given by

Z
′f
2 = (ρ̃22R)

1/2

φ
(6.87)

This evaluation is represented by the same curve in Figure 6.7.
The ratio modulus |µb| of the velocities of the frame and the air for the frame-borne

wave decreases from 1·0 at 50 Hz to 0·82 at 1500 Hz. The frame-borne wave, as indicated
in Section 6.5.3, induces a noticeable velocity of the air in the material. On the other
hand, the wave number δb and the characteristic impedance Zsb, evaluated by Equation
(6.67) at high frequencies and Equation (6.77), are very close to the wave number and
the characteristic impedance for longitudinal waves propagating in the frame in vacuum

δ′1 = ω
√
ρ1

Kc
(6.88)

Z
′s
1 =

√
ρ1Kc (6.89)

Kc being the elasticity coefficient of the frame in the vacuum given by Equation (1.76).
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Figure 6.7 The normalized characteristic impedance Zfa /Z0 related to the propagation
of the airborne wave in the air in the fibrous material.
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The chosen material provides a good illustration of partial decoupling, because the
frame is much heavier and stiffer than the air. Some porous materials used for sound
absorption have a frame whose bulk modulus Ks has the same order of magnitude as
the bulk modulus Kf of the air, and a density ρ1 which is about 10 times larger than
the density ρo of the air. For these materials, the partial decoupling does not exist at low
frequencies, up to an upper bound depending on the flow resistivity and the density of the
material. A simple expression is given by Zwikker and Kosten (1949) for this frequency

fo = 1

2π

φ2σ

ρ1
(6.90)

It may be pointed out that at frequencies higher than fo, the frame-borne wave can be
noticeably different from the compressional wave propagating in the frame in vacuum,
and the airborne wave can be noticeably different from the compressional wave in the
same material with a rigid frame.

6.6 Prediction of surface impedance at normal incidence
for a layer of porous material backed by an impervious
rigid wall

6.6.1 Introduction

A layer of porous material in a normal plane acoustic field is represented in Figure 6.8.
In order to obtain simple boundary conditions at the wall–material interface, the material
is glued to the wall. In a normal acoustic field, the shear wave is not excited and only the
compression waves propagate in the material. The description of the acoustic field, and
the measurements, are easier for this case than for oblique incidence. The Biot theory is
used in this section to predict the behaviour of the porous material in a normal acoustic
field. The parameter that is used to represent the behaviour of the material is the surface
impedance.

6.6.2 Prediction of the surface impedance at normal incidence

Two incident and two reflected compressional waves propagate in directions parallel to
the x axis. The velocity of the frame and the air in the material are respectively

u̇s(x) = V 1
i exp(−jδ1x)+ V 1

r exp(jδ1x)

+ V 2
i exp(−jδ2x)+ V 2

r exp(jδ2x)
(6.91)

u̇f (x) = µ1[V 1
i exp(−jδ1x)+ V 1

r exp(jδ1x)]
+ µ2[V 2

i exp(−jδ2x)+ V 2
r exp(jδ2x)]

(6.92)

In these equations, the time dependence exp(jωt) has been removed, δ1 and δ2 are
given by Equations (6.67) and (6.68), and µ1 and µ2 by Equation (6.71). The quantities
V 1
i , V 1

r , V 2
i and V 2

r are the velocities of the frame at x = 0 associated with the incident
(subscript i) and the reflected (subscript r) first (index 1) and second (index 2) Biot
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l

air porous
layer

x

Figure 6.8 A layer of porous material bonded on to an impervious rigid wall, in a
normal acoustic field.

compressional waves. The stresses in the material are given by

σ sxx(x) = −Zs1[V 1
i exp(−jδ1x)− V 1

r exp(jδ1x)]
− Zs2[V 2

i exp(−jδ2x)− V 2
r exp(jδ2x)]

(6.93)

σfxx(x) = −φZf1 µ1[V 1
i exp(−jδ1x)− V 1

r exp(jδ1x)]

− φZf2 µ2[V 2
i exp(−jδ2x)− V 2

r exp(jδ2x)]
(6.94)

At x = 0, where the wall and the material are in contact, the velocities are equal to
zero

u̇s(0) = u̇f (0) = 0 (6.95)

At x = −l, the porous material is in contact with the free air. Let us consider a thin
layer of air and porous material, including this boundary. This layer is represented in
Figure 6.9.

Let us denote by p(−l − ε) the pressure in the air on the left-hand side of the thin
layer, while σ sxx(−l + ε) and σfxx(−l + ε) are the stresses acting on the air and on the
frame on the right-hand side. The resulting force �F acting on the thin layer is

�F = p(−l − ε)+ σ sxx(−l + ε)+ σfxx(−l + ε) (6.96)

x

air

0-/
porous
layer

sf
xx

ss
xx

Figure 6.9 A thin layer of air and porous material including the boundary.
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This force tends to zero with ε, and a boundary condition for the stress at x = −l is

p(−l)+ σ sxx(−l)+ σfxx(−l) = 0 (6.97)

Another boundary condition is derived from the continuity of pressure and can be
expressed

σfxx(−l) = −φp(−l) (6.98)

φ being the porosity of the material. The use of Equations (6.97) and (6.98) yields

σ sxx(−l) = −(1 − φ)p(−l) (6.99)

The conservation of the volume of air and frame through the plane x = −l yields

φu̇f (−l)+ (1 − φ)u̇s(−l) = u̇a(−l) (6.100)

u̇a(−l) being the velocity of the free air at the boundary. The surface impedance Z of
the material is given by

Z = p(−l)/u̇a(−l) (6.101)

This surface impedance can be evaluated in the following way. At first, it can easily
be shown that Equations (6.91), (6.92) and (6.95) together yield

V 1
i = −V 1

r , V 2
i = −V 2

r (6.102)

Equations (6.98)–(6.102) yield

−(1 − φ)u̇a(−l)Z = −Zs1V 1
i [exp(jδ1l)+ exp(−jδ1l)]

− Zs2V 2
i [exp(jδ2l)+ exp(−jδ2l)]

(6.103)

−φu̇a(−l)Z = −Zf1 φµ1V
1
i [exp(jδ1l)+ exp(−jδ1l)]

− Zf2 φµ2V
2
i [exp(jδ2l)+ exp(−jδ2l)]

(6.104)

[φµ1 + (1 − φ)]V 1
i [exp(jδ1l)− exp(−jδ1l)]

+ [φµ2 + (1 − φ)]V 2
i [exp(jδ2l)− exp(−jδ2l)] = u̇a(−l) (6.105)

This system of three equations (6.103)–(6.105) has a solution (V 1
i , V 2

i ) if∣∣∣∣∣∣∣
−(1 − φ)Z −2Zs1 cos δ1l −2Zs2 cos δ2l

−Z −2Zf1 µ1 cos δ1l −2Zf2 µ2 cos δ2l

1 2j sin δ1l(φµ1 + 1 − φ) 2j sin δ2l(φµ2 + 1 − φ)

∣∣∣∣∣∣∣ = 0 (6.106)

and Z is given by

Z = −j (Z
s
1Z
f

2 µ2 − Zs2Zf1 µ1)

D
(6.107)

where D is given by

D = (1 − φ + φµ2)[Z
s
1 − (1 − φ)Zf1 µ1]tgδ2l

+ (1 − φ + φµ1)[Z
f

2 µ2(1 − φ)− Zs2]tgδ1l (6.108)
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A systematic method of calculating the surface impedance at oblique incidence is
based on transfer matrices. It is presented in Chapter 11.

6.6.3 Example: Fibrous material

The surface impedances at normal incidence calculated by Equation (6.107), of two
samples of different thicknesses made up of the material described in Section 6.5.4, are
represented for l = 10 cm and l = 5·4 cm in Figures 6.10 and 6.11, and compared with
measured values (Allard et al. 1991). Measurements were performed in a free field on
samples of large lateral dimensions.

The agreement between measurement and prediction by Equation (6.107) is good in
the entire range of frequencies where the measurement was performed. A peak appears
in the real and the imaginary parts of the impedance around 470 Hz for l = 10 cm and
860 Hz for l = 5·6 cm. The surface impedances calculated by Equation (6.107), and by
Equations (4.137), (6.86) and (6.87) for the same material with a rigid frame, are close
to each other, except around the peaks which are not predicted by the one-wave model.
The peaks appear around the λ/4 resonance of the frame-borne wave which is located at
the frequency fr such that

lRe(δb) = π

2
(6.109)

The quantity δb is very close to δ′1 given by Equation (6.88), and fr can be written as

fr = 1

4l

√
Re(Kc)

ρ1
(6.110)
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Figure 6.10 Normalized surface impedance Z/Z0 of a layer of the fibrous material
described in Section 6.5.4. The thickness of the layer is l = 10 cm. Prediction with
Equation (6.107). . Prediction for the same material with a rigid frame: - - - - - - .
Measurements: • • •. (Measurement taken from Allard et al. 1991).
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Figure 6.11 Normalized surface impedance Z/Z0 of a layer of the fibrous material
described in Section 6.5.4. The thickness of the layer is l = 5 · 6 cm. Prediction with
Equation (6.107). . Prediction for the same material with a rigid frame: - - - - - - .
Measurements: • • •. (Measurement taken from Allard et al.1991).

Kc is given by Eq. (1.76). In terms of the shear modulus and the Poisson ratio, it is
given by

Kc = 2(1 − ν)N
(1 − 2ν)

(6.111)

The value of the shear modulus N in Table 6.1 for the equivalent isotropic porous
material has been chosen to adjust predictions by Equation (6.107), with the Poisson coef-
ficient equal to zero, and measurements. The same value can be used for both thicknesses.
This fact is a good evidence of the validity of this evaluation. The interpretation of these
results is very simple. Because of the stiffness and the density of the frame, the acoustic
field in the air can generate a noticeable frame-borne wave only at the λ/4 resonance of
the frame. The velocity of the frame at this resonance is equal to zero at the frame–wall
contact, where the material is glued, and reaches a maximum at the boundary frame-free
air, where the impedance is modified by the frame-borne wave. It should be noticed that
another model has been proposed by Kawasima (1960). In the context of this model, the
peaks in the surface impedance are interpreted by Dahl et al. (1990) as local resonances
of the fibres. The dependence on frequency of the location of the peaks as a function
of the thickness l, and the absence of peaks when the material is not glued to the wall,
could be more favourable to the hypothesis of a resonance of the whole frame in our
measurements. The observation of a quarter compressional wavelength resonance was
possible in a free field on a large sample. It seems difficult to observe the compressional
resonance in a Kundt tube, due to the contact with the lateral surface of the tube, and
the geometry of the porous samples in the tube. A numerical study on the effect of the
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lateral boundary conditions of the tube on the impedance curve has been conducted by
Pilon et al. (2003) using the finite element method (see Chapter 13).

Appendix 6.A: Other representations of the Biot theory
The Biot second representation (Biot 1962)

The total stress components σ tij = σ sij + σfij = σ sij − φpδij and the pressure p are used

instead of σ sij and σfij . The displacements us and w = φ(uf − us) are used instead of the
couple us, u f. The medium the frame is made of is not compressible. The stress–strain
Equation (6.3) can be replaced by

−φp = Kf (div us − ζ ) (6.A.1)

where ζ = −divw . The stress elements of the frame in vacuum are given by

σ̂ij = δij

(
Kb − 2

3
N

)
div us + 2Nesij (6.A.2)

The stress elements of the saturated frame are given by

σ sij = δij

[(
Kb − 2

3
N

)
div us − (1 − φ)p

]
+ 2Nesij (6.A.3)

and the total stress components are given by

σ tij = δij

[(
Kb − 2

3
N

)
div us − p

]
+ 2Nesij (6.A.4)

Equations (6.A.1) and (6.A.4) provide a simple description of the stress in a porous
medium when the bulk modulus Ks of the elastic solid from which the frame is made
is much larger than the other coefficients of rigidity. For instance, the third ‘gedanken
experiment’ can be described as follows. A variation dθf creates a variation �ξ =
−φdθf and a variation dp = −Kf dθf . This variation is related to a variation of the
diagonal elements of the total stress which is the sum of the variation in air and in the
frame of these elements −φdp − (1 − φ)dp = −dp. A general description of the second
representation, whenKs is not very large compared with the other rigidity coefficients, and
when the porous structure is anisotropic, was performed by Cheng (1997). A description
of the different waves with the second representation is performed in Chapter 10 for
transversally isotropic porous media.

The Dazel representation (Dazel et al. 2007)

Only the simple case where the medium the frame is made of is not compressible is
considered. The total displacement u t = (1 − φ)us + φuf and us are used instead of
the couple us, u f. The normal velocity in air at an air porous layer interface is equal to
the normal component of the total displacement. With ςt = ∇.u t and Keq = Kf /φ the
pressure is given by

p = −Keqςt (6.A.5)
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and the stress components are given by Equations (6.A.2)–(6.A.4). The wave equations
can be written (

Kb + 1

3
N

)
∇∇.us +N∇2us = −ω2ρ̃su

s − ω2ρ̃eqγ̃u t (6.A.6)

Keq∇∇.u t = −ω2ρ̃eqγ̃us − ω2ρ̃equ t (6.A.7)

In the previous equations, γ̃ , ρ̃eq , and ρ̃s are given respectively by

γ̃ = φ
(
ρ̃12

ρ̃22
− 1 − φ

φ

)
(6.A.8)

ρ̃eq = ρ̃22

φ2
(6.A.9)

ρ̃s = ρ̃11 − ρ̃2
12

ρ̃22
+ γ̃ 2ρ̃eq (6.A.10)

Using two scalar potentials φs and φt for the compressional waves gives the following
equation of motion

−ω2[ρ]

{
ϕs

ϕt

}
= [K ]∇2

{
ϕs

ϕt

}
(6.A.11)

where [ρ] and [K ] are given, respectively, by

[ρ] =
[
ρ̃s ρ̃eqγ̃

ρ̃eqγ̃ ρ̃eq

]
, [K ] =

[
P̂ 0
0 Keq

]
(6.A.12)

where
P̂ = Kb + 4

3
N

The matrix [K ] is diagonal. The wave numbers of the Biot compressional waves and the
ratios µi , i = 1, 2 are obtained from Equation (6.A.12). The wave number of the shear
wave and the ratio µ3 are obtained using a potential vector. It is shown that with the
Dazel representation, the prediction of the surface impedance of a porous media can be
performed with a mathematical formalism which is simpler than the one associated with
the first formalism.

The mixed pressure–displacement representation (Atalla et al. 1998)

In this representation the displacement us and the pressure p are used instead of the couple
us , u f. The developments assume that the porous material properties are homogeneous.
The derivation follows the presentation of Atalla et al. (1998). Note that that a more
general time domain formulation valid for anisotropic materials is given by Gorog et al.
(1997).

The system (Equations 6.54, 6.55) is first rewritten:{
ω2ρ̃11us + ω2ρ̃12uf + div σ s = 0

ω2ρ̃22uf + ω2ρ̃12us − φ grad p = 0
(6.A.13)

Page 148 of 374



APPENDIX 6.A: OTHER REPRESENTATIONS OF THE BIOT THEORY 133

Using the second equation in (6.A.13), the displacement vector of the fluid phase uf

is expressed in terms of the pressure p in the pores and in terms of the displacement
vector of the solid phase particle us:

u f = φ

ρ̃22 ω2
gradp − ρ̃12

ρ̃22
us (6.A.14)

Using Equation (6.A.14), the first equation in (6.A.13) transforms into:

ω2ρ̃us + φ ρ̃12

ρ̃22
gradp + div σ s = 0 (6.A.15)

where the following effective density is introduced:

ρ̃ = ρ̃11 − (ρ̃12)
2

ρ̃22
(6.A.16)

Equation (6.A.15) is still dependent on the fluid phase displacement u f because of the
dependency σ s = σ s(us, uf ). To eliminate this dependency, Equations (6.2) and (6.3),
are combined to obtain:

σ sij(u
s) = σ̂ sij(us) -φ

Q̃

R̃
pδij (6.A.17)

with σ̂ s the stress of the frame in vacuum defined in Equation (6.A.2). Note that tilde
is used here to account for damping and possible frequency dependence of the elastic
coefficients Q and R (e.g. polymeric frame).

Equation (6.A.17) is next used to eliminate the dependency σ s = σ s(u s, uf ) in
Equation (6.A.15). This leads to the solid phase equation in terms of the (us, p) variables:

div σ̂ s(us)+ ρ̃ω2us + γ̃ gradp = 0 (6.A.18)

with:

γ̃ = φ
(
ρ̃12

ρ̃22
− Q̃

R̃

)
(6.A.19)

In the case where Kb/Ks 
 1, Equation (6.A.19) reduces to (6.A.8).
Next, to derive the fluid phase equation in terms of (us, p) variables, the divergence

of Equation (6.A.14) is taken:

div uf = φ

ω2ρ̃22
�p − ρ̃12

ρ̃22
div us (6.A.20)

Combining this equation with the second equation in (6.A.13), the fluid phase equation
is obtained in terms of the (us , p) variables:

�p + ρ̃22

R̃
ω2p + ρ̃22

φ2
γ̃ ω2div us = 0 (6.A.21)
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This equation is the classical equivalent fluid equation for absorbing media with a
source term. The first two terms of this equation may be obtained directly from Biot’s
equations in the limit of a rigid skeleton.

Grouping Equations (6.A.18) and (6.A.21), the Biot poroelasticity equations in terms
of (us , p) variables are given by:


div σ̂ s(us)+ ρ̃ω2us + γ̃ gradp = 0

�p + ρ̃22

R̃
ω2p + ρ̃22

φ2
γ̃ ω2div us = 0

(6.A.22)

This system exhibits the classical form of a fluid-structure coupled equation. However,
the coupling is of a volume nature since the poroelastic material is a superposition in space
and time of the elastic and fluid phases. The first two terms of the structure equation
represent the dynamic behaviour of the material in vacuum, while the first two terms
of the fluid equation represent the dynamic behaviour of the fluid when the frame is
supposed motionless. The third terms in both equations couple the dynamics of the two
phases. It is shown in Chapter 13 that this formalism leads to a simple weak formulation
for finite element based numerical implementations. An example of the application of
this formalism to the optimization of the surface impedance of a porous material is given
in Kanfoud and Hamdi (2009).
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7

Point source above rigid framed
porous layers

7.1 Introduction

Sound propagation in a plane layered structure is described in the simplest way with
plane waves, and the Kundt tube can be used to measure the reflection coefficient of a
plane surface having limited lateral dimensions. In the medium audible frequency range,
it is easy to build, with a pipe and a compression driver, a sound source which is a good
approximation of a monopole source. The monopole field reflected by a porous layer
can provide useful information about the porous structure if an adequate modelling of
reflection is performed. An exact model for the reflected field and several approximations
are presented.

7.2 Sommerfeld representation of the monopole field over
a plane reflecting surface

The Sommerfeld representation provides an exact integral representation of the reflected
field. The monopole pressure field p is created by an ideal unit point source S. The
pressure field p only depends on the distance R from the source S (Figure 7.1)

p(R) = exp(−jk0R)

R
(7.1)

where k0 is the wave number in the free air. The spherical wave can be expended into
plane waves using a two-dimensional Fourier transform (Brekhovskikh and Godin 1992),

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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S′
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rz1
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Reflecting layer

Rigid impervious backing

Z

Figure 7.1 The source–receiver geometry, the monopole source at S, its image at S′,
and the receiver at M above the layer. The angle θ0 is the angle of specular reflection,
R1 is the distance from the image of the source to the receiver, and R2 is the distance
from the source to the receiver.

and p at M can be rewritten

p(R) = −j
2π

∫ ∞

−∞

∫ ∞

−∞

exp[−j (ξ1x + ξ2y + µ|z2 − z1|)]
µ

dξ1dξ2,

µ =
√
k2

0 − ξ 2
1 − ξ 2

2 , Imµ ≤ 0,Reµ ≥ 0

(7.2)

Let V (ξ1, ξ2) be the plane wave reflection coefficient of the layer. If the layer is
isotropic or transversely isotropic with the axis of symmetry Z, V only depends on
ξ = (ξ 2

1 + ξ 2
2 )

1/2, and the reflected pressure pr at M can be written

pr = −j
2π

∫ ∞

−∞

∫ ∞

−∞
V (ξ/k0)

exp[−j (ξ1x + ξ2y − µ(z1 + z2))]

µ
dξ1dξ2 (7.3)

The variables ξ and µ are related to an angle of incidence θ defined by

cos θ = µ/k0

sin θ = ξ/k0
(7.4)

and V (ξ/k0) is the reflection coefficient for the angle of incidence θ . For ξ ≤ k0, θ is a
real angle, and for

ξ > k0, θ = π

2
+ jβ

where sinhβ = jµ/k0, coshβ = ξ/k0.
Using the polar coordinates (ψ , ξ ) and (r , ϕ) defined by ξ1 = ξ cosψ , ξ2 = ξ sinψ ,

x = r cosϕ, y = r sin ϕ, Equation (7.3) can be rewritten

pr = −j
2π

∫ 2π

0

∫ ∞

0
exp[jµ(z1 + z2)]

V (ξ/k0)

µ
exp[−jrξ cos(ψ − ϕ)]ξdξdψ (7.5)

Using
∫ 2π

0 exp[−jrξ cos(ψ − ϕ)]dψ = 2πJ0(rξ) (Abramovitz and Stegun 1972),
Equation (7.5) becomes

pr = −j
∫ ∞

0

V (ξ/k0)

µ
J0(rξ) exp[jµ(z1 + z2)]ξdξ (7.6)
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The reflected pressure depends on the sum z1 + z2, not on each height separately. The
right-hand side of this equation is referred to as the Sommerfeld integral. The integral can
be evaluated up to a limit for ξ which depends on z1 + z2 because µ in the exponential is
imaginary with a positive imaginary part for ξ > k0 which increases with µ. The singu-
larity for µ = 0 is removed by using µ instead of ξ as a variable of integration. A simple
test for the accuracy of the evaluation for a given geometry consists in the comparison
of the evaluation performed for V = 1 and exp(−jk0R1)/R1. The Bessel function is
related to the Hankel function of first order H 1

0 by J0(u) = 0.5(H 1
0 (u)−H 1

0 (−u)) with
µ(−ξ) = µ(ξ), and V (−ξ/k0) = V (ξ/k0). Therefore pr can be rewritten as

pr = j

2

∫ ∞

−∞

ξ

µ
H 1

0 (−ξr)V (ξ/k0) exp[jµ(z1 + z2)] dξ (7.7)

From Equation (3.39), the surface impedance at oblique incidence is given by

Zs(sin θ) = −j Z

φ cos θ1
cotg kl cos θ1 (7.8)

where l is the thickness of the layer, φ is the porosity, Z = (ρK)1/2 is the characteristic
impedance in the air saturating the porous medium, k is the wave number in the porous
medium, θ1 is the refraction angle satisfying k sin θ1 = k0 sin θ , and cos θ1 is given by

cos2 θ1 = 1 − 1

n2
− 1

n2
cos2 θ (7.9)

where n = k/k0. From Equation (3.44) the reflection coefficient V is given by

V (ξ/k0) = Zs(sin θ)− Z0/ cos θ

Zs(sin θ)+ Z0/ cos θ
(7.10)

7.3 The complex sinθ plane

Equation (7.6) is an integral over the real variable ξ . It can be considered as an integral
on sin θ = ξ/k0 in the complex s = sin θ plane on the right-hand side of the real axis.
Equation (7.7) is an integral over the whole real sinθ axis. It may be advantageous to
use other paths of integration in this plane, to show the contribution of the poles, and/or
to get approximate expressions of pr more tractable for large r than Equation (7.7). A
symbolic representation of the path of integration of Equation (7.7) is given in Figure 7.2.

Small displacements of the path and the cuts are performed to show their relative
positions. The reflection coefficient V of a layer of finite thickness involves cos θ and
cos θ1. For a layer of finite thickness, Zs and V are even functions of cos θ1, but V depends
on the sign of cos θ . At each point in the s = sin θ plane the reflection coefficient can
take two values, depending on the choice of the sign of cos θ . Following Brekhovskikh
and Godin (1992), we cut the s plane with the lines

1 − s2 = u1, u1 real ≥ 0 (7.11)

These are shown as dotted lines in Figure 7.2. They lie on the whole imaginary
axis and on the real axis for 0 ≤ |s| ≤ 1. On these lines, the imaginary part of
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Re sinθB

A

Figure 7.2 The complex sin θ plane. The solid line is the path of steepest descent for
θ0 = π/4, both cuts are represented by short dash lines along the imaginary axis and for
|Re sin θ | � 1 along the real axis. The initial integration path is represented by dashed
lines parallel to the real axis.

cos θ = (1 − s2)1/2 is equal to 0, and when one of the two lines is crossed, keeping
constant the real part of cosθ corresponds to a change of sign of the imaginary part.
The dependence of the reflected wave in z2 is exp(jz2 cos θ). The amplitude of the
wave tends to 0 when z2 → −∞ if Im cos θ < 0. The s plane is a superposition of two
planes, the physical Riemann sheet, where Im cos θ < 0, and the second Riemann sheet,
where Im cos θ > 0. As indicated previously, the communication between both sheets
can be performed without discontinuity by crossing the cuts. For a semi-infinite layer,
the surface impedance becomes

Zs = Z/φ cos θ1 (7.12)

and Zs and V depend on the sign of cos θ1. New cuts must be added in the s plane,
defined by

n2 − s2 = u2, u2 real ≥ 0 (7.13)

7.4 The method of steepest descent (passage path method)

The method has been used by Brekhovskikh and Godin (1992) for a similar prob-
lem, the prediction of the monopole field reflected by a semi-infinite fluid. The method
provides predictions of pr which are valid for k0R1 � 1. The same calculations are per-
formed in what follows, with the difference that, for layers of finite thickness, the surface
impedance in Equation (7.10) is given by Equation (7.8) and the cut related to cosθ1 is
removed because both choices of cos θ1 give the same impedance. The Hankel function
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in Equation (7.7) is replaced by its asymptotic expression

H 1
0 (x) =

(
2

πx

)1/2

exp
[
j

(
x − π

4

)]
(7.14)

and the new variable of integration s = ξ/k0 is used instead of ξ . Using z2 + z1 =
−R1 cos θ0 and r = R1 sin θ0, Equation (7.7) can be rewritten

pr =
(
k0

2πr

)1/2

exp

(−jπ
4

) ∞∫
−∞

F(s) exp[k0R1f (s)] ds (7.15)

F and f are given by

f (s) = −j (s sin θ0 +
√

1 − s2 cos θ0) (7.16)

F(s) = V (s)
√

s

1 − s2
(7.17)

An asymptotic evaluation of the integral in Equation (7.15) is obtained in the following
way. The initial contour of integration in the complex sinθ plane for Equation (7.15) can
be modified within certain limits without modification of the result. The function f (s) is
rewritten

f (s) = f1(s)+ jf2(s) (7.18)

where f1 and f2 are real. A new contour γ is used, where f1 has a maximum at a point
sM, and decreases as rapidly as possible with |s − sM|. If f is an analytic function, the line
of steepest descent of f1 is the line of constant value of f2. The derivative df (s)/ds = 0
for s = sM, and sM is the stationary point. The line of constant f2 including the stationary
point is the best choice for the path γ. This line is called the steepest descent path. For
k0R1 � 1, the contribution on γ to the integral is restricted to a small domain around
sM. The stationary point in the s plane is located at s = sin θ0, where θ0 is the angle of
specular reflection represented in Figure 7.1. It has been shown by Brekhovskikh and
Godin (1992) that the path of steepest descent γ is specified by

s sin θ0 + (1 − s2)1/2 cos θ0 = 1 − ju2
3, −∞ < u3 <∞ (7.19)

In the previous equations and in what follows,
√

1 − s2 = cos θ , the choice of the deter-
mination depends on the location on the passage path. The passage path for θ0 = π/4
is represented in Figure 7.2. The choice for

√
1 − s2 is Im

√
1 − s2 ≤ 0, except between

A and B, where the path has once crossed the cosθ cut, and Im
√

1 − s2 ≥ 0. The station-
ary point is B where sin θ = sin θ0. For θ0 = 0 the passage path is the real s axis, i.e. the
initial path of integration and for θ0 = π/2, the passage path is the half axis defined by
Re s = 1 located in the Ims ≤ 0 half plane. This axis is the dot–dash line in Figure 7.2.
If a pole of the reflection coefficient crosses the path of integration when it is deformed,
the pole residue must be added to the integral. The expression of residues is given in
Section 7.5.3. There is no pole contribution for θ0 = 0 because the path of integration is
not modified. As indicated in Section 7.5.3, the crossing is impossible for semi-infinite
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layers. Moreover, the pole contributions decrease exponentially when k0R1 increases and
become negligible. The asymptotic expression for pr obtained to second-order approxi-
mation in 1/(k0R1) by Brekhovskikh and Godin (1992), when the pole contributions are
neglected, can be written

pr = exp(−jk0R1)

R1

[
V (sin θ0)+ j

k0

N

R1

]
(7.20)

N =
[

1 − s2

2

∂2V

∂s2
+ 1–2s2

2s

∂V

∂s

]
s=sin θ0

(7.21)

This result is valid independently of the dependence of the reflection coefficient V
on the angle of incidence. It has been shown in Brekhovskikh and Godin (1992) that
this result is also valid at small angles of incidence for large k0R1. The coefficient N
is given by Equations (7.A.3)–(7.A.4) for layers of finite thickness. For a semi-infinite
layer, when l → ∞, N is given by

N = m(1 − n2)[2m(n2 − 1)+ 3m cos2 θ0 −m cos4 θ0

+
√
n2 − sin2 θ0 cos θ0(2n

2 + sin2 θ0)](m cos θ0 +
√
n2 − sin2 θ0)

−3 (7.22)

× (n2 − sin2 θ0)
−3/2

where m = ρ/(φρ0), ρ being the effective density of the air in the medium and ρ0 being
the free air density. This expression can be obtained by replacing the ratio of the densities
in Equation (1.2.10) in Brekhovskikh and Godin (1992), which gives the coefficient N at
a fluid–fluid interface, by m. In Brekhovskikh and Godin (1992), for a semi-infinite layer,
a supplementary term, the lateral wave, is added in Equation (7.20). This contribution is
neglected in the present work. For a layer of finite thickness, and for θ0 = 0, N is given by

N =
[

1 + 2nk0l

(1 − n2) sin(2nk0l)

]
M(0) (7.23)

M(0) = 2m′(0)(1 − n2)

(m′(0)+ n)2n
m′(0) = −jm cot(lk0n)

(7.24)

The coefficient N , for a given layer, only depends on the angle of specular reflection.
Predictions of the reflected pressure pr obtained with the exact formulation, Equation
(7.6) and the passage path method are compared in Figures 7.3 and 7.4 and for a layer
of material 1 defined in Table 7.1. The source is the unit source of Equation (7.1).

Table 7.1 Acoustic parameters for different materials.

Materials Tortuosity Flow resistivity Porosity Viscous Thermal
α∞ σ (Nm−4 s) φ dimension dimension

� (µm) �′(µm)

Material 1 1.1 20 000 0.96 100 300
Material 2 1.32 5500 0.98 120 500
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Figure 7.3 Amplitude of the reflected wave calculated with Equation (7.6), material 1,
l = 4 cm, z1 + z2 = −0.5 m, r = 0.

The thickness of the sample is l = 4 cm. In this chapter, Equations (5.50), (5.52)
are used for the effective density and Equations (5.51), (5.55) for the bulk modulus.
Materials 1 and 2 could be ordinary porous sound absorbing materials. The modulus
of the exact reflected pressure calculated with Equation (7.6) for a layer of thickness
l = 4 cm at θ0 = 0 and z1 + z2 = −0.5 m is represented in Figure 7.3. The modulus
of the difference between the exact evaluation and the evaluation by Equation (7.20) is
represented in Figure 7.4, together with the modulus of the term N/(k0R

2
1).

The difference is much smaller than |N/(k0R
2
1)| for frequencies higher than 500 Hz.

This shows the interest of the steepest descent method for large k0R1. In Figures 7.5, 7.6
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Figure 7.4 Modulus of the difference between the exact evaluation and the evaluation of
the reflected pressure with the steepest descent method from Equation (7.20), and modulus
of the term N/k0R

2
1 in Equation (7.20), material 1, l = 4 cm, z1 + z2 = −0.5 m, r = 0.
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Figure 7.5 Amplitude of the reflected wave calculated with Equation (7.6), semi-infinite
layer of material 1, z1 + z2 = −0.5 m, r = 0.5 m.
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Figure 7.6 Modulus of the difference between the exact evaluation and the evaluation of
the reflected pressure with the steepest descent method, and modulus of the term N/k0R

2
1

in Equation (7.20), semi-infinite layer of material 1, z1 + z2 = −0.5 m, r = 0.5 m.

the same quantities are represented for a semi-infinite layer of material 1, with r = 0.5 m
and z1 + z2 = −0.5 m. The contribution of the lateral wave is not taken into account. The
good agreement between the exact result obtained from Equation (7.6) and the passage
path method shows that this contribution can be neglected. This has been always verified
in our previous studies.

For the chosen examples the reflected field, for frequencies higher than 500 Hz, is
obtained with good precision with the steepest descent method. For frequencies higher
than 1 kHz, the reflected pressure is close to the pressure created by the unit image
source multiplied by the plane wave reflection coefficient. These frequencies decrease
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when the distance R1 from the image of the source to the receiver increases. Similar
results are obtained for semi-infinite layers. However predictions performed with the
steepest descent method in the same range of frequencies and similar R1 for θ0 close
to π /2 can give wrong results. A new formulation of the problem must be performed,
which takes into account the location of the singularities of the reflection coefficient.

7.5 Poles of the reflection coefficient

7.5.1 Definitions

The singularities of the plane wave reflection coefficient are located at sin θp = sp satis-
fying

cos θp = − Z0

Zs(sp)
(7.25)

leading to a denominator of V in Equation (7.10) equal to 0.
For a locally reacting medium, Zs does not depend on the angle of incidence and a

pole can only exists at sp satisfying cos θp = −Z0/Zs . There are two poles in the complex
s plane for both determinations of

√
1 − cos2 θp.

For a semi-infinite layer, it may be shown that only one cos θp is related to a zero of
the denominator of V and cos θp is given by

cos θp = −
(

n2 − 1

ρ2/(ρ0φ)
2 − 1

)1/2

(7.26)

There is a minus sign before the square root because Re cos θp is negative. Both
related sp are given by

sin θp = ±
(
ρ2/(ρ0φ)

2 − n2

ρ2/(ρ0φ)2 − 1

)1/2

(7.27)

The pole trajectory as a function of frequency is represented in the complex sinθ
plane in Figure 7.7(a) and in the complex cosθ plane in Figure 7.7(b).

For a layer of finite thickness, there is at any frequency an infinite number of poles.
It will be shown in Section 7.6 that if one pole is located at θp close to π /2, the one
parameter which characterizes the porous layer for the prediction of the reflected field at
an angle of specular reflection θ0 close to π /2 is cos θp. When |Zs(sp)| � Z0 in Equation
(7.25), the pole related to sp is located at θp close to π /2. This happens for instance for
media with a large flow resistivity, and for porous layers having a small thickness. A
thin layer is a layer where |k1l| 
 1. Any layer having a finite thickness is a thin layer at
a sufficiently low frequency. The first-order development of 1/Zs(sp) is jφkl cos2 θ1/Z,
and cos2 θ1, neglecting the second-order term cos2 θ/n2 in Equation (7.9), can be replaced
by 1–1/n2. The related solution of Equation (7.25) is (Allard and Lauriks 1997; Lauriks
et al. 1998)

cos θp = −jk0l(n
2 − 1)

φZ0

nZ
(7.28)
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Figure 7.7 Trajectories of the pole of the reflection coefficient for a semi-infinite layer
of material 1.

This pole is called the main pole. Simple iterative methods can be used to predict
cosθp without approximations. For thin layers, it was shown in Allard and Lauriks (1997)
that the other poles are far from the real sinθ axis and cannot contribute significantly to
the reflected field. Equation (7.28) can be rewritten

cos θp = −jφk0l

(
γP0

K
− ρ0

ρ

)
(7.29)

For a perfect fluid without viscosity and thermal conduction, cosθp is given by

cos θp = −jφk0l(1 − α−1
∞ ) (7.30)

and is imaginary with a negative imaginary part.

7.5.2 Planes waves associated with the poles

Thin layers

For an angle of incidence θ = θp the plane reflected wave satisfies the boundary condi-
tions with no incident wave. The space dependence of this wave is exp[−jk0(x sin θp−
z cos θp)]. For a thin layer without damping, the reflected wave is propagative in the x
direction and evanescent in the direction opposite to z.

As indicated at the end of Section 3.2 the axes of evanescence and of propagation
are perpendicular in a medium with a real wave number. In the present case the wave is
evanescent in the direction perpendicular to the surface of the porous layer and opposite
to the z axis. Using a complex wave number vector k = kR + jk I for the reflected wave,
with (kR)2 − (kI )2 = k2

0, the spatial dependence of the plane wave is given by

exp[−j (k R + jk I)OM ] = exp [−j (kRx x + kRz z)+ (kIxx + kIz z)] (7.31)

The direction of k I is opposite to the direction of evanescence. The wave number is
represented symbolically in Figure 7.8(a). For a thin layer saturated by a perfect fluid the
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Figure 7.8 The wave number vector is k = kR + jkI. The wave is evanescent in the
direction opposite to k I and propagates in the direction kR: (a) thin layer saturated by a
perfect fluid, (b) air-saturated thin layer.

wave number components kx and kz are given by

kx = k0 sin θp = kR (7.32)

kz = −k0 cos θp = jkI (7.33)

The wave number vector of a thin layer saturated by air is represented in Figure 7.8(b).
For a layer of material 1 of thickness l = 4 cm, the pole with sinθp closest to 1 has been
localized with a simple recursive algorithm; sinθp is represented in the complex s plane
in Figure 7.9(a) and cosθp is represented in Figure 7.9(b) in the complex cosθp plane in
the 50–1000 Hz frequency range.

For small thicknesses, the imaginary and the real part of cosθp are negative and the
imaginary part of sinθp is negative. As shown in Figure 7.8(b), the real part of the wave
number vector makes an angle ϕ with the axis x. The wave number components are now
given by

kx = k0 sin θp = kR cosϕ − jkI sin ϕ (7.34)

kz = −k0 cos θp = kR sin ϕ + jkI cosϕ (7.35)
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Figure 7.9 Trajectory of sin θp and of cos θp. Material 1, l = 4 cm.
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Figure 7.10 The predicted reflection coefficient for a layer of material 2 of thickness
l = 0.1 m at 0.3 kHz as a function of k0 sin θ . When V = −1, sin θ = 1.

Taking into account the signs of the real and the imaginary part of cosθp and sinθp
leads to 0 ≤ ϕ ≤ π/2, as in Figure 7.8(b). The plane wave reflection coefficient can be
measured at sinθ real and larger than 1 with the Tamura method (Tamura 1990, Brouard
et al. 1996). In the sinθ plane, sinθp is close to the real axis at sufficiently low frequencies
for a layer of finite thickness. The modulus of the reflection coefficient must present a
peak when sinθ is close to |sin θp|. The predicted reflection coefficient for a layer of
thickness l = 0.1 m of material 2 is shown in Figure 7.10. The maximum of the modulus
of the reflection coefficient is larger than 1 for sinθ larger than 1. The reflected wave is
purely evanescent for sinθ real and larger than one, and does not carry energy, so there
is no power created. Measurements performed by Brouard et al. (1996) on a similar
material are in a good agreement with these predictions. Other experimental evidences of
this peak can be found in Brouard (1994), Brouard et al. (1996), and Allard et al. (2002).

The wave number vector in the free air above a thin layer, in the absence of damping,
is symbolically represented in Figure 7.8(a). This wave presents in air all the characteristic
properties of a surface wave, i.e. damping in the direction normal to the surface and
propagation without damping in the direction parallel to the surface with a velocity
c0/sinθp smaller than the sound speed c0 because sin θp > 1. Inside the porous layer, the
wave does not present the characteristic properties of a surface wave. The acoustic field
experiences total reflection on the rigid impervious backing and on the air porous layer
interface because the angle of refraction θ1p satisfies the following relations

sin θ1p = sin θp/n> 1/n (7.36)

The surface wave is the evanescent wave related to a trapped acoustic field in the
layer. This wave is very similar to the transverse magnetic (T.M.) electromagnetic surface
waves with the magnetic field perpendicular to the incidence plane above a grounded
dielectric described in Collin (1960), and Wait (1970). It can be called a surface wave,
depending on the restrictive conditions associated with this definition.

Semi-infinite layers

For a semi-infinite porous layer saturated by a perfect fluid, Equations (7.26)–(7.27) give
sinθp and cosθp real, and sin θp < 1, cosθp < 0. The wave number of the associated wave
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Figure 7.11 The real and imaginary wave number vector of the plane wave associated
with the pole for a semi-infinite layer: (a) perfect fluid, (b) air.

is represented in Figure 7.11(a) for a semi-infinite layer saturated by a perfect fluid, and
in Figure 7.11(b) for an air saturated semi-infinite layer. The modulus of the imaginary
wave number vector is equal to 0 in Figure 7.11(a), kR = k0, kx = k0 cosϕ, kz = k0 sin ϕ.
Formally, changing the sign of cosθ changes V into 1/V (see Equation 7.10), and the
reflected wave becomes the incident wave. The reflected wave related to the pole for the
semi-infinite layer can be considered as a plane wave at an angle of incidence where the
reflection coefficient is equal to 0. This angle is real in the absence of damping and equal
to π/2 − ϕ. This angle is the Brewster angle θB of total refraction. A similar Brewster
angle of total refraction exists for T. M. electromagnetic waves (Collin 1960). The angle
is complex for air saturated porous media. From Equation (7.10) θB and θp are related by

cos θB = − cos θp (7.37)

The Brewster angle is not real for air saturated porous media, but cosθB can lie close
to the real cosθ plane in the complex cosθ plane. Then the modulus of the reflection
coefficient can present a minimum around θ close to θB . The predicted modulus of the
reflection coefficient is shown in Figure 7.12 at 4 kHz as a function of cosθ . The minimum
appears close to cosθB = 0.65.
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Figure 7.12 The modulus of the reflection coefficient of a semi-infinite layer of material
1 at 4 kHz. The predicted Re cos θB = −Re cos θp = 0.65.
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Measurements of the reflection coefficient of a thick layer of sand at oblique incidence
have been performed previously with the Tamura method by Allard et al. (2002). The
modulus of the reflection coefficient presents a minimum at cos θ close to the predicted
Re cos θB = −Re cos θp.

7.5.3 Contribution of a pole to the reflected monopole pressure field

If a pole is crossed by the path of integration when the path is modified, the integral over
the initial path is equal to the integral over the modified path plus a pole contribution.
These poles are zeros of the first order of the denominator on the right-hand side of
Eqution (7.10). There is also an apparent problem with the term (s/(1 − s2))1/2 in F(s)
in Equation (7.17), but the zero at the denominator disappears if cosθ is used instead of
sinθ as the variable of integration. The following expression is used for the reflection
coefficient

V (s) = −√
n2 − s2 − jn(Z/φZ0)

√
1 − s2 cotg (k0l

√
n2 − s2)√

n2 − s2 − jn(Z/φZ0)
√

1 − s2 cotg (k0l
√
n2 − s2)

(7.38)

At a pole location s = sp , the following relation is fulfilled√
n2 − s2

p = jn Z
φZ0

√
1 − s2

p cotg (k0l

√
n2 − s2

p) (7.39)

The derivative G′
s(sp) of the denominator can be written

G′
s(sp) = − sp√

n2 − s2
p

− jnZ

φZ0

×


− sp√

1 − s2
p

cotg (k0l

√
n2 − s2

p)+
√

1 − s2
p

sin2(k0l
√
n2 − s2

p)

k0lsp√
n2 − s2

p


 (7.40)

Using relation (7.39), Equation (7.40) becomes

G′
s(sp) = sp

1 − s2
p

√
n2 − s2

p


1 − (1 − s2

p)


 2k0l√

n2 − s2
p sin 2k0l

√
n2 − s2

p

+ 1

n2 − s2
p







(7.41)

Using Eq. (7.15), the pole contribution can be written

SW(sp) = −2πj

(
k0

2πr

)1/2

exp

(−jπ
4

) √
sp

1 − s2
p

−2
√
n2 − s2

p

G′
s(sp)

exp[k0R1f (sp)]

(7.42)
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The pole contribution SW(sp) can be written, if sp is close to 1

SW(sp) = 4π

(
k0

2πr

)1/2

exp

(
jπ

4

) √
1 − s2

p

sp
exp(k0R1f (sp)) (7.43)

The same expression is obtained for a non-locally reacting medium. For the case of
thin layers, Figure 7.9 shows that Re sin θp > 1. However, Re sin θp remains close to 1
for ordinary reticulated foams and fibrous layers and the pole is crossed only for angles
of incidence close to π /2. For semi-infinite layers, expression (7.41) is simplified because

l/ sin(2k0l
√
n2 − s2

p) is replaced by 0. When the passage path method is used, there is
no pole contribution. In Figure 7.7 Re sinθp is always smaller than 1. When the initial
path of integration becomes the passage path, the part of the path located at Re sin θ < 1
can cross the pole, but the pole is in the physical sheet and the path is not in the physical
sheet in the domain 0 < Re sin θ < 1, 0> Im sin θ , because it has crossed the cut. The
condition Re sin θ < 1 has always been verified for semi-infinite layers when the causal
effective densities presented in Chapter 5 have been used. However, we have not found
any general proof of this condition.

7.6 The pole subtraction method

The passage path method is valid for k0R1 � 1 only if the poles and the stationary point
are sufficiently far from each other, allowing a slow variation of the reflection coefficient
close to the stationary point on the path of integration. If a pole is close to the stationary
point, the pole subtraction method can be used to predict the reflected pressure under the
same condition, k0R1 � 1. The passage path method remains valid for |u| � 1, where u
is the numerical distance defined by

u =
√

2k0R1 exp

(
−j 3π

4

)
sin
θp − θ0

2
(7.44)

This condition can be much restrictive than k0R1 � 1 if θp and θ0 are close to each
other. The expressions for pr obtained with the pole subtraction method are given for
one pole of first order close to the stationary point in Appendix 7.B. Two cases are
considered, a locally reacting surface with a constant impedance ZL, and a porous layer
of finite thickness. The reference integral method of Brekhovskikh and Godin (1992) is
used. It is shown in Appendix 7.B that if one pole exists at θp close to π /2, for θ0 close
to π /2 the monopole reflected field is the same as the monopole reflected field above the
locally reacting surface with a surface impedance ZL given by

ZL = −Z0/ cos θp (7.45)

The pole of the reflection coefficient of the related locally reacting surface is located
at the same angle θp. The following approximation for pr , obtained by setting

√
s0sp = 1
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in Equation (7.B.19), is used for the case of the porous surface

pr = exp(−jk0R1)

R1

×


VL(s0)−

√
1 − s2

p

√
2k0R1 exp(−3πj/4)(1 + √

πu exp(u2)erfc(−u))
u




u = exp

(−j3π

4

) √
2k0R1 sin

θp − θ0

2
(7.46)

and erfc is the complement of the error function. The expression W(u) = 1 + √
πu exp

(u2)erfc(−u) is obtained for small |u| with the series development

W(u) = 1 + √
πu exp(u2)+ 2u2 exp(u2)

[
1 − u2

3
+ u4

2!5
− u6

3!7
+ · · ·

]
(7.47)

and for large |u| with the development

W(u) = [1 + sgn(Re(u))]
√
πuexp(u2)+ 1

2u2
− 1 × 3

(2u2)2
+ 1 × 3 × 5

(2u2)3
+ · · · (7.48)

The following approximations for V and u are used

V (sin θ) = cos θ + cos θp
cos θ − cos θp

(7.49)

u = exp

(−j3π

4

) √
k0R1/2(cos θ0 − cos θp) (7.50)

the term
√

1 − s2
p

√
2k0R1 exp(−3πj/4)/u in Equation (7.46) can be replaced by 1 −

V (sin θ) = −2 cos θp/(cos θ0 − cos θp), and Equation (7.46) can be rewritten

pr = exp(−jk0R1)

R1
[VL(sin θ0)+ (1 − VL(sin θ0))(1 + √

πu exp(u2)erfc(−u))] (7.51)

where VL is the reflection coefficient for an impedance plane Zs = −Z0/ cos θp. A similar
equation has been given by Chien and Soroka (1975) for the case of a locally reacting
surface. The one difference is that for the porous layer cosθp is obtained from Equation
(7.25) where Zs depends on the angle of incidence. Equation (7.49) is valid only for
θ0 close to π /2, and if θp is close to θ0. It is difficult to define the limits of validity
of Equations (7.49) – (7.51), due to the numerous parameters involved. Limits to the
accuracy when θp or θ0 are too far from π /2 will appear in the following section.
For a semi-infinite layer, and more generally when a pole is close to the stationary
point without being crossed, there is, at small numerical distances, a contribution to the
reflected pressure in W given by

√
πu exp(u2), half the contribution added for large

|u| when Re(u)> 0. A similar contribution, the Zenneck wave, exists in the electric
dipole field reflected by a conducting surface. Descriptions of the Zenneck wave have
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been carried out by Baños (1966), and by Brekhovskikh (1960). The close similarities
between the acoustic and the electromagnetic case are shown in Allard and Henry (2006).

Some points are summarized. At sufficiently low frequencies, any layer having a finite
thickness can be replaced for θ0 close to π /2 by an impedance plane having the same pole
as the main pole of the layer. The contribution of the term [1 + sgn(Re(u))]

√
πuexp(u2)

in Equation (7.48) corresponds to the contribution of a crossed pole in the passage
path method (see Appendix 7.C). This contribution does not exist if the porous layer
is semi-infinite, because in this case Re sin θ0 < 1. However, in this case, for small |u|,
there is a contribution equal to half the contribution of the pole if it were crossed.

7.7 Pole localization

7.7.1 Localization from the r dependence of the reflected field

Using Equations (7.49)–(7.50), Equation (7.51) can be rewritten

pr = exp(−jk0R1)

R1
{1 − cos θp

√
2k0R1 exp

(−3jπ

4

) √
π exp(u2)erfc(−u)} (7.52)

and cosθp is related to the reflected pressure by

cos θp = [1 − R1pr exp(jk0R1)]/

[
(2πk0R1)

1/2 exp

(−3πj

4

)
exp(u2)erfc(−u)

]
(7.53)

Two simulated measurements of cosθp with Equation (7.53) are presented in Figures
7.13 and 7.14. The reflected pressure is calculated with Equation (7.6) and θp related to
the main pole is evaluated with an iterative method from Equation (7.53). A comparison
between the exact cosθp and cosθp evaluated with Equation (7.53) is performed, for a
layer of thickness l = 3 cm of material 1. In Figure 7.13, r = 1 m and z1 = z2 = −1 cm.
In Figure 7.14, z1 = z2 = −5 cm. In both figures, when frequency increases, |cos θp| also
increases and the systematic error increases. With thinner layers, the range of frequencies
where the systematic error can be neglected is larger. The angle of specular reflection is
larger in Figure 7.13 than in Figure 7.14, and the systematic error is larger. Measurements
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Figure 7.13 Comparison between the exact cos θp and a simulated measurement
obtained with Equation (7.53). Material 1, l = 3 cm, r = 1 m, z1 = z2 = −2 cm.
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Figure 7.14 Comparison between the exact cos θp and a simulated measurement
obtained with Equation (7.53). Material 1, l = 3 cm, r = 1 m, z1 = z2 = −5 cm.
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Figure 7.15 Comparison between the exact cos θp and a simulated measurement
obtained with Equation (7.56) from the variation of the total pressure on an axis perpendic-
ular to the surface of the layer. Material 1, l = 3 cm, z1 = z2 = −0.5 cm, z′2 = −2.5 cm,
r = 1 m.

are presented in Allard et al. (2003a, b) for thin layers of porous foam. In the domain
of validity of Equation (7.53), θp is close to π /2, and from Equation (7.25) Zs(sin θp) =
−Z0/ cos θp, the surface impedance at an angle of incidence θp close to π /2, can be
evaluated from cos θp. This surface impedance can be an important parameter in room
acoustics. The reflection coefficient at an angle of incidence equal to π /2 is – 1, and there
is no absorption. However, a major part of sound absorption can occur at large angles of
incidence where the impedance remains close to the impedance at an angle of incidence
equal to π /2.

