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Lemma 1.

Corollary 1.

Lemma 2.

Theorem 2.

Corollary 2.

Make things as simple as possible but not simpler.

A. Einstein

mak!qg thines absolutelv clear.

................ Cical,

people will become confused.

A Chinese fortune cookie

We will make things
simple
but not too simple,
clear

s o
vutL 11Ul Wo Cicat.

Uncertainty is everywhere.
Uncertainty cannot be conquered.

Embrace it!
Paraphrased after Michael Moschen,

professonal juggler.
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PREFACE
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loadable as detailed below), presents the material from a graduate-level course on Theory and
Computational Algorithms for Estimation offered in the Department of Electrical and Com-
puter Engineering at the University of Connecticut. This course is a standard requirement in
the department’s M.S. program in Information, Communication and Decision Systems and is
meant for second-semester graduate students. The prerequisites are a solid knowledge of linear
systems and probability theory at the first-semester graduate level. These, as well as some
additional useful material from Statistics, are summarized for ready reference in Chapter | to
enable readers to acquire the necessary background or review it. This makes the text completely
self-contained and accessible for a person with a typical B.S.E.E. degree or equivalent. This text
is a major revision and expansion of Y. Bar-Shalom and X. R. Li, Estimation and Tracking:
Principles, Techniques, and Software, originaily published by Artech House, 1993 (©YBS
Publishing, 1997).

The main goal is to convey the knowledge necessary for the design and evaluation of
state estimation algorithms that operate in a stochastic environment. These algorithms form
the backbone of information extraction systems for remote sensing of moving objects as
well as other similar applications. Since information fusion — combination of information
from several sources — is an area with significant recent activity, it should be kept in mind
that information extraction is a crucial step before fusion. Furthermore, since fusion should be
done accounting for the existing uncertainties, it is important to quantify the accuracies of the
information to be fused.

This book also provides opportunity for sharpening the students’ analytical skills in addition
to using software. While the greatest recent advances have been in computation, the quality of
a software is (in a simplistic manner) the product of the software skills and algorithmic skills
that went into its development. The algorithm development requires analytical skills, which,
unfortunately, have become too scarce lately.

While the Kalman filter (KF) is the best-known state estimator, it is neither the only one
nor the most versatile. The material, which covers a number of practical estimation algorithms
(as many as it is felt practical for a semester-long course), leads to a major design project that
is unique to this text — it combines the basics of standard estimation with the latest adaptive
multiple model techniques, which use KFs as modules. The emphasis is on mapping the phys-
ical properties of the object of interest (typically called “target,” whether friendly or not) and
of the sensors — e.g., an aircraft in a radar-based air traffic control tracking system — into
the parameters of the mathematical model, namely, the statistical characterization of the random
processes describing the uncertainties of this problem. As a prelude to state estimation, para-
meter estimation is discussed in sufficient detail to convey the concept of “limit of extractable
information” in a system.

xvii
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The approach is a balanced combination of mathematics — linear systems and probability
theory — in order to understand how a state estimator should be designed, with the necessary
tools from statistics in order to interpret the results. The use of statistical techniques has been
somewhat neglected in the engineering literature pertaining to state estimation, but it is necessary
for (the nontriviai task of) interpreting stochastic data and answering the question whether a
design can be accepted as “good.” This is particularly important for practicing engineers and is
presented in sufficient detail based on our belief (and extensive experience with real systems)
that it should be an integral part of advanced engineering education.!

The material covers the topics usually taught in control-oriented EE/systems and aeronauti-
cal engineering programs. The relevance extends to other areas dealing with control in mechan-
ical or chemical engineering. Recently, the state estimation techniques have been gaining wider
attention due to their applicability to such ficlds as robotics, computer vision for autonomous
navigation, and image feature extraction with application to medical diagnosis. While the course
is mainly directed toward the M.S. students, it is also part of the Ph.D. program at the University
of Connecticut, with the intent of providing the students with the knowledge to tackle real-world
problems, whether by using existing algorithms or by developing new ones.*

The presentation of the material stresses the algorithms, their properties and the under-
standing of the assumptions behind them. We do not subscribe to the philosophy of “Give me
the facts and don’t bother me with details.” Consequently, proofs are given to the extent that
they are relevant to understanding the results. This is intended to be a modest step in bridging
the much talked about “gap between theory and practice” — it will illustrate to students the
usefulness of state estimation for the real world and provide to engineers and scientists working
in industry or laboratories a broader understanding of the algorithms used in practice. It might
also avoid the situation summarized by a participant at one of the continuing education courscs
taught by the first author as follows: “Although I studied Kalman filters when I worked to-
ward my Ph.D. (at one of the major U.S. universities), I did not expect that they worked with
real data.” This happens when, because of the theorems, the students cannot see the forest of
applications.

ne of the contributions

Tuning of 2 KF — the choice of its design parameters — is an art. One of the contributions

(e}
Tuning of a KF — the choice of its design parameters — is an art. O
of this text is to make it less of a black magic technique and more of a systematic approach
by connecting the filter parameters to physical system parameters, namely, the object motion
uncertainty — its predictability — and the sensor measurement uncertainty — the sensor errors.
This is particularly important when KFs are used as modules in an adaptive estimator, like the
Interacting Multiple Model (IMM) estimator. Another contribution is providing guidelines as to
what estimator should be used in specific problems, namely, when an (adaptive) IMM estimator
is preferable over a KF.

The Text and Hyperlinked Viewgraph Format

The format of this text is also unique — teztgraphTM — in that it dares to attempt to accomplish
two goals in one format: to serve as a self-contained concise text, without excess verbosity, and,
at the same time, to enable the lecturer to use the pages of this text as viewgraphs for lectures. To
this purpose, a double-spaced version of all the pages of this text (with appropriate page breaks)

!The authors disclaim any responsibility for severe damage readers might suffer when falling asleep face forward
while reading this book.

2As Ben Franklin said, the goal in his life was “to rise to an (sic) happy mediocrity and secure competency.” Our
objective is to provide the tools for future successful applications.

Ex.-1030 - ADB Safegate et al.
ADB Safegate et al. v. Honeywell International Inc. - PGR2023-00053
Page 16



PREFACE  XiX

is available for instructors in the form of a pdf file at http://esplabl.ee.uconn.edu/estvu.zip
with the password for downloading obtainable (upon the adoption of this book as a course
text) from ybs@ee.uconn.edu. Instructors can prepare transparencies for conventional projector
viewgraphs, or the pdf file can be used for direct electronic projection. For projection from a
computer, an additional feature is available: hyperiinks in the pdf fiie for ail cross-references
(equations, figures, tables, sections, bibliographical items). Starred sections (or subsections) can
be skipped in lecturing at the discretion of the lecturer — by clicking on the star the hypertext
display will automatically go to the end of the corresponding section, marked by a box.

Experience over a number of years shows that students with a copy of these notes in front
of them can concentrate on the ideas, rather than having to copy a copious amount of equations
from the board. Some of the graduate students who took the Estimation course taught using
this teztgraph™ even complained that other graduate courses had not adopted this instruction
method.

This format is also a way of making lectures more efficient since it makes it possible to
convey more material than through the standard lecturing technique where one has to write
everything on the board. Last, but not least, the need to spend time on preparing lecture notes,
as well as the main hazard of the teaching profession (the inhalation of chalk or marker dust),
can be avoided. The ready availability of such class notes also makes it much easier to hold
in-house courses in an industrial or government laboratory environment where senior staff —
with knowledge of the material but limited time — can serve as lecturers.

It is our hope that this text will contribute to the education of future practitioners, as well as
be of use to those already involved in the application of state estimation to real-world problems.
This textgraph™ was written with the philosophy that engineers should be able to do more
than run-of-the-mill work — they should be prepared to work at the frontiers of knowledge.?

A Note on the Printing Style

For the convenience of the reader, all major concepts/terms, when they are introduced or used in
a particular application, are in italic boldface and indexed. Also, all the index terms appear
in the text in slanted boldface.

Italics are used for emphasized ideas/properties. The main equations of important algorithms
are highlighted with boxes, and the algorithms are summarized in flowcharts.

The Companion Software DynaEst™

DynaEst™ is a completely self-explanatory menu-driven interactive design and evaluation tool
for Kalman filters and an adaptive Interacting Multiple Model (IMM) estimator. The package
provides the following important flexibilities as a design tool:

Estimator design. The user may specify any linear Gaussian true plant (dynamic) and
measurement models, as well as the plant and measurement models for the estimator. The
true and the filter-assumed models can be different. Models are valid for all dimensions.
Reduced-order filters can be implemented.

Selection of model parameters. The user may specify any parameter of the true model
and/or the filter-assumed model(s), such as the noise means and covariances.

3As the ancient Romans would have said: “Orchides forum trahite, cordes et mentes veniant.”
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Statistical testing. Most relevant statistical tests of the Kalman filters may be performed, in-
cluding the normalized estimation error squared (NEES), the normalized innovation squared
(NIS), and the RMS errors.

Capability of running on external data file. Both internally gencrated data (simulation)
or imported data can be used.

{T™

DynaEs is user friendly and has the following features:

MATLAB based (v. 4.0 or higher, including the student edition)

Self-explanatory menu

Convenient user specification of parameters (on screen or in an online editable file)
Printing on screen, to a printer, or to a file

Automatic (and flexible) installation

Access to the OS and MATLAB from within DynaFEst™

Easily readable source code transparent to the user (and thus user-modifiable)
Knowledge of MATLAB not required (but helpful, of course)

For convenience, the latest version is available for the purchaser of this text at
http://esplabl.ee.uconn.edu/dynaest.zip.

DynaEst™ provides valuable hands-on experience on Kalman filters and the state-of-the-
art Interacting Multiple Model (IMM) estimator for any person who has access to MATLAB.
With the help of DynaEst™, the principles/concepts and techniques treated in this book can
be better understood and remembered. Some practical problems of estimation and tracking can
be handled by DynaEst™. The source code of DynaEst™, which is easy to read, provides a
sample implementation of the Kalman filter, as well as the state-of-the-art IMM estimator.

DynaEst™ has been used to generate several of the examples in the text. Also, there
are a number of Computer Application Exercises at the end of the chapters dealing with state
estimation, designed to use DynaFst™.

IBM PC compatible

e MATLAB (professional, education, or student version)

e An operating system capable of running MATLAB 4.0 or higher (e.g., WINDOWS 95/98/NT
or SUN SOLARIS)

Many thanks to all the colleagues, friends and former students who helped in putting together
the material that eventually became this book: H. Blom, L. Campo, K. C. Chang, E. Daeipour,
D. L. Kleinman, A. Kumar, C. Jauffret, D. Lerro, X. D. Lin, P. B. Luh, K. R. Pattipati, C. Rago,
H. M. Shertukde, P. K. Willett and S. W. Yeom.

Also, thanks to the sponsors who have supported the research that led to this book: J.
G. Smith and Dr. R. Madan from ONR, Dr. N. Glassman from AFOSR, Lt. Col. Dr. J. Myers
from BMDO and Dr. R. K. Baheti from NSF.
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NOMENCLATURE

ACRONYMS

ATC air traffic control

cdf cumulative (probability) distribution function

cpmf cumulative probability mass function

CLT central limit theorem

CRLB Cramer-Rao lower bound

EKF extended Kalman filter

FIM Fisher information matrix

GPB generalized pseudo-Bayesian

GPS Global Positioning System

HOT higher order terms

IE input estimation

iid. independent identically distributed

IMM interacting multiple model (estimator)

INS inertial navigation system

KBF Kalman-Bucy filter (continuous time)
Kalman filter (discrete time)

1F likelihood function

LG linear-Gaussian (assumption)

LLN law of large numbers

LMMSE linear MMSE

LOS line of sight

LS least squares

LSE least squares estimator (or estimate)

MAP maximum a posteriori

ML maximum likelihood

MLE maximum likelihood estimator (or estimate)

MM multiple model

MMSE  minimum mean square error

MSE mean square error

NEES normaiized estimation error squared

NIS normalized innovation squared

pdf probability density function

pmf probability mass function

RMS root mean square

VSD variable state dimension
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xxii NOMENCLATURE

MATHEMATICAL NOTATIONS

arg max
argmin
Xa

X (Q)

col(-)
cov
a(°)
diag(")
E[]
G(Q)

U(a,b)
U(z;a,b)

var
Zk
0
0

argument that maximizes

argument that minimizes

chi-square distribution with n degrees of freedom [Subsection 1.4.17]
100@Q percentile point of chi-square distribution with n degrees of
freedom [Subsection 1.5.4]

column vector [Subsection 1.3.1]

covariance

Dirac (continuous) delta function (impulse function)

Kronecker (discrete) delta function

diagonal or block-diagonal matrix [Subsection 1.3.3, Subsection 3.4.1]
expectation

100@Q percentile point of standard normal (Gaussian) distribution
[Subsection 1.5.4]

likelihood function

pmf

pdf of a normal (Gaussian) random variable = with mean Z and
variance o [Subsection 1.4.13]

a random variable with mean Z and variance 0% [Subsection 1.4.13]
normal (Gaussian) distribution with mean Z and variance o>
[Subsection 1.4.13]

pdf of a normal (Gaussian) random vector z with mean Z and
covariance P [Subsection 1.4.13]

dimension of the vector =

order of magnitude of

pdf [Subsection 1.4.2]

pdf [Subsection 1.4.2]

conditional covariance matrix of state at time k given observations
through time j

covariance (matrix) of = and 2z

conditional covariance (matrix) of z given z

mixed joint probability-pdf

probability of an event

the spread of the means term [Subsection 1.4.16]

probability of detection [Subsection 1.5.1]

false alarm probability [Subsection 1.5.1]

standard deviation of 6

variance of 0

trace (of a matrix) [Subsection 1.3.2]

uniform distribution over the interval [a, b]

pdf of random variable z uniformly distributed over

the interval [a, b] [Subsection 1.4.5]

variance

the sequence z(j), j = 1, ..., k [Subsection 2.2.1]

scalar zero, zero (null) vector, zero (nuil) matrix

empty set, impossible event [Subsection 1.4.1]
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1 unity, or a (column) vector with all elements unity
1(+) unit step function
transposition (of a matrix or a vector) [Subsection 1.3.1]
) complex conjugate and transposed [Subsection 1.4.23]
z expected value of = [Subsection 1.4.5],
z estimate of = [Subsection 2.2.1],
T error corresponding to the estimate of x [Subsection 2.2.1],
A complement of set (or event) A [Subsection 1.4.1]
v for all
(19 conditioning (for probabilities, estimates or covariances)
|- determinant (of a matrix)
|- magnitude (of a scalar)
II-1l norm of a vector [Subsection 1.3.4]
-1 norm of a matrix [Subsection 1.3.6]
|-l norm of a random variable [Subsection 3.3.1]

L orthogonal vectors [Subsection 1.3.4]

ol orthogonal random variables [Subsection 3.3.1]

F(2)| 2= function evaluated at z = 0

[a,b] closed interval between points a and b (includes the endpoints)

(a,b) open interval between points a and b (without the endpoints)

la,b) semi-open (semi-closed) interval between points a and b

lai;] a matrix whose component at i-row j-column is a;;
[Subsection 1.3.1]

Zto,t1] the function z(t) in the corresponding interval
[Subsection 4.2.1]

{z() Y the sequence z(j), j = Jjo, - - ., j1 [Subsection 4.3.3]

{z(4),7 =Jo,....n} theset {z(jo).z(Jo+1),...,2(s1)}

() inner product of vectors [Subsection 1.3.2]

{-y) inner product of random variables [Subsection 3.3.1]

A the smallest of two variables [Subsection 10.2.4]

v the largest of two variables [Subsection 10.2.4]

> much larger than

a equal by definition

= identically equal

~ approximately equal

~ distributed as [Subsection 1.4.13]

= implies

= if and only if — implies and is implied by

3 there exists

El such that

€ element of

u logical “OR” operation (set union) [Subsection 1.4.1]

n logical “AND” operation (set intersection) [Subsection 1.4.1]

Y. gradient with respect to (the vector)
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Chapter 1

INTRODUCTION

1.1 BACKGROUND

1.1.1 Estimation and Related Areas

Estimation is the process of inferring the value of a quantity of interest from
indirect, inaccurate and uncertain observations.
The purpose of estimation can be:

e Determination of planet orbit parameters — probably the first estimation
problem — studied by Laplace, Legendre, and Gauss

e Statistical inference

o Determination of the position and velocity of an aircraft in an air traffic
control system — tracking

e Application of control to a plant in the presence of uncertainty (noise and/or
unknown parameters) — parameter identification, state estimation and sto-
chastic control

e Determination of model parameters for predicting the state of a physical
system or forecasting economic or other variables — system identification

e Determination of the characteristics of a transmitted message from noise-
corrupted observation of the received signal — communication theory

o Determination of some parameters or characteristics of a signal or image —
signal/image processing

More rigorously, estimation can be viewed as the process of selecting a
point from a continuous space — the “best estimate.”

Decision can be viewed as the selection of one out of a set of discrete
alternatives — the “best choice” from a discrete space. However, one can talk
about estimation in a discrete-valued case with the possibility of not making a
choice but obtaining some conditional probabilities of the various alternatives.
This information can be used without making “hard decisions.”
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2 1 INTRODUCTION

Estimation and decision can, therefore, be seen to be overlapping and tech-
niques from both areas are used simultaneously in many practical problems.

Tracking is the estimation of the state of a moving object based on remote
measurements. This is done using one or more sensors at fixed locations or on
moving platforms.

At first sight, tracking might seem to be a special case of estimation. How-
ever, it is wider in scope: Not only does it use all the tools from estimation,
but it also requires extensive use of statistical decision theory when some of the
practical problems (data association — “Which is my measurement?” — see
e.g., [Bar-Shalom95]) are considered.