Measurements on layers of glass beads and sand having a large flow resistivity and
a small porosity are presented in Hickey et al. (2005). The thickness of these layers
was sufficiently large for their reflection coefficient to be very similar to the reflection
coefficient of semi-infinite layers. The modulus of the surface impedance close to grazing
incidence is much larger than the characteristic impedance of air and the pole at Reθ > 0
is located close to θ = π/2. As indicated in Section (7.5.2), the Brewster angle θB of
total refraction is related to θp by cos θB = − cos θp. The Brewster angle can be evaluated
from the measured cosθp.
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7.7.2 Localization from the vertical dependence of the total pressure

If the pressure field above the porous layer is the same as that above a locally react-
ing medium of surface impedance Zs(sin θp), the surface impedance of the layer is
Zs(sin θp). This is verified in what follows when θp ≈ π/2 and θ0 ≈ π/2, if |z1| and |z2|
are much smaller than r . The total pressure pt is the sum of pr and of the direct field
exp(−jk0R2)/R2, R2 being the distance from the source to the receiver

pt = exp(−jk0R2)

R2

+ exp(−jk0R1)

R1
{1 − cos θp

√
2k0R1 exp

(−3jπ

4

) √
π exp(u2)erfc(−u)} (7.54)

where u is given by Equation (7.50). At θ0 = π/2, ∂R2/∂z2 = ∂R1/∂z2 = 0, and
∂θ0/∂z2 = 1/r (the z axis is directed toward the porous layer). The derivative of
w(u) = exp(u2)erfc(−u) is w′(u) = 2uw(u)+ 2/

√
π (Abramovitz and Stegun 1972,

Chapter 7), where u can be replaced by − exp(−j3π/4)
√
k0r/2 cos θp.

The derivative ∂u/∂z2 at θ0 = π/2 is given by

∂u

∂z2
= −

√
2k0r exp

(
−j3π

4

)
1

2r
sin θ0 (7.55)

where sin θ0 is close to 1, and from Equation (7.55)

∂pt/∂z2 = ptjk0 cos θp (7.56)

The surface impedance is the ratio pt/vz = −ptjωρ0/(∂pt/∂z2) = −Z0/ cos θp,
which is equal to Zs(sinθp). This impedance can be evaluated in a free field from
pressure measurements close to the surface on a normal to the surface at z2 and z′2. The
velocity vz is given by (j/ωρ0)∂pt/∂z2 where the pressure derivative ∂pt/∂z2 can be
approximated by [p(z′2)− p(z2)]/(z′2 − z2). The measured surface impedance Zs can be
obtained from

Zs = j (z′2 − z2)

ωρ0

p(z2)

(p(z′2)− p(z2))
(7.57)

or by the equivalent expression equivalent for small z1 − z2

Zs = j (z′2 − z2)

ωρ0

1

ln(p(z′2)/p(z2))
(7.58)

In Figure 7.15, the evaluated quantity is not Zs , but cosθp = −Z0/Zs . Simulated
measurements are shown for a layer of thickness l = 3 cm of material 1 the exact total
pressure being calculated with Equation (7.6). Equation (7.58) is used to evaluate Zs .
The systematic error increases faster with frequency than with the previous method.
Measurements are presented in Allard et al. (2004).

The z2 dependence of a pole contribution ppole is exp(jk0 cos θpz2). This gives for
the pole contribution derivative the following expression

∂ppole/∂z2 = ppolejk0 cos θp (7.59)
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The ratio [∂ppole/∂z2]/ppole has the same expression as [∂pt/∂z2]/pt in Equation
(7.56). The difference is that the impedance condition concerns the total field and must
be satisfied close to the reflecting surface only.

7.8 The modified version of the Chien and Soroka model

In Section 7.1 an exact integral expression for the reflected field is given. An approximate
expression obtained with the passage path method and valid for large k0R1 is given in
Section 7.4. Several equivalent expressions valid for θ0 close to π /2 when one pole is
located at an angle of incidence θp close to grazing incidence are given in Section 7.6.
The validity of a modified version of the Chien and Soroka model suggested by Nicolas
et al. (1985) and Li et al. (1998), currently used to predict the reflected monopole field
above porous layers in the context of long-range sound propagation and also for the
evaluation of acoustic surface impedance, is studied in this section. The initial work by
Chien and Soroka (1975) concerns the monopole field reflected by an impedance plane
Zs . In the initial formulation, the reflected field is given by

pr = exp(−jk0R1)

R1
[VL(sin θ0)+ (1 − VL(sin θ0))(1 + √

πu exp(u2)erfc(−u))] (7.60)

where VL is the reflection coefficient

VL(sin θ) = cos θ − Z0/Zs

cos θ + Z0/Zs
(7.61)

and u is given by

u = exp

(−j3π

4

) √
k0R1/2

(
cos θ0 + Z0

Zs

)
(7.62)

There is one pole of the reflection coefficient and cos θp = −Z0/Zs . This expression
can be obtained from Equation (1.4.10) in Brekhovskikh and Godin (1992) for θp and
θ0 close to π /2. For nonlocally reacting media it has been suggested to use Zs(sin θ0)

instead of the constant impedance Zs in Equations (7.60)–(7.62). In the modified Chien
and Soroka formulation Zs(sin θ0) is substituted for Zs which does not depend on the
angle of incidence. The reflection coefficient VL of the impedance plane becomes the
reflection coefficient V of the porous layer at an angle of incidence θ0. In the modified
formulation the reflected pressure is given by

pr = exp(−jk0R1)

R1
[V (sin θ0)+ (1 − V (sin θ0))(1 + √

πu exp(u2)erfc(−u))] (7.63)

where V is the reflection coefficient

V (sin θ) = cos θ − Z0/Zs(sin θ)

cos θ + Z0/Zs(sin θ)
(7.64)

and u is now given by

u = exp

(−j3π

4

) √
k0R1/2

(
cos θ0 + Z0

Zs(sin θ0)

)
(7.65)
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For materials having an impedance which does not depend significantly on θ the
modified simulation is similar to the initial formulation of Chien and Soroka. A detailed
description of the domain of validity of the modified formulation is beyond the scope
of the book, due to the large number of parameters that characterize a porous layer.
Some trends can be shown with the following examples. A precise correction due to
the sphericity is necessary when the direct field exp(−jk0R2)/R2 and the reflected field
V (sin θ0) exp(−jk0R1)/R1 almost cancel each other. This happens for θ0 ≈ π/2 because
at θ0 = π/2, R1 = R2 and V = −1. In the first examples θ0 is close to π /2. Let pt be
the exact total field above the layer given by

pt = pr + exp(−jk0R2)

R2
(7.66)

where the reflected field pr is calculated with Equation (7.6). Let p′
t be the total field

obtained with the modified formulation. In Figure 7.16, |(p′
t − pt)/pt | is represented as

a function of frequency for a layer of material 1 and a layer of material 2 of thickness
2 cm. The geometry is defined by z1 = z2 = −2.5 cm, r = 1 m.

The error is small for both materials in the low frequency range. At low frequencies
there is one pole at θp close to π /2 and Equations (7.49)–(7.51) can be used. The modified
formulation corresponds to the same set of equations where cos θp = −Z/Zs(sin θp) is
replaced by −Z/Zs(sin θ0). The modified formulation can also be used close to grazing
incidence for thin layers because θ0 and θp are close to each other and Zs(θp) is close
to Zs(θ0). The error is also small for the modified formulation at high frequencies for
both materials. This can be explained by using the passage path method to predict the
reflected pressure. The use of the passage path method can be justified at high frequencies
for media with a low flow resistivity when θ0 is close to π /2 because, in Equation
(7.25) |Z0/Zs(s≈1)|≈1, there is no pole close to π /2. It is shown in Figure 7.17 that
in the high-frequency range there is a good agreement between the exact pressure pt
obtained with Equation (7.6) and the prediction p′′

t obtained with Equation (7.20) from
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Figure 7.16 Modulus of the normalized error in the pressure evaluation with the mod-
ified formulation. Thickness l = 2 cm, z1 = z2 = −2.5 cm, r = 1 m.
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Figure 7.17 Normalized difference between the exact total pressure pt and the pressure
p′′
t predicted with the passage path method. Material 2, l = 2 cm, z1 = z2 = −2.5 cm,
r = 1 m.

the passage path method though the contributions of the numerous poles crossing the
path of integration are neglected.

This good agreement also shows that the pole contributions are negligible for the
chosen geometry at high frequencies. Using Equation (7.A.3) for θ0 = π/2 gives at
zeroth order in cos θ0

N = −2

(
Zs(sin θ0)

Z0

)2

(7.67)

and from Equation (7.20) pr is given by

pr = exp(−jk0R1)

R1

[
V (sin θ0)− −2j (Zs(s0)/Z0)

2

k0R1

]
(7.68)

The same expression can be obtained with the modified formulation when only the
leading term 1/(2u2) in Equation (7.48) is retained. Pressures predicted with the passage
path method and the modified formulation close to grazing incidence for large numerical
distances are similar. This explains why predictions obtained under these conditions with
the modified formulation are valid.

In Figure 7.16 the total pressure for material 2 is predicted with a large error in the
medium-frequency range. This is an illustration of a general trend. The error increases
when the flow resistivity decreases. The error is negligible for materials with a large flow
resistivity because the material becomes locally reacting and the modified formulation
becomes identical to the original formulation of Chien and Soroka which can be used,
as indicated in Appendix 7.C, over the whole frequency range. The influence of the
thickness on the error is shown in Figure 7.18.

The error decreases when the thickness increases and the peak in the medium-
frequency range disappears for semi-infinite layers. There is only one pole for a
semi-infinite layer and the surface impedance is less dependent on the angle of incidence
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Figure 7.18 Modulus of the normalized error |(p′
t − pt)/pt | in the pressure evalu-

ation with the modified formulation for different thicknesses. Material 2, z1 = z2 =
−2.5 cm, r = 1 m.

than for a thin layer. This can explain why the error decreases when the thickness
increases.

The normalized difference between the exact total pressure and the pressure predicted
with the modified formulation is shown in Figure 7.19 for a small angle of incidence. A
comparison is performed with the normalized difference between the exact total pressure
and the pressure pL given by

pL = exp(−jk0R2)

R2
+ exp(−jk0R1)

R1
V (sin θ0) (7.69)

where the correction related to the sphericity of the source is omitted.
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Figure 7.19 Normalized error in the estimation of the total pressure with the modified
formulation and with Equation (7.69). Material 2, l = 2 cm, z1 = z2 = −0.5 m, r = 1 m.
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Adding the correction (1 − V (sin θ0))(1 + √
πu exp(u2)erfc(−u)) exp(−jk0R1)/R1

of the modified formulation to pL noticeably decreases the difference at low frequencies.
The large peak in the medium frequency range at θp close to π /2 has disappeared. The
reflected field is close to pL and the contribution of the correction is less important than
for θ0 close to π /2.

In summary, the modified formulation can provide reliable prediction, except for
layers having a small thickness of media of low flow resistivity close to grazing incidence.
In this case it is better to use the exact expression (Equation 7.6) if the conditions of a
precise evaluation of the integral are fulfilled.

Appendix 7.A Evaluation of N

Layer of finite thickness

∂V

∂s
= 2m′(s0)s(1 − n2)√

n2 − s2
√

1 − s2(m′(s0)
√

1 − s2 + √
n2 − s2)2

[
1 + 2

√
n2 − s2(1 − s2)k0l

sin(2l
√
n2 − s2(1 − n2)

]

m′(s) = −j m
φ

cot(k0l
√
n2 − s2) (7.A.1)

∂2V

∂s2
= 2(1 − n2)m′(s0)s√

n2 − s2
√

1 − s2(m′(s0)
√

1 − s2 + √
n2 − s2)2

2k0nl

(1 − n2)

×
[

2k0nl(1 − s2)s cos(2k0l
√
n2 − s2)

n2 sin2(2k0l
√
n2 − s2)

− s((1 − s2)/
√
n2 − s2 + 2

√
n2 − s2))

n sin 2k0l
√
n2 − s2

]

+
[

1 + 2(1−s2)k0l
√
n2−s2

(1−n2) sin2(2k0l
√
n2−s2)

] [
2((1−n2)s√

n2−s2
√

1−s2(m′(s0)
√

1−s2 + √
n2−s2)2

− 4(1 − n2)m′2(s0)s√
n2 − s2

√
1 − s2(m′(s0)

√
1 − s2 + √

n2 − s2)3

]
2m′k0ls√

n2 − s2 sin(2k0l
√
n2 − s2)

(7.A.2)

The coefficient N can be written

N =


1 +

2k0l(1 − s2
0)

√
n2 − s2

0

(1 − n2) sin(2k0l

√
n2 − s2

0 )




×


M(s0)+ 2(1 − s2

0)(1 − n2)s2
0 (−m′(s0)

√
1 − s2

0 +
√
n2 − s2

0 )m
′(s0)k0l

(n2 − s2
0)

√
1 − s2

0 (m
′(s0)

√
1 − s2

0 +
√
n2 − s2

0)
3 sin(2k0l

√
n2 − s2

0 )




+ 1 − s2
0

2

2m′(s0)s0(1 − n2)√
n2 − s2

0

√
1 − s2

0 (m
′(s0)

√
1 − s2

0 +
√
n2 − s2

0)
2

2k0l

(1 − n2)
n
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×


2k0ls0(1 − s2

0) cos(2k0l

√
n2 − s2

0 )

n sin2[2k0l

√
n2 − s2

0 ]
− s0(1 − s2

0 + 2(n2 − s2
0 ))

n sin[2k0l(n2 − s2
0 )]


 (7.A.3)

where M(s0) is given by

M(s0) =m′(s0)(1 − n2){2m′(s0)(n2 − 1)+ (1 − s2
0)

1/2

× [3m′(s0)(1 − s2
0)

1/2 −m′(s0)(1 − s2
0)

3/2 +
√
n2 − s2

0(2n
2 + s2

0)]}
× (m′(s0)

√
1 − s2

0 +
√
n2 − s2

0 )
−3(n2 − s2

0)
−3/2

(7.A.4)

Locally reacting medium of constant impedance ZL

The pole is located at θp satisfying

cos θp =
√

1 − s2
p = −Z/ZL (7.A.5)

The reflection coefficient VL can be written

VL(s) = cos θ + cos θp
cos θ − cos θp

(7.A.6)

Equation (7.21) gives

N =
2
√

1 − s2
p(1 −

√
1 − s2

0

√
1 − s2

p)

(

√
1 − s2

0 −
√

1 − s2
p)

3
(7.A.7)

Appendix 7.B Evaluation of pr by the pole subtraction
method
We follow the reference integral method described in Appendix A in Brekhovskikh and
Godin (1992). The expressions for pr are simultaneously obtained for a porous layer and
for a locally reacting surface with an impedance ZL. A subscript L is used for the locally
reacting surface. The following expressions are used for the reflection coefficients

V (q) = 1 − 2
√
n2 − s2

√
n2 − s2 − j√1 − s2 cot(

√
n2 − s2k0l)nZ/(φZ0)

(7.B.1)

VL(s) = 1 − 2Z0

ZL
√

1 − s2 + Z0
(7.B.2)
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The unit term provides a contribution exp(-jk0R1)/R1 to pr and is discarded in what
follows. In Equation (7.15), f (s), fL(s), F (s), and FL(s), are now given by

f (s) = fL(s) = −j (s sin θ0 +
√

1 − s2 cos θ0) (7.B.3)

F(s) = −2

√
s

1 − s2

√
n2 − s2

[√
n2 − s2 − j Zn

φZ0

√
1 − s2 cot(k0l

√
n2 − s2)

]−1

(7.B.4)

FL(s) = −2Z0

√
s

1 − s2
[ZL

√
1 − s2 + Z0]−1 (7.B.5)

Using Equations (A.3.9)–(A.3.14) of Brekhovskikh and Godin (1992) with the same
notations, the integral in Equation (7.15) can be written

∞∫
−∞

F(s) exp[k0R1f (s)] ds = exp(k0R1f (s0))

[
aF1(1, kR1, qp)+

(
π

k0R1

)1/2

�1(0)

]

(7.B.6)

a = lim[F(s)(s − sP )]
s → s0

(7.B.7)

qp = {j [cos(θp − θ0)− 1]}1/2

Im(qp) < 0
(7.B.8)

This equation can be replaced, for the case of thin layers and semi-infinite layers, by

qp = exp

(−jπ
4

) √
2 sin

θp − θ0

2
(7.B.9)

F1(1, k0R1, qp) = −jπ exp(−k0R1q
2
p)[erfc(j

√
k0R1qp)] (7.B.10)

�1(0) = F(s0)
√

−2

f ′′(s0)
+ a/qp (7.B.11)

where s0 = sin θ0. For the porous layer, a is given by

a = −2

√
sp

1 − s2
p

√
n2 − s2

p

G′
s(sp)

(7.B.12)

where G′ is given by Equation (7.40), and Equation (7.B.12) can be rewritten

a = −2

√
1 − s2

p

sp


1 − (1 − s2

p)


 2k0l√

n2 − s2
p sin 2k0l

√
n2 − s2

p

+ 1

n2 − s2
p







−1

(7.B.13)
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For the locally reacting medium, aL is given by

aL = −2

√
1 − s2

p

sp
(7.B.14)

Using f (s) = −j cos(θ − θ0) gives f ′′(s0) = j/(1 − s2
0 ), and

F(s0)

√
−2

f ′′(s0)
=

√
s0

1 − s2
0

(−1 + V (s0))
√

2j (1 − s2
0 ) (7.B.15)

For the porous layer, the reflected pressure is given by

pr =exp(−jk0R1)

R1
+

(
k0

2πr

)1/2

exp

(−jπ
4

)
exp(−jk0R1)

×
{
−jπa exp(−k0R1q

2
p)erfc(j

√
k0R1qp)

+
(
π

k0R1

)1/2
[√

s0

1 − s2
0

(−1 + V (s0))
√

2j (1 − s2
0)+

a

qp

]}
(7.B.16)

After some rearrangement, pr can be rewritten

pr = exp(−jk0R1)

R1

×


V (s0)−

√
1−s2

p

√
2k0R1 exp(−3πj/4)(1 + √

πu exp(u2)erf c(−u))

u

√
s0sp[1−(1−s2

p)[2k0l/(
√
n2−s2

p sin 2k0l
√
n2−s2

p)+ 1/(n2−s2
p)]]




(7.B.17)

where u is the numerical distance, defined by

u = −j
√
k0R1qp (7.B.18)

For the locally reacting surface, the expression for pr is very similar

pr =exp(−jk0R1)

R1

×


VL(s0)−

√
1 − s2

p

√
2k0R1 exp(−3πj/4)(1 + √

πu exp(u2)erfc(−u))
u
√
s0sp




(7.B.19)

The reflection coefficient V (s0) in Equation (7.B.17) is given by Equation (7.38).
If θ0 is close to π /2, at the first order approximation in cos θ0, sin θ0 = 1 and
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cos θ1 =
√

1 − 1/n2, and V (s0) is given with the same approximation by

V (s0) = −(n2 − 1)1/2 − jn(Z/φZ0) cos θ0 cot(k0l
√
n2 − 1)

(n2 − 1)1/2 − jn(Z/φZ0) cos θ0 cot(k0l
√
n2 − 1)

(7.B.20)

If θp is also close to π /2, Equation (7.B..20) can be used to calculate cosθp which is
given by

cos θp = −j φZ0

nZ

√
n2 − 1 tan k0l

√
n2 − 1 (7.B.21)

(see Equation 7.28 for the case of thin layers). The approximate reflection coefficient V
has the same expression as VL

V (s0) = cos θ0 + cos θp
cos θ0 − cos θp

(7.B.22)

Neglecting the term multiplied by 1 − s2
p = cos2 θp in the denominator at the

right-hand side of Equation (7.B.17), Equation (7.B.17) and (7.B.19) become identical.

Appendix 7.C From the pole subtraction to the passage
path: locally reacting surface
In the case of a locally reacting surface, for large |u|,the reflected pressure evaluated with
the pole subtraction method has the same expression as that obtained with the passage
path method. The pole contribution, for the pole subtraction method, corresponds to the
term 2

√
πu exp(u2) of Equation (7.48), and can be written

SWP (sp) = −exp(−jk0R1)

R1

√
1 − s2

p

√
2k0R1 exp

(
−3jπ

4

)
2
√
π exp(u2)

√
s0sp

(7.C.1)

where u2 = jk0R1[1 − cos(θp − θ0)]. This contribution is the same as SW(sp) given by
Equation (7.43) in the context of the passage path method. This contribution exists under
the same conditions. It may be shown that the condition Reu> 0 in Equation (7.48)
corresponds to the fact that the pole has been crossed when the initial path of integration
is deformed into the passage path. Moreover, with θ0 and θp close to π /2 and u given by
Equation (7.50), the contribution of the term 1/2u2 in Equation (7.48) to pr corresponds
to the contribution of N in Equation (7.20), N for an impedance plane being given in
Brekhovskikh and Godin (1992) by

N = 2 cos θp(1 − cos θ0 cos θp)

(cos θ0 − cos θp)3
(7.C.2)

and the product cos θ0 cos θp being neglected at the numerator. The expression of the
reflected pressure obtained with the pole subtraction method remains valid for large
numerical distances, and can replace the expression obtained with the passage path
method. A medium with a high flow resistivity can be replaced by an impedance plane
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with |Zs | � Z0 over the whole audible frequency range and the expressions (7.49)–(7.51)
of Chien and Soroka can be used for small and large numerical distances if θ0 is close
to π /2.
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8

Porous frame excitation by point
sources in air and by stress
circular and line sources – modes
of air saturated porous frames

8.1 Introduction

Some of the modes of air-saturated rigid framed porous layers have been described in
Chapter 7. These modes are related to poles of the plane wave reflection coefficient and
can be observed in the spherical reflected field at large angles of incidence. A real porous
structure is not motionless, but the results of Chapter 7 will not be noticeably modified,
for most of the porous media, if the Biot theory is used instead of a rigid-framed model.
In this chapter, the Biot theory is used to describe the frame displacement created by a
point source pressure field in air, or by a normal stress applied in a limited domain at the
surface of a layer. The porous media are supposed to be isotropic. Anisotropy effects are
considered in Chapter 10. A description of the displacement field created by a normal
stress field at the surface of the layers with a given wave number parallel to the surface is
discussed. The same description is performed when the stress field is replaced by a plane
pressure field in air. The Sommerfeld representation can be used to adapt the results to
the case of a point source in air. The Fourier transform or the Hankel transform can be
used for the case of a circular normal stress.

Another aim of this chapter is to present experiments which can be used to evaluate
the rigidity parameters of a porous frame in the audible frequency range. Many methods
of measuring the rigidity coefficients at very low frequencies have been carried out

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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(Melon et al. 1998, Park 2005, Pritz 1986, 1994; Sfaoui 1995a, b, Langlois et al. 2001,
Tarnow 2005), but the rigidity coefficients can present noticeable variations between the
quasi-static regime and the audible frequency range.

8.2 Prediction of the frame displacement

8.2.1 Excitation with a given wave number component parallel
to the faces

In Figure 8.1(a), a plane acoustic field in air impinges upon a porous layer of finite
thickness l at an angle of incidence θ . The layer is bonded onto a rigid impervious
backing. The geometry of the problem is two-dimensional in the incident plane. The
total pressure field p (incident plus reflected) at the surface of the layer is given by
p = pe exp(−jkxx), the time dependence exp(jωt) is discarded and kx = ξ = k0 sin θ .
The first representation of the Biot theory is used in this chapter. Three Biot waves
can propagate in the porous layer, toward the backing and toward the air–porous mate-
rial boundary. In Figure 8.1(b), the incident plane wave is replaced by a normal stress
field τ szz = exp(−jξx), with the same dependence on x, applied to the surface. In a
first step, the Biot theory is used to predict the radial and the vertical displacement
components usx and usz of the porous frame created by a plane wave in air with a hor-
izontal (trace) wave number ξ . Let k1 and k2 be the wave numbers of the two Biot
compressional waves, and k3 the wave number of the shear wave. Each plane wave is
related to a displacement us of the frame and uf of air, with uf = µus . Let N be the
shear modulus and ν the Poisson ratio of the frame. Let P,Q, and R be the Biot rigid-
ity coefficients. The quantities k1, k2, k3, µ1, µ2, µ3, P , Q, and R, are described in
Chapter 6.

The excitation by the pressure field or the stress field is related to Biot waves prop-
agating up and down the layer with the same horizontal wave number component. The
superscript + will be used for waves propagating from the upper to the lower face
and the superscript – for waves propagating in the opposite direction. Let ϕ±

i , i = 1, 2
be the velocity potentials of the compressional waves, with the related displacement
us = −j∇ϕ/ω, and let �± = nϕ±

3 be the vector potentials, n being the unit vector on
the y axis and us = −j∇ ∧ �/ω the related frame displacement. The scalar functions

porous layer

q

porous layer

x

z

s
zzt

Figure 8.1 Two sources inducing Biot wave in a porous medium: (a) incident plane
field, (b) normal stress field.
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ϕ±
i can be written

ϕ±
i = a±

i exp(∓jαiz− jξx)
αi = (k2

i − ξ 2)1/2

i = 1, 2, 3

(8.1)

Let σ sαβ and σfαβ be the components of the Biot stress tensors for the frame, and the
air, respectively. They are related to forces acting on the frame and on the air, for a unit
surface of porous medium. The stress components in the Biot theory are given by

σ sij = [(P − 2N)θs +Qθf ]δij + 2Nesij (8.2)

σ
f

ij = (Qθs + Rθf )δij (8.3)

where θf and θs are the dilatation of the air, and the dilatation of the frame, respectively,
and the terms esij are the strain components of the frame.

In order to simplify the calculations for layers of finite thickness, three independent
displacement fields which satisfy the boundary conditions at the lower face of the layer
are defined. They are obtained by associating to each potential function exp(−jαiz),
i = 1,2,3, three potential functions rik exp(jαkz), k = 1,2,3. The boundary conditions at
the lower face when the layer is glued to a rigid impervious backing are

usz = 0 (8.4)

ufz = 0 (8.5)

usx = 0 (8.6)

The coefficients rji are given in Appendix 8.A. Let b1 , b2 , and b3 be the frame
displacement fields defined by (the factor exp(−jξx) being removed)

b1 = − j

ω
[∇(exp(−jα1z)+ r11 exp(jα1z)

+ r12 exp(jα2z))+ ∇ ∧ nr13 exp(jα3z)]
(8.7)

b2 =−j
ω

[∇(r21 exp(jα1z)+ exp(−jα2z)

+ r22 exp(jα2z))+ ∇ ∧ nr23 exp(jα3z)]
(8.8)

b3 =−j
ω

[∇(r31 exp(jα1z)+ r32 exp(jα2z))

+ ∇ ∧ n(exp(−jα3z)+ r33 exp(jα3z))]
(8.9)

Any linear combination λ1b1 + λ2b2 + λ3b3 satisfies the boundary conditions at the
lower face. Let pe be the pressure and vez be the normal component of the velocity of air in
the free air close to the upper face of the layer. At the upper face, the boundary conditions
for the case of an incident plane wave can be written (see Equations 6.98–6.100)

φ
∑
u̇fz + (1 − φ)

∑
u̇sz = vez (8.10)
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∑
σfzz = −φpe (8.11)∑
σ szz = −(1 − φ)pe (8.12)∑
σ sxz = 0 (8.13)

where the summation is performed on the six Biot waves. If the excitation is created by
a normal unit stress field τ szz applied on the frame, Equation (8.12) must be replaced by

�σszz = −(1 − φ)p + τ szz (8.14)

At the upper face, the velocity components and the stress components related to∑
λjbj can be written, the x dependence being discarded

�σsxz = M1,1λ1 +M1,2λ2 +M1,3λ3 (8.15)

�u̇sz = M2,1λ1 +M2,2λ2 +M2,3λ3 (8.16)

�u̇fz = M3,1λ1 +M3,2λ2 +M3,3λ3 (8.17)

�σfzz = M4,1λ1 +M4,2λ2 +M4,3λ3 (8.18)

�σszz = M5,1λ1 +M5,2λ2 +M5,3λ3 (8.19)

�u̇sx = M6,1λ1 +M6,2λ2 +M6,3λ3 (8.20)

The coefficients Mi,j are given in Appendix 8.A. For the case of the impinging plane
wave (Figure 8.1a), the coefficients λj related to the unit total pressure field p with
pe = 1 can be obtained from Equations (8.11)–(8.13). Inserting these values in Equation
(8.10) gives the velocity υez , the surface impedance Zs(ξ/k0) = pe/vez , and the reflection
coefficient V (ξ/k0)

V (ξ/k0) = Zs(ξ/k0)− Z0/ cos θ

Zs(ξ/k0)+ Z0/ cos θ
(8.21)

where Z0 is the characteristic impedance of the free air and cos θ = (1 − (ξ/k0)
2)1/2. The

normal total velocity components U̇ sz = ∑
u̇sz, U̇

f
z = ∑

u̇
f
z , and the reflection coefficient

can be obtained with the parameters Tij given by

Tij = Mi+1,j − M1,j

M1,3
Mi+1,3

i = 1, . . . , 5, j = 1, 2
(8.22)

Using Equations (8.13) and (8.15), Equations (8.18)–(8.19) can be rewritten∑
σfzz = T31λ1 + T32λ2 (8.23)∑
σ szz = T41λ1 + T42λ2 (8.24)

From Equations (8.11)–(8.12) the ratio λ2/λ1 is given by

λ2

λ1
= s1 = −φT41 − (1 − φ)T31

φT42 − (1 − φ)T32
(8.25)
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The coefficient λ1 is obtained from Equation (8.23) where
∑
σ
f
zz = −φ. The velocity

components, the surface impedance and the reflection coefficient are given by

U̇ sz = (T11 + T12s1)
−φT42 + (1 − φ)T32

T31T42 − T32T41
(8.26)

U̇ sx = (T21 + T22s1)
−φT42 + (1 − φ)T32

T31T42 − T32T41
(8.27)

vez = D1

T31T42 − T32T41
(8.28)

Zs(ξ/k0) = (T31T42 − T32T41)/D1 (8.29)

V (ξ/k0) = −D1Z0 + (T31T42 − T32T41) cos θ

D1Z0 + (T31T42 − T32T41) cos θ
(8.30)

where D1 is given by

D1 =[−φT42 + (1 − φ)T32][(1 − φ)T11 + φT21]

+ [φT22 + (1 − φ)T12][φT41 − (1 − φ)T31]
(8.31)

When the external source is the unit stress τ szz = exp(−jξx), a plane wave similar
to the reflected wave in the previous case exists, with a z dependence exp(jzk0 cos θ).
At the surface of the layer in the free air, the pressure pe and the normal velocity vez are
related by

pe = −vezZ0/ cos θ (8.32)

Using Equation (8.10), Equation (8.32) can be rewritten

pe = s2λ1 + s3λ2 (8.33)

with s2 and s3 given by

s2 = − Z0

cos θ
[(1 − φ)T11 + φT21] (8.34)

s3 = − Z0

cos θ
[(1 − φ)T12 + φT22] (8.35)

Equation (8.23) becomes

(T31 + φs2)λ1 + (T32 + φs3)λ2 = 0 (8.36)

Equation (8.24) with τs = 1 becomes

[T41 + (1 − φ)s2]λ1 + [T42 + (1 − φ)s3]λ2 = 1 (8.37)

The parameters λ1 and λ2 can be obtained from this set of equations. For an excitation
of unit amplitude, the frame velocity components at the surface of the layer are given by

U̇ sz = [T11(T32 + φs3)− T12(T31 + φs2)]/D2 (8.38)

U̇ sx = [T51(T32 + φs3)− T52(T31 + φs2)]/D2 (8.39)
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were D2 is given by

D2 = [T41 + (1 − φ)s2][T32 + φs3] − [T42 + (1 − φ)s3][T31 + φs2] (8.40)

The denominators D1 and D2 are related by

D2 = T41T32 − T31T42 −D1
Z0

cos θ
(8.41)

A comparison of Equations (8.30) and (8.41) shows that the singularities of the
velocity components U̇ sz andU̇ sx are located at the same x wave number component ξ as
the singularities of the reflection coefficient.

The frame velocity components created by a plane field in air are used at the end
of the chapter to predict the displacements induced by a point source in air. The frame
velocity components obtained for a mechanical excitation are used in what follows for
different geometries of the excitation.

8.2.2 Circular and line sources

Let g(r) be the radial spatial dependence of the circular source τs . Using the direct and
inverse Hankel transforms

G(ξ) =
∞∫

0

rg(r)J0(ξr )dr

g(r) =
∞∫

0

ξG(ξ)J0(ξr) dξ

(8.42)

the axisymmetric source can be replaced by a superposition of excitations with a spa-
tial dependence given by the Bessel function J0 (rξ ). The following equivalence (see
Equations (7.3)–(7.6)) and Appendix 8.B

∞∫
0

G(ξ)J0(rξ)ξ dξ = 1

2π

∞∫
−∞

∞∫
−∞

G(ξ) exp(−j (ξ1x + ξ2y)dξ1 dξ2

ξ =
√
ξ 2

1 + ξ 2
2

(8.43)

shows that J0(ξr) can be replaced by a superposition of unit fields with different orienta-
tions and the same radial wave number ξ . The total vertical velocity of the frame U̇

s

z (r)

can be written (see Appendix 8.B)

U̇
s

z (r) = 1

2π

∞∫
0

ξG(ξ)J0(ξ)U̇
s
z (ξ )dξ (8.44)

Using

J1(u) = j

2π

∫ 2π

0
exp(−ju cos θ) cos θ dθ
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(see Appendix 8.B) gives the following expression for the radial component U̇
s

r (r)

U̇
s

r (r) = −j
2π

∞∫
0

ξJ1(rξ)G(ξ)U̇
s
x (ξ) dξ (8.45)

For a line source in the direction Y with a spatial dependence h(x), the direct and
inverse spatial Fourier transforms can be used

H(ξ) =
∞∫

−∞
h(x) exp(jξx) dx

h(x) = 1

2π

∞∫
−∞

H(ξ) exp(−jξx) dξ

(8.46)

The z and x components of the velocity displacement at the surface are now given by

U̇
s

z (x) = 1

2π

∞∫
−∞

H(ξ)U̇ sz (ξ) exp(−jξx) dξ (8.47)

U̇
s

x (x) = 1

2π

∞∫
−∞

H(ξ)U̇ sx (ξ) exp(−jξx) dξ (8.48)

8.3 Semi-infinite layer – Rayleigh wave

Rayleigh pole

It was shown by Feng and Johnson (1983) that the Rayleigh wave is the one surface
mode that could be detected experimentally at a semi-infinite porous frame–light fluid
interface. In Feng and Johnson (1983) the different losses predicted by the Biot theory are
not accounted for. A description of the Rayleigh wave for the lossy air-saturated porous
sound absorbing media is performed by Allard et al. (2002). Illustrations are given with
the porous medium denoted as material 1 in Table 8.1. Predictions for a semi-infinite
layer are obtained by setting all rij in Equations (8.7)–(8.9) equal to 0. A priori , due
to the partial decoupling, the Rayleigh wave must be similar to the one that could exist
at the surface of the porous frame in vacuum. For the case of the frame in vacuum, the
velocity of the Rayleigh wave must be slightly smaller than the velocity of the shear
wave. For material 1, at 2 kHz, the wave number k3 of the shear Biot wave is equal to
k3 = 230.6 – j24.0 m−1.

Using for the porous medium the empirical formula in Victorov (1967) that relates,
for an elastic solid, the wave number kR of the Rayleigh wave to the wave number of
the shear wave

kR = k3
1 + ν

0.87 + 1.12ν
(8.49)
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Table 8.1 Parameters for different materials.

Material Frame Poisson Shear Tortuosity Porosity Flow Characteristic
density ratio modulus α∞ φ resistivity dimensions
ρ1 (kg/m3) ν N (kPa) σ (N m−4 s) �, �′ (µm)

1 25. 0.3 75 + j15 1.4 0.98 50 000 50, 150
2 24.5 0.44 80 + j12 2.2 0.97 22 100 39, 275

one obtains kR = 248 – j25.9 m−1. There are no explicit expressions for the location of
the singularities of U̇ sz and U̇ sx given by Equations (8.38)–(8.39), but the x wave number
components close to the predicted kR can be obtained by recursive methods. Two poles
are obtained at ξR = 249.1 – j26.5 m−1 and ξR = 247.7+ j25.7 m−1 for a set of three
Biot waves having a decreasing amplitude with increasing z in the porous medium. The
wave in air above the porous medium has a dependence on z given by exp(jkz cos θ),
with cos θ = −0.73 − j6.73 for the first pole, and cos θ = 0.71 + j6.69for the second
pole. The first pole is on the physical Riemann sheet. Both cos θ are almost opposite,
both sin θ are almost equal.

Rayleigh wave contribution for a circular source

The simplest source is a normal periodic point force F exp(jωt)δ(x)δ(y). It can be
replaced by a superposition of axisymmetric fields

Fδ(x)δ(y) = F

2π

∞∫
0

J0(ξr)ξ dξ (8.50)

Using Equation (8.44), the vertical velocity at a radial distance r from the source can
be written

U̇
s

z (r) = F

2π

∞∫
0

J0(ξr)U̇
s
z (ξ )ξ dξ (8.51)

where U̇ sz is given by Equation (8.38) and presents a singularity at ξ = ξR. Using
the relation J0(u) = 0.5(H 1

0 (u)−H 1
0 (−u)) the integral on half the real ξ axis can be

replaced, as in Chapter 7, by an integral on the whole ξ axis. This path of integration can
be deformed in different ways to cut the Rayleigh poles. An example of integration on
different paths is given in Allard et al. (2004) for water–poroelastic interfaces. Predictions
obtained for a radial distance r = 25 cm with Equation (8.51) and a fast Fourier transform
are shown in Figure 8.2 for a semi-infinite layer of material 1 in air. The vertical force
is a burst centred at 2 kHz.

The part of the signal denoted as the ‘Rayleigh wave’ is almost identical to the
contribution of the residues related to the Rayleigh pole in the physical Riemann sheet. It
is shown in Appendix 8.C how to evaluate this contribution. Simulated measurements for
different radial distances give a velocity of the Rayleigh wave close to ω/ReξR ≈ 52 m/s
at 2 kHz.
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Figure 8.2 The point force F(t) and the vertical velocity U̇ sz (r) of the surface of
the frame at r = 25 cm (Allard et al. 2002). Reprinted with permission from Allard,
J. F., Jansens, G., Vermeir, G. & Lauriks, W. Frame-borne surface wave in air-saturated
porous media. J. Acoust. Soc. Amer. 111, 690–696. Copyright 2002. Acoustical Society of
America.

Measurements have been performed with different sources, line sources and circular
sources having a radius around 5 mm. The first measurement of the velocity and the
damping of a Rayleigh wave over an open cell foam is described in Allard et al. (2002).
The experimental set-up is represented in Figure 8.3.

The thickness of the layer is l = 10 cm. The amplitude and phase of the normal
velocity is measured at several distances from the source with a laser vibrometer and a
scanning mirror. A small patch of retro-reflecting tape is glued to the foam to obtain a
good signal. A sine burst with 10–20 periods is used as excitation and the detected signal
is cross-correlated with the excitation in order to obtain the time of flight. The results of
the measurements are shown in Figure 8.4. These measurements give a phase velocity
of 68 m/s and a damping of 24 m−1.

LDS
shaker

scanning
mirror

Polytec
vibrometer

Foam block

Figure 8.3 Experimental set-up for the observation of surface waves over open-cell
foams (Allard et al. 2002). Reprinted with permission from Allard, J. F., Jansens, G.,
Vermeir, G. & Lauriks, W. Frame-borne surface wave in air-saturated porous media. J.
Acoust. Soc. Amer. 111, 690–696. Copyright 2002. Acoustical Society of America.
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Figure 8.4 Results at 2.4 kHz: (a) time of flight, (b) attenuation (Allard et al. 2002).
Reprinted with permission from Allard, J. F., Jansens, G., Vermeir, G. & Lauriks, W.
Frame-borne surface wave in air-saturated porous media. J. Acoust. Soc. Amer. 111,
690–696. Copyright 2002. Acoustical Society of America.

In Figure 8.2 a contribution of both frame-borne waves appears before the Rayleigh
wave with a much smaller amplitude. This contribution is not detectable with the current
measurement set-ups.

8.4 Layer of finite thickness – modified Rayleigh wave

The amplitude of the Rayleigh wave is noticeable in the layer up to a distance from the
surface equal to twice the Biot shear wavelength. The coefficients rij for the material
given in Table 8.1 are negligible for large thicknesses, but their moduli increase when
the thickness decreases, and the location of the Rayleigh poles is modified because the
coefficients Mi,j depend on the thickness via the coefficients rij . The location of the
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Figure 8.5 Wave number of the modified Rayleigh wave as a function of thickness for
material 1, frequency fixed at 2 kHz.

modified pole in the physical Riemann ξ plane is shown in Figure 8.5 as a function of
the thickness for a layer of material 1 (see Table 8.1) at 2 kHz. The wavelength of the
shear Biot wave is equal to 2.73 cm. Noticeable modifications appear when the thickness
has the same order of magnitude as the wavelength.

Sound absorbing porous media are generally available in porous layers of thickness
ranging from 1 to 5 cm. This creates a limitation for the measurement of the wave
speed of the Rayleigh waves at low frequencies. Another limitation is due to the large
structural damping of the porous frames. As a consequence, the Rayleigh wave can
only be detected at small distances from the source. It has been shown by Geebelen
et al. (2008) that measurements performed at distances from the source as small as three
Rayleigh wavelengths can provide reasonable orders of magnitude for the phase speeds.

8.5 Layer of finite thickness – modes and resonances

8.5.1 Modes and resonances for an elastic solid layer
and a poroelastic layer

In a layer of finite thickness, free on both faces or bonded onto a rigid substrate, there
is an infinite number of frame modes. Due to the partial decoupling, the frame modes in
air or in vacuum must involve, at the same frequencies, similar deformation fields of the
frame.

Modes have been studied at low frequencies by Boeckx et al. (2005), for a soft
lossless elastic solid with a face bonded on a rigid substrate, the other face being in
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contact with vacuum. Let VT be the transverse wave speed, VL be the compressional
wave speed, ξ be the x wave number component of a mode propagating in the x direction,
p2 = (ω/VL)2 − ξ 2, and q2 = (ω/VT )2 − ξ 2. The dispersion equation for the modes can
be written

− 4ξ 2(ξ 2 − q2)− sinpl sin ql[
ξ 2

pq
(ξ 2 − q2)2 + 4ξ 2pq

+ cospl cos ql[4ξ 4 + (ξ 2 − q2)2] = 0
(8.52)

where l is the thickness of the layer. In Figure 8.6(a) an example of dispersion curves
obtained from a numerical search of the roots of Equation (8.52) is shown. The usual
Lamb dispersion curves for a free plate of thickness 2l are shown in Figure 8.6(b). The
main difference with the free plate is the absence of modes without cutoff frequency and
a smaller density of modes. The phase speed is infinite at the cutoff frequencies, and
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Figure 8.6 Phase speed as a function of frequency × thickness for: (a) a layer of
thickness l of an elastic medium on a rigid substrate, (b) a free layer of thickness 2l.
The material density is 14 kg/m3, VL = 222. m/s, VR = 122. m/s. (Boeckx et al. 2005).
Reprinted with permission from Boeckx, L. , Leclaire, P. , Khurana, P., Glorieux, C.,
Lauriks, W. & Allard, J. F. Investigation of the phase velocity of guided acoustic waves
in soft porous layers. J. Acoust. Soc. Amer. 117, 545–554. Copyright 2005, Acoustical
Society of America.
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from Equation (8.52) the cutoff frequencies are given by

fc = (2m+ 1)
VT

4l
orfc = (2m+ 1)

VL

4l
, m = 0, 1, 2 . . . (8.53)

At the cutoff frequencies, the phase speed being infinite, the displacements are iden-
tical on the whole free surface. These displacement correspond to the (2m+ 1)λT /4 and
(2m+ 1)λL/4 resonances of the layer. For a medium with a small Poisson ratio the
first resonance is the λT /4 resonance followed by the λL/4 resonance. If the Poisson
coefficient is sufficiently close to 0.5, the second resonance is the 3λT /4 resonance.

An experimental set-up for the case of bonded layers is described in Boeckx et al.
(2005) with phase speed measurements of the two first modes.

The main difference with the modes of a porous frame saturated by air is due to the
large loss angle. The phase speed does not tend to infinity when frequency tends to the
cutoff, but presents a maximum.

8.5.2 Excitation of the resonances by a point source in air

A heavy porous frame is not strongly coupled to the acoustic field in the surrounding
air. Moreover, the loss angle for usual sound absorbing porous layers is large; a current
order of magnitude is 1/10. However, the frame velocity created at the free surface of
a porous layer by a point source in air can be measured with a laser velocimeter, and
large peaks can appear in the velocity distributions. In contrast to the usual acoustic
impedance measurements, the chosen boundary conditions for the frame are important
and if the layer is bonded on a rigid backing, a careful gluing of the frame is mandatory.
The experimental set-up for the excitation and the measurement of the frame displacement
is shown in Figure 8.7. The velocity component U̇

s

z created by the monopole field over
the porous frame is given by

U̇
s

z (r) = −j
∞∫

0

J0(rξ)

µ
[1 + V (ξ/k0)]U̇

s
z (ξ ) exp[jµ(z1 + z2)]ξ dξ (8.54)

where V is the reflection coefficient for cos θ = µ/k0 and U̇ sz is given by Equation (8.38).
Using

J1(z) = j

2π

∫ 2π

0
exp(−jz cos θ) cos θ dθ

h

Rigid backing

Laser Doppler vibrometer

Sample

Compression
driver

SM
r

x

z

Figure 8.7 Set-up for the measurement of the frame displacement (Geebelen et al.
2007). Reproduced by Permission of MedPharm Scientific Publishers - S. Hirzel Verlag.
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(see Equation 8.B.12 in Appendix 8.B) the following expression for the radial component
is obtained

U̇
s

r (r) = −
∞∫

0

J1(rξ)

µ
[1 + V (ξ/k0)]U̇

s
x (ξ) exp[jµ(z1 + z2)]ξ dξ (8.55)

In Equations (8.54) and (8.55), (1 + V )U̇ sz and (1 + V )U̇ sx can be written, respectively

[1 + V (ξ/k0)]U̇
s
z (ξ ) = 2 cos θ

T11[(1 − φ)T32 − φT42] + T12[φT41 − (1 − φ)T31]

D1Z + (T31T42 − T32T41) cos θ

(8.56)

[1 + V (ξ/k0)]U̇
s
x (ξ) = 2 cos θ

T21[(1 − φ)T32 − φT42] + T22[φT41 − (1 − φ)T31]

D1Z + (T31T42 − T32T41) cos θ
(8.57)

The singularities of [1 + V (ξ/k0)]U̇ sz (ξ ) and [1 + V (ξ/k0)]U̇ sx (ξ) are the same as
those of V given by Equation (8.30).

Measurements and predictions are reported in Allard et al. (2007) and Geebelen et al.
(2007). Measurements of the normal velocity are performed with the laser beam normal
to the surface using a height of the source around 5 cm, and a radial distance from the
source to the point where the velocity is measured of 1 or 2 cm. Measurements of the
radial velocity are performed with an angle of incidence of the laser beam larger than
60◦, and a radial distance larger than 5 cm. Due to the Bessel function J1 in Equation
(8.45), the radial displacement is negligible at small r . A microphone is mounted in the
tube of the source, at the side opposite to the compression driver, and in a first step the
measured velocity is normalized with the pressure signal provided by the microphone. In
a second step, this measured velocity is normalized with respect to the predicted velocity,
to make the comparison easier.

In Figures 8.8 and Figures 8.9, previsions and measurements are presented. Predictions
are performed with the acoustic parameters of material 2 in Table (8.1). The thickness of
the layer is l = 2 cm. The acoustic parameters that characterize the rigidity are the Poisson
ratio and the shear modulus. They have been adjusted to fit the measured distribution.
The mode manifestations are the broad peaks in the velocity distributions. For the radial
velocity in Figure 8.9, the maximum is close to the Biot shear wave λ/4 resonance. It may
be noticed that the quarter shear wave resonance is generally not observable, contrary
to the Biot frame-borne compressional wave λ/4 resonance. For the normal velocity,
distributions for materials with a Poisson coefficient equal to 0.35 or less are peaked
at this resonance (Allard et al. 2007, Geebelen et al. 2007). For material 2, the Poisson
ratio is large and with the geometry chosen for the measurement set-up, the main peak in
the normal distribution appears at a frequency lower than that of the Biot compressional
wave λ/4 resonance. The origin of the main peak has been studied for the simpler case
of a soft elastic medium. In this case, a similar peak corresponds to the contribution of a
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Figure 8.8 Normal velocity, r = h = 3.5 cm, prediction vs measurement (taken from
Allard et al. 2007).
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Figure 8.9 Radial velocity, r = 16.5 cm, h = 3.5 cm, prediction vs measurement (taken
from Allard et al. 2007).
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mode related to the shear wave 3λ/4 resonance. The compressional wave λ/4 resonance
will provide a more dominant contribution if the source height is increased, or if the
point source is replaced by a loudspeaker set at one or several meters above the porous
layer.

Appendix 8.A Coefficients rij and Mi,j

The coefficients rij expressed with E = α1α2(µ1 − µ2), F = α1ξ(µ1 − µ3),
G = α2ξ(µ2 − µ3), L = α3E + ξ(F −G), Hij = exp(−j l(αi + αj )) are given by:

r11 = [α3E + ξ(F +G)]H11

L
(8.A.1)

r12 = −2ξF
H12

L
(8.A.2)

r13 = −2ξE
H13

L
(8.A.3)

r21 = 2ξG
H21

L
(8.A.4)

r22 = [α3E − ξ(F +G)]H22

L
(8.A.5)

r23 = −2ξE
H23

L
(8.A.6)

r31 = −2α3G
H31

L
(8.A.7)

r32 = 2α3F
H32

L
(8.A.8)

r33 = [α3E − ξ(F −G)]H33

L
(8.A.9)

The coefficients Mi,j expressed with Aj = (j/ω)(Q + Rµj)k2
j , Bj = (j/ω)[(P +

Qµj)k
2
j − 2Nξ 2], Cj = (j/ω)2Nαj ξ , and H = −(jN/ω)(α2

3 − ξ 2) are given by:

M1,1 = C1(1 − r11)− C2r12 +Hr13 (8.A.10)

M1,2 = −C1r21 + C2(1 − r22)+Hr23 (8.A.11)

M1,3 = −C1r31 − C2r32 +H(1 + r33) (8.A.12)

M2,1 = −jα1(1 − r11)+ jα2r12 − jξr13 (8.A.13)

M2,2 = −jα2(1 − r22)+ jα1r21 − jξr23 (8.A.14)

M2,3 = jα1r31 + jα2r32 − jξ(1 + r33) (8.A.15)

M3,1 = −jµ1α1(1 − r11)+ jµ2α2r12 − jµ3ξr13 (8.A.16)

M3,2 = −jµ2α2(1 − r22)+ jµ1α1r21 − jµ3ξr23 (8.A.17)

M3,3 = jµ1α1r31 + jµ2α2r32 − jµ3ξ(1 + r33) (8.A.18)
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M4,1 = A1(1 + r11)+ A2r12 (8.A.19)

M4,2 = A2(1 + r22)+ A1r21 (8.A.20)

M4,3 = A1r31 + A2r32 (8.A.21)

M5,1 = B1(1 + r11)+ B2r12 − C3r13 (8.A.22)

M5,2 = B2(1 + r22)+ B1r21 − C3r23 (8.A.23)

M5,3 = C3(1 − r33)+ B1r31 + B2r32 (8.A.24)

M6,1 = −jξ(1 + r11 + r12)− jα3r13 (8.A.25)

M6,2 = −jξ(1 + r21 + r22)− jα3r23 (8.A.26)

M6,3 = jα3(1 − r33)− jξ(r31 + r32) (8.A.27)

Appendix 8.B Double Fourier transform and Hankel
transform
Double Fourier transform

f(x, y) = 1

4π2

∞∫
−∞

∞∫
−∞

F(u, v) exp[−j (ux + vy)] du dv (8.B.1)

F(u, v) =
∞∫

−∞

∞∫
−∞

f(x, y) exp[j (ux + vy)] dx dy (8.B.2)

If f depends only on r =
√
x2 + y2, F depends only on w = √

u2 + v2.

Hankel transform

f(r) =
∞∫

0

wF(w)J0(rw) dw (8.B.3)

F(w) =
∞∫

0

rf(r)J0(rw) dr (8.B.4)

Relationship between the two transforms

Equations (8A.1) and (8A.2) can be rewritten with the polar coordinates r , θ instead of
x, y, and w, ψ instead of u,w

f(r) = 1

4π2

∞∫
0

F(w)w dw

2π∫
0

exp[−j (rw cos(ψ − ϕ))] dψ (8.B.5)
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F(w) =
∞∫

0

f(r)rdr

2π∫
0

exp[j (rw cos(ψ − ϕ))] dϕ (8.B.6)

Using (Abramovitz and Stegun 1972)

2π∫
0

exp[ju cos(ψ − ϕ)] dψ = 2πJ0(u) (8.B.7)

Equations (8B.5) and (8B.6) can be rewritten

f(r) = 1

2π

∞∫
0

F(w)wJ0(wr) dw (8.B.8)

F(w) = 2π

∞∫
0

f(r)rJ0(wr) dr (8.B.9)

The functions F and F are related by F = 2πF.

Response of a linear system

If the response to an excitation exp[−j (ux + vy)] is a Z vector component like usz or a
scalar which only depends on r , the total response Uz of the system for the excitation
f(r) is given by

Uz(r) = 1

4π2

∞∫
0

F(w)uz(w)w dw

2π∫
0

exp[j (rw cos(ψ − ϕ))] dψ (8.B.10)

which can be rewritten

Uz(r) = 1

2π

∞∫
0

F(w)uz(w)J0(wr)w dw (8.B.11)

where F/2π can be replaced by F.
If the response is a radial component which only depends on r and not on θ , the total

response in the direction x is obtained by projecting in the direction x the responses for
the different orientations of the excitation in the XY plane. Using

J1(u) = j

2π

∫ 2π

0
exp(−ju cos θ) cos θ dθ

(Abramovitz and Stegun 1972) leads to

Ux(r) = −j
2π

∞∫
0

F(w)ur (w)J1(wr)w dw (8.B.12)
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Appendix 8.C Rayleigh pole contribution
Equation (8.51) can be rewritten (see Equations 7.6, 7.7)

U̇
s

z (r) = − F

4π

∞∫
−∞

H 1
0 (−ξr)U̇ sz (ξ )ξ dξ (8.C.1)

where U̇ sz is given by Equation (8.38). There is a simple zero of D2 given by Equation
(8.41) at ξ = ξR. Let a be the parameter defined by

a = ∂D2

∂ξ
/ξ=ξR (8.C.2)

The Rayleigh wave contribution is given in the frequency domain by

U̇
s

Rz(r) = − F

4π
(−2πj)H 1

0 (−ξRr)
T11(T32 + φs3)− T12(T31 + φs2)/ξ=ξR

a
(8.C.3)

The variables in the derivation of D2 are α1, α2, α3and cos θ . The derivatives of these
parameters are ∂αi/∂ξ = −ξ/αi and ∂ cos θ/∂ξ = −ξ/k2

0 cos θ .
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9

Porous materials with perforated
facings

9.1 Introduction

Sound absorbing porous materials with perforated facings have been used for many
years, because they can present a high absorption coefficient at low frequencies. Models
of predicting the surface impedance and the absorption coefficient have been carried out
and checked, at normal and oblique incidence, for different configurations (Bolt 1947,
Zwikker and Kosten 1949, Ingard and Bolt 1951, Brillouin 1949, Callaway and Ramer
1952, Ingard 1954, Velizhanina 1968, Davern 1977, Byrne 1980, Guignouard et al. 1991).
The effect of a perforated facing was described in an elegant and physical way by Ingard
(1954) at normal incidence. In this chapter, the results in Ingard (1954) are generalized
at oblique incidence, and for anisotropic stratified porous media. As in all the previous
modelling, the facing and the frames of the porous layers are supposed to be motionless.
Nonlinear effects are not studied in this chapter. Information about this subject can be
found in Ingard and Labate (1950), Ingard and Ising (1967) and Ingard (1968, 1970).

9.2 Inertial effect and flow resistance

9.2.1 Inertial effect

Let R be the radius of the perforations, and d the thickness of the facing represented in
Figure 9.1.

Let s be the fraction of perforated open area, also called the open area ratio, equal to
nπR2 if n is the number of perforations per unit area. The radius R of the perforations
and the thickness d of the facing are supposed to be much smaller than the wavelength
λ in the air:

d 
 λ, R 
 λ

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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2R

B
Transmitted

field

Incident field

A

d

0X3

Figure 9.1 A perforated facing in a normal acoustic field.

The facing distorts the flow of air in a region having a thickness which is generally
smaller than the diameter of a perforation. This modification of the flow creates an
increase of kinetic energy. This effect is similar to the effect of tortuosity in porous
media. If a plane wave propagates at the left-hand side of the facing, parallel to the x3

axis (see Figure 9.1), the impedance p/υ3 in the free air is equal to the characteristic
impedance Zc. At B, at the boundary of the facing in front of a perforation, the impedance
would be equal to sZc if the inertial effects were not present. An evaluation of ZB , carried
out in Section 9.2.2, indicates that ZB is given by

ZB = Zcs + jωεeρ0 (9.1)

where εeρ0 is an added mass per unit area of perforation, ρ0 is the density of air, and εe
is a length that must be added to the cylindrical perforation at the left of B in order to
create the same effect as the distortion of the flow.

9.2.2 Calculation of the added mass and the added length

For the case of normal incidence, if the arrangement of the perforations is the square grid
represented in Figure 9.2 (the perforations are periodically distributed in the two directions
with a spatial period D equal to the distance between two holes), it is possible to divide
the space around the facing in separate cylinders having a square shaped cross-section
without modifying the acoustic field.

At the boundary between two cylinders, the velocity components perpendicular to the
boundary are equal to zero, due to the symmetry of the grid, and the different cylinders
can be separated by rigid sheets (it may be noticed that these sheets do not exist, and
the viscous and the thermal interaction with the sheet cannot be taken into account).
An elementary cell for the partition is represented in Figure 9.3. In the plane x3 = 0,
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D

Figure 9.2 A square grid of holes at normal incidence and the related partition.

X1

X2

X3

D

M r

r

B

θθ

Figure 9.3 The elementary cell of the partition. The circumference at x3 = 0 is the
boundary of the aperture in contact with the free air at the left hand side of Figure 9.1.

the polar coordinates r , θ and the cartesian coordinates x1,x2 can be used. On the faces
located at x1 = ±D/2, x2 = ±D/2, the velocity components in the directions x1 and x2,
respectively, are equal to zero. A simple pressure field in the cell is

pm,n(x1,x2,x3) = Am,n exp(−jkm,nx3) cos
2πm

D
x1 cos

2πn

D
x2 (9.2)

In this equation, km,n is given by

km,n =
(
k2 − 4π2m2

D2
− 4π2n2

D2

)1/2

(9.3)

where k is the wave number in the free air. The set of these functions for m and n taking
the values 0, 1, 2, . . . , etc., is an orthogonal basis for the pressure field in the cylinder.

A pressure field in the cylinder can be written

p(x1,x2,x3) =
∑
m,n

Cm,n exp(−jkm,nx3) cos

(
2πm

D
x1

)
cos

(
2πn

D
x2

)
(9.4)
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As indicated by Ingard (1953), the exact distribution of the velocity in the aperture located
at x3 = 0 is not known a priori . The simplest hypothesis involves considering a uniform
amplitude U for the x3 component of velocity and more elaborate models provide similar
results (Norris and Sheng 1989). The velocity distribution on the plane x3 = 0 can be
written

Y(R − r)U =
∑
m,n

km,nCm,n

ωρ0
cos

2πmx1

D
cos

2πnx2

D
(9.5)

In this equation, Y(R − r) is the unit step equal to 1 if r < R and 0 if r >R.
By multiplying both sides of this equation by cos 2πmx1

D
cos 2πnx2

D
and integrating over

the aperture, one obtains

vm,n

∫ 2π

0

∫ R

0
U cos

2πmx1

D
cos

2πnx2

D
rdrdθ = km,nCm,n

ωρ0

D2

4
(9.6)

where vm,n = 1 if m �= 0, n �= 0; νm,n = 1/2 if m = 0, n �= 0 or m �= 0, n = 0; and
v0,0 = 1/4. The product cos(2πmx1/D) cos(2πnx2/D) can be rewritten (Ingard, 1953)

cos
2πmr cos θ

D
cos

2πnr sin θ

D
= 1

2
cos

[
2πr

(
m2 + n2

D2

)1/2

sin(θ + γ )
]

+1

2
cos

[
2πr

(
m2 + n2

D2

)1/2

sin(θ − γ )
] (9.7)

where γ = arctg m/n.
Using the relations:∫ 2π

0
cos

[
2π
r

D
(m2 + n2)1/2 sin(θ ± γ )

]
dθ = 2πJ0

[
2π
r

D
(m2 + n2)1/2

]
(9.8)

∫ R

0
J0

[
2π
r

D
(m2 + n2)1/2

]
rdr = J1

[
2π
R

D
(m2 + n2)1/2

]
RD

2π(m2 + n2)1/2
(9.9)

Equation (9.6) can be rewritten

vm,n
URD

(m2 + n2)1/2
J1

[
2π
R

D
(m2 + n2)1/2

]
= km,nCm,n

ωρ0

D2

4
(9.10)

and Cm,n is given by

Cm,n = 4vm,nURωρ0J1
[
2π R

D
(m2 + n2)1/2

]
D(m2 + n2)1/2km,n

(9.11)

For the case m = n = 0, Equation (9.6) yields

C0,0 = ωρ0Us/k = ZcsU (9.12)

where s = πR2/D2.
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The average pressure over the aperture is

p̄ = 1

πR2

∫ R

0

∫ 2π

0

∑
m,n

Cm,n cos
2πmx1

D
cos

2πnx2

D
rdrdθ (9.13)

and the impedance p̄/U is given by

p̄

U
= sωρ0

k
+ 4

∑
m,n

′vm,n
J2

1

[
2π R

D
(m2 + n2)1/2

]
π(m2 + n2)km,n

ωρ0 (9.14)

The prime over the symbol � means that the term (m = 0, n = 0) is excluded from the
summation.

For frequencies well below c0/D, km,n given by Equation (9.3) is nearly equal to

km,n = −j
2π

D
(m2 + n2)1/2 (9.15)

and Equation (9.14) becomes

p̄

U
= Zcs + jωρ0

∑
m,n

′vm,n
2DJ2

1[2π(R/D)(m2 + n2)1/2]

π2(m2 + n2)3/2
(9.16)

A comparison of Equations (9.1) and (9.16) yields the following expression for the added
length:

εe =
∑
m,n

′vm,n
2DJ2

1[2π(R/D)(m2 + n2)1/2]

π2(m2 + n2)3/2
(9.17)

The added length εe can be approximated for s1/2 < 0.4 by

εe = 0.48S1/2(1 − 1.14s1/2) (9.18)

where S is the area of the aperture. The limit 0.48S1/2 for s = 0 can be obtained by
calculating the radiation impedance of a single circular aperture in a plane.

9.2.3 Flow resistance

Due to the viscous dissipation in the aperture and the surface of the plate, which was
neglected in Section 9.2.2, the impedance ZB presents also a resistive component RB
that must be added to Zcs in Equation (9.1). A calculation by Nielsen (1949) gives the
following expression for RB :

RB = Rs (9.19)

where Rs is a surface resistance defined in Lord Rayleigh (1940) Vol II, p. 318:

Rs = 1

2
(2ηρ0ω)

1/2 (9.20)
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It was pointed out by Ingard (1953) that RB given by Equation (9.19) is too small, and
that a better prediction of the measured values is obtained with RB = 2Rs . At A, the
two added masses at the two sides of the facing, the two added viscous corrections, and
the mass and the flow resistivity in the aperture must be taken into account, and ZA is
given by

ZA =
(

2d

R
+ 4

)
Rs + (2εe + d)jωρ0 + Zcs (9.21)

In this equation, (2d/R)Rs is the flow resistance of the circular hole of length d . This
term can be obtained using Equation (5.26) with α∞ = 1 and � = R. The effective
density can be written

ρ0ᾱ(ω) = ρ0 + ρ0
δ

�
− jρ0

δ

�
(9.22)

The term ρ0δ/� can be neglected, because it is very small compared with ρ0 at acoustical
frequencies for usual perforations. The density ρ0 corresponds to the term jωdρ0 in
Equation (9.21). In the same way, −jρ0δ/� will correspond to ρ0δωd/R in Equation
(9.21). By substituting (2η/ρ0ω)

1/2 for δ in this term, one obtains 2dRs/R. It may
be noticed that when the material is in contact with a porous layer, the viscous term
(2d/R + 4)Rs is generally negligible, compared with Zcs.

9.2.4 Apertures having a square cross-section

An elementary cell having a square aperture is represented in Figure 9.4. As in the case
of a circular aperture, the amplitude U of the velocity in the hole is considered uniform.
Equation (9.6) can be rewritten

vm,n

∫ a/2

−a/2

∫ a/2

−a/2
U cos

2πmx1

D
cos

2πnx2

D
dx1dx2 = km,nCm,n

ωρ0

D2

4
(9.23)

and Cm,n is given by

Cm,n = 4vm,nU
ωρ0

km,n

1

π2mn
sin

(πma
D

)
sin

(πna
D

)
m �= 0, n �= 0 (9.24)

Cm,n = 4
vm,nUωρ0

Dkm,n

a

πn
sin

(πna
D

)
m = 0, n �= 0 (9.25)

Cm,n = Uωρ0a
2

D2k
m = n = 0 (9.26)

The average pressure over the aperture is

p̄ = 1

a2

∫ a/2

−a/2

∫ a/2

−a/2

∑
m,n

Cm,n cos
2πmx1

D
cos

2πnx2

D
dx1dx2 (9.27)
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X3

X2

X1

a

Figure 9.4 The elementary cell of the partition. The square at x3 = 0 is the boundary
of the aperture in contact with the free air.

This equation can be rewritten

p̄ = U
[
ωρ0s

k
+ 8

∞∑
n=1

v0,nωρ0

k0,n

1

π2n2
sin2

(πna
D

)

+
∞∑
m=1

∞∑
n=1

4
D2

a2
vm,n

ωρ0

km,n

1

π4m2n2
sin2

(πma
D

)
sin2

(πna
D

)]
(9.28)

where km,n at sufficiently low frequencies is given by

km,n = −j 2π

D
(m2 + n2)1/2 (9.29)

A comparison of Equations (9.1) and (9.28) yields

εe = 4D

π3

∞∑
n=1

ν0,n

n3
sin2

(πna
D

)

+ 2D3

a2π5

∞∑
m=1

∞∑
n=1

νm,n

m2n2(m2 + n2)1/2
sin2

(πma
D

)
sin2

(πna
D

)
(9.30)

Ingard (1953) indicated that εe can be approximated for s1/2 < 0.4 by

εe = 0.48(S)1/2(1 − 1.25s1/2) (9.31)
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where S is the area of the aperture. The limit 0.48(S)1/2 for s = 0 can be obtained by
calculating the radiation impedance of a single square aperture in a plane. Both limits
for the circular and the square aperture are the same.

9.3 Impedance at normal incidence of a layered porous
material covered by a perforated facing – Helmoltz
resonator

9.3.1 Evaluation of the impedance for the case of circular holes

The material covered by the facing is represented in Figure 9.5. The surface impedance
in the free air close to the facing can be calculated in the following way. At first the
surface impedance is calculated at B, at the boundary surface between the porous layered
material and the facing. As in Section 9.2, due to the symmetry of the problem, a partition
of the material can be performed. The elementary cell, represented in Figure 9.6, is a
cylinder having a square cross-section and a circular aperture.

Two different cases were considered by Ingard (1954). For the simplest case
(Figure 9.6a), the facing is in contact with a layer of air. In this case, the modes of
higher order responsible for the added length are present only in the layer of air if
the frequency is much lower than the cutoff frequency fc = c0/D. The effect of these
modes is the same as in the free air. Moreover, the acoustic field in the porous layer
is plane, homogeneous and propagates perpendicular to the layer. The value of the

A

B

Figure 9.5 A layered porous material covered by a perforated facing.

air

(a) (b)

porous layer

Figure 9.6 The elementary cell of the partition compatible with the symmetry of the
problem. (a) The facing is in contact with air, (b) the facing is in contact with a porous
layer.
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impedance at A can be obtained by Equation (9.21) modified in the following way. The
impedance Zc in Equation (9.21) must be replaced by the impedance at B at normal
incidence of the layered material, including the layer of air, with the facing removed.
The second case is represented in Figure 9.6(b). A porous layer is in contact with the
facing. The distortion of the flux under the facing is now located in a porous layer,
and this distortion creates not only an inertial effect, but also a resistive effect. The
same procedure as in Section 9.2 can be used to evaluate these different effects. The
difference is the presence of porous layers, the finite length of the elementary cell, and
the presence of two waves in every medium with opposite values of the x3 component
of the wave number vector.

The different layers of porous material are represented in Figure 9.7.
Let k(1)be the wave number in layer 1. The pressure field in this layer can be written

p(x1, x2, x3) =
∑
m,n

Am,n(1)[exp(−jx3km,n(1))+ exp(−j (2X3 − x3)km,n(1))]

× cos
2mπx1

D
cos

2nπx2

D

(9.32)

In this equation, km,n(1) is given by Equation (9.3) which can be rewritten

km,n(1) =
[
k2(1)− 4m2π2

D2
− 4n2π2

D2

]1/2

(9.33)

and X3 is the total thickness of the layered material. The modes related to different sets
(m,n) propagate independently in the cell.

The field υ3,m,n(x1, x2, x3) of the x3 velocity component related to the (m, n) mode
is equal to zero in layer 1 at the contact surface with the backing. Let M1 and M ′

1 be two
points located close to the contact surface between the layers 1 and 2, M1 in medium 1
and M ′

1 in medium 2. Let pm,n(M) and υ3,m,n(M) be the pressure and the x3 velocity
component at M related to the (m,n) mode. The impedance at M1 related to the (m,n)
mode is given by

Zm,n(M1) = pm,n(M1)

υ3,m,n(M1)
= −jZc(1) k(1)

km,n(1)
cot km,n(1)l1 (9.34)

A

B
(L)

(1)

M′L−1X3 = IL

X1

X3 = IL + ... + I2

X3 = IL + ... + I1

IL

I1

M′2

M′1
M1

X3

M2

ML−1

Figure 9.7 The different layers of the stratified material in the elementary cell.
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where Zc(1) is the characteristic impedance and l1 the thickness of layer 1 which is
fixed on a rigid impervious wall. Let φ(1) and φ(2) be the porosities of layer 1 and 2,
respectively. The pressures and the x3 components of the velocities at M1 and M ′

1 for
the (m,n) mode are related by

υ3,m,n(M
′
1) = φ(1)

φ(2)
υ3,m,n(M1) (9.35)

pm,n(M
′
1) = pm,n(M1) (9.36)

and Zm,n(M ′
1) is related to Zm,n(M1) by

Zm,n(M
′
1) = φ(2)

φ(1)
Zm,n(M1) (9.37)

Let M2 and M ′
2 be two points located close to the boundary surface between layers 3

and 2, M2 in medium 2, and M ′
2 in medium 3. Using the impedance translation formula

Equation (3.36), the impedance at M2 related to the mode (m,n) can be written

Zm,n(M2) = Zc(2)(k(2)/km,n(2))

Zm,n(M ′)− jZc(2)(k(2)/km,n(2)) cotg km,n(2)l2

× [−jZm,n(M ′
1) cotg km,n(2)l2 + Zc(2)(k(2)/km,n(2))]

(9.38)

In this equation l2 is the thickness and Zc(2) the characteristic impedance of the second
layer, and km,n(2) and k(2) are related by Equation (3.4). The impedances at the bound-
aries of the layers related to each mode can be obtained by this way up to B in the Lth

layer in contact with the facing. The pressure field in the Lth layer can be written

p(x1, x2, x3) =
∑
m,n

[Am,n(L) exp(−jkm,n(L)x3)

+Bm,n(L) exp(jkm,n(L)x3)] cos
2πmx1

D
cos

2πnx2

D

(9.39)

The coefficients Am,n(L) and Bm,n(L) are related to the impedance Zm,n(B) by

Zm,n(B) =
(
Am,n(L)+ Bm,n(L)
Am,n(L)− Bm,n(L)

)
Zc(L)k(L)

km,n(L)
(9.40)

and Bm,n(L) is related to Am,n(L) by

Bm,n(L) = βm,nAm,n(L) (9.41)

βm,n = Zm,n(B)km,n(L)− Zc(L)k(L)
Zm,n(B)km,n(L)+ Zc(L)k(L) (9.42)

Equation (9.5) can be rewritten

Y(R − r) U
φ(L)

=
∑
m,n

km,n(L)
Am,n(L)(1 − βm,n)

Zc(L)k(L)

× cos
2πmx1

D
cos

2πnx2

D

(9.43)
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where φ(L) is the porosity of the Lth medium, and Equation (9.11) becomes for the case
n or m �= 0

Am,n(L) = 4νm,nURZc(L)k(L)J1[(2πR/D)(m2 + n2)1/2]

φ(L)D(m2 + n2)1/2km,n(L)(1 − βm,n)
ν1,0 = ν0,1 = 1/2, νm,n = 1 if n and m �= 0

(9.44)

For the case n = m = 0, A0,0(L) is given by

A0,0(L) = πR2U

φ(L)(1 − β0,0)D2
Zc(L) = Zc(L)sU

φ(L)(1 − β0,0)
(9.45)

Let B ′ be a point located close to B, in a perforation above the Lth layer. The impedance
Z(B ′) is p̄/U , where p̄ is the average pressure over the aperture

p̄ = 1

πR2

∫ R

0

∫ 2π

0

∑
m,n

Am,n(L)(1 + βm,n) cos
2πmx1

D
cos

2πnx2

D
rdrdθ (9.46)

By the use of Equations (9.8) and (9.9), Z(B ′) can be written

Z(B ′) = 1

φ(L)

[
sZc(L)

1 + β0,0

1 − β0,0

]
+ 4

π

∑
m,n

′ νm,n
φ(L)

J2
1

[
2π R

D
(m2 + n2)

]
(m2 + n2)

×
[
Zc(L)k(L)

km,n(L)

(1 + βm,n)
(1 − βm,n)

] (9.47)

This equation can be simplified by using Equation (9.40):

Z(B ′) = sZ0,0(B)

φ(L)
+ 4

π

∑
m,n

′ vm,n
φ(L)

J2
1

[
2π R

D
(m2 + n2)

]
Zm,n(B)

(m2 + n2)
(9.48)

The inertial term j(εe + d)ρ0ω, where εe is given by Equation (9.17), must be taken into
account, but the effect of the viscous forces in the aperture and on the faces of the facing
around the aperture can be neglected when Z(A) is evaluated

Z(A) = Z(B ′)+ j (εe + d)ρ0ω (9.49)

Finally, the impedance Z in the free air close to the facing is

Z = Z(A)/s (9.50)

If the porous materials are transversally isotropic with a symmetry axis Ox3, like the glass
wools described in Chapter 3, two wave numbers k(i) and kp(i) and two characteristic
impedances Zc(i) and Zp(i) in the x3 direction and the directions parallel to the plane
x1Ox2 exist. The previous description is always valid but km,n(i) is now given by

km,n(i) = k(i)
[

1 −
(

2πm

D

)2 1

k2
p(i)

−
(

2πn

D

)2 1

k2
p(i)

]1/2

(9.51)
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It may be noticed that Equations (9.48) and (9.14) can be related in a simple way.
Equation (9.14) can be rewritten

p̄

U
= sZc + 4

∑
m,n

′νm,n
J2

1

[
2π
R

D
(m2 + n2)1/2

]
π(m2 + n2)

kZc

km,n
(9.52)

and Equation (9.48) can be obtained from Equation (9.52) by substituting Zm,n(B)/φ(L)
for Zck/km,n (the ratios k/k0,0 and k(L)/k0,0(L) do not appear explicitly in the contri-
butions of the (0, 0) mode because they are equal to 1). Both quantities Zm,n(B)/φ(L)
and Zck/km,n have the same physical meaning since Zm,n(B)/φ(L) for the case of a
semi-infinite layer of air is equal to Zck/km,n.

9.3.2 Evaluation at normal incidence of the impedance for the case
of square holes

From Equation (9.28), the impedance Z(B) for the case of square holes and a semi-infinite
layer of air can be written

Z(B) = sZc + 8
∞∑
n=1

ν0,n

sin2
(πna
D

)
π2n2

kZc

k0,n

+ 4D2

a2

∞∑
m=1

∞∑
n=1

νm,n

sin2
(πma
D

)
sin2

(πna
D

)
π4m2n2

kZc

km,n

(9.53)

The previously defined substitution can be used to calculate Z(B) when a porous layered
material is substituted for the semi-infinite layer of air. Equation (9.53) becomes

Z(B ′) = s

φ(L)
Z0,0(B)+ 8

φ(L)

∞∑
n=1

ν0,n

sin2
(πna
D

)
π2n2

Z0,n(B)

+ 4

φ(L)

D2

a2

∞∑
m=1

∞∑
n=1

νm,n

sin2
(πma
D

)
sin2

(πna
D

)
π4m2n2

Zm,n(B)

(9.54)

As in the case of circular apertures, the inertial term j(εe + d)ρ0ω, where εe is now given
by Equation (9.30), must be taken into account, but the effect of the viscous forces in the
aperture and on the facing around the aperture can be neglected when Z(A) is evaluated

Z(A) = Z(B ′)+ j (εe + d)ρ0ω (9.55)

The impedance Z in the free air close to the facing is

Z = Z(A)/s (9.56)
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9.3.3 Examples

The validity of similar models was verified by comparing prediction and measurement
of the impedance at normal incidence for different configurations (Bolt 1947, Zwikker
and Kosten 1949, Ingard and Bolt 1951, Brillouin 1949, Callaway and Ramer 1952,
Ingard 1954, Velizhanina 1968, Davern 1977, Byrne 1980). The trends predicted by
the model appear clearly in the measured impedances. Simple configurations of layered
media covered by perforated facings having circular apertures are modelled in what
follows, showing the effect of the open area ratio, the diameter of the holes, and the
flow resistivity of the material in contact with the facing. For the first example, the
normalized impedance and the absorption coefficient calculated from Equation (9.50)
are represented as a function of frequency in Figures 9.8 and 9.9 for different open
area ratios. An isotropic porous material, set on a rigid impervious wall, is in contact
with the facing at its upper face. The porous material is characterized by the following
parameters: thickness e = 2 cm, flow resistivity σ = 50 000 N m−4 s, characteristic
dimensions � = 0.034 mm and �′ = 0.13 mm, porosity φ = 0.98, tortuosity α∞ = 1.5.
The Johnson et al. model is used for the effective density and the Champoux and
Allard model is used for the bulk modulus (see Chapter 5). The facing has a thickness
d = 1 mm, and circular apertures of radius R = 0.5 mm. The open area ratio takes the
following values: s = 0.4, 0.1, 0.025 and 0.005.

The real part of the impedance strongly increases when the open area ratio decreases,
due to the resistive effects in the porous material close to the facing. The imaginary part
also increases when the open area ratio decreases, due to the added masses at both sides
of the facing that are multiplied by 1/s. The absorption coefficient A0 increases at low
frequencies and decreases at high frequencies; the maximum value of A0 simultaneously
decreases because the real part of the impedance becomes much larger than Zc.

In the second example, an air gap and a screen are successively inserted between
the facing and the porous material. The three configurations are represented in Figure
9.10.
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Figure 9.8 Influence of the open area ratio on the normalized impedance Z/Zc of an
isotropic porous material covered by a facing. Parameters for the porous material: thick-
ness e = 2 cm, flow resistivity σ = 50 000 N m−4 s, tortuosity α∞ = 1.5, characteristic
dimensions � = 0.034 mm and �′ = 0.13 mm, porosity φ = 0.98. Parameters for the
facing: thickness d = 1 mm, circular apertures of radius R = 0.5 mm, open area ratio
s = (a) 0.4, (b) 0.1, (c) 0.025, (d) 0.005.
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Figure 9.9 Influence of the open area ratio on the absorption coefficient A0 of an
isotropic porous material covered by a facing. Same material and same facing as in
Figure 9.8. Open area ratio s = (a) 0.4, (b) 0.1, (c) 0.025, (d) 0.005.
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Figure 9.10 Three different configurations: (a) facing + porous layer, (b) facing +
air gap + porous layer, (c) facing + resistive screen + porous layer.

For the three configurations, the porous material of the porous layer is the same as in
the first example. The thickness e of the porous layer is equal to 2 cm in configuration (a),
to 1.9 cm in configurations (b) and (c). The thickness e1 of the air gap in configuration (b)
and the resistive screen in configuration (c) is equal to 1 mm. The screen is isotropic, with
the following parameters: σ = 0.5 × 106 N m−4 s, α∞ = 1.5, φ = 0.95, � = 0.013 mm,
�′ = 0.05 mm. The thickness d of the facing is equal to 1 mm. The radius R of the
holes and the perforation ratio are equal to 0.5 mm and 0.1, respectively. The predicted
normalized impedance and absorption coefficient are represented in Figures 9.11 and 9.12
for the three configurations.

The real part of the impedance strongly depends on the flow resistivity of the mate-
rial in contact with the facing because the mean length of the macroscopic molecular
trajectories in the screen in configuration (c), and in the air gap in configuration (b), is
much larger than the thickness e1. It may be noticed that the inertial effects under the
facing do not depend on the flow resistivity of the material in contact with the facing.
The imaginary parts of the impedances for the three configurations are nearly equal. The
largest absorption coefficient A0 at low frequencies is obtained with the resistive screen,
but the real part of the impedance is too large for A0 to be close to 1.
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Figure 9.11 Normalized Impedance Z/Zc for the three configurations represented in
Figure 9.10: (a) porous layer, (b) porous layer + air gap, (c) porous layer + resistive
screen. The effect on the reactance is negligible.
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Figure 9.12 Absorption coefficients A0 for the three configurations represented in
Figure 9.10: (a) porous layer, (b) porous layer + air gap, (c) porous layer + resistive
screen.

In the third example, the same porous material as in the first example is covered by a
facing of thickness d = 1 mm, perforated by circular holes of radius R, with an open area
ratio s = 0.1. The normalized impedance and the absorption coefficient are represented
in Figures 9.13 and 9.14 for radii R equal to 0.5, 1, 2 and 4 mm. The distance D between
the holes increases with R if s is constant, and the resistive effects in the porous material
also increase. As a consequence, the real part of impedance strongly increases with R.
The imaginary part of impedance, which is related to inertial effects, also increases with
R, because the added length given by Equation (9.18) is proportional to R. The effect is
small at low frequencies, the contribution of the added length to the imaginary part of
impedance being equal to εeρ0ω/s.
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Figure 9.13 Influence of the radius of the aperture on the normalized impedance Z/Zc.
The configuration is the same as in Figure 9.10(a), and s = 0.1. The different curves
correspond to R = (a) 0.5 mm, (b) 1 mm, (c) 2 mm, (d) 4 mm.
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Figure 9.14 Influence of the radius of the aperture on the absorption coefficient. The
configuration is the same as in Figure 9.10(a), and s = 0.1. The different curves corre-
spond to R = (a) 0.5 mm, (b) 1 mm, (c) 2 mm, (d) 4 mm.

9.3.4 Design of stratified porous materials covered by perforated
facings

From the previous examples, some trends may be noticed. For values of the open area
ratio larger than 0.2, the surface impedance of the porous layer is only slightly modified.
For lower values of the open area ratio, an increase of the absorption coefficient at low
frequencies can be obtained, but the absorption coefficient decreases at high frequencies.
More precisely, the real part of the impedance increases with the radii of the apertures and
the flow resistivity of the material close to the facing, where the velocity field is distorted.
The real part of the impedance also increases when the open area ratio decreases. The
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imaginary part of the impedance does not depend at low frequencies on the radii of the
apertures and the flow resistivity close to the facing. It increases when the open area ratio
decreases. In order to increase the absorption coefficient at low frequencies, the imaginary
part of the impedance, which is too large and negative, can be set close to zero by using
a small value of the open area ratio and a porous layer of high flow resistivity. A value
of the real part of the impedance close to the characteristic impedance of air can be
obtained with a small value of R and by inserting between the porous layer of high flow
resistivity and the facing a thin layer of material with a low flow resistivity. The thin
layer of low flow resistivity and the small value of R are necessary for the real part of
impedance not to be too large.

The predicted surface impedance and absorption coefficient of a layered material
covered by a perforated facing is represented at normal and at oblique incidence in
Figures 9.17 and 9.18. The material is made up of two layers, a thin layer M1 of low
flow resistivity in contact with the facing, and a thicker material M2 having a large flow
resistivity in contact with the impervious rigid backing. The parameters that characterize
both layers are given in Table 9.1. The thickness of the facing is d = 1 mm, the radius
of each hole is R = 0.5 mm, and the perforation ratio is s = 0.005.

The absorption coefficient A0 reaches a maximum close to 1 around 500 Hz. The
counterpart of this performance is a low value of A0 at high frequencies. It may be
noticed that Bolt (1947) designed a material having a large absorption at low frequencies
which presented similar characteristics, i.e. small holes, a small open area ratio, and a
flow resistivity lower than for the configuration designed for sound absorption at higher
frequencies without facing.

9.3.5 Helmholtz resonators

The cell of Figure 9.6 is called a Helmholtz resonator if its lateral boundaries are imper-
vious rigid surfaces. The Helmholtz resonator is a volume with an aperture. Different
shapes for the volume and the aperture can be used; the acoustical properties of these
resonators were studied by Ingard (1953). In practical cases, the viscous forces in the
empty volume can be neglected since the lateral dimension of the volume is much larger
than the viscous skin depth, and the effect of the viscous forces can be taken into account
only at the neck of the resonator. It may be pointed out that the term (4 + 2d/R)Rs in
Equation (9.21) is generally much smaller than the real part of Z(B) when porous media
are present in the resonator. If there is no porous material in the resonator, this term
cannot be neglected. Helmholtz resonators generally are designed to absorb sound at low
frequencies. An array of resonators is represented in Figure 9.15.

Table 9.1 The parameters that characterize the two layers M1 and M2. The layer M1

is in contact with the facing and the layer M2 with the rigid impervious backing.

Material Flow Viscous Thermal Tortuosity Porosity Thickness
resistivity dimension dimension α∞ φ e (cm)
σ (N m−4 s) � (mm) �′ (mm)

M1 5000 0.12 0.27 1.1 0.99 0.1
M2 50000 0.034 0.13 1.5 0.98 1.9
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Figure 9.15 An array of resonators.

As in the case of the material described in Section 9.3.4, the absorption coefficient
of an array of resonators presents a maximum when the imaginary part of the impedance
of the array is equal to 0, at a frequency called the resonance frequency.

The frequency dependence of the impedance and the absorption coefficient of an
array of resonators can be calculated by using the results of the previous sections if
the resonator is a cylinder with a square cross-section. As an example, we consider the
case where there is no porous material in the resonator. The impedance Z(B ′) can be
calculated by Equation (9.54) where φ(L) = 1 and Di substituted for D in Equations
(9.3) and (9.54). The impedance Z0,0(B) is given by

Z0,0(B) = −jZc cot ke (9.57)

where e is the length of the cylinder. For frequencies well below c0/Di and if the
quantities Bm,n can be neglected in Equation (9.40), the terms related to the modes of
higher order can be replaced by an added length effect jωρ0εi , where εi can be calculated
by Equation (9.18) if the apertures are circular.

It may be pointed out that the open area ratio si at B is the ratio of the area S of the
aperture to the area of the cross-section of the ‘internal’ elementary cell, i.e. D2

i , and the
internal added length εi is given by

εi = 0.48S1/2(1.0 − 1.14si) (9.58)

where si = (S/D2
i )

1/2 (9.59)

and Z(B) is given by

Z(B) = −jsiZc cot ke + jεiρ0ω (9.60)

At A, the area of the ‘external’ elementary cell is D2
e , and the open area ratio se and the

added length at A are given by

se = (S/D2
e )

1/2 (9.61)

εe = 0.48S1/2(1.0 − 1.14se) (9.62)
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Equation (9.49) can be rewritten

Z = 1

se

[
−jsiZc cotg ke + j (εi + εe + d)ωρ0 +

(
2d

R
+ 4

)
Rs

]
(9.63)

The resonance frequency f0 is implicitly defined by Im Z = 0:

cotg
2πf0e

c0
= 1

sic0
[εi + εe + d]2πf0 (9.64)

If s is sufficiently small, this equation is verified for a value of the argument of the
cotangent much smaller than 1, and the resonance frequency f0 is given by

f0 = c0

2π

(
si

e(εi + εe + d)
)1/2

(9.65)

Multiplying the numerator and the denominator in the square root by D2
i gives

f0 = c0

2π

(
S

V (d + εi + εe)
)1/2

(9.66)

where V is the volume of the resonator. Equation (9.66) can be used for resonators of
different shapes. The added lengths are calculated in Ingard (1953) for different positions
and shapes of the aperture and different shapes of the resonator.

9.4 Impedance at oblique incidence of a layered porous
material covered by a facing having circular
perforations

9.4.1 Evaluation of the impedance in a hole at the boundary surface
between the facing and the material

In the previous sections, at normal incidence, the pressure field in the porous medium is
the sum of different waves with wave number components k1 = 2mπ/D in the direction
x1 and k2 = 2nπ/D in the direction x2, n and m varying from −∞ to ∞. These waves
can be considered, by using the Floquet theorem (see for instance Collin (1960) pp 371
and 465), as the different modes transmitted at normal incidence by the doubly periodic
perforated screen with the spatial period D. This theorem will be used here for evaluating
the impedance at oblique incidence. The surface of the facing with a plane wave incident
at an angle θ �= 0 is shown in Figure 9.16. The incidence plane is x3Ox2 and the circular
perforations are periodically distributed in the two directions Ox1 and Ox2 with a spatial
period D equal to the distance between two holes. The modes transmitted by the doubly
periodic screen in the porous medium have now a space dependence g(x1, x2) given by

g(x1, x2) = exp

{
j

[
2πmx1

D
+

(
2πn

D
− k0 sin θ

)
x2

]}
(9.67)
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Figure 9.16 The surface of a perforated facing at oblique incidence.

where m = 0,±1,±2, . . . and n = 0,±1,±2 . . . . As for the case of normal incidence
the modes with opposite m can be associated with a cosine factorizing the common space
dependence on x2 and x3. The pressure field in the layer L at the contact surface with
the facing can be written

p(x1, x2, x3) =
∞∑
m=0

∞∑
n=−∞

cos

(
2πmx1

D

)
exp(j (2πn/D − k0 sin θ)x2)

× {Am,n(L) exp(−j (km,n(L)x3)+ Bm,n(L) exp(jkm,n(L)x3)}
(9.68)

The x1 component of velocity at x1 = ±D/2 is equal to zero, due to the symmetry of
the problem. The wave number component km,n(L) in the x3 direction is given by

km,n(L) =
(
k2(L)−

(
2πm

D

)2

− (2πn/D − k0 sin θ)2
)1/2

(9.69)

As in the case of normal incidence, the (m, n) mode of propagation has the same wave
vector components in the different media of the stratified material, and Equations (9.41)
and (9.42) relating Bm,n(L) and Am,n(L) can be obtained in the same way as in the
previous section, the one modification being the substitution of 2πn/D − k0 sin θ for
2πn/D.

The pressure field related to the (m, n) mode of propagation can be written at the
contact surface with the facing

p(x1, x2, 0) =
∞∑
m=0

∞∑
n=−∞

cos
2πmx1

D
exp

(
j

(
2πn

D
− k0 sin θ

)
x2

)
× Am,n(L)(1 + βm,n)

(9.70)
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The x3 component of the velocity field is given by

v3(x1, x2, 0) =
∞∑
m=0

∞∑
n=−∞

cos
2πmx1

D
exp

(
j

(
2πn

D
− k0 sin θ

)
x2

)

× Am,n(L)(1 − βm,n) km,n(L)
Zc(L)k(L)

(9.71)

As in the case of normal incidence, the velocity amplitude is assumed to be uniform in
each aperture. Let U0 be the velocity on the aperture C0. In the porous material of porosity
φ(L) in contact with the facing, this velocity must be multiplied by 1/φ(L). Multiplying
the left-hand side of Equation (9.71) by cos(2πmx1/D) exp(−j [(2πn/D)− k0 sin θ ]x2)

and integrating over the aperture C0 one obtains

I = U0

φ(L)


 R∫

0

2π∫
0

exp

(
−j

(
2πn

D
− k0 sin θ

)
x2

)
cos

(
2πmx1

D

)
rdrdθ


 (9.72)

In the integral the exponential function can be replaced by a cosine with the same
argument, because the sine in the decomposition of the exponential is an odd function of
x2 and does not contribute to the integral. The use of Equations (9.7)–(9.9) yields

R∫
0

2π∫
0

exp

(
−j

(
2πn

D
− k0 sin θ

)
x2

)
cos

(
2πmx1

D

)
rdrdθ

= J1


2πR

(
m2

D2
+

(
n

D
− k0 sin θ

2π

)2
)1/2


 R(

m2

D2
+

(
n

D
− k0 sin θ

2π

)2
) (9.73)

The quantity I can also be evaluated by multiplying the right-hand side of Equation
(9.71) by cos(2πmx1/D) exp(−j (2πn/D − k0 sin θ)x2) and integrating over the aper-
ture. Equating these two evaluations of I yields

Am,n(L) = 2U0

φ(L)D

Zc(L)k(L)

km,n(L)

1

1 − βm,n(L)ν
′
m

× R(
m2

D2 +
(
n

D
− k0 sin θ

2π

)2
)1/2 J1


2πR

(
m2

D2
+

(
n

D
− k0 sin θ

2π

)2
)1/2


 (9.74)

where ν′
m = 1/2 for m = 0 and ν′

m = 1 for m �= 0. As in the case of normal incidence,
the impedance Z(B ′) is estimated by

Z(B ′) =

R∫
0

2π∫
0

p(x1, x2, 0)rdrdθ

πR2U0
(9.75)
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Substituting Equation (9.70) for p(x1, x2, 0) and using Equation (9.73) yields

Z(B ′) =
∞∑
m=0

∑
n=0,±1,±2···

Am,n(L)

πR2U0
(1 + βm,n)

× J1


2πR

(
m2

D2
+

(
n

D
− k0 sin θ

2π

)2
)1/2


 R(

m2

D2
+

(
n

D
− k0 sin θ

2π

)2
)1/2

(9.76)

By the use of Equations (9.74) and (9.40), this equation can be rewritten

Z(B ′) = 2

πφ(L)

∞∑
m=0

∑
n=0,±1,±2···

ν′
mZm,n(B)

J2
1


2πR

(
m2

D2
+

(
n

D
− k0 sin θ

2π

)2
)1/2




(
m2 +

(
n− k0D sin θ

2π

)2
)

(9.77)

This equation is similar to Equation (9.48). The (0, 0) mode contribution to Z(B ′) in
Equation (9.77) is

Z0,0(B ′) = Z0,0(B)
J2

1(Rk0 sin θ)

πφ(L)

(
k0D sin θ

2π

)2
(9.78)

To a first-order approximation, this equation can be rewritten

Z0,0(B ′) = s

φ(L)
Z0,0(B) (9.79)

The components k1 and k2 for this mode are k1 = 0 and k2 = k sin θ . The impedance
Z0,0(B)/φ(L) would be the impedance at B if there were no facing.

9.4.2 Evaluation of the external added length at oblique incidence

The added length εe at oblique incidence can be evaluated by the following equation

jωρ0εe = 2

π

∑
m,n

′′
ν′
m

Zck

km,n

J2
1


2πR

(
m2

D2
+

(
n

D
− k0 sin θ

2π

)2
)1/2




(
m2 +

(
n− k0D sin θ

2π

)2
) (9.80)

The double prime over the symbol � means that the term m = 0, n = 0 is excluded

∑
m,n

′′ =
∞∑
m=1

∑
n=0,±1,±2...

+
∑

m=0,n=±1,±2...

(9.81)
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The right-hand side of this equation is the right-hand side of Equation (9.77) where the
contribution of the (0, 0) mode has been removed and the impedance Zm,n(B) is related
to a semi-infinite layer of air instead of a porous layer. Then, Zc is the characteristic
impedance of air, and km,n for frequencies well below c0/D is approximately equal to

km,n = −j
(

4π2m2

D2
+

(
2πn

D
− k0 sin θ

)2
)1/2

(9.82)

Equations (9.80) and (9.82) yield the following expression for the added length

εe = D

π2

∑
m,n

′′v′
m

J2
1


2πR

(
m2

D2
+

(
n

D
− k0 sin θ

2π

)2
)1/2




(
m2 +

(
n− k0D sin θ

2π

)2
)3/2

(9.83)

It can be shown that when θ tends to zero, Equation (9.83) becomes identical to Equation
(9.17) giving εe at normal incidence. The factor 2 in Equation (9.17) does not exist
in Equation (9.83) because n can be positive or negative in this equation while it is
always positive in Equation (9.14). Calculations for θ varying up to 80◦ indicate that the
dependence of εe on θ is weak, and that Equation (9.18) can be used also at oblique
incidence.

9.4.3 Evaluation of the impedance of a faced porous layer at oblique
incidence

As in the case of normal incidence, Equations (9.55) and (9.56) can be used to evaluate
the impedance Z in the free air close to the facing

Z = Z(A)/s = Z(B ′)
s

+ j (εe + d)ρ0ω

s
(9.84)

The impedance Z(B ′) is now given by Equation (9.77). As an example, the impedance
and the absorption coefficient of the faced material of Section 9.3.4 are represented in
Figures 9.17 and 9.18 for three angles of incidence θ = 0, π/6, π/3. The dependence of
the impedance and the absorption coefficient on the angle of incidence is small, due to
the high flow resistance of the layer M2 which is much thicker than the layer M1.

The model was tested at oblique incidence for different configurations using measure-
ments by Guignouard et al. (1991), and as in the case of normal incidence, the trends
predicted by the model are present in the measurements. The centres of the holes are set
on axes parallel to the Ox2 direction, defined by the intersection of the incidence plane
and the facing. Measurements at oblique incidence indicate that the surface impedances
do not noticeably vary when the direction of the Ox2 axis is modified.
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Figure 9.17 Normalized Impedance Z/Zc at an angle of incidence θ = 0, π/6, π/3 of
a layered material made up of the two porous materials of Table 9.1 covered by a facing
of thickness d = 1 mm, an open area ration s = 0.005 and circular apertures of radius
R = 0.5 mm.

0.1 1 5
0

0.2

0.4

0.6

0.8

1

Frequency (kHz)

A
0

θ = 0

θ = π/3

θ = π/6

Figure 9.18 Absorption coefficient A0 for the same configuration as in Figure 9.17.

9.4.4 Evaluation of the surface impedance at oblique incidence
for the case of square perforations

At oblique incidence, Equation (9.54) becomes

Z(B ′) = 1

φ(L)

∑
n=0,±1±2...

sin2
(
πna

D
− k0a sin θ

2

)
(
πn− k0D

2
sin θ

)2
Z0,n(B)
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+ 2D2

φ(L)a2

∞∑
m=1

∑
n=0,±1,±2...

sin2
(πma
D

)
sin2

(πna
D

− k0
a

2
sin θ

)
π4m2

(
n− k0D sin θ

2π

)2
Zm,n(B)

(9.85)

The added external length εe can be evaluated in the same way as for circular apertures.
The dependence on the incidence angle of εe can be neglected and Equation (9.31) can
be used at oblique incidence. The impedance Z in the free air close to the facing is
given by

Z = 1

s
[Z(B ′)+ jωρ0(εe + d)] (9.86)
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10

Transversally isotropic poroelastic
media

10.1 Introduction

Fibrous media, glass wools and rockwools, are strongly anisotropic. Currently, due to the
manufacturing process, they can be considered as transversally isotropic media (Tarnow
2005), with an axis of symmetry perpendicular to the faces of the layers. It has been shown
by Melon et al. (1998) that porous foams can also present a noticeable anisotropy which
is more complex, but in a first approach, the frame in vacuum can be considered as a
transversally isotropic elastic medium. A more precise description is given by Liu and Liu
(2004) with orthotropy, but it will not be easy to measure the numerous parameters used in
the description. In an anisotropic medium the wave numbers of the different waves depend
on the direction of propagation, or for instance on the wave number vector components
at the surface of the medium. The source can often be defined by a spectrum of wave
number components at the surface of the medium, and this last characterization of the
wave number components or of the slowness components simplifies the prediction of the
induced displacement field. In Sections (10.2)–(10.5) wave propagation in transversally
isotropic media is described in a similar way as in the works by Sharma and Gogna (1991),
and Vashishth and Khurana (2004), where the different waves are defined for given wave
number components at the surface and where the symmetry axis is perpendicular to the
surface. Sections (10.5)–(10.6) are concerned with the field created by a sound source
in air and by a mechanical excitation, and with rigid-framed media. In Section (10.7),
the case of a transversally isotropic porous medium with the axis of symmetry in an
orientation different from the normal to the faces is considered. The Rayleigh surface
waves in directions parallel and perpendicular to the axis of symmetry are described in
Section (10.8). In Section (10.9) a matrix representation of transversally isotropic porous
layers is given.