Filtering is the estimation of the (current) state of a dynamic system —
the reason for the use of the word “filter” is that the process for obtaining the
“best estimate” from noisy data amounts to “filtering out” the noise. The term
filtering is thus used in the sense of eliminating an undesired signal, which, in
this case, is the noise.

In control systems, signals are also filtered to obtain the estimate of the state
of the (noisy) dynamic system, needed by the controller. Filtering of signals is
very commonly used in signal processing — in the frequency domain as well as
in the spatial domain. The latter is done, for example, to select signals coming
from a certain direction. INavigation is the estimation of the state of the
platform (“own ship”) on which the sensor is located.

An optimal estimator is a computational algorithm that processes ob-
servations (measurements) to yield an estimate of a variable of interest, which
optimizes a certain criterion.

In view of the above discussion, estimation can be viewed as a scheme
for information extraction and enhancement: Based on measurements
(observations), we want to maximize our knowledge about a parameter, a state,
a signal, an image, and so on.

In general, one can classify the variable that is to be estimated into the
following two categories:

>

e A parameter — a time-invariant quantity (a scalar, a vector, or a matrix)

according to a stochastic equation
Consequently, one has two classes of estimators:

e Parameter estimators
e State estimators

While some engineering texts deal mainly (or exclusively) with state estimation,
which is more general than parameter estimation, a balanced approach is taken
here. The reason it is important to understand both is that some results —
e.g., convergence and, more importantly, information limits — are more
readily available/usable for parameter estimators than for state estimators. This
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1.1 BACKGROUND 3

understanding can be helpful in choosing the type of mathematical model used
for solving practical problems.

Figure 1.1.1-1 presents a concise block diagram that illustrates state estima-
tion. In this figure the first two blocks are “black boxes” — there is no access
to variables inside them. The only variables to which the estimator has access
are the measurements, which are affected by the error sources in the form
of “measurement noise.”

System Measurement Prior
error ; i
sngPcre source information
System
Dynamic | state | Measurement | Measurement State State estimate
system i | Srate uncertainties
system 4 estimator | State uncertainties

Figure 1.1.1-1: State estimation — information extraction and enhancement.

The estimator uses knowledge about the following:

The evolution of the variable (the system dynamics)

The measurement model

The probabilistic characterization of the various random factors (distur-
bances)

The prior information

Optimal Estimation — Advantages and Disadvantages

The advantage of an optimal estimator is that it makes the best utilization of
the data and the knowledge of the system and the disturbances.

The disadvantages, like for any optimal technique, are that it is possibly
sensitive to modeling errors and might be computationally expensive. In view
of this, it is very important to have a clear understanding of the assumptions
under which an algorithm is optimal and how they relate to the real world.

1.1.2 Applications of Estimation

State estimation, in combination with dccision thcory, has a great variety of
applications. A partial list of the areas where this has found use is as follows:

e Tracking/surveillance and trajectory determination
e Navigation
e Control systems

= guidance
= attitude control
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= Sensor pointing
= steel making
= chemical, nuclear, and industrial processes, etc.

Power gugtemg
Cower systems

Failure detection

Signal processing

Image processing
Communications

Biomedical engineering
Operations research
Mapping via remote sensing
Geophysical problems

Fluid flow rate measurement
Econometric systems

= macroeconomic models
= microeconomic modeis

e Demographic systems

1.1.3 Preview of Estimation/Filtering

This subsection will present a bird’s-eye view of estimation, from the the Least
Squares technique originated by Gauss and Legendre for parameter estimation
in astronomical studies (motion of heavenly bodies) to Kalman filtering for

state estimation. All this will be done without mathematics, to illustrate the
1

concepts.

Estimation is the process of inferring the values of some parameters that
characterize, e.g., the motion of a heavenly body (the six parameters of planetary
motion — 3 position and 3 velocity — evolving in a predictable manner) or
the state of an object, e.g., an aircraft (evolving in a not completely predictable
manner).

Gauss made the following (philosophical) observations on the (physical)
observations that could be made on the planetary motion:

o If the observations were absolutely correct, the parameters could be deter-
mined with perfect accuracy from a minimum number of observations (n
observations for n parameters).

e Then subsequent observations would confirm, but not correct, the values
obtained for the parameters.

The alternative title for this subsection could have been “Kalman Filtering for Dummies.” This material could
be used by readers eager to show their spouses how they make a living; however, we assume no responsibility for
the possible ensuing marital problems.
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e But, since the observations are only approximations of the truth, we should
combine morc observations than the minimum to determine more accurately
the unknown quantities.

e Thus, starting with approximate knowledge, we can correct it with subse-
quent observations so as to satisfy all the observations in the most accurate
manner possible.

The above (philosophical) observations lead to the following implications:

e A basic description (model) of the “system” is available with some unknown
parameters to be estimated.

e Redundant data are required to reduce the effect of measurement errors.

e To satisfy all the observations in the most accurate manner possible, the
“residuals” (differences between the observed values and the values predicted
from the estimates) should be as small as posible.

e Inaccuracy of observations necessitates probabilistic modeling.

o Combination of the initial knowledge and the subsequent observations leads
to the recursive algorithm concept.

Estimation theory provides a systematic approach to deal with the discrep-
ancies in different measurements on the same object.

There are a number of estimation problems that will be brieflly outlined
below.

The Least Squares (Gauss-Legendre) Problem

If the observations consist of

s linear combinations of the parameters of interest, in the presence of addi-
tive errors (noise) assumed to be zero-mean Gaussian random variables,

then the

e minimization of the sum of the squares of the residuals (errors) in fitting
the data namely, the least squares (LS) of the difference between the model
and the observations,

is equivalent to the

e maximization of the likelihood function of the parameters (the probabil-
ity density function of the measurements conditioned on the unknown
parameters).

Ex.-1030 - ADB Safegate et al.
ADB Safegate et al. v. Honeywell International Inc. - PGR2023-00053
Page 26
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The Wiener-Hopf Problem

The variables to be estimated are not constant but time-varying: The objective
is to estimate a random process.

The process to be estimated, z(t), is assumed stationary (typicaily, zcro-
mean) and with known autocorrelation. The cross-correlation between this
process and the observations z(t) is assumed also known.

The solution that yields the estimate Z(t) of the process, obtained in the
frequency domain as a transfer function W, (s) via Fourier transforms, so as to
minimize a mean square error is the Wiener filter. This is illustrated in Fig.

1.1.3-1.
Noise
Process | Measurement Observations | Wiener Filter Process Estimate .
2(t) System 2(t) Wo(s) Z(t)

Figure 1.1.3-1: The Wiener filter — linear time-invariant system with transfer function W, (s).

The Kalman-Bucy Problem

The object of the estimation is a random process, which is not necessarily
stationary. Its characterization is given by a linear differential (or difference)
equation with known coefficients — the state equation of a dynamic system.
Random disturbances affect the evolution of the process (process noise). The
process is observed in the presence of measurement errors (measurement noise).

The solution obtained (in the time domain) so as to minimize a mean square
error is the Kalman-Bucy or Kalman filter.

Solution to the Least Squares Estimation Problem

The standard (batch) solution to the Least Squares Estimation (LSE) problem
consists of the following:

e Given k measurements (each an m-vector) of a constant parameter (an n-
vector), the LS estimate of the unknown parameter is obtained by process-
ing simultaneously the entire measurement set (a km-vector).

e To obtain the new estimate of the parameter when one gets a new mea-
surement (the (k + 1)th m-vecior), one reprocesses the entire data, a
(k 4 1)m-vector, i.e., a new problem of larger size is solved.
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The batch LSE solution can be rewritten (if the noise components in the &
sets of measurements are uncorrelated) as a recursion

(estimate) 1 = (estimate),, + (weighting)s1 x (residual)zy;
where k is the time index, (-); indicates the value at time k and

(residual),; = (measurement);
— (predicted measurement);; based on (estimate)j,

The size of this problem is the same for every k.

The accuracy of the estimate also obeys a recursion; that is, the “precision”
of the estimate (the inverse of the parameter mean square error — MSE) evolves
according to

(precision),1 = (precision);
+ (information about the parameter in measurement);1

Thus the “precision” increases (the MSE or variance decreases) strictly if

the measurements contain information about the parameters — if the parameters
are observable.

If the parameters are constant, as k — oo one accumulates an unlimited
amount of information and the error in the estimates decreases to zero — the
LSE converges to the true value. As the MSE in the estimate decreases, so does
the weighting in the recursion: as the confidence in the estimates grows, new
data are weighted less and less.

Estimation of the State of a Linear Stochastic Dynamic System
A realistic model for the state of a system has typically

e an imperfect initial estimate
e an imperfectly predictable evolution (a stochastic disturbance affects its dy-
namics — the process noise)

adflashr Hrasmmancnveinant sndsl fe e Tallacoas
Slially, uic MmCasurcCIiicIit mouct 1S a5 10110WS.

e Only some state components (or combinations of them) are observed.
e These observations are inaccurate — corrupted by measurement noise.

The evolution model for the state (discrete time dynamic equation) is as
follows:

(state)r+1 = (linear function of the state), + (process noise)y

where £ is the time index and (-); indicates the value at time k.
The observation process (measurement equation) is

(measurement);, = (linear function of the state);, + (measurement noise)y
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8 1 INTRODUCTION

The two noise sequences are assumed to have known means (typically zero)
and variances (covariance matrices in the mutidimensional case), uncorrelated
in time and from each other.

The (discrete time) Kalman filter (KF) computes the best estimate of the
current state (in the minimum mean square error sense) based on the measure-
ments up to the current time, denoted as (state estimate);. The KF recursion
is as follows:

(state estimate)y1 = (predicted state)g - + (weighting)gi1 x (residual)gyg
where k£ + 1~ denotes “just before time &k + 17 and
(residual)i1 = (measurement)41 — (predicted measurement)y.1-
The LSE recursion is remarkably similar:

(parameter estimate);;1 = (parameter estimate)y,
+ (weighting)r.; X (residual)gsq

The accuracy of the estimate (precision — inverse of the variance) is as
follows:

(precision) 41 = (precision) -
+ (information about the state in measurement);

The filter gain reflects the relative accuracy of the predicted state vs. the
new observation. The new (updated) state estimate is the optimal combination
of

o the entire past data (with the predicted state being the sufficient statistic)
and

e the latest measurement

The sequence of the operations in the KF is outlined in Fig. 1.1.3-2. The
calculations involving the state estimate use the measurements and have to be
done in real time. However, the calculations involving the variances (covariance
matrices in the mutidimensional case) are data-independent and can be done
off-line (before the data are obtained). The variance of the estimates (their
“precision”) can be precomputed using the statistical description (variances) of
the noise components entering into the system and the initial state variance.

Illustration for Tracking a Moving Point

Figure 1.1.3-3 illustrates graphically the statc cstimation process for a point
moving with a nearly constant velocity along the « axis. The state vector
consists of position = and velocity &, with estimates & and z, respectively. The

Ex.-1030 - ADB Safegate et al.
ADB Safegate et al. v. Honeywell International Inc. - PGR2023-00053
Page 29



1.1 BACKGROUND 9

(state estimate)y,

(variance of state)y,

(predicted state);., ;- (var. of predicted state);.-
| |

(predicted measurement )~

(var. of predicted meas.) -

I

o (measurement )4,

(filter gain)g41

I

I

(state estimate) 41

(variance of state)y.;

Figure 1.1.3-2: Sequence of operations in the KF.

covariance mairix of the state is denoted by P and it indicates the uncertainty
region around the estimated state where the true state lies with high probability.
The measurement is

Zk+1 = Tpy1 + (Measurement noise) 1
The new position estimate will be between the observed and predicted values:
Zpp1 < D1 < Tt1-

Assuming that at time & + 1 the measured position is behind the predicted

2k41 — Tpy1- <0
the new velocity estimate will be less then the predicted one:

Tp1 < Tgy1-

Under stationarity (and state observability) conditions, the variance of the
estimates converges to a steady-state value, as illustrated in Fig. 1.1.3-4, where
the prediction and updated variances are shown.

Remarks

The KF is a stochastic counterpart of the (deterministic) state observer.
When the covariance is in steady state, the KF gain becomes a constant —
such filters (for “nearly constant velocity” motion models) are known as a-3

filters.
Tha ianar Filiar 1o o Fraqnianos Arain ranvacantation of tha atandy_atata
The Wiener filter is the frequency domain representation of the stcady-state

Ex.-1030 - ADB Safegate et al.
ADB Safegate et al. v. Honeywell International Inc. - PGR2023-00053
Page 30



10 1| INTRODUCTION
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Figure 1.1.3-3: Illustration of the state estimation process.

The sampling interval (time between successive measurements) does not
have to be constant in the KF.

Nonstationary disturbances (e.g., measurement noise with time-varying in-
tensity) can be accomodated easily by the KF algorithm.

1.1.4 An Example of State Estimation: Vehicle Collision Avoidance

This subsection introduces the problem of state estimation for a dynamic system
by considering the estimation of distance and speed between two vehicles as it
arises in a collision avoidance system.

An algorithm is presented that estimates the distance (range) between two
vehicles and their relative speed (range rate), based on imperfect (noisy) mea-
surements of the distance between them. This algorithm is a simplified version
of the Kalman filter, known as the «-3 filter. It can also be viewed as a
state observer [Chen84], which, based on observations of one state component,
reconstructs (estimates) the entire state vector.

Define the state vector consisting of range r and range rate 7 as

Ty
1)

T =

;] (1.1.4-1)

Assuming a constant speed (constant range-rate), the state equation is, for
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1.1 BACKGROUND 11
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Figure 1.1.3-4: Evolution of the variance of the estimate with time.

k 1T
ae) = [ T [T T o= 1) = o — 1) (1.1.42)
A I
where the system matrix is
1T
F = [0 1 ] (1.1.4-3)

The measurement is
y(k) = z1(k) = r(k) = [1 0]z (k) = Hz(k) (1.1.4-4)
where the measurement matrix is

— 1 0 (11 A48\
SEEERY \1.1.9-3)

In truth, the measurement is a “corrupted ” (noisy) version of (1.1.4-4), i.e.,
y(k) = Hz(k) + w(k) (1.1.4-6)

where w(k) is the (range) measurement error.
Similarly, the state equation should reflect an acceleration, denoted as u,
namely,

={0 1

Using (1.1.4-2) instead of (1.1.4-7), since we do not know u, as the “motion
model” for the estimation problem leads to motion modeling errors.

2(k—1) + [T;/Q } w(k — 1) (1.1.4-7)

The Estimator

In view of the fact that there are both measurement errors and motion modeling
errors, we shall calculate the “estimate” Z(k) of the state vector z(k) via the
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12 | INTRODUCTION

following algorithm, which is a simplified form of the Kalman filter, known as
the a-(3 filter (see Chapters 5 and 6).

#(k) = z(k) + Wy(k) — 5(k)] (1.1.4-8)
where Z(k) is the “predicted state” at time & from k — 1

ww-ssemy - [} T]ow-v-[3 7] 23]

_ [ A=)+ TPk -1)
= { k- 1) (1.1.4-9)
and (k) is the “predicted measurement” at & from k£ — 1
g(k) = HZ(k) = [1 0]F(k) = #(k — 1) + T7(k — 1) (1.1.4-10)
The difference between the measurement (observed range) and its predicted
value
y(k) — y(k) = y(k) — Hz(k) (1.1.4-11)
is the “residual,” which is multiplied (weighted) by the “filter gain”
w=| 5 14
[ 3 /T] (1.1.4-12)

The residual multiplied by the gain is used in (1.1.4-8) to “correct” or “update”
the predicted state to obtain the new estimate Z(k). The filter (1.1.4-8) can be
seen as a predictor-corrector algorithm.

The (dimensionless) constants o and [ are such that 0 < o < 1 and 0 <
( < 2. The filter gain coefficients o and [ define the - fiiter (1.1.4-8).

The breakdown of the state estimation equation (1.1.4-8) for its two com-
ponents r and 7" is

k) =7k — 1) + Tr(k — 1) + afy(k) — 5(k)] (1.1.4-13)
r(k) = r(k—1) + ,?,[y(k) — (k)] (1.1.4-14)

The intuitive interpretation of (1.1.4-13) is as follows:

o If the predicted range is larger than the measured one, the residual will be
negative and a negative correction is made with gain o < 1 to obtain the
new estimated range.

o If the predicted range is smaller than the measured one, the residual will be
positive, and a positive correction will be made.

Similarly, the range rate (1.1.4-14) is corrected downward for a negative
residual and upward for a positive one. Also note that the residual has the dimen-
sion of length and, when multiplied by 3/7, its dimension becomes length/time,
i.e., velocity.
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1.1 BACKGROUND 13
A Deterministic Error Analysis

Assuming a constant acceleration (or deceleration) u, the state equation is, based
on (1.1.4-7), given by

z(k) = Fz(k— 1)+ Gu (1.1.4-15)
where 2
T=/2
G:[ . } (1.1.4-16)
reflects the effect of the acceleration u on the range (u7?/2) and on the range
rate (uT).

Assuming the measurements to be given by (1.1.4-4), i.e., neglecting mea-
surement errors, the evaluation of the effect of the acceleration on the errors in
the range and range-rate estimates is carried out next.