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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10.2 Frame in vacuum

Stress–strain relations

The Z-axis is assumed to be the axis of rotational material symmetry. Let X and Y be
two orthogonal axes in the symmetry plane. Let us be the solid displacement vector,
the strain components are defined by eij = 1/2(∂usi /∂xj + ∂usj /∂xi). The stress-strain
relations for the frame in vacuum can be written

σ̂ xx = (2G+ A)exx + Aeyy + Fezz (10.1)

σ̂ yy = Aexx + (2G+ A)eyy + Fezz (10.2)

σ̂ zz = Fexx + Feyy + Cezz (10.3)

σ̂ yz = 2G′eyz (10.4)

σ̂ xz = 2G′exz (10.5)

σ̂ xy = 2Gexy (10.6)

where A,F,G,C and G′, are the rigidity coefficients (see Equation 1.23 for a compari-
son with the isotropic case where G = G′, F = A,C = A+ 2G). Using the engineering
notation as in the work by Cheng (1997), the Young moduli are denoted as Ex,Ey, Ez
and can be rewritten Ex = Ey = E,Ez = E′. The Poisson ratios are denoted as νyx, νzy
and νzx and satisfy the relations νyx = ν, νzy = νzx = ν′. The coefficients A,F,C and G
are related to the new coefficients by

A = E(E′ν + Eν′2)
(1 + ν)(E′ − E′ν − 2Eν′2)

(10.7)

F = EE ′ν′

E′ − E′ν − 2Eν′2 (10.8)

C = E′2(1 − ν)
E′ − E′ν − 2Eν′2 (10.9)

G = E

2(1 + ν) (10.10)

Waves in a transversally isotropic elastic medium

As for isotropic porous media, if the wavelength is much larger than the characteristic
length of the representative elementary volume, the elastic frame in vacuum can be
replaced by a homogeneous elastic medium with the same rigidity constants. The plane
waves that propagate in a transversally isotropic elastic layer have been described by
Royer and Dieulesaint (1996). The meridian plane contains the Z axis and the wave
number vector. Let X be the direction perpendicular to Z in the meridian plane. With
the notations of Vashishth and Khurana (2004), the space and time dependence is

exp
[
jω

(
t − x

c
− qz

)]
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The waves have a given slowness component 1/c in the X direction. The symbol q is
used to denote the z slowness vector component. This should not lead to any confusion
with the dynamic viscous permeability defined in Chapter 5 which does not appear in
this chapter except in Table 10.1. Two kinds of waves exist with a polarization in the
meridian plane, a pseudo-compressional wave (pseudo-P wave) and a pseudo-shear wave
(pseudo-SV wave). The components of the slowness vector must satisfy the relation (see
Equation 4.49 in Royer and Dieulesaint 1996)

2ρ1 = G′
(
q2 + 1

c2

)
+ 2G+ A

c2
+ Cq2

±
[(

2G+ A−G′

c2
+ (
G′ − C)

q2
)2

+ 4
(
F +G′)2 q

c

]1/2 (10.11)

where ρ1 is the density of the porous frame. The slowest wave is the pseudo-SV wave.
A transverse wave polarized perpendicular to the meridian plane (SH wave) can

also propagate with components of the slowness vector satisfying the relation (see
Equation 4.47 in Royer and Dieulesaint 1996)

ρ1 = G

c2
+G′q2 (10.12)

The pseudo-transverse wave is purely transverse when the wave number vector is parallel
to the axis of symmetry or perpendicular to this axis. The pseudo-compressional wave
is purely compressional in the same conditions. It can be guessed that, if the frame is
much heavier than air, three frame-borne waves similar to the P wave, the SV wave and
the SH wave must propagate in the air saturated porous medium, plus an air borne wave
similar to the wave which propagates in the air saturating the motionless frame.

10.3 Transversally isotropic poroelastic layer

10.3.1 Stress–strain equations

The bulk modulus and the acoustical parameters related to the bulk modulus, thermal
characteristic length and viscous permeability, are scalar. As in Chapter 6, the material
the frame is made of is supposed to be incompressible, and the stress–strain relations
for the saturating air are given by Equation (6.3) with Q given by Equation (6.25) and
R given by Equation (6.26)

σ
f

ij = −φpδij = Kf [φθf + (1 − φ)θs] (10.13)

where θf is the air dilatation and θs is the frame dilatation. The second representation of
the Biot (1962) theory (Appendix 6.A) is used. In this representation, the pressure and the
total stress tensor acting on the porous medium are used. The total stress tensor is the sum
of three tensors: the stress tensor of the frame in vacuum considered as an elastic solid,
whose components σ̂ sij are given by Equations (10.1)–(10.6); the stress tensor components

σ
f

ij = −φpδij ; and the stress components −p(1 − φ)δij = (1 − φ)σfij /φ added to the
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frame stress tensor by the transmission of the pressure into the frame. The components
[1 + (1 − φ)/φ]σfij = −pδij are added to the stress tensor of the frame in vacuum to
obtain the total stress tensor. The frame displacement vector us and the fluid-discharge
displacement vector w = φ(uf − us) where uf is the fluid displacement vector are used
instead of us and uf . Using ζ = −∇.w, the total stress components and the pressure are
given by

σ txx = (2G+ A)exx + Aeyy + Fezz + θs − ζ
φ

Kf (10.14)

σ tyy = Aexx + (2G+ A)eyy + Fezz + θs − ζ
φ

Kf (10.15)

σ tzz = Fexx + Feyy + Cezz + θs − ζ
φ

Kf (10.16)

σ tyz = 2G′eyz (10.17)

σ txz = 2G′exz (10.18)

σ txy = 2Gexy (10.19)

−p = Kf (θs − ζ )
φ

(10.20)

where Kf is the bulk modulus of the saturating air. Equations (10.14)–(10.20) can be
rewritten

σ txx = (2B1 + B2)exx + B2eyy + B3ezz + B6ζ (10.21)

σ tyy = B2exx + (2B1 + B2)eyy + B3ezz + B6ζ (10.22)

σ tzz = B3exx + B3eyy + B4ezz + B7ζ (10.23)

σ txz = 2B5exz (10.24)

σ tyz = 2B5eyz (10.25)

σ txy = 2B1exy (10.26)

p = B6exx + B6eyy + B7ezz + B8ζ (10.27)

where

B1 = G,B2 = A+Kf /φ,B3 = F +Kf /φ,B4 = C +Kf /φ,
B5 = G′, B6 = B7 = −B8 = −Kf /φ.

10.3.2 Wave equations

It has been shown by Sanchez-Palencia (1980) that, for anisotropic porous media, the
dynamic viscous permeability (or the dynamic tortuosity) are symmetrical tensors of the
second order. This is also true for the different parameters that describe the visco-inertial
interactions between both phases. These tensors are diagonal in three orthogonal directions.
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For a transversally isotropic medium, one of these directions is the axis of symmetry Z.
Any couple of orthogonal axes X and Y in the symmetry plane can complete the set. The
superscript i, i = x, y, z will be used to define the diagonal elements σ i,�i, αi∞, ρ̃

i
12, ρ̃

i
22.

The viscous and inertial interactions between both phases when velocities are parallel to a
direction where the parameters are diagonal are the same as for an isotropic medium with
the parameters equal to the diagonal elements. The wave equations in the first representation
of the Biot theory can be written

∂σ sxi

∂x
+ ∂σ syi

∂y
+ ∂σ szi

∂z
= −ω2(ρ̃i11u

s
i + ρ̃i12u

f

i ) (10.28)

∂σ
f

xi

∂x
+ ∂σ

f

yi

∂y
+ ∂σ

f

zi

∂z
= −ω2(ρ̃i22u

f

i + ρ̃i12u
s
i ) (10.29)

i = x, y, z
where

ρ̃i22 = φρ0 − ρ̃i12 (10.30)

ρ̃i11 = ρ1 − ρ̃i12 (10.31)

In these equations ρ0 is the density of air, φ is the porosity, and ρ̃12 is defined similarly
as in Chapter 6. Using Equations (10.28)–(10.29) with the stresses and the strains of the
second representation gives the following wave equations (to alleviate the presentation we
use the equivalent notations: σ ij,k = ∂σ ij/∂xk, i, j, k = 1 → x, 2 → y, 3 → z)

σ t1i,1 + σ t2i,2 + σ t3i,3 = −ω2(ρusi + ρ0wi) (10.32)

where ρ = ρ1 + φρ0, and

−p,i = −ω2

[
ρ0u

s
i + ρ̃i22

φ2
wi

]
(10.33)

Using Equation (5.50), this equation can be rewritten

−p,i = −ω2(ρ0u
s
i + Ciwi) (10.34)

where

Ci = ρ0
αi∞
φ

+ σi Gi(ω)
jω

is related to the effective density in the direction i by Ci = ρief/φ.

10.4 Waves with a given slowness component in the
symmetry plane

10.4.1 General equations

The meridian plane is defined in the same way as in Section (10.2). It contains the Z axis
and the wave number vector. In this plane the direction perpendicular to Z is denoted by
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X. The plane harmonic waves with a slowness 1/c in the direction X and a polarization in
the meridian plane are described with the notations of Vashishth and Khurana (2004). The
frame displacement components and the discharge displacement components are written

usx = a1 exp
[
jω

(
t − x

c
− qz

)]
(10.35)

usy = a2 exp
[
jω

(
t − x

c
− qz

)]
(10.36)

usz = a3 exp
[
jω

(
t − x

c
− qz

)]
(10.37)

wx = b1 exp
[
jω

(
t − x

c
− qz

)]
(10.38)

wy = b2 exp
[
jω

(
t − x

c
− qz

)]
(10.39)

wz = b3 exp
[
jω

(
t − x

c
− qz

)]
(10.40)

ufx = d1 exp
[
jω

(
t − x

c
− qz

)]
(10.41)

ufy = d2 exp
[
jω

(
t − x

c
− qz

)]
(10.42)

ufz = d3 exp
[
jω

(
t − x

c
− qz

)]
(10.43)

where dk = ak + bk/φ, k = 1, 2, 3. The symbol q is used to denote the z slowness vector
component. The displacement components uy and wy , and the wave number component
in the direction y, are equal to 0. The displacement components are solutions of a system
of six equations which can be written



ρ − B5q
2 − 2B1 + B2

c2
−(B3 + B5)

q

c

B6

c2
+ ρ0 B6

q

c

−(B3 + B5)
q

c
ρ − B4q

2 − B5

c2
B7
q

c
ρ0 + B7q

2

B6

c2
+ ρ0 B7

q

c
−B8

c2
+ C1 −B8

q

c

B6
q

c
ρ0 + B7q

2 −B8
q

c
−B8q

2 + C3






a1

a3

b1

b3




=




0
0
0
0


 (10.44)




(
B1

c2
+ q2B5 − ρ

)
−ρ0

ρ0 C1


 [

a2

b2

]
= 0 (10.45)

The nondependence of a2 and b2 on a1, a3, b1 and b3 shows the decoupling of pseudo
SH waves polarized in the direction y and the waves polarized in the meridian
plane.
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10.4.2 Waves polarized in a meridian plane

A nontrivial solution exists if the determinant of the square matrix of Equation (10.44) is
equal to 0. Expansion of the determinant gives a cubic polynomial equation in q2 which
can be written with the notations of Vashishth and Khurana (2004)

T0q
6 + T1q

4 + T2q
2 + T3 = 0 (10.46)

The coefficients Ti are given in Appendix 10.A. For a given x slowness component 1/c,
Equation (10.46) gives three different q2 and each q2 is related to a wave propagating
toward the increasing z with Re q > 0 and a wave propagating toward the decreasing
z. The respective amplitudes a1, a3, b1, b3 can be obtained with the three first equations
of the set (10.44). For instance, the waves can be normalized with a coefficient N =
a3 + b3 which is the amplitude of the displacement component (1 − φ)usz + φufz . The
displacement components are solutions of the following equations{

ρ − B5q
2 − 2(B1 + B2)

c2

}
a1 −

{
(B3 + B5 + B6)

q

c

}
a3

+
{
B6

c2
+ ρ0

}
b1 = −B6

q

c
N

(10.47)

{
−(B3 + B5)

q

c

}
a1 +

{
ρ − ρ0 − (B4 + B7)q

2 − B5

c2

}
a3

+
{
B7
q

c

}
b1 = −N(ρ0 + B7q

2)

(10.48)

{
B6

c2
+ ρ0

}
a1 +

{
(B7 + B8)

q

c

}
a3

+
{
−B8

c2
+ C1

}
b1 = B8

q

c
N

(10.49)

b3 = N − a3 (10.50)

10.4.3 Waves with polarization perpendicular to the meridian plane

A nontrivial solution of Equation (10.45) exists if the determinant of the square matrix
is equal to 0 and q2 is given by

q2 =
(
ρ − ρ2

0

C1
− B1

c2

) /
B5 (10.51)

For instance, these waves can be normalized with a2 = N . The displacement compo-
nent b2 is given by

b2 = −Nρ0/C1 (10.52)

10.4.4 Nature of the different waves

For porous media with the frame much heavier than air, the partial decoupling has the
same consequences for anisotropic and isotropic media. For isotropic media two kinds
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of Biot waves exist, the two frame-borne waves which are similar to the waves which
propagate in the frame in vacuum, and the air-borne wave which is similar to the wave
which propagates in the air saturating a rigid frame. Due to the different interactions
between frame and air, both kinds of waves simultaneously propagate in the frame and
in air, but the air-borne wave mainly propagates in air. For anisotropic porous media with
the frame much heavier than the air, the Biot waves are of the same kind. More precisely,
two waves polarized in the meridian plane are frame-borne waves and the third wave
is an air-borne wave similar to that which propagates in a rigid framed porous medium
which is described in Section (10.5.3). The wave polarized in a direction perpendicular
to the meridian plane is the third frame-borne wave. Another consequence of the partial
decoupling is shown in Section (10.8): the phase speeds of the Rayleigh waves for a
usual glass wool are very close to the phase speeds for the frame in vacuum.

10.4.5 Illustration

A representation of the slowness as a function of the real angle θ between the direction
of propagation and the axis of symmetry Z is given in Figures 10.1 and 10.2 for waves
polarized in the meridian plane, and in Figure 10.3 for waves polarized perpendicular to the
meridian plane. The porous medium is described by the parameters of Table 10.1. Similar
parameters can describe a glass wool. The Lafarge model (Equation 5.35) is used for the
bulk modulus and the Johnson et al. model (Equation 5.36) for the effective densities. The
frequency is 0.5 kHz. Both slowness components q and 1/c are related to the slowness s
and the real angle θ by

s sin θ = 1/c (10.53)

s cos θ = q (10.54)

0 0.5 1 1.5 2 2.5 3
0

0.005

0.01

0.015

0.02

0.025

0.03

θ (radian)

R
e 

s 
(s

/m
)

Pseudo shear wave

Pseudo compressional frame borne wave

Air borne wave

Figure 10.1 Re s as a function of θ for the waves polarized in the meridian plane.
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Figure 10.2 Im s as a function of θ for the waves polarized in the meridian plane.
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Figure 10.3 Slowness s as a function of θ for the wave polarized perpendicular to the
meridian plane.
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Table 10.1 Acoustical and mechanical parameters
for a typical glass wool. The tortuosity is identical
in directions x and z, and F = A = 0 (the Poisson
coefficients are equal to 0).

Flow resistivity σx (N m−4 s) 4000
Flow resistivity σ z (N m−4 s) 8000
Porosity φ 0.98
Tortuosity α∞ 1.1
Thermal permeability q ′

0 (m2) 6.10−9

Viscous dimension �x (µm) 200
Viscous dimension �z (µm) 140
Thermal dimension �′ (µm) 500
Density ρ1 (kg/m3) 32
Rigidity parameter G (kPa) 260 (1+0.1j)
Rigidity parameter G′ (kPa) 125 (1+0.1j)
Rigidity parameter C (kPa) 46 (1+0.1j)

Equations (10.46) and (10.A.1)–(10.A.4) lead to

s6[T0 cos6 θ + T12 sin2 θ cos4 θ + T23 sin4 θ cos2 θ + T34 sin6 θ ]
+s4[T11 cos4 θ + T22 cos2 θ sin2 θ + T33 sin4 θ ]

+s2[T21 cos2 θ + T32 sin2 θ ] + T31 = 0
(10.55)

Equation (10.51) leads to

s2[B5 cos2 θ + B1 sin2 θ ] = ρ − ρ2
0

C1
(10.56)

For the three waves polarized in the meridian plane, the real part of the slowness s ,
which is the inverse of the phase speed, is presented in Figure 10.1 as a function of θ .
The imaginary part of s is presented in Figure 10.2. For the wave polarized perpendicular
to the meridian plane, the real and the imaginary parts of s are presented in Figure 10.3.

10.5 Sound source in air above a layer of finite thickness

10.5.1 Description of the problems

Glass wools and rockwools can be transversally isotropic and the normal to the large
faces of these materials is generally parallel to the symmetry axis. For a sufficient lateral
extension, the layer can be replaced in the calculations by a layer of infinite lateral
dimensions. If a plane wave impinges on the layer at an angle of incidence θ (see
Figure 10.4), the incidence plane can be denoted as the plane XZ and the slowness in the
direction x is 1/c = k0 sin θ/ω, where k0 is the wave number in the free air.

Due to the symmetry of the problem, only the waves polarized in the meridian plane
exist in the layer. In a first step, the frame displacement created by the plane wave and
the reflection coefficient of the layer are predicted. If the source in air is a point source,
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X

θ

Z

air

Porous layer

Figure 10.4 A plane wave in air impinges on a porous layer bonded on a rigid impervi-
ous backing with an angle of incidence θ . The axis of symmetry is parallel to the normal
Z of the surface of the layer.

the results obtained for the plane wave can be used with the Sommerfeld representation
as in Chapter 8.

10.5.2 Plane field in air

The layer has a finite thickness and is bonded onto a rigid impervious backing (see
Figure 10.4). The boundary conditions are

�usx = �usz = �wz = 0 (10.57)

The summation is performed on all the waves at the bonded face. In what follows a
superscript + is used for the waves propagating toward the backing and a superscript – for
the waves propagating toward the free surface. At the free surface of the layer, z = 0
(see Figure 10.4) and the displacement components for a normalization factor N = 1 of
the different waves are denoted as a±

1 (i), a
±
3 (i), b

±
1 (i), b

±
3 (i), i = 1, 2, 3. The related z

components of the slownesses are q±(i) = ±q(i). As in Chapter 8, to avoid large systems
of equations, each wave propagating from the free surface to the backing is associated
with three waves propagating upward to satisfy the boundary conditions at the contact
surface with the backing. In a similar way as for isotropic media, the normalization factors
of the upward waves, related to a normalization factor N = 1 of each downward wave,
are denoted as rik where i defines a downward wave and k one of the three associated
upward waves. The coefficients rik satisfy the following equations

a+
3 (i)+

∑
k=1,3

rika
−
3 (k) exp[jωl(q(i)+ q(k))] = 0 (10.58)

a+
1 (i)+

∑
k=1,3

rika
−
1 (k) exp[jωl(q(i)+ q(k))] = 0 (10.59)

b+
3 (i)+

∑
k=1,3

rikb
−
3 (k) exp[jωl(q(i)+ q(k))] = 0 (10.60)

where l is the thickness of the layer. Any superposition of the three downward waves, each
one being associated with its three upward waves, satisfies the boundary conditions at the
bonded face. At the surface in contact with air the boundary conditions can be written

vez = jω[�usz +�wz] (10.61)

�σ txz = 0 (10.62)
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pe = �p (10.63)

−pe = �σ tzz (10.64)

where vez and peare the z velocity component in the free air and the pressure in the free
air at the contact surface with the porous layer. The coefficients Ni which satisfy the last
three boundary conditions for unit pressure are solutions of the following set of equations

∑
i=1,2,3

Ni


q(i)a+

1 (i)+
1

c
a+

3 (i)−
∑
k=1,2,3

(
q(k)a−

1 (k)−
1

c
a−

3 (k)

)
rik


 = 0, (10.65)

∑
i=1,2,3

Ni

{
1

c
B6a

+
1 (i)+ B7q(i)a

+
3 − B8

(
1

c
b+

1 (i)+ q(i)b+
3 (i)

)

+
∑
k=1,2,3

rik

[
1

c
B6a

−
1 (k)− B7q(k)a

−
3 (k)

−B8

(
1

c
b−

1 (k)− q(k)b−
3 (k)

)]}
= −1/jω,

(10.66)

∑
i=1,2,3

Ni

{
1

c
B3a

+
1 (i)+ B4q(i)a

+
3 − B7

(
1

c
b+

1 (i)+ q(i)b+
3 (i)

)

+
∑
k=1,2,3

rik

[
1

c
B3a

−
1 (k)− B4q(k)a

−
3 (k)

−B7

(
1

c
b−

1 (k)− q(k)b−
3 (k)

)]}
= 1/jω.

(10.67)

The coefficients N1, N2, N3 are obtained from Equations (10.65)–(10.67). Using
the relation us + w = (1 − φ)us + φuf , the z component of velocity in the free air
is given by

vfz = jω
∑
i

Ni

{
(a+

3 (i)+ b+
3 (i))+

∑
k

(a−
3 (k)+ b−

3 (k))rik

}
(10.68)

and the surface impedance is given by

Zs = pe

vez
= 1

/ [
jω

∑
i

Ni

{
(a+

3 (i)+ b+
3 (i))+

∑
k

(a−
3 (k)+ b−

3 (k))rik

}]
(10.69)

For unit pressure, the z component vsz of the frame velocity at the surface of the layer
and the x component vsx are given by

vsz = jω
∑
i=1,2,3

Ni


a+

3 (i)+
∑
k=1,2,3

a−
3 (k)rik


 (10.70)

vsx = jω
∑
i=1,2,3

Ni


a+

1 (i)+
∑
k=1,2,3

a−
1 (k)rik


 (10.71)
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Figure 10.5 Normal surface frame velocity created by an incident unit pressure field.

For a unit incident wave, the acoustic pressure field at the contact surface with air is
multiplied by (1 + V ), V being the reflection coefficient given by

V =
(
Zs cos θ

Z0
− 1

) / (
Zs cos θ

Z0
+ 1

)
(10.72)

and the velocity components given by Equations (10.70) and (10.71) must also be multi-
plied by (1 + V ). The modulus of the vertical velocity of the frame at the free surface of
a layer of the material of Table 10.1 is given in Figure 10.5 as a function of frequency.
The Lafarge model (Equation 5.35) is used for the bulk modulus and the Johnson et al.
model (Equation 5.36) for the effective densities in the evaluation of the coefficients Ci.
The thickness of the layer is l = 10 cm. The incident field is a unit pressure field at
normal incidence.

There is a peak in the velocity distribution close to 110 Hz. This peak is due to the
compressional quarter wavelength resonance of the frame. For the frame in vacuum, the
speed of the compressional wave which propagates in the direction of the axis of symme-
try is equal to 1/Re(ρ1/C)

1/2, close to 120 m/s. The speed of the frame compressional
Biot wave in the z direction is very close to this value. The peak is shifted toward high
frequencies because, independently of the resonance, the vertical velocity induced by the
unit field increases strongly with frequency.

For the case of a point source, the Sommerfeld representation can be used as in
Chapter 8 to predict the frame displacement components.
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10.5.3 Decoupling of the air wave

In a first approximation, the frame displacement induced by a source in air is negligible
compared with the air displacement. Equation (10.44) can be rewritten

 −B8

c2
+ C1 −B8

q

c

−B8
q

c
−B8q

2 + C3




[
b1

b3

]
= 0 (10.73)

where b1 and b3 can be replaced by φd1 and φd3. A nontrivial solution exists if

q2 = C3

B8
− 1

c2

C3

C1
(10.74)

There are two opposite z slowness components for a given x slowness component
1/c. Denoting the wave number for the wave propagating in the x direction by kP , the
wave number for the waves propagating in the z direction by kN , (k2

N = ω2C3/B8, k
2
P =

ω2C1/B8) the wave number components ω/c by kx and ωq by kz, Equation (10.74) can
be rewritten

k2
z = k2

N

(
1 − k2

x

k2
P

)
(10.75)

Equation (10.27) can be rewritten

p = jB8φ
(
u
f

1 kx + uf3 kz
)

(10.76)

The system of Equation (10.58)–(10.60) is replaced by

r11 = exp(−2jkzl) (10.77)

The surface impedance Zs can be written

pe

vez
= jφB8(d1kx + d3kz)(1 + exp(−2jkzl))

jωφd3(1 − exp(−2jkzl))
(10.78)

From Equation (10.73), the ratio d1kx/(d3kz) is given by

d1kx

d3kz
= B8/c

2

C1 − B8/c2
(10.79)

which leads to

kz

(
1 + d1kx

d3kz

)
= kN(

1 − k2
x

k2
P

)1/2
(10.80)

The surface impedance can be rewritten

Zs = (ρzefKf )
1/2

jφ[1 − (kx/kP )1/2]
cot j lkz (10.81)
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Equation (10.75) can be rewritten (see Equation (3.54))

k2
z

k2
N

+ k2
x

k2
P

= 1 (10.82)

Let θ1 be the angle of the wave number vector k 1 of components kx and kz with the
Z axis. The angle θ1 and the modulus of the wave number vector satisfy the relation

k2
1 cos2 θ1

k2
N

+ k2
1 sin2 θ1

k2
P

= 1 (10.83)

Using the asymptotic limit of the effective density at high frequency gives the fol-
lowing angular dependence for the apparent tortuosity α∞(θ1)

cos2 θ1

αP∞
+ sin2 θ1

αN∞
= 1

α∞(θ1)
(10.84)

where αP∞ is the tortuosity in the plane (X, Y ) and αN∞ is the tortuosity in the direction
Z. Tortuosity measurements at ultrasonic frequencies by Castagnede et al. (1998) show
a good agreement with this angular dependence. Using the asymptotic limit of the
effective density at low frequency gives the same relation for the apparent flow resistivity
σ(θ1)

cos2 θ1

σP
+ sin2 θ1

σN
= 1

σ(θ1)
(10.85)

10.6 Mechanical excitation at the surface of the porous
layer

The excitation is a unit stress field τzz applied at the free surface of the layer with a
space dependence exp(−jωx/c). The boundary conditions at the free surface are given
by Equations (10.61)–(10.63) and Equation (10.64) is replaced by

−pe + τzz =
∑
σ tzz (10.86)

The unit stress creates a plane wave in air with a spatial dependence exp[−j (ωx/c −
k0z cos θ)] where k0 is the wave number in the free air and cos θ is given by

cos θ = ±
√
(k0/ω)2 − (1/c)2

k0/ω
(10.87)

The choice in the physical Riemann sheet corresponds to Im cos θ ≤ 0. The pressure pe

and the velocity component vez are related by

pe = −vezZ0/ cos θ (10.88)
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where Z0 is the characteristic impedance in the free air. The new set of equations for the
determination of the coefficients Ni is

∑
i=1,2,3

Ni


q(i)a+

1 (i)+
1

c
a+

3 (i)−
∑
k=1,2,3

(
q(k)a−

1 (k)−
1

c
a−

3 (k)

)
rik


 = 0 (10.89)

∑
i=1,2,3

Ni

{
1

c
B6a

+
1 (i)+ B7q(i)a

+
3 − B8

(
1

c
b+

1 (i)+ q(i)b+
3 (i)

)

+
∑
k=1,2,3

rik

[
1

c
B6a

−
1 (k)− B7q(k)a

−
3 (k)

−B8

(
1

c
b−

1 (k)− q(k)b−
3 (k)

)]}
= Z0

cos θ

×
∑
i

Ni

{
(a+

3 (i)+ b+
3 (i))+

∑
k

(a−
3 (k)+ b−

3 (k))rik

}
,

(10.90)

∑
i=1,2,3

Ni

{
1

c
B3a

+
1 (i)+ B4q(i)a

+
3 − B7

(
1

c
b+

1 (i)+ q(i)b+
3 (i)

)

+
∑
k=1,2,3

rik

[
1

c
B3a

−
1 (k)− B4q(k)a

−
3 (k)

−B7

(
1

c
b−

1 (k)− q(k)b−
3 (k)

)]}
= − 1

jω
− Z0

cos θ

∑
i

Ni

{
(a+

3 (i)+ b+
3 (i))

+
∑
k

(a−
3 (k)+ b−

3 (k))rik

}
.

(10.91)

The displacement components ai and bi are given by Equations (10.47)–(10.50) and
the frame displacement components at the free boundary are given by Equations (10.70)
and (10.71). The velocity components induced by a circular field or by a line field can
be obtained with the same expressions as in Chapter 8.

10.7 Symmetry axis different from the normal to the
surface

10.7.1 Prediction of the slowness vector components of the different
waves

The waves are defined by the slowness vector components qx and qy at the free surface
of the porous layer. Let Z be the axis normal to the surface and Z′ be the symmetry
axis. The axis Y is chosen perpendicular to Z and Z′. There is no loss of generality
because the y slowness component is not equal to 0 by definition as in the previous
Sections. The two sets of axes are XYZ and X′YZ′ (see Figure 10.6). The stress–strain
Equations (10.13)–(10.27) and the wave Equations (10.28)–(10.34) are always valid, but
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Z′Z
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Figure 10.6 The axis of symmetry Z′ and the new axis X′ in a plane perpendicular to
the surface of the layer. The axes Y and Y ′ are perpendicular to the figure.

the coordinates (x, y, z) must be replaced by (x′, y, z′) and the formalism of Section 10.5
must be modified.

The angle between Z and Z′ is ϕ. As in the previous sections, the waves are char-
acterized by a given slowness in the plane XY of the surface of the layer. The slowness
components in this plane are qx = 1/c and qy . The slowness vector components in both
sets of axes are related by

qx′ = qx cosϕ − qz sin ϕ (10.92)

qy′ = qy (10.93)

qz′ = qz cosϕ + qx sin ϕ (10.94)

qx′ = qx

cosϕ
− qz′ tan ϕ (10.95)

The components qx and qy are defined in the description of the source in air or on
the surface.

The slowness vector in the system X′Y ′Z′ with Y ′ identical to Y is defined by the
three components qx′, qy′ and qz′ . The new meridian plane is defined by the axis Z′, and
in the plane x′y′ by the vector qp′ of components qx′ and qy′ (see Figure 10.7).

The square modulus of qp′ is given by

q2
P ′ = q2

y + q2
x

cos2 ϕ
− 2qx

sin ϕ

cos2 ϕ
qz′ + q2

z′ tan2 ϕ (10.96)

Let X′′ be the axis parallel to qp′ and Y ′′ be the axis perpendicular to X′′ and Z′.
For the waves polarized in the new meridian plane Z′, X′′, Equation (10.42) is always
valid, 1/c = qx being replaced by qx′′ = qp′ , and q = qz being replaced by qz′ . With this

X′

X″
Y′

Y″

qx′

qy′ qp′

ψψ

Figure 10.7 The vector qp ′ in the plane x′y′.
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substitution, Equation (10.46) can be rewritten

A6q
6
z′ + A5q

5
z′ + A4q

4
z′ + A3q

3
z′ + A2q

2
z′ + A1qz′ +A0 = 0 (10.97)

The coefficients Ai are given in Appendix 10.B. For the waves polarized in the
direction Y ′′, Equations (10.45), (10.51) are always valid with the same substitutions, 1/c
by qp′ and q by qz′ .

The slowness component qz′ is now given by

q2
z′(B5 + B1 tan2 ϕ)− 2qz′B1qx

sin ϕ

cos2 ϕ

+
[
B1

(
q2
y + q2

x

cos2 ϕ

)
−

(
ρ − ρ2

0

C1

)]
= 0

(10.98)

10.7.2 Slowness vectors when the symmetry axis is parallel to the
surface

The previous model cannot be used. The axis X in the surface is chosen parallel to the
axis of symmetry Z′. The slowness components qz′ = qx and qy in the surface are known,
and the components of the new vector qp′ perpendicular to the axis of symmetry Z′ are
qy and qz. Equation (10.46) can be rewritten

S0q
6
P ′ + S1q

4
P ′ + S2q

2
P ′ + S3 = 0 (10.99)

S0 = T34

S1 = T23q
2
x + T33

S2 = T12q
4
x + T22q

2
x + T32

S3 = T0q
6
x + T11q

4
x + T21q

2
x + T31

(10.100)

The component qz is given by

qz = ±(q2
P ′ − q2

y )
1/2 (10.101)

For the waves polarized perpendicular to the meridian plane, Equation (10.51) can be
rewritten

q2
P ′B1 + q2

z′B5 = ρ − ρ2
0

Cx
(10.102)

10.7.3 Description of the different waves

Let a′′
i and b′′

i , i = 1, 2, 3, the quantities equivalent in the system X′′, Y ′′, Z′ to the ai and
bi in the system X, Y,Z. For instance ux′′ = a′′

1 exp[jω(t − qx′′x′′ − qz′z′)], where ux′′ is
a displacement component in the direction X′′. The same normalization as in the system
X, Y,Z can be used for the a′′

i and b′′
i , the wave number component in the direction

perpendicular to the plane Z′X′′ being equal to 0. Equations (10.47)–(10.50) and (10.52)
can be used with the slowness components in the plane X′′ Z′. Each wave is associated
with a specific system of axes X′′, Y ′′, Z′ and the boundary conditions are expressed in
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the system X, Y,Z. The coefficients Nj must be chosen for the boundary conditions to
be satisfied. In a first step, the displacement components a′

i and b′
i are predicted in the

system X′, Y ′, Z′ for each wave. Let ψ be the angle between the axes X′′ and X′ (see
Figure 10.7). The angle ψ is defined by

cosψ = qx′/qP ′
sinψ = qy′/qP ′ (10.103)

The displacement components in the system X′, Y ′, Z′ and the system X′′, Y ′′, Z′ are
related by

a′
1 = a1

′′ cosψ − a2
′′ sinψ

a′
2 = a1

′′ sinψ + a2
′′ cosψ
a′

3 = a3
′′

(10.104)

The same relations are satisfied by the components b′
i and b′′

i . The stress components
can be evaluated in the system X′, Y ′, Z′ from the displacement components a′

i , b
′
i and

the slowness vector components with Equations (10.21)–(10.27). In a last step, the con-
tribution ai and bi of each wave to the total velocity are evaluated with the relations

a1 = a1
′ cosϕ + a3

′ sin ϕ

a2 = a2
′

a3 = −a1
′ sin ϕ + a′

3 cosϕ

(10.105)

The same relations hold for the bi and the b′
i . For each wave the total stress compo-

nents in the system X, Y,Z and in the system X′, Y ′, Z′ are related by

σ tzz = σ tx′x′ sin2 ϕ − 2σ tx′z′ sin ϕ cos ϕ + σ tz′z′ cos2 ϕ, (10.106)

σ tzx = −σ tx′x′ sin ϕ cosϕ + σ tz′x′(cos2 ϕ − sin2 ϕ)

+ σ tz′z′ sin ϕ cosϕ,
(10.107)

σ tzy = −σ tx′z′ sin ϕ + σ tx′y′ cosϕ (10.108)

The unit stress field τzz = exp(−jω(qxx + qyy)) applied on the frame at the free
surface of the layer creates a plane wave in air with a spatial dependence exp[−j (ωqxx +
ωqyy − k0z cos θ)] where cos θ is given by

cos θ = ±
√
(k0/ω)2 − q2

x − q2
y

k0/ω
(10.109)

The choice in the physical Riemann sheet corresponds to Im cos θ ≤ 0. The pressure
pe and the velocity component vez are related by

pe = −vezZ0/ cos θ (10.110)

where Z0 is the characteristic impedance in the free air. If the predictions are restricted
to the case of a semi-infinite layer, there are no upward waves and only the contribu-
tions in the porous medium of the four other waves must be taken into account. Let

Page 247 of 374



232 TRANSVERSALLY ISOTROPIC POROELASTIC MEDIA

p(i), vz(i), σ
t
zz(i), σ

t
xz(i), σ

t
yz(i), i = 1, 2, 3, 4 be the contributions at the surface of the

layer of the four waves with a normalization factor Ni = 1 to the pressure, the normal
velocity and the related total stress components The four normalization coefficients are
obtained from the set

−pe + τzz =
∑

i=1,2,3,4

Niσ
t
zz(i) (10.111)

where

pe = −jω
∑

i=1,2,3,4

Ni(uz(i)+ wz(i))Z0/ cos θ

∑
i=1,2,3,4

Niσ
t
xz
(i) = 0,

(10.112)

∑
i=1,2,3,4

Niσ
t
yz
(i) = 0, (10.113)

− jω
∑

i=1,2,3,4

Ni(uz(i)+ wz(i))Z0/ cos θ =
∑

i=1,2,3,4

Nip(i) (10.114)

The vertical displacement of the frame is
∑
Niuz(i).

10.8 Rayleigh poles and Rayleigh waves

When the symmetry axis Z′ and the axis Z normal to the surface are parallel, the porous
layer is invariant under rotations around Z. The Hankel transform can be used for circular
excitations and the Sommerfeld representation for the point sources in air. When Z and
Z′ are not parallel, the invariance disappears, and Equation (7.5) cannot be replaced by
the Sommerfeld integral. For similar reasons, the Hankel transform cannot be used for
circular excitations. An excitation by a line source can be used to create Rayleigh waves
which propagate in the direction perpendicular to the line source. The source can be a
thin bar (blade) bonded on the porous surface on an axis � which moves in the normal
direction. A rough model for the source is a normal stress distribution applied to the
frame, centered on �, and given by

τzz(y, t) = g(r)h(t) (10.115)

where r is the distance from the line source. The stress field can be rewritten

τzz(r, t) = 1

4π2

∞∫
−∞

∞∫
−∞

h̃(ω)g̃(qr ) exp(jω(t − qrr))ωdqrdω (10.116)

where h̃ and g̃ are Fourier tansforms given by

h̃(ω) =
∞∫

−∞
h(t) exp(−jωt) dt (10.117)

Page 248 of 374



RAYLEIGH POLES AND RAYLEIGH WAVES 233

g̃(qr ) =
∞∫

−∞
g(r) exp(iωqr ) dr (10.118)

The axes X and Y can be chosen with the origin on �. Let τ be the angle between
Y and �. In Equation (10.116) qrr can be replaced by qxx + qyy, where qx = qr cos τ
and qy = qr sin τ . Equation (10.116) becomes

τzz(r, t) = 1

4π2

∞∫
−∞

∞∫
−∞

h̃(ω)g̃(qr ) exp(jω(t − qxx − qyy))ωdqrdω (10.119)

The vertical displacement for a given direction � of the source is a superposition
of elementary displacements related to excitations with a space time dependence
exp(jω(t − qxx − qyy)). For a given ω let qR be the the slowness at the Rayleigh pole.
When qr → qR the elementary displacement tends to ∞. Iterative methods can be used
to obtain the related slowness component in the plane XY . Many poles exist, and the
iterations must start close to the true Rayleigh pole. For the usual porous frames of
sound absorbing materials which are much heavier than air, the Rayleigh pole is close
to the Rayleigh pole for the frame in vacuum. As an illustration the slowness qR is
predicted for the three geometries of Figure 10.8. For these geometries qR for the frame
in vacuum is a root of a polynomial in q−2

R .
In Figure 10.8(a) the line source L is on the horizontal surface perpendicular to the axis

of symmetry Z′ and the Rayleigh wave propagates on this surface. In Figure 10.8(b) the
Rayleigh wave propagates in a meridian plane in a direction perpendicular to Z′, and in
Figure 10.8(c) the Rayleigh wave propagates in a meridian plane in a direction parallel to
Z′. The slowness component qR on the free surface where the Rayleigh wave propagates
is a root of a polynomial (see Equation 5.61 and Figure 5.1 for the definition of the free
surface in Royer and Dieulesaint 1996) which can be rewritten with the present notations:

Case (a)

G′
[
(2G+ A)− q−2

R ρ1

] (
q−2
R ρ1

)2 − C
(
G′ − q−2

R ρ1

)
[
(2G+ A)− F 2

C
− q−2

R ρ1

]2

= 0 (10.120)

Case (b)

G
[
(2G+ A)− q−2

R ρ1

] (
q−2
R ρ1

)2 − (2G+ A)
(
G− q−2

R ρ1

)
[
(2G+A)− A2

2G+ A − q−2
R ρ1

]2

= 0 (10.121)

Case (c)

G′
[
C − q−2

R ρ1

] (
q−2
R ρ1

)2 − (2G+ A)
(
G′ − q−2

R ρ1

)
[
C − F 2

2G+ A − q−2
R ρ1

]2

= 0 (10.122)
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Z′

(a)

b c 

Figure 10.8 The line source (thick line) on a free surface perpendicular to Z′ (a) and
on a free surface parallel to Z′ (b and c). The arrow indicates the direction of propagation
on the free surface.

If the rigidity coefficients are real, the slowness component qR is real and is located
in the following intervals:

Case (a)

0 < q−2
R < G′, (2G+A)− F 2

C
(10.123)

Case (b)

0 < q−2
R < G, (2G+ A)− A2

2G+A (10.124)

Case (c)

0 < q−2
R < G′, C − F 2

2G+ A (10.125)

10.8.1 Example

The material is the glass wool described with the parameters of Table 10.1. A similar
material was studied by Tarnow (2005). Predictions of the phase speed 1/Re qR and the
damping Im qR of the Rayleigh wave are given in Table 10.2 for the three cases defined
in Figure 10.8 with Equations (10.120)–(10.122) for the frame in vacuum

The phase speed and the damping are represented in Figures 10.9 and 10.10 as a
function of frequency for the porous medium and the frame in vacuum.

Table 10.2 Phase speed 1/Re qR and damping Im qR for the
Rayleigh wave for the frame in vacuum in the geometries a, b, c of
Figure 10.8.

Geometry Frame in vacuum Phase Frame in vacuum Damping:
speed: 1/Re qR (m/s) Im qR (s/m)

a 51 −0.97 × 10−3

b 79 −0.63 × 10−3

c 36 −1.4 × 10−3
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Figure 10.9 Phase speed 1/Re qR of the Rayleigh wave in case c for the porous medium
as a function of frequency (solid curve), and for the frame in vacuum (broken line).
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Figure 10.10 Im qR for the Rayleigh wave in case c, porous medium (solid curve),
frame in vacuum (broken line).
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As for isotropic media, the poles are close with the Biot theory and for the frame
in vacuum in the whole audible frequency range. The same trends can be observed for
cases a and b. The general properties of the Rayleigh wave for axisymmetrical poroelastic
media are the same as those reported by Royer and Dieulesaint (1996) for axisymmetrical
elastic media. The specific properties, as for isotropic porous media, are related to the
large structural damping and the small rigidity of the porous frames of porous sound
absorbing media. The order of magnitude of the phase speed is 50 m/s. Measurements of
the speed are possible close to the line source, at distances of 5 cm or less at acoustical
frequencies. Layers having a thickness larger than 3 cm can generally be used for phase
speed measurements in the high frequency range, as shown in Section 8.4 for isotropic
media.

10.9 Transfer matrix representation of transversally
isotropic poroelastic media

Only the case where the axis of symmetry is parallel to the normal to the faces is consid-
ered and there are no contributions of the waves polarized perpendicular to the meridian
plane. A transfer matrix representation with a different normalization was performed
by Vashishth and Khurana (2004). Another matrix description obtained with the Dazel
representation of the Biot theory (see Appendix 6.A) is given by Khurana et al. (2009).

The transfer matrix

The displacement field and the stress field are described by the column vector V (z)
defined by

V (z) = [usx, u
s
z, wz, σ

t
zz, σ

t
zx, p]T (10.126)

The normalization factors N for the three waves which propagate downwards are
denoted as N+

i , i = 1, 2, 3, and the normalization factors for the three waves which
propagate upwards are denoted as N−

i , i = 1, 2, 3. The column vector A is defined by

A = [N+
1 +N−

1 , N
+
1 −N−

1 , N
+
2 +N−

2 , N
+
2 −N−

2 , N
+
3 +N−

3 , N
+
3 −N−

3 ]T (10.127)

The vector V can be related to A by

V (z) = [�(z)]A (10.128)

Let q(1), q(2) and q(3) be the three solutions of Equation (10.46) with a positive real
part. Let a±

1 (i), a
±
3 (i), b

±
1 (i), b

±
3 (i) the solutions of the set of Equations (10.47)–(10.50)

for N = 1 and q = ±q(i), i = 1, 2, 3. If N remains equal to 1 when q(i) → −q(i),
a+

1 = −a−
1 , b

+
1 = −b−

1 , a
+
3 = a−

3 and b+
3 = b−

3 . The matrix elements �kl are given by

�1,2i−1 = −ja+
1 (i) sinωq(i)z (10.129)

�1,2i = a+
1 (i) cosωq(i)z (10.130)

�2,2i−1 = a+
3 (i) cosωq(i)z (10.131)
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�2,2i = −ja+
3 (i) sinωq(i)z (10.132)

�3,2i−1 = b+
3 (i) cosωq(i)z (10.133)

�3,2i = −jb+
3 (i) sinωq(i)z (10.134)

�4,2i−1 = −B7j
ω

c
jb+

1 (i) sinωq(i)z + B4jωq(i)a
+
3 (i)j sinωq(i)z

− B7jωq(i)b
+
3 (i)j sinωq(i)z + B3j

ω

c
ja+

1 (i) sinωq(i)z
(10.135)

�4,2i = B7j
ω

c
b+

1 (i) cosωq(i)z − B4jωq(i)a
+
3 (i) cosωq(i)z

+ B7jωq(i)b
+
3 (i) cosωq(i)z − B3j

ω

c
a+

1 (i) cosωq(i)z
(10.136)

�5,2i−1 = −B5

[
jω

c
a+

3 (i)+ jωqa+
1

]
cosωq(i)z (10.137)

�5,2i = B5

[
jω

c
a+

3 (i)+ jωqa+
1

]
j sinωq(i)z (10.138)

�6,2i−1 = −B8j
ω

c
jb+

1 (i) sinωq(i)z + B7jωq(i)a
+
3 (i)j sinωq(i)z

− B8jωq(i)b
+
3 (i)j sinωq(i)z + B6j

ω

c
ja+

1 (i) sinωq(i)z
(10.139)

�6,2i = B8j
ω

c
b+

1 (i) cosωq(i)z − B7jωq(i)a
+
3 (i) cosωq(i)z

+ B8jωq(i)b
+
3 (i) cosωq(i)z − B6j

ω

c
a+

1 (i) cosωq(i)z
(10.140)

The vector V (l) at the upper surface is related to the vector V (0) at the lower surface
of a layer of thickness l by

V (l) = [�(l)][�(0)]−1V (0) (10.141)

The transfer matrix for the porous layer in the second Biot representation is
[T ] = [�(l)][�(0)]−1. All the components of V are equal at each side of the boundary
between two porous layer with frames bonded together and the transfer matrix of a
layered medium is the product of the transfer matrices of each layer.

Surface impedance Zs of a layered porous medium

The porous medium is glued to a rigid impervious layer. Three components of V (l) are
equal to 0, ux, uz, and wz. In the free air close to the upper face, the z component of the
air velocity vz is related to the pressure by p = Zsvz with vz = (wz + uz)jω, the total
stress component σ tzz = −p and σ tzx = 0. The three components equal to 0 are related to
the components of V at the upper surface by, respectively

0 = t11u
s
x + (t12 − t13)u

s
z +

(
t13

1

jωZs
− t14 + t16

)
p (10.142)
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0 = t21u
s
x + (t22 − t23)u

s
z +

(
t23

1

jωZs
− t24 + t26

)
p (10.143)

0 = t31u
s
x + (t32 − t33)u

s
z +

(
t33

1

jωZs
− t34 + t36

)
p (10.144)

The components usx, u
s
z, and p are different from 0 only if the determinant of the

previous system of three equations is equal to 0. This leads to

Zs = − �2

jω�1
(10.145)

with

�1 =
∣∣∣∣∣∣
t11 t12 − t13 t16 − t14

t21 t22 − t23 t26 − t24

t31 t32 − t33 t36 − t34

∣∣∣∣∣∣ (10.146)

�2 =
∣∣∣∣∣∣
t11 t12 − t13 t13

t21 t22 − t23 t23

t31 t32 − t33 t33

∣∣∣∣∣∣ (10.147)

Examples of applications can be found in Khurana et al. (2009) using a variant of
the presented transfer matrix representation.

Appendix 10.A: Coefficients Ti in Equation (10.46)
Similar coefficients are given in the work by Vashishth and Khurana (2004).

T0 = C1B5(B
2
7 − B4B8) (10.A.1)

T1 = T11 + T12/c
2 (10.A.2)

T2 = T21 + T22/c
2 + T23/c

4 (10.A.3)

T3 = T31 + T32/c
2 + T33/c

4 + T34/c
6 (10.A.4)

T11 = C1(B4B8 − B2
7 )ρ + C1ρB5B8

+ 2C1ρ0B5B7 + C1C3B4B5 − ρ2
0(B4B8 − B2

7 )
(10.A.5)

T12 = C1(2B1 + B2)(B
2
7 − B4B8)− C3B4B5B8

+ C3B5B
2
7 + C1(B

2
3B8 + 2B3B5B8)

− C1B6(2B3B7 + 2B5B7 − B4B6)

(10.A.6)

T21 = −C1ρ
2B8 − 2C1ρρ0B7 − C3C1ρ(B4 + B5)

+ C1ρ
2
0B5 + C3ρ

2
0B4 + ρρ2

0B8 + 2B7ρ
3
0

(10.A.7)
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T22 = ρ(C1B5B8 + C3B4B8)+ ρC1(2B1 + B2)B8

+ 2C1B7ρ0(2B1 + B2)− C3ρB
2
7 + C1C3B4(2B1 + B2)

+ (C3ρ − 4ρ2
0)B5B8 − 2ρ0(B3 + B5)(C1B6 + C3B7)− 2ρ2

0B3B8

− C1C3(B
2
3 + 2B3B5)+ 2C3ρ0B4B6 + 2ρ2

0B6B7 − C1ρB
2
6

(10.A.8)

T23 = C3[−(B3 + B5){2B6B7 − B8(B3 + B5)} + B2
6B4 − B8B

2
5

+ (2B1 + B2)(B
2
7 − B8B4)] − C1[(2B1 + B2)B5B8 − B5B

2
6 ]

(10.A.9)

T31 = ρ2C1C3 − ρρ2
0(C1 + C3)+ ρ4

0 (10.A.10)

T33 = ρC3B8(B5 + 2B1 + B2)+ C3C1B5(2B1 + B2)

+ ρ2
0 [B2

6 − B8(2B1 + B2)] + C3B6(2ρ0B5 − ρB6)
(10.A.11)

T32 = (ρ2
0 − C3ρ)[ρB8 + (2B1 + B2)C1 + 2ρ0B6]

+ B5C3(ρ
2
0 − ρC1)

(10.A.12)

T34 = C3B5[B2
6 − B8(2B1 + B2)] (10.A.13)

Appendix 10.B: Coefficients Ai in Equation (10.97)
The following symbols are used

G = q2
y + q2

x

cos2 ϕ

H = −2qx
sin ϕ

cos2 ϕ

I = tan2 ϕ

(10.B.1)

Equation (10.96) can be rewritten

q2
P ′ = G+Hqz′ + Iq2

z′ (10.B.2)

Using the symbols

J = G2

K = 2GH

L = H 2 + 2GI
M = 2HI

N = I 2

(10.B.3)

q4
P ′ is given by

q4
P ′ = J +Kqz′ + Lq2

z′ +Mq3
z′ +Nq4

z′ (10.B.4)
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Using the symbols

Pa = G3

Pb = 3HG2

Pc = 3GH2 + 3G2I

Pd = 6GHI +H 3

Pe = 3GI2 + 3H 2I

Pf = 3HI2

Pg = I 3

(10.B.5)

q6
P ′ can be written

q6
P ′ = Pa + qz′Pb + q2

z′Pc + q3
z′Pd + q4

z′Pe + q5
z′Pf + q6

z′Pg (10.B.6)

The parameters T1, T2, T3 are now given by

T1 = T11 + T12q
2
P ′ (10.B.7)

T2 = T21 + T22q
2
P ′ + T23q

4
P ′ (10.B.8)

T3 = T31 + T32q
2
P ′ + T33q

4
P ′ + T34q

6
P ′ (10.B.9)

The slowness component qz′ satisfies the following equation

A6q
6
z′ + A5q

5
z′ + A4q

4
z′ + A3q

3
z′ + A2q

2
z′ + A1qz′ + A0 = 0 (10.B.10)

where

A6 = T0 + T12I + T23N + T34 Pg (10.B.11)

A5 = T12H + T23M + T34 Pf (10.B.12)

A4 = T11 + T22I + T33N + T12G+ T23L+ T34Pe (10.B.13)

A3 = T22H + T33M + T23K + T34Pd (10.B.14)

A2 = T21 + T32I + T22G+ T33L+ T23J + T34Pc (10.B.15)

A1 = T32H + T33K + T34Pb (10.B.16)

A0 = T1 + T32G+ T33J + T34 Pa (10.B.17)
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11

Modelling multilayered systems
with porous materials using
the transfer matrix method

11.1 Introduction

The description of the acoustic field in a porous layer is not simple, because the shear
wave and the two compressional waves propagating forward and backward are present.
In a layered medium with porous layers, elastic solid layers and fluid layers, a complete
description can become very involved. A matrix representation of sound propagation,
similar to that used by Brekhovskikh (1960), Folds and Loggins (1977), Scharnhorst
(1983) and Brouard et al. (1995) is described in this chapter, and used to model plane
acoustic fields in stratified media. The stratified media are assumed laterally infinite.
They can be of different nature: elastic solid, thin plate, fluid, rigid porous, limp porous
and poroelastic. The presented model is essentially based on the representation of plane
wave propagation in different media, in terms of transfer matrices. The presentation of the
transfer matrix for transversally isotropic porous media has been described in Chapter 10.
However, the presentation in this chapter assumes the different media to be homogeneous
and isotropic. The modelling is general in the sense that it can handle automatically
arbitrary configurations of layered media. The theoretical background behind the transfer
matrix method is first recalled. Next, transfer and coupling matrices of different types of
layer will be given, followed by the algorithm used to solve for the acoustic indicators of
the problem. Finally, basic application examples are presented. Extensions and examples
of advanced applications will be discussed in Chapter 12.

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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11.2 Transfer matrix method

11.2.1 Principle of the method

Figure. 11.1 illustrates a plane acoustic wave impinging upon a material of thickness h,
at an incidence angle θ . The geometry of the problem is bidimensional, in the incident
(x1, x3) plane. Various types of wave can propagate in the material, according to their
nature. The x1 component of the wave number for each wave propagating in the finite
medium is equal to the x1 component kt of the incident wave in the free air:

kt = k sin θ (11.1)

where k is the wave number in free air. Sound propagation in the layer is represented by
a transfer matrix [T ] such that

V(M) = [T ]V(M ′) (11.2)

where M and M ′ are set close to the forward and the backward face of the layer,
respectively, and where the components of the vector V(M) are the variables which
describe the acoustic field at a point M of the medium. The matrix [T ] depends on the
thickness h and the physical properties of each medium.

11.3 Matrix representation of classical media

11.3.1 Fluid layer

The acoustic field in a fluid medium is completely defined in each point M by the vector:

V f (M) = [p(M), v
f

3 (M)]
T (11.3)

h

x3

x1

finite medium
air

M

θ

M´

Figure 11.1 Plane wave impinging on a domain of thickness h.
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where p and vf3 are the pressure and the x3 component of the fluid velocity, respectively.
The superscript T indicates a transposition, Vf (M) being a column vector.

Let ρ and k be the density and the wave number of the fluid medium, respec-
tively. Let k3 be the x3 component of the wave number vector in the fluid, equal to(
k2 − k2 sin2 θ

)1/2
. The dependence in x1 and time being removed, p and v3 in the fluid

can be written as

p(x3) = A1 exp(−jk3x3)+A2 exp(jk3x3) (11.4)

v
f

3 (x3) = k3

ωρ
[A1 exp(−jk3x3)− A2 exp(jk3x3)] (11.5)

By arbitrarily setting the coordinate x3 equal to zero at M ′, Equations (11.4) and
(11.5) can be rewritten as

p(M ′) = A1 + A2 (11.6)

v3(M
′) = k3

ωρ
(A1 − A2) (11.7)

Denoting by h the thickness of the layer, Equations (11.4) and (11.5) at x3 = −h can
be rewritten as

V f (M) = [T ]V f (M ′) (11.8)

where the 2 × 2 transfer matrix [T ] is given by:

[T ] =


 cos(k3h) j

ωρ

k3
sin(k3h)

j
k3

ωρ
sin(k3h) cos(k3h)


 (11.9)

11.3.2 Solid layer

In a layer consisting of an elastic solid, an incident and a reflected longitudinal wave, and
an incident and a reflected shear wave can propagate. The acoustic field in the material
can be completely described using the four amplitudes of these waves. The associated
displacement potentials can be written as, respectively

ϕ = exp(jωt − jk1x1)[A1 exp(−jk13x3)+A2 exp(jk13x3)] (11.10)

ψ = exp(jωt − jk1x1)[A3 exp(−jk33x3)+A4 exp(jk33x3)] (11.11)

where the x3 components k13 and k33 of the wave number vectors are{
k13 = (δ2

1 − k2
t )

1/2

k33 = (δ2
3 − k2

t )
1/2

(11.12)
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In Equation (11.12) δ2
1 and δ3

3 are the squares of the wave numbers of the longitudinal
and shear waves in the elastic solid layer, respectively. They are given by:


δ2

1 = ω2ρ

λ+ 2µ

δ2
3 = ω2ρ

µ

(11.13)

where ρ indicates the density for the elastic solid, and λ and µ are the first and second
Lamé coefficients (these quantities are complex in general), respectively. The constants
A1, A2, A3 and A4 represent the amplitudes of the four waves (incident and reflected)
which can propagate in the layer. The acoustic field in the elastic solid layer can be
predicted if these four amplitudes are known. Instead of these parameters, four mechanical
variables may be chosen to express the sound propagation everywhere in the medium.
However, different sets of four independent quantities may be chosen. Following Folds
and Loggins (1977), the four chosen quantities are v1, v3, σ33 and σ13. Let V s be the
vector

V s(M) = [
vs

1
(M) vs

3
(M) σ s33(M) σ s13(M)

]T
(11.14)

In these equation, vs1 and vs3 are the x1 and x3 components of the velocity at point
M , respectively. σ s

33 and σ s
13 are the normal and tangential stresses at point M . These

velocities and stresses are written as

vs1 = jω

(
∂ϕ

∂x1
− ∂ψ

∂x3

)

vs3 = jω
(
∂ϕ

∂x3
+ ∂ψ

∂x1

) (11.15)



σ s33 = λ

(
∂2ϕ

∂x2
1

+ ∂2ϕ

∂x2
3

)
+ 2µ

(
∂2ϕ

∂x2
3

+ ∂2ψ

∂x1∂x3

)

σ s13 = µ
(

2
∂2ϕ

∂x1∂x3
+ ∂2ψ

∂x2
1

− ∂2ψ

∂x2
3

) (11.16)

To obtain the 4 × 4 transfer matrix [T ] of the elastic solid layer, the vector V s(M) is
first connected to vector A = [(A1 + A2), (A1 − A2), (A3 +A4), (A3 − A4)] by a matrix
[�(x3)] such that V s(M) = [�(x3)]A. Equations (11.15) and (11.16) can be used to eval-
uate [�(x3)]

[�(x3]

=



ωk1 cos(k13x3) −jωk1 sin(k13x3) jωk33 sin(k33x3) −ωk33 cos(k33x3)

−jωk13 sin(k13x3) ωk13 cos(k13x3) ωk1 cos(k33x3) −jωk1 sin(k33x3)

−D1 cos(k13x3) jD1 sin(k13x3) jD2k33 sin(k33x3) −D2k33 cos(k33x3)

jD2k13 sin(k13x3) −D2k13 cos(k13x3) D1 cos(k33x3) −jD1 sin(k33x3)




(11.17)
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with D1 = λ(k0
2 + k13

2)+ 2µk13
2 = µ(k13

2 − k0
2), and D2 = 2µk0. If the origin of the

x3 axis is fixed at point M , the vectors V s(M) and V s(M ′)are expressed as{
V s(M) = [�(0)]A
V s(M ′) = [�(h)]A

(11.18)

Then, the transfer matrix [T ] which relates V s(M) and V s(M ′) is equal to [T ] =
[�(0)][�(h)]−1. In order to alleviate the instability that may arise from the inversion of
matrix [�(h)], the origin of the x3 axis can be rather fixed at point M ′, and the transfer
matrix written:

[T s] = [�(−h)][�(0)]−1 (11.19)

The inversion of the matrix [�(0)] is calculated analytically

[�(0)]−1 =




2k1

ωδ2
3

0 − 1

µδ2
3

0

0
k2

33 − k2
1

ωk13δ
2
3

0 − k1

µk13δ
2
3

0
k1

ωδ2
3

0
1

µδ2
3

k2
33 − k2

1

ωk33δ
2
3

0 − k1

µk33δ
2
3

0




(11.20)

11.3.3 Poroelastic layer

The acoustic field in a layer of porous materials

In the context of Biot theory, three kinds of wave can propagate in a porous medium:
two compressional waves and a shear wave (Chapter 6). Let us denote by k1, k2,k3, and
k′

1,k
′
2, k

′
3, the wave number vectors of the compressional waves (subscripts 1, 2) and the

shear wave (subscript 3). The nonprimed vectors correspond to waves propagating for-
ward while the primed vectors correspond to waves propagating backward. Let δ2

1, δ
2
2 and

δ2
3, be the squared wave numbers of the two compressional waves and of the shear wave.

These quantities are given by Equations (6.67), (6.68) and (6.83). The x3 components of
the wave number vectors are{

ki3 = (δ2
i − k2

t )
1/2 i = 1, 2, 3

k′
i3 = −ki3 i = 1, 2, 3

(11.21)

The square root symbol ( )1/2 represents the root which yields a positive real part.
In the complex representation, the frame displacement potentials of the compressional
waves can be written as

ϕsi = Ai exp(j (ωt − ki3x3 − ktx1))+ A′
i exp(j (ωt + ki3x3 − ktx1)) i = 1, 2

(11.22)
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The displacements induced by the rotational waves are parallel to the x10x3 plane, and
only the x2 component of the vector potential is different from zero. This component is

ψs2 = A3 exp(j (ωt − k33x3 − ktx1))+A′
3 exp(j (ωt + k33x3 − ktx1)) (11.23)

The air displacement potentials are related to the frame displacement potentials by

ϕ
f

i = µiϕsi i = 1, 2 (11.24)

and

ψ
f

2 = µ3ψ
s
2 (11.25)

The ratio µi of the velocity of the air over the velocity of the frame for the two
compressional waves and µ3 for the shear wave are given by Equations (6.71) and (6.84),
respectively. The displacements field for the frame and the air are known completely if
A1, A2, A3, A

′
1, A

′
2 and A′

3 are known, while the stresses can be calculated by Equation
(6.2) and (6.3).

Matrix representation

The acoustic field in the porous layer consists of six waves and can be described by
Equations (11.22) and (11.23). The acoustic field in the porous layer can be predicted
everywhere if the six amplitudes A1, A2, A3, A

′
1, A

′
2 and A′

3 are known. However, instead
of these parameters, one may choose six independent acoustic quantities. The six acoustic
quantities that have been chosen are three velocity components and three elements of the
stress tensors; the two velocity components vs1 and vs3 of the frame, the velocity component
v
f

3 of the fluid, the two components σ s33 and σ s13 of the stress tensor of the frame, and
σ
f

33 in the fluid. If these six quantities are known at a point M in the layer, the acoustic
field can be predicted everywhere in the layer. Moreover, the values of these quantities
anywhere in the layer depend linearly on the values of these quantities at M . Let Vp(M)

be the vector

Vp(M) = [ vs1(M) vs3(M) v
f

3 (M) σ s33(M) σ s13(M) σ
f

33(M) ]T (11.26)

The superscript T indicates a transposition, V(M) being a column vector. These six
quantities are written as:



vs1 = jω
(
∂ϕs1

∂x1
+ ∂ϕs2

∂x1
− ∂ψs2

∂x3

)

vs3 = jω
(
∂ϕs1

∂x3
+ ∂ϕs2

∂x3
+ ∂ψs2

∂x1

)

v
f

3 = jω
(
∂ϕ
f

1

∂x3
+ ∂ϕ

f

2

∂x3
+ ∂ψ

f

2

∂x1

) (11.27)
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and,


σ s33 = (P − 2N)

(
∂2(ϕs1 + ϕs2)

∂x2
1

+ ∂2(ϕs1 + ϕs2)
∂x2

3

)

+Q
(
∂2(ϕ

f

1 + ϕf2 )
∂x2

1

+ ∂2(ϕ
f

1 + ϕf2 )
∂x2

3

)
+ 2N

(
∂2(ϕs1 + ϕs2)

∂x2
3

+ ∂2ψs2

∂x1∂x3

)

σ s13 = N
(

2
∂2(ϕs1 + ϕs2)
∂x1∂x3

+ ∂2ψs2

∂x2
1

− ∂2ψs2

∂x2
3

)

σ
f

33 = R
(
∂2(ϕ

f

1 + ϕf2 )
∂x2

1

+ ∂2(ϕ
f

1 + ϕf2 )
∂x2

3

)
+Q

(
∂2(ϕs1 + ϕs2)

∂x2
1

+ ∂2(ϕs1 + ϕs2)
∂x2

3

)
(11.28)

where N is the shear modulus of the material, and P,Q, and R are the elastic coefficients
of Biot defined in Chapter 6.

If M and M ′ are set close to the forward and the backward face of the layer, respec-
tively, a matrix [T p] which depends on the thickness h and the physical properties of
the material relates Vp(M) to Vp(M ′):

Vp(M) = [T p]Vp(M ′) (11.29)

The matrix elements Tij have been calculated by Depollier (1989) in the following
way. Let A be the column vector

A = [(A1 + A′
1), (A1 − A′

1), (A2 + A′
2), (A2 − A′

2), (A3 +A′
3), (A3 − A′

3)]
T (11.30)

and let [�(x3)] be the matrix connecting Vp(M) at x3 to A:

Vp(M) = [�(0)]A,Vp(M ′) = [�(h)]A (11.31)

The vectors Vp(M) and Vp(M ′) are related by

Vp(M) = [�(0)][�(h)]−1Vp(M ′) (11.32)

and so [T p] is equal to

[T p] = [�(0)][�(h)]−1 (11.33)

In order to avoid a matrix inversion, the origin of the x3 axis can be changed, and
the following equation can be used:

[T p] = [�(−h)][�(0)]−1 (11.34)

Matrix [�(0)]−1 can be evaluated analytically.
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Evaluation of the matrices [
] and [T p]

In order to calculate the elements of [�(h)]−1, the quantities vs1, v
s
3, v

f

3 , σ
s
13, σ

s
33 and σf33

must be evaluated from the potentials ϕs1, ϕ
s
2 and ψs . The velocity component vf1 will

also be calculated for the sake of completeness. The velocity components vs1 and vs3 are
obtained by using ϕs1, ϕ

s
2 and ψs2 as given by Eqs. (11.22) and (11.23) in Equation (11.27).

vS1 = j ω

 ∑
i=1,2

{−jkt (Ai + A′
i ) cos ki3x3 − kt (Ai −A′

i ) sin ki3x3}

+ k33(A3 + A′
3) sin k33x3 + jk33(A3 − A′

3) cos k33x3




(11.35)

vS3 = j ω

 ∑
i=1,2

{−ki3(Ai + A′
i ) sin ki3x3 − jki3(Ai − A′

i ) cos ki3x3}

− jkt (A3 + A′
3) cos k33x3 − kt (A3 −A′

3) sin k33x3




(11.36)

In these equations the dependence on time and x1 has been removed. The velocities
v
f

1 and vf3 can be evaluated from the displacement potentials ϕf1 , ϕ
f

2 and ψf , which are
related to ϕs1, ϕ

s
2 and ψs by Equation (11.27)

v
f

1 = j ω

 ∑
i=1,2

{−jktµi(Ai + A′
i ) cos ki3x3 − ktµi(Ai − A′

i ) sin ki3x3}

+ k33µ3(A3 + A′
3) sin k33x3 + jk33µ3(A3 −A′

3) cos k33x3




(11.37)

v
f

3 = j ω

 ∑
i=1,2

{−ki3µi(Ai + A′
i ) sin ki3x3 − jki3µi(Ai −A′

i ) cos ki3x3}

− jktµ3(A3 + A′
3) cos k33x3 − ktµ3(A3 − A′

3) sin k33x3




(11.38)

The two components σ s33 and σ s13 of the stress tensor of the frame, and the component
σ
f

33 in the fluid, can be calculated by Equations (6.2) and (6.3)

σ s33 = (P − 2N)∇ · us +Q∇ · uf + 2N
∂us3

∂x3
(11.39)

σ s13 = N
(
∂us1

∂x3
+ ∂us3

∂x1

)
(11.40)

σ
f

33 = R∇ · uf +Q∇ · us (11.41)
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The displacement potentials can be used to express the spatial derivatives of the x3

and the x1 components of uf and us in Equations (11.39)–(11.41)

∇ · us = ∂2

∂x2
1

(ϕs1 + ϕs2)+
∂2

∂x2
3

(ϕs1 + ϕs2) (11.42)

∇ · uf = ∂2

∂x2
1

(µ1ϕ
s
1 + µ2ϕ

s
2)+

∂2

∂x2
3

(µ1ϕ
s
1 + µ2ϕ

s
2) (11.43)

∂us3

∂x3
= ∂2

∂x2
3

(ϕs1 + ϕs2)+
∂2ψ2

∂x1∂x3
(11.44)

∂us1

∂x3
+ ∂us3

∂x1
= 2

∂2(ϕs1 + ϕs2)
∂x1∂x3

+
(
∂2ψ2

∂x2
1

− ∂2ψ2

∂x2
3

)
(11.45)

and Equations (11.39)–(11.41) can be rewritten as

σ s13 = N

2kt

∑
i=1,2

ki3{j (Ai + A′
i) sin ki3 − (Ai − A′

i ) cos ki3x3}

+ (k2
33 − k2

t )[(A3 + A′
3) cos k33x3 − j (A3 −A′

3) sin k33x3]




(11.46)

σ s33 =
∑
i=1,2

{[−(P +Qµi)(k2
t + k2

i3)+ 2Nk2
t ](Ai + A′

i ) cos ki3x3

+ j [(P +Qµi)(k2
t + k2

i3)− 2Nk2
t ](Ai −A′

i ) sin ki3x3}
+ 2jNktk33(A3 + A′

3) sin k33x3 − 2Nktk33(A3 − A′
3) cos k33x3

(11.47)

σ
f

33 =
∑
i=1,2

(Q+ Rµi)(k2
t + k2

i3){−(Ai −A′
i ) cos ki3x3

+ j (Ai − A′
i ) sin k33x3}

(11.48)

The coefficients of the terms (A1 ±A′
1), (A2 ± A′

2), and (A3 ±A′
3), in Equations

(11.37), (11.38) and (11.46)–(11.48) are the matrix elements �ij (x3) as given in
Table 11.1. In this table, Di and Ei are given by

Di = (P +Qµi)(k2
t + k2

i3)− 2Nk2
t i = 1, 2 (11.49)

Ei = (Rµi +Q)(k2
t + k2

i3) i = 1, 2 (11.50)

The matrix [T p] = [�(0)][�(h)]−1 is given in Appendix 11.A.

11.3.4 Rigid and limp frame limits

The rigid frame limit depicts the dynamic behaviour of the material when its frame
is supposed motionless. This simplification, presented in Chapter 5, can be used for
frequencies higher than the decoupling frequency, Fd = σ × φ2/(2πρ1). In this frequency
domain, the visco-inertial coupling between the solid and the fluid phase is sufficiently
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Table 11.1 The coefficients �ij (x3).

(a) The three first columns of [�]

ωkt cos ki3x3 −jωkt sin ki3x3 ωkt cos k23x3

−jωki3 sin ki3x3 ωki3 cos ki3x3 −jωk23 sin k23x3

−jωki3µ1 sin ki3x3 ωµ1ki3 cos ki3x3 −jωk23µ2 sin k23x3

−D1 cos ki3x3 jD1 sin ki3x3 −D2 cos k23x3

2jNktki3 sin ki3x3 −2Nktki3 cos ki3x3 2jNktk23 sin k23x3

−E1 cos ki3x3 jE1 sin ki3x3 −E2 cos k23x3

(b) The three last columns of [�]

−jωkt sin k23x3 jωk33 sin k33x3 −ωk33 cos k33x3

ωk23 cos k23x3 ωkt cos k33x3 −jωkt sin k33x3

ωµ2k23 cos k23x3 ωktµ3 cos k33x3 −jωktµ3 sin k33x3

jD2 sin k23x3 2jNk33kt sin k33x3 −2Nk33kt cos k33x3

−2Nktk23 cos k23x3 N(k2
33 − k2

t ) cos k33x3 −jN(k2
33 − k2

t ) sin k33x3

jE2 sin k23x3 0 0

weak, so that an acoustical wave propagating in the fluid phase will not exert a force
sufficient to generate vibration in the solid phase. In the rigid frame limit, the dynamic
behaviour is represented by an equivalent fluid wave equation of the form (see Section
5.7):

�p + ρ̃eq

K̃eq
ω2p = 0 (11.51)

where ρ̃eq = ρ̃f /φ is the effective density and K̃eq = K̃f /φ is the effective bulk modulus
of the rigid frame equivalent fluid medium. Using these effective properties, the matrix
representation of the rigid frame limit is given by Equation (11.9) with the wave number

given by ω
√
ρ̃eq/K̃eq .

An equivalent fluid representation can also be used for limp materials, such as aero-
nautic grade fiberglass (density of the order of 0.3–0.5 pcf). It is however important
to account for the inertia of the frame in the modelling of their dynamic behaviour.
The limp model can be derived from the Biot theory, assuming that the stiffness of the
frame is negligible. Various models have been proposed in the literature: Beranek (1947),
Ingard (1994), Katragada et al. (1995), Panneton (2007). Here, a straightforward way to
correct the equivalent fluid equation for this effect is presented. It starts from the mixed
pressure–displacement formulation derived in Appendix 6.A (Equation 6A.22):


div σ̂ s(us)+ ω2ρ̃ u + γ̃ grad p = 0

�p + ω2 ρ̃eq

K̃eq
p − ω2ρ̃eq γ̃ div us = 0

(11.52)

where σ̂ s is the stress tensor of the solid phase in vacuum, γ̃ = φ(ρ̃12/ρ̃22 − Q̃/R̃)
and ρ̃ = ρ̃11 − (ρ̃12)

2/ρ̃22. Coefficients ρ̃eq and K̃eq are related to ρ̃22 and R̃ in
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Equation (6A.22) by ρ̃22 = φ2ρ̃eq and R̃ = φ2K̃eq . Assuming a limp frame, the stress
tensor of the solid phase in vacuum is neglected (σ̂ s ≈ 0) and the first equation
in (11.52) leads to ω2ρ̃ div u = −γ̃ �p. Substitution of this equation in the second
equation of (11.52) yields the equivalent fluid equation for a limp material,

�p + ρ̃limp

K̃eq
ω2p = 0 (11.53)

where ρ̃limp is an equivalent effective density accounting for the inertia of the frame,

ρ̃limp = ρ̃ρ̃eq

ρ̃ + ρ̃eq γ̃ 2
(11.54)

Assuming the bulk modulus of the elastic material from which the frame is made
much larger than the bulk modulus of the frame (i.e. Kb 
 Ks), valid for the majority
of porous materials, Panneton (2007) derives the following approximate expression for
the limp effective density:

ρ̃limp ≈ ρt ρ̃eq − ρ2
0

ρt + ρ̃eq − 2ρ0
(11.55)

where ρt = ρ1 + φρ0 is the apparent total density of the equivalent fluid limp medium.
Again, using these effective properties, the matrix representation of the limp frame limit
is given by Equation (11.9). It is observed from Equation (11.55) that, when the frame
is heavy, the rigid model is recovered. Moreover, at low frequencies lim

ω→0
ρ̃limp = ρt con-

trary to the rigid frame model (see chapter 5 for the low- and high-frequency limits of
the effective density; in particular Equation (5.37), giving the limit at low frequency:
lim
ω→0

ρ̃eq = σ/(jω)). In consequence, the difference between the two models is mainly

important at low frequencies. This is illustrated in Figure 11.2 for the material of
Table 11.2.

Note in passing, that the rigid frame model does not authorize rigid body motion of the
material. This is important, for instance in applications when the material is unconstrained
(free to move). This effect is mainly important at low frequencies. In such applications,
the limp model is preferred. This is key when impedance tube tests are used to derive the
acoustical properties of the material from measurement of either the surface impedance
or the prorogation constants (especially using transmission measurements).

The limp model is usable when the elasticity of the frame is neglected, either due to
the nature of the material (e.g. light fibreglass) or due to the mounting or excitation of the
material (e.g. transmission loss of light foam separated by a thin air gap from a supporting
plate). As a rule of thumb, when the material is bonded onto a vibrating structure, the rigid
frame model should not be used. On the other hand, the limp model can be used when the
bulk modulus of frame in vacuum is much smaller than bulk modulus of the fluid in the
pores. Beranek (1947) suggested the use of the limp approximation for porous materials
satisfying

∣∣Kc/Kf ∣∣ < 0.05 where Kc and Kf are the bulk modulus of frame in vacuum
and the bulk modulus of the fluid in the pores, respectively. Doutres et al. (2007) used
a numerical study comparing a full porous–elastic model with the limp model to derive a
criterion for the use of the latter. Two configurations were used: (i) sound absorption of a
porous layer backed by a rigid wall, and (ii) sound radiation from a porous layer backed by
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Figure 11.2 Normalized effective density of the soft fibrous material (Table 11.2);
comparison between predictions using the limp frame and the rigid frame models. Mea-
surement performed by Panneton (2007) using the method of Utsono et al. (1989).

Table 11.2 The parameters used to predict the effective density of the material in
Figure 11.2.

Material Thickness, φ σ α∞ � �′ ρ1

h (mm) (N s/m4) (µm) (µm) (kg/m3)

Soft fibrous 50 0.98 25 × 103 1.02 90 180 30

a vibrating wall. In both cases, the materials are assumed of infinite extent. The criterion,
named frame structural interaction (FSI), is derived from the displacement ratio of the
compressional frame-borne and airborne waves (Equation 6.71): FSI = (ρ̃limp/ρ̃c)K̃c/K̃f
where ρ̃c = ρ1 − ρ̃12/φ. Using this frequency-dependent criterion they relaxed the range
of validity of Beranek’s criterion to |Kc/Kf | < 0.2. Approximating Kf by its isothermal
value in air, Kf ≈ P0 (101.3 kPa), the latter criterion stipulates that the limp model
is applicable for materials having a bulk modulus lower than 20 kPa. Recall however
that this criterion does not account for the effects of boundary condition and mounting
effects. As mentioned above, the limp model can be used for materials having a higher
bulk modulus in various specific configurations. This is the case, e.g. for thin light foam
decoupled with an air gap from a vibrating structure.

11.3.5 Thin elastic plate

In the case of a thin elastic plate in bending (bending stiffness D; thickness h and mass
per unit area m), the harmonic form of the equation of motion is given by:

Zs(ω)v3(M
′) = σ33(M

′)− σ33(M) (11.56)
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where

Zs(ω) = jωm
(

1 − Dk4
t

ω2m

)

is the mechanical impedance of the panel and kt = k sin θ with k the wave number in the
free air. σ33(M) and σ33(M

′)are respectively, the normal stresses just in front and just
behind the plate and v3 is the normal velocity of the thin plate v3 = v3(M) = v3(M

′).
Using the vector V(M) = [σ33(M)v3(M)] T to express the mechanical field in a point M
of the plate, the transfer matrix [Ti] relating V(M) and V(M ′) is deduced directly from
Equation (11.56)

[T ] =
[

1 −Zs(ω)
0 1

]
(11.57)

Note that the mechanical impedance of the panel can be written in the equivalent
form:

Zs(ω) = jωm
[

1 −
(
ω

ωc

)2

sin4 θ

]
(11.58)

where

ωc = c2

√
m

D

is the panel’s critical frequency. Damping in the panel can be accounted for by using a
complex value of the Young’s modulus.

11.3.6 Impervious screens

Impervious screens are usually used to cover or protect acoustic materials. Their mod-
elling using the transfer matrix method depends on their mounting. When they are free
to move, that is when there is air on both sides of the screen, they can be simply mod-
elled as a thin plate with negligible stiffness. The mechanical impedance in Equation
(11.57) reduces to Z(ω) = jωm. When the screen is bonded onto a porous material, the
modelling needs to account for the interface forces.

Let M and M ′ two points close, respectively, to the forward and the backward face of
a screen in mechanical contact. Assuming the screen to be flexible with a non-negligible
bending stiffness, Newton’s law applied to the screen, leads to

j ωmυ3(M
′) = σ s33(M

′)− σ s33(M)−D
∂4υ3(M

′)
jω∂x4

1

(11.59)

j ωmυ1(M
′) = σ s13(M

′)− σ s13(M)+ S
∂2υ1(M

′)
jω∂x2

1

(11.60)

In these equations, vs1 and vs3 are the x1 and x3 components of the velocity at point M ,
respectively. σ s

33 and σ s
13 are the normal and tangential stresses at point M . The quantities
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m,D and S are the mass per unit area, the bending stiffness, and the membrane stiffness
of the screen, respectively.

The operators ∂2/∂x2
1 and ∂4/∂x4

1 can be replaced by −k2
t and k4

t , respectively. In
consequence, the screen governing equations read:

j ωm

(
1 − Dk4

t

mω2

)
υs3(M

′) = σ s33(M
′)− σ s33(M) (11.61)

j ωm

(
1 − Sk2

t

mω2

)
υs1(M

′) = σ s13(M
′)− σ s13(M) (11.62)

The velocity of the screen υ(M) is the same on both faces. Using the vector V s(M) =
[vs

1
(M) vs

3
(M) σ s33(M) σ s13(M)]T to describe the screen variables, Equations (11.61)

and (11.62) with equality of the velocity vector at M and M ′, lead to the following 4 × 4
transfer matrix for the screen:

[T ] =




1 0 0 0

0 1 0 0

0 −Zs(ω) 1 0

−Z′
s(ω) 0 0 1


 (11.63)

where Zs(ω) = j ωm(1 −Dk4
t /mω

2) and Z′
s(ω) = j ωm(1 − Sk2

t /mω
2).

The interface conditions described in Section 11.4.2 for a solid layer can be used
when the screen is in contact with a porous or fluid medium.

In the case of a negligible stiffness impervious screen, the latter can be modelled as
a flexible membrane. In this case Equation (11.59) is replaced by

j ωmυ3(M
′) = σ s33(M

′)− σ s33(M)+ I
∂2υ3(M

′)
j ω∂x2

1

(11.64)

and in consequence, impedance Z in Equation (11.62) is replaced by Z′′
s (ω) = j ωm(1−

Ik2
t /mω

2) where I is the tension of the screen.

11.3.7 Porous screens and perforated plates

For microporous screens a more refined model must be used to account for the added
resistance (proportional to the flow resistance of the screen). For a perforated plate, there
is also an important reactance term (Chapter 9). In both cases, when the screen is not
in mechanical contact, an equivalent fluid model (rigid or limp) may be used. When, it
is in contact, either a poroelastic model or a refined screen model (using four variables)
should be used (Ingard 1994; Atalla and Sgard 2007).

11.3.8 Other media

The transfer matrix method can be generalized to account for other domains such as thick
plates, orthotropic plates, composite and sandwich panels, transversally isotropic porous
materials, etc. In these cases the transfer matrices are formulated in terms of the wave
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heading (direction of propagation) in the plane (x1x3). The example of a thick orthotropic
panel is discussed in Chapter 12.

11.4 Coupling transfer matrices

The transfer matrices of various types of layer were evaluated in the previous section. This
section is devoted to the continuity conditions between two adjacent layers of different
nature. Figure 11.3 illustrates a stratified medium, where two points M2k and M2k+1

(k = 1, n− 1) are close to each other at each side of a boundary between layers (k) and
(k+1). An interface matrix, which depends on the nature of the two layers, must be used
to relate the acoustic field vectors V(k)(M2k) and V(k+1)(M2k+1). For simplification, the
interface matrices are derived for the two first layers of Figure 11.3.

11.4.1 Two layers of the same nature

If the two adjacent layers have the same nature, the continuity conditions are exploited
to build a global transfer matrix which describes the acoustic propagation between M1

and M4. If the two layers are not porous, the global transfer matrix is simply equal to
product of the transfer matrices of the two layers. But, if the two layers are porous, the
continuity conditions are affected by the porosities of the layers:

vs1(M2) = vs1(M3)

vs3(M2) = vs3(M3)

φ1(v
f

3 (M2)− vs3(M2)) = φ2(v
f

3 (M3)− vs3(M3))

σ s33(M2)+ σf33(M2) = σ s33(M3)+ σf33(M3)

σ s13(M2) = σ s13(M3)

σ
f

33(M2)

φ1
= σ

f

33(M3)

φ2

(11.65)

In this case, the global transfer matrix [T p] is written as:

[T p] = [T p1 ][Ipp][T p2 ] (11.66)

M2M1

(1)

M4M3

(2)

M2n

(n)

M2n-1

θ

A

Fluid 1

Figure 11.3 Plane wave impinging on a multilayer domain.
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where [T p1 ] et [T p2 ] are the transfer matrices of the two porous layers, and [Ipp] is a
6 × 6 interface matrix built from Equations (11.65)

[Ipp] =




1 0 0 0 0 0
0 1 0 0 0 0

0

(
1 − φ2

φ1

)
φ2

φ1
0 0 0

0 0 0 1 0

(
1 − φ1

φ2

)
0 0 0 0 1 0

0 0 0 0 0
φ1

φ2




(11.67)

Note that this interface matrix is equal to the 6 × 6 unit matrix if the two layers have the
same porosity.

The transfer matrix of a porous layer using the second Biot representation (Appendix
6.A) is given in Section 10.9 of Chapter 10 in the case of a transversally isotropic
medium. The matrix for an isotropic medium is a special case. In this representation the
components of V (z) = [usx, u

s
z, wz, σ

t
zz, σ

t
zx, p]T are equal at each side of the boundary

between two porous layers with frames bonded together. The interface matrix is a unit
matrix in this representation and the transfer matrix of a layered porous medium is simply
the product of the transfer matrices of each layer.

11.4.2 Interface between layers of different nature

When the adjacent layers have different natures, the continuity equations may be used
to relate the two interface matrices [I12] and [J12] to the field variable vectors at M1

and M2

[I12]V(1)(M2)+ [J12]V(2)(M3) = 0 (11.68)

Matrices [I12] and [J12] depend on the nature of the two interfacing layers. The
number of rows of the two matrices is equal to the number of continuity equations at
the interface. These interface matrices relate the field vectors at points M2 and M3, by
Equation (11.68). Since V (2)(M3) = [T (2)]V (2)(M4) where [T (2)] is the transfer matrix of
the second layer, the acoustic propagation between the points M2 and M4 is expressed by

[I12]V (1)(M2)+ [J12][T (2)]V (2)(M4) = 0 (11.69)

The expressions for the interface matrices for various interfaces are given in the
following.

Solid–fluid interface

The continuity conditions are given by

vs
3(M2) = vf

3(M3)

σ s
33(M2) = −p(M3)

σ s
13(M2) = 0

(11.70)
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These equations can be rewritten as [Isf ]V s(M2)+ [Jsf ]V f (M3) = 0, with

[Isf] =

 0 1 0 0

0 0 1 0
0 0 0 1


 , [Jsf] =


 0 −1

1 0
0 0


 (11.71)

Matrices [I ] and [J ] must be interchanged for a fluid–solid interface. The same
matrices can be used for a solid–thin plate interface.

Porous–fluid interface

The continuity conditions are given by

(1 − φ)vs3(M2)+ φv
f

3 (M2) = vf3 (M3)

σ s33(M2) = −(1 − φ)p(M3)

σ s13(M2) = 0

σ
f

33(M2) = −φp(M3)

(11.72)

where φ is the porosity of the porous layer. These equations can be rewritten in the form
[Ipf ]V p(M2)+ [Jpf ]V f (M3) = 0, with

[Ipf] =




0 (1 − φ) φ 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


 , [Jpf] =




0 −1
(1 − φ) 0

0 0
φ 0


 (11.73)

Matrices [I ] and [J ] must be interchanged for a fluid–porous interface.

Solid–porous interface

The continuity conditions are given by

υs
1(M2) = υs

1(M3)

υs
3(M2) = υs

3(M3)

υs
3(M2) = υf

3(M3)

σ s
33(M2) = σ s

33(M3)+ σ f
33(M3)

σ s
13(M2) = σ s

13(M3)

(11.74)

which can be rewritten as [Isp]V s(M2)+ [Jsp]V p(M3) = 0, with

[Isp] =




1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 , [Jsp] = −




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 1
0 0 0 0 1 0


 (11.75)

Matrices [I ] and [J ] must be interchanged for a porous–solid interface. Note that
these matrices can be used to interface an impervious screen in mechanical contact.
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Thin plate–porous interface

For a thin plate in contact with a porous layer, the continuity conditions are

υs
3(M2) = υ3(M3)

υf
3(M2) = υ3(M3)

σ s
33(M2)+ σ f

33(M2) = −p(M3)

σ s
13(M2) = 0

(11.76)

with p = −σ33, the pressure at the plate’s interface with the porous media. These con-
ditions can be rewritten as [Ipi]V p(M2)+ [Jpi]V i (M3) = 0, with

[Ipi] = −




0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 1
0 0 0 0 1 0


 , [Jpi] =




0 −1
0 −1
1 0
0 0


 (11.77)

11.5 Assembling the global transfer matrix

A simple product of transfer and interface matrices cannot generally be used to calculate
the global transfer matrix of a stratified medium, since most of the interface matrices are
not square. On the other hand, Equation (11.69) relates the acoustic field vectors at the
right-hand-side boundaries of adjacent layers in the stratified medium. For the medium
illustrated by Figure 11.3, this equation leads to the following relations

[If 1]V f (A)+ [Jf 1][T (1)]V (1)(M2) = 0
[I(k)(k+1)]V (k)(M2k)+ [J(k)(k+1)][T

(k+1)]V (k)(M2(k+1)) = 0, k = 1, . . . , n− 1
(11.78)

This set of equations can be rewritten in the form [D0]V 0 = 0, where

[D0] =




[If 1] [Jf1][T (1)] [0] · · · [0] [0]
[0] [I12] [J12][T (2)] · · · [0] [0]
...

...
...

...
...

[0] [0] [0] · · · [J(n−2)(n−1)][T (n-1)] [0]
[0] [0] [0] · · · [I(n–1)(n)] [J(n–1)(n)][T (n)]




(11.79)

and

υ0 = [
υf (A) υ(1)(M2) υ(2)(M4) · · · υ(n−1)(M2n−2) υ(n)(M2n)

]T (11.80)

Matrix [D0] is rectangular. However, the global transfer matrix must be square since
the physical problem is well posed. At the excitation side, one impedance equation
linking the pressure to the normal velocity is missing. At the termination side, impedance
conditions relating the field variables are missing. These impedance conditions are three
for a porous layer, two for a solid layer and one for a fluid, thin plate or impervious layer.
Thus, if N is the dimension of V0; [D0] has (N − 4) rows if the last layer is porous,
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(N − 3) rows if this layer is elastic solid, and (N − 2) rows if it is fluid (or equivalent
fluid), thin plate or an impervious screen. The impedance conditions at the termination
side depend closely on the nature of the termination: hard wall or semi-infinite fluid
domain.

11.5.1 Hard wall termination condition

If the multilayer is backed by a hard wall (Figure 11.4) and if a component of the field
vector V(n)(M2n) is a velocity, then this component is equal to zero (infinite impedance).
These conditions may be written in the form [Y (n)]V (n)(M2n) = 0, where [Y (n)] and
V (n)are defined according to the nature of the layer (n).

[Yp] =

 1 0 0 0 0 0

0 1 0 0 0 0
0 0 1 0 0 0


 , [Y s] =

[
1 0 0 0
0 1 0 0

]
, [Y f ] = [

0 1
]

(11.81)

where the superscript refers to the nature of the layer in contact with the wall: p for
porous, s for elastic solid, and f for fluid, equivalent fluid, thin plate or impervious screen.
Otherwise, vector V(n)is the field variable vector of the layer in contact with the wall.

Adding the new equations to the previous system, [D0]V 0 = 0, a new system is
obtained, whose matrix [D] has (N − 1) rows and N columns:

[D]V = 0 : [D] =
[

[D0]

[0] · · · [0] [Y (n)]

]
, V = V 0 (11.82)

11.5.2 Semi-infinite fluid termination condition

If the multilayer is terminated with a semi-infinite fluid layer (Figure 11.5), continuity
conditions may be written to relate the vectors V(n)(M2n) and the semi-infinite fluid
vector Vf (B), where B is a point in the semi-infinite medium, close to the boundary.
These conditions are expressed as

[I(n)f ]V (n)(M2n)+ [J(n)f ]V f (B) = 0 (11.83)

M2M1

(1)

M4M3

(2)

M2n

(n)

M2n-1
A

Fluid 1

Figure 11.4 A multilayer domain backed by a hard wall.
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M2M1

(1)

M4M3

(2)

M2n

(n)

M2n-1 B

Fluid 2

A

Fluid 1

Figure 11.5 A multilayer domain backed by a semi-infinite fluid.

where V f (B) = [p(B)vf3 (B)]
T and [I(n)f ] and [J(n)f ] are interface matrices which

depend on the nature of the last layer (n). Furthermore, if ZB is the characteristic
impedance of the semi-infinite fluid, the impedance at point B is given by ZB/ cos θ =
p(B)/v

f

3 (B), or

[−1 ZB/ cos θ ]V f (B) = 0 (11.84)

Equations (11.83) and (11.84) lead to a new matrix system

[D]V = 0 : [D] =




[0]

[D0]
...

[0]

[0] · · · [0] [I(n)f ] [J(n)f ]

0 · · · 0 −1 ZB/ cos θ



,

V =
[

V 0

V f (B)

]
=




V f (A)

V (1)(M2)

V (2)(M4)
...

V (n−1)(M2n−2)

V (n)(M2n)

V f (B)




(11.85)

Counting the added equations and variables, matrix [D] has now (N + 1) rows and
(N + 2) columns. In summary, for both termination conditions, one equation is still
needed. This equation is given by the impedance condition of the fluid at the excita-
tion side. Adding this equation to matrix [D] allows for the calculation of the acoustic
indicators of the problem.
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11.6 Calculation of the acoustic indicators

11.6.1 Surface impedance, reflection and absorption coefficients

If a plane acoustic wave impinges upon a stratified medium illustrated by either
Figure 11.4 (absorption problem) or Figure 11.5 (transmission problem), at an incidence
angle θ, the surface impedance Zs of the medium is written as Zs = p(A)/vf

3(A), or

[−1 Zs]V f (A) = 0 (11.86)

Adding this new equation to the system of Equations (11.82) or (11.85), a new system
is formed with a square matrix:[−1 Zs 0 · · · 0

[D]

]
V = 0 (11.87)

The determinant of this matrix is equal to zero, so Zs is calculated by

Zs = −det[D1]

det[D2]
(11.88)

where det[D1] (resp. det[D2]) is the determinant of the matrix obtained when the first
column (resp. the second column) has been removed from [D]. The reflection coefficient
R and the absorption coefficient α are then given by the classical formulas:

R = Zs cos θ − Z0

Zs cos θ + Z0
(11.89)

and

α(θ) = 1 − |R|2 (11.90)

In case of a diffuse field excitation, the absorption coefficient is defined as follows:

αd =

∫ θmax

θmin

α (θ) cos θ sin θdθ∫ θmax

θmin

cos θ sin θdθ

(11.91)

where α (θ) is the absorption coefficient at a given angle of incidence θ, as defined pre-
viously, θmin and θmax are the selected diffuse field integration limits, usually 0◦ and 90◦.

11.6.2 Transmission coefficient and transmission loss

When the multilayer is extended by a semi-infinite fluid medium, the transmission coef-
ficient T and the reflection coefficient R are related by

p(A)

1 + R
− p(B)

T
= 0 (11.92)
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Adding this new equation to the system of Equations (11.85), a new system is formed
with a (N+2)× (N+2) square matrix[

T 0 · · · −(1 + R) 0

[D]

]
V = 0 (11.93)

The determinant of this matrix is equal to zero, so T is calculated by

T = −(1 + R)
det[DN+1]

det[D1]
(11.94)

where det[DN+1] is the determinant of the matrix obtained when the (N+1)th column
has been removed from matrix [D].

For a plane wave of incidence θ , the transmission loss is defined by

TL = −10 log τ(θ) (11.95)

where τ(θ) = |T 2(θ)| is the transmission coefficient for the angle of incidence θ . In case
of a diffuse field excitation, the transmission loss is defined as:

T Ld = −10 log




∫ θmax

θmin

|τ(θ)|2 cos θ sin θ dθ∫ θmax

θmin

cos θ sin θ dθ


 (11.96)

where τ(θ) is the transmission coefficient for a given angle of incidence θ , varying from
θmin to θmax.

In the numerical implementation, the diffuse field integration is done numerically.
For example, 21-point Gauss–Kronrod rules can be used. Moreover, in the case where
the transfer matrix of a layer depends on the wave heading in the (x1, x3) plane (e.g.
the case of an orthotropic plate), integration over heading needs to be accounted for. An
example is given in Chapter 12 where the size effects are investigated.

The solution procedure described in the previous section relies on the numerical eval-
uation of three determinants at each frequency and/or incidence angle. For a small number
of layers, the computation time is not an issue unless a diffuse field indicator is needed
where a numerical integration is performed. This may be expensive, especially at high fre-
quencies. Moreover, the evaluation of a determinant may be sensitive to ill-conditioning
of the matrix. A variant solution procedure is based on fixing arbitrarily the amplitude
of the incident pressure to 1. Consider the system given by either Equation (11.87) or
(11.93). In both cases, let the (N+1) × (N+1) square matrix obtained by eliminating
the first column of matrix [D] be denoted by [D1]. Let F represent the vector obtained
by multiplying the eliminated first column by −1. Finally, let V1 represent the variables
vector less its first entry. The solution of the (N+1) × (N+1) linear system, [D1]V1 = F
allows for the calculation of the acoustic indicators (depending on the problem at hand):

Zs = 1

V1(1)
(11.97)

T = (1 + R)V1(N) (11.98)
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This solution procedure is straightforward and necessitates only the solution of a
linear system at each frequency and/or incidence angle.

11.6.3 Piston excitation

From a transfer matrix viewpoint, a piston is equivalent to a plate with a fixed normal
velocity. The variable vector is given by V p(A) = [p(A), vf3 (A)]

T where the velocity
is fixed. The continuity conditions between the excitation (the piston) and the first layer
are discussed in Section 11.4. Using these interface conditions, the solution approach
remains unchanged. The example of a semi-infinite fluid termination is presented here
for the sake of illustration. Since the piston’s velocity is given, the second column of
matrix [D], given in Equation (11.85), is eliminated, resulting in a square matrix denoted
by [D2]. Let F represent the vector obtained by multiplying the eliminated second column
by −1. Finally, let V 2 represent the variable vector less its second entry. The solution
procedure is as follows.

First, the (N+1)× (N+1) linear system [D2]V 2 = F is solved for vector V 2. Next,
the acoustic variables are calculated:

p(A) = V2(1)
p(B) = V2(N − 1)
v(B) = V2(N)

(11.99)

Using these variables, various vibro-acoustic indicators can be calculated. For
example, the mechanical to acoustical conversion factor, defined as the ratio of the
power radiated in the receiver domain to the input power is given by

TL = −10 log10

[∏
radiated,free face∏

input

]
(11.100)

with
∏

radiated,free face = 1/2 Re(p(B)υ∗(B)) and
∏

input = 1/2 Re (p(A)υ∗(A)).
The fraction of dissipated power, defined by the difference between input mechanical

power and power transmitted to the receiver domain, is given by

DP = −10 log10

[∏
dissipated∏

input

]
(11.101)

with
∏

dissipated = ∏
input −

∏
radiated.

Finally, the vibration transmissibility, defined by the ratio of the free face vibration
level to the imposed velocity, is given by

VT = −10 log10

[ 〈v2〉piston

〈v2〉free–face

]
(11.102)

Note that the use of the transfer matrix method in the case of a point load excitation
is discussed in Chapter 12. The case of a point source excitation is also briefly discussed
in Chapter 12.
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11.7 Applications

This section presents application examples of the transfer matrices to the prediction of
the absorption and transmission loss of sound packages. Further examples, taking into
account size effects, mechanical excitation and/or more complicated structures will be
discussed in Chapter 12. The predictions in the following examples are calculated using
a computer program implementing the method of the transfer matrices as detailed above.
All the examples of Chapters 5 and 6 can be easily reproduced using the transfer matrix
method and thus are not reproduced here.

11.7.1 Materials with porous screens

A porous screen is a thin layer of porous material, with a thickness of about 1 mm or less.
Measurements and predictions using the TMM of the surface impedance of two materials
with porous screens are compared in this section. Thin porous screens are frequently
used at the surface or inside sound absorbents. They can improve the absorption with
a small increase in the thickness of the sound absorbing material. If the screen is an
isotropic porous material, it can be modelled as a layer of isotropic porous material and
represented by a transfer matrix. If the screen is anisotropic, approximate descriptions of
sound propagation can be used.

In spite of possible simplifications, these descriptions remain complicated, with many
parameters that are not easily measurable. As for the case of the glass wool studied
in Section 6.5.4, it is generally possible, at normal incidence, to model the anisotropic
porous screen as an equivalent isotropic material. The examples herein are restricted to
normal incidence. Examples of prediction at oblique incidence are given in Rebillard
et al. (1992) and Lauriks (1989).