The error is defined as the difference between the actual value and the
estimate, namely,

e’
£\

N — (B AL
fof ="k v) S
1

k) (1.14-17)
From (1.1.4-8), using (1.1.4-9) and (1.1.4-10), the estimate is given by
(k) =Fi(k—1)+W[y(k) — HFz(k — 1)] (1.1.4-18)
Substituting (1.1.4-4) for y(k) in the above yields
(k) = Fi(k — 1)+ WHz(k) — Fi(k — 1)) (1.1.4-19)
Substituting (1.1.4-15) for z(k) in the above yields
(k) =Fi(k—1)+WH[Fz(k— 1)+ Gu— Fz(k — 1)] (1.1.4-20)
or, using notation (1.1.4-17),
#(k)=Fi(k—1)+WHF&(k — 1)+ WHGu (1.1.4-21)
Subtracting (1.1.4-21) from (1.1.4-15) yields
z(k)—&(k)=Fe(k—1)+Gu— Fi(k—1) - WHFz(k—1) - WHGu

(1.1.4-22)
which can be rewritten as

i(k) = [I - WH|F&(k — 1) + [[ - WH]Gu (1.1.4-23)

Note that the dynamic equation obeyed by the error Z is a state equation
with system matrix
—a (1—a\T1
a (1—a)l

A (1.1.4-24)
Y

F:[I—WH]F:[l
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14 1 INTRODUCTION

and input with gain

5 - a)T?/2
G_[I~WH1G_{ (1-8)r ] (1.1.4-25)
ie.,
i(k) = Fz(k— 1)+ Gu (1.1.4-26)

It can be shown that the inequalities indicated earlier for o and /3 guarantee
that the matrix F' above is stable, i.e., it has eigenvalues inside the unit circle.

6 3: ti =
In other words, for a constant “disturbance” u, the error (k) converges to a

steady-state value I, which is given by the expression

l=apm2
}u (1.1.4-27)

T =(I—F) 'Gu= [%QT
For u = 5m/s?, T = 0.1s, o = 0.75, 8 = 0.5, one obtains 7y, = 0.39m,
Fos = 0.5m/s.

Frequency Domain View of Estimation: The Bandwidth of a Filter

Based on (1.1.4-23), one has the following z-domain transfer function from the
input to the error I:

H(z) = )ffzz = (I - B)1C (1.1.4-28)
Uiz,
With the above numbers,
. 1025 0.025] - 10.005] ]
F= { e uE } G= [ 83 } (1.1.4-29)

the transfer function from the input to the position component error is

- Xu(z) 0.005z
mE) =3y = 2 om v 05 (1.1.4-30)

The two poles of H;(z) have magnitude 1/2, i.e., this is a stable transfer function.

Figure 1.1.4-1 shows the plot of the magnitude of the above transfer function
for the range of frequencies [0, %] (the upper limit is the point for which
the Nyquist frequency is the sampling frequency). It can be clearly seen that
this is a low-pass filter with a bandwidth (based on the half-power point) of
approximately 2 Hz.
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12 SCOPE OF THE TEXT 15
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Figure 1.1.4-1: The frequency response of the state estimation filter.

1.2 SCOPE OF THE TEXT

The objectives of this text are to present the fundamentals of state estimation
theory and the tools for the design of state-of-the-art algorithms for target track-
ing and navigation.

The text covers the basic concepts and estimation techniques for static and
dynamic systems, linear and nonlinear, as well as adaptive estimation. This
constitutes a one-semester graduate course in estimation theory in an electri-
cal/systems engineering program.

Special emphasis is given to the statistical tools that can be used for the
interpretation of the output from stochastic systems. These are key tools for the
assessment of the performance of state estimation/tracking filters — in simula-
tions as well as in real-time implementation.

The discussion deals mainly with discrete time estimation algorithms, which
are natural for digital computer implementation. Also, typically, sensors pro-
vide observations in discrete time. The basic state estimation algorithm — the
Kalman filter — is presented in discrete as well as in continuous time.

The use of the estimation algorithms is illustrated on kinematic motion mod-
els because they reveal all the major issues and, in particular, the subtleties
encountered in estimation. Also this serves as an introduction to tracking.

Guidelines for the design of tracking filters, namely,

e selection of the filter design parameters

e selection of the type of filter — nonadaptive (single model based) vs. adap-
tive (multiple model based)

are given and illustrated in several examples. Most of the examples are run with
the companion software DynaEst™ *'; also, a step-by-step demonstration of how
to use DynaEst™ is provided.
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16 1 INTRODUCTION
Prerequisite Material

The linear algebra tools that form the backbone of the state space analysis
techniques used in estimation/tracking are presented in Section 1.3 together
with some useful results from linear systems. Matrix notation will be used
throughout this text — every quantity should be considered a matrix, unless
otherwise stated.

A review of the (ools from probability theory and random processes? is
presented in Section 1.4.

Section 1.5 reviews statistical hypothesis testing and presents some use-
ful statistical tables for the chi-square and the normal (Gaussian) distributions.
Particular attention is given to the concept of statistical significance, which,
while common in the statistics literature, has not received much attention in the
engineering literature.

These review sections cover all the background material needed for the text
and the basic concepts are illustrated by examples. This might be used as a

necessary to understand the main material of the text.

1.2.2 Overview and Chapter Prerequisites

In the following an overview of the text is given with the prerequisite to each
chapter.

Review of Background Techniques (remainder of Chapter 1)

¢ Linear algel
e Probability theory and stochastic processes
e Statistics

Ta

Basic Concepts in Estimation — Chapter 2 (prerequisite: 1)

e Estimation techniques (ML, MAP, LS and MMSE)
e Properties of estimators
e Limit of existing information in the data

Linear Estimation in Static Systems — Chapter 3 (prerequisite: 2)

e Techniques (LMMSE, recursive LS and prelude to Kalman filtering)
e Application to polynomial fitting

Linear Dynamic Systems with Random Inputs — Chapter 4 (prerequisite: 1)

e Models — continuous and discrete time state space models
e Response of dynamic systems to random inputs

2Probability demonstrates both our knowledge as well as our ignorance.
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1.2 SCOPE OF THE TEXT 17

State Estimation in Discrete-Time Linear Dynamic Systems — Chapter 5 (pre-
requisites: 3, 4)

The Kalman filter and its properties

Use of the companion software DynaEst™ to design and evaluate a KF
Consistency of state estimators

Initialization — in simulations and in practice

Estimation for Kinematic Models — Chapter 6 (prerequisite: 5)

Types of kinematic models

Exnlicit filters and the taroet maneuvering index

LXP:ICI IIRCTS and N argel mancuvering inaex

Filter design and system performance prediction
Sampling interval selection (system design)

Computational Aspects of Estimation — Chapter 7 (prerequisite: 5)

e The Information filter
e Scquential update
e Square-root filtering

Extensions of Discrete-Time Linear Estimation — Chapter 8 (prerequisite: 5)

Correlated process noise

Cross-correlated process and measurement noise sequences
Correlated measurement noise

Prediction

Smoothing

Continuous-Time Linear State Estimation — Chapter 9 (prerequisite: 5)

The Kalman-Bucy filter and its properties
Prediction

Poanlivs barmann matissmnttaeg as
Uudllly UCLWCCI1 Coliliatiivll alx

The Wiener-Hopf problem

o
o
[«}
=
=

e @

State Estimation for Nonlinear Dynamic Systems — Chapter 10 (prerequisite:
5)

Optimal estimation
Suboptimal estimator — the extended Kalman filter (EKF)

Practical issues in implementation
Trajectory estimation via dynamic programming

Adaptive Estimation and Maneuvering Targets — Chapter 11 (prerequisite: 5)

e White and colored noise models
e Input estimation
e Variable state dimension filtering

Ex.-1030 - ADB Safegate et al.
ADB Safegate et al. v. Honeywell International Inc. - PGR2023-00053
Page 38



18

1 INTRODUCTION

Comparison of several methods

The multiple model approach — static and dynamic, the Interacting Multiple
Model (IMM) estimator

Use of the companion software DynaEst™ to design and evaluate an IMM
estimator

An air traffic control (ATC) tracking algorithm design example with the
IMM estimator

Estimator selection — nonadaptive vs. adaptive

Use of the EKF for parameter estimation

Estimation for Navigation Systems — Chapter 12 (prerequisites: 5 and, for the
last part, 11)

Inertial navigation systems (INS)

Global Positioning System (GPS)

Combination of INS and GPS

Use of the KF and IMM estimator for GPS navigation

At the end of each chapter, a number of problems that enhance the understanding
of the theory and connect the theoretical material to the real world are given.

The sequence of prerequisites is illustrated in Fig. 1.2.2-1.

e G — B o L) e N — —

Figure 1.2.2-1: Sequence of chapter prerequisites.

Two major examples of realistic systems are presented:

A bearings-only target localization from a moving platform based on the
Maximum Likelihood technique

An ATC probiem for tracking maneuvering aircraft using an adaptive esti-
mation technique (the IMM estimator)
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1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS 19

As part of the problems at the end of Chapter 3, a project is given to develop
an interactive program for the first example listed above.

A major term project that involves a realistic ATC tracking problem (with
nonlinear measurements from a radar — range and azimuth) is given at the end
of Chapter 11. The sequence of prerequisites for this is Chapters 1-6, Section
10.3 and Section 11.6.

An alternative major term project that involves a realistic ATC navigation
problem with GPS is given at the end of Chapter 11. The sequence of prereq-
uisites for this is Chapters 1-6, Section 10.3 and Sections 12.6-12.8.

1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS

1.3.1 Definitions and Notations

A matrix of dimension n X m is the two-dimensional array

aixy o Aim
A:[ai]‘]: oot } (1.3.1-1)

Qp1 " Qpm
The first dimension is the number of rows, and the second dimension is the
number of columns. The elements of A will be denoted as a;; or as A;;.

An n-dimensional vector is the one-dimensional array (n X 1 matrix)
ay
A
= col(a;) (1.3.1-2)

a.,
[

In this text all vectors will be column vectors.
Transposition of a matrix or vector will be denoted by an apostrophe.
The transpose of the matrix (1.3.1-1) is

a

aix crc Gnl
A':[aji]:{ o § ] (1.3.1-3)
Lamm - anm |
With this notation one can write the column vector (1.3.1-2) as
a=la - ay) (1.3.1-4)
The row vector obtained from transposing (1.3.1-2) is
ad =lay - a (1.3.1-5)
A (squarc) matrix is said to be symmetric if
A=A (1.3.1-6)
- Aj5 = Qjj \V/’L,] (131-7)
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20 1 INTRODUCTION

1.3.2 Some Linear Algebra Operations

Addition of matrices and the multiplication of a matrix by a scalar are defined
as follows. With « and (3 scalars, the matrix

C=aA+ 3B (1.3.2-1)
has elements given by
cij = awagj + Bbyj i=1,...,n; j=1,...,m (1.3.2-2)

where all the matrices have the same dimension n x m.
The product of two matrices

has elements

where A is n X m, B is m x p, and the result C is n x p. The matrix product
is, in general, not commutative.
The transpose of a product is

C'=(AB) =B'A (1.3.2-5)

Thus, if
Ab=c¢ (1.3.2-6)
where Ais n xm. bism x 1 (ie.. an m-vector) and ¢ is n X 1 (n-vector). then
where A is n xm, bis m x 1 (i.e., an m-vector) and ¢ is n X 1 (n-vector), then
d=vA (1.3.2-7)

where ¢’ is 1 x n (n-vector in row form), etc. The inner product of two
(real) n-vectors in a Euclidean space is

n
(a,b) 2ab=Y ab; (1
i=1

3.2-8)

The inner product has a counterpart in probability theory where it is used for
random variables, which can be looked upon as vectors in a suitable space. This
has applications in linear minimum mean square error estimation.

The outer product of two vectors is the matrix

(lb/ =C= [Cij] with Cij = aib]‘ (132—9)

The trace of an n x n matrix is the sum of its diagonal elements

tr(A) 2 3" a; = tr(4)) (13.2-10)

i=1
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1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS 21

It can be easily shown?® that if A is m x n and B is n x m, then

tr(AB) = tr(BA) (1.3.2-11)
For example, if a and b are both n-vectors, then
a'b = tr(a'b) = tr(bd’) (1.3.2-12)

The first equality above is due to the fact that the trace of a scalar is itself.
It can be shown* that for matrices of suitable dimension,

tr(ABC) = tr(BC A) = tr(CAB) (1.3.2-13)

that is, the trace is invariant under circular permutations in its argument. A
(square) matrix is idempotent if and only if ° for all positive integers n

A=A (1.3.2-14)

The square root of the square matrix A is the (in general, nonunique)
matrix A2, such that
AV2AV2 = A (1.3.2-15)

A symmetric matrix A can also be decomposed as
A=CC' =LDL (1.3.2-16)

where C is lower triangular (with zeros above the diagonal), L is unit
lower triangular (with zeros above the diagonal and units on the diagonal)
and D is diagonal. The first decomposition above is the Cholesky factor-
ization whereas the last form above is known as the LDL' factorization,
or, since L' = U is a unit upper triangular matrix, the LDU factorization.

1.3.3 Inversion and the Determinant of a Matrix

The inverse A~' of the n x n matrix A is such that

ATlA=1 (13.3-1)
where
1 @ e )
I= 0 1 0 £ diag(1) (13.3-2)
00 -1

3Also known in mathematical circles as the ICBES argument.
4Also known in mathematical circles as the ICBS argument.
5The standard shorthand for “if and only if” in mathematical texts is “iff”
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22 1 INTRODUCTION

is the identity matrix of the same dimension as A.
The inverse is given by the expression
=1 1 !
AT =—C (1.3.3-3)
4]
where C, called the adjugate of A, is the matrix of cofactors of A and |A|
is the determinant of A. The cofactor (i, j) of A is the determinant of the
matrix A without its row ¢ and column j, multiplied by (—1)**/.

The inverse of a (square) matrix exists if and only if its columns a;, i = 1,
..., n (or its rows) are linearly independent, that is,

n
3 aya; =0 — =0 i=1,...,n (1.3.3-4)
i=1

where 0 denotes the zero vector (of dimension n). This is equivalent to the
determinant in (1.3.3-3) being nonzero.

An invertible matrix is also called nonsingular.
The determinant of an n X n matrix multiplied by a scalar is

|ad| = a™|A] (1.3.3-5)

This is useful in writing the probability density function of Gaussian random
vector.

Inversion of a Partitioned Matrix

The inverse of the (nonsingular) n x n partitioned matrix

-1
[Pll Py :{Vu Vlz] (1.3.3-6)
Py P Vor Vao '
where P.: 1S m: X n:. Pio 1S m: X Mo, Ps: 18 no X M1, Pss 1S My X no and
WOLre I 18 1y ni, 2 81y N2, 21 18 N2 Ny, f22 18 N2 2 ang

ny + ny = n, has the partitions

Vin = P1—11 + P1_11P12‘/22P21P1_11 =(Pu— P12P2—21P?1)*1 (1.3.3-7)
Vig = —P' PioVay = = Vi1 Pio Py (1.3.3-8)
Vor = Ve Pu Py = — Py PuViy (1:3:3)

Vag = Pyy! + P! PVi1 P Pyy' = (Pyy — Py Pp') 'Pia (1.3.3-10)
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1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS 23
The Matrix Inversion Lemma

Another useful result is the following identity known as the matrix inversion
lemma,

(P'+HR'H)'=P— PH'(HPH + R)'HP (1.3.3-11)
where Pisn xn, His m xn, and R is m X m.
An alternative version of the above is
(A+BCB) = A —A"'B(BA'B+C ) 'BA™"  (133-12)

It can be shown that (1.3.3-6) to (1.3.3-10) and (1.3.3-11) hold by verifying
that the corresponding multiplications will yield the identity matrix.

These results have direct application in the derivation of the recursive form
of the least squares estimation of parameters as well as in linear estimation for
dynamic systems — they yield various forms of the Kalman filter.

1.3.4 Orthogonal Projection of Vectors
The inner product of a vector with itself
llal® (1.3.4-1)

is the squared l; norm of this vector. This applies for the inner product defined
in (1.3.2-8) or for any other properly defined inner product. The /; norm is the
magnitude of the vector or its length.

The Schwarz inequality states the following relationship between the
magnitude of the inner product of two vectors and their norms

[{a.5)1 < la fel (1342)

Two vectors are orthogonal, which is denoted as

alb (1.3.4-3)
if
(a,b) =0 (1.3.4-4)
The orthogonal projection of the vector a on b is
(a,b)
I = b 1.3.4-5
b(a) “bllz ( )

It can be easily shown that the difference vector between a and its orthogonal
projection on b is orthogonal on b, that is,
la —Iy(a)] LD (1.3.4-6)

Figure 1.3.4-1 illustrates this.
The orthogonal projection is used to obtain the linear minimum mean square
error (LMMSE) estimates of random variables.
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1,(a)
Figure 1.3.4-1: Orthogonal projection of vector a on vector b.
1.3.5 The Gradient, Jacobian and Hessian

The gradient operator with respect to the n-vector z is defined as

0 a4
o= |5 8%} (1.3.5-1)
The gradient of an m-dimensional vector-valued function f(z) is
[ ] [0f . Ofm]
6$1 61‘1 6m1
Vof@)=| + [[A@) - fm@]=] : -~ (1.3.5-2)
4 Oh .. Ofm
ox, oz, oz,
The transpose of the above is the Jacobian matrix, an m X n matrix in
this case
of . oA
(91'1 an
@2 @y =] (13.53)
o Ofm 0fm
or, O,
The dimensions m and n are usually (but not necessarily) equal.
It can be easily shown that
Ver' =1 (1.3.5-4)
and, if A is a symmetric matrix,
V.(z'Az) = 2Ax (1.3.5-5)
The Hessian of the scalar function ¢(x) with respect to the n-vector z is
9% 8¢
2 Ox10x, 9,0z,
boalz) 2 2 0“; @) _ovem=| : - ; (1.3.5-6)

0% 0%
0z,01; Oz,0x,
which is, obviously, a symmetric n x n matrix.

l'hese results are used In the linear estimation of the state of nonlinear
systems via series expansion.
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1.3.6 Eigenvalues, Eigenvectors, and Quadratic Forms

Eigenvalues and Eigenvectors
The eigenvalues of an n X n matrix A are the scalars \; such that
Aui :)\iui 1= ].,..‘,TL (136-1)

where the vectors u; are the corresponding eigenvectors. If the eigenvalues
are distinct, then there are n eigenvectors; otherwise the number of the iineariy
independent eigenvectors might be less than n.