The first material, represented in Figure 11.6, is a plastic foam covered by a sheet of
glass wool. The parameters for the foam and the sheet are given in Table 11.3.

Sheet

porous Foam

Figure 11.6 A porous material made up of a sheet of glass wool bonded onto a layer
of plastic foam. The material is bonded onto a rigid impervious wall.

Table 11.3 The parameters used to predict the surface impedance of the material in
Figure 11.6.

Material Thickness, φ σ α∞ � �′ ρ1 E ν ηs
h (mm) (N s/m4) (µm) (µm) (kg/m3) (Pa)

Foam 38 0.98 5 × 103 1.1 150 216 33 130 × 103 0.3 0.1
Glass wool 0.45 0.7 1·1 × 106 1 10 20 660 2.6 × 106 0.3 0.1
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Figure 11.7 Surface impedance Z at normal incidence of the foam described in
Table 11.3. Measurements reproduced from Rebillard et al. (1992).

The Johnson–Champoux–Allard model, summarized in Section 5.8, is used for the
two materials. The characteristic lengths for the glass wool verify �′ = 2� as predicted
by the model of Section 5.3.4. The static bulk modulus of the frame of the sheet is large,
about 1 MPa and at normal incidence the sheet can be considered as a rigid framed
material, due to its small thickness. The dynamic Young’s modulus E has not been
measured, but has been chosen sufficiently large for the sheet to behave as a rigid framed
material at normal incidence.

The surface impedance is presented in Figure 11.7 for the foam and in Figure 11.8 for
the sheet bonded on to the foam. The measured surface impedances have been presented
in Rebillard et al. (1992). The absorption coefficient of the foam and of the foam plus
the facing, are presented in Figure 11.9. The increase in absorption due to the facing is
very large at low frequencies for the material considered. The main effect of the facing
at medium frequencies is an increase in the real part of the impedance of the foam that is
close to the flow resistance σh of the facing. This effect is easily explained. The density of
the sheet is very large, and the inertial force almost immobilizes the screen. The velocity
of the air does not vary noticeably from one face to the other in the sheet, because of its
small thickness; consequently, the pressure difference �p between both sides of the sheet
is equal to �p = σhυ, υ being the velocity of the air above the sheet. The increase in
the impedance is �p/υ and is equal to the flow resistance σh of the sheet. However, in
the case of porous screens with lower density, the screen is not motionless, and a porous
elastic or limp model must be used for the screen to predict the surface impedance.
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Figure 11.8 Surface impedance Z at normal incidence of the layered material repre-
sented in Figure 11.6. Measurements reproduced from Rebillard et al. (1992).

The second example of a material with a porous screen is represented in Figure 11.10.
Between foam 3 and the blanket, there is a thin layer of high flow resistance created by the
gluing of the blanket on to the foam 3. The parameters for the different porous layers are
indicated in Table 11.4. As for the first material, the bulk modulus of the screen is large
and, due to its small thickness, the screen can be considered to be a rigid framed material.
The Young’s modulus of the screen has not been measured, but has been set sufficiently
large so that the screen behaves as a rigid framed material at normal incidence. The three
other layers are modeled as porous-elastic layers. The Johnson–Champoux–Allard model
is used for all the layers of the material. The surface impedance at normal incidence is
presented in Figure 11.11. The measurement is reproduced from Allard et al. (1987).
The predicted surface impedance of the material without the screen is also represented
in Figure 11.11. There is no measurement related to this prediction, because the screen
is inside the material, and the material is damaged when the screen is removed. For this
material, the density of the screen is smaller and its flow resistivity larger compared with
the screen of the first material, and the screen is not immobilized by the inertial forces and
the stiffness of the frame over the range of frequencies for which the measurements were
performed. Moreover, the screen is set between two porous layers and its effect on surface
impedance is not as simple as for the previous material. The difference between the two
predicted impedances cannot be calculated by the simple model which was valid for the
case of the first stratified material. The absorption coefficients of the second material
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Figure 11.9 The absorption coefficient of the foam with and without facing. The param-
eters for the foam and the facing are give in Table 11.3. Measurements reproduced from
Rebillard et al. (1992).

Blanket (1)
Screen (2)

Foam (3)

Foam (4)

Figure 11.10 A layered material comprising a blanket (1), a screen (2) and two foams
(3) and (4). The material is bonded onto a rigid impervious wall.

with and without the screen are presented in Figure 11.12. The predicted increase in the
absorption due to the screen is important at low frequencies as in the case of the first
material.

The last example consists of a moderately thin resistive screen inserted between a
foam and a felt. The properties of the materials are in Table 11.5. The normal incidence
absorption of the system is compared with simulations in Figure 11.13 in the configu-
ration where the foam is bonded onto a rigid wall. Both the foams and the felt were
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Table 11.4 The parameters used to predict the surface impedance of the material
represented in Figure 11.10.

Material Thickness, φ σ α∞ � �′ ρ1 E ν ηs
h (mm) (N s/m4) (µm) (µm) (kg/m3) (Pa)

Blanket (1) 4 0.98 34 × 103 1.18 60 86 41 286 × 103 0.3 0.015
Screen (2) 0.8 0.8 3·2 × 106 2.56 6 24 125 2.6 × 106 0.3 0.1
Foam (3) 5 0.97 87 × 103 2.52 36 118 31 143 × 106 0.3 0.055
Foam (4) 16 0.99 65 × 103 1.98 37 120 16 46.8 × 106 0.3 0.1
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Figure 11.11 The surface impedance Z at normal incidence of the layered material
represented in Figure 11.10. Measurements reproduced from Allard et al. (1987).

modelled as porous limp materials. The screen was modelled using a rigid porous mate-
rial following the model of Johnson, Champoux and Allard. As explained by Atalla and
Sgard (2007), the characteristic lengths of the screen were derived from the measured
flow resistance following � = �′ = r = √

8η/φσ . The air flow resistivity and the poros-
ity (or percentage open area) of the screen were measured. The tortuosity was taken equal
to α∞(ω) = 1 + (εe/d)(α̃Felt + α̃Foam) where α̃Felt and α̃Foam are the dynamic tortuosity
of the foam and the felt, respectively, d , the thickness of the screen and εe is taken
equal to 0.48

√
πr2(1 − 1.47

√
φ + 0.47

√
φ3). It is shown in Atalla and Sgard (2007)

that this model captures well the behaviour of perforated screens and plates in contact
with porous materials. Because of its small thickness, the stiffness and mass of the screen
were ignored. The results of Figure 11.13 confirm the validity of this assumption and the
used model for the characteristic lengths and tortuosity. Note in passing that the approach
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Figure 11.12 The absorption coefficient of the material represented in Figure 11.10.
The parameters for the different layers are given in Table 11.4. Measurements reproduced
from Allard et al. (1987).

Table 11.5 The parameters used to predict the sound absorption of a felt–screen–
foam system.

Material Thickness, φ σ α∞ � �′ ρ1

h (mm) (N s/m4) (µm) (µm) (kg/m3)

Felt (1) 19 0.99 23 × 103 1.4 64 131 66
Screen (2) 0.08 0.08 137 × 103 model model model
Foam (3) 27 0.99 10.9 × 103 1.02 100 130 8.8

of Chapter 9 can also be used within the TMM framework to solve problems involving
perforated facings.

11.7.2 Materials with impervious screens

The surface impedance of porous layers faced by impervious screens has been studied by
Zwikker and Kosten (1942) at normal incidence. The Biot theory has been used by Bolton
(1987) to predict the surface impedance of these materials at oblique incidence. Similar
work has been performed by Lauriks et al. (1990) with the transfer matrices. The use of
these matrices gives more flexibility to the method because a stratified porous material
can be represented in the same way as only one porous layer by a transfer matrix.

A plastic foam surfaced with an impervious screen is represented in Figure 11.14.
The screen is modelled as a perfectly flexible membrane and is represented by a 4 × 4
transfer matrix to account for shearing by the foam. The surface impedance of the system
is presented in Figure 11.15. The parameters that characterize the foam are presented in
Table 11.6. The thickness of the screen is equal to 25 µm, and the mass per unit area
is equal to 0·02 kg m−2. The flexural stiffness and the stiffness related to an increase of
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Figure 11.13 The absorption coefficient of a felt–screen–foam system; comparison
between measurements and predictions. Measurements reproduced from Atalla and Sgard
(2007). Reprinted from Atalla, N. & Sgard, F. Modelling of perforated plates and screens
using rigid frame porous models. J. Sound Vib. 303 (1–2), 195–208. (2007) with per-
mission from Elsevier.
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Porous layers

Figure 11.14 A porous material surfaced with an impervious screen and bonded on to
a rigid impervious wall.
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Table 11.6 The parameters used to predict the surface impedance of the material
represented in Figure 11.14.

Material Thickness, φ σ α∞ � �′ ρ1 E ν ηs
h (mm) (N s/m4) (µm) (µm) (kg/m3) (Pa)

Foam 20 0.98 22 × 103 1.9 87 146 30 294 × 103 0.2 0.18
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Figure 11.15 Surface impedance Z at an angle of incidence θ = 30◦ of foam with an
impervious facing, bonded on to a rigid impervious wall.

area have been neglected, while the frequency dependence of the viscous force and of the
bulk modulus of the air in the foam have been calculated using the model of Section 5.9.2.
The agreement between prediction and measurement is not very good. Nevertheless, the
predicted and measured impedances present similar behaviour. A resonance appears close
to 2000 Hz and the imaginary part of the impedance increases quickly with frequency. It
may be noticed that the measurement is difficult to perform far from the resonance, the
reflection coefficient being very close to 1.

Next, the example of a porous material made up of several porous layers with
an embedded impervious screen wall is presented. The structure is represented in
Figure 11.16. It is made up of a carpet (1, 2), an impervious screen (3) and a fibrous
layer (4). The carpet is modelled as a porous material made up of two layers, because
the fibres are grouped in small bundles fixed to an impervious surface at the lower face,
and are more regularly distributed at the upper face. The screen is 3 mm thick and has
a surface density of 6 kg/m2. Because of the mass density and thickness of the screen
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Carpet (1)

Carpet (2)

Screen

Fibrous layer

Figure 11.16 A porous material made up of several porous layers with an inner imper-
vious screen and bonded onto a rigid impervious wall.

Table 11.7 The parameters used to predict the surface impedance of the material
represented in Figure 11.6.

Material Thickness, φ σ α∞ � �′ ρ1 E ν ηs
h (mm) (N s/m4) (µm) (µm) (kg/m3) E (Pa)

Carpet (1) 3.5 0.99 5 × 103 1 23 28 60 20 × 103 0 0.5
Carpet (2) 3.5 0.99 5 × 103 1 23 28 60 20 × 103 0 0.5
Screen 3 2000
Fibrous layer 1.25 0.98 33 × 103 1.1 50 110 60 100 × 103 0 0.88

it is modelled by a thin plate with negligible stiffness. Material parameters are given in
Table 11.7.

Figure 11.17 shows the comparison between measurements, taken from Brouard et al.
(1994), and predictions for the surface impedance at normal incidence. Predictions using
the finite element method (FEM) are also shown. The FEM model is based on the mixed
pressure formulation described in Chapter 13. To model an infinite extent material, one
quad 4 element with sliding boundary conditions was used in the plane of the materials.
The numbers of elements through the thickness were chosen to achieve convergence. For
the TMM and the FE predictions, the poroelastic model was used for the carpets and
the fibrous layer while a septum model (mass layer) was used for the impervious screen.
Good agreement is observed between the two models and the measurements.

11.7.3 Normal incidence sound transmission through
a plate–porous system

A layer of the glass wool studied in Section 6.5.4, of thickness 5 cm, is bonded on
to a plate of aluminium, of thickness 1 mm. As indicated in Section 6.5.4, the glass
wool is anisotropic, and the transmission is calculated only at normal incidence using
the properties of Table 11.8. At normal incidence, there is no flexural deformation of the
plate, and one only needs the values of the thickness and the density to characterize
the plate (the transmission is governed by mass law). The transmission coefficient τ at
normal incidence is represented in Figure 11.18, and compared with the transmission
through the plate, with the glass wool removed. It appears that the transmission is larger
in two intervals of frequencies when the glass wool is present. The frame of the glass
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Figure 11.17 Surface impedance Z at an angle of incidence θ = 0◦ of a multilayer
sound package bonded on to a rigid impervious wall. Measurement vs predictions. Mea-
surements reproduced from Brouard et al. (1994).

Table 11.8 The parameters used to predict the results of Figure 11.18.

Material Thickness φ σ α∞ � �′ ρ1 E ν ηs
h (mm) (N s/m4) (µm) (µm) (kg/m3) (Pa)

Glass wool 3.8 0.94 40 × 103 1.06 56 110 130 4.4 × 106 0 0.1
Plate 1 2800 7.× 1010 0.3 0.007

wool and the plate can be decoupled by inserting an air gap between the glass wool
and the plate. The air gap is simulated by a fluid layer. The new predicted transmission
loss is represented in Figure 11.18. The reinforcement of the transmission has decreased
noticeably.

It may be noticed that the effect of the decoupling was previously pointed by Shiau
et al. (1988), for different configurations, and observed by Roland and Guilbert (1990)
for the case of the same glass wool bonded onto a plate made of concrete.

11.7.4 Diffuse field transmission of a plate–foam system

The material is a foam of thickness h = 2 · 54 cm bonded onto a 0.6 mm aluminium plate.
The parameters for the foam and the plate are given in Table 11.9. The transmission loss is
predicted using the transfer matrix method. The integration is usually performed up to an
angle smaller than 90◦ (Mulholland et al. 1967), and the upper limit for the integration has
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Figure 11.18 (a) The predicted transmission loss coefficient TL = −10 log10 τ at nor-
mal incidence of a glass wool bonded on to a plate. (b) Transmission loss of the plate.
(c) Transmission loss when the plate and the material are decoupled by an air gap.

Table 11.9 The parameters used to predict the results of Figure 11.19.

Material Thickness, φ σ α∞ � �′ ρ1 E ν ηs
h (mm) (N s/m4) (µm) (µm) (kg/m3) (Pa)

Foam 25.4 0.98 6.6 × 103 1.03 200 380 11.2 2.93 × 105 0.2 0.06
Plate 1.6 2800 7.2 × 1010 0.3 0.007

been chosen as 78◦. Prediction is compared in Figure 11.19 with measurement. Despite
the finite dimension of the material (0.8 × 0.8m2), the agreement between prediction
and measurement is good. Chapter 12 presents a correction for the size effects and its
experimental validation.

The transmission loss in the opposite direction (TL′) has been verified to match the
transmission loss (TL) in the initial direction. The difference between the measured values
of TL and the transmission loss coefficient T L′ in the opposite direction is smaller than
2 · 5 db in the range (50–4000 Hz). The identity of TL and T L′, can be proved by using
methods described in Allard (1993).

Several other transmission loss examples in both single wall and double wall config-
urations, together with diffuse field absorption examples accounting for size effects, will
be discussed in Chapter 12.
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Figure 11.19 The transmission loss for a foam bonded on to a plate, in diffuse field.
Prediction vs measurements.

Appendix 11.A The elements Tij of the Transfer Matrix [T ]

T11 = 2Nβ2(p2D1 − p1D2)− (p3(C1D2 − C2D1))

�
(11.A.1)

T12 = jβ
α2q1[µ2(α

2
3 − β2)+ 2β2µ3] − α1q2[µ1(α

2
3 − β2)+ 2β2µ3]

+ 2α3q3α1α2(µ1 − µ2)

α1α2(µ1 − µ2)(β2 + α2
3)

(11.A.2)

T13 = jβ (α1q2 − α2q1)

α1α2(µ1 − µ2)
(11.A.3)

T14 = βω [p1D2 − p2D1 − p3(D2 −D1)]

�
(11.A.4)

T15 = jω

N(β2 + α2
3)

(
β2q1(µ2 − µ3)

α1(µ2 − µ1)
+ β2q2(µ1 − µ3)

α2(µ1 − µ2)
+ α3q3

)
(11.A.5)

T16 = βω
(
p2C1 − p1C2 − p3(C1 − C2)+ 2Nβ2(p2 − p1)

�

)
(11.A.6)

T21 = jβ

�

(
2N(α1q1D2 − α2q2D1)− q3

α3
(C1D2 − C2D1)

)
(11.A.7)
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T22 =
p2[µ1(α

2
3 − β2)+ 2β2µ3] − p1[µ2(α

2
3 − β2)+ 2β2µ3]

+ 2β2p3(µ1 − µ2)

(µ1 − µ2)(β2 + α2
3)

(11.A.8)

T23 = p1 − p3

µ1 − µ2
(11.A.9)

T24 = −jω
�

(
α1q1D2 − α2q2D1 + β2q3

α3
(D2 −D1)

)
(11.A.10)

T25 = − ωβ

N(β2 + α2
3)

(
p1
µ2 − µ3

µ2 − µ1
+ p2

µ1 − µ3

µ1 − µ2
− p3

)
(11.A.11)

T26 = jω

�

(
α1q1(C2 + 2Nβ2)− α2q2(C1 + 2Nβ2)− q3β

2

α3
(C1 − C2)

)
(11.A.12)

T31 = jβ

�

(
2N(α1µ1q1D2 − α2µ2q2D1)− µ3q3

α3
(C1D2 − C2D1)

)
(11.A.13)

T32 =
−µ1p1[µ2(α

2
3 − β2)+ 2β2µ3] + µ2p2[µ1(α

2
3 − β2)+ 2β2µ3]

+ 2β2µ3p3(µ1 − µ2)

(µ1 − µ2)(α
2
3 + β2)

(11.A.14)

T33 = µ1p1 − µ2p2

µ1 − µ2
(11.A.15)

T34 = jω

�

(
−α1µ1q1D2 + α2µ2q2D1 + β2µ3q3

α3
(D1 −D2)

)
(11.A.16)

T35 = −βω
N(α2

3 + β2)

(
p1µ1

µ2 − µ3

µ2 − µ1
+ p2µ2

µ1 − µ3

µ1 − µ2
− p3µ3

)
(11.A.17)

T36 = jω

�

(
µ1α1q1(C2 + 2Nβ2)− µ2α2q2(C1 + 2Nβ2)− β2

α3
µ3q3(C1 − C2)

)
(11.A.18)

T41 = 2Nβ

ω�
[C1p1D2 − C2p2D1 − p3(C1D2 − C2D1)] (11.A.19)

T42 = −j
C1q1α2[µ2(α

2
3 − β2)+ 2β2µ3] − C2q2α1[µ1(α

2
3 − β2)+ 2β2µ3]

− 4Nα3β
2α1α2(µ1 − µ2)q3

α1α2 ω(β2 + α2
3)(µ1 − µ2)

(11.A.20)

T43 = j α2C1q1 − α1C2q2

ωα1α2(µ1 − µ2)
(11.A.21)

T44 = −p1C1D2 + p2C2D1 − 2Nβ2p3(D2 −D1)

�
(11.A.22)

T45 = −jβ
β2 + α2

3

(
C1q1

Nα1

µ2 − µ3

µ2 − µ1
+ C2q2

Nα2

µ1 − µ3

µ1 − µ2
− 2q3α3

)
(11.A.23)
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T46 = p1C1(C2 + 2Nβ2)− p2C2(C1 + 2Nβ2)− 2Nβ2p3(C1 − C2)

�
(11.A.24)

T51 = jNβ2

�ω

(
4Nα1q1D2 − 4Nα2q2D1 − q3

α2
3 − β2

β2α3
(C1D2 − C2D1)

)
(11.A.25)

T52 =
2Nβp1[µ2(α

2
3 − β2)+ 2β2µ3] − 2Nβp2[µ1(α

2
3 − β2)+ 2β2µ3]

+ 2Nβp3(α
2
3 − β2)(µ1 − µ2)

ω(µ1 − µ2)(β2 + α2
3)

(11.A.26)

T53 = −2Nβ

ω(µ1 − µ2)
(p1 − p2) (11.A.27)

T54 = 2jNβ

�

(
α1q1D2 − α2q2D1 − q3

2

α2
3 − β2

α3
(D2 −D1)

)
(11.A.28)

T55 = 2β2

β2 + α2
3

(
p1
µ2 − µ3

µ2 − µ1
+ p2

µ1 − µ3

µ1 − µ2
+ p3

α2
3 − β2

2β2

)
(11.A.29)

T56 = −2jNβ

�

[
α1q1(C2 + 2Nβ2)− α2q2(C1 + 2Nβ2)

+q3

2

α2
3 − β2

α3
(C1 − C2)

]
(11.A.30)

T61 = 2NβD1D2

ω�
(p1 − p2) (11.A.31)

T62 = − j
ω

α2q1D1[µ2(α
2
3 − β2)+ 2β2µ3] − α1q2D2[µ1(α

2
3 − β2)+ 2β2µ3]

α1α2(µ1 − µ2)(β2 + α2
3)

(11.A.32)

T63 = j

ω(µ1 − µ2)

(
q1D1

α1
− q2D2

α2

)
(11.A.33)

T64 = −D1D2

�
(p1 − p2) (11.A.34)

T65 = − jβ

N(β2 + α2
3)

(
q1D1

α1

µ2 − µ3

µ2 − µ1
+ q2D2

α2

µ1 − µ3

µ1 − µ2

)
(11.A.35)

T66 = p1D1(C2 + 2Nβ2)− p2D2(C1 + 2Nβ2)

�
(11.A.36)

In these expressions, the quantities αi, β, Ci,Di, pi, qi and � are equal to, respectively,

αi = ki3 i = 1, 2, 3 (11.A.37)

β = kt (11.A.38)

Ci = (P +Qµi)(β2 + α2
i )− 2Nβ2 i = 1, 2 (11.A.39)

Di = (Rµi +Q)(β2 + α2
i ) i = 1, 2 (11.A.40)
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pi = cos ki3h i = 1, 2, 3 (11.A.41)

qi = sin ki3h i = 1, 2, 3 (11.A.42)

� = D1(2Nβ
2 + C2)−D2(2Nβ

2 + C1) (11.A.43)

Note:

The expressions of the elements Tij are not simple, and it can be easier to evaluate [T ] by
the use of Equation (11.33) from [�(0)] and [�(h)]−1 than to write explicit expressions
(11.A.1)–(11.A.36) in a program. In order to avoid a matrix inversion, the origin of the
x3 axis can be changed, and the following equation can be used:

[T ] = [�(−h)][�(0)]−1 (11.A.44)

The matrix elements of [�(0)]−1 are given in Lauriks et al. (1990).
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Doutres O., Dauchez, N., Geneveaux, J.M. and Dazel, 0. (2007) Validity of the limp model for

porous materials: A creterion based on Biot theory. J. Acoust. Soc. Amer . 122(4), 2038–2048.
Folds, D. and Loggins, C.D. (1977) Transmission and reflection of ultrasonic waves in layered

media. J. Acoust. Soc. Amer . 62, 1102–9.
Ingard K.U. (1994) Notes on Sound Absorption Technology . Noise Control Foundation. Arlington

Branch Poughkeepsie, NY
Katragadda, S., Lai, H.Y. and Bolton, J.S. (1995) A model for sound absorption by and sound

transmission through limp fibrous layers. J. Acoust. Soc. Amer . 98, 2977.
Lauriks, W. (1989) Onderzoek van de akoestische eigenschappen van gelaagde poreuze materialen .

Thesis, Katholieke Universiteit Leuven, Belgium.
Lauriks, W., Cops, A., Allard, J.F., Depollier, C. and Rebillard, P. (1990) Modelization at oblique

incidence of layered porous materials with impervious screens. J. Acoust. Soc. Amer . 87,
1200–6.

Mulholland, K.A., Parbroo, H.D., and Cummings, A. (1967) The transmission loss of double panels,
J. Sound Vib., 6, 324–34.

Page 296 of 374



REFERENCES 281

Panneton, R. (2007) Comments on the limp frame equivalent fluid model for porous media, J.
Acoust. Soc. Amer . 122(6), EL 217–222.
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12

Extensions to the transfer
matrix method

12.1 Introduction

This chapter discusses various extensions and applications of the transfer matrix method
(TMM). First, corrections to account for size effects in absorption and transmission loss
problems are presented with validation examples. Next, the application of the method to
point load excited panels with attached sound packages is discussed.

12.2 Finite size correction for the transmission problem

The classical transfer matrix method assumes a structure of infinite extent. For trans-
mission loss application, the method correlates well with experiments at mid to high
frequencies for a large range of flat panels. Discrepancies are however observed at low
frequencies, especially for panels of small size. This section presents a simple geomet-
rical correction to account for this ‘geometrical’ finite size effect (Ghinet and Atalla,
2002). The rationale behind the approach presented is to replace the radiation efficiency
in the receiving domain by the radiation efficiency of an equivalent baffled window. This
approach is thus strictly valid for planar structures.

12.2.1 Transmitted power

Consider a baffled panel of area S excited by a plane incident wave with heading
angles(θ, φ)

p̂i(M) = exp
[−jk0(cosφ sin θx + sinφ sin θy + cos θz)

]
(12.1)

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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In the receiving domain, the acoustic pressure reads:

p̂(M) = p̂ray(M) (12.2)

Since the panel is baffled, the radiated pressure is given by

p̂ray(M) = −
∫
S

∂p̂(M0)

∂n
G(M,M0) dS(M0) (12.3)

where G(M,M0) = exp[−jk0R]
/
(2πR), R =

√
(x − x0)

2 + (y − y0)
2 and n denotes

the outward normal to the radiating surface S pointing into the receiving domain.
Let υn denote the normal surface velocity, the radiated (transmitted) power is given by

�t = 1

2
Re

(∫
S

p̂ray(M)υ
∗
n(M)

)
dS(M)

= 1

2
Re

∫∫
S

j

ωρ0

∂p̂

∂n
(M0)G(M,M0)

∂p̂∗

∂n
(M) dS(M0)dS(M)

(12.4)

As in the classical implementation of the TMM, we assume that the surface
impedance, Zm, seen from the radiating surface is governed by the plane wave
assumption and thus is given by ρ0c/cos θ . Using the relationship ∂p̂/∂n+ jkβp̂ = 0
with β = ρ0c/Zm = cos θ the transmitted power reads

�t = 1

2

S cos2 θ

ρ0c
Re

(
jk0

S

∫∫
S

p̂(M0)G(M,M0)p̂
∗(M) dS(M0) dS(M)

)
(12.5)

The parietal pressure, on the receiver side, is related to the incident pressure by the
pressure transmission coefficient:p̂ = T∞p̂i . Here T∞ is calculated using the TMM and
in consequence is constant over the surface. The subscript ∞ is used to denote that the
panel is assumed of infinite extent and its radiation impedance given by the plane wave
approximation. Defining the energy transmission coefficient τ∞ = |T∞|2, the transmitted
power becomes

�t =
(

1

2

S cos θτ∞
ρ0c

)
cos θ Re

(
jk0

S

∫∫
S

pi(M0)G(M,M0)p
∗
i (M) dS(M0) dS(M)

)
(12.6)

The first term of Equation (12.6) represents the classical expression of the transmitted
power, assuming an infinite structure. The second term represents a geometrical correction
accounting for the finite size effect. It is given by the ratio of the radiation efficiency σR
of the incident plane wave forced finite structure radiator to the radiation efficiency σ∞
of the infinite structure:

σR

σ∞
= σR cos θ = cos θ Re

(
jk0

S

∫∫
S

pi(M0)G(M,M0)p
∗
i (M) dS(M0) dS(M)

)
(12.7)

Indeed, consider a flat baffled panel forced to vibrate by the incident plane wave

υ(x, y) = |υ| exp[−jk0(cosφ sin θx + sinφ sin θy)] (12.8)

Page 300 of 374



FINITE SIZE CORRECTION FOR THE TRANSMISSION PROBLEM 285

Assuming |v| constant over the surface, its radiated power is given by

�rad = 1

2
Re

[
jρ0ω

∫
S

∫
S

v(M0)G(M,M0)v
∗(M) dS(M0) dS(M)

]

= |υ|2
2

Re

[
jρ0ω

∫
S

∫
S

exp[−jk sin θ(cosφx0 + sinφy0)]G(M,M0)

exp [jk0 sin θ(cosφx + sinφy)] dx dy dx0 dy0

]
(12.9)

and thus its radiation efficiency is

σR = �rad

ρ0cS〈V 2〉 = Re(ZR)

ρ0c
(12.10)

with

ZR = jρ0ω

S

∫
S

∫
S

p̂i(M0)G(M,M0)p̂
∗
i (M) dS(M0) dS(M)

= jρ0ω

S

∫
S

∫
S

exp[−jkt (cosφx0 + sinφy0)]G(M,M0)

× exp[jkt (cosφx + sinφy)] dx dy dx0 dy0

(12.11)

where kt = k0 sin θ . Note that radiation impedance ZR only depends on the geometry of
the panel and the angles of incidence θ and φ.

Using this correction, the transmitted power becomes

�t = 1

2

S cos θτ∞
ρ0c

σR(kt , ϕ) cos θ (12.12)

Since the transmitted power for the infinite size panel is given by

�t,∞ = 1

2

S cos θ

ρ0c0
τ∞ (12.13)

one obtains

�t = �t,∞σR(kt , ϕ) cos θ (12.14)

Figure 12.1 plots the expression of the heading averaged geometrical radiation efficiency

σ̄R(θ) = 1

2π

∫ 2π

0
σR (kt (θ) ,ϕ) dϕ = 1

2π

∫ 2π

0

Re(ZR)

ρ0c0S
dϕ (12.15)

as a function of incidence angle θ for different frequencies. The corresponding radiation
efficiency for an infinite panel is also represented. It is clearly seen that the correction
is primarily important for low frequencies and near grazing angles. In consequence the
computation algorithm can be modified to apply this correction selectively. Appendix
12.A presents a numerical algorithm to estimate ZR .
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Figure 12.1 Variation of the heading averaged geometrical radiation efficiency with
incidence angle at selected frequencies for a 1 × 0.8 m rectangular window.

An alternative finite size correction is given by Villot et al. (2001). It is based on the
same assumptions and is derived in wave number domain. It is referred to in the literature
as a ‘windowing’ correction. It leads to the following expression for the correction factor:

σR(kt,ϕ) = S

π2

k0∫
0

2π∫
0

1 − cos((kr cos ψ − kt cos ϕ)Lx)

[(kr cos ψ − kt cos ϕ)Lx]2

× 1 − cos((kr sin ψ − kt sin ϕ)Ly)

[(kr sin ψ − kt sin ϕ)Ly]2
× k0kr√

k2
0 − k2

r

dψ dkr

(12.16)

Comparison of the numerical evaluation of Equation (12.15) using the two approaches
leads to similar results. However, the approach presented here is preferred due to its
computational efficiency.

In the special case where the trace wave number kt = k0 sin θ is replaced by the
bending wave number of a given structure, Equations (12.10) and (12.11) lead to the
radiation efficiency of the structure for this particular wave. For instance, Figure 12.2
gives an example of a 5-mm-thick, simply supported rectangular aluminum plate measur-
ing 1.× 0.8 m and having a critical frequency of 2350 Hz. In this case, kt = (√ω 4

√
m/D)

with D the bending stiffness and m the surface mass density. The radiation efficiency
obtained is compared with estimation using Leppington’s asymptotic formulas (Lepping-
ton et al. 1982). Good correlation is observed between the two methods.
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Figure 12.2 Radiation efficiency of a plate in bending. Comparison between Leppington
asymptotic formulas and Equation (12.10) with kt in Equation (12.11) replaced by the
plate bending wave number.

12.2.2 Transmission coefficient

By analogy with the infinite case, the transmitted power, Equation (12.12), is written

�t = 1

2

S cos θ

ρ0c
τf

with τf = |Tf |2 the energy transmission coefficient accounting for the finite size effect.
It is related to the classical coefficient τ∞ by

τf = τ∞(σR cos θ) (12.17)

The associated diffuse field transmission coefficient is given by

τf_diff =

∫ π/2

0

∫ 2π

0
τf(θ, φ) sin θ cos θ dφdθ∫ π/2

0

∫ 2π

0
sin θ cos θdφdθ

(12.18)

Villot et al. (2001) suggest the use of the same size correction for the incident power,
leading to

τf = τ∞(σR cos θ)2 (12.19)
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However, this is in contradiction to the definition of the transmission coefficient
since the incident power is independent of edge effects, contrary to the input power.
It is recommended here that the correction be only applied to the transmitted power.
Moreover, this correlates well with TL measurement. However, a correction may still be
necessary to account for the diffusiveness of the incident field.

12.3 Finite size correction for the absorption problem

Similarly to the transmission loss problem, a simple way to correct the statistical absorp-
tion coefficient (obtained for a material of infinite extent) is presented in order to get
a better match between numerical and reverberant room experimental results. The pre-
sented formulation is similar to the one presented in Thomasson (1980) and uses the
geometrical radiation impedance introduced in the previous section.

12.3.1 Surface pressure

For a plane incident wave with heading angles (θ, φ), the acoustic pressure in the emitter
(source) domain reads

p̂(M) = p̂b(M)+ p̂ray(M) (12.20)

where p̂b(M) is the blocked pressure given by

p̂b(M) = exp[−jk0(cosφ sin θx + sinφ sin θy + cos θz)]

+ exp[−jk0(cosφ sin θx + sinφ sin θy − cos θz)] (12.21)

On the surface S (z = 0), ∂p̂b(x, y, 0)
/
∂z = 0 and p̂b(x, y, 0) = 2p̂i(x, y, 0).

Assuming that the material has a space-independent normalized admittance β =
ρ0c

/
Zm where Zm is the surface impedance of the material, the impedance condition at

the surface reads ∂p̂
/
∂nin = −jkβp̂ where nin is the surface normal vector pointing into

the material. Rewriting this relation with the outward normal pointing into the emitter
medium, the radiated pressure given by Equation (12.3) becomes

p̂ray(M) = −jkβ
∫
S

p̂(M0)G(M,M0) dS(M0) (12.22)

which reads, on the surface of the material

p̂(M) = 2p̂i(M)− jkβ
∫
S

p̂(M0)G(M,M0) dS(M0) (12.23)

The pressure at the surface can be written under the form: p̂ = B̂p̂i = (1 + Vf )p̂i
where B̂ is assumed constant over the surface. Vf is the equivalent reflection coefficient
accounting for the finite size of the sample. It is referred to here by the subscript f in
contrast with the classical ‘infinite size’ reflection coefficientV∞.

Consider δp̂ = p̂iδB̂ an admissible variation of the parietal pressure field. Multiplying
Equation (12.23) by the complex conjugate of this variation and integrating over the
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material area leads to∫
S

p̂(M)δp̂∗(M) dS(M) =
∫
S

2p̂i(M)δp̂
∗(M) dS(M)

− jkβ
∫
S

∫
S

p̂(M0)G(M,M0)δp̂
∗(M) dS(M0) dS(M)

(12.24)

that is∫
S

B̂p̂i(M)p̂
∗
i (M)δB̂

∗ dS(M) =
∫
S

2p̂i(M)p̂
∗
i (M)δB̂

∗ dS(M)

− jkβ
∫
S

∫
S

B̂p̂i(M0)G(M,M0)p̂
∗
i (M)δB̂

∗ dS(M0) dS(M)

(12.25)

δB̂∗ being arbitrary, the above equation leads to

B̂ =

∫
S

2p̂i(M)p̂
∗
i (M) dS(M)∫

S

p̂i(M)p̂
∗
i (M) dS(M)+ jkβ

∫
S

∫
S

p̂i(M0)G(M,M0)p̂
∗
i (M) dS(M0) dS(M)

(12.26)

Using the fact that |p̂i | = 1 (arbitrarily normalized)

B̂ = 2S

S + ZRβS (12.27)

where S denotes the area of the material and ZR is the normalized radiation impedance
obtained from Equation (12.11) wherein symbol ZR denotes a non-normalized impedance.

Finally, using p̂ = B̂p̂i = (1 + Vf )p̂i , the surface pressure is related to the incident
pressure by

p̂(x, y, 0) = 2p̂i(x, y, 0)

1 + ZRβ = 2p̂i(x, y, 0)ZA
ZA + ZR (12.28)

with ZA = 1
/
β the material normalized surface impedance of the material.

In the case where the material is of infinite extent, the normalized radiation impedance
ZR = 1

/
cos θ and the classical formula for the parietal pressure is recovered

p̂(x, y, 0) = 2p̂i(x, y, 0)ZA

ZA + 1

cos θ

(12.29)

12.3.2 Absorption coefficient

The power absorbed at an incidence (θ ,φ) reads

�abs,f (θ, φ) = 1

2
Re

[∫
S

p̂υ̂∗
ndS

]
= 1

2ρ0c
Re

[∫
S

p̂
p̂∗

Z∗
A

dS

]
(12.30)
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Using Equation (12.28)

�abs,f (θ, φ) = 1

2

|p̂i |2S
ρ0c

4 ReZA
|ZA + ZR|2 (12.31)

On the other hand, the incident power is given by

�inc(θ, φ) = 1

2

|p̂i |2S
ρ0c

cos θ (12.32)

In consequence, the absorption coefficient for a given incidence (θ, ϕ) is:

αf (θ, φ) = �abs,f

�inc
= 1

cos θ

4 ReZA
|ZA + ZR|2 (12.33)

For an infinite extent material ZR(θ, φ) = 1
cos θ and the classical incidence absorption

formula is recovered

α∞(θ) = 4ReZA cos θ

|ZA cos θ + 1|2 (12.34)

The diffuse field incident and absorbed powers are given by

�dinc =
∫ 2π

0

∫ π/2

0
�inc(θ) sin θ dθ dφ (12.35)

�dabs,f =
∫ 2π

0

∫ π/2

0
�abs,f (θ, ϕ) sin θ dθ dφ (12.36)

The corresponding energy absorption coefficient is

αf,st = �dabs,f

�dinc
=

∫ 2π

0

∫ π/2

0

4 ReZA
|ZA + ZR|2 sin θ dθ dφ∫ 2π

0

∫ π/2

0
cos θ sin θ dθ dφ

(12.37)

A practical approximation to ease the cost of the numerical evaluation of this equation
is to replace the radiation impedance ZR(θ, φ) for a given θ by its average over heading
angle φ

ZR,avg(θ) = 1

2π

∫ 2π

0
ZR(θ, φ) dφ (12.38)

The corresponding absorption coefficient becomes

αf,st,avg =

∫ π/2

0

4 ReZA
|ZA + ZR,avg|2 sin θ dθ∫ π/2

0
cos θ sin θ dθ

(12.39)
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Note that for large samples and/or at high frequencies (see Figure 12.1), ZR,avg(θ) =
1
/

cos θ , and the classical field incidence absorption formula is again recovered

αinf,st =
∫ π/2

0

4ReZA cos θ

|ZA cos θ + 1|2 cos θ sin θ dθ∫ π/2
0 cos θ sin θ dθ

(12.40)

Note: A ‘true’ absorption coefficient can also be obtained by accounting for the size
effect in the incident power. ‘True’ is used here in the sense that its value is always less
than one. The idea is to replace the incident power by the input power accounting for
the geometric impedance seen by the incident wave

αf,true = �dabs,f

�dinc,f
=

∫ 2π
0

∫ π/2
0

4ReZA
|ZA + ZR|2 sin θ dθ dφ

∫ 2π
0

∫ π/2
0

4 cos θ

|1 + ZR cos θ |2 sin θ dθ dφ
(12.41)

Compared with the statistical coefficient, we obtain the following correction factor

αf,true

αf,st
=

∫ 2π
0

∫ π/2
0 cos θ sin θ dθ dφ∫ 2π

0

∫ π/2
0

4 cos θ

|1 + ZR cos θ |2 sin θ dθ dφ
= π∫ 2π

0

∫ π/2
0

4 cos θ

|1 + ZR cos θ |2 sin θ dθ dφ

(12.42)

In terms of the heading averaged radiation impedance, it reads

αf,true

αf,st
= 1∫ π

2
0

8 cos θ

|1 + ZR,avg cos θ |2 sin θ dθ
(12.43)

12.3.3 Examples

Transmission loss of a plate–foam system

The first example considers an aluminium panel with attached foam excited by a dif-
fuse field in a reverberant room. The panel is 1.37 × 1.64 m and 1 mm thick. The
5.08-cm-thick foam was bonded along its edges to the panel using a double-sided tape.
The properties of the materials used are shown in Table 12.1. First, the TL of the bare
panel is compared in Figure 12.3 with simulations using the classical TMM and the finite
size correction (FTMM). It is clearly seen that the FTMM significantly improves the
predictions at low frequencies. Next, Figure 12.4 shows the comparison for the case with
the added foam. Again, the comparison is good at low frequencies where size governs
the TL. Note that, for much smaller panels, the stiffness of the panel will control its TL
at low frequencies (up to the first resonance of the panel) and this is not accounted for
in the presented size correction.
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Table 12.1 Parameters of the plate–foam system.

Material Thickness, φ σ α∝ � �′ ρ1 E ν ηs
h (mm) (N s/m4) (µm) (µm) (kg/m3) (Pa)

Panel 1 2742 6.9 × 1010 0.3 0.007
Foam 1 variable 0.99 10.9 × 103 1.02 100 130 8.8 80 × 103 0.35 0.14
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Figure 12.3 Transmission loss of a plate system; effect of size correction.
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Figure 12.4 Transmission loss of a plate–foam system.
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Transmission loss of a plate–wool–plate system

The second example is taken from Villot et al. (2001). It consists of the transmission
loss of a double wall system made up of a steel plate, a mineral wool and a laminated
plate. The system measures 1.3 × 1.3 m and is excited by a diffuse acoustic field. The
mineral wool is modelled as a poroelastic layer and the panels as thin plates in bending.
The parameters of the three layers are given in Table 12.2. The comparison between tests
and predictions is shown in Figure 12.5. Good agreement is observed, especially at low
frequencies where size effects are important.

Transmission loss of an orthotropic plate

The next transmission loss example illustrates the use of the TMM for an orthotropic
panel. In this case, the properties of the material and thus the structural wave number and
the transmission coefficient are heading dependent. The example, taken from Leppington
et al. (2002), considers a 1.4 × 0.9 m orthotropic panel excited by a diffuse field. The
properties of the panel are given in Table 12.3. Note that these physical properties are
derived from the following parameters: D11 = 21.34 Nm; D12+2D66 = 27.78 Nm;

Table 12.2 Parameters of the steel wool–laminated plate system.

Material Thickness, φ σ α∝ � �′ ρ1 E ν ηs
h (mm) (N s/m4) (µm) (µm) (kg/m3) (Pa)

Steel plate 0.75 7850 2.1 × 1011 0.3 0.03
Mineral wool 30 0.95 34 × 103 1 40 80 90 40 × 103 0 0.18
Laminated plate 3 1360 6 × 108 0.15 0.15

102 103 104
0

10

20

30

40

50

60

70

Tr
an

sm
is

si
on

 L
os

s 
(d

B
)

Prediction: FTMM
Test

Frequency (Hz)

Figure 12.5 Transmission loss of a double wall system system; experimental data taken
from Villot et al. (2001).
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Table 12.3 The parameters of the orthotropic panel.

Parameters Material from
Leppington parameters

Young’s modulus along direction 1 E1 (Pa) 2.0237 × 1012

Young’s modulus along direction 2 E2 (Pa) 3.1375 × 1013

Shear modulus in directions 1,2 G12 (Pa) 8.8879 × 1011

Shear modulus in direction 2,3 G23 (Pa) 8.8879 × 1011

Shear modulus in direction 1,3 G13 (Pa) 8.8879 × 1011

Poisson’s ratio in direction 1,2 ν12 0.028
Poisson’s ratio in direction 2,3 ν23 0.434
Poisson’s ratio in direction 1,3 ν13 0.0
Mass density of the material ρ (Kg/m3) 9740
Structural loss factor of the material η 0.01
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Figure 12.6 Transmission loss of a composite panel; experimental data taken from
Leppington et al. (2002).

D22 = 330.84 N; m = 4.87 kg/m2; η = 0.01. Figure 12.6 shows the comparison between
the FTMM, experimental results and the analytical model presented by Leppington
et al. (2002). In the FTMM the panel is modelled as a thick orthotropic panel (the
model includes shear effects; Ghinet and Atalla, 2006). Excellent agreement is observed
between predictions and testing. In particular, the FTMM captures very well the mass
and critical frequency controlled regions of the panel.

Reverberant absorption coefficient of a foam

This example considers the prediction of the reverberant (sabine) absorption coefficient
of the foam presented in Table 12.1. The tests were conducted at the National Research
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Figure 12.7 Reverberant absorption coefficient of 8 × 8 ft foam samples; tests versus
predictions.
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Figure 12.8 Reverberant absorption coefficient of 6 × 6 ft foam samples; tests versus
predictions.

Canada (NRC) Laboratory, in Ottawa. The laboratory volume is 250 m3. The foams
were mounted following Mounting A of ASTM C423. Two thicknesses were tested: 3
in (7.64 cm) and 4 in (11.34 cm). The material is modeled as limp. Figure 12.7 shows
the comparison between tests and the finite size correction (FTMM). The ideal random
incidence absorption (where finite size effect is omitted) is also shown. Overall good
agreement is observed for both thicknesses. The same foam was tested in a smaller
reverberation room at the Université de Sherbrooke (143 m3 in volume). The foam test
area was 6 × 6 ft (1.829 × 1.829 m). Again, two thicknesses were tested: 2 in (5.04 cm)
and 3 in (7.62 cm). The results are shown in Figure 12.8. Again, it is seen that the FTMM
is able to capture the overall tendencies of the measured absorption curve.

12.4 Point load excitation

12.4.1 Formulation

This section discusses the use and application of the TMM for a structure-borne excita-
tion. Methods to calculate the response of a porous elastic material to a mechanical or
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point source excitations have been presented in Chapters 7 and 8 for isotropic materials
and Chapter 10 for transversally isotropic materials. Here, we limit the presentation to
the prediction of the response of an elastic panel with an attached layered noise control
treatment with a mechanical load with random location (rain on the roof). The panel
is assumed to be embedded in a rigid baffle separating two semi-infinite fluids. More-
over, the mechanical excitation and the response of the structure are assumed harmonic.
Following the methods of Chapters 7 and 8, the load f (x, y) can be represented by a
superposition of plane waves, using a two-dimensional Fourier transform



f (x, y) = 1

4π2

+∞∫
−∞

+∞∫
−∞
F(ξ1, ξ2) exp[−j (ξ1x + ξ2y] dξ1 dξ2

F(ξ1, ξ2) =
+∞∫
−∞

+∞∫
−∞
f (x, y) exp[j (ξ1x + ξ2y)] dx dy

(12.44)

For each wave number component (ξ1, ξ2), the transfer matrix method (Chapter 11)
is first used to solve for the various vibration and acoustic indicators of the system
(pressure, velocity, surface impedance, reflection coefficient, radiated power, . . .). Next,
the first equation in Equation (12.44) is used to calculate the global response of the
structure. For example, consider a baffled rectangular panel (dimension, LxxLy ; area,
S = LxLy) with an attached layered material. The space averaged quadratic velocity of
the excited panel takes the form

〈
υ2〉 = 1

2S

∫ Lx

0

∫ Ly

0
|υ(x, y)|2 dx dy (12.45)

Since the panel is baffled, this equation can be written:

〈
υ2〉 = 1

2S

∫ ∞

−∞

∫ ∞

−∞
|υ(x, y)|2 dx dy (12.46)

with S = LxLy the panel’s surface. Using the first equation in Equation (12.44), one
obtains

〈
υ2〉 = 1

8π2S

∫ ∞

−∞

∫ ∞

−∞
υ(x, y)(∫ ∞

−∞

∫ ∞

−∞
υ∗(ξ1, ξ2) exp[j (ξ1x + ξ2y] dξ1 dξ2

)
dx dy

(12.47)

Permutation of the order of integration and use of the second equation in Equation
(12.44), leads to

〈
υ2〉 = 〈F 2〉

8π2S

+∞∫
−∞

+∞∫
−∞

|υ(ξ1, ξ2)|2 dξ1 dξ2 (12.48)

with
〈
F 2

〉
the excitation power spectrum and υ(ξ1, ξ2) is approximated by the plane wave

normal (unit) velocity of the equivalent infinite extent panel with the layered material.
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Using the same approach, the acoustic power radiated by the panel into the source
domain is given by

�rad =
〈
F 2

〉
8π2

∫ 2π

0

∫ k0

0
|υ(ξ, ψ)|2ReZB,∞(ξ, ψ)ξ dξ dψ (12.49)

Here, integration in polar coordinates defined by ξ1 = ξ cosψ and ξ2 = ξ sinψ is
used and

ZB,∞(ξ1, ξ2) = k0Z0√
k2

0 − (ξ 2
1 + ξ 2

2 )

(12.50)

is the radiation impedance of the panel in air (the source domain), k0 being the acoustic
wave number. Other indicators such as the power radiated into the receiver domain can
be calculated using the same methodology.

Below the critical frequency of the main structure, Equation (12.49) will lead to poor
results. However, as discussed in the previous sections, the transfer matrix method can be
extended easily to take into account the panel’s size and thus to correct for the radiation
efficiency at low frequencies. The application of the FTMM to the calculation of the
radiated power transforms Equation (12.49) into:

�rad = 〈F 2〉
8π2

∫ 2π

0

∫ ∞

0

Z0σR(kr , ϕ)

|ZB,∞(ξ, ψ)+ ZS,TMM(ξ, ψ)|2 ξ dξ dψ (12.51)

The ‘finite size’ radiation efficiency, σR(kr , φ) is defined by Equations (12.10) and
(12.11). ZS ,TMM is the impedance of the infinite extent panel with layered material.

12.4.2 The TMM, SEA and modal methods

The TMM can also be used in combination with other methods to account for the effects
of a sound package. For instance, in combination with a statistical energy analysis (SEA)
model of the point load excited base structure, a light coupling can be assumed between
the structure and the sound package. In consequence, the effect of the sound package will
be simply represented by an equivalent damping ηNCT and an added mass correction. At
a given frequency, the dispersion equation of the bare panel (plate, solid, composite, etc.)
is solved for the propagating wave number and the latter is imposed on the excited face
of the sound package with a pressure-release condition on the rear face. The associated
TMM system is then solved to calculate the input power and dissipated powers and
in turn the equivalent added damping ηNCT. The response of the treated panel is finally
recovered from the SEA response of the bare panel using the total damping of the system
ηTot = ηs + ηNCT + ηrad with ηrad the radiation damping of the panel and ηs its structural
damping.

The same methodology can be used in combination of a modal representation of the
bare panel’s response. The response of the main structure can be written in terms of its
modes and the effect of the sound package on each mode (m,n) is replaced by a modal
impedance Zmn,NCT, calculated using the TMM with a trace wave number ktmn , given by
the modal wave number of the panel. Once again, it is assumed in this calculation that the
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receiver face of the multilayer is a pressure release surface. The total modal impedance
is written

Zmn,T = Zmn(Bare panel) + Zmn,NCT (12.52)

Here, Zmn(Bare panel) is the modal impedance of the bare panel, and Zmn,NCT is calculated
by solving for the interface pressure, Pinterface, at the panel–layered material interface

Zmn(Bare panel)υmn = Fmn −
∫
S

Pinterface(x, y)ϕmn(x, y) dx dy (12.53)

where ϕmn (x, y), υmn, Fmn are the mode shapes, modal velocity and the associated modal
force of the bare panel, respectively. The modal impedance Zmn,NCT is related to Pinterface

via

Zmn,NCT Vmn =
∫
S

Pinterfaceφmn(x, y) dx dy (12.54)

In the modal basis, Pinterface can be written in the form:

Pinterface =
∑
m,n

Pmnφmn(x, y) (12.55)

Since the modes are orthogonal, this simplifies to

Zmn,NCT = Pmn

υmn
Nmn (12.56)

where Nmn is the norm of the panel’s modes

Nmn =
∫
S

φ2
mn(x, y) dx dy (12.57)

The ratio Pmn
/
υmn is obtained from the solution of the transfer matrix of the layered

material following the methods of Chapter 11.

12.4.3 Examples

In the following, examples of flat plates with attached sound packages are used to demon-
strate the performance of the methods described in the previous section. The sound
package is made up of a layer of fibre or foam, with or without a cover panel. The perfor-
mance is measured by comparison with the finite element method. In the FE predictions,
the plates are modelled using Cquad4 elements while the fibre and foams are modelled
using brick8 porous elements (see Chapter 13). The plates are assumed to be baffled for
acoustic radiation. To compare various estimation of the radiated power, the calculations
are done using: (i) the geometrical correction (FTMM) in the wave approach, (ii) the
asymptotic expressions of the radiation efficiency developed by Leppington et al. (1982)
in the SEA and modal approaches and (iii) the Rayleigh integral in the FEM. Due to the
cost of the FE calculation, the results are averaged using five randomly selected point
force positions to approach a rain-on-the-roof type of excitation. In addition, due to the
nature of the methods used, the results are frequency band averaged using one-third octave
bands. In both the modal approach and FEM, the plate is assumed simply supported.
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Table 12.4 The parameters of the plate–fibre system.

Material Thickness, φ σ α∝ � �′ ρ1 E ν ηs
h (mm) (N s/m4) (µm) (µm) (kg/m3) (Pa)

Panel 3 2742 6.9 × 1010 0.3 0.01
Limp foam 30 0.99 10.9 × 103 1.02 100 130 8.8

The first example considers a 1 m × 1 m 3 mm aluminium plate. The properties of
the plates are given in Table 12.4. A comparison of the space averaged quadratic velocity
and radiated power of the bare panel computed using the three presented approaches
and the FEM are given in Figures 12.9 and 12.10. An excellent agreement is observed
for the quadratic velocity using the three methods and the FEM. Both the FEM and
the modal approach depict modal fluctuations at lower frequencies (recall that data are
presented in one-third octave bands). The results of the classical TMM (infinite panel
radiation efficiency) and the FTMM (infinite panel expression with size correction of the
radiation efficiency) are shown in Figure 12.10 for the radiated power. As expected the
TMM mainly captures correctly the radiated power above the critical frequency. However,
using the FTMM, good agreement is observed over the whole frequency range. In this
simple case (bare panel), the good agreement observed between the three approaches and
the FEM is expected. Still the results corroborate the validity of the FTMM in estimating
the radiation efficiency of a flat plate compared with the classical Leppington asymptotic
method and Rayleigh integral methods.

Next, the same plate with an attached limp porous layer is investigated. The properties
of the layer are given in Table 12.4. In the FE predictions, the limp layer is modelled
using brick8 equivalent fluid elements (see Chapter 13 for the finite element modelling
of porous media). A comparison of the quadratic velocity and the power radiated into the
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Figure 12.9 Quadratic velocity of a panel excited by a point force.
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Figure 12.10 Radiated power of a plate excited by a point force.
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Figure 12.11 Space averaged quadratic velocity of a plate–limp foam system excited
by a point force.

source side, computed using the three approaches presented and the FEM are illustrated
in Figures 12.11 and 12.12, respectively. Good agreement is observed between the three
approaches, and the correlation with FE calculation is good at high frequencies. The
comparison between the methods presented and the FEM is acceptable, keeping in mind
the assumptions made for the different methods and the different approaches used to
estimate the radiation efficiency.
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Figure 12.12 Radiated power of a plate–limp foam system excited by a point force.

The final example considers a 0.9 × 0.6 m double plate system made up of foam
sandwiched between a steel panel and a limp heavy layer. Two cases are considered:
limp foam and elastic foam. The first configuration depicts light coupling between the
two panels while the second involves a stronger coupling. The properties and thicknesses
of the three layers are given in Table 12.5. The three methods are compared with the finite
element method. In the latter, the foam is modelled using the formulations described in
Chapter 13. Figures 12.13 and 12.14 show the comparison between FEM and the FTMM
for the quadratic velocity and power radiated by the two plates, for the limp foam and
the elastic foam, respectively. Note that the SEA and the modal approaches, as presented,
cannot be used to estimate the velocity and radiated power at the receiver side. Their
results are not shown, but they have been found to correctly capture the vibration response
and radiated power of the excited panel for both the limp and elastic foams. The modal
method leads to the best correlation with FEM (both assume simply supported panels).
On the receiver side, the comparison is found acceptable between the FTMM and the
FEM in both cases, especially at higher frequencies. More discrepancies are observed for
the foam case; still the main tendencies are well captured.

Table 12.5 The parameters of the plate–fibre system.

Material Thickness, φ σ α∝ � �′ ρ1 E ν ηs
h (mm) (N s/m4) (µm) (µm) (kg/m3) (Pa)

Panel 1 1 7800 2.1 × 1010 0.3 0.007
Limp foam 25.4 0.9 20000 1.6 12 24 30 1300 0 0.4
Foam 25.4 0.99 10.9 × 103 1.02 100 130 8.8 80 × 103 0.35 0.14
Heavy layer 1 1000
(PVC)
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Figure 12.13 Space averaged quadratic velocity and radiated power of the receiver plate
of a plate–limp foam–plate system excited by a point force.
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Figure 12.14 Space averaged quadratic velocity and radiated power of the receiver plate
of a plate–foam–plate system excited by a point force.

This correlation between FEM and FTMM is qualitatively acceptable and can be used
to estimate the insertion loss of a sound package. Figure. 12.15 shows the comparison
for the structure-borne insertion loss (SBIL) of the plate–foam–plate system using the
FTMM for two damping values of the bare panel: η1 = 0.007 and η1 = 0.3. The highly
damped panel may represent for instance a metal polymer sandwich panel (laminated
steel). In addition, the airborne insertion loss (ABIL), calculated using the same method, is
shown. The SBIL is obtained by taking the ratio of the acoustical–mechanical conversion
efficiencies obtained with and without the material (or, in db, taking the difference)

SBIL = 10 log10

(
�input

�radiated

)
with NCT

− 10 log10

(
�input

�radiated

)
bare

(12.58)

The acoustical–mechanical conversion efficiency is defined by taking the ratio of the
acoustic radiated power to the mechanical input power: �radiated / �input. The latter is
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Figure 12.15 Airborne (ABIL)versus, structure-borne (SBIL) of a plate–foam–plate
system for two damping values of the bare panel.

calculated from the force and velocity at the excitation point. It is important to use the
real part of the complex product which stands for the input energy (effective power).
This definition of the SBIL is similar to the classical ABIL obtained by subtracting the
transmission loss (TL) of the bare panel from the TL of the same panel covered with the
trim material

ABIL = TLwith NCT − TLbare (12.59)

While airborne insertion loss is based solely on acoustic excitations (diffuse acoustic
field), the structure-borne insertion loss is based on point loads excitation randomly
positioned on the panel.

Figure 12.15 shows that the SBIL depicts the same behaviour as the ABIL. It is higher
than the ABIL for the lightly damped panel and similar for the highly damped panel.
The difference between the two is in particular important at low frequencies and near
the double wall resonance of the system. This difference diminishes with the damping
of the main structure (including damping added by the sound package). This is in line
with the experimentally observed similarity between ABIL and SBIL for damped systems
(Nelisse et al. 2003). This also justifies to some extent the current SEA practice which
uses ABIL to correct both the resonant and nonresonant transmission paths in a panel
with an attached sound package under various excitations.

12.5 Point source excitation

Using the methods of Chapters 7 and 8, the application of the TMM in the case of a
point source excitation is uncomplicated. First, the Sommerfeld representation is used to
decompose the incident pressure into plane waves (Equation 7.2 and Figure 7.1)

p(R) = −j
2π

∫ ∞

−∞

∫ ∞

−∞

exp[−j (ξ1x + ξ2y + µ|z2 − z1|)]
µ

dξ1 dξ2

µ =
√
k2

0 − ξ 2
1 − ξ 2

2 , Im µ ≤ 0,Re µ ≥ 0

(12.60)
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Next the various vibroacoustic indicators are calculated using the methodology
described for the point load. For example, consider an isotropic panel with attached
isotropic layered material. Let V (ξ1, ξ2) and Z(ξ1, ξ2) be the plane wave reflection
coefficient and normal impedance at the free face of the excited panel (z2 = 0 in Figure
7.1). Using symmetry, both these quantities only depend on ξ = (ξ 2

1 + ξ 2
2 )

1/2, and the
normal velocity v reads (see Section 7.1)

υ(r) = −j
∫ ∞

0

1 + V (ξ/k0)

Z(ξ/k0)µ
J0(rξ) exp[jµz1]ξ dξ (12.61)

The pressure at the observer location (see Figure 7.1) is given by

p(r) = −j
∫ ∞

0

1 + V (ξ/k0)

µ
J0(rξ) exp[jµ(z1 + z2)]ξ dξ (12.62)

Methods to evaluate Equations (12.61) and (12.62) are discussed in Chapter 7 in the
context of a porous layer excited by a point source.

12.6 Other applications

As demonstrated in the previous sections, the transfer matrix method can be used to
compute vibroacoustic indicators of practical interest, such as air-borne insertion loss,
structure-borne insertion loss and damping added by a sound package. In turn these
indicators, with the diffuse field absorption and the transmission loss, can be used within
SEA framework to account for the effect of sound package in full system configurations,
such as cars or aircraft (Pope et al. 1983, Atalla et al. 2004). Assuming that the trim
(sound package) covers the area At of the panel and the remaining area Ab = A− At is
bare, the noise reduction of the panel is given by:

NR = 10 log 10


 ᾱAt +

[
τf + τr η̄

ηrad

]
Ab

τtτbAt + τbAb


 (12.63)

where η̄ is the sum of the space and band averaged radiation loss factor, ηrad , of the
panel and its averaged structural loss factor, ηs; τf is the field incidence non-resonant
transmission coefficient (mass controlled), τr is the diffuse field resonant transmission
coefficient, τb = τf + τr , τt is the transmission coefficient of the trim, and finally ᾱ is
the random incidence trim absorption coefficient. Both ᾱ, τt and the trim’s contribution
to η̄2 are estimated numerically using the TMM. For curved panels, the sound package
is simply ‘unwrapped’ and the TMM is used to calculate the sound package absorption,
transmission loss, insertion loss, absorption and added damping. This is a current limi-
tation of the method. Its generalization to curved sound packages is still an open issue.
Recent finite element and experimental studies show that curvature should be accounted
for in the calculation of the insertion loss of a sound package (Duval et al. 2008). One can
argue, however, that curvature effect will be mainly important before the ring frequency
of the panel. This explains why the use of the flat panel assumption is sufficient for
aircraft applications. For highly curved panels, such as wheel houses in an automotive,
an accurate approach should be used. Similarly to the TMM-modal discussion of the
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previous section, one possible outcome is to combine FEM and SEA to handle, approxi-
mately the energy exchange (coupled loss factor) between a trimmed structure (modelled
using finite element) and a fluid sub-system (modelled using SEA).

Appendix 12.A: An algorithm to evaluate the geometrical
radiation impedance
Start from the expression of the geometrical radiation impedance:

Z = jρ0ω

S

∫ Lx

0

∫ Ly

0

∫ Lx

0

∫ Ly

0

(
exp[−jkt (x cosϕ + y sin ϕ)]G(x, y, x′, y′)

exp[jkt (x′ cosϕ + y′ sin ϕ)]

)
dxdydx ′dy′

(12.A.1)

where kt = k0 sin θ, k0 is the acoustic wave number, ρ0 is the density of the fluid, Lx
and Ly are respectively the length and the width of the structure.

Using the change of variables α = 2x
Lx
, β = 2y

Ly

R = Lx

2

[
(α − α′)2 + 1

r2
(β − β ′)2

] 1
2

(12.A.2)

where r is defined by : r = Lx / Ly , and :

Z = jρ0ω
Ly

16π

∫ 2

0

∫ 2

0

∫ 2

0

∫ 2

0
Fn(α, β, α

′, β ′)K(α,β,α′,β ′) dα dβ dα′ dβ ′ (12.A.3)

with

K(α, β, α′, β ′) = exp[−jk0R][
(α − α′)2 + (β−β ′)2

r2

]1/2
(12.A.4)

and

Fn(α, β) = exp

[
−j ktLx

2

[
(α − α′) cosϕ + 1

r
(β − β ′) sin ϕ

]]
(12.A.5)

To reduce the order of integration, the following change of variables is used{
u = α − α′
v = α′ and

{
u′ = β − β ′
v′ = β ′ (12.A.6)

Considering the variable α (the same formula can be written for β), a symbolic form
of this change of variable is

∫ 2

0

∫ 2

0
dα dα′ →

∫ 2

0
du

∫ 2−u

0
dv +

∫ 0

−2
du

∫ 0

−u
dv (12.A.7)
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If K and Fn are rewritten in terms of u and u′

K(u, u′) =
exp

[
j
k0Lx

2

[
u2 + u′2

r2

]1/2
]

[
u2 + u′2

r2

]1/2
;Fn(u, u′) = exp

[
−j ktLx

2

[
u cos ϕ + u′

r
sin ϕ

]]

(12.A.8)

Equation (12.A.6) leads to∫ 2

0

(∫ 2−u

0
dv

)
K(u, u′) du+

∫ 0

−2

(∫ 2

−u
dv

)
K(u, u′) du = 2

∫ 2

0
(2 − u)K(u, u′) du

(12.A.9)

Using these transformations the radiation impedance becomes:

Z = jρ0ω
Ly

4π

∫ 2

0

∫ 2

0
(2 − u)(2 − u′)K(u, u′)Fn(u, u′) du du′ (12.A.10)

Finally, the change of variables u→ u+ 1 and u′ → u′ + 1 is used to transform the
integration domain into [–1,1] :

Z = jρ0ω
Ly

4π

∫ 1

−1

∫ 1

−1
(1 − u)(1 − u′)K(u+ 1, u′ + 1)Fn(u+ 1, u′ + 1) du du′

(12.A.11)

This last integral can be evaluated numerically.
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13

Finite element modelling
of poroelastic materials

13.1 Introduction

The vibroacoustic performance of finite multilayer systems containing poroelastic mate-
rials is of the utmost importance for noise control in automobiles, aircraft and several
other engineering applications. In the absence of absorbing materials, the vibroacoustic
response of complex multilayer structures are classically modelled using the finite ele-
ment and the boundary element methods. To account for absorbing media, finite element
formulations for sound absorbing materials have been developed. They range from simple
approaches using equivalent fluid models (Craggs 1978, Beranek and Ver 1992, Panneton
et al. 1995) to sophisticated approaches based on the Biot theory (Kang and Bolton 1995,
Johansen et al. 1995, Coyette and Wynendaele 1995, Panneton and Atalla 1996, 1997,
Atalla et al. 1998, 2001a). The latter approaches are mainly based either on the classical
displacement (us , uf ) formulation of Biot’s poroelasticity equations (Chapter 6) or
the mixed displacement–pressure (us , p) formulation (Appendix 6.A). However, it has
been shown that, while accurate, these formulations have the disadvantage of requiring
cumbersome calculations for large finite element models and spectral analyses. To
alleviate these difficulties, alternative numerical implementations have been investigated.
This chapter reviews various finite element formulations for the modelling of poroelastic
materials with an emphasis on the mixed pressure–displacement formulation. The
presentation is not comprehensive, but aims at giving the reader a general view of the
subject. The generic problem of interest deals with the prediction of the vibroacoustic
response (dynamic and acoustic response) of multilayered structures made up of elastic,
poroelastic and acoustic media. The poroelastic material may be bonded or unbonded
to the structure. The classical assumptions concerning linear acoustic, elastic, and

Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd
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310 FINITE ELEMENT MODELLING OF POROELASTIC MATERIALS

poroelastic wave propagation are assumed. Also, the air contained in the porous medium
is at rest. The presentation will be limited to time harmonic behaviour (exp(jωt)).

13.2 Displacement based formulations

The coupled poroelasticity equations (6.54)–(6.56) can be rewritten in the compact form{
div σ s(us, uf )+ ω2ρ̃11us + ω2ρ̃12uf = 0

div σf (us , uf )+ ω2ρ̃22uf + ω2ρ̃12us = 0
(13.1)

Using the solid and fluid displacement vectors (us , uf ) as primary variables, the weak
integral form of the poroelasticity equations, reads∫

�

(σ sij (u
s , uf )esij (δu

s)− ρ̃11ω
2usi δu

s
i − ρ̃12ω

2u
f

i δu
s
i ) d�−∫

�

σ sij (u
s, uf )nj δu

s
i dS = 0∫

�

(σ
f

ij (u
s, uf )efij (δu

f )− ρ̃22ω
2u
f

i δu
f

i − ρ̃12ω
2usi δu

f

i ) d�− (13.2)∫
�

σ
f

ij (u
s , uf )nj δu

f

i dS = 0

∀(δus, δuf )
where δus and δuf denote admissible variations of us and uf , respectively, and where
� and � denote the medium domain and its boundary (Figure. 13.1). For the finite
element implementation of Equation (13.2), an analogy with three-dimensional elastic
solid elements is used; however, this time, six degrees of freedom per node are necessary:
three displacement components of the solid phase and three displacement components of
the fluid phase. Moreover, because of the viscous and thermal dissipation mechanisms,
the system matrices are frequency dependent. In consequence, for large 3-D multilayer

Excitations
ui or pi

Primary
poroelastic domain

Supports

Γ

Secondary
poroelastic
domain

Elastic
domain

Acoustic
domain

Ω

Septum

Figure 13.1 A poroelastic domain with typical boundary and loading conditions.
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THE MIXED DISPLACEMENT–PRESSURE FORMULATION 311

structures, this formulation has the disadvantage of requiring cumbersome calculations
for large finite element models and spectral analyses. To alleviate these difficulties, a
mixed displacement–pressure formulation has been developed (Appendix 6.A). Note in
passing that similar variants of Equation (13.1), using the solid phase displacement us

and the displacement flux w = φ(uf − us), have been developed and implemented in
the finite element context (Coyette and Pelerin 1994, Coyette and Wynendaele 1995,
Johansen et al. 1995, Dazel 2005). The use of the displacement flux simplifies certain
coupling conditions compared with the classical (us ,uf ) formulation, but their numerical
performances are similar.

13.3 The mixed displacement–pressure formulation

Recall Equation (6.A.22):

div σ̂ s(us)+ ω2ρ̃us + γ̃ grad p = 0

�p + ω2 ρ̃22

R̃
p − ω2 ρ̃22

φ2
γ̃ div us = 0

(13.3)

The weak integral equations associated with Equation (13.3) are given by Atalla et al.
(1998)∫
�

σ̂ sij (u
s)esij (δu

s) d�− ω2
∫
�

ρ̃usi δu
s
i d�−

∫
�

γ̃
∂p

∂xi
δusi d�−

∫
�

σ̂ sij (u
s)nj δu

s
i dS = 0

∫
�

[
φ2

ω2ρ̃22

∂p

∂xi

∂(δp)

∂xi
− φ2

R̃
p δp

]
d�−

∫
�

γ̃
∂(δp)

∂xi
usi d�

+
∫
�

[
γ̃ un − φ2

ρ̃22ω2

∂p

∂n

]
δp dS = 0

∀(δus, δp)
(13.4)

Here, � and � refer to the poroelastic domain and its bounding surface (Figure 13.1).
δus and δp are admissible variations of the solid phase displacement vector and the
interstitial fluid pressure of the poroelastic medium, respectively. n is the unit outward
normal vector around the bounding surface �, and subscript n denotes the normal com-
ponent of a vector. To simplify the formulation and its coupling with elastic, porous and
acoustic media, Atalla et al. (1998) used the fact that, for the majority of porous materials
used in acoustics, the bulk modulus of the porous material is negligible compared with
the bulk modulus of the material from which the skeleton is made: Kb/KS 
 1, thus:
φ(1 + Q̃/R̃) = 1 −Kb/Ks ∼= 1. Using this assumption, the coupling of the (us , p) for-
mulation with elastic, acoustic and porous elastic media becomes simple. A detailed
derivation and discussion of these coupling conditions are given by Debergue et al.
(1999). It is shown that in this formulation, a poroelastic medium couples naturally
with acoustic and poroelastic media, and couples through a classical fluid–structure cou-
pling matrix with elastic media (solids, septum, etc.). A variant of this formulation that
eliminates recourse to the approximation Kb/KS 
 1 and couples naturally with elastic
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and poroelastic media, thus making the numerical implementation accurate and easier,
was proposed by Atalla et al. (2001a). Using Equations (6.A.14), (6.A.19) and (6.A.20),
Equation. (13.4) can be rewritten∫

�

σ̂ sij (u
s)esij (δu

s) d�− ω2
∫
�

ρ̃usi δu
s
i d�−

∫
�

γ̃
∂p

∂xi
δusi d�−

∫
�

σ tij (u
s, p)nj δu

s
i dS

−
∫
�

φ

(
1 + Q̃

R̃

)
pδusn dS = 0

∫
�

[
φ2

ω2ρ̃22

∂p

∂xi

∂(δp)

∂xi
− φ2

R̃
pδp

]
d�−

∫
�

γ̃
∂(δp)

∂xi
usi d�−

∫
�

φ(ufn − usn)δp dS

−
∫
�

φ

(
1 + Q̃

R̃

)
usnδp dS = 0

∀(δus, δp) (13.5)

where σ tij = σ sij − φpδij are the components of the total stress defined in Appendix
6.A. Assuming a homogeneous medium, application of the divergence theorem to
the last surface integrals of Equation (13.5) with the use of the vector identity,
∇ · (βb) = ∇·b + ∇β·b), lead to the following set of equations∫

�

σ̂ sij (u
s)esij (δu

s) d�− ω2
∫
�

ρ̃usi δu
s
i d�−

∫
�

(
γ̃ + φ

(
1 + Q̃

R̃

))
∂p

∂xi
δusi d�

−
∫
�

φ

(
1 + Q̃

R̃

)
pδusi,i dS −

∫
�

σ tij (u
s , p)nj δu

s
i dS = 0

∫
�

[
φ2

ω2ρ̃22

∂p

∂xi

∂(δp)

∂xi
− φ2

R̃
pδp

]
d�−

∫
�

(
γ̃ + φ

(
1 + Q̃

R̃

))
∂(δp)

∂xi
usi d�

−
∫
�

φ

(
1 + Q̃

R̃

)
δpusi,i dS −

∫
�

φ(ufn − usn)δp dS = 0

∀(δus, δp) (13.6)

Noting that γ̃ + φ(1 + Q̃/R̃) = φ/α̃ and ρ̃22 = α̃ρ0 where α̃ is the dynamic tortu-
osity, and summing the two previous equations, the new expression of the (us , p) weak
formulation reads (the displacement and pressure dependence of the stress components
are taken out to alleviate the presentation)∫

�

[σ̂ sij δe
s
ij − ω2ρ̃usi δu

s
i ] d�+

∫
�

[
φ2

α̃ρ0ω2

∂p

∂xi

∂(δp)

∂xi
− φ2

R̃
pδp

]
d�

−
∫
�

φ

α̃
δ

(
∂p

∂xi
usi

)
d�−

∫
�

φ

(
1 + Q̃

R̃

)
δ(pusi,i) dS

−
∫
�

σ tijnj δu
s
i dS −

∫
�

φ(ufn − usn)δp dS = 0 ∀(δusi , δp) (13.7)
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This form shows that the coupling between the two phases is volumetric and of
two natures: (i) kinetic (inertial),

∫
�
(φ/α̃)δ(usi ∂p/∂xi) d�, and (ii) potential (elastic),∫

�
φ(1 + Q̃/R̃)δ(pusi,i ) d�. It is shown in the next section that this new formulation

couples naturally to elastic and porous media.

13.4 Coupling conditions

Considering the generic problem depicted in Figure 13.1, the coupling conditions applied
on the bounding surface � are of four types : (i) poroelastic–elastic, (ii) poroelastic–
acoustic, (iii) poroelastic–poroelastic, and (iv) poroelastic–septum. In the weak formu-
lation, Equation (13.7), the porous medium couples to other media through the following
boundary terms:

Ip = −
∫
�

σ tij nj δu
s
i dS −

∫
�

φ(ufn − usn)δp dS (13.8)

This section presents the expression of the coupling conditions for various media
interfaces together with two loading conditions, imposed surface pressure and imposed
surface displacement, using the (u, p) formulation. Finally, the case where the poroelastic
media are inserted in a waveguide is considered.

13.4.1 Poroelastic–elastic coupling condition

The elastic medium is described in terms of its displacement vector ue. Let �e and �e

denote its volume and its boundary. Under linear elastodynamics and harmonic oscil-
lations assumptions and using displacement as the structure variable, the weak integral
form of the structure governing equation is given by∫

�e
[σ eij δe

e
ij − ω2ρ̃uei δu

e
i ] d�−

∫
�e
σ eijnj δu

e
i dS = 0 ∀δuei (13.9)

where σ eij and eeij are the components of the structure stress and strain tensors, ρe is the
structure density, ni are the components of the outward normal vector to the surface, and
δuei is an arbitrary admissible variation of uei . The surface integral

I e = −
∫
�e
σ eijnj δu

e
i dS (13.10)

represents the virtual work done by external forces applied on the surface of the structural
domain.

When the weak formulation of the poroelastic medium is combined with that of the
elastic medium, the boundary integrals of the assembly can be rewritten

Ip + I e = −
∫
�

σ tij nj δu
s
i dS −

∫
�

φ(ufn − usn)δp dS +
∫
�

σ eijnj δu
e
i dS (13.11)

The positive sign of the third term is due to the direction of the normal vector n
which is inward to the elastic medium. The coupling conditions at the interface � are
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given by Equation (11.74) 

σ tij nj = σ eijnj
u
f
n − usn = 0

usi = uei
(13.12)

The first equation ensures the continuity of the total normal stresses at the interface.
The second equation expresses the fact that there is no relative mass flux across the
impervious interface. The third equation ensures the continuity of the solid displacement
vectors. Substituting Equation (13.12) into Equation (13.11), one obtains : Ip + I e = 0;
this equation shows that the coupling between the poroelastic and the elastic media
is natural. Only the kinematic boundary condition us = ue will have to be explicitly
imposed on �. In a finite element implementation, this may be done automatically through
assembling between the solid phase of the porous media and the elastic media.

13.4.2 Poroelastic–acoustic coupling condition

The acoustic medium is described in terms of its pressure field pa . Let �a and �a denote
its volume and its boundary. Using pressure as the fluid variable and assuming harmonic
oscillations, the weak integral form of the fluid system is given by∫

�a

(
1

ρ0ω2

∂pa

∂xi

∂(δpa)

∂xi
− 1

ρ0c
2
0

paδpa

)
d�− 1

ρ0ω2

∫
�a

∂pa

∂n
δpa dS = 0 ∀δpa

(13.13)

where δpa an arbitrary admissible variation of pa, ρ0 is the density in the acoustic domain,
c0 is the speed of sound in the acoustic medium, and ∂/∂n is the normal derivative. The
surface integral

I a = − 1

ρ0ω2

∫
�a

∂pa

∂n
δpa dS (13.14)

represents the virtual work done by the internal pressure at the boundary of the acoustic
domain due to an imposed motion on its surface.

Combining the weak formulations of the poroelastic and acoustic media, the boundary
integrals can be rewritten

Ip + I a = −
∫
�

σ tij nj δu
s
i dS −

∫
�

φ(ufn − usn)δp dS +
∫
�

1

ρ0ω
2

∂pa

∂n
· δpa dS (13.15)

The positive sign of the last term of Ip + I a is due to the direction of the normal vector
n , inwards to the acoustic medium. The coupling conditions at the interface � are given
by Equation (11.72):


σ tij nj = −pani

1

ρ0ω2

∂pa

∂n
= (1 − φ)usn + φufn = usn + φ(ufn − usn)

p = pa
(13.16)
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The first equation ensures the continuity of the normal stresses on �. The second
equation ensures the continuity between the acoustic displacement and the total poroelas-
tic displacement on �. The third equation refers to the continuity of the pressure across
the boundary. Substitution of Equation (13.16) into Equation. (13.15) leads to

Ip + I a =
∫
�

δ(pauns ) dS (13.17)

This equation shows that the poroelastic medium will be coupled to the acoustic
medium through the classical structure–cavity coupling term. In addition, the kinematic
boundary condition p = pa needs to be explicitly imposed on �. Once again, in a finite
element implementation, this latter condition is performed automatically through assem-
bling.

13.4.3 Poroelastic–poroelastic coupling condition

Let subscripts 1 and 2 denote the primary and secondary poroelastic media, respectively.
Both media are described in terms of their solid phase displacement vector u and pore
fluid pressure p. Combining the weak integral formulations of both poroelastic media,
the boundary integrals can be rewritten

I
p

1 + Ip2 = −
∫
�

σ t1ij nj δu
s
1i dS −

∫
�

φ1(u
f

1n − us1n)δp1 dS

+
∫
�

σ t2ij nj δu
s
2i dS −

∫
�

φ2(u
f

2n − us2n)δp2 dS
(13.18)

The opposite signs between the two first terms and the two last terms are due to the
direction of the normal vector n , chosen outwards to the primary poroelastic medium.
The coupling equations at the interface � are given by Equation (11.65)


σ t1ij nj = σ t2ij nj
φ1(u

f

1n − us1n) = φ2(u
f

2n − us2n)
us1i = us2i
p1 = p2

(13.19)

The first condition ensures the continuity of the total normal stresses. The second
equation ensures the continuity of the relative mass flux across the boundary. The two
last equations ensure the continuity of the solid phase displacement and pore fluid pressure
fields across the boundary, respectively. Using these boundary conditions, the boundary
integral reduces to Ip + I e = 0; this equation shows that the coupling between the two
poroelastic media is natural. Only the kinematic relations us1 = us2 and p1 = p2 will
have to be explicitly imposed on �. In a finite element implementation, this may be done
automatically through assembling.

13.4.4 Poroelastic–impervious screen coupling condition

When the stiffness of the screen is important, the latter can be modelled as a thin plate.
Here, the impervious screen is assumed thin and limp with a surface density m. It is
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represented by the surface domain �m and described in terms of its displacement vector
um. One side of the screen is in contact with the poroelastic domain (i.e. surface �m− =
�), and the other side supports a given load (i.e. surface �m

+
). The hypothesis of a

thin layer supposes that �m and � are virtually the same. The principle of virtual work
applied to the screen leads to

Im = −
∫
�m
ω2mumi · δumi dS −

∫
�m

− t
−
i δu

m
i dS −

∫
�m

+ t
+
i δu

m
i dS = 0 (13.20)

The first term corresponds to the virtual work of the inertial forces while the last two terms
correspond to the virtual work of the exterior traction forces (t+ and t−). Combining the
weak integral formulations of the poroelastic media and the limp screen, the boundary
integrals can be rewritten

Ip + Im =
∫
�

σ tij nj δu
s
i dS −

∫
�

φ(ufn − usn)δp dS

−
∫
�m
ω2m(umi δu

m
i ) dS −

∫
�m−

t−i δu
m
i dS −

∫
�m+

t+i δu
m
i dS

(13.21)

The exterior forces acting on the limp screen are written as follows{
t−i = σ tij nj on �m−

t+i = Fi on �m+ (13.22)

where F is the traction force vector applied on the septum. Furthermore, since the screen
is assumed thin and impervious, the following conditions have to be verified at the
screen–poroelastic interface �m− {

u
f
n − usn = 0

usi = umi
(13.23)

The first relation indicates that there is no mass flux across the boundary �, and
the second relation expresses the continuity of the displacement vectors. By considering
the hypothesis of a thin layer, � = �m− = �m+ and using these boundary conditions, the
coupling term can be rewritten

Ip + IS = −
∫
�

ω2m(usi δu
s
i ) dS −

∫
�

Fiδu
s
i dS (13.24)

Therefore, the effect of the impervious screen on the poroelastic medium consists in an
added mass and excitation terms. Note that when the screen separates two poroelastic
media, the discontinuity of the pressure field at the screen interface should be accounted
for explicitly in the numerical implementation.

13.4.5 Case of an imposed pressure field

In the case of an imposed pressure field p0 applied on �, used for instance to simu-
late an acoustic plane wave (in this case the blocked pressure is used), the boundary
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conditions are {
σ tij nj = −pini
p = pi (13.25)

which express the continuity of the total normal stress and the continuity of the pressure
through the interface �. Since the pressure is imposed, the admissible variation δp will
fall to zero. Consequently, the surface integrals of Equation (13.8) simplify to

Ip =
∫
�

p0δusn dS (13.26)

This equation indicates that, in addition to the kinematic condition p = p0 on �, a
pressure excitation on the solid phase, given by Equation (13.8), needs to be applied.

13.4.6 Case of an imposed displacement field

In the case of an imposed displacement field u0 applied on �, used for instance to
simulate a piston motion, the boundary conditions are{

uin = (1 − φ)usn + φufn
u0
i = usi

⇒
{
u
f
n − usn = 0

usi = u0
i

(13.27)

The first condition expresses the continuity of the normal displacements between the
solid phase and the fluid phase. The second equation expresses the continuity between
the imposed displacement vector and the solid phase displacement vector. Since the
displacement is imposed, the admissible variation δus = 0 . Consequently, the surface
integrals of Equation (13.8) simplify to

Ip = 0 (13.28)

This equation indicates that for an imposed displacement, the boundary conditions reduce
to the kinematic condition us = u0 on �.

13.4.7 Coupling with a semi-infinite waveguide

We consider here the coupling of a poroelastic medium with an infinite waveguide. An
example of application is the prediction of the absorption and transmission through a
nonhomogenous material made from patches of porous, solid and air media (Sgard 2002,
Atalla et al. 2003). The example of double porosity material is detailed in Section 13.9.5.

Let pa , ρ0 and c0 denote the acoustic pressure, the density and speed of sound in the
waveguide, respectively. For a porous material placed in the wave guide, as represented
in Figure 13.2, the continuity conditions at the front �p1 and rear �p2 porous interfaces
are given by Equation (13.8)

I
p

i = −
∫
�
p
i

σ tij nj δu
s
i dS −

∫
�
p
i

φ(ufn − usn)δp dS i = 1, 2 (13.29)
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Figure 13.2 A complex porous component in a waveguide (Sgard 2002).

Using interface conditions, Equation (13.16), leads to

I
p

i =
∫
�
p
i

δ(pun) dS −
∫
�
p
i

1

ρ0ω2

∂pa

∂n
δp dS (13.30)

The first term amounts to the calculation of a classical coupling matrix. The second
term will be rewritten using the orthogonal modes of the waveguide. The pressure pa on
the emitter side is written as the sum of the blocked pressure pb satisfying

∂pb

∂n

∣∣∣∣
�
p
1

= 0

and the pressure prad radiated from the surface of the poroelastic medium

pa = pb + prad (13.31)

For a normal mode excitation of amplitude p0 the complex amplitude of pb reduces
to 2p0. The radiated pressure may then be expressed in terms of the orthogonal normal
modes ϕmn in the waveguide

prad(x) =
∑
m,n

Bmnϕmn(x1, x2)e
jkmnx3 (13.32)

where x = (x1, x2, x3). For a waveguide with a rectangular cross section L1 × L2

ϕmn(x1, x2) = cos

(
mπx1

L1

)
cos

(
nπx2

L2

)
(13.33)

and

k2
mn = k2 −

(
mπ

L1

)2

−
(
nπ

L2

)2

(13.34)
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Bmn are modal amplitudes obtained from the modes orthogonality properties∫
�
p
1

pradϕmn(x1, x2) dSx =
∫
�
p
1

(pa − pb)ϕmn(x1, x2) dSx (13.35)

which leads to

Bmn = 1

Nmn

∫
�
p
1

(pa − pb)ϕmn(x1, x2) dSx (13.36)

where

Nmn =
∫
�
p
1

|ϕmn(x1, x2)|2 dSx (13.37)

is the norm of mode (m, n).
The calculation for the second term of Ip2 is carried out in the same way, taking into

account the fact that Equation (13.31) reduces to pa = prad . Finally,

I
p

i = −
∫
�
p
i

δ(pun) dS − 1

jω

∫
�
p
i

∫
�
p
i

A(x,y)p(y)δp(x ) dSx dSy

+ ε

jω

∫
�
p
i

∫
�
p
i

A(x,y)pb(y)δp(x ) dSx dSy i = 1, 2
(13.38)

where ε = 1 if i = 1 and 0 if i = 2. In Eq (13.38), x = (x1, x2) and y = (y1, y2) are two
points on the interface. A(x , y) is an admittance operator given by

A(x, y) =
∑
mn

kmn

ρ0ωNmn
ϕmn(x1, x2)ϕmn(y1, y2) (13.39)

Equation (13.38) has the advantage of depicting the coupling with the waveguide
in terms of radiation admittance in the emitter and receiver media, together with a
blocked-pressure loading. To see the radiation effect, note for example that the power
radiated (transmitted) into the receiving part of the waveguide is given by

�2 = 1

2
Re

[
−jω

∫
�
p
2

paua
∗
n dS

]
(13.40)

This can be written

�2 = 1

2
Re

[∫
�
p
2

∫
�
p
2

pa(x)A∗(x, y)pa
∗
(y) dSx dSy

]
(13.41)

Note that at low frequencies (below the cutoff frequency of the waveguide), higher
modes lead to a purely imaginary admittance of an inertance type. These modes are
evanescent and do not radiate in the tube.

For completion note that, if the porous medium is replaced by an elastic medium (e.g.
the case of a porous medium sandwiched between two plates; a medium made up from
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patches of solid and porous elements, . . . ), the coupling boundary term of the elastic
medium, Equation (13.10), reads

I ei =
∫
�e
i

paδuen dS = jω
∫
�e
i

∫
�e
i

uen(y)Z(x , y)δu
e
n(x) dSy dSx

+ ε
∫
�p

∫
�p
pb(y)δuen(x) dSy dSx = 0

(13.42)

Z(x , y) is an impedance operator given by

Z(x , y) =
∑
mn

ρ0ω

kmnNmn
ϕmn(x1, x2)ϕmn(y1, y2) (13.43)

Equation (13.38) depicts the coupling with the waveguide in terms of radiation
impedance in the emitter and receiver media, together with a blocked-pressure loading.
Note that this equation holds if the elastic structure is replaced by a septum.

13.5 Other formulations in terms of mixed variables

To eliminate the drawbacks of the (us, uf ) formulation, Göransson (1998) presented a
symmetric (us , p, ϕ) formulation wherein the fluid is described by both the fluid pressure
and the fluid displacement scalar potential. In particular, this formulation assumes the fluid
displacement to be rotational free which is not true due to the strong inertial and viscous
coupling between the two phases. Using a simple plate–foam–plate example, Hörlin
(2004) showed, as a consequence of this rotational free assumption, that this formulation
overestimates the dissipation associated with the relative motion between the fluid and
the frame and in consequence the viscous damping. To eliminate this limitation, Hörlin
(2004) proposed an extension based on four variables: frame displacement, acoustic pore
pressure, scalar potential and the vector potential of the fluid displacement. The associated
coupling conditions and convergence studies in the context of both h and p elements
implementation are also given. Numerical examples show that this formulation leads to
the same solutions as the previously described (us ,uf ) and (us , p) formulations. In
consequence, the latter is preferred for its computational efficiency. Note that variants on
the (us , p) formulation can be found in Hamdi et al. (2000) and Dazel (2005).

13.6 Numerical implementation

The numerical implementation of the presented formulations presented, using the finite
element method, is classical and is discussed in several references (e.g. Atalla et al.
1998). For example, using classical finite element notations, the discretized form of
Equation (13.7) leads to the following linear system[

[Z] −[C̃]

−[C̃]T [A]

] {
us

p

}
=

{
F s

F f

}
(13.44)

where {u} and {p} represent the solid phase and the fluid phase global nodal variables,
respectively. [Z] = −ω2[M̃] + [K̂] is the mechanical impedance matrix of the skeleton
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with [M̃] and [K̂] equivalent mass and stiffness matrices:∫
�

ρ̃usi δu
s
i d� = 〈δus〉[M̃]{us} (13.45)∫

�

σ̂ sij δe
s
ij d� = 〈δus〉[K̂]{us} (13.46)

[A] = [H̃ ]/ω2 − [Q̃] is the acoustic admittance matrix of the interstitial fluid with [H̃ ]
and [Q̃] equivalent kinetic and compression energy matrices for the fluid phase∫

d�

φ2

ρ̃22

∂p

∂xi

∂(δp)

∂xi
d� = 〈δp〉[H̃ ]{p} (13.47)

∫
�

φ2

R̃
pδp d� = 〈δp〉[Q̃]{p} (13.48)

[C̃] = [C̃1] + [C̃2] is a volume coupling matrix between the skeleton and the interstitial
fluid variables ∫

�

φ

α̃
δ

(
∂p

∂xi
usi

)
d� = 〈δus〉[C̃1]{p} + 〈δp〉[C̃1]T {us} (13.49)

∫
�

φ

(
1 + Q̃

R̃

)
δ(pusi,i ) dS = 〈δus〉[C̃2]{p} + 〈δp〉[C̃2]T {us} (13.50)

{F s} is the surface loading vector for the skeleton∫
�

Tiδu
s
i dS = 〈δus〉{F s} (13.51)

where Ti = σ tijnj represent the components on the coordinate axis xi of the total stress
vector T. Finally {Ff } is the surface kinematic coupling vector for the interstitial fluid∫

�

φ(ufn − usn)δp dS = 〈δp〉{Ff } (13.52)

In the above equations, { } denotes a vector and 〈 〉 its transpose.
The system of equations (13.44) is first solved in terms of the porous solid phase

nodal displacements and interstitial nodal pressures. Next, the vibroacoustic indicators of
interest are calculated.

The main limitation of the numerical implementations of these formulations resides in
their computational cost. Typical implementations use linear and quadratic elements. Due
to the highly dissipative nature of the domains and the existence of different wavelength
scales, classical mesh criteria used for elastic domains and modal techniques are not
strictly applicable. A discussion of meshing criteria and convergence can be found in
(Panneton 1996, Dauchez et al. 2001, Rigobert et al. 2003, Hörlin, 2004). As an example,
it is found that, for linear elements, as many as 12 elements for the smallest ‘Biot’
wavelength may be required, in some applications, for convergence! Several authors
studied alternatives to alleviate the computational cost. Examples of techniques include
the use of selective modal analysis (Sgard et al. 1997), use of complex modes (Dazel
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et al. 2002; Dazel 2005), plane wave decomposition (Sgard 2002), adaptive meshing
(Castel 2005), axisymmetric implementations (Kang et al. 1999, Pilon 2003) and finally
use of hierarchical elements (Hörlin et al. 2001, Hörlin 2004, Rigobert 2001, Rigobert
et al. 2003, Langlois 2003). The latter authors show that p-implementations allow for
quick convergence and accurate results. Still, the classical linear and quadratic elements
are the widely used due to the simplicity of their implementations and their generality (for
instance handling complex geometries with discontinuities; examples include foams with
embedded masses or cavities and domains made up of a patchwork of several materials;
see Sgard et al. 2007).

An interesting implementation based on the use of the mixed formulation is given
by Hamdi et al. (2000). Consider the practical configuration wherein a typical porous
component is attached to a master structure along a part �e of its boundary and is
coupled on the remaining part �a to an acoustic cavity, as shown in Figure 13.3. Using
the notations of Section 13.4, the weak integral form of the porous component accounting
for the coupling with the master structure and the cavity is given by∫

�p
[σ̂ sij δe

s
ij − ω2ρ̃usi δu

s
i ] d�+

∫
�p

[
φ

ω2α̃ρ0

∂p

∂xi

∂(δp)

∂xi
− φ2

R̃
pδp

]
d�

−
∫
�p

φ

α̃
δ

(
∂p

∂xi
usi

)
d�−

∫
�p
φ

(
1 + Q̃

R̃

)
δ(pusi,i ) d� (13.53)

+
∫
�a
δ(unp(x)) dSx −

∫
�a
Wnδp dS −

∫
�e
Tiδu

s
i dS = 0 ∀(δusi , δp)

In this equation, Ti = σ tij nj are the components of the total stress vector at the
structure–porous interface �e and Wn is the normal acoustic displacement at the inter-
face �a with the cavity. Note that the last two terms of Equation (13.53) represent the
energy exchanged between the porous component and its surrounding environment. The
first term represents the acoustic energy absorbed by the porous component and the sec-
ond term the mechanical energy absorbed by the porous component from the master
structure. The FEM discretization of Equation (13.53) allows for the computation of the
mixed impedance matrix of the porous component by eliminating all its internal degrees

Acoustic Cavity

Porous component

Master structure

n

Γe

Ω

Γe

Figure 13.3 Porous component attached to a master structure–cavity system.
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of freedom (dof) and keeping only the dof attached to the master structure and the acous-
tic cavity. In addition, to allow for incompatible meshes, Equation (13.53) is augmented
using Lagrange multipliers to enforce the continuity of the pressure and the displacement
at the interface �a and �e, respectively. The resulting condensed impedance matrix is
added to enrich and couple the modal impedance matrices of the master structure and
the cavity. This formulation has the advantage of considerably simplifying the modelling
effort by: (i) not increasing the size of the global master structure-cavity model and (ii)
allowing for the direct and independent modelling of the porous component, the mas-
ter structure and the acoustic cavity. Using this methodology, the accurate solution of
a fully trimmed vehicle is possible (Anciant et al. 2006). An example is discussed in
Section 13.9.7.

13.7 Dissipated power within a porous medium

The classical vibroacoustic indicators (kinetic energy, quadratic velocity, quadratic pres-
sure, absorption coefficient, transmission loss, etc.) can be easily calculated from the
solution of the formulations presented. One important feature of the FE implementation
is the ability to break down the dissipated power within a poroelastic material in terms of
the relative contributions of the viscous, thermal and structural effects. The expressions of
these contributions are well known for the (us, uf ) formulations (Dauchez et al., 2002).
For the (us , p) formulations, an initial derivation of the expression of these powers was
given by Sgard et al. (2000). Recently, a formal derivation was given by Dazel et al.
(2008). Dazel started from the (us ,uf )-based expressions to derive both the dissipated
powers and stored energy expressions for the (us , p) formalism. He highlighted in par-
ticular the proper interpretation of Sgard et al. (2000) initial expressions. In this section,
and for the sake of conciseness, the simple derivation of Sgard et al. (2000) is recalled.

With the following particular choice for the admissible functions, δus = −jωus∗ for
the solid-phase displacement vector and δp = −jωp∗ for the fluid-phase interstitial pres-
sure, where f ∗ denotes the complex conjugate of f , the weak integral form is rewritten

−jω
∫
�

σ̂ sij (u
s) : εs(us

∗
) d�︸ ︷︷ ︸

�selas

+ jω3
∫
�

ρ̃usi u
s∗
i d�︸ ︷︷ ︸

�siner

+ jω
∫
�

φ2

R̃
p p∗ d�︸ ︷︷ ︸

�
f
elas

−jω
∫
�

φ2

α̃ρ0ω2

∂p

∂xi

∂p∗

∂xi
d�︸ ︷︷ ︸

�
f
iner

+ jω
∫
�

φ

α̃

(
∂p

∂xi
us

∗
i + ∂p∗

∂xi
usi

)
d�+ jω

∫
�

φ

(
1 + Q̃

R̃

)
(pus

∗
i,i + p∗usi,i ) d�︸ ︷︷ ︸

�
sf
coup

+ jω
∫
�

σ tijnju
s∗
i dS dS + jω

∫
�

φ(ufn − usn)p∗ dS︸ ︷︷ ︸
�sexc

= 0 (13.54)
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This provides the following power balance equation:

�selas +�siner +�felas +�finer +�fscoup +�fexc = 0 (13.55)

where �selas,�
s
iner represent the power developed by the internal and inertia forces in

the solid phase in vacuum, respectively; �felas,�
f

iner represent the power developed by
the internal and inertia forces in the interstitial fluid, respectively; �fscoup represents the
power exchanged between the two phases; finally �fexc represents the power developed
by external loading.

The time-averaged power dissipated within the porous medium can be subdivided into
contributions from powers dissipated through structural damping in the skeleton, viscous
and thermal effects: �diss = �sdiss +�vdiss +�tdiss . The time-averaged power dissipated
through structural damping is obtained from the imaginary part of �selas

�sdiss = 1

2
Im

[
ω

∫
�

σ̂ sij (u
s) : εs(us

∗
) d�

]
(13.56)

The power dissipated through viscous effects is obtained from �siner +�finer +
�
fs
coup:

�vdiss = −1

2

[
ω3

∫
�

Im(ρ̃)usi u
s∗
i d�−

∫
�

Im

(
φ2

α̃ρ0ω
2

)
∂p

∂xi

∂p∗

∂xi
d�

+ 2
∫
�

Im

(
φ

α̃

)
Re

(
∂p

∂xi
us

∗
i

)
d�

]
(13.57)

Note that in deriving the above equation, the fact that

Im

(
Q̃

R̃

)
= 0

for all materials has been used. Finally, the power dissipated through thermal effects is
obtained from �

f

elas

�tdiss = −1

2
ω

∫
�

Im

(
φ2

R̃

)
p p∗ d� (13.58)

Section 13.9.3 presents an example illustrating the use of these expressions.

13.8 Radiation conditions

Numerical approaches based on the formulations described provide efficient tools to solve
problems where the porous material is coupled to elastic structures and finite extent acous-
tic cavities. When the porous domain is in contact with free air, the surface impedance
should be calculated accurately to account for the coupling between the porous medium
and air medium. When the air medium is bounded this is done easily through the coupling
conditions. The difficulty arises when the porous domain is in contact with an infinite
domain. The acoustic radiation of a porous medium into an unbounded fluid medium has
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usually been neglected. The classical approximation for modelling free field radiation
of porous materials assumes the total stress tensor and the interstitial pressure at the
radiation surface to be zero (Debergue et al. 1999). In this case, it is assumed that the
surface impedance of the solid phase is much higher than the impedance of the surround-
ing acoustic medium, and in consequence the porous system is assumed to be vibrating
in vacuum. Other methods use a plane wave approximation in the same manner as is
classically done in the transfer matrix method (Chapter 11). This is mainly acceptable
at high frequencies, but is clearly erroneous at low frequencies. These approximations
can be alleviated for specific problems. In the case of radiation of a porous medium
in a waveguide, the radiation impedance can be calculated accurately by expressing the
radiated pressure in terms of the modal behaviour of the waveguide (Section 13.4.7).
In the case of a thin porous plate under flexural vibration, Horoshenkov and Sakagami
(2000) considered the absorption and transmission problems and presented a parametric
study on the influence of the porous plate parameters on its absorption. Takahashi and
Tanaka (2002) considered the same problem and presented an analytical model to calcu-
late the radiation impedance of a thin porous plate in flexure; in particular, they discussed
the effects of plate permeability on its radiation damping based on numerical examples.
Atalla et al. (2006) presented a formulation, based on the mixed displacement–pressure
formulation, for evaluating the sound radiation of baffled poroelastic media in the special
case where the material surface is baffled. It expresses the free field condition using
Rayleigh’s integral, in terms of an added admittance matrix and a solid phase–interstitial
pressure coupling term. The approach is general and easy to implement. It can handle
situations such as planar multilayer systems with various excitations. Numerical results
were presented to illustrate the accuracy of the method. A recall of this formulation is
presented here.