A matrix is nonsingular if and only if all its eigenvalues are nonzero.

1Is eigenvalues are

This follows from the fact that its determinant is the product of its eigenvalues
n

Al =TI M (1.3.6-2)
i=1

The rank of a (not necessarily square) matrix is equal to the number of its
linearly independent rows or columns. For a square (n x n) matrix, this equals
the number of its nonzero eigenvalues.

A nonsingular matrix must have full rank. In the case of a full rank n x n
matrix, its columns (and rows) span the n-dimensional space.

Sl anl e P smal e aaaa

The t:lgcuvalues of a real matrix can be real or umup}ex; however, a Symi-
metric real matrix has only real eigenvalues.
It can be shown that the trace of a matrix equals the sum of its eigenvalues

el =5 A (13.6:3)
i-1

An idempotent matrix, defined in (1.3.2-14), that is, with the property
AA=A (1.3.6-4)

has eigenvalues that are either zero or unity.

Quadratic Forms

The (scalar) function of the real vector
q=1'Az (1.3.6-5)

is called a quadratic form. It can be easily shown that, without loss of
generality, in a quadratic form the matrix A can be considered symmetric.

A positive (semi)definite quadratic form is one which is positive
(nonnegative) for all nonzero vectors .

A positive (semi)definite matrix is one for which the quadratic form
(1.3.6-5) is positive (semi)definite. This can be summarized as follows:

A>0 &= Az >0 Vx#£0 (1.3.6-6)
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A>0 = TAz >0 Yo #0 (1.3.6-7)

If the matrix A is positive definite, the expression on the right hand side of
(1.3.6-5) can also be called the squareQd norm with respect to A of the
vector z and denoted sometimes as ||z||%.

A matrix is positive (semi)deﬁniteAif and only if all its eigenvalues are
positive (nonnegative).

The inequality of two matrices is defined as follows: the matrix A is
smaller (not larger) than the matrix B if and only if the difference B — A is
positive (semi)definite. The outer product of a vector with itself, aa’, called a
dyad, is a positive semidefinite matrix (it has rank one).

The sum of dyads of n-vectors a; with positive weights

_ m
A=Y waa; a; >0 (1.3.6-8)

i=1

is (at least) positive semidefinite. If the vectors ai, ..., a, span the n-
Aivmnnainnal gamana in wwhinh caca ~ana nanda 22 S a0 than (1 2 £ Q) ig nnagi
ulciniviial ayavc, 1 wineil vadt vl uccud Jie < I, uaen \A.J.U'O} 1 PUDI'
tive definite. The spectral representation of an n x n matrix that has n

eigenvectors is
n

A= Z )\ﬂ_Ll’U; (136-9)
i=1
where \; are its eigenvalues, u; are its eigenvectors, and v;, i = 1, ..., n, is the
reciprocal basis, that is,
1 ifi=j
Uy = 6 = { 0 i 74;. (1.3.6-10)
The vectors v; arc the columns of the inverse of the matrix consisting of the
eigenvectors u; as rows.
If the n x n real matrix A is symmetric with nonzero eigenvalues, it will
always have n eigenvectors that are orthogonal. Furthermore, in this case,

Thus, the spectral representation of a symmetric real n X n matrix A is

n
A=Y Nuu; (1.3.6-12)
i=1
The condition number of a positive definite symmetric matrix is (usually
taken as) the common logarithm of the ratio of its largest to its smallest eigen-
value:
A )\maz
r(A) & logy, (1.3.6-13)
Am'm
Large condition numbers indicate near-singularity (e.g., x > 6 for a 32-bit
computer indicates an ill-conditioned matrix).
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1.3 BRIEF REVIEW OF LINEAR ALGEBRA AND LINEAR SYSTEMS 27

The (induced) norm of a matrix is

4] 2 maee 1221 (1.3.6-14)
20 ||
A consequence of the above and the Schwarz inequality is
[ Az|l < [IA]| [|| (1.3.6-15)
Also
IAB] < lA]l | B]] (1.3.6-16)

1.3.7 Continuous-Time Linear Dynamic Systems — Controllability and
Observability

The State-Space Representation

T S, P X I VA I 3 W

he state space representation of continuous-time linear s
(t) = A(t)z(t) + B(t)u(t) (13.7-1)

where

z(t) is the state vector of dimension n,,

u(t) is the input (control) vector of dimension n,

A(t) is an n, X n, matrix, called the system matrix,

B(t) is an n, x n, matrix, called the (continuous-time) input gain.

Equation (1.3.7-1) is known as the dynamic equation or the plant

equation.
The output of the system is, in general, a vector
2(t) = C(t)z(t) (1.3.7-2)
of dimension n, and C a known n, X n, matrix, called the measurement
matrix.

Equation (1.3.7-2) is known as the outpu uation or the measu

ment equation.
Given the initial condition z(ty) and the input function denoted as

Uy = {u(r), to < 7 < t} (1.3.7-3)
one can compute the future output at any time { > ¢
2(t) = z[z(to), ujsy. 1), t, to] (1.3.7-4)

The state (of a deterministic system) is defined as the smallest dimension
vector that completely summarizes the past of the system.
A continuous-time system is linear time-invariant if it is described by

(1.3.7-1) and (1.3.7-2) with A(t) = A, B(t) = B, and C(t) = C.
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Controllability

A continuous-time (deterministic) system is completely controllable if,
given an arbitrary destination point in the state space, there is an input function
that will bring the system from any initial state to this point in a finite time.

For a linear time-invariant system, the controllability condition is that the
pair {A, B} is controllable, that is, the controllability matrix

Qc2[B AB ... A™"1p] (1.3.7-5)

has full rank, which in this case is n,, the lower of its two dimensions (the
other is n,;n,).

Observability

A continuous-time (deterministic) system is completely observable if its
initial state can be fully and uniquely recovered from its output, observed over
a finite time interval, and the knowledge of the input.

Note that since the system is deterministic, knowledge of the initial state
is equivalent to knowledge of the state at any time. Thus, using the output
(1.3.7-2), which is in general a vector of dimension n, < n,, and the input, one
can then recover the state perfectly.

For a linear time-invariant system, the observability condition is that the
pair {A, C} is observable; that is, the observability matrix

| ca |
o4 C:A (1.3.7-6)
cAnt
has full rank n,.
Example
Consider the system (double integrator)
&(t) = u(?) (1.3.7-7)
With the state vector consisting of the position £ and velocity ¢
r=[¢ & (1.3.7-8)
the state space representation of this system is
() = Az(t) + Bu(t) = lg : } 2(t) + H }u(t) (13.7-9)
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The controllability matrix is

15 (1.3.7-10)

01
oo =18 48] =|{ 4]
which has full rank n, = 2, i.e., the state is completely controllable. While
the input v enters directly only into the velocity component of the state, it does

have the capability of controlling both state components. If the observation is

() = Cz(t) = [1 0z(t) (13.7-11)
i.e.. the nogition £. the oghservahility matrix ig
.€., tag postion §, tn€ goservasuily maix 1s
C 10
Qo—[CA]_[O 1} (13.7-12)

and it has full rank n, = 2, i.e., the state is completely observable.
If the observation is

z(t) = Cz(t) = [0 1]z(t) (1.3.7-13)

i.c., the velocity £, the observability matrix is

CCA} = {8 (1)} (1.3.7-14)

and it has rank 1 < n, = 2, i.e., the state is not completely observable. The rea-
son is that, while the position observations (1.3.7-11) provide information about
the velocity, the velocity observations (1.3.7-13) do not provide any position

Qo =

s F s nds e
1.3.8 Discrete-Time Linear Dynamic Systems — Controllability and
Observability

The State-Space Representation

Deterministic linear dynamic systems can be described in discrete time by a
state equation of the form

z(k + 1) = F(k)xz(k) + G(k)u(k) (1.3.8-1)
where

x(k) is the state of the system, a vector of dimension n,,
F(k) is the transition matrix (n; x 1),

u(k) is the input (control), a vector of dimension 72,
G(k) is the input gain (n, X n, matrix),
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all at time k.
The output equation is

(k) = H(k)z(k) (13.8-2)

€
z(k) is the output vector (observation or measurement), of dimension 7,
H(k) is the measurement matrix (1, X n).

The state of the system is the smallest dimension vector that completely
summarizes the past of the system. Then the output at time j > k can be
determined fully from (k) and the intervening inputs

2(j) = z2[, z(k),u(k), ..., u(j — 1)] (1.3.8-3)

A discrete-time system is linear time-invariant if it is described by

(1.3.8-1) and (1.3.8-2) with F'(k) = F, G(k) = G, and H(k) = H.

Controllability

A discrete-time (deterministic) system is completely controllable if, given
an arbitrary destination point in the state space, there is an input sequence that
will bring the system from any initial state to this point in a finite number of
steps.

For a linear time-invariant system, the controllability condition is that the
pair {F, G} is controllable; that is, the controllability matrix

Qc &[G FG --- F™="G) (1.3.8-4)
has full rank n,.

Observability

A (deterministic) system is completely observable if its initial state can be
fully and uniquely recovered from a finite number of observations of its output
and the knowledge of its input.

Note that since the system is deterministic, knowiedge of the initial state is
equivalent to knowledge of the state at any time. Thus, using the input and the
output (1.3.8-2), which is in general a vector of dimension n, < n,, one can,
in the absence of noise, recover the state perfectly.

For a linear time-invariant system, the observability condition is that the

pair {F, H} is observable; that is, the observability matrix
H
A | HF
Qo & : (1.3.8-5)
20acatll

L4324

has full rank n,.
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1.4 BRIEF REVIEW OF PROBABILITY THEORY

1.4.1 Events and the Axioms of Probability

Consider an “experiment,” or, in general, a process with random outcomes. An
event is a collection (set) of such outcomes — it is said to have occurred if
the outcome is one of the elements of this set.

Denote by A an event in such an experiment (e.g., “even” or “5” in a die
rolling experiment). Let S be the sure event in the experiment (e.g., “any
number between 1 and 6” in the die rolling). Then the probability of an
event is a number (measure) that satisfies the following three axioms of
probability:

1. It is nonnegative

P{A}>0 VA (1.4.1-1)

2. It is unity for the sure event
P{S}=1 (1.4.1-2)

3. It is additive over the union of mutually exclusive events; that is, if
the events A and B have no common elements (their set intersection is (), the
empty set)

ANB2 {Aand B} 2 {A,B} =0 (1.4.1-3)

then their union (logical “or”) has probability
P{AUB}2 P{Aor B} 2 P{A+ B} = P{A}+ P{B}  (14.1-4)
From the above it follows that
P{A}=1-P{4} <1 (1.4.1-5)

where the overbar denotes the complementary event.
Since ) is the complement of .S, one has

P{0} =0 (1.4.1-6)

The event ( is called the impossible event.

Extension

The extended version of Axiom 3 such that the probability is additive over
the union of an infinite number of mutually exclusive events — countable
additivity — is necessary when an experiment has an infinite number of
outcomes. This is a key point in the definition of continuous-valued random
variables.
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Remarks

Relative-frequency or measure-of-belief interpretation of probability are
alternative, even though not rigorous, ways of introducing the concept of prob-
ability.

In practice one can use the relative frequency or measure of belief to assign,
based on intuition (or engineering common sense), probabilities to certain events.
This can be of major importance in certain engineering systems.

Note that probability is a scalar quantity that 1s dimensionless (in a physical
sense). This is in contrast to, for instance, a probability density function (pdf)
which, while a scalar, has in general a physical dimension.

Example

For a die-rolling experiment, the space of outcomes is

S={fi,.... fe} (1.4.1-7)
where f; denotes “face i”,i =1,...,6.

Events are subsets of S, for example,
Fo= {fi} (1.4.1-8)
{i=even} = {fo, f4, f6} (1.4.1-9)
{2<i<d} = {fs, fu} (1.4.1-10)

The sure event

{any face} = S (1.4.1-11)

is denoted by the same symbol as the space of outcomes since it is the set of

oo & Arsdaaesa

211 e L1 <
all PUSSIVIT UUWULLICS.

An impossible event is, for example,
{i <1 andeven} =0 (1.4.1-12)

This is clearly an empty subset of S.

Probabilities are assigned (postulated) for each element of S (each outcome).
For a finite number of outcomes this granular approach yields, using Axiom 3,
the probabilities of all the subsets of S, i.e., the events.

Postulating a fair die — each outcome (face) is equally probable — one has
from Axioms 2 and 3,

I:P{S}:P{OE} — S P{F} = 6P{F} (14.1-13)
i=1 i=1

which yields

P{F}=1/6 i=1,...,6 (1.4.1-14)
From this it follows with Axiom 3 that
P{i=-even} = P{Fy} + P{Fy} + P{Fs} =1/2 (1.4.1-15)
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1.4.2 Random Variables and Probability Density Function

A scalar random variable is a (real-valued) function that assumes a certain
value according to the outcome of a random experiment. The value taken by a
random variable is called its realization.

The probability density function (pdf) of a scalar continuous-valued
random variable z at x = £ is

_ o Pl-dE<z <&}
p:(§) = Jim, i >0 (1.4.2-1)
where P{-} is the probability of the event {-}.
The more common notation
pe(z) = p(x) (1.4.2-2)

where the argument defines the function, is used instead of (1.4.2-1). Also the
term density is sometimes used instead of pdf.
From (1.4.2-1) and Axiom 3 from Subsection 1.4.1 it follows that

Plr<z<€) = [ p()do (1.4.2:3)
The function :
P)=Plz <&t = /mp(x) dz (1.4.2-4)

is called the cumulative probability distribution function (cdf) of
x at & This is usually referred to as distribution.
Since the event {z < co} is the “sure” event, one has
P{z <oc} = [ plz)de =1 (1.4.2-5)
- j £\ \ 7
A pdf has to have the normalization property (1.4.2-5) that its total prob-
ability mass is unity — otherwise it is not a proper density.
The relationship between the density and the cumulative distribution is, from
(1.4.2-4),
d
p(z) = T Pu(6)| (1.4.2-6)
ag le=x
if the derivative exists.

An outline of the rigorous way of introducing the pdf is as follows:

. First define the “basic” events {z < £}.

2. Show that from these cvents one can obtain via (a countable number of) set
operations all the events of interest (e.g., {a < z < &}, {z = a}).

3. Define the probabilities of the basic events, from which the probabilities of

the other events of interest can be computed using the extended version of

the third axiom of probability.

Linally thoe ndf follgws from (1 4 2_6) under quitabl
. rinamy, i par iondws Irdiil (1.4.4-0) UnGer suiiaot

entiability; note that (1.4.2-6) is equivalent to (1.4.2-1)

—

S5
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Remarks

Note from (1.4.2-1) that with the numerator being dimensionless, the pdf of
the random variable z has as its physical dimension the inverse of the physical
dimension of x. (See also problem 1-5.)

The event {z = a} has, for a continuous-valued random variable, probability
zero (even though it is not impossible!). This follows from (1.4.2-3) when the
interval length tends to zero, in which case, as long as the density is finite, the
integral is zero. Finite density means “no point masses” — this is discussed in
the next section.

Improper densities — which do not integrate to unity (actually, their
integral is not defined) — can be used, however, in certain circumstances.

Example
A uniformly distributed random variable in the interval [a, b], symbolically
denoted as
z ~ U(a, b) (1.4.2-7)
has the pdf
(o1
Al x € [a,b]
p(r) =U(x;a,0) £ 074 (1.4.2-8)
0 elsewhere
Its cdf is
0 E<a
E—a
Pi(&) =4 ;— € clab) (1.4.2-9)
b—a
U1 E>b

A Gaussian (normal) random variable with parameters i, o (the mean and
variance, respectively, discussed later) is symbolically denoted as

z ~ N(p,0?) (1.4.2-10)
Its pdf is
: 1 (emp?
p(z) = ./\/‘(CC;M,UZ) 2 ﬁ et (1.4.2-11)
and the cdf is
¢ 1 _=w? e 1 g
P.(§) = mege Td:zrzlm \/ﬁe T dn
= -
- /7 N(n;0,1)dnég<§ l) (1.4.2-12)
—00 g

Ex.-1030 - ADB Safegate et al.
ADB Safegate et al. v. Honeywell International Inc. - PGR2023-00053
Page 55
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where G is the cumulative standard Gaussian distribution (with mean p =0
and standard deviation o = 1). Its argument above is the number of standard
deviations away from the mean. This integral has been extensively tabulated
(see, e.g., Table 1.5.4-1).

Note

The symbols I/ and N with two arguments indicate “distributed as,” while with
three arguments they denote the corresponding pdf.

1.4.3 Probability Mass Function

The probability mass function (pmf) of a scalar random variable z,
which can take values in the set {;,¢ = 1,...,n} (i.e., it is discrete-valued), is

i CEN o Difee €1 — o
HFx\Si) — £\ 4 — Qif —

T

7 =1 (1 A2 1)\
i T =1,...,T \1.4.0-1)

where (; are the point masses.
Similarly to (1.4.2-5), the requirement for a proper pmf is

n
Sopi=1 (1.4.3-2)

i=1
Using the Dirac (impulse) delta function defined by
§(z) =0 vz #0 (1.4.3-3)

and -
/m §(z)dz =1 (1.4.3-4)

one can write a pdf corresponding to (1.4.3-1) as
p(z) = Zl pid(x — &) (1.4.3-5)

Note that the above satisfies the normalization property (1.4.2-5) of a
pdf in that it integrates to unity.

The distribution corresponding to the above density, called cumulative
probability mass function (cpmf), has jumps at { — it is a staircase
function: Its derivative is zero everywhere except at the jumps where it is an
impulse function.

The expression of the cpmf can be written, in terms of the unit step
function 1(-), as

P{z <€} = Zlu 1€ - &) (14.3-6)
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Note

For a random variable with no point mass at £, one has
P{z <€} =P{z <¢} (1.4.3-7)

Example

The Poisson pmf with rate \

- (AT)"

P{z =n} = e-*T—‘ n=0,1,... (1.4.3-8)
describes the number of random points in an interval 7" can also be written as
&2 e (AT)"
pla)=> e i o(z —n) (1.4.3-9)

n=0 3

1.4.4 Mixed Random Variable and Mixed Probability-PDF

A mixed random variable or a hybrid random variable z is one which
can take values in a continuous set X as well as over a discrete set of points

{&,1=1,...,n}. Such a random variable has a pdf of the form
n
p(x) = pe(x) + 3 pid(x — &) (1.4.4-1)
i=1
where p.(z) is the continuous part of the pdf and y; are the point masses.
Then
10’9} n
/_OC p(x)dr = /rex pe(z)dr + ; =1 (1.4.4-2)

The joint probability-pdf of an event and a random variable is defined

as
PalA ] = lim DAL -d<z< g} (1.4.4:3)
WL S dE=0 df J
and is denoted without subscripts as P[A, x| where the arguments define the
function.
The following notations will be observed® in the sequel:
P{-} = probability of an event (1.4.4-4)
p() or pl] = pdf (1445)
u(+) = pmf (1.4.4-6)
P, -] = mixed (joint) probability-pdf (1.4.4-7)

Some of the uncertainties in estimation problems are naturally modeled as
mixed random variables.

SMost of the time. Some of the time we will be guilty of using “dynamic notation” — the same variable keeps
being denoted by new symbols, and the same symbol is used for different variables.
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1.4.5 Expectations and Moments of a Scalar Random Variable

The expected value of a scalar random variable, also called its mean, av-
erage, or first moment, is

Ele] = [* apl@)ds 22 (14.5-1)
The nth moment is

Elz"] = /OO 2"p(z) dx (1.4.5-2)

The second central moment or variance is

var(z) & Bl(z - 2)) = [* (¢ — 2)*p(x) dx = Bl2?] — (2 £ 62 (14.5-3)

o0

The square root ¢ of the variance is called the standard deviation.
A random variable 2 with mean Z and variance o will be denoted as

€T~ [f7 0'2] (145-4)

Note that this is similar to (1.4.2-10) except that the distribution is not specified.
The second moment, which is the mean square (MS) value, is equal to
the square of the mean plus the variance

E[z?] = [E(2)]* + var(z) = 7 + o2 (1.4.5-5)

For a zero-mean random variable, the standard deviation is the root mean
square (RMS) value.”
The expected value of a function g(z) of the random variable « is

Elg(@)) = [ a(@)p(x) da (14.5-6)

that is, the (Lebesgue) integral with respect to the measure p(z) dz = dP(x).

Examples

If 2 is uniformly distributed in the interval [a, D], that is,

! z € [a,b]
p(z) =U(z;a,b) 2] b—a ’ (1.4.5-7)
0 elsewhere
then one has ) b )
Elz] = ;a i) = & I;) (1.4.5-8)

"Not to be confused with the RMS value of a waveform.
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(See also problem 1-6.)
For a Gaussian random variable with parameters y and o (see 1.4.2-10) the

mean is
[=
J—o0 2w

0o 1 _@=w? 00 1 _=w?
= /_Oo(x—u) \/ﬁae % dx-h—u/_oo\/?_ﬂae w7 dr
= pu (1.4.5-9)

Fpgy?
Elz] e 27 dx

where in the last line above the first integral is zero due to symmetry and the
second is unity due to the pdf normalization property.
The variance is

5, ro0 5 1 _(1’7#)2
var(z) = Ellz—p) = [ (z—p)° o =7 dr
[Paf L oty (1.4.5-10)
= T e 27 dx 4.5-
-0 /270

The last integral above can be evaluated by differentiating w.r.t. o the identity

o 1 _a?
/ ki wdr =0 (1.4.5-11)
oo /o
which follows from the pdf normalization property. Thus
00 1 o0 _x
[ o ateirdr=1 (1.4.5-12)
oo /2753

Using this in (1.4.5-10) yields
var(z) = o (1.4.5-13)

The mean of the Poisson random variable x from (1.4.3-9) is

Elz] = /:z goe”\T(/\nL!)n (z—n)dx = g: ne_AT(—)\TL? =T (1.4.5-14)

n=0

1.4.6 Joint PDF of Two Random Variables

The joint pdf of two random variables = and y is defined in terms of the
probability of the following joint event, denoted with the set intersection symbol
(see Fig. 1.4.6-1), namely,

) P{{{—di <z <&n{n—dn<y<n}}
lim
de—0,dn—0 dédn

A

Day(§:1) (1.4.6-1)
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n+dn

& £+dg

Figure 1.4.6-1: Event for definition of a joint pdf.

Integrating the joint pdf of two random variables over one of the variables
yields the pdf of the other random variable

[ pey(€n) di = pe(€) (146-2)
or, using the simpler notation (1.4.2-2),
[ p(@,y) dy = p(a) (1463)

The resulting pdf, which pertains to a single random variable (introduced in
Subsection 1.4.2), is also calied marginal pdf or marginal density.
Similarly to (1.4.2-4), the joint cdfis

PyEm=Ple<ty<m=[ [" pyey)dedy (1464)

Covariance and Correlation Coefficient

The covariance of two scalar random variables z; and z, with means
Z1 and T, respectively, is

cov(zr,z2) & El(z) — &1)(z2 — 2)]
/f:o /_O:C(xl — Z1)(2o — To)p(z1, T2) dT1dT0 = Ugm (1.4.6-5)

Il

The correlation coefficient of these two random variables is the nor-
malized quantity

pip & Znm (1.4.6-6)
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Due to the normalization, the magnitude of the correlation coefficient of any
two random variables obeys the following inequality:

lpr2| <1 (1.4.6-7)

It can be shown that this is a consequence of the Schwarz inequality (1.3.4-2)
for random variables (where the inner product is the covariance and the norm
squared is the variance — this is discussed in Section 3.3).

Two random variables whose correlation coefficient is zero are said to be
uncorrelated. Clearly, the uncorrelatedness of two random variables is equiv-
alent to their covariance being zero. Furthermore, the random variables z; and
x9 are uncorrelated if and only if

E[z129) = E[11]E[x9] (1.4.6-8)

At the other extreme, if the correlation coefficient of two random variables
has magnitude unity, then it can be shown that they are linearly dependent (i.e.,

one is a linear function of the other). Two random variables 7 and 75 are said
One 1S a near uncudn o1 in€ giner). (1 woO ranGom variasies rj ang ¥ aré said

to be linearly dependent if
a1y + agTy = 0 (146-9)

for some a = [a; ao]’ # 0.

Example

; 2 2
, 7 and variances o3, Ty

.
|

Consider the random variables x and y with means =

respectively. and uncorrelated from each other (ie nm,(m ) = 0)
respectively, and uncorrelated from each other (e, cov(z,y) = 0).
Let
z =ax + by (1.4.6-10)
The mean of = is
z = E[z] = Elaz + by] = aE[z] + bE[y] = aT + by (1.4.6-11)

while its variance is
var(z) = E[(z — %)% = E[(az + by — aZ — by)?]
= E{la(z—2)+b(y -9}
= @’ El(x — 2)’) + b E(y — §)*] + 2ab E|(z — 7)(y — )]
= d’o} + b0} (1.4.6-12)
since the cross-term — the covariance of z and y — is zero.
The covariance of z and z is

Pz~ =) = Elfa(r=7) +b0 - Plir )
= ao? +beov(z,y) = ao? (1.4.6-13)
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1.4.7 Independent Events and Independent Random Variables

Two events are independent if the probability of their joint event equals the
product of their marginal probabilities

P{ANB}2 P{A,B} = P{A}P{B} (1.4.7-1)

A set of n events A;, i = 1, ..., n are independent if the (joint) probability
of their intersection is equal to the product of the corresponding (marginal) event
probabilities

P { N Ai} -1 P{A:} (1.4.7-2)
i=1 1=1

and the same property holds also for any subset of these events.
Similarly, n random variables are independent if their joint pdf equals
the product of their corresponding marginal densities

P, . 20) = 1 pla) (14.7-3)

i=1

A set of random variables is called independent, identically distrib-
uted (i.i.d.) if (1.4.7-3) holds and their marginal distributions (or densities)
are identical.

The pdf of the sum of two independent random variables

Y =T+ T2 (1.4.7-4)

is the convolution of their marginal densities

() = [ P2, (y = 2)ps, (2) dz (1.4.7-5)

(See also problem 1-1.)

1.4.8 Vector-Valued Random Variables and Their Moments
The pdf of the vector-valued random variable
r=[r) - ) (1.4.8-1)

at
&= [§ -~ &l (1.4.8-2)

is defined as the joint density of its components

A i P {0?:1{51_ d& < a; < &}}

Dy, {51 s én) épr{g,) -
e d€1—0,....dEn—0 dé; - - - dé,

(1.4.8-3)
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where the set intersection symbol N is used to denote a joint event

ANBA {Aand B} & {A, B} (1.4.8-4)
The shorter notation p(z) will be used if it does not lead to ambiguities.
The mean of the vector z is the result of the n-fold integration
o0 00 00 00 A _
Elel= [T [ ep(e) der-wden= [ - [ ap(z)dmy---dz, £ 7
—00 -0 -0 —00

(1.4.8-5)
The covariance matrix of the n-vector z is obtained from the n-fold inte-
gration (written with the short notation and with the limits omitted)

cov(z) 2 E[(z - 2)(z — 2)] = /(m ~2)(z —2)plx)dz 2 P,y  (1.4.8-6)

where dx 2 [1dz;. Note that the covariance mairix is a symmetric n X n mairix.
The diagonal elements of the covariance matrix are the variances of the
components of z, while the off-diagonal elements are the (scalar) covariances
between its components, as in (1.4.6-5).
The covariance matrix is positive definite (and thus nonsingular) unless
there is a linear dependence among the components of x. If there is such a
dependence, the covariance matrix is positive semidefinite.

Note

Covariance matrices will be denoted by the symbol P, with a subscript or
argument (in parentheses); the designation of a probability will be P{-} where
braces are used for the event it pertains to, as in (1.4.4-4).

Characteristic Function and Moments

The characteristic function of a vector random variable is defined as the
n-fold integral (with the limits, which are, as in (1.4.8-5), omitted)

M,(s) = Ele*"] = [ e/*p(x) dx (1.4.8-7)

which is the (n-dimensional) Fourier transform of the pdf with argument the
(purely imaginary) vector s of the same dimension n as that of z.
The first moment of z can be obtained from the characteristic function as

E[ﬂ = VS‘M.’L‘(S)‘SZO (1.4.8-8)
that is, its gradient is evaluated at s = 0, where V; is the (column) gradient
operator /

) 91
Vg = |z == = 1.4.8-9
° bsl aan ( )
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1.4 BRIEF REVIEW OF PROBABILITY THEORY 43

Similarly,
Elzz'] = VSV;MI(3)|S=0 (1.4.8-10)
and so forth.

Due to this property, the characteristic function is also called the moment-
generating function.

Example

The characteristic function of the scalar Gaussian random variable

z ~ N(p,0?) (1.4.8-11)
is
PR syt lg252 ; i o =
My(s) = e+3°0 (1.4.8-12)
To find the moments of x it is convenient to deal with the zero-mean random
variable
y=x—p (1.4.8-13)
The moments of z follow easily from the moments of y, according to
Elz"] = E[(y + p)"] (1.4.8-14)
The characteristic function of y is
M,(s) = e3**" (1.4.8-15)
and d
o Mu(s) = 502 €35 (1.4.8-16)
S
Evaluating the above at s = 0 yields the first moment (mean) of y as 0.
Similarly,
2
%My(s) = [0? + (s0%)? e (1.4.8-17)
S
which, at s = 0, yields
E?) = E[(x — p)?] = var(z) = o? (1.4.8-18)
The third derivative of the characteristic function of y is
13
(;93 M,(s) = [2s0? + (02 + s%0%)s0%] 157" = [Bso? + s%0%] €77 (1.4.8-19)

which yields zero as the third moment of y.
The fourth moment of y is given by

d4

ds?

at s =0 as

M,(s) = [306* + 35%0% + (3s0* + s°0°)s0?] etF (1.4.8-20)

Ely"] = El(z — p)"] = 30* (1.4.821)
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1.4.9 Conditional Probability and PDF
The conditional probability of an event A given B is defined as
DIA R
P{A B}
P{B}
For independent events, the above becomes the unconditional probability.

Similarly, the conditional pdf of one random variable given another ran-
dom variable is, using the simpler notation as in (1.4.2-2), given by

P{A|B} = (1.4.9-1)

(z.y)
zly) = ——= 1.4.9-2
p(zly) o(0) ( )
For an event conditioned on a random variable, one has
P[A, z]
P{A|z} = (1.4.9-3)
The conditional pdf of a random variable z, given an event A, is
P[A, x]
] =—— 4.9-
Plald) = Brgy (14.9-4)

where the numerator above is a mixed probability-pdf, as defined in (1.4.4-3).

Example
If the conditioning event is
A={x<a} (1.4.9-5)
then one gets the truncated pdf
p(x) .
fr<a
Plz,x < a] P{z <a} s
x < = 1.4.9-6
p(zlr < a) Plz <a} ( )
0 elsewhere

which is the original one restricted to 2 < a and suitably renormalized.
If z = = +y and the conditional pdf of y given x is py,(-), then

p(2]7) = pyu(z — 2) (1.49-7)
If, in addition, = and y are independent, then, with p,(-) denoting the pdf of y,
one has

p(zlz) = py(z — ) (1.4.9-8)

(See also problem 1-1.)
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Assume & ~ N(pe,02), y ~ N(uy,02) and independent. Then, with

2=+ Y,
p(zlz) = pylz—x) = N(z - z; 1y, 02)
1 7(Z—$—My}2
= 7% e i =N(zaz+p, 02) (1.4.9-9)

Note that the above can be viewed, due to the special form of the Gaussian
density, as the pdf of z — 2 with mean p,, or the pdf of z with mean z + p,,.
If 2 ~ N(,0?%), then
m/\[(flj;u,dz) |x1§a
p(z| |z —pl <a) = (1.4.9-10)
0 elsewhere
is a truncated Gaussian.
The normalization constant above is the probability that x — 1 lies in the
closed interval® [—a, a], which is
Plle —pl <a} = Ple—pel-aa}=Plzep—apn+ad}
= P{z € (—oco,u+a]} — P{zx € (—oo,n —a)}

- g(W)_g(@_—_ﬁu)

a

_ g (g) _g (:{T‘l) —1_9G (?) (1.49-11)

where G is the cumulative standard Gaussian distribution and the last equality
follows from the symmetry of the Gaussian density. The last term above is the
tail probability to the left of (—a)/o or to the right of (a)/o.

1.4.10 The Total Probability Theorem
Let the events B;, i = 1, ..., n, be mutually exclusive, that is,

P{B;,B;} =0 Vi # j (1.4.10-1)
and exhaustive, that is,

iP{Bi} =1 (1.4.10-2)
i=1

Such a set of events is a partition of the space of outcomes. Then, the total
probability theorem states that for any event A, its probability can be
decomposed in terms of conditional probabilities as follows:

P{A} =Y. P{A, B} = Y. P{AIB}P{B} (1.4.10-3)

%A bracket indicates that the interval is closed at the corresponding end, i.e., it includes the endpoint. A parenthesis
indicates that the interval is open at the corresponding end, i.e., it excludes the endpoint.
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The key to the above is the mutual exclusiveness and exhaustiveness of the set
of events B;, i =1, ..., n.
Figure 1.4.10-1 illustrates this with the set theory counterpart, namely,

A= ‘L;JI(A N By) (1.4.10-4)

By B,
4

By By

Figure 1.4.10-1: The total probability theorem (set theory counterpart).
The version of the total probability theorem for random variables is
00 00
p(z) = [ pla,y)dy= [ plelypy) dy (1.4.10-5)

Note that this is a combination of the definition of the conditional pdf
(1.4.9-2) and property (1.4.6-3) that the joint pdf integrated out with respect
to one random variable yields the marginal pdf of the other variable.

For mixed event/random variable situations, one has

n
p(z) = . p(x|B,) P{B} (1.4.10-6)
i=1
(this is illustrated in an example in Subsection 1.4.14) and
P{A} = [ °; P{A|z}p(z) dz = E[P{Al|z}] (1.4.10-7)
where the expectation operator averages over .
An additional common conditioning in all the probabilities is permissible,
for instance,
n n
P{AIC} = Y. P{A,B|C} = 3. P{A|B, C}P{B|C} (14.10-8)
i=1 i=1
or -
P{Aly} = [ P{Alz,y}p(aly) dz (1.4.10-9)
Similarly,

p(alz) = [ pe,yl2)dy = [ plaly, pylz)dy  (14.10-10)

The total probability theorem is the primary tool in obtaining the state es-
timate in the presence of extrancous uncertainties (e.g., model uncertainties or
measurements of uncertain origin).
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P{A|z} p(z)

2/a

dy dy G
(a) (®)

Figure 1.4.10-2: Success probability and miss distance pdf.
Example

The probability of event A, which denotes success in a hunting target shoot-
ing, can be modeled as a function of the “miss distance” x by the conditional
probability (see Fig. 1.4.10-2a)

1 Z’Sdl
P{Alz) = ;:‘i"’ & <5< dy (1.4.10-11)
0 esd

The miss distance pdf can be taken as (see Fig. 1.4.10-2b)
2(a—1)

‘o —— <z <a PR E
p(z) = a2 = (1.4.10-12)
1 0 otherwise
Then, assuming d; < a, the (unconditional) probability of success is
00 dy dy © — do
— = d d
P} = [7 PlAl}p(@)do = [P p@)de+ [0 Fp(a) da
Plz<d e T — dy Q(a—x)d
= Plesd+ | gy = a @
- GQe—dy) (B 5 o 4 (1.4.10-13)

a? 3a?