Consider the coupling of a planar baffled porous domain with a semi-infinite fluid
(Figure 13.4). In the (us , p) formulation, the porous medium couples to the semi-infinite
fluid medium through the boundary term given by Equation (13.8). Since at the free
surface: σ tij nj = −pni , Equation (13.8) becomes:

Ip =
∫
�

δ
(
pusn

)
dS −

∫
�

[
φ

(
ufn − usn

) + usn
]
δp dS (13.59)

Figure 13.4 Radiation from a flat baffled poroelastic material.
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The continuity of the normal displacement at the radiating surface,

φ(ufn − usn)+ usn = 1

ρ0ω2

∂pa

∂n

leads to

Ip =
∫
�

δ
(
pusn

)
dS − 1

ρ0ω2

∫
�

∂pa

∂n
δp dS (13.60)

In the semi-infinite domain, the acoustic pressure pa is the sum of the blocked pres-
sure pb and the radiated pressure pr . So at the surface ∂pa/∂n = ∂pr/∂n, and in the
numerical implementation context, the discrete form associated to the second term of
Equation (13.60) reads

−1

ρ0ω2

∫
�

∂pa

∂n
δp dS = −1

ρ0ω2
〈δp〉[C]

{
∂pr

∂n

}
(13.61)

where [C] is the classical coupling matrix given by the assembling of the elemental
matrices (� = ∪�e):

[C] =
∑
e

∫
�e

〈Ne〉{Ne} dSe (13.62)

with {Ne} denoting the vector of the used surface element shape functions, 〈Ne〉 its
transpose and

∑
e

the assembling process.

The planar porous material being inserted into a rigid baffle, the radiated acoustic
pressure is related to the normal velocity via Rayleigh’s integral

pr(x, y, z) = −
∫
�

∂pr(x
′, y′, 0)
∂n

G(x, y, z, x′, y′, 0) dS′ (13.63)

where G(x, y, z, x′, y′, 0) = e−jkR/2πR is the baffled Green’s function, k = ω/c0, is the
acoustic wave number in the fluid, c0, the associated speed of sound and R is the distance
between point (x, y, z) and (x′, y′, 0): R =

√
(x − x′)2 + (y − y′)2 + z2.

The integral form associated with Equation (13.63) is given by∫
�

pr(x, y, 0)δpdS = −
∫
�

∫
�

∂pr(x
′, y′, 0)
∂n

G(x, y, 0, x ′, y′, 0)δpdSdS ′ (13.64)

Using Equation (13.62), the associated discrete form is

〈δp〉[C]{pr} = −〈δp〉[Z]

{
∂pr

∂n

}
(13.65)

with,

[Z] =
∑
e

∑
e′

∫
�e

∫
�e

′ 〈Ne〉G(xe, ye, 0, xe′, ye′ , 0){Ne′ } dSe dSe
′

(13.66)
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Since 〈δp〉 is arbitrary, one gets{
∂pr

∂n

}
= −[Z]−1[C]{pr} (13.67)

Substituting Eq. (13.67) into Eq. (13.61) and recalling that on the interface p = pa =
pb + pr , the discrete form of Eq. (13.60) reads finally

Ip = 〈δusn〉[C]{p} + 〈δp〉[C]T {usn} − 1

jω
〈δp〉[A]{p − pb} (13.68)

where

[A] = 1

jωρ0
[C][Z]−1[C] (13.69)

is an admittance matrix. In consequence, the radiation of the porous medium into the semi
infinite fluid amounts to an admittance term added to the interface interstitial pressure
degrees of freedom and to additional interface coupling terms between the solid phase
and the interstitial pressure (first two terms in Equation 13.68). Note that the last term
involving pb is the excitation term and disappears in the case of free radiation. In the
numerical implementation, the discretized form Equation (13.44) with {F s} = 0 combined
with Equation (13.68) leads to the following linear system

 −ω2[M̃] + [K̂] −[C̃] + [C]

−[C̃]T + [C]T
[H̃ ]

ω2
− [A]

jω
− [Q̃]


 {

us

p

}
=

{
0
Ff

}
(13.70)

with

{Ff } = 1

jω
[A]{pb} (13.71)

The system of equations (13.70) is first solved in terms of the porous solid phase
nodal displacements and interstitial nodal pressures. Next, the vibroacoustic indicators of
interest can be calculated.

13.9 Examples

13.9.1 Normal incidence absorption and transmission loss
of a foam: finite size effects

The first example considers an absorption problem and consists of a 0.5 m × 0.5 m ×
5.08 cm rectangular sample of foam backed by a rigid wall and excited by a plane
wave. Two load cases are considered: normal incidence (0◦, 0◦) and oblique plane wave
(45◦, 0◦). The properties of the foam are given in Table 13.1. A mesh of 22 × 22 × 15
linear brick poroelastic elements is used for the foam for the normal incidence while a
larger mesh of 32 × 32 × 15 elements is used for the oblique plane wave. These meshes
have been selected to ensure convergence of calculations. The meshing criteria are clas-
sical for the plate and are functions of the Biot’s wavelengths for the foam (Chapter 6).
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Table 13.1 The parameters of the foam.

Porosity, Flow Tortuosity, Viscous Thermal Density Young’s Poisson Structural
φ resistivity, α∞ charact. charact. of frame, Modulus, coefficient, damping,

σ dim. (m) dim. (m) ρ1 (Pa) ν η

(N m−4 s) � �′ (kg m−3)

0.99 12569 1.02 0.000078 0.000192 8.85 93348 0.44 0.064
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Figure 13.5 Absorption coefficient of 2-in-thick foam slab of dimensions 0.5 × 0.5 m
excited by a normal incidence plane wave (Atalla et al. 2006.)

Figures 13.5 and 13.6 show the corresponding absorption coefficients. The latter are
calculated using a power balance method:

α(θ, ϕ, ω) =
∏
diss

�inc
(13.72)

In this expression
∏
diss denotes the power dissipated in the foam and �inc denotes

the incident power. The results obtained using the transfer matrix method (TMM) are
also shown for comparison. As expected, it is clearly seen that, at higher frequencies, the
finite element (FEM) calculation asymptotes to the infinite extent configuration since the
normalized radiation impedance reduces to 1. The finite size correction of chapter 12 is
also used here to compute the curve referred to as FTMM in Figures 13.5 and 13.6. As
expected it captures the initial slope of the absorption curve which is governed by the
size of the tested sample. Note that as the sample becomes larger, the FEM and FTMM
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Figure 13.6 Absorption coefficient of 2-in-thick foam slab of dimensions 0.5 × 0.5 m
excited by an oblique plane wave (Atalla et al. 2006).

curves asymptote towards the TMM result. The same results are obtained for an oblique
incidence plane wave, Figure 13.6.

Next, we consider the transmission loss of the same foam sample, which is now
between two semi-infinite media. The results are shown in Figure 13.7 for an oblique
incidence plane wave excitation (45◦, 0◦) and compared to the TMM results. Once again,
and as expected, the two methods lead to similar results at high frequencies. At low
frequencies, the size effects lead to an increase in the transmission loss. Again, the finite
size correction of Chapter 12 is shown to lead to acceptable corrections at low frequencies
(within 1 dB). Again, for large samples, the results will asymptote towards the TMM
result.

13.9.2 Radiation effects of a plate–foam system

Usually, the effect of radiation damping of foam is neglected when the latter radiates
in free field. To check this assumption, the following example considers a plate–foam
system excited by a point force. The material properties and dimensions of the plate and
the foam are listed in Table 13.1. The frequency range of interest is the range below
800 Hz. The plate is meshed using 24 × 15 thin shell elements and the porous material
is meshed using 24 × 15 × 9 linear brick poroelastic elements. The plate is assumed
simply supported. The foam is bonded onto the plate, clamped (bonded to a hard baffle)
along its edges and has a free face which can radiate into a semi infinite space. The
space averaged quadratic velocity 〈v2〉 of the plate is shown in Figure 13.8 for three
configurations of the free-face boundary condition: (i) using the radiation impedance
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Figure 13.7 Transmission loss of a 2-in-thick foam slab of dimensions 0.5 × 0.5 m
excited by an oblique incidence plane wave (Atalla et al. 2006).
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Figure 13.8 Mean-square velocity of a plate–foam system radiating in air.
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(a) (b)

Figure 13.9 Experimental set-up used to illustrate the damping added by the foam. (a)
Excitation system; (b) plate with foam attached using a double-sided tape (shown before
assembly).

condition of Section 13.8 (exact approach), (ii) pressure release condition (i.e. p = 0
on the free face) and (iii) assuming a plane wave radiation condition (ZR = ρ0c). It is
clearly seen that the three results are similar except at the resonances where the effect
of radiation damping is noticeable, especially for low-frequency modes. Moreover, it is
seen that the exact approach and the plane wave approximation lead to similar results
at higher frequencies. However, the plane wave approximation clearly overestimates the
radiation damping at low frequencies. This result highlights the small effects of the
radiation efficiency of the foam. Calculations using other foam materials with different
properties (especially several ranges of flow resistivity) lead to similar conclusions.

13.9.3 Damping effects of a plate–foam system

The vibration of a plate–foam system is studied both numerically and experimentally.
Figure 13.9 shows the experimental set-up. It consists of a 0.480 m × 0.420 m ×
3.175 mm aluminium panel glued to a thin frame to simulate a simple support.
The mechanical properties of the panel are: Young’s modulus 7.0 × 1010 N/m2;
density = 2742 kg/m3; Poisson’s ratio 0.33; loss factor 0.01. The panel is excited
mechanically using a shaker. The normal velocity of the panel is measured using
accelerometers positioned on a grid made up of 56 points uniformly distributed over
the surface of the panel. A 7.62-cm (3-inch) foam is added to one side of the panel.
The foam is attached to the panel along its edges using a double-sided tape, (see
Figure 13.9b). The foam is thus not perfectly bonded onto the panel since the double
tape creates a thin air space between the panel and the foam. Figure 13.10 shows the
measured space averaged quadratic velocity of the panel with and without the attached
foam. Significant reduction of the vibration level is observed, in particular at high
frequencies. This behaviour is typical of panels with attached noise control treatments.

To investigate the nature of this damping, numerical simulations are used. To achieve
confidence in the code, predictions are compared to simulation in Figure 13.11. The
acoustical and mechanical properties of the melamine foam used in the model are given
in Table 13.1. Good agreement is observed, keeping in mind that: (i) no attempt has been
made to select the modal damping of the first plate’s modes in the predictions, (ii) in the
simulations the foam is assumed perfectly bonded onto the panel and (iii) the mechanical
properties of the foam have been measured at low frequencies using a quasi-static method
(Langlois et al. 2001) and are assumed constant over the whole frequency range.
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Figure 13.10 Effect of the foam layer on the space averaged quadratic velocity of the
plate.
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Figure 13.11 Comparison between measured and predicted space averaged quadratic
velocity of the plate with attached foam layer.

Figure 13.12 presents the contribution to the dissipated power within the foam panel
system by the different dissipation mechanisms{ ∏

tot = ∏
diss_plate +

∏
diss_f oam∏

diss_foam = ∏
struct +

∏
viscous +

∏
thermal

(13.73)

The different dissipated powers are computed numerically using the expressions pre-
sented in Section 13.7. Radiation damping is neglected as explained in the previous
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Figure 13.12 Relative contribution of the various dissipation mechanisms in the
panel–foam system.

example. It is observed that at low frequencies, the damping is dominated by losses
within the panel. At higher frequencies, the structural damping of the frame of the foam
dominates the losses followed by the viscous losses in the foam. Note that dissipation by
thermal effects is negligible. This is a consequence of the fact the foam is assumed free
at its edges and one of its faces. The results of Figure 13.12 confirm the large dissipation
seen at high frequencies and thus confirm the damping added by the foam attached to the
panel. If the foam is modelled as a solid layer, at low frequencies both the full poroe-
lastic computation and the solid models will lead to same results. However, at higher
frequencies the solid model will overestimate the space averaged quadratic velocity of
the response. This stresses the importance of viscous damping at higher frequencies. This
importance depends strongly on the nature of the foam or fibre system and its attachment
to the panel. Further discussion on this subject can be found in Dauchez et al. (2002)
and Jaouen et al. (2005).

13.9.4 Diffuse transmission loss of a plate–foam system

A transmission loss test was performed on a flat aluminium panel with attached foam.
The panel dimensions were 1.64 m × 1.19 m × 1.016 mm and the foam dimensions
were 1.64 m × 1.19 m × 7.62 cm. The foam is attached along its edges to the panel
using double-sided tape. The tests were performed at the Groupe Acoustique de
l’Université de Sherbrooke (GAUS) transmission loss facility. The facility utilizes a
semi-anechoic–reverberant transmission loss suite. The reverberation room dimensions
are 7.5 m × 6.2 m × 3 m with a Schroëder frequency of 200 Hz and a reverberation time
of 5.3 s at 1000 Hz. The free volume of the semi- anechoic chamber is 6 m × 7 m × 3 m
with an operational frequency range from 200 Hz to 80 kHz. The plate is secured in
a mounting window between the two chambers. The intensity technique is used to
determine the transmission loss. The technique follows closely standard ISO 15186-1:
2000. The reverberation chamber is excited using six loudspeakers and sound power
is captured using a microphone on a rotating boom. On the anechoic side, the sound
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intensity is measured in the reception side using an automated arm and an intensity probe
with a 12 mm spacer between two 1/2-in microphones. This allows measurements to be
carried out from 100 to 5000 Hz. The measured transmission loss and predictions with
both the FTMM and the presented approach (FEM/BEM) are given in Figures 13.13
and 13.14. In the latter method, a mesh of 45 × 34 × 9 linear brick poroelastic elements
was used for the foam. This mesh was compatible with the plate’s mesh (45 × 34
Quad4 shell elements). Since the foam was only attached along its edges to the plate,
the coupling boundary condition was modelled as an air gap inserted between the
two components for both the FTMM approach and the FEM/BEM approach. The air
gap was modelled with linear acoustic 8-node brick elements. The diffuse field was
modelled as a superposition of plane waves using a GAUSS integration scheme of
6 × 6 points (6 plane waves along θ and 6 plane waves along φ). It should be noted
at this stage that the mounted panel damping was not measured, and that a nominal
modal damping ratio of 3% was assumed in the analysis (this value is justified by
edge damping). Since the measurements were done in 1/3 octave bands, the FTMM
results were calculated at the band centre frequencies while the FEM/BEM results were
calculated at 1000 frequency points using a logarithmic frequency step (Figure 13.13)
and converted to 1/3 octave bands (Figure 13.14). It is seen that the FTMM leads to a
very good agreement throughout the frequency range of the test (up to 5000 Hz), apart
from a slight overestimation at low frequencies (below 500 Hz). This corroborates the
effectiveness of this method for predicting transmission loss of multilayer systems over
the whole frequency range (see Chapter 12). Equally, the FEM method shows excellent
comparison, except at higher frequencies; where it diverges as a consequence of the
mesh used. However, at these high frequencies there is no need for this deterministic
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Figure 13.13 Transmission loss of a plate-foam system. Tests versus FEM predictions:
narrow band comparison.
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Figure 13.14 Transmission loss of a plate–foam system. Tests versus FTMM and FEM
predictions; 1/3 octave band comparison.

and expensive method: the FTMM and even the TMM does an excellent job. Finally,
it is worth mentioning that for this particular problem (unbonded foam) similar results
can be obtained using a limp model for the foam thus diminishing considerably the
computational effort (Figure 13.13).

13.9.5 Application to the modelling of double porosity materials

As discussed in Chapter 5, the concept of meso-perforations in appropriately chosen
porous media can help enhance their sound absorption performance. The meso-perforated
materials are also referred to as ‘double porosity materials’ since they are made up of
two interconnected networks of pores of different characteristic size. Several theoretical,
numerical and experimental studies have been done on this subject. Sgard et al. (2005)
give an excellent review of these studies and establish practical design rules to develop
optimized noise control solutions based on this concept. This section is limited to an
example explaining the use of finite element methods to simulate these materials.

The general configuration of the problem is depicted in Figure 13.15. It consists of
a meso-perforated porous material placed in a waveguide with rigid walls, acoustically
excited by a plane wave. The rear of the material is terminated by a rigid wall. Let
the porous material be characterized by its porosity φm, its static flow resistivity σm, its
geometric tortuosity α∞m, its viscous and thermal characteristic lengths �m and �′

m, and
its thermal permeability  m(0). The perforations are assumed rectangular or cylindrical
and are characterized by a perforation rate (also named meso-porosity) φp, a radius
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Figure 13.15 Double porosity material in a waveguide backed by a rigid wall (Sgard
et al. 2005). Reprinted from Sgard, F., Olny, X., Atalla, N. & Castel, F. On the use of
perforations to improve the sound absorption of porous materials. Applied acoustics 66,
625-651 (2005) with permission from Elsevier.

R in the case of circular cross section and sides a and b in the case of rectangular
cross-sections.

The numerical model is based on a finite element modelling of the double porosity
material at the mesoscopic scale and a modal description for the wave-guide. The wave
propagation inside the microporous material is described by the first Biot–Allard theory
and inside the meso-pores by Helmholtz’s equation. Note that, given the size of the holes,
the associated viscous characteristic frequency is very low and the dissipation can thus
be considered as negligible, justifying the use of Helmholtz’s equation (established for
a perfect gas) in the meso-pores. The weak integral forms associated with each domain
are then discretized using finite elements. The coupling between the double porosity
material and the waveguide is accounted for explicitly using the modal behaviour of
the waveguide. Atalla et al. (2001b) provide the details in the simplified case where
the skeleton of the porous medium is assumed motionless. The following presentation
accounts for the elasticity of the material.

Combining Equations (13.8), (13.17) and (13.38), the weak integral form govern-
ing the acoustic behaviour of a porous layer coupled with the modal behaviour of the
waveguide of cross-section L1 × L2, can be written∫

�p
[σ̂ sij δe

s
ij − ω2ρ̃usi δu

s
i ] d�+

∫
�p

[
φ

ω2α̃ρ0

∂p

∂xi

∂(δp)

∂xi
− φ2

R̃
pδp

]
d�

−
∫
�p

φ

α̃
δ

(
∂p

∂xi
usi

)
d�−

∫
�p
φ

(
1 + Q̃

R̃

)
δ(pusi,i ) d�

+
∫
�p
δ(unp(x)) dSx − 1

jω

∫
�p

∫
�p
A(x, y)p(y)δp(x) dSy dSx

+ ε

jω

∫
�p

∫
�p
A(x, y)pb(y)δp(x) dSy dSx = 0 ∀(δusi , δp)

(13.74)

For a double porosity medium, the waveguide is in contact with both the poroelastic
material and the perforations. Fluid cavities (holes) in contact with the waveguide are
modelled in the same way as poroelastic patches. The associated weak integral form
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(Equation 13.13) can be written∫
�a

1

ρ0ω2

∂pa

∂xi
· ∂(δp

a)

∂xi
− 1

ρ0c
2
0

paδpa) d�

− 1

jω

∫
�a

∫
�a
A(x, y)p(y)δpa(x) dSy dSx (13.75)

+ 1

jω

∫
�a

∫
�a
A(x, y)pb(y)δpa(x) dSy dSx = 0 ∀ δpa,

where �a denotes the front interface between the fluid cavity part and the waveguide.
For a given number of kept normal modes ϕmn in the wave-guide, Equations (13.74)

and (13.75) are discretized using the finite element method and solved for the solid phase
displacement, interstitial pressure variables in the porous medium and acoustic pressure
in the holes. From nodal solutions, the normal incidence absorption coefficient can be
computed using a power balance (Equation 13.72) or the sum of the powers dissipated
inside the heterogeneous porous medium. The expressions of the powers dissipated in
the porous materials by structural damping, viscous and thermal effects are explained in
Section 13.7.

To illustrate the validity of the described model, a case taken from Atalla et al. (2001b)
is considered. For the normal incidence sound absorption prediction (Figure 13.15), it is
sufficient to consider one representative cell instead of the whole perforated material, pro-
vided that the perforation network is periodic. A rockwool sample made up of a generic
square cell of side Lc = 0.085m and a central perforation is considered. The acoustic and
mechanical properties of the material are given in Table 13.2. Sound absorption measure-
ments have been performed using a 1.2-m-long standing wave tube of 0.085 × 0.085 m
square cross section (Olny and Boutin 2003). The samples were slightly constrained
around their edges in order to avoid leaks, but no sealant was used. In the experiments,
a hole of radius 0.016 m has been cut out from the material. On the other hand, the
numerical model assumes an equivalent area square hole with side a = 0.0283 m. Linear
Hexa 8 (brick) elements were used for both the porous and mesoporous (hole) domains.

Figure 13.16 shows the comparison between simulation (analytical and numerical
model) and measurements for a thickness of 5.75 cm. Analytical simulations using the
model of Olny and Boutin (2003) are also presented. Based on the chosen perforation size
and sample side length, a double porosity of φp = 0.11 is used in the analytical model.
Recall from Chapter 5 that in the analytical model, the porous material is assumed rigid.
Moreover, the diffusion function was chosen to fit the experiments. Contrary to the
analytical model, calculations in the numerical model are based on Biot’s theory with no
assumption or parameter adjustment. That is, no assumption is made on the motion of the
skeleton and in consequence the influence of the solid phase on the acoustic absorption
is assessed. Excellent agreement is found for the numerical model. It is observed in

Table 13.2 The parameters used to predict the absorption coefficients in Figure 13.16.

Material φ σ α∞ � �′  m(0) ρ1 E ν ηs
(N.s/m4) (µm) (µm) (m2) (kg/m3) (Pa)

Rockwool 0.94 1 35 000 2.1 49 166 3.3 × 10−9 130 4400 0 0.1
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Figure 13.16 Normal incidence absorption coefficient. Comparison between analytical
fluid equivalent model, numerical Biot model and measurement for 5.75-cm-thick rock
wool (Sgard et al. 2005). Reprinted from Sgard, F., Olny, X., Atalla, N. & Castel, F.
On the use of perforations to improve the sound absorption of porous materials. Applied
acoustics 66, 625-651 (2005) with permission from Elsevier.

particular that the numerical model is able to capture the skeleton resonance occurring
around 1350 Hz. Also, this figure demonstrates the important increase in the absorption
coefficient of the perforated material compared with the corresponding single porosity
value. Another advantage of the numerical model is the illustration of the physics derived
from the homogenization theory, namely the pressure diffusion effect. Figure 13.17 shows
an example of the variation of the pressure at the mesoscale for the studied example.
It is seen that the wavelength in the microporous domain is of the same order as the
mesoscopic size.

The finite element approach avoids most of the hypothesis of the analytical model
and can be used to deal with more complex configurations. In particular, the modeling
at the mesoscopic scale does not require that the size of the hole be small with respect to
the dimensions of the microporous material. This assumption is however necessary for
the analytical model to be able to homogeneize the heterogeneous porous material. The
numerical model can thus account for the diffraction by the hole. Also the handling of
complex shaped holes can be implemented straightforwardly using appropriate meshing
tools contrary to the analytical model which is limited to simple shapes. Finally, the
numerical model allows for a mixture of arbitrary located microporous materials and gas
patches together with a coupling with other subdomains (vibrating structures, air gaps,
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Figure 13.17 Illustration of the diffusion effect in the substrate material (Sgard et al.
2005). Reprinted from Sgard, F., Olny, X., Atalla, N. & Castel, F. On the use of perfora-
tions to improve the sound absorption of porous materials. Applied acoustics 66, 625-651
(2005) with permission from Elsevier.

etc. . .). Note that the numerical model is not restricted to the calculation of absorption
of single heterogeneous porous materials placed into a rectangular standing wave tube. It
can also deal with the computation of transmission performance of complex multilayered
systems involving plates, septum, air gaps, conventional and heterogeneous porous mate-
rials as illustrated in Figure 13.2. Several examples can be found in Sgard et al. (2005
and 2007).

13.9.6 Modelling of smart foams

This example, taken from Leroy (2008), illustrates the use of the (u s, p) formulation for
modeling smart foams. A smart foam combines the passive dissipation capability of a
foam in the high frequency range and the active absorption ability of an actuator (gen-
erally piezoelectric PVDF) in the low-frequency range. This results in a passive/active
absorption control device that can efficiently operate over a broad range of frequen-
cies. The 3D finite element model of a smart foam prototype is presented here with its
experimental validation.

The configuration is made up of a half-cylinder of melamine foam covered with a
PVDF film (Figure 13.18a). The curved shape of the PVDF ensures coupling of in-plane

Page 355 of 374



340 FINITE ELEMENT MODELLING OF POROELASTIC MATERIALS

(a) (b)

Figure 13.18 Photos of the active cell with smart foam; (a) active cell; (b) cell mounted
in the measurement tube (LeRoy 2008).

displacement of the film with its efficiently radiating radial displacement. The PVDF is
bonded onto the foam and mounted in a small cavity (interior dimensions: height 55 mm;
width 85 mm; depth 110 mm) equipped with electric connections in order to feed the
PVDF. Plexiglass flanges are placed on the foam of the back cavity that is not covered
with PVDF to ensure tightness with the back cavity. The smart foam and the cavity
form a so-called active cell (Figure 13.18a). The cell is placed in a rectangular tube
(Figure 13.18b) with a cutoff frequency of 2200 Hz. The frequency range of interest is
[100–1500 Hz]. In the radiation configuration, the tube is closed by a rigid plexiglass plate
and a voltage is applied to the PVDF film. Plexiglass is used to allow for measurement of
the displacement of the foam and PVDF surfaces using a Doppler laser vibrometer. On the
other hand, the acoustic pressures at both ends of the tube are measured. For absorption
measurements, a loudspeaker is installed in place of the plexiglass plate. The absorption
measurement is done using the Chung and Blaser (1980) method with several microphone
pairs in the tube. This measurement gives information on the passive behaviour of the
cell.

Finite element model

The model uses quadratic poroelastic elements with (us , p) formulation, as well as elastic,
fluid and piezoelectric elements. The weak integral formulation of the porous media is
given in Equation (13.7). However, since the measurement of the foam properties revealed
anisotropy, a simplified orthotropic model was assumed for the mechanical properties of
the foams. Because of the difficulty of measuring the anisotropy of the acoustic parameters
(flow resistivity, porosity, tortuosity, viscous and thermal characteristic lengths) they are
assumed the same for all three directions. The Young’s moduli for the three directions
have been obtained by measuring the absorption coefficients of a cubic foam sample
oriented along the orthotropic directions. The three Young’s moduli have then been
adjusted in order to fit the resonance peak of the absorption coefficient with the measured
resonance peak of the absorption. Special care was given to the mounting of the foam
in the tube since it is known to affect the absorption resonance (a controlled air gap was
left around the foam lateral surface).

The used PVDF film (made by Measurement Specialties Inc.) has 28-µm thickness
and Cu–Ni electrodes. Its properties were taken from published data. Since the melamine
is highly porous, its surface was conditioned with a heat-reactivatable membrane before
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the PVDF was bonded onto it using double-sided tape. This method allows for a durable
and controlled bonding. This bonding layer adds mass and stiffness to the PVDF film,
and thus was accounted for in the finite element model as an isotropic thin elastic layer.
The properties of this layer (Young’s modulus, Poisson ratio, structural loss factor) were
identified using a parametric study comparing numerical results and experimental mea-
surements of the radiated pressure from a smart foam placed in a small rectangular cavity
(interior dimensions: height 20 mm; width 64 mm; depth 78 mm). These parameters have
been found to have a negligible influence on the passive absorption of the smart foam.

The modelling of the PVDF film is plate-like. The associated weak formulation, in
discretized form, is given by (Leroy 2008):

∫
�pi


 {δεm}T [Hm]{εm}︸ ︷︷ ︸

work of the in-plane elastic forces

+ {δχ}T [Hf ]{χ}︸ ︷︷ ︸
work of the bending elastic forces

dS

+ {δγ }T [Hc]{γ }︸ ︷︷ ︸
work of the shearing elastic forces


 dS −

∫
�pi
ω2{δu}T [ρI ]{u} dS︸ ︷︷ ︸

work of the inertial forces

−
∫
�pi

[{δεm}T {ec}Ez + δEz{ec}T {εm} + δEzε33Ez]h dS︸ ︷︷ ︸
work of the piezoelectric and dielectric forces

−
∫
�pi

{δu}T {σ }n dS︸ ︷︷ ︸
work of the elastic external forces

+
∫
��
δ�Dz dS︸ ︷︷ ︸

work of the electrical external forces

= 0 ∀(δu, δ�)

(13.76)

where �pi denotes the surface of the piezoelectric domain and �� the surface over which
the electric charge is applied. The first line of this equation depicts the elastic, plate-like,
behaviour of the film. 〈εm〉 is the in-plane strain field of in-plane type, 〈χ〉 is the curvature
vector and 〈γ 〉 is the shear strain vector. In order to use this plate element in 3D problems,
a drilling degree of freedom of rotation is added, resulting in six degrees of freedom for
the elastic variables. Matrices [Hm], [Hf ] and [Hc] represent the in-plane stiffness matrix,
the bending stiffness matrix and the shearing stiffness matrix, respectively. h, ρpi, E and
ν represent the thickness, density, Young’s modulus and Poisson ratio of the PVDF film,
respectively. The third line of Equation (13.76) describes the piezoelectric behaviour of
the film. It assumes that the electric field is applied across the film’s thickness, Ez = �/h

where � is the electrical potential. This potential is the selected electrical variable in this
2D formulation. The dielectric permittivity matrix [εd ] reduces to the component of the
permittivity along the z axis ε33. The matrix of the piezoelectric coupling coefficients [e]
becomes a column vector

{ec} =


e31

e32

0


 (13.77)

Finally, the last line of Equation (13.76) describes the external loads. Again, because
of 2D modeling, the electrical displacement vector reduces to a scalar, noted Dz. It is
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observed that coupling of the piezoelectric with a porous or elastic domain is natural (see
Section 13.4).

Numerical versus experimental results

Two configurations are studied: (i) active radiation and (ii) passive absorption. In the
radiation configuration, the tube is closed by a rigid plate and a 100 V is applied to the
PVDF film. Figure 13.19 presents the comparison between the measured and simulated
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Figure 13.19 Acoustic pressure: (a) in the back cavity and (b) near the rigid end of the
tube for 100 V applied to the PVDF film (LeRoy 2008).
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pressure radiated by the smart foam. The comparison is excellent. The pressure in the
back cavity is constant up to 1250 Hz (Figure 13.19a) where the second resonance mode
of the foam–PVDF system begins to affect the displacement field. At the other end of
the tube (Figure 13.19b), the radiated pressure is controlled by the modal behaviour of
the tube. All the peaks correspond to tube resonances. Note that the pressure level is
around 100 dB which is quite important. In the back cavity, it is around 103 dB.

Figure 13.20a, b presents the comparison for the displacement at the centre of the
free surface of the foam and the centre of the PVDF film, respectively. It is observed that
the model follows closely the trends in the measured displacement data (Figure 13.20a).
However, there are few discrepancies. For the foam displacement, the model seems to
slightly overestimate the amplitude (Figure 13.20a). The peak of the experimental data is
well represented by the numerical model, but it is located at a slightly higher frequency.
For the PVDF displacement, the FE model predicts the amplitude very well, but does not
clearly capture the shape of the peak (Figure 13.20b); this may be due to the uncertainty
on either the measurement position or the properties of the film.

In the passive absorption configuration, the measured absorption coefficient of the
smart foam is compared with predictions in Figure 13.21. Overall, the comparison is
very good. The main differences are observed at frequencies lower than 200 Hz and
higher than 1000 Hz. At low frequencies, possible leaks in the tube may have disturbed
the measurements. Moreover, at these low frequencies, the relative influence of the other
dissipation mechanisms in the tube (speaker suspension, join, wall. . .) is important. At
frequencies higher than 1000 Hz, the uncertainties on the microphone position become
important. Moreover, the modal behaviour of the foam–PVDF system is significant and
affects the absorption. And since the structural behaviour above 1000 Hz is not perfectly
predicted by the model, the predicted absorption coefficient is slightly different from
measurement.

Despite various uncertainties on: (i) the properties of the foam, the PVDF film and
the bonding layer (glue) between the two; and (ii) the fabrication of the smart foam
prototype, the comparison between the model and the measurements is very good. The
results clearly demonstrate the validity of the model. It constitutes a useful platform to
simulate and optimize various configurations of smart foams. A thorough discussion is
given by Leroy (2008).

13.9.7 An industrial application

Finally, an example of an industrial application, courtesy of Faurecia (Duval et al. 2008),
is shown. The vibroacoustic response of a car floor module, excited by a shaker was mea-
sured at Faurecia labs. The module was fixed in the separation wall of a reverberant room
coupled to a movable absorbing concrete-walled receiver cavity. The floor was excited
by a shaker positioned at a front reinforcement beam location and its radiation measured
using microphones in the receiver movable concrete cavity. To achieve a clamped bound-
ary condition, 3-mm-thick plates were used to connect through continuous welding, the
floor perimeter to a 100 × 100 mm2 metal frame filled with concrete and fixed to the
horizontal separation wall of the coupled reverberant rooms. These additional plates have
been 3D modelled and integrated in the FEM model.

The simulations, conducted at Faurecia, use a sub-structuring based implementa-
tion of the (us , p) formulation. This implementation, described in Hamdi et al. (2000)
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Figure 13.20 Normal displacement at the centre of: (a) the foam free surface and (b)
the PVDF surface for 100 V applied to the PVDF film (LeRoy 2008).

and Omrani et al. (2006) has been described in Section 12.6 for the radiation problem
(structure–cavity configuration of Figure 13.3). For the transmission loss problem, it uses
first the finite element method to calculate the mechanical impedance of the trim com-
ponents to be superimposed to the modal mechanical impedance of the panel structure.
Next, a boundary element method (BEM) is used to calculate the radiation impedance
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Figure 13.21 Passive absorption of the foam (LeRoy 2008).
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Figure 13.22 Example of the modelling of a fully trimmed car floor panel: (a) radiation
problem, the floor panel is mechanically excited and radiates in a cavity; (b) transmission
loss problem (Duval et al. 2008).

of the panel structure and the acoustic power radiated by the structure in the receiving
media. This approach allows for incompatible meshes and authorizes the solution of large
systems such as a fully trimmed vehicle (Anciant et al. 2006).

The examples of two types of floor insulator are shown here: (i) an absorption type,
called bi-permeable concept, with an airflow resistive carpet superposed on a two-layer
system made up from a soft spring felt on top of foam spacers; and (ii) an insulation type,
with a 2 kg/m2 heavy layer inserted between the airflow resistive carpet and the soft felt
spring–foam spacer system. A graphic description of the meshed components is given
in Figure 13.22. Figure 13.22a describes the radiation configuration while Figure 13.22b
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Figure 13.23 Example of model versus simulation of a floor panel with an insulation
type trim (Duval et al. 2008).
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type trim (Duval et al. 2008).
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Trimmed floor panel configuration: Binappe carpet + Heavy layer 2kg/m2
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Figure 13.25 Example of model versus simulation of the transmission loss of a floor
panel with an absorption type trim (Duval et al. 2008).

describes the transmission loss case. An example of comparison between measurements
and simulations for the point-to-point pressure over force FRF (radiation case) are pre-
sented in Figure 13.23 and Figure 13.24. The simulations are very good, up to 700 Hz,
for both the absorption and insulation configurations. The correlation could have been
improved if the very thin decoupling air gaps between the felt and the heavy layer were
explicitly modelled (this is corroborated by systematic investigations on flat samples).
Figure 13.25 shows an example of comparison between measurements and simulations
of the transmission loss of the insulation configuration. Again, acceptable correlation
is observed. These examples demonstrate the good prediction of acoustic radiation and
transmission through the trims computed by FEM simulation, as well as the good predic-
tion of the damping induced by the trims to the structure. They also prove the importance
of good coverage and contact between the trims and the structure.
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Propagation of Sound in Porous Media: Modelling Sound Absorbing Materials, Second Edition J. F. Allard and N. Atalla
 2009 John Wiley & Sons, Ltd

porous material having an elastic
frame, 111–136

rigid framed material, 61–65
stress-strain relations, 112–116,

215–216
surface impedance, normal

incidence, 126–131
wave equations, 119, 120, 216–217

Boundary conditions, 127–128, 169–170,
223–224, 227, 232, 313–320

Brewster angle, 149, 154
Bulk modulus

air
cylindrical pores, 50–65
poroelastic isotropic media,

114, 124
rigid framed materials, 83–89

elastic solid the frame is made of,
114

fluid, 10
frame, 113, 116

Champoux Allard model, 84–87
Characteristic lengths

thermal, 80, 104–106
measurement, 81–82

viscous, 79–80
calculation for cylinders,

106–107
measurement, 81, 82

Characteristic sizes
macroscopic, 91, 95–96
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Characteristic sizes (continued)
mesoscopic, 96
micropore structure, 96
microscopic, 91

Characteristic values, 92
Circular cross-section, cylindrical tube,

45–53
Circular holes, impedance, 194–198
Circularly perforated facings, 205–211
Complex exponential representation, 26
Complex s plane, 139–140
Compressional waves

Biot wave, 120–122
elastic solid, 11–13
fluid, 10–11

Coupling
conditions, 313–320
inertial, 68
piezoelectric, 341
potential, 112
transfer matrices, 257

Cut, 139, 141, 151
Cutoff frequency, 178
Cylindrical pore (porous material with),

45–72
cross-section varieties, 54

arbitrary, 60–61
circular, 45–48, 52–53
hexagonal, 55, 57
rectangular, 55–57
slits, 48–50, 52–53
triangular, 55, 57

Damping
added, 304, 330
effects, 331–333
modal
radiation, 297, 325, 329
structural, 255, 324, 333
thermal, 333
equivalent, 297
viscous, 85, 123,333

Dazel representation, 131–132
Decoupling

frequency, 126, 251
partial, 123, 126, 173, 177, 219, 220,

226

Deformable media, 2–5
strain in, 2–4
stress in, 4–5

Delany-Bazley laws, 20, 22–23, 29, 42
Density, see effective density
Diffuse field

absorption coefficient, 263, 304
incident power, 290
transmission coefficient, 287
transmission loss, 264, 275, 304, 334

Dimensionless macroscopic space
variable, 91

Dimensionless microscopic space
variable, 91

Dimensionless numbers, 92–93
Dimensionless quantities, 92–93

asymptotic expansion of, 94
Double porosity media

asymptotic development method for,
97–98

finite element modelling, 335–339
definition, 95
high permeability contrast, 99–102
low permeability contrast, 98–99
orders of magnitude for realistic,

96–97

Effective density
arbitrary cross-section cylindrical

pores, 60–61, 64–65
circular cross-section cylindrical

pores, 47–48, 57–59
oblique pores, 69–70
rigid-framed media, 83–89
slits, 48–50, 59–60
transversally isotropic media, 217,

227
Elastic isotropic frame, Biot theory,

111–135
Elastic isotropic frame excitation

circular and line stress field,
172–173

normal unit stress source, 168, 170,
171

plane wave excitation, 169–172
point source in air, 179–182
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Rayleigh wave and mode excitation,
173–182

Elastic isotropic media, 5–8
Elastic transversally isotropic frame, Biot

theory, 213–241
Elastic transversally isotropic frame

excitation
mechanical excitation, 227–228,

230–232
Rayleigh wave excitation, 232, 236
sound source in air, 223–225

Elastic solids, wave equations, 11–13
compressional waves, 12–13, 178
transverse waves, 13, 178

Elastic transversally isotropic
solids/elastic frames in vacuum,
214–215

stress-strain relations, 214
wave equations, 214–215

Electric dipole field, 152
Energy

kinetic energy and tortuosity, 78–79
potential energy in Biot theory,

112–113
Equations relating the dimensionless

quantities, 93
Error function, 152

asymptotic development, 152
Evanescence, 146, 147

Facings, see Screens
Fibrous material surface impedance,

129–131
Finite Element Method (modelling of

poroelastic materials)
coupling conditions, 313–320
damping, 324, 331
matrix

admittance matrix, 321, 327
coupling matrix, 311, 318, 321,

326, 341
impedance matrix, 322
mass matrix, 321
mechanical impedance matrix,

320
stiffness matrix, 321, 341

dielectric permittivity matrix,
341

modelling of double porosity
materials, 335–339

modelling of smart foams, 339
power dissipation within a porous

material, 323–324
radiation condition, 324–327
weak formulations

displacement-displacement, 310
mixed displacement-pressure,

311
other, 320

Floquet theorem, 205
Flow resistivity, 21–22, 57–60, 191–192

anisotropic materials, 68–69, 227
Delany-Bazley laws, 22–25
perforated facings, 182, 194

Fluids
acoustic impedance, layer backed by

an impervious wall, 18–19,
23–25

layer equivallent to a porous layer,
89

multilayered, 35–36
oblique incidence acoustic

impedance, 15–43
transversally isotropic, 39–41
unbounded, 15, 17

attenuation, 16–17
travelling waves in, 15–16

wave equations, 10–11
Fourier transform, 167, 173, 183–184
Frequency, see also resonance

critical, 255, 297
cutoff, 194
decoupling, 126, 25
diffusion, 102
high and low frequency

approximation, 55–60,
70–72, 75, 83

quarter length resonance, 129
transition, 85, 89, 97
viscous characteristic, 102, 336

Gedanken experiments, 113–116
Glass wool, 115–116
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Governing equations
adherance condition, 92
air state, 92
heat conduction, 92
mass balance, 92
Navier-Stokes, 91
thermal boundary conditions, 92

Grazing incidence, 156, 158, 160
Green’s function, 326
Grounded dielectric, 148

Hankel functions, 139, 140
Hankel transform, 167, 172, 183–184,

232
Heat exchange in cylindrical tube, 50–53
Helmholtz resonator, 203–205
Hexagonal cross-section, cylindrical tube,

54
Highly porous material, acoustic

impedance, 15–27, 29–43
Delany-Bazley laws, 22–23
normal incidence, 15, 27
oblique incidence, 29–43
transversally isotropic, 39–43

Homogenization for periodic structures,
91–95

Hydrostatic pressure, 8
Hydraulic radius, 61, 65

Impedance
characteristic impedance, 16, 17, 19,

22, 26, 66, 139
mechanical impedance, 255, 320
modal impedance, 297–298
radiation impedance, 284–285, 290,

297, 305, 320, 325
surface impedance

fluids, and highly porous
materials, 15–43

identical pores, perpendicular to
the surface, 65–67

multilayered fluids, 35–36
poroelastic materials

isotropic, 126–131,
170–171

transversally isotropic, 224
porous materials with perforated

facings, 194–205,
205–211

rigid framed porous media, 87,
139

slanted pores, 71
Inertia, and perforated facings, 187–194
Inertial forces in Biot theory, 117–118
Inhomogeneous plane waves, 29–31
Insertion loss, 302–304
Isotropic elastic media, 1–13

matrix representation, 245–248
Isotropic fluids, 15–25, 29–39

impedance at normal incidence,
15–25

impedance at oblique incidence,
29–39

Johnson et al. model, 84–85

Kinetic energy and tortuosity, 78–79
Kronecker delta, 5

Lafarge simplified model, 83–84, 85–87
Lamb dispersion curves, 178
Lamé coefficients, 5, 6
Laplacian operators, 2, 9
Lateral wave, 142, 144
Limp frame model, 251–253
Locally reacting medium, 35, 67, 145,

151, 155
Longitudinal strain, 7
Loss factor, 304–305

Macroscopic size, 91
Membrane equation, 255–256
Microscopic size, 91
Mixed representation, 132–134
Modes, 167, 177, 182

higher order, 194, 204
norm, 298, 319
panel, 298
waveguide, 318, 319, 321, 337

Modes and resonances 177–179
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Monopole field, 137–139; see also Point
source

reflected, 140, 151, 156, 157
Sommerfeld representation, 137–139

Multilayered fluids, 19

Newton equation, 9
Nonlocally reacting medium, 151, 156
Normal incidence, 19–20, 65–67, 69–71

fluids, 15–27
impedance variation, 17–18
multilayered fluids, 19
oblique pores, 69–71
perforated facings (porous layers

with), 187–194
circular holes, 187–192
square holes, 192–194

surface impedance, 15–27, 65–67,
71, 87, 16–131, 194–205

Numerical distance, 151, 163,
165

Oblique incidence
absorption coefficient, 36–37
circular holes (facings with),

205–211
added length, 208–209
facing/material boundary

impedance, 205–208
fluids, 29–43

reflection coefficient, 36, 39
reflection-refraction, 31–33

isotropic poroelastic media, 168–172
locally reacting materials, 67
rigid framed materials, 89
square holes (facings with), 210–211

added length, 211
surface impedance, 29–43, 139, 170,

209, 224
transversally isotropic poroelastic

media, 223–225
Oblique pores, 69–71

effective density, 69–70
impedance, 71

Operators, vectors, 1–2

Panel
baffled, 283–284, 296
critical frequency, 255
curved, 304
damping, 255,302–303, 331
mechanical impedance, 255
orthotropic, 256, 293
perforated, 187–212
radiation, 284–285
sandwich, 256, 302

Passage path, see path of steepest descent
Passage path method, see steepest

descent method
Path of steepest descent, 141
Perforated faced porous materials,

187–212
Circular aperture

added mass/length, 188–191
design of, 202–203
flow resistance, 191–192
Helmoltz resonator, 203–205
inertial effect, 187–191

square aperture, 192–194, 198,
210–211

stratified materials, 194,
198

Permeability
dynamic thermal, 74–75
dynamic viscous, 74
static thermal, 75–78
static viscous, 74–76

Perpendicular-oriented pores, 57–61,
65–67

circular cross-section, 57–59
impedance, 65–67
slit, 59–60

Phase velocity, 11
Piston excitation, 265–317
Plate, see panel
Point load, 295–297
Point source

above rigid framed materials,
137–165

above poroelastic materials,
179–182
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Point source (continued)
modelling using the Transfer Matrix

Method, 303
Poisson ratio, 6, 116, 130, 168, 180, 214
Pole, 139, 145, 146, 150, 151, 152, 153,

156, 158, 161, 167, 174, 176,
contribution, 139, 150–151
localization

radial dependence of the
reflected field,
153–154

vertical dependence of the total
pressure, 155–156

main pole, 146, 153
plane waves associated with, 146,

150
pole subtraction method, 151–153
trajectory, 145, 146

Porosity, 20, 21
Porous layer

finite thickness, 65–67, 71, 87,
129–131, 151, 160,
177–182, 223

semi-infinite, 140, 141, 142, 144,
145, 148, 151, 152, 154,
158, 173

thin, 145, 146, 147, 151, 154, 157,
159, 162

Potential coupling term, 112–115
Power,

absorbed, 289–290
balance equation, 324, 332
dissipated 265

within a porous medium,
323–324

incident, 290
input, 265
radiated, 265, 285,

297
structural
transmitted, 283, 285–287

Pressure, hydrostatic, 8
Pride et al. model, 83, 85,

87

Quasi-static regime, 168

Radiation, 284–285, 288–291, 324–327,
329

Random incidence, see Diffuse field
Rayleigh integral, 326
Rayleigh wave

modified (in layers of finite
thickness), 176–177

Rayleigh wavelength, 177
empirical formula, 173

semi-infinite layers (in), 173–176
transversally isotropic poroelastic

media (in), 232–235
Reference integral method, 151, 161
Reflection coefficient, 19–20, 36–37,

138, 139, 145, 148, 149, 152,
161, 170, 225, 263, 288

Representative elementary volume, 91
Resonance, 76, 129, 130, 177, 179, 204,

205
Riemann sheet

physical, 140, 151, 174, 177, 227,
231

second, 140

Scalar displacement potential, 10, 11, 12
Scalar velocity potential, 120, 168
Screens

impervious, 255, 259, 261, 271–274,
315–316

perforated (see also Perforated faced
porous materials), 205, 270

porous, 34, 266–271
resistive, 200–201, 269

Second representation (Biot theory),
133–134, 215–216

Separation of scales
macroscopic/mesoscopic, 96

separation parameter, 96
macroscopic/microscopic, 91

separation parameter, 91
mesoscopic/microscopic, 96

separation parameter, 96
Shear waves, 13, 122–123, 180, 246
Smart foams (modelling), 339
Snell-Descarte laws, 32–33
Sommerfeld integral, 139, 232
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Sommerfeld representation, monopole
field, 137–139, 167, 223, 225

Stationary point, 141, 142
Statistical Energy Analysis (SEA), 297
Steepest descent method, 140–145, 151,

157
Stress-strain relations

Biot theory, isotropic poroelastic
media, 112, 116

Biot theory, transversally isotropic
poroelastic media, 215, 216

isotropic elastic media, 5–8
transversally isotropic elastic media,

214
Structure-borne excitation, see point load

excitation
Superposition, of waves, 17, 334
Surface impedance

normal incidence, 15–27, 34–35,
65–67, 71, 87, 126–131,
194–205

oblique incidence, 29–43, 67, 138,
170–171, 205–217, 224,
226, 237

Surface wave, 148

Tamura method, 148, 150
T. M. electromagnetic surface waves, 148
Tortuosity

classical, 78, 79
in alternating cylindrical pores,

103–104
in transversally isotropic

poroelastic materials,
227

in transversally isotropic rigid
framed materials,
67–69

dynamic, see dynamic tortuosity
quasi-static, 82

Transfer Matrix Method (TMM)
coupling matrices, 257–260
finite size correction (FTMM)

absorption, 288–291
point load excitation,
transmission, 283–288

excitation,
acoustic, 263–265
piston, 265
point load, 295–297
point source, 303–304

termination conditions, 260–261
Transfer matrix representation

fluid, 244–245
impervious screens, 255–256
isotropic poroelastic media, 247–251
isotropic solid media, 245–247
porous screens, 256
thin plate, 254–255
transversally isotropic poroelastic

media, 236–238
Transmission coefficient, 263–264, 274,

284, 287, 293, 304
Transmission loss, see transmission

coefficient
Transversally isotropic poroelastic media

mechanical excitation, 227–228
Rayleigh poles and Rayleigh waves,

232, 236
sound source in air (above),

222–227
stress-strain relations, 215–216
wave equations, 216–217

Trapping constant, 76–78
Two-dimensional Fourier transform, 137,

183

Vector displacement potential, 11–13,
122

Vector velocity potential, 169
Vector operator, 1, 2
Viscosity, 46

Wave equations
elastic isotropic solid, 11–13
elastic transversally isotropic solid,

214–215
isotropic fluid, 10–11
isotropic poroelastic material,

119–120, 131–134
isotropic rigid and limp framed

materials, 251–254
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Wave equations (continued)
transversally isotropic fluid, 39–41
transversally isotropic poroelastic

material, 216–217
Waveguide,

coupling with simple porosity
coupling, 317–320

coupling with double porosity
media, 336–337

Wave number,
acoustic, 11, 15, 30

bending, 286
elastic solid, 12–13,

245–246
poroelastic, 121–122
Rayleigh, 173

Wilson model, 85–88

Young modulus, 6,
214

Zenneck wave, 152
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