1.4.11 Bayes’ Formula

The probability of an event B; conditioned on event A can be expressed in terms
of the reverse conditioning as follows:

P{Bi|A} = - (1.4.11-1)
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This is known as Bayes’ formula or Bayes’ theorem and is also referred
to as Bayes’ rule.’
The conditional probability of B; is sometimes referred to as posterior
probability, while the unconditional one is referred to as prior probability.
Using the total probability theorem (1.4.10-3) for the denominator in the
above, one also has (if Bj, j = 1, ..., n are mutually exclusive and exhaustive)
P{A|Bi} P{B}

PBlAt = srmen o
S D P{AIBP{B;}

~LpaBIP(B)  (4112)

where now the denominator ¢ appears clearly as the normalizing constant,
which guarantees that

i P{Bij|A} =1 (1.4.11-3)
i=1

Bayes’ formula for random variables is written as

_ plyle)p(z)  plyle)p(z)
plzly) = =
P [pyla)p(e) de
In this case the unconditional pdf p(x) is also called the prior pdf and the

conditional pdf p(z|y) is also called the posterior pdf.
For a mixed case

(1.4.11-4)

pz|B)P{Bi} _  plx|B)P{B:}
p(z) i1 p(zB;) P{B;}
where the denominator is again the normalizing factor.
When there are several conditioning random variables or events, Bayes’
formuia can be used to “switch” only some of them. For example,
Bi,y)P{B; B;,y)P{B;
P{Bijz,y} = p(x|Bi,y) P{Bily} _ np(wl i, y) P{Bily}
plzly) ¥, p(x| By, y)P{B;lu}

These equations are the key tools in state estimation for hybrid systems
— systems with continuous as well as discrete uncertainties.

P{Bi|lz} = (1.4.11-5)

(1.4.11-6)

Remarks

The prior p(z) reflects the (possibly subjective '°) initial degree of belief,
which, when combined with the evidence from the data — the likelihood
function of z, namely, p(y|z) — yields the posterior p(z|y).

9Bayes’ decision rule (or Bayes’ criterion or Bayes’ principle) in a decision problem is to
minimize the expected value of a cost function, called Bayes’ risk.

10Similarly to the well-known fact that the entire population of the world is divided into two groups (those who
believe this and those who don’t), the people dealing with probability are divided into two groups: proud Bayesians
(who believe in priors) and closet Bayesians.
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Bayes’ postulate states that in the absence of prior knowledge, a uni-
form prior pdf should be chosen. While this is reasonable for discrete valued
random variables, for continuous valued random variables this would imply a
nonuniform pdf on any nonlinear function of this random variable and this has
generated a lot of controversy among statisticians.

The use of a uniform prior pdf over an infinite interval, called diffuse or
noninformative, also called Dirichlet prior is discussed in more detail in
Subsection 2.3.4.

Example

The “noise” in a device, denoted as x and modeled as a random variable, is

observed. If the device is operating according to its specifications, then one has

avent B. defined ag
event o, GCIINeaG as

By ={z ~N(0,0})} (1.4.11-7)

)} (1.4.11-8)
The conditional probability that the device is defective given the observation
z is
p(z|Bz) P{B:}
p(z|B1)P{B1} + p(z|B2) P{ B2}

Using the explicit expressions of the Gaussian densities defining the events
B and Bs, the above can be written, after cancellations, as

P{By|z} = (1.4.11-9)

1
P{B,|z} = - (1.4.11-10)
1+2e = LB

Assume that a priori the two events are equiprobable

P{B,} = ! P{By} =1—P{B1} = ! (1.4.11-11)

>} 9
< <

If 09 = 407 and the observation obtained is x = o9, then

1
P{Bala} = 175 ~ 0.998 (14.11-12)
If the prior is different, namely, P{By} = 1072, then
1
P{Blz} = ———— ~0.82 (1.4.11-13)

1+ 396 ¢=5+05

Tl | e I LGUCRT . [P T (e oy Y
1.€., r€gardaicss ol in€ prior, e "eviaence Iroi e a

(57
probability that the device is defective.
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1.4.12 Conditional Expectations and Their Smoothing Property

The conditional expectation is defined similarly to the unconditional ex-
pectation (1.4.5-1) but with respect to a conditional pdf, that is,

Elaly) = [ ap(aly) do (14.12-1)

Similarly, for a function of the random variable 2 (and possibly ¥), one has

Elg(z,9)ly) = [~ g(@y)p(aly) do (14.122)

Note that (1.4.12-1) and (1.4.12-2) are functions of the conditioning argu-
ment y.
The smoothing property of the expectations states that the expected

value of a conditional expected value is the (unconditional) expected value:

& R WAL NELIE i e M S

E{E[l)} = [~ _[[T _ zp(ely) dz] ply) dy

1
Y

2| e ] as
= [ =p()dz = Ela] (1.4.12-3)

Il

Il

In the first line of the above, the inside expectation is a function of y, which is
“averaged out” (integrated over) by the outside expectation.

Equation (1.4.12-3) is also called the law of iterated expectations,
summarized as

E[E[z|y]] = E|[z] (1.4.12-4)

The same property holds when the conditioning is on events or mixed random
variables.

This is used in the evaluation of the performance of certain estimation algo-

rithms operating in the presence of several types of uncertainties — it allows us
to handle different types of uncertainties sequentially rather than simultaneously.

Example

To illustrate the smoothing property of expectations, consider the conditional
mean
E(x|2) = + P, P} (2 — 2) (1.4.12-5)

where x and z are jointly Gaussian (this is derived later in (1.4.14-17)); overbar
denotes the unconditional expected values.

Applying the unconditional expectation operator on the above, where the
only random variable on the right-hand side is z, with mean Zz, yields

E[E(z|2)] = E[7] + PP, E(z — 2) = & = E[x] (1.4.12-6)
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1.4.13 Gaussian Random Variables

The pdf of a (scalar) Gaussian or normal random variable is

32
é 1 7(1735)_ 1A 12 1)\
— o (L.4.15-1)

(3]

where A/(-) denotes the normal pdf (density) with argument z, mean Z,
and variance o?. The first two moments, which fully characterize a Gaussian
random variable, are referred to as its statistics.

Another notation equivalent to the above is

T~ N(,0%) (1.4.13-2)

which states that = is normally distributed with the corresponding mean and
variance. Note the different meanings of A in (1.4.13-1) and (1.4.13-2) —
they are, however, specified by their arguments: three in (1.4.13-1) vs. two in
(1.4.13-2).

A vector-valued Gaussian random variabic has the density

IN(x; {13) 2 y27rP|—1/i> e1(@=2) P! (z-2) (1.4.13-3)

where
i = Elz] (1.4.13-4)
P=FE[(z-z)(z—-1) (1.4.13-5)

are, respectively, the mean and covariance matrix of the vector x.

The determinant in (1.4.13-3) has been written with the factor 27 inside it
by making use of (1.3.3-5). This avoids the need to indicate the dimension of
the vector z in (1.4.13-3).

The components of a Gaussian distributed vector are said to be jointly
Gaussian.

If the covariance matrix P is diagonal — that is, the components of the
Gaussian random vector x are uncorrelated — then they are also independent
because their joint pdf equals the product of the marginals.

A very important property of Gaussian random variables is that they stay
Gaussian under linear transformations. Consequently, the sum of (jointly)
Gaussian random variables is also Gaussian. This property is a major reason
that the Gaussian model is very commonly used in estimation.

Example

If x; and x, are random vectors of the same dimension and jointly Gaussian
distributed, that is,

ERE

1 r

T rp D1
;J“E; HD“ ”2“ (1.4.13-6)

88
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then
T =11+ To (1.4.13-7)
is Gaussian
p(z) = N(z;2, P) (1.4.13-8)
where
T =171+ (1.4.13-9)
P =P+ Po+ P+ Py (1.4.13-10)

Symbolically, one can write, with notation (1.4.13-2),
N(fl, P]]) +N(§72, P‘gz) = N(‘i‘l + Ty, P11 + Pio + Po; + PQQ) (1.4.13-11)

If 2, and z, independent, the pdf of their sum = = xz; + x» conditioned on
T is

p(zlr1) = puy(z—11)

N (& — 1; Tp, Ppo) = |21 Pyp|7V/? ¢~ 3(0-m1=%2) P! (r=m1=22)
N(z; 21 + Tg, Pr) (1.4.13-12)

Note that in (1.4.13-12) x; acts as a constant — it shifts the mean — since it
is given in the conditioning.

1.4.14 Joint and Conditional Gaussian Random Variables

Two random vectors z and z are jointly Gaussian if the stacked vector

Mol
Y= l'z (1.4.14-1)
is Gaussian, that is,
p(z,2) =p(y) = N(y; 9, Pyy) (1.4.14-2)
The mean and covariance matrix of y in terms of those of x and z are
j= B (1.4.14-3)
PII PZZ
By = t p. P. } (1.4.14-4)
where
Py = cov(z) = E[(z — z)(z — 7)] (1.4.14-5)
P,. =cov(z) = E[(z — 2)(z — 2)] (1.4.14-6)
P, =cov(z,2) = E[(z — z)(z — 2)'| = P, (1.4.14-7)
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are the blocks of the partitioned covariance matrix (1.4.14-4).
The conditional pdf of x givén z when they are jointly Gaussian is

p(a,2) _ [2wB,| 12 e~ d0- PP -D)
p(z)  |2nP,,|-V/2 e 32 PE(E-2)

p(zlz) = (1.4.14-8)

Advantage will be taken of the fact that the above is an exponential whose
exponent is the difference of the exponents of the numerator and denominator.
The following notations will be used

&3
21

(1.4.14-9)
(1.4.14-10)

> >

£
S
¢

Using the new variables £ and (, the problem for the nonzero mean random
variables x and y is reduced to that of zero-mean variables.

The exponent on the right-hand side of the conditional density (1.4.14-8) is
(after multiplication by —2) the quadratic form

HiEEAREREE:
B Bl s

The relationships between the partitions of the inverse of the covariance
matrix and the partitions of the original matrix are, using (1.3.3-7) to (1.3.3-10),

i)

z

Q
Il

given by
T5 = Pu— PoP.'P (1.4.14-12)
P =B — T3 T (1.4.14-13)
T Toe = —PoPy) (1.4.14-14)

The exponent (1.4.14-11) can be rewritten as
g = E/Tz.tg + ngzzC + C’Tzzé + CITZZC - C’P;IC

(€ + Tl ToaC) T (€ + T T + C'(Tie — Toa T Tz)¢ — (PG
= (€ + T ToaC) T (€ + T Tf) (1.4.14-15)

where use has been made of (1.4.14-13). The above procedure is called com-
pletion of the squares (actually, of the quadratic forms).

The result is a quadratic form in z, meaning that the conditional pdf of z
given z is also Gaussian. This can be seen as follows: In view of (1.4.14-9),
(1.4.14-10), and (1.4.14-14), the expression on the right-hand side of (1.4.14-15)
is a quadratic form in

E+ T T,.(=2—7— PP (z—2) (1.4.14-16)
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From this one can recognize the conditional mean of = given z as

E(z]2) 24 =3+ PPl (2 3)| (1.4.14-17)

The corresponding conditional covariance is

‘cov(x!z) 2 Pty =T = By — PP Py

2 2z

(1.4.14-18)

Note that the conditional mean (1.4.14-17) is linear in the observation z and
that the covariance (1.4.14-18) is independent of the observation.
The above are the fundamental equations of linear estimation.

Consider a vector-valued random variable z with mean Z = 0 and covariance
matrix £. Then, the expected value of a quadratic form with this
random vector can be written as

E[2'Az] = E[tr(2' Az)] = E[tr(Az2")] = r[AE(22’)] = tr(AP) (1.4.15-1)

The same result can be obtained for a Gaussian random vector using its
characteristic function as follows.
If

z ~ N(z,P) (1.4.15-2)
then its characteristic (or moment generating) function is
M,(s) = E[e*%] = e¥Ps+57 (1.4.15-3)
Using the properties of the gradient, one can write

Bl'Az) = E((V,¢™*) Aal|,_, = E[V}Az &%),

' A Ely 58—V A EI7. 57
Vit v Y lls=0 Vet &L Vs©Y  Jls=(0

= VIAVE[e)|,p = VLA ViM,(s)|,y (1.4.15-4)

Using the characteristic function (1.4.15-3) with £ = 0 in the above yields
(1.4.15-1) after the evaluation of the gradient. This technique, even though
not the simplest for a quadratic form, can be used conveniently to evaluate the
expected value of a quartic form, which is needed for the covariance of quadratic
forms.

Note that the expected value of a quadratic form (1.4.15-1) holds regardless
of the distribution of z.

For the quartic form to be considered next, the resuit will rely on the fact
that  is Gaussian.
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Analogously to (1.4.15-4), one has the expected value of a quartic
form written as follows:

Elz'Az2'Bz) = V,A V,V.B V.M.(s)|,_, (1.4.15-5)

Using (1.4.15-3), it can be shown that after some computations the final
result is

E[2’ Aza' Bz] = tr(AP)tr(BP) + 2tr(APBP) (1.4.15-6)

The scalar version of the above for A = B = 1 and P = o? is the well-
known expression

ElzY] = 30* (1.4.15-7)

The covariance of two quadratic forms is, using (1.4.15-6),
E[|z’ Az — E(2'Ax)|[2’Bx — E(2'Bz)]] = E[a’Aza’Bz] — Elz’ Az)E[2' Bx]
= 2tr(APBP) (1.4.15-8)

These results are used in the state estimation for nonlinear systems where
nonlinear functions (system dynamics or measurement equation) are approxi-
mated by a series expansion of up to second order.

1.4.16 Mixture Probability Density Functions

A mixture pdf is a weighted sum of pdfs with the weights summing up

to unity.
A Gaussian mixture is a pdf consisting of a weighted sum of Gaussian
densities N
p(x) = 3 piN (575, Py) (1.4.16-1)
j=1
where, obviously,
n
Ypi=1 (1.4.16-2)
Jj=1

Denote by A; the event that x is Gaussian distributed with mean Z; and
covariance Pj, that is,

A; 8 (2~ N(z), P)} (1.4.16-3)
With Aj, j =1, ..., n, mutually exclusive and exhaustive, and
P{A;} =p; (1.4.16-4)

one can rewrite (1.4.16-1) with the Total Probability Theorem as
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The Moments of a Mixture

The mean of a mixture is easily seen to be

n
Z=) piZ (1.4.16-6)
j=1

that is, the weighted sum of the means of the component densities regardless of
the latter’s nature.
The covariance of this mixture is

E((z~z)(z—z)] = ¥ El(z—1)(z—1)|4)lp;

j=1
= Y Ellz—2z;+Z; — 7)(z — Z; + T; — T)'| Ajlp;
= S . FBlr — 3 My — 7 YAl ALSF: — 37 — 73Yn
2P ENT — TjN\T — Z5) | A5] T 2 \E; — T)NZ; — L) P
(1.4.16-7)
which can be written as
El(x—2)(x—7)] =3 pP;+ P (1.4.16-8)
=1
In the above _
P=Y(z;—7)(z; — T)pj (1.4.16-9)
is the spread of the means term.
An alternative expression for the above is
P = S5ip -2 wp -5yt +52 Y p;
b} J[ P ]l g ] Y JLg i £
= Y pj%;E; — T (1.4.16-10)
which yields another form for (1.4.16-8)
El(z—2)(x —z)] = 3. psPj + 3 pj;&, — &' (1.4.16-11)
=1 j=1

The spread of the means term P, defined in (1.4.16-9), is a sum of dyads
with positive weightings, and thus it follows from Subsection 1.3.6 that P is
positive semidefinite.

Note that (1.4.16-6) and (1.4.16-8), which will be referred to as the mixture
equations, hold even if the densities in the mixture are not Gaussian.

Approximation of a Mixture
A mixture pdf can be approximated by a single Gaussian pdf with moments
equal to those of the mixture, given by (1.4.16-6) and (1.4.16-8) — this is
called moment matching.
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Figures 1.4.16-1 and 1.4.16-2 present comparisons between the exact pdf of
Gaussian mixtures and the corresponding moment-matched Gaussian for several
values of the parameters entering into the mixture.

In Fig. 1.4.16-1 the difference of the means is 5 while in Fig. 1.4.16-2 it is
10; in both cases the (common) standard deviation of the mixture components
is +/10.

The resulting “umbrella” Gaussian appears to be close to the exact pdf of
the mixture as long as its components are not too far apart; namely, the distance
between the means of the componenets is up to about two standard deviations.

This approximate condition is met for the cases depicted in Fig. 1.4.16-1,
where the match appears good, and it is not met for the cases in Fig. 1.4.16-2,
where the match does not appear good.

These results are used in obtaining recursive filtering algorithms for sys-
tems with hybrid uncertainties — hybrid systems. Systems falling into this
category are those described by multiple models and/or with measurements of
uncertain origin. (See also problem 1-4.)

1.4.17 Chi-Square Distributed Random Variables

If the n-dimensional random vector z is Gaussian, with mean 7 and covariance
P, then the (scalar) random variable defined by the quadratic form

g=(z—z)P Yz —2) (1.4.17-1)

f~2|

ahavrn 4o
can be shown t

<
variance Gaussian ran

cor

a1 of the saguares
Suim O1 uic squarcs

e o
ndom variables. Such a random variable is said to have a

ot
=3

£~ indenendent zero-mean. unitv.
1 7o InGepenaent Zero-mean, univy-
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Figure 1.4.16-2: The exact Gaussian mixture pdf (solid line) and the corresponding mo-
ment-matched Gaussian (dashed line) for Z; = 10, Z, = 20,07 = 0 = 10.

chi-square distribution with n degrees of freedom (the meaning of

dagraac of fraadam ig digoncgad in Quhgantian 2 4 2)
GOEICCS U1 irCCGUTII 1S GiSTUSSCa 11t SUGSECuUGI 5.0.4).

This can be seen as follows. Let
uE P2z —3) (1.4.17-2)

Then « is Gaussian with
Eul=0 (1.4.17-3)

Eluwv] = P"V2E[z — z)(z — 2)|P V2 = P7Y2PP12 — [ (1.4.17-4)

where [ is the identity matrix. Therefore, since the covariance matrix of u is
diagonal, its components are uncorrelated and, in view of the fact that they are
jointly Gaussian, they are also independent.

Thus

q= ulu = Z u? (1417-5)
1=1
where, from (1.4.17-3) and (1.4.17-4), u; are now standard Gaussian ran-
dom variables (zero mean and unity variance)
u; ~ N(0,1) (1.4.17-6)

Therefore g is chi-squarc distributed with n degrees of freedom, which can
be written as
g~ X2 (1.4.17-7)
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The mean and variance of the x? random variable q are

Elg) = E[i1 ul] =n (1.4.17-8)

var(g) = B[ =] = 3 Bl ~ 1))

3 ui—1
=1
(Bful] — 2B +1) = Y(3-2+ 1) =2n (14.17-9)

K3
i=1 i=1

Il
M=

Il

where the fact that the cross-terms are zero mean has been used together with the
expression of the fourth moment of a Gaussian variable, as given in (1.4.15-7).
The pdf of ¢ — the chi-square density with n degrees of freedom — is

p(@) = a7y q ? €2 q>0 (1.4.17-10)
<21 \2

~——

where T is the gamma function, with the following useful properties:

r (%) =y7 T()=1  T(m+1)=ml(m) (1.4.17-11)

The square root of ¢ has the chi distribution. The “chi-distributed” ran-
dom variables with n = 2 and 3 degrees of freedom (and multiplied by an
arbitrary constant) have the Rayleigh distribution and Maxwell distri-
bution, respectively.

Given the independent random variables

0~ X @~ Xa, (1.4.17-12)
then it can be easily shown that their sum
GB=a+a (1.4.17-13)
is chi-square distributed with
ng =ny + ne (1.4.17-14)

degrees of freedom. Symbolically, one can write

2 2 _ .2
Xny T Xny = Xny4ns (1.4.17-15)
The chi-square distribution is often used to check state estimators for “con-
sistency” — that is, whether their actual errors are consisient with the variances

calculated by the estimator.
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1.4.18 Weighted Sum of Chi-Square Random Variables

Consider the following independent and identically distributed random variables

€T~ v
3 AT

=15 0um (1.4.18-1)

5

with 7. degrees of freedom chi-square distribution.
Then the weighted sum of chi-square variables with weights a;,

yn B3 (1.4.18-2)
i=1
has a distribution which is not chi-square and is very complicated. Its mean is
n
Elyl =m?3_ a; (1.4.18-3)
i=1

and, from (1.4.17-9), its variance is

var(yn) =

=T

n
my a (1.4.18-4)
i=1

The pdf of (1.4.18-2) can be approximated by moment matching —
equating its first two moments to those of another random variable. In this
case, the latter is chosen as a “scaled” chi-square with a number of degrees of
freedom 7/, to be determined together with the scaling factor.

To find a random variable whose moments are matched to those of (1.4.18-2),

let

v~ X (1.4.18-5)
Then the mean and variance of a “scaled” version of v

wi e (1.4.18-6)

are cn’ and 2¢®n/, respectively. Equating these two moments to (1.4.18-3) and
(1.4.18-4) yields the following equations for ¢ and n':

n

mY a=cn (1.4.18-7)
i=1
n
om' Y a? = 2¢%n/ (1.4.18-8)
i=1
The solution of these equations yields the scaling factor as
n g2
e Tl (1.4.18-9)
Y a
and the number of degrees of freedom of v as
m (S a;)?
nl= ALY (1.4.18-10)

n 2
Y16
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Therefore, the distribution of y,,, defined in (1.4.18-2) is approximately

N 1a2 2
~ == 1.4.18-11
yTL Z?:l aixn ( 8 )

Note that the x? density was defined only for integer n; a noninteger » makes
it into a case of the gamma density. In practice, one can interpolate from the
chi-square tables.

Fading Memory Average
Consider the case where the weights in (1.4.18-2) are exponential, that is,
a; = o (1.4.18-12)

with 0 < a < 1. Then the weighted sum
w2 o iy (1.4.18-13)

is called the fading memory sum of the variables z;.
Then, for n > | one obtains

1 2
n N X 1.4.18-14
i 1+ax ( )
and
i e (1.4.18-15)
11—«

When (1.4.18-13) is normalized by dividing it with the sum of the coef-
ficients, it becomes the fading memory average or exponentially dis-
counted average.

These results are used in real-time monitoring of state estimator perfor-
mance.

1.4.19 Random Processes

A scalar random variable is a (real) number x determined by the outcome w of
a random experiment
z = z(w) (1.4.19-1)

A (scalar) random process or a stochastic process is a function of
time determined by the outcome of a random experiment

z(t) = z(t,w) (1.4.19-2)
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This is a family or ensemble of functions of time, in general different for each
outcome w.

The mean or ensemble average of the random process is

00
2(t) = Bla()] = [ & po(€) dé (1.4.19-3)

while its autocorrelation is defined for a real-valued (scalar) process as

R(t1,t2) 2 Bla(t)a(t2)] = [ [7 &0 Pate) e (€ 1) el (1.4.19-4)

The autocovariance of this random process is

V(ti,t2) & Elfz(t) — 2(t)][z(tz) — 2(t2)]]

= R(t1,t2) — 2(t)Z(t2) (1.4.19-5)

Note that the autocorrelation of a random process is an (unnormalized) non-
centrai moment — the mean is not subtracted — whiie the correiation of two
random variables is the normalized joint central moment (1.4.6-6). If the process
is zero mean, the distinction between central and noncentral moments disappears.

For a vector-valued random process, (1.4.19-4) and (1.4.19-5) contain
the corresponding outer products.

Stationarity
A random process whose mean is time invariant and whose autocorrclation is
of the form
R(t1,ts) = R(t1 — to) = R(7) (1.4.19-6)
where
T=1t —1 (1.4.19-7)

that is, its first two moments are invariant with respect to a shift of the time
axis, is called wide sense stationary or, less rigorously, stationary.
As can be seen from (1.4.19-4), for a real-valued process the autocorrelation
is symmetric in its two time arguments
R(t1,t2) = Rtz t1) (1.4.19-8)
Thus
R(7) = R(—7) (1.4.19-9)
The power spectrum or power spectral density of a stationary
random process is the Fourier transform (denoted by F) of its autocorrelation

Sw)=F{R()} = [ e R(r)dr (1.4.19-10)

where w denotes the (angular) frequency.

Strict stationarity requires that all pdfs (rather than only moments up
to second order) be invariant with respect to time shift. In practice, wide-sense
stationarity is about all one can assume (and hope for).
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Example
Consider the scalar dynamic system
z(t) = —az(t) + n(t) (1.4.19-11)

with @ > 0, i.e., a stable system. The input n(t) is a zero-mean white noise
with autocorrelation (same as its autocovariance, since it is zero-mean)

E[n(ti)n(t2)] = Sod(t1 — t2) (1.4.19-12)
Assuming that the system in steady state (i.e., the initial condition died out),
we obtain ’
o(t) = [ _h(t,In(r)dr (1.4.19-13)
where the impulse response of the system considered is
h(t,7) = e=") (1.4.19-14)

The mean of the output z(t) is
Els(t) = E [ S hit, () dT] = [ htDERD]dr =0 (14.19-15)
The autocorrelation of z(t) is
Ele(t)z(ts)] = E [ [ h(t, mon(r)dn [ hte, m)n(m) dﬁ} (1.4.19-16)
Assuming ¢; < tg, the above can be written as
t

E[J)(tl)l'(tg)] = E{Amh(tl,‘l'l)n(ﬁ)dﬁ

. /j‘ h(tg, TQ)TZ(TQ) dT2 + /1:2 h(tg, TQ)TL(TQ) dTQ] } (1419-17)

o0

In view of the fact that the first and last integral above are over nonover-
lapping intervals, the expected value of their product will be zero due to the
whiteness of n(t), whose autocorrelation is zero at any two different times.

Thus one can write

Elz(t)z(t)] = E{/j;3 e~ =mn(n) dny /j;o et (1) dTQ}
= ea(tl’”)E{/jl e~ dh=mn (1) dry /_t;o e~t=m) (1) dez}
= MR E[g(t)? (1.4.19-18)
If 1 > ty the result would be the same except that they are switched. Therefore,
Elz(t))z(ty)] = e 2 Blz(t,)?] (1.4.19-19)
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i.e., the autocorrelation decreases exponentially from its peak, which is the
(steady-state) mean square value of z(t) — its instantaneous power.
The mean square value of z(t) is

E[x(t)Z)} _ E{/" o= a(t— 7'1 7_1 dTl/ (l(t-‘Tg)n(T2) de}

= / / e~ Bln(ry)n(ry)] dr dry
—2at/ / a(Tl+T2)S()5 7'1 - 7'2) d7'1 dTQ

S S
__—2at 2ar1 _ —2atM0 [ _2at __ 20 _
=e SUL dr = e 5 [ — 0] = = (1.4.1920)

Thus

(1 A1091)
\l."'.17 &l}
2a

The Fourier transform of the above, using the unit step function 1(-) to
rewrite the two-sided exponential, yields the spectrum of x as

Spp(w) = F{Rul(r )}f f{ea’l( ) +e "1(7)}
Sof 1 “ 1
= el ot~ e (1.4.19-22)

Since this stable system acts as a low-pass filter, its effect on the spectrum
of the input (which, being a white noise, has a flat spectrum) is to attenuate the
high frequencies.

Ergodicity

If a stationary random process is ergodic, then time averages (of some
functions of the process) are equal to the corresponding expected values —
ensemble averages — given by (1.4.19-3), that is,
R S _
Jim [padt =3 (1.4.19-23)

Time averages are used in real-time performance monitoring of state estima-
tion filters.

White Noise

A (not necessarily stationary) random process whose autocovariance is zero for
any two different times is called white noise. In this case

Vit ta) = 0(t1)d(ts —t2) = So(t1)d(ts —t2)  (1.4.19-24)
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where ¢%(t1) is its “instantaneous variance” and &(-) is the Dirac (impulse)
delta function. The above property is the wide-sense whiteness as op-
posed to the strict-sense whiteness, which is defined by independence
rather than uncorrelatedness as in (1.4.19-24).

A stationary zero-mean white process has the autocorrelation

R(7) = E[z(t + 7)x(t)] = Sod(T) (1.4.19-25)

The impulse function autocorrelation (1.4.19-25) leads to a power spectral den-
sity Sy constant across the frequency spectrum.

It is convenient in some applications to consider a nonstationary zero-
mean white process z(t). The autocorrelation of such a process is

Bla(t)z(t2)] = So(t1)8(t1 — t2) (1.4.19-26)

where Sy(t) is, with some abuse of language, the “time-varying spectral density”
or the “instantaneous variance.” The term instantaneous variance is in fact
incorrect in this case since the variance is actually infinite. !

Note on Whiteness

In the sequel, when a result requires whiteness, it usually requires strict-sense
whiteness. In practice, however, one has only moments (typically up to second
order) and thus only wide-sense whiteness can be assumed. Then the result is of
practical value only when the strict sense whiteness is replaced by wide-sense
whiteness, although in this case the result is only approximately true in theory.

1.4.20 Random Walk and the Wiener Process

The Wiener random process (or Wiener-Levy or Brownian motion) is a
limiting form of the random walk: the sum of independent steps of size
s — 0, equiprobable in each direction, taken at intervals A — 0 such that

S

Jgﬁ¢a (1.4.20-1)

where « is a constant. This yields a stochastic process w(t) with the following
pdf [assuming w(0) = 0],

plw(t)] = Nw(t); 0, at] (1.420-2)

that is, normal, zero mean, and with variance at.

1 Also, the physical dimension of o is the square of the dimension of x, multiplied by time, since § has as
dimension the inverse of time.
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Note that the Wiener process is nonstationary. It relates to the zero-mean
white noise, denoted here as n(t), as follows

w(t) = [ n(r)dr (1.4.20-3)
where
E[n(tl)n(tg)} = 06(t1 - tg) (1420-4)
Another way of writing (1.4.20-3) is
dw(t) = n(t) dt (1.4.20-5)

which shows that the Wiener process is an independent increment process.
Formally, the white noise is the derivative of the Wiener process; however, this
is not rigorous, since the Wiener process is nowhere differentiable — its
derivative has infinite variance.

The autocorrelation of the Wiener process is

E[w(t1)w(t2)] = a min(ty, tg) (1.4.20-6)

The white noise and the Wiener process are used to model unknown inputs

(maneuvers) in state estimation/tracking.

Note

Since the Wiener process is not stationary, it does not have a power spectral
density.

1.4.21 Markov Processes

Markov processes are defined by the following Markov property

pla(t)|z(7), 7 < t1] = pla(t)]z(t)] Vi >t (1.4.21-1)
that is, the past up to any t; is fully characterized by the value of the process
at tl‘
An equivalent statement to the above is:
“The future is independent of the past if the present is known.”

The Wiener process is Markov. This follows from the fact that it is the
integral of white noise
t
w(t) = w(t) +/z n(r)dr (1.4.21-2)
1

and n(7), 7 € [t1, ] is independent of w(t;).
Furthermore, the state z(¢) of a (possibly time-varying) dynamic system
driven by white noise n(t),

@(t) = flt, z(t), n(t)] (1.421-3)

is a Markov process. In general, both z(¢) and n(i) are vector-vaiued random
processes.
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Markov Processes with Rational Spectra

Given a linear time-invariant dynamic system excited by a stationary white
noise n(t) with mean zero

&(t) = Az(t) + Bn(t) (1.4.21-4)

its state is (in steady state — if the system is stable) a stationary Markov
process with spectrum (power spectral density)

S(w) = H(jw)QH (jw)* (1.4.21-5)
In the above the asterisk denotes complex conjugate transpose and
H(jw) = (jwI — A)™! (1.4.21-6)

is the transfer function matrix (from the input to the state) of the system
(1.4.21-4) and the autocorrelation of the input (in general, a matrix) is

Ry(t1,t2) = En(t)n(te)’] = Qd(t1 — ta) (1.4.21-7)
The matrix ) is sometimes called (nonrigorously) the covariance of n(t);
actually it is its power spectral density.
Note that (1.4.21-5) is a rational spectrum — a ratio of polynomials.
Conversely, one has the following result:

Every Markov process with a rational spectrum can be represented
as a linear time-invariant system excited by white noise.

The models used in state estimation are Markov processes — linear or non-
linear systems driven by white noise. These systems can be time-invariant or
time-varying and the noise can be stationary or nonstationary. If a time-invariant
system is driven by a stationary noise that is not white, but has a rational spec-

tmim  than it hao to undaras nrowhitonine It ig tha sutnut of 2 qubgugtam
trum, wen it nas 0 UnGeIgdé prewnivening. it 18 e duilpul 01 a sussysiem

driven by white noise. The transfer function of this subsystem is obtained by
spectral factorization — decomposition of the output spectrum in the form
(1.4.21-5). For more details on spectral factorization, see, e.g., [Poor88].

Prewhitening

The prewhitening is illustrated in Figs. 1.4.21-1 and 1.4.21-2. In Fig. 1.4.21-1
the system S with state z(¢) is driven by the autocorrelated noise (also
called colored noise) n(t). Since n(t) is not white, z(¢) is not a Markov
process.

Assume that n(¢) can be represented as the output of a system Sy with white
noise input v(t). With the state of the prewhitening system or shaping
filter Sy denoted as x(#), the augmented state of the composite system shown
in Fig. 1.4.21-2,

yit) 2 [ =0 } (1.4.21-8)

is then a Markov process.
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n(t) x(t)

{s ]

Figure 1.4.21-1: A system driven by autocorrelated noise.

Figure 1.4.21-2: The same system augmented to be driven by white noise
Example of Spectral Factorization
Consider the random process x(t) with the spectrum
1
Szz(w) = Sp PR (1.4.21-9)
This can be factorized as follows. Consider the random process x(t) with the
spectrum
1 1
Sexlw) = ot W Soa—jw (1.4.21-10)
In the above, one can identify the causal transfer function
1
H(w) = 4 (1.4.21-11)
a+ jw

as the transfer function of the system
&(t) = —ax(t) + n(t) (1.4.21-12)

driven by the white noise n(t). .

If n(t) is zero-mean with spectrum Sy, then the above system is the prewhiten-
ing system for the autocorrelated process z(t).

Note that in the course of the factorization, the roles of H and its complex
conjugate H* can be switched. It is, however, necessary to choose H such that
it represents a stable and causal system. Namely, the impulse response, given
by the inverse Fourier transform, denoted by F ~1, of the transfer function, i.e.,

L,
1a+jwj

is causal. The impulse response corresponding to the other factor, namely,
1
]-"’1{—,~} = e¥1(—t) (1.4.21-14)
a— jw

is noncausal (cannot be implemented by a physical system) and thus cannot
serve as H.

—at

JATAN
i(t) (1.4.21-13)
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1.4.22 Random Sequences, Markov Sequences and Markov Chains

A random sequence, or a discrete-time stochastic process, is a time-
indexed sequence of random variables

XF = {z(5)}e, k=12,... (1.4.22-1)

Similarly to the continuous-time definition of the Markov property, a random
sequence is Markov if

Ple(RX] = ple(bla()] k> j (1.422:2)

The (real-valued) zero-mean sequence v(j), j =1, ..., is a discrete-time
white noise (a white sequence) if

Elo(k)o()] = a(k)d; (1422.3)
where the Kronecker delta function
[1 ifk=j
Oy = { 0 kL (1.4.22-4)

is used and ¢(k) denotes its variance. If ¢(k) = ¢, that is, the variance is
time-invariant, then this is a stationary white sequence.

The sequence with property (1.4.22-3) is actually only uncorrelated, or
weakly independent — strong independence requires that (1.4.7-3) be satis-
fied. However, in practice one does not have pdfs but only moments up to
second order, and thus the usual assumption is the weak independence
(uncorrelatedness) indicated in (1.4.22-3).

The state (k) of a dynamic system excited by white noise v(k)

a(k+1) = flk, z(k), v(k)] (1.4.22-5)

is a discrete-time Markov process or Markov sequence. In general,
both z(k) and v(k) are vector-valued.
The state of a linear dynamic system excited by white Gaussian noise

a(k+1) = F(k)ax(k) + v(k) (1.4.22-6)

is a Gauss-Markov sequence.

The reasons for this are as follows: Because of the linearity, x(k) is Gaussian
(assuming the initial condition is Gaussian); and because of the whiteness of
the driving (“process”) noise, it is Markov.

A special case of (1.4.22-6), for a scalar z, is

a(k+1) = z(k) + v(k) (1.4.22-7)

in which case z becomes the integrai (sum) of the white noise sequence terms,
and is called a discrete-time Wiener process.
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Markov Chains

A Markov chain is a special case of a Markov sequence, in which the state
space is discrete and finite:

z(k) € {z;,i=1,...,n} (1.4.22-8)
Its characterization is given in full by the transition (jump) probabilities
Plz(k) =z;|a(k—1) =z} & m, ij=1,...,n (1.4.22-9)

and the initial probabilities.
Define the vector

A
u(k) & k), ..., ma(k)) (1.4.22-10)
where the components are the probabilities of the chain being in state ¢
pi(k) & P{z(k) = z;} (1.4.22-11)

This vector describes the pmf of the state of the chain.
The evolution in time of (1.4.22-11) is then given by

ﬂz(k+1) = Zﬂ'ji/l,j(k) 1= 1,...,” (1422-12)
j=1

It can be easily shown that the above can be written in vector form with notation
(1.4.22-10) as
w(k +1) =1'"u(k) (1.4.22-13)

where
I = [m) (1.4.22-14)

is the transition matrix of the Markov chain.

1.4.23 The Law of Large Numbers and the Central Limit Theorem

The Law of Large Numbers

The law of large numbers (LLN) states loosely that the sum of a large
number of random variables tends, under some fairly nonrestrictive conditions,
to its expected value. One of the versions of the LLN is the following.

Given a stationary sequence of random variables z;, ¢ = 1, ..., with means

Elz) =% (1.4.23-1)

and covariances
E[(zi — #;)(z; — 7;)] = o°p(i — j) (1.4.23-2)
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where the correlation coefficients are such that
lim p(i—37)=0 (1.4.23-3)
[i—j]—00
that is, this sequen,
If the correlation coefficients in (1.4.23-3) tend to zero “sufficiently fast”
(e.g., exponential decay), then the sample average

ce is asymptotically uncorrelated.

1 n
TR gy (1.4.23-4)
=1
converges, as n — 00, in the mean square sense to its expected value
1 n
Jn=—3Z=1% (1.4.23-5)
=1

In other words, the variance of 1, in (1.4.23-4) tends to zero as n increases.
If the stronger condition of uncorrelatedness holds, then the convergence of
yn given by (1.4.23-4) to 7, given by (1.4.23-5) is quite obvious — it can be

easily shown that in this case the mean square value of their difference is 0%/n.

The Central Limit Theorem

The central limit theorem (CLT) states that if the sequence z;, i = 1,
..., consists of independent random variables, then under some reasonably mild
conditions the pdf of the sum

1 n
== (1.4.23-6)
ni=1

will tend to a Gaussian pdf as n — oo.
If these random variables are independent and identically distrib-
uted (i.i.d.) zero-mean and with variance o2, then the 2, tends to (0, 02).
Since ¥, defined in (1.4.23-4) is a scaled version of z,, the central limit
theorem holds for y, as well. Thus, if the random variables z; are i.i.d., then

for large n, .
Yn ~ N (Tn, 0y,) (1.4.23-7)
where
e = (1.4.23-8)
1 & o2
2 2
o, =—=> 0 =— 1.4.23-9
w ok = ( )

are the mean and variance of y,,.

The independence requirement can be weakened — there are versions of the
central limit theorem that allow dependence, as long as the random variables
become “asymptotically independent,” in a manner somewhat similar to the

asymptotic uncorrelatedness property (1.4.23-3).
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Note on the CLT

The CLT has a very important role in characterizing many real-world sources
of uncertainty: It is used as the justification/excuse to make the omnipresent
Gaussian assumption. For example, the thermal noise in electronic devices, as
the sum of many “small contributions,” is indeed close to Gaussian.

1.5 BRIEF REVIEW OF STATISTICS

1.5.1 Hypothesis Testing

Consider the hypothesis testing problem between the following ‘“simple”
hypotheses — each is defined by a point (a certain value of a parameter).
The nuii hypothesis is

H() : 9:90 (151—1)
while the alternate hypothesis is
Hy: 6=0, (1.5.1-2)

where 6 is a certain parameter whose value is equal to a certain value 6, (6)
under Hy (H,).
The type I error probability is defined as

P., & P{*H,”|Hy} £ P{accept H|Hy true} (1.5.1-3)
while the type II error probability is
P.,, & P{“H,"|H,} £ P{accept Hy|H, true} (1.5.1-4)

In signal detection, if Hj stands for “signal equal to zero” (i.e., absent) and
H, stands for “signal present,” then the typc I crror is a false alarm while the
type II error is a miss.

The power of the test is

- A P{“Hf"Hl} mn] Pe” (151-5)

and it measures the test’s capability to discern H; when it is true — the de-
tection probability.

The decision as to which hypothesis to accept is made based on a set of
observations, Z, whose pdfs conditioned on H, and H; are known.

According to the Neyman-Pearson Lemma, the optimal decision, in
the sense of minimizing the probability of type II error (or maximizing the
power of the test), subject to a given (maximum) probability of type I error is
as follows.
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The test, based on the likelihood ratio, is
p(Z|Hy) 1
<
p(Z|Ho) -m-

that is, “accept H,” if A exceeds the threshold A, and “accept Hy” if A is below
this threshold. The threshold Ag is such that

A(Hy, Hy) = Ao (1.5.1-6)

P{A(Hy, Hy) > No|Ho} = P, (1.5.1-7)
The pdf of the observations, p(Z|H,), is called the likelihood function
of H]'.
Example

Consider the test between the hypotheses (1.5.1-1) and (1.5.1-2) with 6y = 0
and #; > 0, based on the single observation

z~N(8,0% (1.5.1-8)

that is, we are testing whether the mean of z is zero or positive.
The likelihood ratio is

p(z[Ho)

Instead of comparing (1.5.1-9) to a threshold, it is convenient to take its loga-
rithm, incorporate the various constants into the threshold, and then determine
it.

H 2-01)%-22 220, -03
A(Hy, Hy) = PEHY _ emaedt | e (1.5.1-9)

Since 6; > 0, comparing (1.5.1-9) to a threshold is equivalent to

: 2 N (1.5.1-10)

i
where ) is the new threshold to be determined.
In view of (1.5.1-8), the pdf of the observation under Hy is
1 22
p(z|Ho) = N(2,0,0%) = —— e 22 (1.5.1-11)

2ro

The threshold )\ for false alarm probability Pr4 = « follows from
Pra2 P, = P{z> No|Ho} = [ N(20,0%dz = a (1.5.1-12)

The tail mass or tail probability « from (1.5.1-12) is shaded in Fig.
1.5:1=1;

Under i there is only a small probability « that z falls in the shaded tail
region of the likelihood function of Hy; if it does fall there, then it is deemed
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p(z|Ho) p(z|Hi)

T T —
0 Ao 6, e
Figure 1.5.1-1: Test between two simple hypotheses.

unlikely that Hj ig true, and it is rejected. In thig case it ig said that the leve
of significance of Hy is low: «a or less.!? The latter holds if z = z; > \g
because such an observation belongs to an even smaller tail mass.

The type II error probability — the miss probability — of the test
(1.5.1-10) is

A
a”épp<Adm}:[;Nuwbﬁmz (1.5.1-13)

This corresponds to the striped area of Fig. 1.5.1-1.
The power of this test — the probability of detection — also denoted
as Pp is

P27 =Plz>x|H}= [ N(z6,0%)d2=1-P,

err

(1.5.1-14)

and, obviously, it depends on 6, — the farther it is from 0, the more powerful
the test will be.

Example

For a = 5%, the threshoid is obtained (see Subsection 1.5.4) based on the one-
sided tail of the Gaussian pdf as \y = 1.640. Table 1.5.1-1 shows the power
of this test as a function of the separation between the two means (in units of
o, the common standard deviation for both hypotheses).

1.5.2 Confidence Regions and Significance
Assume one desires to test the null hypothesis

Hy: 6=0 (1.5.2-1)

12Equivalantly, one can say that the conﬁzi;nce level for H; is high (1 — a or more).
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Table 1.5.1-1: Power of the test between simple hypotheses as a function of their separation
(threshold set for o = 5%).

0./c 2 3 Z 5

Power 7 0.641 0.913 0.991 0.9996

versus the one-sided alternative hypothesis

H: 6>0 (1.5.2-2)
based upon a set of observations
Z={z,i=1,...,n} (1.5.2-3)
where
zi=0+w; (1.5.2-4)

and the “noises” w; are independent and identically distributed:
w; ~ N(0,0?) (1.5.2-5)

Note that H} is a composite hypothesis — it is defined by more than one
point (an interval in this case).
The test is subject to

P,=a (1.5.2-6)
The likelihood ratio for hypothesis H} versus H, is
p(Z]9) 1o S 22— (2—8)? Ly S (22,062
ACH! Ho) = = emr LinlH-G07] — oap TL(40-6) (1 527
(H, Ho) = D = e (1:527)

The comparison of the above to a threshold is equivalent to comparing the
sample mean of the observations to another threshold:

T—
>3 \ 1 29.Q)
Z A1 {(1.5.2-8)
o

113
SE

z Z Zj
i=1

Equation (1.5.2-8) follows by taking the logarithm of (1.5.2-7) and lumping
# and o into the (yet undetermined) threshold; the division by n is done for the
convenience of normalization — this yields z in the same range regardless of
the number of samples n.

For this problem Z is the test statistic — the function of the observations
used in the test.

The threshold A; is obtained by noting that

p(z|Ho) = N(%0,—) (1.5.2-9)
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and putting the condition
_ AL _ 0'2 _
P{“H}"|Ho} = P{z > M|Ho} = 1— [ N(%0,~)dz=a (1.5.2-10)
o n
If the one-sided alternate hypothesis (1.5.2-2) is replaced by the two-sided
alternate hypothesis, denoted as Hi,
Hi: 0#£0 (1.5.2-11)
then it can be shown that (1.5.2-8) is to be replaced by

|Z| 2 A (1.5.2-12)
The threshold )\ is obtained by puttmg the condition

2
P{“H\”|Hy} = P{|z| > A|[Ho} =1 — /‘:N(z; 0, %)dz =a (1.52-13)

In other words, A is such that the acceptance region for Hy, which is the
interval [—\, A], contains 1 — o probability mass for the pdf (1.5.2-9).
For o = 0.05, one obtains from tables of the normal distribution (see Sub-
section 1.5.4)
o
A=1.96— 5.2-
96 7 (1.5.2-14)
The power of the test depends on the specific value of 6 under the alternate
hypothesis H;.

The sample mean Z is also the maximum 11ke11hood estimate (and the
laagt gsaiuiares estimate) of the unknown narame tar 4
least squares estimate) of the unknown parameter 4, ie,
Z = arg ulglxp(Z\H) = arg nbin }:(zl —6)? (1.5.2-15)
i=1

since p(Z|0) is the likelihood function of the parameter 6.

Figure 1.5.2-1 illustrates the acceptance region for Hy — the two-sided
95% probability region for zZ under hypothesis Hy — the interval [\, A|.
The shaded areas represent the tails on the two sides of p(Z|Hy), whose total
probability mass is v = 0.05; this is the region of rejection of Hj (acceptance
of H. 1).

Since the difference between the sample mean Z and the true mean 6 (what-
ever its value) is

2
2—0~N(0,%) (1.5.2-16)

one can say that the true mean lies within the interval [z — X, Z + ] with
“confidence” 1 — « (since 6 is not a random variable, no probabilistic statement
about it can be made). In view of this, such an interval is called the confidence
region for 6.
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31

Figure 1.5.2-1: The test between hypotheses Hy and H;.

Another way of interpreting test (1.5.2-12) is the following: If the nuil
hypothesis value 6 = 0 falls within the confidence region [z — A, Z+ A], then H
is accepted. This is equivalent to Z falling within the acceptance region [—\, A].

If the estimate § = Z of # falls outside the interval [\, A], then it is said
to be a significant estimate — hypothesis H; is accepted because Hj is
insignificant.

Note that while Z is the point estimate of 6, the confidence region around
Z can be seen as an interval estimate of the parameter 6.

Figure 1.5.2-2 illustrates these concepts.

[
|
>

I

|

. =% +A
s s }
5 0 A
(@) {Ze[-A\A <= 0e[F-A\z+)} = Ho: 6=0accepted

+

Z—A 6=z Z4+A
! | f | ]

T

-2 0 A
() {¢[-AA < 0g[z—Az+N} = Hi: 6#0 accepted

Figure 1.5.2-2: Parameter estimate. (a) 6 insignificant; (b) 0 significant.

Thus the estimate of a parameter that might be zero is accepted as significant
(at a “level” of 5% for the null hypothesis) if

1)
Pl 196 (1.5.2-17)
7

Ex.-1030 - ADB Safegate et al.
ADB Safegate et al. v. Honeywell International Inc. - PGR2023-00053
Page 98



78 1 INTRODUCTION

where the threshold has been determined under the normal assumption and

0y = — (1.5.2-18)
Vn
is the standard deviation of the estimate, or its standard error.
Defining the estimation error as
6260-6 (1.5.2-19)
one can see that
p8) = N(8:6,0) = N(6 - 6;0,07)
= N(8;0,02) £ p(f) = N (8;0,02) (1.5.2-20)

Therefore (1.5.2-18), which is the standard deviation of the estimate
(about the true mean), oy, is the same as oy, the standard deviation of the
estimation error (which is zero mean), that is,

05 = 0j (1.5.2-21)

The (statistical) significance of parameter estimates is used in choosing the
order of models to describe system equations (e.g., for target motion). (See also

problem 1-2.)

Example

A parameter ¢ is estimated based on n measurements, each with an additive error
with standard deviation o = 10. Assume the estimate obtained from n = 10
measurements is ¢ = 2. The significance statistic (at a level of 5%) is in this
case R R
I 2

o; o/vn  10/V/10
i.e., based on these n = 10 measurements, this estimate is clearly not statistically
significant — the true value of the parameter can be assumed as zero. The
threshold above corresponds to 5% level of significance (5% probability that
the estimate is “due to noise only,” or 95% confidence that it is nonzero).
Assume next that the observations are repeated until one has n = 100 mea-
surements and that the estimate is still § = 2. The significance statistic is

now
now

=0.63 < 1.96 (1.5.2-22)

10] 2
O 2 o 1.5.2-23
/R~ Tojvao 2> 19 ( )

i.e., based on these n = 100 measurements, this estimate is statistically signifi-
cant, even though only marginally.
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Note that it is somewhat arbitrary to use a 5% level of significance level
for the threshold for acceptance/rejection of the null hypothesis. A marginally
significant parameter can become not significant if the above level is lowered.
However, while there is some subjectivity in the selection of the level for the
test, this only affects marginal cases. For example, if 6= 12, then this value
would be accepted even from n = 10 measurements since the test statistic is

9 _ 12
a/wﬁ“_HVVqﬁkfag (1.5.2-24)

i.e., large enough to exceed even the 1% level threshold, which is 3.38.

1.5.3 Monte Carlo Runs and Comparison of Algorithms

The performance of an estimation (or control) algorithm is usually quantified
by the expected value of a “cost” function

J = E[C] (1.5.3-1)

If C is, for instance, the squared error in the estimation of a certain variable,
then J is the corresponding mean square error.

In many situations, the performance of an algorithm of interest cannot be
evaluated analytically.'® In such a case, Monte Carlo simulations (runs)
are made to obtain an estimate of J from a sample average of independent
realizations C;, ¢ = 1, ..., N, of the cost C. The larger the number of such
runs, the smaller is the variability (error) of the resulting estimate. Also, a larger
number of runs increases the power of the hypothesis testing used in comparing
different algorithms.

The estimate of the performance from N independent runs is the sample
average (or sample mean) of the IV realizations of the cost

_ 1 N
C= N 1:21 C; (1.5.3-2)
with the associated standard deviation — the standard error
1 & =
9= |2 izl(Ci =02 (1.5.3-3)

The above follows from the fact that the variance of the sample mean C' is
the variance of C' divided by /V; since this variance is not known, it is replaced
by the sample variance, which has another NV in the denominator. This is the
reason for having N? in the denominator of (1.5.3-3).

3Those who can, do. Those who cannot, simulate. Those who cannot simulate, supervise.

Ex.-1030 - ADB Safegate et al.
ADB Safegate et al. v. Honeywell International Inc. - PGR2023-00053
Page 100



